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ABSTRACT

let f be a continuously differentiable (Cl) map from a compact rectan-

gular region Q in the n-dimensional Euclidean space R’ into Rn. Gale and

Nikaido showed that if all the principal minors of the Jacobian of f£f:Q R
are positive everywhere in Q then f is univalent (one-to-one) on Q . This
result was recently strengthened and extended to a general case where f is
defined on a compact convex polyhedron P € Rn with nonempty interior by
Mas-Colell and others. In this paper, we deal with a special case where f |is
separable with respect to a subset of variables, i.e.,

m P
£(x) = ) fl(xi) + fm+1(xm+l,...,xn)
i=1

for all x = (xl,...,xn) € P = P1 X P2 .

Here Pl is a compact rectangular region in Rm, P2 a compact polyhedron in

n-m _i m+l

R PR R Cl-map from an interval of the real line into R" and f :P2 >

a Cl-map. We show that the sufficient condition qgiven by Mas-Colell for a Cl-map

f:P > R? to be univalent can be weakened in this case.
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\ SIGNIFICANCE AND EXPLANATION
i

When solving one equation in one unknown, f(x) = q , it is obyious geomet-

is continuously differentiable and f' (x) gﬁo for all x ,

rically that if £(x)

then for each gq the equation has at most one solution (f is then said to be
Of course the univalence of f does not ensure the existence of a

X € to '-z?'i *
solution, for example, e =0

univalent).

fow er

When solving a system of n
\ £*y

equations in n unknowns,

L T " 5 ' b ¥
fi(xl""'xn) = q; (i=1,...,n),

the analogue of f'(x) is the n x n Jacobian matrix [afi/axkl
interesting to investigate conditions on the Jacobian matrix which will ensure the
univalence of the left hand of (*). Such conditions are of practical importance

4+t Cacnt

if they are combined with conditions which ensure the existence of solutions

vecause if (%) has a solution and if the left hand of

(*9 is univalent then
the solution is unique.

el

In this paper we deal with the case where fi(xl,...,xn)

can be written in
the form

m .
+
£ (X vt ) = } £ (x,) + £ l(
b S § n 7 - | i
j=1
and give a condition on the Jacobian

xm+1,...,xn) (G=1 ;s s o)

matrix which ensures the univalence. As a
special case, it is shown that if m = n-1 and if the determinant of the Jacobian
matrix [afi/axk] is nonzero for all (xl,...,xn) then the left hand of (%)
is univalent.

] |
\

| - IS e

The responsibility for the wording and views expressed in this descriptive summary
lies with MRC, and not with the authors of this report.




GLOBALLY UNIVALENT Cl—MAPS WITH SEPARABILITY

Masakazu Kojima and Michael J. Todd

1. Introduction
Let R denote the n-dimensional Euclidean space. We say that a subset Q of R"
is a rectangular region if

Q= {x= (xl,...,xn) e R a, <x; = b, (SR lm s er o U e

i
where - < ai < bi S (i=1,...,n). We call a rectangular region in the real line

R an interval. Mcre than a decade ago Gale and Nikaido [1] showed that if all the prin-
cipal minors of the Jacobian of a continuously differentiable (Cl) map f from a rec- {

" 3 )2 R n ey z :
tangular region Q in R into R are positive everywhere in Q then f is

univalent (one-to-one) on Q . Recently, this result was strengthened and generalized
by Garcia and Zangwill [2] and Mas-Colell ([4]. This paper has a close relation with 1
Mas-Colell's generalization [4].
We say that a convex set C c R® spans a subspace L of R if
L= {A(x-xo) : X eR,xeC}
for some relative interior point x0 of C . It should be noted that the set |
{1\ (x-xo) : A € R, x € C} does not depend on the choice of an interior point x0 of ¢C.
Iet L be a nonempty subspace of Rn . We denote the orthogonal projection map from
R onto L by I : R L I () €L and lx - N ()l = min{lix-yll:y € L} for every
Xx€e€R . Iet M bean n xn matrix. Then the composite map nLoM : L+ L is linear. 1
Suppose dim L = k and that the set of the columns of an n x k matrix A forms a basis
of L . Then we can write
l'lL(x) = A(ATA)-lﬂTx for every Xx € R" v
b where AT denotes the transpose of the matrix A . It is easily verified that the linear
map HL o M:L » L has a positive (or negative) 'determinant if and only if the k x k
matrix ATMA has a positive (or negative) determinant. The positivity (or negativity) of
the determinant of the linear map IIL o M:L > L does not depend on the choice of a basis

