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Abstract

A tuneable dye laser is used to excite NO2 while in the

presence of a foreign gas (Ar, He and N 2). The NO2 pressure - -~

is held constant (mTorr ) while the foreign gas pressure is

varied (1 - 5 Torr). A single photon counting technique is

used to measure an NO2 effective lifetime on the order of

1 microsec. A quenching rate constant for each foreign gas

is calculated by using a relationship between the NO2 effec-

tive lifetime and foreign gas pressure. The corresponding

quenching cross-section for each foreign gas is also deter-

mined and the results are compared to those of another

invesUgator.
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THE MEASUREMENT OF QUENCHING RATE
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I. Introduction

Background

Improved production, understanding and utilization of

combustion systems for military and civilian use is of vital

concern to the conservation of fossil fuel derived energy

and to the reduction of pollution products in the atmosphere.

Complete characterization of the molecular kinetics, species

concentrations, temperatures and flow velocities occurring

within the combustion process are currently being investi-

gated by experimentalists (diagnostics) and theoreticians

(modeling). Combustion diagnostics and combustion modeling

are closely related fields whose combined efforts are

directed towards improving the understanding of the corn-

bustion process.

The most effective method by which to analyze the corn-

bustion process is to probe various parts of the flame or

jet plume. The probe can either be intrusive (material) or

— non-intrusive (optical). The intrusive or perturbing probe

possesses several disadvantages (Ref 1s74)s

(a) The temporal response is poor.

- 
- (b) The probe size limits spatial resolution.

Cc) The probe disturbs the medium .

1
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• (d) The combined chemical reaction between probe and
• flame will alter the species concentration of the

medium of interest.

(e) Present probes may not survive or give accurate
results in the strenuous environments of new
combustion systems.

The practical limitations imposed on intrusive probes

are overcome by non-intrusive or optical diagnostic methods

which have been enhanced by the advent of laser technology.

Laser technology, although costly and requiring elaborate

experimental configurations has provided combustion diag-

nostics with the ideal non-perturbing probe; the tuneable

dye laser. The tuneable dye laser is ideal because it can

produce narrowband wavelengths and large peak powers in

short (ns) pulses (Ref 2*863).

Four optical diagnostic processess are currently being

used for characterization of the flow velocity , temperature

and species concentrations of combustion media. They are all

laser processes known as* Doppler velocimetry, Raman scat-

tering, Coherent-Anti-Stokes Ramari Scattering (CARS) and

Laser-induced fluorescence. Although each diagnostic process

offers distinct advantages only the quenching aspects of the

laser induced fluorescence technique will be studied in this

— report. The fluorescence technique naturally provides or

the study of quenching parameters, which are important char-

acteristics of the combustion process. 

2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Purpose

The purpose of this thesis effort is to modify and use

a previously developed single photon counting scheme and

experimental conf iguration (Ref 3s39) to characterize

quenching parameters of the laser induced fluorescence of

NO2. By using a selected incident wavelaigth (4368~ ) from a

tuneable dye laser, the NO2 molecule (at constant 19 mTorr

partial pressure) is raised to an excited electronic level

(NO2) in the presence of a foreign gas (He, Ar , or N2) whose

total pressure is varied from one to five Torr. The NO~

fluorescence is detected across a broadband wavelength

region (543O~ ± l5~).
An effective decay time (Teff) of NO~ to other lower

levels will be found for each foreign gas pressure. The

Teff (5 per foreign gas) which is a function of the NO~
radiative lifetime (lOii s ~ Tr ~ 21O~is) and the foreign gas

number density will be used to determine a quenching rate

constant Kq(T) at room temperature (T) and a quenching cross-

section aq(T) at room temperature (T). The collection time

per data point is a minimum of three hours. Each Kq(T) and

aq(T) will be compared to those of another investigator who

performed a steady state experiment which requires apriori

knowledge of the NO2 radiative lifetime (Tr)s An error

analysis of the Kq(T) values will also be performed.

3
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Improvements to the Wharton Effort (Ref 3)

• The single photon counting scheme (Method it) developed

by Wharton (Ref 3* 38) has been modified and improved in

order to facilitate the quenching analysis of NO2. The

areas improved/modified are as followsi

(a) Completely redesigned the gas handling system.
The new system design allows improved gas evacu-
ation (to iO-~ Torr), improved pressure monitoring
instrumentation and better techniques for the
introduction of a foreign gas. Also new are gas
flow tubing connections; Cajon, Varion and
Swagelok fittings.

(b) Added a Turbo Molecular Pum p for continuous
system evacuation.

(c) Added a new Time-To-Pulse Height Convertor (TPHC)
to extend into the experimentally required micro-
second range.

(d) Redesigned a new sample tube to improve fluores-
cence collection.

Nitrogen Dioxide (N02).,

NO2 exists as a stable polyatomic gaseous molecule with

17 electrons and N204 as a stable dimer (‘no visible

absorption). In the ground state NO2 exists as a bent mole-

cule with a bond angle of 134°15 ’ and a bond length of 1.1994A
- 

• 
(Ref 4s252). Douglas and Huber (Ref 5*79) determined that

NO2 in the 
2B1 excited state ha: a linear or nearly linear

bond angle of approximately 180 • In equilibrium

_—_. y
~t ,~

~~ 2
~ j4
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At pressures less than 10 Torr, less than 17. of N 204 exists

in equilibrium with NO2. Hence the N 204 concentration is
• neglected in this experimental effort 8ince NO2 is main-

tained at approximately 19 mTorr.

NO2 was chosen to be studied because it is one of the

combustion species, it is an atmospheric pollutant and it

possesses a wide absorption band (3200s~ to 10,0OU~ (Ref 5i74))

encompassing the visibl e region. Thus the NO 2 absorption

spectrum is readily accessible to tuneable dye lasers for

fluorescence analysis and is easily studied in the laboratory.

NO2 has been the subject of intensive analysis by sev-

eral investigators for another important reasons I luores-

cence studies indicate that the i\
~
O2 radiative lifetime (Tr)

is more than two orders of magnitude in excess of that found

using the integrated absorption coefficient lifetime

(Ref 6*355). Douglas (Ref 7* 1014) has analyzed the arioma-

lously long NO2 radiative lifetime and concludes that four

mechanisms may be responsible for this phenomena i

(a) Interciectronic level mixing

(b) Vibrational level mixing (upper level with lower
level) . p

• (c) Frequency effect of excited versus fluorescence
radiation

(d) Transition moment variation of high vibrational
level s

Lii ~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~~~~
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According to Douglas, the dominant long life producing

mechanism is, the fact that intorelectronic level mixing

with the ground state produces a large number of weak lines,

which tend to increase the radiative lifetime.

NO2 has defied analysis since 1834 when Brewster

(Ref 8*519) first observed its visible spectrum and also

since 1929 when Baxter (Ref 9*3920) reported the first

studies of the NO2 radiative lifetime (Tr 1~s) by actual

observation of fluorescence quenching by a foreign gas. The

radiative lifetime has been analyzed using several experi-

mental methods and values of Tr ranging from 44~s to 200its

have been determined.

More recently Monts, et al (Ref 10*37) have reported

that

the NO2 visible spectrum has too many
rotational lines associated with too many vibrational
bands because there are four electronic states that may
directly or indirectly, interact • . .

Gillispie, et al (Ref 11*3425) calculated potential energy

curves for the four electronic states lying in the 2 - 4 eV

region, as shown in Fig. 1. The electronic states are the
2A1, 

2B1, 
2B2 and 

2A2 states. The 2A 1 state is the ground

state and the ground state to first excited state inter-

action is assumed to be 2B1 
.— 

2A 1 (Ref 12~459,. Thus

using an incident excitation wavelength (XE) of 4368~ or

2.84eV, this experimental effort is exciting NO2 into either

the 2B 1, 2132 or the 2A2 excited state and the fluorescence

studied will be from the continuum emission (Ref 13*817).

6
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Fig. 1. NO2 Potential Energy Curves

In the next section of this thesis, various laser

diagnostic techniques will be briefly reviewed. The section

will be followed by Chapter III, which introduces fluores-

cence theory and applications to combustion. Chapter IV

describes the experimental procedures which includes gas

handling, background counting and problem areas. Chapter V

is the results and analysis section which compares the

results of this effort with those of another investigator.

Also discussed are error analysis and experimental results.

Chapter VI gives a list of conclusions and recommendations.

7
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II. Diagnostic Techniques

This section discusses various laser diagnostic tech-

niques which are presently being used to analyze the com-

bustion process. The diagnostic techniques discussed ares

(1) Doppler velocimetry, (2) Raman scattering, (3) Coherent-

Anti-Stokes Raman Scattering (CARS) and (4) laser-induced

fluorescence.

Doppler Velocimetry

Laser velocimetry employs the Doppler effect (frequency

shift) produced by the light scattered from particles. The

velocity detection scheme collects the scattered and the

unscattered beam and by mixing both beams, an optimum signal

is derived which is proportional to the velocity of the

particles (Ref 14*297). The method currently being used

measures the time a particle takes to traverse a fringe

pattern in the medium of interest.

Raman Scattering

Raman scattering is the result of an inelastic collision

between an incident photon and a molecule. This process

(Raman eff~.-ct) can take place for any wavelength of incident

radiation. This energy exchange imparts to the scattered

photon a different wavelength than its incident wavelength .

