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ABSTRACT

In this report we consider the various problems related to the numerical

analysis of elliptic variational inequalities. After proving some abstract re—

sults concerning the approximation of variational inequalities , we consider the

approximation of some specific examples by conforming and non conforming finite

element methods. Various iterative methods of solution are also described.
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SIGNIF ICANCE AND EXPLANATION

Many boundary value problems for elliptic equations can be formulated as

var iational problems in which a quadratic functional must be minimized on the

subspace of functions which satisfy the boundary conditions . The best known

example of such variational problems arises when Laplace ’s equation must be

solved subject to prescribed boundary values, in which case the variational

problem requires the minimization of the Dirichlet integral. This provides

the starting point for the widely—used finite element method for computing

solutions of potential problems such as occur in steady state heat conduction

or inviscid fluid flow , for example.

An elliptic variational inequality is a generalization of variational

problems of the above type: it is required to minimize a quadratic functional

on a convex set. Elliptic variational inequalities arise in contexts in which

a physical system is subject to restraints, as when a membrane is stretched

over an obstacle. (If no obstacle is present, the deflection of the membrane

is governed by Laplace ’s equation. The obstacle is the new feature that leads

to the variational inequality . The region of contact between the membrane and

the obstacle is not known beforehand.)

This report first describes the theory of approximating elliptic varia-

tional inequalities , and then goes on to discuss the numerical solution of

such problems using finite elements

The responsibility for the word ing and views expressed in this descriptive
summary lies wi th MRC, and not with the author of this report.
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During these last years many works concerned with the Numerical Analysis of
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I . ABSTRACT ELLIPTIC VARIATIONAL INEQUALITIES. EXISTENCE, UNIQUENESS ,

APPROXIMATION.

1 . 1 .  O r i e n t a t i o n .

In Sec. I we just consider , following GLOWINSKI [53,Ch. 1 ,2,3] some simp le

c lasses of E l l i ptic Variational Inequalities (E.V.I.) and their approximation

by Galerkin type methods. More specific examples will be considered in Sec. 2 .

I .2. Functional context.

We introduce the following mathernat i .~~1 ~b~ c~~ts

A real Hi lber t  space V equi pped with the inner product (. , •)  and the  co rr ~~s

ponding norm

A bilinear continuous form a : V X V  -+R , V—el l i p t i c  ( i . e .  ] c z > O  such t h a t

a(v ,v) � c t I jv Il 2 Vv € V) ; we don ’t assume tha t a( • ,) is symmetric.

A form L : V -
~ R , l inear and continuous .

A closed , convex , non empty subset K of V.

A func t iona l  i : V - R  (= R  u{+co } u { —co} ) ,  convex , lowe r semi C o n t i nu v u s

( l . s . c . ) ,  proper ( i . e .  j ( v )  > — ~~ V v e V , j 
~~~~~~~~

1.3.  Two classes of E . V . I .

Let us consider now

Find u ~ K such that

(EVI) 1
a (u ,v—u) � L(v—u) V v c K ,

and

Find u ~ V such that

(EVI )
2

a(u ,v—u)+j(v)—j(u) � L( v—u)  Y v e V .

In the sequel (EVI) 1 (resp (EVI) 2 ) w i l l  be denoted as an EVI of the firs L

( r es p .  second) kind .

Remark 1 . 1 .  : We can f i n d  in the l i t t e r a t u r e  more comp l i c a t e d  EVI , ( c t .  ~o-

example  LIONS [651) and also the g e n e ra l i z a t i o n  cal led Quasi  V a r i a t i o n a l  In--

t-~~u a l i t i e s  (QVI) introduced by BENSOUSSAN—LIONS (see for examp le ~FN S(~US~ ’. .

I O N S 9 1 , B A T O C C H I — C A P E L O  I 6] and the bibliograp hy therein) .

- —2—
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Remark 1.2 : If K=V in (EVI)
1 
and j EO in (EVI)2, then both problems reduce

to the standard linear variational equation

Find u E V such tha t

( 1 . 1)

a(a ,v) = L ( v ) V v € V .

Remark 1.3 : The dis tinction between (EVI)
1 and (EVI)

2 is rather artificial

(theoretically at least) since (EVI)
1 is equivalen t to

Find UE V such that

( 1 . 2 )

a(u ,v—u) + I
K

(v)
~~
I
K
(u) � L(v—u) Yv€ V

where 1
K is defined by

( O i f v € K ,
=

~ 4~~ i f v ~~K.

The functional ‘K is called the indicator functional of K , and since K is a
closed, convex, non empty subset of V , 1K ~~ l.s.c., convex, proper.

Therefore (EVI) 1 is a special case of (EVI)2 ; however formulation (EVI)
1

is usually more practical.

Remark 1.4 : If a(,) is symmetric (EVI)
1 and (EVI)

2 are respec tively

equivalent to the minimization problems

Find u~ K such tha t
(iT

1
)

J(u)  ~ J(v) V V E K

where

( 1 . 3 )  J(v)  = .~- a(v ,u)—L(v),

and

Find u € K such tha t

J(u)+j(u) � J(v)+j(v)

—3—
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where J(•) is still defined by (1.3).

1.4. Existence and Uniqueness results for (EVI)1,  (EVI) 2.
From LIONS—STANPACCHIA [66] we have the following

Theorem 1 .1 If the above hypotheses on V ,a,L,K hold then (EVI)1 
has a

unique solution.

Proof (I) Uniqueness S i
Let u

1 
and u2 be two solutions. Then L

(1.4) a(u1, v—u 1
)�L(v—u 1) Vv€ K , u 1 € K ,

(1.5) a(u2 ,v—u2)� L(v—u2) V V E K , u2
€ K.

Taking v=u2 
in (1.4), v=u 1 

in (1.5) we obtain by addition and using the

V—ellipticity of a(•,•) that

a llu2
-u

1~~
2 

� a(u
2
-u1, u2-u1

) �O

whic.h implies the uniqueness.

(2) Existence

It is known from the Riesz representation theorem that there exists A € a~ (V ,V)

and 9. € V such tha t

(1.6) a(u,v) = (Au ,v) Vu ,v e V ,

(1.7) L(v) = (P.,v) Vv~~V.

Then if u is solu t ion of (EVI)
1 
we have

(Au ,v—u) � (9.,v—u) Vv € K,

( I  .8)

u € K

which is equivalent to (EVI)
1
. Then (1.8) is equivalen t to

—4—
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( u — ~~(A u — 9 ) — u ,v— u) ~ 0 V v €  K ,

( 1 . 9 )

u € K , p > O  ,

and ( 1 . 9 )  is equ iva l en t  to

( 1. 10 )  u PK
(u_p ( Au_9.) , p >0

where in (1.10) 
~K 

is the projection operator from V to K in the 11 11 —norm .

It follows from (1. 10) that every solution of (EVI) 1 
is also solution of

the f i x e d — p o i n t  problem ( 1 . 10 )  fo r  any p > 0 , and conversely if there exists

a particular p such that (1.10) has a solution , this solution is also solu-

tion of (EVI)

A sufficient condition for (1.10) to have a solution is that the mapp ing

from V to V

v -
~ 

PK (v
~

p(Av_ 9. ) )

is strictly and uniformly contracting for p well chosen.

Let denote b y w the vector P
K
(v_p (Av

~
L)) and let consider

w. = PK ( v i _p ( Av i _ 9. ))  , i= 1 ,2

Since the p ro jec t ion  mapping 
~K is a contract ion , we have

(1.11 ) 11w 2-w 1 I~ 
� 11v 2

-v
1 -QA(v2

-v
1)

S From (1.6), (1.11 ) we obtain

2 2 2 21w 2 —w 1 < ~v~ —v
1 —2 a(v

2
—v 1 ,v2—v 1 )

+p jA (v
2
—v

1 )

2 2 2  2 2II v~~~I —2pa +p ~~~ I1v 2 v 1~I

so th at

(1 .12) 2 
~ ( I -2~~ + p

2 
AM 

2
) 
~~~~~~ 

