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PREFAC E

This report documents an e ffor t  to s t anda rd i : e  re f erence  frame s arid
transformations that are used in Air-to- Air Gunnery Assessment Modeling
(ATAGAM) .

This work was conducted during April-May 1977 in support of Project
2543 , Weapons Effectiveness Methodology, and by the Air Force Armament
Laboratory , Armament Development and Test Center .

This report has been reviewed by the Information Officer (01) and i s
releasable to the National Technical Information Service (NTIS). At NTIS ,
it will be available to the general public , including foreign nations .

This technical report has been reviewed and is approved for publi cation .

FOR THE COts~1ANDER

Chief , Analys is Div • ion
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Subsc r i pt f o r  i n i t i a l  w i n d  a n g l e  on p r c i e c t i  Ic

~ ., \ I / ETA 1 LU A in  Gree k  l e t t e r  n o t at  ion

A n g l e  b e t w e e n  b u l l e t  nose and ve l  c v i  t v  d i r e c t i o n s

AR E n o t a t i o n  fo r  bullet precession ang le

p s i / t h e t a , ph i

P
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0 Dot product operator
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Ib is r e p o r t  is o f f e r e d  f or  st li1 ~l a r J 1 :at i o n s  i n  a i r - t o — a i r  gl I i T I c r v  a s s e s s-
meri t  m o d e l i n g  (.- \ I A e A ~I - While direct ed t o i ~.ird t h i s  c h a r t i  r i t  is also
a p p l i c a b l e  to  all f o r m s  ot a e r i a l  weap on  de liver .

The t r e a t i s e  e v o l v e d  f rom an o r i g i n a l  i n t e n t  to c l a r i f y c e r t a i n  a s p e c t s
of s p e c i fi c  .v l . \ t ; - \N . C l a r i f i c : i t i o ,~ requ i red d e f i n i t i o n  of t h e  b a s i c  frame-
w o r k .  Sug ges t  ions  f rom associates expanded it , so t h a t  on l y a few a d d i t i o n s
were n e c e s s a ry  to  a c h i e v e  t h e  p r e s e n t  fo rm . It is the lp;oarcnt solution to
the quandary c i  document  j u g  each  and ev e r y  mode l  w h i c h  u ses  e s s e n t i a l l  t h e
same t r a n s t o r r i , i t  j OIl S as i l o n u t  I d  o t h e r  m ode 1 s w i t h i n  t I n -  I U A I  A 1 A ; A ~1
c oimmin i t V

There  a re  d l  d i f f e r e n t  w : i y ~, of  i n d e x i n g  in  o r t h o g o n a l  r e f e r e n c e  f r a m e
(R I : ) a l on g  the b a s i c  d i r e c t io n s  of 3 — d i m e n s i o n a l  Ihie l i d e : in  space;  i .i’ . ,  t h e
six b asic directions f o r  one axi s  t i m e s  t h e  four  c a r d i n a l  p o i n t s  of r o t a t i o n
i c r  a n o t h e r  a x i s .  D i r e c t  i ons  of t s o  a xe s  of an o r t h o g o n a l  R E d e f i n e s  t h e
third . For each indexin g, there are six di fferent ways of u i  0 r i n g  the
rotations of  h e a d i n g/ b e a r i n g/ p s i , e l e v a t i o n/ p i t c h/ t h e t a , a i d  r o l l / h a n k/ p h i
( t h r o u g h o u t , t h e  Greek n o t a t i ons w i l l  be g e n e ra l ly  used to  deno te  specified
r o t a t i o n s  after association s with common names have been made ) - There are
also six different t ransformations for the three p r i m a r y  r e f e r ence  f rames
of flight ; i.e., inertial , body , and w i n d . When considerations are made
for a var iet y of s e c o n d a ry  reference f rames  and m u l t i p l e  b o d i e s  of i n t e r e s t ,
it is readil y apparent that bookkeep ing is a m a j o r  concern . S tandards  of
indexing , rotational ordering, and inter-reference-fram e t ransformations
t h a t  minimize bookkeeping are preferred .

Conciseness has been subordinated to an a t t e m p t  at t ho rough  exp l a n a t i o n s
to beg inning Scientif ic and Engineering per sonnel. Knowled ge of right hand
and I e f t  hand RF s inc I ud i n g  i ndex  i ui g and s e n s i n g  i s i ssumed . The I n - i t
m a j o r i t y  of m a t h e m a t  ical operations in  the development is defined b y m:it r i
linear algebra with occasional inclusions of vector dot-product and c ro s s -
product operations.

To simplify report preparations , context is used to define vectors arid
matrices , instead of the bold-faced type convention . Vector components are

-

. 
- identifiable by the addition of X , Y , or to the vector symbol. l)ot and

cross product operations are denoted by 0 and® , r e s p e c t i v e ly , between
the vector symbols. Also , the sub ( ) n o t a t i o n  is used to save l i n e s  t
would be lost by using subscri pts. No d i s t i n c t i o n s  have been made in th ~use of upper and lower case use of x , v , an d z .
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Iii i ri a l v t v i !  s t u d i e s  and associated model i n g , c o n f u s i o n  Solilet i flk’S
i r i s e s  c o n c e r n i ng  t h e  d e f i i i i t  t o r i  of  t h e  d i r e c t i o n  of I in e a r / a n g i i i a r  (j u a n —
t i t l e s  or ot  t r a n s t or m it i on s , or b o th , t h a t  i n f l u e n c e  g u n n e r y  s o i i r t  i o n s .
I n  some c Isc ’ s , t h e  m o d e l e r  i l l  y t ake equat i o n s  t rom a t e x t  or  repor t  t h a t

l i i i >  n o t  be e i t h e r  cot - i- eel or di rec t l v  i l l ) I ) 1  i c a b i e  to t h e  p rob lem it hand .
I’lic - tol lowing d i s c i l s s i o r r s  i r e  o l t e r e i l  to p r o v i d e  b o t h  it i s ight iiud t b a s i s
inc St ni da cdi _ :.i t io n .

F o r  dcve  1 op tu er t  I , I l i i - re Ic retic e s a r e  cons ide  red cx cc-l i cii t t r i - at  i Se S
p ccv i d r i g  gno~! fu n d a m e t i t  t I  . t i n l o t - I t i n a t  i l  v , dci i n  i t  i on i s  arid i °  rposcs m ay
be -~ inic ’ w I i t t  v a g n i -  t o  t h o s e  w i t h  I e a - ;c - t  eX p e r i e n c e .  A l  so , c e r t a i n  i t i t  ho r s
m l >  . 150 t I n  I p i e  i l i l  i i i  i t  I Ol~~ idi i cli  c ; i i i - ; e  i i n i c l c i e  cotii p l io it i oils wh en me r oil w i t  h

V e i l 1 1 iii nh I t u g  - Iii i i - t O  in  i d i  nec t t’i I  I o n  t h e  i - O t t  -~ 1 St en v y  w h i c h  avi) i i i  S
I lie 0 y O u t h  I i c a t  i u r i s  .

I l i e  t u r i d a u r n e r i t  i i  s shoti lii be c a r e  lii 11 V app Ii cii , S j rice c rrot-s 111 1 ever
p r e sen t  . R e f e  i c - t i c  c- I u se s  numerous  re s t  r i d  ed/ 1 iii it cii def i n  t i oti s t h a t  L I

no t  c o r r e c t  b r  genera l ac c o u n t  l u g .  E x a m p l e s  ar e  in c l u d e d  in Sect ion  I V .
!he  p:. of t h e  ~- — s u h  x e q u l t  i on  I_ S. 1 , U) of R e f e r e n c e  2 shou ld  lie q : - A l s o ,
t h e  S i n  t h e  : — s u b  ‘i , c —s u b  ~ axi s ci Eig ~~t i - -1 . 9 i n  R e l e n - c u i c t ’  2 s h o u l d  he 2 .
F u r t h e r , i i i  t h e  d i s c u ss ion  cii  s ta h l l i t > -  a x e s  ( - 1 . 2 . 7 ) .  i t  u n i v  hi’ i n t e r p r e t e d
t h a t  t h e \ — a x u s  m u s t  li e i i i  t h e  a i r c r a f t  tx:) p l an e  ol  s y m m e t r y , idi i l i ’
R e f e r e n c e  I ccc l i i i r i - s i t  I i )  be p a r a l l e l  t o t he w i n d  v e c t o r .  O b v i o u s l y , an

1 i-c no f t  c l i i  he 51 i b l  c w i t h  ;i st ea~l > —  s t a t e  s i d e s  I i j)/het :r r u g !  c . l’he o u t  h o c  ‘

rest r r - v t t -il d e l i n i  t t U f l  c i i i  be i n t e r p r e t e d  as an o m i t t e d  s t ep  to di t~t~i t  coc-
ci - l o t i o n s  w i t h  v e r t i c a l  (x::) p l : i u i i -  s t a h i  I i t v  derivatives. ilie siclesi 1 1i
t r ims  l o r ru ia t n u n s  i n  R c f c i ’ e u i c i s  -~ and -1 ir e  e r ron i - c i l s  -

Relerences I and 2 del i n c  bet a us measured t rout a I i  xe d boi l>  x ix  i s  to
l i i i  .~ v -  p i m i -  w i n d . I i  he c u u u u i s t c r l t  fot- liii ’ RE , it s ho u l d  I i i - shown w i n d -

0 - H I - S ml l a r  t o  t h -  i n s ’  i c — c u b - i t t  Li ck I \ ( ) \  i / a  l j thr del in it ion  - i h i - ni  it
is i i  I I i i  r i l , v  n u t i .  I h i t  - 1  a n - , i q u ~ u u u -  I I r Iv ~~ t’ ri-c- il t i  c u  - 1) 1 c c i i i  , a I I

I i I t  i t - I  i — i s o - i  I i t  I l i i i  i i ( ~ h i d  I ti~ t~ I r i d !  l. I i i U —  i ~ l l l ~ ~i~cl Iii I hi ’ i i  r i r i ’ i u u -
- i  I i i  u nid org I e c o m 1 l o u u c - u I  t - van he c-ot i s I st cut I shown t o  t h e  a 1 r f r i m r u c  . ‘lb i s
c l i  s c u s s l o r i  ii lust t i l e s  in exarup li ’ i~ i m i x e d  se n s i n g .