Hence if the incident photon possesses energy hv where h is

Planck’s constant and v is the frequency, the scattered

kT~ 
--

~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ 
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photon may possess energy hv - ~E or hv + ~E • The energy

difference ~E is the upper state energy E ’ minus the lower

state energy E” or ~E = E ’ - E”

The scattered photon having energy hv - ~E is known

as Stokes radiation (scattered wavelength higher than

incident wavelength). The scattered photon having energy

1w + ~~ is known as anti-Stokes radiation (scattered wave-

length shorter than incident wavelength). If ~E 0 , then

the scattered photon has experienced an elastic collision

and the incident wavelength equals the scattered wavelength.

This process is known as Rayleigh scattering (Ref 15~85) and

is shown in Fig. 2. Rayleigh scattering produces a more

intense signal than Raman scattering, however since the

incident wavelength equals the scattered wavelength, it is

not species specific. Raman scattering is species specific

and proportional to species concentration but the signal is

weak and difficult to detect.

Coherent-Anti-Stokes Raman Scattering (cARS)

Coherent-Anti-Stokes Rarnan Scattering (CARS) is a non-

linear optical mixing process requiring two lasers, at differ-

ent wavelengths (A 1 and A2) such that (A 1 - A2) corresponds

to a molecular vibrational energy spacing (Ref 16*17). The

CARS process is shown in Fig. 3. The radiation spectrum

produced by the focusing action of two laser wavelengths is

the anti-Stokes component of the molecule. The CARS experi-

mental configuration is complex and extremely sensitive to

_ _
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optical alignment, however it offers some distinct advantagesi

(a) All of the radiation spectrum can be collected in
real time.

(b) Spatially resolved measurements of species concen-
trations and temperature are possible.

(c) The anti-Stokes signal is very intense.

(d) In comparison to the Raman signal , the CARS signal -
to-noise ratio is several orders of magnitude
stronger.

Roh (Ref 16*21) has investigated the CARS process using a

single mode ruby laser and a ruby pumped dye laser.

Laser-Induced Fluorescence

Laser-induced fluorescence is an effective combustion

diagnostic technique for studying energy transfer processes

of molecules (Ref 17*1286). Its usage is due to the advance

of tuneable dye lasers which can provide high intensity and

narrow lin e widths for selective excitation of molecular

absorption levels. Fluorescence requires that the incident

wavelength energy possess exact coincidence with the energy

difference between the ground state and an excited electronic

state of the molecule of interest, This excited state can

relax to a lower vibrational level within the excited state,

or to the original ground vibrational level or to another

ground vibration level after a finite resident time (mean-

time) of the molecule (Fig. 4). Relaxation to a ground state

level is accompanied by the emission of radiation which is

normally Stokes shifted. Although fluorescence like the

12
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Fig. 4. Fluorescence Scattering

Raman phenomena is an optical process they are uniquely

different. While Raman scattering can occur for any incident

wavelength, fluorescence only occurs at the absorption wave-

lengths of the molecule (Ref 15:86). The resulting fluores-

cence emission can be several orders of magnitude more

intense than either Raman or CARS. The fluorescence emission

wavelength can equal the incident excitation wavelength

(resonance fluorescence) or the emission wavelength can be

different from the excitation wavelength (non-resona nce

13
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fluorescence), see Fig. 4. The fluorescence process has

several advantages:

(a) Fluorescence emission is characteristic of molec-
ular structure, hence identification of a partic-
ular molecule is possible.

(b) Fluorescence emission is characteristic of the
relative population of molecular energy levels
hence temperature values can be established.

(c) Fluorescence emission is linearly dependent on
species concentrations.

(d) Fluorescence emission is usually much stronger
than the Raman scattering signal or the CARS
signal .

The simplest measure of species concentration arises

from fluorescence intensity measurements made under col-

lision free conditions; i.e., intensity being directly

proportional to molecular density. The main disadvantage to

direct measurement of species concentration is collisional

non-radiative relaxation from the vibrationally excited

level of the molecule of interest. This non-radiative

relaxation is known as quenching and is of considerable

significance in the combustion process because of the large

number of species present. Quenching results from collisions

between excited and unexcited molecules of the same species

(self quenching), between excited molecules and foreign

molecules, from dissociation and from intramolecular energy

transfer. To quantitatively account for all of the quenching

parameters, the following information must be available:

14
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(a) Collisional. cross-section of each species

(b) Concentration of each species

(c) Rate of self quenching, dissociation and intra-
molecular energy transfer

(d) Temperature dependence of the above rates

(e) Partial pressures of each species present

This is a formidable task , However, if the absorption

transition of the molecule of interest is fully saturated

over the absorption wavelength (Ref 18:9), then quenching H
effects can be neglected. Saturation may not be possible

due to the large values of incident laser energy required.

Alternately, the quenching parameters can be controlled by

experimental configuration. The determination of quenching

rates and quenching cross-sections will be the subject of

this report.

I
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III. Theory

This section begins with a problem statement, followed

by a discussion of the relationship between theory and

experiment. Also discussed are diffusion parameters, photon

counting statistics and the application of saturation con-

ditions to combustion.

Statement_ of the Problem

Th~ ~.roblem is to calculate the quenching rate constants

and corresponding cross-sections for each of several gases

(Ar , He, N2) from the measured effective lifetime of a

laser excited level of NO2. The experimental configuration

is arranged such that NO2, at a constant low (mTorr) pres-

sure is combined with each foreign gas (Ar, He, N2) at

pressures ranging from 1 to 5 Torr which insures that the

measured lifetime is due to only foreign gas quenching. A

selected excitation wavelength, assumed constant and in the

NO2 visible absorption region irradiates the gas mixture and

raises the NO2 to an excited electronic state (NO~). The

density of the NO~ molecules will decay to lower states due

to collisional deactivation and radiative transitions with

an effective decay time Teff• If the measured fluorescent

radiation is emitted from the original excited level only,

the observed fluorescence radiation will decay exponentially

and the NO2 effective lifetime (Teff) will vary directly as

16
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a function of the foreign gas pressure and the radiative

lifetime (Tr)• Since the foreign gases used do not possess

an absorption spectrum in the excitation wavelength (4368X),

only NO2 is raised to an excited state NO~.

To theoretically determine the number density of the

excited state N:; requires the solution of a rate equation

which includes the processes of radiative absorption, spon-

taneous and stimulated emission, collisional deactivation

and diffusion as illustrated in Eq ( 1) . This rate equation

can be written as

-I.

dN. ,.

-

~~~~~~ 

= B~~ N1P - [
~ 

A~1 + B~1~ + ~ nm~4~qj (T ) ] 1~~

- Z~~N + D1V
2N~ (1)

where
= incident laser intensity in watts/
cm x steradian

N~ = NO~ number density of the jth vibrational
level

~~~ = Einstein B coefficient for isotropic
absorption

~~~ = Einstein B coefficient for stimulated
emission

B~~N1p = molecular excitation written as an
absorption term

~~~~ = ~~~~ are related by their respective
degenerac ic s
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E A N* = spontaneous emission rate from the jth
i ~ excited level (Nj)

BJ1N~P 
= stimulated emission rate from the ith
excited level (N~)

E n K (T) = collective quenching of foreign gas mole-
cules and is the number density of the
foreign gas molecular species and Kqj(T)
is equal to the quenching rate constant
of the foreign gas molecular species as a
function of Temperature

Z~J
N~ = self-collision or self-quenching rate

(z~~) of the excited ith level (N~)

DfV
2N~ = diffusion rate of Jth excited level where

D1 is the diffusion coefficient

The self-collision rate can be ignored since calcu-

lations revealed that the low experimental pressure (mTorr)

of the species to be excited (NO2) experiences negligible

collisions. The diffusion rate can also be neglected at the

specified pressures because the collision frequency per

foreign gas allowed the NO~ to be collected by the experi-

mental optics design.

If the self-collision rate plus diffusion rate is

neglected , the rate equation becomes

= B~~PNj - + B~~p + ~ nmKqj(T)] ~~ (2)

However , after the laser pulse, the absorption term (BjjPNi)

and the stimulated emission rate (BjjpN~j) becomes zero and

18 
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dN*
= - A~~ + ~ flm1~qj T)] N~ (3)

with a solution

* 
-(t/T ff)N3 = N 0 e e (4)

where N0 is the number density of the excited species at

t = o a n d

Teff~
’ = ~ A,~ + rim ~ Kqj(T) (5)

The quantity ~ A3~ 
is equal to the inverse of the radiative

lifetime (Tr)’ in seconds of the excited species and in

the abscence of quenching, Teff becomes the radiative

lifetime (Tr)•

• Eq (5) is a familiar straight line function,

y = mx + b where y is equal to Tei f~~ 
b is equal to

• 
Tr~
’* the slope (m) is equal to the quenching rate constant

E K ~(T) and x is equal to the total number density ri
mij q 

- .

which is related to pressure through the ideal gas law:

= Pm(KTY
1 where 

~m 
is the number density of the foreign

gas species in molecules/cm 3, P~ is the foreign gas pressure

in dyn:s/cin2, and KT is the product of Boltzmann ’s Constant

(ergs/ K) and Temperature ( K).