of L . We denote the Jacobian matrix of a Cl-map £ from a subset of R' into R

i by Df(x).
Sponsored by the United States Army under Contract No. DAAG29-75-C-0024. This materia) is
based upon work supported by the National Science Foundation under Grant No. MCS78-09525.
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Theorem 1 (Theorem 1 in Mas-Colell [4]): Let P be a compact convex pclyhedron in R

with nonempty interior, and £:P - R" be a Cl—map. Assume that for every x € P and
subspace L ¢ R" spanned by a face ¢ of P which includes x , the linear map
HL ° pf(x):L - L. has a positive determinant. Then f is univalent on P .
We consider a special case where a Cl-map £:P+R" is separable with respect to some of
the variables and show that the assumption of Theorem 1 can be weakened in this case.
m A n-m
Theorem 2: Let Pl © R be a compact rectangular region and FZ C R a compact convex
. 4 1
polyhedron with nonempty interior. Let f : Pl x P2 +R* beac -map such that

m i *
fal= | £0)+f & ..o

i=1
for every x = (xl,...,xn) € Pl x P2’ where fi is a Cl—map from an interval of R into
R® and f. is a Cl—map from P2 into R". Assume that for every face T, of P2 and
every X € Pl x T, the linear map ﬂLe Df (x):L - L has a positive determinant, where
L 1is the subspace spanned by Pl x ’\'2. Then £ 1is univalent on Pl X P2.

We will derive Theorem 2 from Theorem 1 in Section 2. When m = 0, Theorems 1 and 2
are equivalent. Suppose m > 1. Note that each face of Pl x P2 is of the form 1 x Ty
with T oa face of Pi (i=1,2); we do not require that HL o DE(x):L + L have a positive
determinant if the subspace L is spanned by a face T x Tyr Ty ¥ Pl' Hence the hypoth-
esis of Theorem 2 is weaker than that of Theorem 1.

It is well~-known that the positivity of a Cl-map £:p > R® does not necessarily ensure
the univalence of f . For example, tha map f:R2 * R2 defined by

fl(xl,xz) = (exp xl)(s'm "2)

£, (xl,xz) = - (exp xl) (cos x2)
has a positive Jacobian at every x = (x!,xz) € R2, but it is not univalent. When the
dimension n is equal to 1 or f:P » R" is affine, however, the positivity of the
Jacobian at every x ¢ P implies the univalence. These two exceptional cases are unified
by the following result.

Corollary: lLet @ c R" be a rectangular region and f:Q > R a Cl-map such that

m ‘
£x) = ] £(x) forall x e,
i=1

where f£' is a Clmap from an interval of R into R, Assume that the Jacobian of the




i

map f is nonzero at every x € Q. Then f is univalent on P .

Proof. Let xo € Q. Then f£:Q - R" is univalent if and only if the map g:Q R

defined by
g(x) = Df(xo) f(x) for all x € Q

is univalent. Obviously g:Q - rR® is separable with respect to all the variables and

det Dg(x) > 0 for all x € Q. By Theorem 2, we see that g is univalent on every

compact rectangular region contained in Q . This implies g is univalent on Q .

Q. E. D.




2. Proof of Theorem 2.

denotes the

i
e

Throughout tiis section

matrix of appropriate dimension. For simplici

T, " L hni
A'Dg(x)A is positive. Assume that 1 and

1

-

Si t
ince 1

is a face of the compact rectangular region

i-th unit vector in R%, and I the identity

'