Ui’ h i ’  r e l i c  i-n I antil 2 in  se I’ , Q , arid U lo t- inign i b r  n -it es : i h u o u t  ( he I c ii i I RE
( body or  w i n d ) .  WIn Ic Iteict- cnice I u ses p .  q .  arid r as srna l l—pct -t tii -hir t i o n
( d e l t a )  c h a ng e  in  — t  c i ~l > -  s t a t e  v a l u e s , R e f e r e n c e  2 iu sc ’s p. q, arid r is
a b s o lu t e  isit  v s  t h a t  i t -c c o c c i - c t  cit l i i i  hot  h i r u t h  r ot  i t  t o r t  m d  n i v i g a t  i i u r i a l
c h inges - Ih e  mos t  coun ni oti  i > u sed proc t i ce  o V e r  t lie >-c r r s 1) 1 - U S t r i g  P ‘
~ini~l r tot- hc~I y / w i n ud l o c i l  l i t  i S  i s  p r o l t e r e c i  as si ar i d ar d  ; I’ , Q, arid U lw- l u g
io;e~l i 1 t i - m it  c i v  (arid ohv icui s i> for al I c- i I i i  t a l  s F o r t  r~ani c o i l i n g )  . Pi — n u t re s
cu r Ut  l ien -  ii i st n i t i tins shour lii be i t  -~eil to n siiec i a I c .i  se cons  I de r :it  I otis
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Finally, the RE definitions of a l l  references arc clear and concise fr jr
- - author i n t en t ;  but there  are so many w h i c h  address special  cases t ha t  do

not re la te  to the general order of accounting for  aer ia l  gunnery prob l ems.

• Reference 1 presents a most comprehensive description of aerodynamic
forces and moments up through the d i st u r b e d - s t a b i l i t y  RF w h i l e  Reference 2
describes or ig ins  of RFs and in ter-RF developments wi th  the modern m a t r i x /
l inear  al gebra approach. References 3 and 4 are masterworks of overview
in exterior ballistics developments , though neglecting relative geometry-
and other s imple codes .

Before a t t empt ing  to uncover the confus ing r a m i f i c a t i o n s  of the var ious
RFs , it appears warranted to discuss the biggest problem that  genera l ly
submerges the suble t ies  of some i n t e rr e l a t i ons . The major  cause of con-
fusion and mistakes is the mixing of RI! and LH RFs , or indices , fol lowed
closely by using different ordering of rotations from the standard psi-
theta-phi. While any consistent system is correct , the bookkeeping is
generall y overwhelming. No generality is lost by defining each RF as RH and
indexing it back to i ts  primary RP.  Th i s  preferred method w i l l  m i n i m i z e
the number of t r ans fo rma t ions .

The proliferation of mixed/erroneous RFs has generall y been caused by
the desires of the modeler to conform with  older conventions such as the
u .S. Army Artillery convention of X-East , Y-North , and Z-Up and the gunner ’s
plane ( impact plane) where hi gh and right misses were defined as posit ive Y
and X mi sses , respectively. These conform to the lower mathematics graphical
plot convention . Mixed sensings or conversions were necessary.

In engineering practices , X-North/forward, Y-East/right , and Z-GVD
(gravity vector directed)/down has the obvious attribute of agreeing with
conventional psi , theta , and phi definitions and alignment with the external
force , gravity. North , East and GVD are associated with accounting-RF
indices , whi le  forward , r ight , and down are associated with rotatable RFs
of the objects of in terest .

Interpretat ions in the old conventions can be readil y accomplished
after standard RH-transformations if deemed necessary . When used , clear
notation of intent is recommended .

It is noted that a projectile/bullet that flies through the atiuosp bnere
is an aerodynamic body that is affected quite similarl y to aircraft wit h

• the exception that aircraft have variable controls/surfaces and power-plants
to maneuve r and sustain energy/ f l igh t . Thu s, RFs for accounting of the
bullet states should be similar but simpler to those for aircraft . Invariant
conf igura tion , ballistic flight , and no secondary/internal RFs greatl y sim-
pl if y the accounting system . However , there may be as many as 30 or more
accountable ( i . e . , between firer and target fly-by) projectiles , requiring
stored state arrays in revolving tables that drop those beyond fly-by and add
newly-fired ones. Generally, nominal trajectories are computed for initi-
ations at the beginning of each iteration interval and interpolations are
made in accordance with the f iring rate.

3
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In  conc luding  the general background , it is noted that all modeling is
relative. Though some factors are known or suspected to vary in the real
world , models neglecting these factors are chosen where they will hopefully
have neg ligible impact on the results. Objective interpretations should
always be qualified .
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SE C TIO N I I I

F I X E D  AND MOVING IN ER ’I ’IAL REFERENCE F RAMES

The absolute inertial RF has been defined as the center of the universe
which is academic and undefinable. The galactic -inertial RF is of the same
stature , but manageable in a restricted sense. A geocentric I_earth-center
origin) inertial RF can be defined for unult i-bod y orbital flight with the
. directed toward the sun and the x: plane defining the earth’ s orbital
plane . For atmospheric flight , some simplified models consider the earth as
a f ixed spheroid , correcting the solution to varying degrees of sophistica-
tion for earth rotation and/or gravity- vector anomalies afterward . Some
sophisticated models consider rotation , oblateness , and curve-fitted mag-
netic anomalies; but obviously avoid the mechanics of rapidly- varying
anomalies where plat forms are described to go wild. ‘1’he rotating geocontric
RE has its :-axis directed through t h e  South  sp in p o l e  and its X- a x i s di-
rected through the Greenwich Meridian . The earth-surface RE is directl y
applicable to the navi gational problem . initialized a t  home-base , solutions
determine aircraft state relative to the earth and to points of interest;
i .e., destinations. Sophisticated internal mechanizations are included to
direct/tune X-North , V-East , and :-GVD and to compensate for earth rotation .
These are important to space flight or long-term nav i gation , but are ob-
viously overl y complex to the few seconds or less characteristics of the
gunnery pass.

An important one for -\TA (Ac~I is the local attitude-indexing RF; i.e ,
the true vertical it-’ and directionali ty- sensed by either the Vertical -
Directional Gyro (.G-DG) Set or the Inertial Reference Platform . Note ,
these are the true indices , not the sensor outputs nor the attitude outputs!
relations of the airc raft/weapon body RFs to these indices , discussed in
the next section. This is the moving-base inertial RF (MIRF) of the
references.

The acc uracy of t h e  VG - [) G Set w i t h  d r i f t  ra tes  of up to 20 deg/hr f or
accelerated flight can si gnificantly affect some long-range gunners- prot)l dnms ,
hut most contemporary ones include local -gravity erection or cag ing  t e c h —
ni qucs which obviates this concern for reasonable fl ig ht profiles , w h i t e
absolute directionality is generally not a significant factor in aerial
gunnery . Also , the RF is usually either ~)hysicall y located very close to
the aircraft center of gravity (cg) or is compensated for the offset .

It is noted that the origin of all attitude RFs for ATAGAJ~I is the body
cg. Variability of the c~ is discussed in the next section .

• To account for the relat ive geometry of attacker/firer , target , and
projectiles , it is a common modeling practice to freeze the MIRF in inerti al
space at significant events during the gunnery pass. The primary one is
used to account for firer , targets , and bullet attitudes and positions and

5
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therefore r e l a t i v i -  geometry . I t s  or i g in i s  f ixed at the in i t i a t i o n  of the
~i; u- ~ --~ at the firer ’s cg at the altitudc/negative-z of interest ; the target
is i n i t i a l i ~ cd with respect to the firer in this RF. Obviously, the flat
earth approximation is sufficient for aerial gunnery ranges. This is the
tix ed inertial RF (FIRF) used for basic accounting . Note , MIRF and FIRF are
para llel. Both are called earth in some models , overv iew being necessary
for discernment .