If Teff~
1 is plotted versus total number density ( %)

or total pressure 
~~~ 

then extrapolation to the ordinate

(y) should yield the radiative lifetime Tn However, this

19 
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would be a difficult task since this experimental effort

uses large pressures (1 - 5 Torr) and the extrapolation to

the ordinate would incur serious errors for any incremental

change in slope. If the pressures of the foreign gas and

NO2 were reduced to low (mTorr) values, 
then the sample

tube size (Ref 17:1292) and the effects of diffusion would

cause major difficulties. Hence the experimental calcu-

lation of Tr is a formidable problem which will not be

investigated in this effort.

Rate Equation Relationship to Experiment

The experimental procedure allows for the control of

NO2 gas pressure (approximately 19 mTorr) and foreign gas

pressure (1 - 5 Torr) as well as a high probability of

sufficient photons and photon detection rate (photons/pulse).

The experimental procedure also allows for the electronic

control of the Start-Stop (Lit) interval between the end of

the laser pulse and emission of a fluorescent photon. In

order to find the foreign gas (in) quenching rate, Eq (3)

will be further developed.

From the relationship

dN* 
- •

— -~~i = - A~~ + ~ Kqi(T)] N
’
~ (3)

and the fact that the NO2 number density is much less than

the total number density (rim) or >> N~~, the factor

N
~

/Tr is neglected since N
~

/Tr << N’~ ninKq(T) in this

20

i~ 
—

~~~ ---‘----• —~~~~~ • ‘~~
•-.

~ -- 
— - —-

~~~~
•_ ---— 

~~~
-
~~—-— .—•= -- 

~~~~~~~ ~~~~ .
~~~~~~~~~~~~

—----



experiment. Neglecting N
~
Tr~
’ introduces an approximate

27. error , since Tr is between 44its and 2OO~s (Refs 19:1694;

20:524; 21:3457: 22:4100) and the value of Teff is of the

order of 1~is. Neglecting E A in Eq (3), leads to

Teff~’ % ~ Kqj(T) (6)

and if Teff is known, the slope of the curve Teff” versus

total number density 
~~~ 

is E K 1(T) for the foreign gas.
j q

Thi s experimental effort is arranged such that Teff is

directly obtained from a least squares fit of the exponential

decay curve relating the total number of counts (photons) to

the Lit time interval. See Appendix C for a graphical inter-

• pretation of the actual decay curves as a function of

foreign gas pressure and the least squares fit of the raw

data. Appendix D contains the least squares computer program

used to calculate Teff 0

Obtaining Kqi(T) directly also allows for the determi-

nation of the collisional cross-section aji(T) of the rnolec-

ular species. The collisional cross-section is found from

the relation:

E n K ~(r) E %~‘r
(T) i(T) (7)

j m q  i J

where is the average relative velocity of the molecular

species and is equal to [8KT/tru]½ ; u being the reduced mass

of the colliding species.
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Since E}L~(T) is the slope of the line I versuse
n then E K ~(T) can be written asa j q

~ Kq~•
(T) (8)

and considering the ideal gas law at constant temperature

• (I), then the change in number density is

H

and

~ Kqj (T) = 
elf (KT) (10) 

•

However, ~P was measured in Torr for thi s experiment , hence

multiplying by the correct conversion constant C will con-

vert Torr to dynes/cm2. Therefore assuming no NO2 losses ,

the equation for the analysis of E K .(T) is
i 

q]_

—1

~ Kqj (T) = ~ 
e (icr) (11)

where I

I

C(Torr) = 7.53 x 1O~~ (dynes/cm2Y1 (12)

F , which was found using the conversion

l Torr=lmzn Hg = .l cm Hg (13)

22
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and P = pgh where p is the mass density of Hg in gm/s2 at

20°C (Ref 23sF-5), g is the acceleration due to gravity in

• cm/s2 at sea level and 45
0 
latitude (Ref 23sA-10) and Ii is

the height of the Hg column in cm.

If the product C(KT) is calculated for a Temperature of

296.66 °K ± 1.0 K error (experimental value) then the

quenching rate equation becomes

—1
Kqm(T) = 3.083 x io .17 AT~~1 cm3/(molecules sec) (14)

The values found for Kqm(T) of Ar, He, and N2 
are shown in

Table I, page 48.

The equation used to find the collisional cross-section

ciqm ls

K (T)
• aij(T) = aqm = (15)

The values found aqm for Ar, He and N2 are also shown in

Table I ,  page 48.

Diffusion Considerations

The experimental optical configuration was analyzed in

order to insure that all photons from NO~ are collected.

The distance travelled in three lifetimes is chosen as the

maximum distance that NO~ may travel before leaving the

focal volume, Therefore it is necessary to compare the

solid angle (n 3 ) det ermined by the optics and the photo-

multiplier on the optical axis with the obtained using

_•~~~~~~ •
__ 
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• Fig. 2. Raman Scattering Process
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the maximum allowed off axis distance. The optical diagram

shown in Fig. 5 details the actual analysis and the col-

lection solid angle Cl2.

The change in solid angle from the on axis position

= .0287 str) to the maximum off axis position

(Cl2 .0289 str) is not appreciable when considered over the

distance ‘
~

3Tef ~ 
(.61 mm) plus the focused laser beam

radius (.1 mm).

In order to insure that the solid angle remains essen-

tially constant, a minimum foreign gas pressure of 1 Torr

was used. A pressure of 1 Torr with a mean free path (L)

of approximately .1 mm allows for a sufficient number of

collisions within the 
~

3Teff diameter. A foreign gas

pressure lower than 1 Torr would increase the Teff and

foreign gas L thus reducing the number of collisions and

allowing NO~ to deexcite outside the region where is

essentially constant.

Photon Counting Stntistics

The photon per pulse rate was kept at ~ .15 during the

• experiment. This was accomplished by insertion of neutral

density filters in the dye laser beam path, prior to sample

tube entry (See Chapter IV, Fig. 7, p. 34). The value of

.15 photons per pulse was found by employing a probability

relationship developed by Wharton (Ref 3:19). The relation

determines the probability of producing a photon in the time

L - - •. - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J
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• normaily Stokes shttted. Although fluorescence like the

12

interval t to t + Lit. The relationship as derived in

Appendix E is

= P
~
N0 Lit Teff~

1 [exp(-t/1e11)]

• [1 - N0P0(l - exp(_t/Teff ))] ( 16)

where

the probability of detecting a photon in the
interval V to t + Lit •

= the probability that a photon will be detected
in the interval t to t + Lit

N = the initial number of excited molecules at
0

t = 0

Lit = the Start-Stop interval produced by the IPHC

Teff = effective lifetime as previously described

Expanding Eq (16) results in

A[( 1 - NOPC)exp(_t/Teff) + N0P~ 
exp(_ t / .STeff )] ( 17)

where .

A = P0N0 Lit Teff~’ (18)

Since N0P~ 
is the counting rate (photons/pulse) as determined

from the experimental configuration, then by insuring that

(1 - N0P0) >> N0P0 ,we can attain the desired result

P0N0 Lit Teff~
1 exp(

~
t/Teff) (19)

_____________  - 
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The value of P0N0 equal to .15 was chosen as the value

that produced minimum errors in satisfying Eq (16). This

value was strictly adhered to during this experimental

effort by the use of neutral density filters.

Applications to Combustion

The effects of quenching corrections in fluorescence

diagnostics is of major importance in analyzing the corn-

bustion process. The quenching corrections can either be

characterized or eliminated from consideration by showing

that the fluorescence intensity is independent of quenching.

If quenching corrections can be eliminated then direct cal-

culation of species concentration is possible if full satu-

ration of the absorbing transition is attained. Full satu-

ration being defined as the condition when the rate of

stimulated emission of radiation is much stronger than the

combined rates for electronic quenching and radiative decay

(Ref 18~10).

To illustrate the case for ful l saturation , a simple

two-level model will be used as is shown in Fig. 6(b),

where N1 and N2 are the number densities (molecules/cm
3) of

their respective levels and NV = N 1 + N2 ,  the total number

density.

Assuming that the incident intensity 1(v) is constant

and very broad in comparison to the absorption line

(Fig. 6(a)), then the rate of change of level 2 with respect

to time is

27
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a, 

~~~ 
Line

N2

B12 ~21 A 21 Z21

1(v )

b. •

~
‘ 1

Fig. 6. Two-Level Model

= N1fB 12(v)I(v)dv - A21N2

- N
2f 

B21(v)I(v)dv - N2Z21 (20 )

— 

If 1(v) is assumed constant over the range B~~(v) and

B12(v) , Eq (20 ) becomes

dN
N11(v)B12 - A21N2 - N21(v)B21 - (21)

28
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where B12, A21, B21 and 121 are the integrated absorption

coefficient, the integrated spontaneous emission coeff i-

d ent, the integrated stimulated emission coefficient and

the quenching rate of the respective upper (2) and lower (1)

levels.

The steady state condition (dN2/dt 
= 0) yields

N A + I(v)B + Z

2 12

or upon rearranging terms and substituting Nt 
= N1 + N2 ,

we have

N2 — 

• B121(v) (23)
[B211(v) + B121(v) + A21 + Z 21] 

•

and if we consider the case when 1(v) is very large, i.e.,

saturation conditions, then

N B

saturation 
— B12 + B21 

— 

~I+

where g1 and g2 are the degeneracies of their respective

levels. Hence

N2 — 
N2 I(v)(321 + B12)

— 

~~ saturation [B 211(v) + B121(vJ + i\~2 j +  z21j  (2 )

and letting
1B~1 + B1,1

R ~~ ~~II(v) (26)
1 21 +

29 
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we have

• N2 = 
+ (g1

t
[g
2)] {i + R] 

(Ref 24~3) (27)

Considering an actual experimental case where the decay

from level 2 to level 1 is measured, we have that the fluo-

rescence intensity I
~ 

is proportional to the spontaneous

transition j~ 3bability A21 and to N2 or

I~ = hv A21 V(Cl/4rr)N2 (28)

where hv is the fluorescent radiation energy, V is the

observation volume and Q/4i-r is the solid angle of the col-

lection optics or detector. We can now use Eq (27) to

rewrite Eq (28), thus

= hV A21 v(~/4~) 
1 + ~~1I~2~ 

- + ‘ (29)

after expansion of Eq (27) for the case when absorption and

stimulated emission are much larger than spontaneous

emission and quenching or R > 1. When h R  is small , the

relationship in Eq (29) allows us to solve for Nt wi thou t

knowing Z21. This is the desired result from saturation

analysis , since Z 21 is generally unknown in a combustion
medium. It is interesting to note that to fully saturate

the NO2 absorption transition is extremely difficult , since

NO2 displays collisional relaxation among rotational levels
(Ref 25:78).
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Daily (Ref 26* 569) has investigated fluorescence tech-

• niques using full saturation conditions , where the molecular

absorption linewidth exceeds the incident spectral linewidth.