is

ty of notation, we assume that O ¢ Rn

a vertex of Pl x P2. et M = Df(0). We partition the n xn matrix M such that
m n-m
|
1
"1 % s
M= | =——————- % S -
I
|
M, ! . n-m
; il m : n ; i
let E denote the n xm matrix [e ,...,e ]. Since 0 € R lies in a face P1 x {0}
of B XB, and the set of the columns of E forms a basis of the subspace R x {0}cR"
spanned by B, X {0}, we have
: det Mu = det ET Df(0)E > O .
1
) Define the n X n matrix
-1
M
i 9
N =
-1
B> ap 1] £ '
o
and the map g:Pl x P2 =9 Rn by
gix) = N f(x) for all xeP1 XP2 2
Obviously g:Pl X P2 > R" is also separable with respect to the variables XyvereoXy -
That is, we can write
mo -
= .. X r
g = | g (x) +9 (g ..e00x) forall xeP xP
i=1
i *
where gl (£ = Ypeu.,m) and g are Cl-maps. Since the n x n matrix N is nonsingular,
F f is univalent on Pl x P2 if and only if g is univalent on P1 x PZ' We shall
' establish that g 1is univalent on Pl x P2.
In view of Theorem 1, it suffices to show that for every x ¢ Pl X P2 and subspace
Lcgr" spanned by a (k+?)-dimensional face Ty Xy of P1 x P2 which includes x and
for an n x (k+%2) matrix A whose columns form a basis of L , the determinant of

T have dimensions k and ¢ resepctively.

2

m
P R k vectors

1

e

, we can choose




from the m unit vectors el,...,em in R for a basis of the subspace L1 spanned by 4

T * {0} ¢ R®. For simplicity of notation, we assume that the last k wnit vectors

~k+ r ’
em K ]',...,elu form a basis of the subspace L1 . Choose a set of § vectors ul,....u'

for a basis of the linear subspace spanned by {0} x 1:2 (= Rn. Define the n x (k+%) matrix

m-k+1 m 1 2
e iffe

A= [ R | S 5

By the construction, the set of the columns of the n X (k+£) matrix forms a basis of the
subspace L . The purpose of the remainder of the proof is to show
det ATDg(x)A >0 .

Let y= (0,...,0,x .,xn) e R®. Then y lies in a face P_ x 1_ of P_ x P

n-k+1'"° il 2 i 2*

and the columns of the n x (m+%) matrix

A= (el,.. .,em,ul,... ,ull

form a basis of the subspace L spanned by Pl X Ty By assumption, we have

det KTDf(y)I-\ >0 -

By the construction of g: P, x Pz -> Rn , we see

b §
-1
. s g
Dg (0) = NDf (0) =
0 M. M 1w
2L 111222 :
Hence it follows from the separability of the map g:Pl x P2 > ’" that
Dgl(O) = et &= 1.2 o m)e.

Iet B denote the n x (m-k) matrix [el,...,em—k]. Then

bgly) = (B,Dg" ¥+ T P - o ,Dg" CRE R I B
A = [B,A]
and
BTDq (y)B BTDq (y)a
ATDg(y)A =
ATDg (y)B ATDg (y)a

It is easily verified that BTDg(y)B = I, ATDq (y)B=0 and ATDg (y)A = ATDg (x)A. Hence

det A'Dg(x)A = det A'Dg (y)A .

If we write the n x (m+%) matrix A as




where A22 is an (n-m) x 2

A'Dg (y)A

Recalling that det M.. > 0 ,

11
-1 -T -
(det Mll) det A'Df(y)A >0 .

matrix, then we see

= ATNDE (y)A
-1
(0]
¥
- ATDE(p)A .
T -1
A MaM %

we consequently obtain det ATDg (x)A = det;.TDg (y)l-\ =

Q.E.D.




3. Concluding Remark.

Recently, Kojima and Saijal extended Theorem 1 to the case where the map f:P » R
is piecewise continuously differentiable ([Theorem 4.3, 3]). Theorem 2 can be also
extended to a piecewise continuously differentiable case. The same proof as we have

given in Section 2 is valid for the extension if we use Theorem 4.3 of [3] instead

of Theorem 1.
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Abstract (continued)

T i m+1
£(x) = '}j E b ) ¥ e aiie)
i=1
— ! P =
for all x (xl,...,xn) € P Pl x -
¢ 5 m : n-m
Here P1 is a compact rectangular region in R , P2 a compact polyhedron in R .
i ; ] n m+1 1

£ a Cl-map from an interval of the real line into R and f . A K & -map.

2
1
We show that the sufficient condition given by Mas-Colell for a C -map f:P ~ R to

be univalent can be weakened in this case.
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