In the more sophisticated models , projectile fly-out modeling is incor-
porated and compared with stored target states to define fly-by; i.e.,
intersection in the impact plane. The most commonly used fly-out/exterior-
ballistics code is the point-mass (PM) model which assumes zero lift ; i.e.,
no y-aw of repose. Relative errors to the full six degree of freedom model
are approximatel y in the few mi ls or less category for design gunnery ; i.e.,
1000 to 1500 feet line of sight (LOS) range and wind angles up to about 10
degrees. Because of the simplification of the PM model , a single plane
coordinate system is sufficient. Some PM models operate open l oop, iterating
projectile travel in the X-forward and Z—down from drag (coefficient) versus
mach tables and flight equations , while others use closed form equations such
as the P-Q Siacci RF where P is forward along the line of departure and Q
is down. Of course , the simplest model is the straight line with average
velocity over the ranges of interest. Average velocity approximations are
available for both inertial and relative ranges. Gravity drop of the no-lift
body can also be easily calculated . Considering the gross approximations of
the PM model and inclusion of aiming statistics that submerge exact details ,
there are branches of the aerial gunnery problem where simplified ballistics
should be given consideration . Originated/frozen at muzzle-exit or time-of-
fire , these are the exterior ballistics RFs (EBRFs). The single-plane EBREs
require transformations to the FIRE fo” impact-plane determinations.

( I
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SE CT I O N  IV

•\ I RCRAF T F I X ED- BODY R E F E R E N C E  FR-\MI -~~

• The p r i m a r y  f i xed—bod y (EB) RE to which all other EBREs should he I- e-
la ted  is  th e one t h a t  is  used to re fe rence  i t s  a t t i t u d e .  CC-or i gi n at ed
and in i t i a l i zed w i t h r espect  to the M I R E , the  fo rward  ex t ens ion  of t he
f u s e l a g e  reference 1 inc (F RL)  , 1-r ight , and -CV!) for level xy p lane  de f i n e
th i s  bod y RE (B RF) whose o r i e n tat i o n  d e f i n e s  E u l e r  a t t i t u d e s .  The 1-r ight ,
a principal axis defined i i i  Section V , i s  i n v a r i a n t  in  mos t EBR E s .

Obv iousl y, the eg varies with fuel/armament loads and configuration ;
i.e., different internal gear/crew and/or variable states such as tilt /swing
s u r f a c e s , etc. Thus , the FRL must be defined for either a n omi n al or
c r i t i c a l  condition such as landing. Because weight and balance (WB) is so
critical to flight contro l , fighter airc raft arc desi gned such that the cg
is cons t r a ined  to w i t h i n  a few inches about nomina l  in t he fore and a f t
d i r e c t ion , less in the v e r t i c a l , and even less than tha t  l a t e r a l l y ;  i . e . ,
fuel  and s tores  management are designed to cause min imum cg s h i f t . Thus ,
w h i l e  cg s h i f t  from nomina l  m ust  he acknowledged , i t s  e ff ect on the  BR F ca n
be considered neg l i g i b l e  to the  aeria l gunnery problem .

I n some ins tances , t he modeler  may he faced w i t h  conver t  ing  cg and FRI.
f rom the d e s ign / W B R F I _ w e i g h t  and balance R E ) to the HEW . l’he o r i g i n  of t h e
WB RF is gen era l l y located ou t s ide  of the a i r c r a f t  to kee l) most dimens ions
p o s i t i v e ;  i . e . ,  in f ront  of the most forward t i p /nose  and e i t h e r  up-down
located w i t h  an ex tens ion  of an FRL- t yp e  l i n e  or the ground plane for
c learance  cons ide ra t ions .  X , 1 , Z dimensions in inches  are g iven  in fuse-
lage stations positivel y aft , huttline (inside fuselage/empennage) or wing
stations positiv ely’ ri ght-side looking forward , and waterlines positively
up. While buttline wing station is measured from the symnmetrica l/xz plane ,
both origin and direction are a rb i t r ary fo r the x/ :  a x i s , though an orthog-
onal RF. Most aircraft do not touch down or rest level on their landing
gear. Thus , specifically when this RE is defined to show ground clearances ,
the slope of the FRI. with respect to a reference waterline is required .

Figures 1 and .~~ , taken from Reference 1 , are presented to show the Wing
Chord RF (WCRF) and associated angle d e f i n i t i o n s .  I t  i s  an important fixed
body RF ( F B R F ) ,  because lift occurs along negative :. I_WC , called so be-
cause most lift is derived from the wings , is d e f i n e d  by the total lifting
area.) Note t ha t the p i t c h  attitude of the WC is not the primary pitch
at t i tude of the BRE . Ib is frame is ideut ica I to t i m e  RHE e x c e p t  for - - u ;i I I

• r o t a t i o n  about the ident ical y—ax i s. I ’h r -us t  and Di-ag !fl~~ are uhv m u s t y -
• s i m i l a r l y small rotat ions of the RI tE - I l sua II y , drag  i s accounted Fu t- i i i
• t he  stabilit y axes  system .

Figure 3 , also from Reference 1 , but corrected for  the a f o r e m e n t i o n e d
beta definition , shows another restricted definition ; the  a s socia t ed  ang l e s
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Plane of Symmetry

y

Airp lane cg

x

LEGEND :
Li - Aircraft Velocity Vector

- Angle of Attack
- Angl e of Sid es l i p
- Angle of Climb
- Pitch Angle
- h eading Angle

Subscript 0 - Denotes steady-state value

NOTE : Vertical Plane Ang les are shown for wing chord line reference
(Figure 2). Pitch is referenced to the fuselage reference line .

Fi gure 1. Body Reference System
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LEGEND :

U - Aircraft Velocity Vector
a - Angle of Attack

- Angle of Sidesl ip
- Angle of Cl imb

0 - Pitch Ang le
j m4i - Heading Angle

Subscript 0 - Denotes steady-state value

NOTE : Ver tical Plane Ang les are shown fo r w ing chord line re fer ence
(Figure 2 ) .  Pitch is referenced to the fuselage reference line .

Figure 2. Vertical Plane Geometry
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LEGEND :

U - A i r c r a f t  V e l o c i t y  Vector
- Angle of Attack
- Ang le of S i d e s l i p
- Angle of Climb
- Pitch Ang le

4 •~~ 
- I l e a d i n g  Ang le

S u b s c r i pt  0 - Denotes s t eady- s t a t e  v a l u e

\OEI .: Vertical Plane Angles are shown for wing chord line reference
( F i g ure  2 ) .  P i t c h  i s  referenced to the  fuse l age  reference l i n e .

F igure  3. Hor i zon ta l  P lane  Geometry
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in the horizontal p lane. Psi is shown to he sensed relative to t he  f l i g h t
path. This is only true when the flight path is North -directed ; and , in
general , the fli ght path may have any orientation . Thus , the psi in the
figure should be more aptly labeled delta-psi. Note that is into the
page. Accordingly, ~ is positive for left-hand rotation .

The fixed-si ght RE (FSRF) originates on the sight combinin g glass. While
X may be parallel to BRF X in certain vehicles , it may be along the primary ’
armament datum line (ADL) in others or multiple FSRFs may be defined for the
various armaments. The AI)L specifies the nominal line of departure at the
design point altitude and airspeed for missile , rocket , and/or bomb weapon
deliveries. In gunnery , it is the harmonization point ; i.e., where the gun
will shoot at harmonization range , usually 2250 feet in front of the parked/
jacked-up aircraft . The gunnery ADL is usually identifiable by either an
etched gun-cross reticle or the caging (Zero Sig ht Line) of the movable-
reticle. Rarely is the zero-sight and/or APE displaced from the body sym —
metrical plane .  Thus , the FSRF/ADL RFs are generall y small or no y -a x is
rotations of the BRE.

The lead computing gyro case/caged R1 (LCGCRF) defines zero gunsi ght
deflection . While some older sights rotated the case about y’ for rolling
sensitivity, the x-axis of some of the newer LCGCs is aligned parallel to
the gunnery ADL.

The gun RF is similarly defined except it is rotated about both y and
axes of the BRF in harmonization to the ADL and also to correct for both

gravit y- drop and parallax . Note , no roll is defined , irrespective of gur.
receiver block orientation . One exception to parallax-gravity correction
is noted where the gun fires parallel to the BRF x-axis and all corrections
are made within the gunsight mechanization , The API is parallel to the FRL
in this instance.

it is recommended that all of the above defini tions be i n  t h e  d a s h  ~ l
lechnic al Orders for EJSAF aircraft of interest .