He proposed a two-level and a three-level model. The two-

level model results are similar to the results obtained

from Eq (21). The three-level model shows that fluorescence

power is also completely independent of incident laser

intensity and quenching. The requirement for full saturation

of the absorption transition is combined with a requirement

to observe fluorescence, simultaneously, at two wavelengths.

This model increases the complexity of the saturation pro-

cedure.

Piepeier (Ref 27:433) has presented a comprehensive

three-level analytical discussion of saturated fluorescence

which shows the cross-relation terms that occurs between

level 3 and level 1. His proposal requires that the spectral

width of the incident laser wavelength be much less than the

molecular absorption linewidth.

Since the molecular absorption linewidth is directly

related to either collisional broadening (homogeneous) or

Doppler broadening (inhomogen€ous), then the Peipeier

approach must consider three possible cases for full

saturation s

(a) The lineshape is homogeneous (high pressure,

low temperature).

(b) The lineshape is inhomogeneous (low pressure,
high temperature).

31
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(c) The lineshape is broadened by a combination

of (a) and (b).

Case (a) would require the most intense incident laser

spectral intensity due to the energy required to saturate a

homogeneously broadened lineshape.

Baranovski, and McDonald (Ref 28*3300) produced a

• theoretical model for species measurements considering a

partial saturation condition using an incident laser inten-

sity width that exceeded the molecular absorption linewidth.

Their two-level model result for fluorescence intensity is:

= c[A21N1B12/ (Z 2 + A 21)/ (I(v) + B12 + B21)] (30)

which after a Taylor expansion illustrates the importance of

quenching when full saturation is not achieved.

Although the theoretical models described illustrate

• that the full saturation condition is possible , present

research indicates that the high rate of quenching that

accompanies the combustion process is a major obstacle in

actual achievement of the full saturation condition. It

should also be noted that a two-level model is not appli-

cable to all species concentration cases, hence three-level

models and cross-relaxation between the levels must be con-

sidered. Also the model in question must consider the laser

spectral width plus the inhomogeneous and homogeneous

absorption width (Ref 25:90).
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IV. Procedure

J The experimental procedure section explains the manner

in which the data was collected . The equipment used to

collect the data is detailed in Appendix A. This section

is divided into the following areas: (1) Experimental

Method, (2) Gas Handling, (3) Dye Laser, (4) Background

Counting, and (5) Problem Areas.

Experimental Method

The equipment schematic is as shown in Fig. 7. The

PIN diode, which is protected from overloading with a

neutral density filter, detects the laser pulse. The PIN

diode output becomes an input to the first discriminator

(ungated). This discriminator produces three outputs:

(1) An input to the linear gate and stretcher which

provides an output signal that is an input to the
multicounter. This linear gate and stretcher is
operated in the ungated mode.

(2) An input to a delay box whose output provides an

input (Start) pulse to the TPHC. The delay box
• provides the desired ns delay which starts the

timing in the area of the exponential curve to
be investigated (See Fig. 8) .

(3) An input to the pulse generator whose output

provides a gating pulse to the second discrimt-

nator (gated mode). This input to the #2

discriminator opens the gate that allows

H , • 
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Fig. 8. Delay of Exponential Decay Curve

photomultiplier data to flow as one output from
the second di scriminator,

Prior to entering the sample test tube, the laser pulse

is directed through neutral density filters in order to

insure that the number of photons per pulse is reduced to

much less than one. This is done so that the statistics of

single photon counting as noted by Eq (19) is maintained.

The addition of neutral density filters is accomplished by

observing the photon per pulse count rate (between 1000 and

3000 pulses) and adjusting this rate, by trial and error

insertion of filters until the desired rate (approximately

.15 photons per pulse or less) is maintained. The strength

of neutral density filters used varied with the laser pulse

-: 35
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power and the fluorescence intensity produced by the various

NO2 plus foreign gas mixtures.

The fluorescence signal undergoes broadband detection

(5430 ± 15k~) by the colored glass plus interference filters

and is sensed by the photomultiplier tube whose output is

used as an input to a delay box (replaced by 82 feet of

electrical wire) that provides an input to the second dis-

• criminator which is gated and produces two outputs:

(1) An input to the linear pulse stretcher (gated)
whose output provides an input to the multi-

• counter, This multicounter determines the number

• of photomultiplier counts (photons) per laser pulse

which flow during the gating interval.

(2) An input (Stop) signal to the TPHC. The TPFLC

produces an output signal whose amplitude is

• proportional to the relative time difference
between the Stop and Start signals.

The TPHC output is used as an input to the multi-

channel analyzer (MCA). The MCA input is distributed to one

of the selected memory channels (256 channels were used in

this effort). The MCA accumulates data (TPIIC signals) over

a period of time. The accumulation time for data collection

is arbitrary. However, in this experiment the data accumu-

lation time was between three and four hours in order to

obtain a useful statistical curve. During the initial

portion of data accumulation, the MCA oscilloscope is moni-

tored in order to observe the exponential curve, If the

decay curve does not cover t h e  ful l range of the abscissa

(as disp layed), then the TPHC width (microsec ) is adjusted

36
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accordingly, the data erased and accumulation restarted.

The TPHC adjustment varied with the pressure of the foreign

gas as is shown in Tables IV , V and VI of Appendix B.

After data collection, a photograph of the statistical

curve is produced and the MCA results are also printed on

paper tape. The printed data is analyzed in order to elim-

inate the anomalous counts near the initial and final points

of the exponential decay curve. The acceptable data points

• are then transferred to computer cards for a computer

(Control Data 6600) run of a least squares fit of the in data

as a function of time (See Appendix D). The result of the

computer analysis is an effective lifetime (Tef f). The

effective lifetime of the exponential curve is calculated

• from the relation Tell (t2 - t 1)/ ln (N 1/N 2) where N1 is

the number of counts measured at time t1 and N2 is the number

of Counts measured at t2. One data point is recorded for

each foreign gas pressure, these points (5 per foreign gas)

are then plotted using l/Teff ($IS ) versus pressure (Torr).

A least squares fit is then applied to the five data points

and the slope of the resulting line is directly proportional

to the foreign gas quenching rate, This procedure is

repeated for several foreign gases and the quenching rate

data is analyzed and compared as described in the results

and analysis section of this report .

Gas Handling

After each daily set of data runs , the gas system is

evacuated (overnight) by the Turbo Molecular Pump. Initial
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evacuation requires that valves 2 , 3, 4 , 5, 11, 12 , 14,

and 15 (See Fig. 9) be fully opened (Valve 13 is always

closed since the Vac Sorb Pump is not used in this effort) .

During and after evacuation, system pressure is monitored

by the ionization gauges down to Torr . Overnight out-

gassing (baking) is accomplished by wrapping the sample tube

with heat tape and then applying 110 volts (controlled by

Staco variacs) to the tape . The temperature reached is

greater than 100°C which aids the outgassing procedure.

During outgassing the Turbo Molecular pump continues to

evacuate the system.

After overnight pumpdown and outgassing (when required),

the digital. pressure meter is manually zeroed and NO2 is

introduced (See Fig. 9). Prior to NO2 introduction, valves

1, 2, 5, 6, 7, 11, 12, 14, and 15 are closed. (Valves 3

and 4 are always left open for convenience.) NO2 is ini-

tially trapped between valves 1 and 2 by momentarily opening

and closing valve 1. Valves 2 and 5 are then opened and

valve 11 is used to control the NO2 pressure flow into the

sample tube. The exact NO2 pressure (approximately 19 milli

Torr) is monitored by the Baratron and visual observation of

the digital pressure display is maintained while slowly

opening and closing valve 11. After accumulating the

desired NO2 pressure, valves 2, 5, and 15 are opened in

order to evacuate residual NO2 in the lines,

Introduction of the foreign gas is accomplished by

closing valves 5, 6, 7, 8, 9, 10, 11, 12, 14, and 15.
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Valve 10 is then opened and closed. This allows the

cylinder gas pressure to be trapped between the cylinder and

regulator. This pressure is then manually reduced to approx-

imately 5 psi by turning the vacuum regulator and allowing

the gas to be trapped between the regulator and valve 9.

Valve 9 is then opened and closed to trap the foreign gas

between valves 6 , 7 , 8, and 9, Valve 8 is then opened and

the lines are evacuated by the Duo Seal Pump arid then valve 8

is closed. This evacuation procedure is accomplished sev-

eral times. After line evacuation, the foreign gas is again

trapped and allowed to enter the sample tube by opening and

closing either valve 6 or 7 and controlling the gas flow to

the sample tube with valve 11. Visual observation of the

foreign gas pressure is via the digital meter, but on a dif-

ferent scale since the foreign gas pressure is in the Torr

range and the NO2 pressure is in the millitorr range.

Af ter the sample test tube area is loaded with the

desired mixture of NO2 plus foreign gas, valves 2, 5, and 15

are opened to allow the remaining portion of the system to

be continuously evacuated by the Turbo Molecular Pump.

Dye Laser

The output of the dye laser was set at 4368k by mechan-

icall.y rotating the dye laser grating. The output power is

maximized using the Astrodata Nanovoitmeter and Eppley 
I •

thermopile. The maximum outpu t power was found

to occur at 4368k . The 4368~ wavelength was identified
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using the Jarrell -Ash monochromator. The maximum power

output occurring at 436&~ is in close agreement with the

Coumarin 440 results found by Wharton (Ref 3~28). During

the experiment, the Couznarin 440 dye was changed at regular

intervals (approximately every 7 hours of laser operational

time). The dye laser output was maintained between 70 and

120 micro joules/pulse throughout the experiment.

Background Counting

Prior to introducing any gas in the system, the dye

laser output (4368~) is beam split and directed to the PIN

diode and the sample tube and windows. A count of the number

of scattered plus background photons per pulse is then

obtained from the counter displays. The laser output is

then totally blocked from the sample tube and a count of the

number of background counts (photons) per laser pulse is

àbtained. The number of scattered photons per laser pulse

is the difference between the number of counts per pulse

with the laser unblocked and the number of counts per pulse

with the laser blocked. The scattered photons are signifi-

cantly reduced by laser beam alignment through the sample

tube and by elimination of reflecting materials around the

sample tube. Experimental scatter was kept to ~ 107. of the

count rate with the foreign gases in the tube.

The experimental background count averaged out to

approximately 8 photons/1000 pulses, Considering a three-

hour data run (4.32 x 1O~ pulses) at a rate of 0,15 photons/

pulse, the background counts amounted to 57. of the collected
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data . This possible error source was made insignificant by

the manual removal of anomalous counts near the initial and - 
-
~

final portions of the data.

Problem Areas

1. Background Counting

The location of the laboratory (inside an open hangar

bay) did not allow for complete isolation of scattered

exterior natural (solar) or artificial (overhead) lights.

This created some difficulty with background count elimi-

nation, unless data collection was integrated over more than

three hours or accompli shed during the late e’rening hours.

2. Delay Box Noise

As is shown in Fig. 7, the delay box prior to the

photomultiplier tube produced excessive noise which randomly

increased the count rates until the delay box was eliminated.

The delay box was replaced with a cable whose length corre-

sponded to an approximate delay of 1.55 nanosec per foot

(82 feet of cable was used in order to produce 127 ns

delay). The cable eliminated the excessive noise.

3. UV 1000 Laser
(a) Dye Laser

The dye laser was difficul t to align after the tele-.

scope was removed for realignment of the laser cavity and

reinserted . The maximum outpu t power was obtained after the

dye laser flow lines were manually elevated. This may have
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been due to a misalignment of the fluorescence window with

the nitrogen (N2) laser output . An approximate 3½-inch

elevation of the flow lines was accomplished by placing a

square aluminum block between the dye laser cannister and

the fluorescence window. This configuration continued

throughout the experiment .

(b) N2 Laser

The N2 laser was responsible for the majority of the

problems that beset the experiment. The problems were

• thyratron arcing, vacuum pump malfunction, and cavity

(di scharge channel ) breakdown. Each problem will be sepa-

rately di scussed.

bi. Thyratron Arcing

During the first week of data collection, excessive

arcing was observed to be coming from the output end of the

N2 laser. This was followed by an excessive reduction in the

dye laser power and noticeable vibration. An investigation of

the N2 laser components revealed the thyratron problem. The

thyratron was repaired locally and the arcing eliminated.

b2. Vacuum Pump Breakdown

During the second week of data collection the Alcatel

Model 1050 nitrogen vacuum pump completely malfunctioned .

This vacuum pump was initially replaced by one Duo Seal

Model 3000 vacuum pump. However, the Duo Seal pump experi-

enced overheat problems within lees than one hour of con-

tinuous operation. A second Duo Sca~!. Model 3000 vacuum

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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pump was connected in parallel to the f irst  pump, In this

configuration, one pump was allowed to operate for approxi-

mately one hour, then shutdown and simultaneous with

shutdown, the second pump was started. Considering data

collection, this configuration proved to be awkward but

effective. During the fifth week of data collection, the

Alcatel pump was repaired and reconnected to the N2 laser.

During the sixth week of data collection, the newly repaired

Alcatel pump was observed to be smoking near the exhaust

ports. A thorough check of the pump revealed no damage or

breakdown of components. The probable cause of the pumping

problem was due to excessive overworking of the components

at 40 pps and/or a low oil supply. This high pulse rate

should be avoided in further experiments. No further

vacuum pump problems were experienced.

b3. N2 Cavity Breakdown

During the fourth week of data collection and while

-
• in the standby (ready) mode, a loud vibrating noise was

heard to come from the laser area. Prompt main power shut-

down was followed by visible smoke and the acrid odor of

burnt components. Investigation revealed that a massive

electrical discharge (unknown origin) caused the two pro-

tective 1000 ohm resistors to rupture and the optical

elements of the discharge channel (transmission and 100°!.

mirror) to be severely damaged (burned circular spot on

each element). Also noted, was damage (charred spots to
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the discharge channel electrodes and end connectors

(phenolic strips) to the optical element plates. Investi-

gation revealed that six coaxial cables were oxidized at the

• connecting ends to the cavity. This oxiaation problem was

reduced by cleaning the oxidized ends with common emory

paper, Since the discharge channel was damaged beyond

repair, a new one was purchased from the Molectron Corpo-

ration (Sunnyvale, California). An alpha emitting pre-

ionizer was also purchased fron’ Molectron in order to improve

initial N2 lasing action. Prior to the N2 discharge channel

breakdown, some noise was introduced into the collected data

as is evidenced by Fig. 10. Fig. lOa shows an NO2 (19.58 ml)

plus N2 (5.08 Torr) mixture that is hampered by noise.

Fig. lOb shows an identical NO2 plus N2 mixture taken after

the new discharge channel was installed. The amount of

noise due to the delay box and N2 laser collected along with

experimental data prior to the N2 laser breakdown is unknown.
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V. Results and Analysis

- The results and analysis section presents the calcu-

lation of quenching rate constants and quenching cross-

sections , error analysis and a discussion of the overall

results.

Calculation of Quenching Rate
Constants and Cross-sections

The quenching rate constants, Kq(T)~ and quenching
- 

- 
cross-sections, clq(T) for the foreign gas M, were calculated

using the equations derived in Chapter III. The equations - -

• used are

~ K~1(T) C(KT) 
~
Teff

’/
~

P cm3(molecules secY1 (11)

where C(KT) = 3.083 x and L~
Teff ’fA? = regression

curve slope in (~.ts TorrY~ and

aqm (T) = Kqm(T)/’~r ~~2 molecules 1 
. (15)

The results are shown in Table I and are compared with

those of Kaufman, et al (Ref 29:720). It should be noted

that the quenching cross-sections found by the Kaufman

investigation are related to this work thusly:

~~ m
(this work) (Kaufman)
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The 0q
2 value is a radius and hence lTa

q
2 is a cross-sectional

area which is identical to the calculation of the Gqm of this

work.

The Kaufman investigation required an NO2 radiative

lifetime (Tr) in order to calculate the quenching rate

constant Kq(T)• The Tr used by Kaufman was 44~ts as found by

Neuberger and Duncan (Ref 19:1693) and also verified by

Douglas (Ref 7:1007). In order to compare the Kaufman data

further, a relationship was established to determine a Tr’

(experimental radiative lifetime) for the data in this

experimental effort. Only the Ar fluorescence wavelength

(XF) was compared since the for He and N2 was not avail-

able from the Kaufman data. The relationship is as follows:

T~J( K(T)
— -— 

I $
r

where

= 44~is (Kaufman data)

KqK(T) = Ar quenching rate constants (Kaufman data)

Kq(T) = Ar quenching rate constants (this experi-
• mental effort)

= experimental radiative lifetime

In order to determine the fluorescence wavelength (~
,)

of the Kaufman data for Ar, a plot (Fig. 11) of the Ar

quenching constant versus A. indicated that for the 4368k

• 49
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excitation, the A. coincided with 5430~ of this effort.

this value for A.F (Kaufman) was considered only as a coinci-

dence. Table II illustrates a comparison of various param-

eters between this effort and the Kaufman effort.