- 
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S ICl IO N V

Al RCRAFT VAR I ARI.F REFI:RLNCI FRAMES

I h e  p r in c i p a l - ax e s  RE (i’RF) defines a set of ax es fo r w h ic h gu ida nce
c o nt  t o !  in p u t  s m o s t  n e a r l y  cause coupl et s , pure  r o t a t i o n s of the ai rfran ie .
I i i  s i m p l i f i e s  f l i g h t  equat ions bY u m i c o u p i  i rig the axes ; i . e . - ro ta t  io n

• u l n u i i t  uric . ix ~ dues not a f t  I-ct r o t - i t  i o l t S  i n  the ot hem- t WI) . Iii aerodynam i I

i- nil m l i t)  I - t iii’ I I i ) - ~ ~ — p roduct t i m e  t -t  as I (I’I s I .i i-c :~- u - o s .  It 1 s i n  t h i  s RE
Ii~ ’ the p r I I I : u i -~ u i - r o ~l y t u a n u i c  l- o e f t m 1 - u c u i t s / s t a h m  I i t y — d e r i v a t i v i ’ s  a r e  d e f i n e d .

I ) !  - I i  t - ~~~- , t ~~
- (‘RI ~ i t  i i - ’ ~ i t im I 1 i ght coiid i t  l o u t  and coru t i gurat 1) 11 . M o st

- d c !  i i i ~ • u~t i i !- 1-- ~ t iu i~, 1(1- , hl ’cai ise  Fl i~~h t  us a l s o  defined for  t h e  ~-ta I) i I i t V

a x i s  Rh- I_SRF J ; .e .  , t t i i ’ c o e f f i c  l e n t  S h e m  iig dl’I- u ved for the SRE.

l ime SR F  i rotated I rum t h e  bod~ b y the wind ang le components  , a I phii
AO-\ J and beta. ‘ftc 51W is ident ical t o  the w i n d - a x i s  RE IWRF) for steady—

St i t ~
- t 1 i ~ht c o i i d  it ions and is the has is of devel opmnen t  of the sma l 1 — pe rtu m - —

bat ion -tb i’or~ -derived disturbed —axis RE (LiRE). The DRF is identifiable as
the time va m v ing I~~I /SRF output of t h e  mode l; t r an s fo nmi at i on s  b e i n g  made
w i th respect to the instantaneous v a l u e s  of the WR F1SRI - - it is rioted tha t
th~ rc are  beta (ne~ •1 t I p

~ 
i ) and a! pita (theta) ret at ions between the BRI

and WRF/SRF bu t no i-u! I - Note , CM s a m’c tion— zem -o s - but most  models i gnore
them . Of co u :- s t ’ - good f

_
I i gh t  - stahi 1 itv cent rol augmentation systems are

designed to compensate for CPIs. -\cc ordinglv , omissions are tolerable within
I i t n i t a t  i o n s .

Si m ilar t o  the FSRF , the dynamic si ght pipper and target line of sight
u s  ) RE (PIRE and I’LRF) ori g i n ate on t h e s ig h t  c o m b i n i n g  g l a s s  and l i k e
he l~R l , SRF have no roll - They a re  express l v  def i n e d  by the si gu t el ev a t  ion

( p m  t c h  I and az inmu th I_ psi defl ect jolt s of t h e i  r respect  i v e  LOS with respect
- t h e  zero sm ; h t line. Pupper and tar ge t — l’eumt cred impact pl:ume def init ions

- _ cit T OIfl t l iese  Ri- s 

- - 
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SI L I lO N

I \II RIOR BALLIs ItS P~1 i-I RI NL! I R - ’C-l( S

• lime Applied R e s e a r c h  l ab o r a t o r ie s  ~- \ R L )  of the University ut Texas
aut  hored Ri’ t i ’ r i ’ m m c ec 5 and -I - u s i n g  on i que i n d e x i n g  of t h e  ItEs which requ i :- i’s

i \e~! sens i ngs - Si-ct ion 1! 11111 il-at ed t h a t  tim i S c a u ses  u n r l i ’c c 5 s a r i  1 v comp l i —

~a ted 1)00K Ki’epi mig - -\l so , the sami ’ RE is di ’not ed di I f~’ r i -n t  1 y- i n  the two
r e t  er e r i ces  and in various si-C t i o n s  ot  Ri’feretmci- 3. The most d i  st i i l c t  iv e
n ot  at  ion s  wi - re  s e l e c te d  f o r  l)r i - s e l m t  at ion h e r e i n .

}- i g u r t ’  -I shows the di f l e r e n i - i’s i n  i n di - x i img of t Ime basic arid ARI . R E s .
liie -\R!. inert m i i i  RE , den ot ed XI  , I I A , 2 1 I A , ‘ . , i s  r o l l e d  27 0 th-i~r e t - s
w i th ri ’sp ect  to  the bas i c  RE - a p p a r e n t  l v  done t o t ’  tui i ’  saki ’ 1) 1 c a l  1 i n g  up
posit i c c l v  - in it ma! i :ed w i  t im ET-\ d i r e c t  ci! opposite to t Iii - ~ r ;t \  i t e  vector
and .\ I di rec ted ~i 1 wig t h e  b u l l  et I u1111I h hi’ad I 1mg - I ii’ad I m i g  i~I i’V it i ott about
the AR !. Y/ axes is oppos itelv /d i rect lv sensed to that of time basic R I. In
the figmmt — e , N / l / FI~Hj  RT’IIRN have been used t o  abbm -ev i a t e  North ‘ Ea s t / f o r w a r i ! 1’
r i  g i l t  dowim -

It is cc ident that the AR !, a u t hor  is c e im s  I st i’ im t with indexing t h e  REs -
l h ~’ i-e ider  i s  ca ut iommed that in fo l  l o w i n g  d i s c u s s i o n s , t h e  equivalent ARL
RE has  the 2~ 0—dcgi-ee roll differenc e in indexin g I i’oni t h e  hasic which will
n i l  t he CX p1 i c i t not  eLI t o  r each RE

Fbi ’ traje ctory initialization RE (‘I’IRE), denoted 1’ , J’ , K ’ , b~- ARE is
del tim ed its the t i-arms lat ion (PPLI prod ect i l e launch pus it i o n  \‘c ct er  i n  t he
El Ri- of the gumm mu:: le at fir- c and 1 a t u n c h  head j u g  I_ c — sil l) I~ ) and el evatio n
( ;~ — sat’ L) rotat ions t o  i n i t i a l  h t m l  let di ri-ct ion im m the 111W . The TIRE
establ i su es the has i s f o r  wim (elm a sd i-ct ion from the  v a r i o u s  bal  list i e s
node Is can he used to model the t t-aj cc t i) m-y -

It is noted that T I R E  X - E W I I  is i d e n t i c a l l y  time I’ a x i s  of ’ the ~lo d i t i e d
l’oiii t Mass (MPM) P—Q RE w h i c h  is, of coot-se , the RE for whic h 11(1. d e v e l o p s
1)0th tIme iterative MPM and Closed — form Siacci Solutions I_CSS) ; the MI’M
being t h e  appa r-ent U SAF .-\ l AGAi\I standard although ARE suggest s that the CSS
is time ideal. Q is GVI) from the ti p of t i-ic P vecto m - for clam-it > - jim v i s -
u a l  I: ing bullet location , hut the vector anal yst can de f ine  Q from time
‘FiRE origin with mmo loss of generalit~- . (~hi le the M(7’l~Siacc i RI: is sing le ,’
vert i cal p lane on! y - , swerve urup compon en t s can be norma l to this p1 ;u r le  -

• This is sensed for time TIRF y- -ri glmt definition for consistency .

The following del in it ions for t~ ~leg t- t’es of freedom (( 1)Ofl mode 1 S ar e
included for the modele r ’s general understa nding and appi-eciation of time
approx i~ -’ t ions i n v o l  s-ed , a I thoug h i t will he made appa m-eim t t h a t  the are
not used direct! > in aei- ia l gunnery model ing - It is noted that time A RI
author refers to ‘‘approximate equat b u s  of not ton ’’ for  bOor models wi-i iiim
u s t r u e  , hu t w i thout CX I) ! a in i mi g that t hey a re tim i- most ~tc ctr ru t i~ -

I ~-;
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I -ly i n g out the t ra )ectom-v , the 6DOE m odel requires a traj ectory fli ght
R}~ (TFRF), denoted 1 , J , K by AR E , analogous to the wind/stability (axesu
RE (WRF/SRF) of Section V. I t  is  in d i - x e d  w i t i m  r e s pec t  to the TIRF and up-
d a t e s , Ji-fmn es rL’ l a t  ice b u l l e t  cg t r a n s l a t i o n s  and 1- o t i t  ions .

The b u l l i ’t bod y (BB)  RF , d e f i n e d  -\ , B , 3 by A R L , i s  e s s e n t i a l l y  i d e n t i -
Ca! to t h e  TFRF excepting RB roll rotation after the y a w  on t h e  b u l l e t  damps
out. Ihus , the effect of yaw is the essential differentiation of the bDOF
from simplified models. Note , the BBR F Y/ARL-3 and :/ARL-8 rotate at the
BR spin rate about X/.-~RL-A. The BBRF is initiali :ed to the TFRF/TIRF by the
rotations , ti-sub I and p-sub I which are defined in the nex t section . —~

y:mwed BBRF X/ARL-- \ precesses/nutates about the TFRF X/ARL-1. To account for
its orientation , ARL defines a 1 , 2 , 3 RE , a bullet nutation-accounting RE
(BNRFI , where I is velocit y/flight vector directed ; i.e., 1 is the same in
the 1 , 2 , 3 and I , J , K RFs. Then notation of 2 from J (or 3 from K) defines
the precession angle , ARL ~~~ , while the magnitude of the yaw/si gma ang le ,
ARE ~~~ , is defined from 1 to A in the 1 , 2 plane.

It is noted that t he  MPM/CSS requ i res only the definition of the  ‘F I R E
in the Al -~GAM F I R E, The 600F node! a iso requ i res t h e  T ERE , BR R E , and I3NRF -

15

—~~~~~~
-
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~ - 4



- - --rrr- ~~~~~~~~~ 
- “-~~ ~~~~~~~~~~~~~~ -~~~~- 

-‘ “ ‘  ~~~~r v  ~~~~~~~~~~~~~~~~~~~~~~~~~~

SECTION \ I I

TRANS FORMAT I ONS

Sections -1 and 5 of Reference 2 present a clear , concise treatment of
t iti- standard t ransfo rmations. However , niethmods of uncoupling the various
parts intay not be readily evident to the unfamiliar. For example , the P of
-;i m h si-i -t ion ~.l could he related to l)rojectile/hulle t pos itiorm , the 0 to the
body cg , arid the 01 to the origi n of the FIRE. While mathematically correct ,
time development would readil y become mind bogg ling in definition of the X ,
1 , and 2 derivatives of P with respect to 0.

In practice , each aircraft and bullet cg is initiated and updated in
the EIRF , because the equations of m otion are both independent and defin-
able in this RF. For each axis , both translational and rotational motions
arc updated by the Tay lor Series equation :

I~
f(t) = f(o) + f t  + f•t 2/2! + f t 3/31 + h OTs I_ I)

where f = x/y/z t ranslation and ~/O/’4t rotation

t = time from initiation , zero time

h OTs = hi gher order terms (usually neglected) .

As previousl y noted , time bullet equations of motion (excluding jump) are
usuall y defined in a sing le l)IZtne and then transformed to the FIRE .

it is noted that ti-ic time increment in iterative models is kept small
so that ti-ic h OTs have neg ligible effect. Many ignore the third-derivative !
jerk term . Ac cum -acy is affected by both iterat ion interval and truncations
of the series. The resultant angles ar-c Euler attitudes of the body RE

— with respect to ti-ic MIRF indices.

In the real world , the Euler attitudes are sensed by pickoffs on the
gyro gimbals. If inertial , the platform contain -is rate gyros and I_trails-
lational ) accelerometers. However , the rate gyro and accelerometer outputs
are used internall y. ‘fl-tat is , the normal outputs of the platform are
attitudes and translations. Thus , models that use real world inputs do not
require accountings of time and derivatives to determine Euler attitudes.
llowever , irtstrunentation is most often-i found lacking and occasions arise
where angular derivatives in the body RE must be obtained . Of course ,
differentiati on is requ i red with ti-ic well known noise problems, Most

- 
-

- models define body rates and Li mier attitudes must be obtained from them .
Thus , the requim-ed rotational transformations (RTs) can he expressed uu s:

1 6
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P 1 3

1! = 0 C ;

0 -s~ - ( 2 )

immi l

1 54) ft C ~! p

= 0 C :  -54 -

4) t) i; /c O C4~/CC r (3)

w i m t - m - ’ 5 , C , 1 m r i ’f t xe : ;  t i c  sli ort i-nin g u t i ) h u - ~-c m a t  j o l t s  t o r  5 1 1 1 1 - , i- n 5 i f l t ~ - and
t a n g e n t  t m t n c t  10mm > ; - limit - to sequent i ; i l rut it ions i i i  t l u - i n -  d i-fimmi t ion ( I ~~- 1
e rence  2 )  , t im e s i ’ R’Fs a r e  h o t  oFt ito o m i a l  - Propt-rt ies ol urth ogonma l it ) art’
d e f i n ed l a t e i -  in  t h mi s st’it i omm .

Before gen rut ! use of large di g it um i 
~
)r
~tci’ss inmg machine-; , I in m i t ed/a nmal o g

proce ssors rel~ 
- tn-ed l i n ea r i im mg p/q/r t o ph i — l ot/theta— lot/ psi —d ot for

spec i f i e d  i m m i t  i l  conditions; i i’ . , neat- zen- I) psi , timeta , and phi where
si tie/costume tui ~: i o u - i s  are approx intui t e ly 0/ I  . Thi ’ n e s t  r i c t  ions on 1 m ean :a—
t-ions am-c obvious.

Because t i ’it’  Eu! er— sem is in g  g v ro /p lat torn is affixed to the body , occasions
J i 1  si’ quite t requen t lv wi-ic re ummde ist and i mm g that I-tiler and hod>- rat es are not
iden mt ical is difficult for sonic . Note t h a t  t I m e  M I R E  axes m-enua in inert iii 11 

~
f i xeil and sen m se avi v of time arbitraril y- or tented body not ions in -i tim ei r re—
spectiv i- axes.

h a y I rmg est ah i i  sh me d the n- i-I at i wish I ps be tween l i i  I e m and body axes r a t  i’s
and time d e f i n i t i o n  of I hi’ hitl er mu tt it mu d es , the sta nm dam -d RF s bt- tw-ermi Iti s can
be expressed m i s :

1 0 ()

RX I_A) = 0 (:A

I) - SA CA ( 4 )

CR I) -SB

RI I_13 ) = 1) 1 0

SB 0 CR 
(5)
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CC SC 0

— R : : ( C )  = -SC CC 0

(I (I I
(( i )

where 5l~ pi-et I XiS are shot-term i ng abbrev iat ions for s ine  and cosine funct ions ,
RX/RI/R is the R I’  about the  X/\ ’/ m i x is , A/B/C is the associated Ru rot at ion
ammgii ’ from t ime ri- ference index . It is noted that the deveiopimnent allows in—
dependent detenninat ion of components in each rotation p lum -ic ( i . c - , time XI
p l a n e  f o r  2 — a x i s  r o t a t i ons , e t c . )  s e p a r a te l> - , w h i l t -  the results for a l l  of
t h e  o m-dered rotat ions are given i-y time ordered product of their RTs -

lime m a j o r i t y  of ti - i c o b j e c t s  of in t e m - es t  r e q u i r i n g  t ransformat i on-i arc
issoc t a t e d  w i t h  t ime at t a c k e r  a i r f r a m e  whose s t a t e s  must be updated to d e f i n e
f l i g h t , w h i l e  t h e  o n l y- ob~ eet of i n t e r e s t  m m  t he  WR F i s  t ime  v e l o c i t y  v e c t o r .
1’imtus , whil e object —to—body—to—wi n d—to—eart h an-id r cvei-se  t rans fo m -mim at  ion -is can
be defined correct lv , the>- conta inm needless compl icat i uris. Rel mi t irig objects
o the bod y- and usinmg body—to —earth and revm ’r-sc t ransformat iorms m n m inimi :es

time n m u m h c r  of t i -ans for ma t  ions  requ i red . Accordingl y, t he s t anda rd  t rans-
fo rma t i o n s  m i r i ’ presented as fol low-’; -

- - 
l A R FI I — TO— B01)I \ N l i  4 E \ I  .RSE

I’~~B = [R N  (-; ) RI I _ U )  It (m v ) J PQE = RBE PQL ( 7 )

whe m -e P QB / P QE i s  t h e  bod y / e a r t h col umn ma t n - i  x of N , I , anti : p o s i t i o n
coord ina t i - s/ c om p o n e nt s  of some ~0 m t  of in t e rest (Q) such mis the tai’gi’t
projecti li- , gun nu ::le , s i g i mt , etc. The psi , theta , phi ordering in matrix
a l gebi-a is  c-v idcnccd in the p i-e—mul t i pl i cat  ion - is  -

P / V / A first -letter notat i on identifies position/velocity-/acceleration
(vectors). ‘The inte t-m edi ate letter (s) identif y the point/object of interest ,
while the i ; i s ~ letter identifies time RE . Coordimmates/com ponents are iden—
t i f i ;ih 1 e by the N , I , or : enmd i ng added to the vector notations. 1:1 ement 5
of t ime Ris art’ convent i o n a l l v  identified by first letter C , seconmtl letter
symbo l for ohj i-ct , thi id lette t- notat i on-i for output RE m i x  i s  t-oun ponment , aniti
fourth letter I-or imm pmm t RE m i x  i s  i-oum tribut ing conponmcTm t -

U s  u n ig t b -  ~- t hoguni;i h i t v  pr i mm c i p ie of R1’s ,

RB A 1 = RI t A = RAB (8)

~htt -i ~t’ \ I S  t ) l i t  lU , !~ i s  a m i o t  imet- , amid AR i tiup i ics t m- aums fo rnn i ng ft-urn B to A
coord n nat es •

I Q I  R u t h .  I PQI t = R h B PQB i~

18
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The AR notation used above is totally reversed or used inconsistently by
some modelers. Consistency witim that notation has been used in the following
discussions. It is also noted that

I - - -Rl (D) = Rl(-D) where I) = associated angle tor any/i axis (10)

and

RBET = R :I_-Ip) • RV (-0) • R (-4)) (11)

i.e., rotating backwards through the angulam- transformations is the same
as the t ranspose.