Error Analysis

To consider the statistical and systematic errors of

the collected data , Eq (11) will be analyzed. Recall

~ Kqj = c(KT) 
~
Teff

1/L
~
P (11)

which can be written as

Kq = C K T m (32) - -

where H

m t~
Teii (L

~
P) (slope)

Then the change in Kq is L~Kq written as

L~Kq CmK ~T + CKT ~m (33)

and the ratio of AK to K isq q

~~~~~~~~~~~~~~~~

Since Eq (34) contains all of the variable experimental

parameters, each part will be individually error analyzed.

Thus beginning with Temperature,

51
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AT/T ± AT8/T (statistical) ± AT~/T (instrument) (35)

(a) The statistical error was found from the daily

temperature variation (2°C/day) and is correct

to within 10/.

hence

= j.O1 (36 )

(b) For this experimental effort the instrument
error of the Moeller thermometer is assumed to
be negligible (~~ .1/296.6) and is discarded.

The errors associated with Am requires a close look at

the second term in Eq (34)

= L~CATeff~~
/L
~
P] (37)

hence AP and ATeff~
’ will be individually analyzed. It

should be noted that the AP and the IATefI
1 that will be

discussed are directly related to the instruments producing

them and not the slope that is used to calculate Kq(T)~
Considering the pressure term first, we will write A? as AP

Ap = n K A T + AnKT * (38)

and assuming no change in temperature and no change in total

number density during data collection, then the error in

pressure is due solely to instrument considerations.

Therefore ,

= ± Ap (statistical) ± AP (instrument) (39)
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(a) The statistical error in the pressure meter was

H assumed to be zero as the Baratron reading
remained constant during all data collection

ri 
periods.

(b) The instrument error was determined from a cali-

bration chart supplied by the MKS Instruments

• laboratory. Using the ideal gas law, the cali-
brations were determined as actual d.c. voltage
outputs at various STD pressures (mm Hg)~ The

average error in the 1 - 5 Torr range is
- 1.64 x ~O’

~ Torr with a standard deviation of

• 1.13 x io~ Torr. This error is neglected for

this effort, since it amounts to less than 17..

Hence, the errors in pressure are assumed to
be zero.

The largest error associated with the quenching rate

constant Kq(T)~ comes from the deviations in ATeff~ The

errors in Teff presents the most interesting analysis due

to the myriad of electronic equipment, for which no cor-

rections were made, required to produce Teff plus the fact

that Teff is related to each individual data point and the

overall calculation of Kq(T)• Hence

ttTeff ± Aleff (statistical) ± Ateii (instrument) (40)

The statistical error in ATeff is directly related to the

error in slope per foreign gas pressure. This error in • -~

slope is graphically illustrated in Appendix C for each

data point, as the maximum limits of the n ± 2.[ii(a = ± n

where ~ is the standard deviation), (Ref 30:54)) values.

The error in Tef I per foreign gas was manually determined by
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placing a straight edge along the line that intercepted the

+2 ~/~(A) and the -2 .J~(o) on each side of the least square
fit line. This method of determining the maximum devi-

ation in slope has in itself errors which are unknown.

The results are shown as error bars in Figs. 12, 13, and 14.

The variable errors for each Tef I made it difficult to

obtain an overall error for each Kq(T)s However, a relative

error was determined as is shown in Table III by placing a

straight edge along the line intercepting the maximum error

bars on either side of the least square fit for each

foreign gas.

Tabl e III

Relative Error in Kq(T)

Foreign Gas Relative Error in Kq(T)

Ar +.27, -.08

He +.17, -.26

N2 +.03, -.13

The final area considered is the error associated with

• photon counting and the probability of photon detection in

the interval t to t + At. Using Eq (19) with PcNo At Teff
equal to P0 and Teff equal to T for convenience, we have

P P0 e
t/’T 

[i - NOPC(1 - e th’T)} (41)
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and

P = P 0 wh e n t = 0  (42)

and as an approximation

p = p~ e
ttT when N0P~

(1 - e t/T) << 1 (43)

Since Eq (43) is only an approximation, the calculated

~1 will be in error, this value of T will be represented

by r1. Hence

in P/?
~ 

= -t/T1 (44 )
I I

and

in p0/P (45)

However, if we now consider the experimental values of

N0P~ 
equal to .15 and t equal to the maximum of 3Teff~

Eq (41) becomes

p = p0 e
_tI*’T [1 - .15( .95)] (46)

and

in P1.86 “~ 
= -t/T (47)

or
— 

t [in .86 (48)

Then the change in ¶ is AT or

AT U T 1 - T  (49)
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which is

AT t [in Pa/P - in .86 ?
~
/P] (50)

and the error in T is

= [(In P0/PY~
1
~ - (in .86 in P0/P (51)

which approximately reduces to

‘/. error = [I - n/(n + in .86)] io2 (52)

Eq (52) is the % error in y where the substitution t =

was used , where n is the number of Tef ~ 
‘s considered.

Thus for the experimental value of probability of photon

detection of .15 photons/pulse and a maximum of 3Tef I
(n = 3), the error is approximately 5%. If ZTeff and .15

photons/pulse are used, then the error increases to approxi-

mately 8%. Analysis of the raw data indicated that the

least square fit curves were generated between 2Teff and

3Teff utilizing a photon/pulse rate ~ .15.
Discussion

a , Experimental Results

Considering a first attempt at employing the data

collection method developed ~y Wharton (Ref 3:38) plus the

• I fact that only one data run per foreign gas per pressure was

accomplished , the results are fair. The method employed to

directly measure the quenching rate constant is effective

but time consuming.
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The overall quenching rate constants for Ar, He, and

N2 are in good agreement with the Kaufman (Ref 29i720) f I
results. The quenching constant result for Ar is in very

good agreement with the Kaufman data , while the He result is

in excellent agreement. Prior to obtaining any data for

this experiment , it was expected that the Ar and He results

would agree closely with the Kaufman (Ref 29:720) data.

This speculation was due to the fact that the 4368X incident

energy is far below the atomic energy levels of either Ar or

He and thus only translational and no vibrational inter-

action was expected.

The high quenching rate constant obtained for N2 was

expected, since NO~ and the N2 ground state vibrational

levels should interact due to their common energy level

configuration. Although the N2 quenching rate constant for

this effort was larger than the Kaufman results, the overall

result is termed as a fair comparison.

In comparison to the Kaufman quenching cross-sections,

the values of ~q(T) for this effort were higher. The vari-

ation in ~q(T) with temperature was not observed since the

sample tube temperature remained constant.

The value of Ir’ for Ar obtained by comparison with

Kaufman was in excellent agreement with the 44~.ts value used

by Kaufman. No Tr’ values for He or N2 were calculated

since the fluorescence detection wavelength was not available

f rom the Kaufman data.
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All of the collected data displayed a possible biexpo-

I nential curve that was most prominent near the initial -

portion of the decay. This phenomena may be due to noise

or to two NO2 lifetimes. The most significant experimental

error, neglecting electronic errors, was due to the meas-

urement of Teff S

b. General Results

Overall, the N2 and dye laser operated satisfactorily,

with the exception of the problems discussed earlier. Some

problems were expected , since all of the data was collected

at 40pps . Thi s high pulse rate possibly contri buted to the

N2 and Alcatell pump breakdown. The Coumarin 440 dye

decreased its output power after approximately 7 hours of

uninterrupted lasing time. The dye laser output (4368~) was

periodically checked with the Jarrell-Ash monochromator and

the dye laser grating required no adjustment. Subsequent to

installation of the new N2 discharge channel, the dye laser

beam, observed after mirror reflection, exhibited excessive

fluorescence surrounding the actual lasing area. This

visual observation showed that the fluorescence area was 2 cm

in diameter and the lasing area was 1.2 cm in diameter and

removed from the center of the beam. Dye laser realignment

attempts did not improve the situation.

The gas handling system was excellent in delivering and

evacuating NO2 plus foreign gas from the sample tube. The

Baratron and ion gauges operated within their specified

_ _ _ _ _  _ _ _ _  
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ranges at all times. The gas (No2 pius foreign gas) loading

required extreme care in avoiding an overpressure in the

sample tube. The loading of gas mixtures was time consuming

but effective. The Turbo Molecular pump provided continuous

evacuation (to 1O~~ Torr) throughout the experiment with no

malfunctions.

Oscilloscope analysis of the electronic components was

kept to a minimum (only the delay box was analyzed). The

MCA continued to malfunction in every eighth channel as

previously experienced by Wharton (Ref 3:45). This mal-

function did riot pose any problems to the experimental

objectives.
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VI. Conclusions and Recommendations

Conclusions

The following conclusions summarize this experimental

effort:

1. The experimental method can be used to calculate

quenching rate constants from measured data in the 1-5 Torr

pressure range for NO2 and foreign gases.

2. The method of single photon counting is time con-

• suming and requires elaborate electronic instrumentation.

However, the advantage of this method over the Kaufman method

is that this effort calculates a quenching rate constant

directly.

• 3. The errors introduced by accumulating data over a

two-day period and integrating the results is unknown.

4. The appearance of detectable counts near the initial

(rise) area of the individual curves may be due to noise and

the laser pulse (build up of excited states). This fact was

evidenced by visual inspection of the rising portion of the

curves as shown in Appendix C.

5. A significant portion of the data was collected in

the presence of electrical noise produced by the delay box

(following photomultiplier tube in Fig. 7 and the old

laser discharge channel.
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6. Visual inspec tion of the initial portion of the

least square f i t  curve of each foreign gas also indicates
• that the excited NO 2 may possess two lifetimes; one short

(ns range) and one long (~ s range). The fast lifetime

• undergoes minimum collisional quenching while the long life-

time may be primarily due to quenching.

7. The placing of neutral density fil ters in the laser

beam path is an effective control of the photon per pulse

rate.

8. By insuring that the photon per pulse rate was

~ .15 , the probability of photon detection within 3 Teff
was adequate.

9. Broadband detection can be used to improve the

collected signal strength.

10. The gas pressure measuring system was extremely

effective down to 1O~~ Torr.

11. The error calculated for each quenching rate

constant is a conservative estimate.

Recommendations

In order to improve or assist future experimental

• attempts to study similar areas, the following recommen-

dations are made:

1. An aperture should be placed near the sampl e tube

entry window in order to insure that only the lasing

portion of the dye laser beam is transmitted through the

tube.
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2. The sampl e tube should be heated in order to

experimentally determine the effect of temperature on

quenching cross-sections aq(T).

3. Quenching rate constants for Ar, He and N2

should be measured using a narrowband (monochromator)

fluorescence detection scheme and the results compared to

this effort.

4. The following sequence should be used if a future

experiment is to be conducted with the objectives of this

effort:

(a) The background counts should be normalized

to the data collection time.

(b) The background plus signal counts collected

as per this effort.

(c) Find the difference between signal and back-
- 