Standard notation , proffered by and received from AFAL/RWT-2 in coor-
dination , is repeated verbat im as Appendix A of this report. Note reverse
AB implication . Coordinated agreement/refinement and a li st ir mg of common
variables is considered to be a good basis for a companion report .

WIND-TO-BODY AND REVERSE

Flight definitions define the wind vector and angular components al pha
and beta from the wind to either the body or other FBRF . Usually, time angles
between the WCRF/other FBRF fram e and the body are available so rathet- than
using multi ple transformations , the ang les to the bod y- can be obtained by- a
simple , directed-sum . Thus, the basic wind/body trunsfo rnnations arc :

PQB = (RY (c~) • R :(-~~) J  • PQW = RBW • PQW ( 1 2 )

and

PQW = RBWT • PQB RWB • PQB (13)

where PQW i_ s defined similarly to PQB/PQE/ for X , 1, 2 components in the wind
axes. Note that accounting for left-hand sensed het;i is accomplished by
inputting negative beta to the RURT . Note also the absence/identity of the
roll (x-axis) RT.

EXTER IOR BA LL I STICS

There are several factors that are required to initia l i z e the fired
bullet ; i.e., the l aunch velocity, its position and orientat i on , and t h e
wind angle on the project ile if windage jump is considered .

TIme essential launch Velocity vector (VI,) t ransfornis mir e wi m it t—t o - body
aircraft velocity vector (VA) , add it i on of mn mu z z i e  veloc it y Vec ton (VM ) arid
muzzle tangential velocity vector  (VMT) in the same ft-ante , and r o t a t i ng

~~~~ 19
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th eir sutmi i n to  the FIRF. VA in the BRF can be expressed as:

VAB = RBW VAW ( 14 )

where VAB/VAW is a column vector of the X , Y , and Z velocities in the BRE/WRF.
The components in the WRF are VA , 0 and 0; so that RBW VAW can be reduced
to the fit-st colum n times VA (scalar) if desired for computational efficiency.

rhe muzzle vc’locity vector in the BRF can be expressed as:

VMI’I = [RY(EGJ • RZ(AG)J T • ‘1MG = RBCJ VMG (15)

wi -ic- u-c l G/A(; is time theta/psi rotations of the gun from the BRE . Again i , VMG
u n in ip on e n t s  in the gun RE arc VM , 0, 0; so RBG•VMG can be reduced if desired .

The gun nmu::le and sight/LCG are usually located at si gnificant distances
from the aircraft cg. Aerod ynamic flexures are generally unknown quantities
so that these elements are considered fixed in the airframe . Since a point
on a ri gid arm rotates with the center/cg, the sight/LCG offsets do not
affect their functionings. However , the tangential velocity of the muzzle
adds vectorially to the launch velocity. The tangent velocity vector in the
BRI: can be expressed as:

V1%!TB = w ® R = O .P M B  (16)

where EM B is the muzzle position vector in the BRF , and

0 -r q

r 0 -p

—
~h P °

The tilde operator allows cross-product operations to be defined by matrix
mn u l ti p l ic ;ition . Thus , the components are :

VMTBX = qz - ry (17)

VMIO ’m = rx - pz (18)

V~fFB = py - qx ( 19)

To b a l l p a r k  the effect of tangential velocities on highly maneuverable air-
craft - the upper li m i t s  of p / q / r  arc abou t -1/0. 35/0. 1 rad/sec while typical
mu::lc di sp l-i cemi - nt s .ure lO-2o/0-lO /O-~ fee t .  Accord ingl y- , comparisons of
tan genti a l ve locit mt -s of a few ft/sec to average bullet veloci ties of a few
t housi mmd- ~ ft/sec indicate ~u n effect of about a thousandth of a rad/sec change
in d ir eL i on-u/t inc-of-flight (TOE). Because of their small effect , some
models i gnore t - un~:cntial vcl oc iti i -s.

20
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The total launch velocity in the BRF and FIRF can be expressed as:

VLB = V A B +V N B +V M T B  (20)

and

VU = REB VLB ( 21)

It is noted that the vectorial summing in these equations inherently accounts
for what ballisticians have called aerodynamic jump ; i.e., the vector sum of
aircraft and muzzle velocity vectors.

The projecti le posi tion at launch in the FIRF can be expressed as :

PPLI PAT + REB • PMB (2 2)

where PAT is the inertial firer-cg location vector , def ined by Equation (1).

The wind/yaw angle on the projec ti le is simply the directional difference
of the launch velocity vector from the muzzle velocity vector. The muzzle
velocity vector in the FIR? is simply:

\‘MI = REB • ‘1MB (23)

Thus , the launch and muzzle velocity vector directions can be expressed as:

i~-sub U = arctan (VLIY/VLIX) , (24)

np-sub M = arc tan (VMIY/VMIX) , (25)

0-sub L = arcsin (-VLIZ/abs(VLI)), (26)

and

0-sub M = arcsin (-VMIZ/abs(VMI)), (27)

where abs (A) = magnitude of A , i.e., the root-sum-square of the components.
Accordingly, the bullet yaw components can be expressed as:

np-sub V = (np-sub M) - (np-sub U) (28) 
—

and

0-sub Y = (0-sub M) - (0-sub U) ( 2 9)

The spatial bullet yaw (E) can be defined by either:

abs(VLI)abs(VMI) cos (~) = V L IØV M I (30)

21
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t I !

= arc cos (cos(~i-sub Y) cos (0-sub Y)) (31)

he hig h dyna m ics of precessional/nutational/corkscrewing motion of the
I, a ~~t d  projectil e requires an extremely small iteration interval , even though
t i - ic b a l l i s t i c s  fligim t equations are very simple in comparison to aircraft .
l h u ~~, c- v erm CI)C (a D() processor time is about 100 times real-time . Because
t h e  cor ks c  r ew e s s eu i t  i a l l y  da mps out in - i  t h e  f i r s t  500 feet  of the aerial

- i j e c t o r i  cs t i r i t e r e s t  arid i t s  d i s t u r b a n c e  e f f e c t s  mi re  p r e d i c t a b l e  from
ur ; i I  ~- -~i~ of ( , I ) OI -  output s • i~~~;t -  of such model i ng  j r - i  gc -neral  ana l yses would  be
i m c -  I t i c  i en

The e f f e c t s  of yaw arc o b v i o u s l y  d i r e c t  l i f t , magnus l i f t , and increased
drag . ARL has show n j r - i  References 3 and -1 that  increased drag can he mech-
an i : ed  b y the  a d d i t i o n  of an exponent ia l  term in the ve loc i ty  equat ions .
Convers ion  t o  basic RFs requires consideration of different indexing in-
cl udi n g the delta altitude term . Thus , ti-ic remainder of yaw effects defi-
imition involves windage/swerve jump .

Fi gure 5 shows the geon.etry of windage/swerve jump with the TFRF X/
velocity-vector into the page . fl-ic yaw/si gma (~) angle from the flight
vector to the projectile nose direction is represented by the radius of the
c u - d c. The r e s u l t a n t  e f f e c t s  over t he  corkscz -ew path of the projectile
can be expressed as a radially - outward effec-t (vector a) and a tangential
effect (vector b) with regard to the pro jectile ’s initial orientation . If
the radial an-id tangential effects were directl y correlatable with ti-ic initial
orientation , then , the radial lY - outward/tangential effect could be attrib-
uted to d i r e c t / m a ~ n m i s  l i f t .  The d r a w i n g  of the vectors  on top of the c i r c l e
arc  i n c l u d e d  f u r c -mist- i n  v m - ; t i a l i z i n m g t i m e  cause and e f f ec t , wh i l e  t h e i r
orientation on the lIm ~cr r i ght of the  c i r c l e  are included to illustrate
arbitrar y orientu t on of i nitial co n ditio n s, defined by ARL ~~~. The nag-
n i t u d e s  of a ar-id h are d e r i v e d  is a funet ion of P (which is closely
ci )rrc ’latable to projectile range) for specified initial orientations. Thus ,
even if there is a phasing between initial orientation and effect , the values
of a and h w i l l  reflect the effect . Thus , it follows directl y that :

delta-y = P • ~ (a sin 4~ + b cos ~) ( 3 2 )

and

de lt a - z = -P • ~ (a cos ~ - b sin ~) (33)

where P = Siat - c i  space function .

I t  i s  noted that :

- 

I 
~ cos ~ = ) - suh  Y (3-1 )
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Figure 5. Direct and Magnus Lift Effects
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and

E sin 4 = ~i-sub Y (35)

so that

d e l t a -y  = P (a np -sub  Y + h • 0-sub Y) (36)

and

d e i t a - z = -P (a 0-sub Y - b n p—sub  ‘ )  (37)

l i t -  m o d i f i e d  A RI e s t i m a t e s  of a ar -id b are 0 .0  and 0 . 037 rad/rad for  M- S0
series 2 1) mm projectiles. Thus , the terms involving a in Equations (36)