ground--this is the basic data.

(d) Correct for multiple counts per pulse by

utilizing Eq (16). The first approximation

for Teff as determined in this effort may be
used to estimate the correction.

- 

• (e) Correct the collected data for multiple counts
and determine a new lifetime.

5. Extend this effort to examine the effect on

quenching rate constants, Kq(T)~ as the difference between

excitation wavelength (XE) ar~d fluorescence wavelength

increases, i.e., examine the stepwtse vibrational deacti-

vation of the excited electronic state of NO2.
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6. Examine the quenching rate constants, Kq(T)~ of

several other gases as per the Kaufman (Ref 29:720) effort

and compare results.

7. A single lens arrangement to collect the emitted

radiation from the sample tube should be used. The double

lens arrangement used in this effort made it difficult to

determine the collection solid angle.

8. Replace the electronic board required to allow

data accumulation in every eighth channel of the MCA.

• 9. If possible, conduct the entire experiment in an

area where the artificial and natural lighting effects can

be controlled.

10. The possibility of two effective lifetimes - .

should be investigated in a similar effort.
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Appendix A

Appendix A lists the equipment used for this experi-

ment. The equipment is discussed in the following order:

(1) gas handling system , (2) laser, (3) optics , (4) elec-

tronics and (5) temperature.

Gas Handling System

The gas handling system was designed to obtain low gas

pressures (10~~ Torr) and a low leak-up rate (.19 mTorr/

hour) . It was also designed to allow the introduction and

evacuation of NO 2 only or NO2 plus a foreign gas . A Bara-

tron pressure gauge allows the sample test tube pressure to

be monitored during data collection , while the remainder of

the system is continuously evacuated by a Turbo Molecular

pump. A photograph of the gas handling system is shown in

Fig. 15 and a schematic as shown in Fig. 7. All gases flow

through 1/4-inch and/or 1/2-inch stainless steel tubing

connected with Cajon , Vartan and/or Swagelok fit t ings. The

valves used to control the gas flow are Nupro valves with

the exception of the NO2 bottle valve, which is a Whitey nee-

dle valve and the foreign gas cylinder valves, which are

Kerotest valves. The foreign gas cylinders (size A,

22.8 x 139.7 cm) are directly connected to a Natheson

Model 3500 pressure vacuum regulator which allows controlled

handling of cylinder pressure in Kg/cm2 or lb/in2. The
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foreign gases are used without further purification and are

supplied by Air Products (Middletown, Ohio) with the fol-

lowing grade specifications:

(a) Helium (He), high purity grade ; 99.995%--8240
liters/cylinder

(b) Argon (Ar), ultra high purity grade; 99.9987.--
9543 liters/cylinder

(c) Nitrogen (N2), ultra high purity grade; 99.998%--
8495 liters/cylinder

The NO2 sample is contained in a Whitey lecture cylinder

of length 20 cm and 5 cm diameter. The NO2 cylinder is also

supplied by Air Products, is not further purified and is of

(99 99%) purity grade.

Pressure in the gas system is monitored by two Granville

Phillips Model 274 ionization gauges, one MKS Type 170

Baratron (capacitance manometer type for absolute pressure

control ) and one Granville-Phillips Model 260 thermocouple

(See Fig. 9). The MKS Baratron is directly connected to a

Hewlett-Packard Model 3480B digital pressure volt meter

which displays absolute pressure as a DC voltage output

(O-1OV). The digital pressure volt-meter is manually zeroed

on the face of the MKS Type 170M-6B Range Multiplier which

is adjacent to a Type 170M-26B meter unit. The meter unit

and the range multiplier are applicable to the Baratron

readouts only. Ion gauge pressure is monitored by a Gran-

ville-Phillips Model 260 gauge controller which displays

pressures as low as 1O 9 Torr and also serves the thermo-

couple. The thermocouple gauge is used to monitor the
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pressure before starting the Turbo Molecular Pump. The

ionization gauges are used to monitor system pressure only

during non-data collection timesj e.g., leak testing or

system pump-down because it was discovered that the emitted

radiation from the ionization gauges contributed to the

background photons (counts) detected by the photomultiplier.

Therefore , only the Baratron monitors the sample tube

pressure during data collection.

The sample tube is T-shaped and is 30.9 cm long with a

diameter of 4.7 cm. The I is also 30.9 cm long and is

located at the center (15.45 cm) of the longitudinal axis of

the tube and has a metal-to-glass seal. The sample tube and

end windows are made of quartz. The fluorescence radiation

is collected , in a direction perpendicular to the laser beam,

from the excited molecules located near the longitudinal axis

of the sample tube. This tube is housed in an insulative box

(46 cm x 23 cm x 28 cm) with a flat black-coated interior

(to eliminate laser beam scatter) and wiring for temperature

— control. This box has three ports for laser beam entry,

exit and fluorescence viewing.

System evacuation is accomplished by a Welch (Model 3101)

Turbo Molecular pump, (140 liters per second pumping speed),

a Varian (Model 301) Vac-Sorb pump, and a Welch (Model 3000)

Duo Seal pump. The Turbo Molecular pump can evacuate the

total system or only the test tube area continuously. The

Turbo Molecular pump is operated on a 24-hour basis during

the experiment. All valves are open for system evacuation
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after each data run and pumped down to 1O”
~ Torr. The

Duo Seal pump evacuates the foreign gas line by using

valve 8 (Fig. 9). The foreign gas line is evacuated

several times prior to each data collection run.

Laser

Identically , as used by Wharton (Ref 3~27) , a Molectron

DL200 Tuneable Dye Laser pumped by a Molectron UV 1000

Nitrogen (N2) Laser was used during the experiment. For

this effort the N2 laser is pumped at 40 pulses per second

and a pulse width of 10 nanosec. The dye laser was tuned to

an excitation (output) wavelength of 4368k using the dif-

fraction grating. The dye used is an Exciton product known

as Couniarin 440 (110 mg mixed with 125 cc of pesticide

quality ethyl alcohol).

The output power of the laser is measured using an

Astrodata Nanovoltmeter (Model TDA121) connected to an - :

Eppley (Model 12026) thermopile. The power meter was cali-

brated using a known He Ne laser source.

— Optics I.

The optical elements used in the experiment are as

shown in Fig. 16. The beam splitter reflects 50% of the dye

laser energy to the PIN diode. The transmitted beam is

focused by lens 1 (4.75 cm diameter) through neutral density

filters to a point on the axis of the sample tube.

The fluorescence spectrum is focused first by lens 2

(4,5 cm diameter) and then lens 3 (4.75 cm diameter) onto
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the first of six consecutively stacked Corning colored-

glass filters. The seventh optical element that follows the

colored-glass filters is a Farrand interference filter. The

transmission characteristics of the colored filters and the

interference filter were measured using a Perkins-Elmer

Model 350 spectrophotometer and the results are shown in

Fig. 17. The spectrophotometer results clearly indicate

that the 4368K laser pulse wavelength was effectively cutoff

from detection. Following the interference filter is an

Emitronics 9816B photomultiplier tube which is operated at

2000 volts. This is a 14 stage dynode chain with a response

active in the 3000K to 8500K range. The photomultiplier

absolute sensitivity was 54mK/watt and the corresponding

quantum efficiency was 12% at the peak fluorescence wave-

length of -5430K.

A Jarrell-Ash Model 82 monochromator is used to measure

the wavelength of the dye laser. This spectrometer has a

52 mm x 52 mm grating of 1180 grooves/mm blazed for 4000K.

The entrance and exit slit width is 6.35 x io_2 
~~

Electronics

The electrical equipment required for single photon

counting is as shown in Fig. 7. The equipment configuration

uses several of the same electronic components used by

Wharton (Ref 3:39) in his second experimental method. The

components and function of each is described as follows.

The PIN diode is a Motorola MRD 500 (ultra high speed)

_____ ____________________ 
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Fig. 17. Filter Transmission Characteristics

silicon photo diode with a convex lens design sensitive

throughout the visible and near IL The rise time is less

than 1 nanosec and the radiation sensitivity is 1.8 uA/mW/cm2.

The Dual Discriminator is an Ortec EG and G Model T 105/N

which can be operated in a gated ( requires a positive 4 to 12
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volt signal ) or ungated mode. The function of the discriin-

inator is to produce a reference output pulse (-800 mv ) of

controlled amplitude and width whenever the input pulse

exceeds a preset threshold. This threshold is controlled

with a potentiometer and the width is controlled via a vari-

able external delay line. The Hewlett-Packard Model 8012B

Pulse Generator Produces pulses whose amplitude, pulse width

and pulse delay can be varied from 0.1 to 10 volts,

10 nanosec to 1 sec and 35 nanosec to 1 sec, respectively.

Delay signals required during the experiment are

produced by two Ortec EG and G Model DS 463 Delay Boxes and

by ordinary electrical wire cut to approximately 1,55 nanosec 
-

per foot. The Ortec Delay Boxes can produce delays of

0.5, 1, 2, 4, 8, 16, and 32 nanosec. The delay box prior to

the photornultiplier tube provided excessive noise and was —

replaced by 82 feet of ordinary electrical wire .

Total counts (999 , 999 maximum) and frequency measurements

(.1 Hz , 1 Hz and 100 Hz resolution) are made by the Fluke

Model 1900K Multicounter. The required input signal must be

at least 20 ns long. The Ortec EG and G Model LG 105/N

Linear Gate and Pulse Stretcher produces a maximum amplitude

signal stretched by 3i.ts for the Multicounter. The LG 105/N

— operates in the ungated mode or in the gated mode (-800 mv

gating signal required).

An Ortec EG and G Model 467 Time-to-Pulse Height Con-

verter (TPHC) receives a Stop and Start input signal which

is generated into an output pulse whose amplitude (10 volts
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full range) is proportional to the difference in time

between the Stop and the Start input signals. Preset panel

switches allow selection of a .OSps, .l~xs , •2p s, .4~ts, or

.8~ts, with a xlO, xlOO and xl000 range multiplier controlling

the minimum time required between an input Stop signal which

follows an input Start signal. The TPHC can operate in an

ungated mode or a gated mode (two volts gatin,g signal

required). A minimum of 24 ns is required for the TPHC to

process a Stop signal after a Start signal is received (gated

or ungated mode). A false signal, indicating an elapsed

time of 24 ns, is produced if Stop signal is received prior

to 24 ns .

Pulse height analysis is produced by a Hewlett-Packard

Model 5400K Multi-Channel Analyzer (MCA). The MCA receives

input signals, from the TN-IC, whose amplitude is proportional

to the difference between a Stop and a Start signal. This

input (10 volts maximum) flows to one of the 1024 available

memory channels for storage. After integrating several inpu t

pulses over a period of time, the MCA can display, print or

store the data. A Model C-51 Oscilloscope camera (uses

Poloroid Type 107 Poloroid film) is used for photographing

the displayed data on the integral oscilloscope. Signal

analysis of the electronic components is accomplished by a

Tektronics Model 7904 Oscilloscope. This oscilloscope is

equipped with a Hewlett-Packard Oscilloscope camera (uses

Type 47 Poloroid film).
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Temperature

A Moeller Model 63C precision thermometer was used to

measure the variation in room temperature during data col-

].ection. The thermometer is graduated in one-degree m ere-

mnent s and can be read to within one-tenth of a degree.

80

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

~~~

__
-_L

~~~~ ~~~~~~~~~~~~~~~~~~~ ~~ ~~~~— - --- -- 

—



Appendix B

Appendix B contains the experimental data that has been

computer (CDC 6600) processed.

Raw Data

Tables IV , V and VI represent the overall results of

Ar , He and N2 respectively. Included in the overall results

is the linear regression curve of each foreign gas. The

regression curves were calculated from the Y = a + bx

form, where a equals the Y - intercept in (~isY
1 and b

equal s the slope in (Torr , isY 1. Fig. 18 shows a composite

graphical presentation of the linear regression curve fit

- for each foreign gas plus NO2 mixture plotted as a straight

line from the ordinate axis (Y - intercept). Superimposed

on each calculated regression curve are the actual data

points for each gas mixture. Appendix C shows the exponential

decay curve and least squares f i t  for each data point taken
- - 

at various pressures (1 - 5 Torr). The straight line f i t  of
— each data point indicates that the decay curve approximated

an exponential. The calculated correlation coefficient for

each regression curve (> .90) showed a strong relationship

between the variables TefI
1 and combined pressure of NO2

plus foreign gas.

The N2 data at 1 Torr and 4 Torr was collected over

two runs . The N2 and NO2 pressures were equal for each
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separate run , The error introduced by this collection

process is unknown.

Table IV

Argon Data

Ar&on
NO Ar Integration TPHC T

Pressure Pressure irne
(mTorr) (Torr) (hrs) (~is) ( x s) I -

19.57 1.025 3.00 4 1.29213
19. 71 2.098 3.00 4 0.56295
19.40 3.050 3.00 2 0.41566
19.70 4.000 3.00 2 0.27893
19.50 5.003 3.00 1 0.22880

~~~~19.57 ~~~~ 3.O4
a =  0.13 a =1 .56

Actual Plotted Data (Fig. 18)

Teff ( ;XS) NO2 + Ar Pressure (Torr )

0.7740 1.044
1.77 74 2.117
2.4058 3.069
3.5851 4.019
4.3706 5.022

a. Argon Linear Regression Curve: Y = -.204 + .912x
b. Correlation Coefficient : .99
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Tabl e V

Hel ium Data

Helium
NO2 He Integration TPHC Teff

Pressure Pressure Time
(mTorr) (Torr) (lire) (r is )  (~is)

19.16 1.086 4.00 4 1.57750
19. 00 2.050 3.25 4 0.76306
19.40 3.000 3.17 2 0.51232
19.48 3.993 4.08 2 0.37165
19.40 5.010 3.42 1 0.30988

*= 1 9 . 2 9  ~~ = 3.O3
a =  0.20 ~~ = 1.55

Actual Plotted Data (Fig. 18)

Teff (~
&Y 1 NO2 + He Pressure (Torr)

0.6340 1.105
1.3106 2. 069
1.9520 3.109
2.690 7 - 4.012
3.2271 5.029

a. Helium Linear Regression Curve: Y = -.083 + .662x
b. Correlation Coefficient : .99

~~~~~~~— ~~~~-- - - -  ~~~~~~~~~~~~~~~~~~~~~~ 
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Table VI

Nitrogen Data

Nitrogen
- - NO2 N2 Integration TPHC TeffPressure Pressure Time

(mTorr) (Torr ) (hrs) (us) (~is)
20 .00 1.048* 3.00 2 0.82111
19.68 2.108 3.58 2 0 .35758
19.60 3.004 3.00 2 0 .24 786
19.51 4.001* 4.60 1 0.17592
19.40 5.020 5.00 .5 0.16549

i= 1 9 . 6 4  ~~= 3 .O4
a =  0 .23 a = 1 . 5 6

Actual Plotted Data (Fig. 18) - -

Teff~
1(
~
5)
~
1 NO2 + N2 Pressure (Torr )

1.2179 1.068
2.7966 2.127
4.0345 3.023
5.6844 4.020
6.0427 5.039

a. Nitrogen Linear Regression Curve i Y = .067 + 1.273x
b. Asterick (*) indicates that data was integraied.
C. Correlation Coefficient: .96 -
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Appendix C

Appendix C contains the individual results of the

least squares fit analysis to the raw data ( photograph in

the inset of each figure). The plotted raw data (counts = n)

is indicated by an asterisk (*) with a best fit line drawn

through these points. The triangles (A) and the squares (0)

indicate a plus and a minus, respectively, of two standard

deviations (2a) from the counts. The deviations were -

calculated from the relation n ± 2 ii~, where .J~ is equal
to a (Ref 30 :54) . Each photograph was obtained from the

MCA and the plotted data was computer (CDC 6600) generated

from the program shown in Appendix D.
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Appendix D

Appendix D contains the computer progr am that was

used to generate the effective lifetime (Teff) and the

plots shown in Appendix C.
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- Appendix £

This appendix develops the basic derivation of the

relationship that describes the probability of obtaining a

photon in the interval t to t + ~t • The derivation was

developed by Wharton (Ref 3*19) and used in a similar manner

in his experimental effort.

The probability relationship begins by considering the

fact that it is the timing equipment which detects the

initial photon. Thus, if we let

q = the probability that a molecule does not decay
before some time t.

p — the probability that a molecule will decay in the
next time interval , t to t + At.

the probability that a photon will be detected

N0 the initial number of excited molecules at
time t = o .

If we allow the initial number of molecules N0 to be unity,

then the probability of detecting a photon in the interval

S tto t+~~t is

- P — qPP~N0 (53)

or

P— q p P0

If N0 — 2, then either the two molecules remain excited at

time t or one molecule remains excited and the other has
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decayed but not detected . The probability of detecting a

photon in the interval t to t + ~t La

P — 2q2pP~ + 2q( l - q)(1 - (54)

If N0 — 3 , then three molecules can be excited , o~ two

excited molecules can exist at time t with one molecule

decayed but not detected. Alternately, at time t we can

have one molecule excited with two molecules decayed and

neither detected. The probability of detecting a photon in

the interval t to t+~~t is

P — 3q3pP4, + 6q2pP~
(l - q)(1 - P0)

+ 3qPP~(l - q) 2(1 - p ) 2 (55) . .

Considering the general case of N4, excited atoms , the prob-

ability of. detecting a photon in the interval t to t + ~t

is by induction
IN0 (N0-m) (N0-m)1

— P1~[E 
~ 

m)1 qfltfl - q] - I’c~ j
(56)

which upon rewriting becomes -
(N0-1)

P — pP~N0q[1 - - q)]
and using the substitutions p — At/’r and q — exp(-t/ ’r )

Eq (56) becomes

I 1(N0-1)
P PcNoAt~r

1 exp(-t/r)[1 - pc[I - ex~(-t/ r)]J (57)
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If we consider the case for large N0, then N0-1 — N0,

- ar~ retaining only the first terms gives us

— 

~~~ ~tr ’[exp(-t/~r)~[1 N0P~E1 
- exp(-t/r)]] (58)

and finally if N0P~ << 1 we achieve the desired result

from Eq (58)

P P4,N0 Otr~~ exp(-t/T) (59)
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