mind (37) could he dropped for t h i s  special case. The general forms of
these equations are desirable for compatibility with other projectiles.

Referring to Figure 6, it can be seen that  an ambiguity arises in trans-
forming delta-: into the P and Q axes . Obviously, delta- : times the cosine
of 0-sub L is the contribution to Q which is GVD . But , by definition
delta-: is norma l to P. Specificall y, at a-sub L of 90 degrees , no component
of delta-: can be attributed to either Q or P. Thus , the first step is to
transform P-Q coordinates to TIRF coordinates. The TIRF coordinates can be
expressed as:

X = P - Q sin (0-sub L) (38)

Y = d e l t a - V  (39)

= Q cos (0-sub U) + delta-Z (-10)

The transfo rmation from the TIRE position -i vector (PPT) into the FIRF
vector  ( P P I )  can then be expressed s i m p l y  as :

PPI = PPLI + RE B • PPT (4 1)  
- 

-

where

REB = (RY (0-sub L) • R (np-sub U ) ) T .

I t  is noted that Equation (41) es tabl ishes the posi t ion but not the
direct ion of the b u l l et  in the F I R E .  Precise bu l l e t  o r ien ta t ion  is impor-
tant  only  to precise impact de f in i t i on  which is genera l ly  not defined ; i . e . ,
target surfaces are not specifically defined . Accordingly, most models
ignore the g rav ity  rotation which is genera l ly  less than a degree and
windage jump components which are generally about a few m i l l i r a d i a n s .  Deri-
vation of bullet direction is relatively simple. The T?RF/TIRF Y is always
in a level F I R E  plane so that
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ui -sub I = -V-sub B/(g • cos (0-sub B) ~42)

where ui-sub Y is the g rav i t a t iona l  rotat ion rate

V-sub B = bullet velocity in ft/sec

g = gravitational acceleration ft/sec2

Starting at launch where 0-sub B is equal to 0-sub L, 0-sub B can be updated
by the Tay lor Series equation . Final ly, the jump ang le components ,
i_ sub .1 = -deltu- /P and 4-suh 3 = delta-Y/P , are directl y additive to
U-sub B and np-sub B (= q-suh L), respective ly, as a first order approx-
i m a t ion , i.e., the change in gravitational rotation due to 0-sub J is a
second-order effect.

It has been made apparent that 6DOF models are inefficient in general
ATAGAM , due to excessive running time . In iterative solutions , accuracy is
a function of iteration interval which should be apparent from basic calculus.
For general aerodynamic flight , a 0.1-second interval is considered to be
the best compromise between accuracy and running time . The approximation
is evident .

BULLET-TO-SIGHT

Quite a few models compare bu l l e t , target , and pipper coordinates in
the FSRF . Since the target-to-sight transforms are of identical form , only
the b u l l e t - t o - s i g h t  t ransforms are presented .

I t  is noted t hat t h e aircraft cg is in motion with respect to the bullet
launch position and coordinates in the FSRF are relative ones. Thus , the
first t ransfornnation is to derive relative coordinates of projectile position.
The bu l l e t - p o s i t i o n - s i g h t - r e l a t i v e  vector (PPSI) of inertial components with
resp ect  to the FSRF can be expressed as:

PPS I = PP I - PAl + REB • PSB (43)

where PSB is the FSRF-origin location vector in the BRF .

The t r ans format ion  to the BRF can be expressed as:

I
PPSB = RBE • PPSI ; (44)

and , finally, the transformation to the FSRF can be expressed as:

PPS = RSB PPSB (4 5)
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where RSB is RI ( 0 — s u b  FS) ; 0—sub Im s being the iot it ion of the FSI(I - fr oini
the  BR E .  Of course , abs (PP S) i s t i -ic relative projectile range , and the
angular  pos i t ions  w i t h  respect to the FSRF o r ig in in the  I SRF can be
expressed as:

~- sub P = ar cs in  ( P P S Y / a b s ( P P S )  ) (46)

0-sub P = arc s in  (-PPS /abs (PPS) ) (47)

Presen ta t ion  of all projectile coordinates at a specific instant/iteration
is  analogous to the v i s i b l y - s e n s i b l e  t racer  l i n e .  Sequential  presenta t ion
of their intersection (requiring interpolation of fly-by) in the impact
plane  is analogous to what would be seen if the p r o j e c t i l e s  fuzed , regard less
of h i t , at f l y - b y .  The l a t te r  is more important in modeling hit probabilities.

The target , projectile(s) (at impact-plane intersection ), and the
p ipper positions in the sighting RF allow calculations of accuracies and
statistics.

ANGLE-OFF-TRANSFORMATIONS

In modeling , angle-off (AO) is defined to be the angle between the LOS
range vector (LOSR) and the target ve loc i ty -  vector . In the past , AO has
been defined as an acute  angle , due to geometric limitations on accurate
gunsight operations . The following derivations have been generalized .

The posit ion of the attacker ’ s sight (PSI)  in the FIRF is simply the
last two terms of E quation (43) ;

PSI = PA l + REB • PSB (48)

Then , the FIRF LOSR (PU !)  can be expressed as

P LI = PT ! - Psi ( -1 9)

w here PTI is the t a r g e t — c g  locat ion in  the  F I R F . It is rioted that an ig ic - - oli
is defined for the conical angle of PU about the target velocity vector;
i.e., any AO that is defined by a point on the cone is not distingu i shed
from another. Thus, AO can be def ined by dot producting PU with the tar-
get velocity vector (VTI) in the FIRF ; i.e.,

• cos (AO) = PLI1~~V T I / (A B S ( P L L )  • a b s ( V T I ) )  (50)

It is also noted that angle-off is usually considered a cursory measure and
most models neglect the PSB term .
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Anot her  t e rm , an ig l e - o f f- t h e - t a i l  (AOT ) is  used as a gross measure of
t a r ~ ct as p e c t .  AO~ is somet i mes d e f i n e d  as t i-i c nega t ive  of PU! dot-producted
w i t h  a u n i t  vec to n -  ( l iv )  a l o n mg the  t a r g e t  n u e g a t i v e  X a x i s  which , of cou r se ,
is iden i ti i al to the dot product of the position vectors; i.e.,

UVTXI = REB • ( 1 0 0) r ( 51)

where UVTX I is  the F I R F  transform of the TB RF (t a rge t  BRF) X UV.

1 is the N compone n t on t he UV along the TBRF X

and ,

cos (AOT ) = (PLIØUVTXI)/abs (PLI) (52)

N o t e  tha t  REB is def ined for the TBRF in this equation .

In some models , ta rget aspects/views are defined , using the basic psi ,
t h e t a , phi conven t ions .  This requires definition of the negative (PNLI) of
PL I  in the TBRF and then-i defining the directions of the PNLI in the TBRF .
This can be expressed as:

PNL B = RBE • PN U I (53)

where PN LB is the PNLI vector in the TBRF . Again , RBE is defined for the
TBRF .

Then , the t arget-aspect  heading (HASP) , pi tch (PASP) , and roll  (RASP)
angles  can be expressed as:

HAS P = arctan (PNLB V / PNLBX) (54)

PASP = FCN 1 (h ASP , PARG) (55)

PARC = arcsin (PNLBZ/abs(PNLB)) (56)

RASP = arctan (PNUBZ / PNLBY ) ( 57)

where

-

I 
PARC is the pitch aspect angle argument
FCN1 = PARG for HASP in forward hemisphere

l80-PARG for HASP in rear hemisphere .
The ambiguities for HASP/RASP at ± i r/2  can be handled in any consistent
manner , being usually assigned to the positive semi-circle. It is noted
that aspects in the vertical plane of the target define positive 90-degree
roll aspects which should not be confused with target attitude in the FIRE .
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A l s o , n o t e  that r o t u t io n  of p i l o t / f i r e r  up  abou t  the LOSR Lk c- S not  ehari~ c
these t a rge t  a s p e c t s .  That is , whether the firer ’s head is upright , tilt e d ,
or i n v e r t e d  in the FIRI - does not change the fact that he V i e w s  the  t a rge t ’ s
top/bottom , left/ri ght side , and front/rear views/aspects from t h e spe c i f i e d
aspect ang les.

F i n a l l y ,  crossing ang le  is a term that is used to define the bullet
aspect with respect to the target fly-b y. It is identically derived to
AOT and/ or  aspects w i t h  the e x c e p t i o n  of using the n c - n a t i v e  of the  b u l l e t
velocity vector instead of PNLI. Of course , striking angles against and
un i t  projec ted  areas of front , right side , and bottom views are defined by
dot-producting the negative of the bullet velocity vector (VN B) w i t h  UVs
along the TBRF X , I, and z axes , respectively. Note that negative products
of the UV and the VNB component in its direction indicate rear , left-side ,
and top views. The total projected m rea of a view is simply the normal area
of the view times its unit projected area . Where vulnerabilities of the
target are given by azimuth and elevation aspects with elevation as the
combination of roll and pitch aspects , the complement of the striking angle
against the top/bottom view can be used to define this elevation .

MAJOR CONFUSION FACTORS IN RANSFORMAT 1ON

Confusion rarely occurs when it is made clear that coordinates of a
specific object are being transfo rmed from one coordinate system to another.
In many cases , the model develops multiple transformations without reference
to what is to be transformed and to which RFs. Also , some models will refer
to Euler attitudes as Earth angles rather than body angles o Earth indices/
references. Specific comments of what is being transformc-~ nd the RTs
involved will avoid such confusion .
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R I CON~ !FNDA’r I ON~ AND (~ ) N C I (  IS I ON S

Ihe ~ rc’c ed i n g  d i scuss ions are i i i  i-ect ed to  p n o v  ide a commoni has I s for
de~ ci  opm cn t of \ lACN ’1 - Comp liance wit in t h e se  pr e ter r e it  st anit a rds should
s i nip I i  fv the  i n -  t t -uc t i r  n-c and gene r:i I comprehenis ion .

th e d n  c i i n s s  b u s  tin de r st ani dahis - fall short of t o t a l  conn i p r eh en i s  j o i n . A
f ri - s t addendum nn a y -  he e n i v  i s i oned to  expound on the  V a r  i Otis model  s used to
d c l i  rue f i  I g h t  . ( h i  i s t i n e  m aj o r  d i  f f -  reflc-e t ) e t W e e l n  nn ios t t i c  t I c a l  inuo de 1 s -

Tin e si ni l en -  nri o d& - 1 s c o r n s  I (Icr fl i gu t  nt rol on l  V to r o t a te  t h e  f t  I g u t  v e c t o r ,
ni- I ect  d i  r t - c  1 i ft effect s :11 Wi~ W I  th c i-oss—coup I i h g ,  ph i r g o  I it , aind s h o r t
p t  i - i  ud d y r n a m  i c no des f t he a in -  I rami- . An n o t h e n -  c o u l d  add n- i-s s the pa~n- i- p il ot
the Host coii t r t t vc- r s ia l i sp e c t  of i l l — d i g i t a l  codes .  B e s i d e s  n e u r o— in n u s i - u l a r -
I ~ and dec i s ion i— del ~~v firti ct ions , h i gh in tegn-al gain along with opt imi zed
pl-ol)urt im a i  and ile n -i v r t i Vi’ g a i n s  is sonnet Ones included in  the definit ion
of  a second — o nd ei -  paper- i lot t O  nu n stead the unfam i I t a n -  into he I 1ev i ng that
he 11 i g u t  model c n n c O T T I I ) a S S e S  a t  I d v i n a i n i cs  of t i n e  a t  r- fi-ame - Others c O n  1 d be

din - c c t i’d to exp I tin and L- olnipa I- c v ar i o t i s  h n t  e rmo t a t  j o i n  , i U t  egn - a t  i on , di  l ien - e n—
t t a t  I un - sm o o t h  j u g  - atmosphere - tHat r. i x  a t  gehn - a  n -out  l i ne s , etc. that rniakc ’ up
t he -

~ I and a rd sub rout  n i cs o t~ t hi- r~odc 1

It i s tnt -udc’d that t h i s  t i-eat Si ’ p l u s other/adilt -nitla 1% i l l  p r o v i d e  a
has s for nn od til ;r r consn m e t  ion of ae r ial g n u n i n i e l -  models whost- c i p a h i  l i t  i e s
and  I i ni it an jonn ’ art - rea~Ii Iv i d e n i t  i f i . t h l e .
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APPENDIX A

RACEE Simulat ion-FORTRAN Kinemat ic  Variables Mnemonics

The FORTRAN kinematic variables have been named by the conventions
below.  I t  is hoped that after reading this appendix , their interpretation
w i l l  be both uncomplicated and precise. The intention of the naming con-
vention is to distinguish between five properties of these variables. These
properties are as fol lows :

1. Order of der iva t ive  and type of variable. For example , position ,
velocity, acceleration , angular velocity, transformation matrix , etc .

2. Physical  object or mathematical  object concerned . For example ,
attacker aircraft , target , inertial frame, air mass frame, line of sight
frame , etc.

3. Another object (physical  or mathemat ica l )  which  the variable of the
f i r s t  object is in relation to. For ex ample , velocity (variable) of target
( f i r s t  object)  wi th  respect to attacker (second object). Generall y, the
same set of objects could be used here as in Number 2.

4 .  The coordinate fram e into which components of the vectors are re-
solved . ~oting that most of the variables in Number 1 are vectors , and

F that to operate numerical ly  on a vector , it must be resolved into a coor-
dinate frame, these frames must be specified . Hence , for a complete de-
scription of the variable given in the example of Number 3, it would be
neces sary to specif y that the vector was resolved into attacker body axes ,
iner t ia l  axes , or l ine  of si ght axes , etc.

5. I t  is recognized that  there are other a t t r ibutes  that might  be
sytematized , such as noise-corrupted versus perfect variables. This could
be recognized as a fifth property,

The mnemonics  arc determined by the f o l l o w i n g  c o n v e n t i o n s :

FORT RAN nam e = “uvwxyz ”

where “uv ” PS position

VL ve loci ty
AC ac celeration
SF specific force = acceleration - grav i ty

OM omega (angu lar rate)

33
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01) omega dot ( a n g u l a r  acceleration)

51 n~ (genet -al  Eu l e r  az imuth  ang le about z — a x i s )

J u l  o (general  E u l er  e l eva t ion - i  ang le  about y - a x i s )
P11 • (general Eule r  roll  angle about x - a x i s )

I t ransformat ion m a t r i x ,

where

w or x or y = A a t t a c k e r  body

T target body

I i n e r t i a l  frame

W wind  frame of a t t a c k e r

L l i n e  of si ght f r ame to target (non-roll stabilized)

M mis s i l e  bod y

B bullet

V b u l l e t  v e l o c i t y  fram e as in “MISS”
S s c o r i n g  frame as in “M ISS” ,

and where

(blank) uncorrupted (exact) program variable

M measured varible , e.g. , true variable corrupted
by noise for input to airborne al gorithm

Some c’xdmi)leS of th u s convention are :

P S I A l  t arget d i s t ance  north , ea st , and down from attacker

VLA I -\ a t t a c ker  ine r t  j u l  v e l o c i t y  i n  bod y axes

~ I AW A attacker air mass velocity

OMAIA attacker angular rate , i.e. , p , q,  r
SIT A I t a rge t  a z i m u t h  angle from attacken-

I t A  t r a n s f o r m a t i o n  from i n e r t i a l  to a t t a c k e r  body a x e s

SF111 target specific force vector (i.e., SET)) (3)
= -target load factor • 3~~. l T - i )

SIAI,\ attacker heading angle (of body)

One of tine benefits of this convention is rapid checkout of vector operations.
For example , in any addition or subtractionn of vectors , the fifth letter

3-I
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must  be the same . In any transformation of vectors , t h e  fifth letter of tine
transformed variable and the fi fth letter of the original vector determine
which t ransformation to use. An example of this would be

PSTAA = (h A) (PSTAI)

In addition or subtraction , the third and fourth letters must be consistent
with the operation. For example ,

VLTAI = VLTII - VLAI I

or

ACT! I ACTA I + ACAI I

r-
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INITIAL DISTRIBUTION

Hq USAF/SAMI 1 AFATL/DLYV
Hq USAFE/DOQ 1 AFATL/DLYD 10
Hq PACAF/DOOFQ 3 ASD/SDX
Hq TAC/DRA 1 AFA/DFASC
ASD/ENFEA 2 TAC/INAT
ASD/ENESH 1
AUL/LSE 71-249 1
OO-ALC/t.Q4WMP 2
AFIS/INT 1
DDC/DDA 2
AFATL/DLODL 2
AFATL/DL 1
US Army TRADOC Sys Analysis Act!

ATAA-SL 1
ASD/XRP 1
COMIPAC/ I-232 1
Armament Systems , Inc 1
AFAL/RWT 1
ASD/XRT 1
AMRL/MEB 1
Hq IJSAF/SAGF 1
Hq AFSCJSDZ 1
NATC/SA53-A i
NSWCJDL 1
NSWC/G-10 1
USM4SAA/DRXSY -ADM 1
USAMSAA/DRXSY-J 1
6510 Test Wg/TEEDM 3
NWC/Code 318 1
USAF TFWC/TEM 1
USAF TFWC/OA 1
Hq SAC/DOOB 1
Hq SAC/NRS 1
Center of War Gaming 1
Navy Fighter Weapon School 1
VX-4 1
Fleet Combat Training Ctr,

Atlan tic , Code 22 1 1
Surface Warfare Developmen t Gp/

Naval Amphibious Base 1
Fleet Combat Direction Service

Training Ctr , Pacific 1
AFATL/DLD 1
AFATL/DLDG 1
AFATL/DLY I

37
(The reverse of this page is blank)

_____________________ ~~~~~~~~~ —-~~~—-~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~