2

— 5 —

LI
~~~~~~~SS S —~~~~~~~~.



From ( 1 . 12), the above mapp ing w i l l  bo s t r i c t l y  and uni t orn i l y contr .i~ ti !O

i f

( 1 . 1 3 )  2II A ll
If p obeys ( 1 . 1 3 ) , the f ixed  point  probl em ( 1 . 10) has a s o l u t i u t i  w h i c h  i s

also the solu t ion of (EVI)
1 
and we know that this solution is uni que.

Remark 1 .5  : The proof of Theorem 1. 1 suggests the f o l l o w i n g  a l g o r i t h m  f o r

solving (EVI) 1

( 1 . 1 4 )  u°~~ V , g iven

then for n � 0

( 1 . 1 5 )  ur
~

f I  
=

From the proof of Theorem I . I it fo l lows  that fo r  0 < p < 
2ct 

2 the sequencc

n h A il
(u ) def ined  by ( I . 1 4 ) , ( I . I 5 )  converges s t rong ly in V to the s o l u t i o n  u of

(EVI)

P rac t i ca l ly  the interest in (1.14),(I.15) is quite limited in most applications

(at least in the above form) since we usually don ’t know 2. or A , and U. p r o j u c t

on K is in most cases a very complicated operat ion . We should observe t h a t  if

a(•,.) is symmetric , then A is also symmetric and (1.14), (I.15) is a gradient

wi th projec t ion al gorithm ; cf., e.g., CEA [2~1I for a study of these methods.

Concerning (EVI) 2 i t  fol lows f rom LIONS— STANPACCHIA , lo c . c i t . ,  t ha t

Theorem 1. 2  : If the above hypotheses on V ,a ,L , j  hold then (EVI) 2 has a un i q~iu

solution .

We refer for the proof to LI ONS—STA r4 PACCH IA , b e .  cit., and also to  G L O W I N ~ ki

153] ; in fact in this proof which is a variant of the proof of Theorem 1 .1 ,

one still uses a fixed point technique .

—6-
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1 .5. Internal Approximat ion  of (EVI) 1
The assumptions on V ,a ,K ,L are those of Sec. 1 . 2 .

I . 5 . 1 .  Approximat ion of V and K.

The parameter  h converging to zero , the space V is approximated  by the f a m i l y

(V
h

) h where the Vh are closed subspaces of V (u sua l ly the Vh are f i n i t e -

dimensional).

Then the convex set K is approximated by (Kh)h where the Kh are closed convex

subsets of V
h 

; we do not assume that K
h CK. We do assume however that (1<.h ) h

has the two following properties

(i) If (Vh)h is such that Vh EK
h 

Vh then all the weak cluster points of

(v
h)h 

belong to K,

(ii) There exist x~~ 
= K and r

h : x + such that

lim rhv = v strong ly in V , Vv E X
h-’~0

Remark 1.6 : If K.~ cK Vh , then (i) is automatically satisfied .

1.5.2. Approximation of (EVI)1.

We approximate (EVI)1 by

Find Uh € such that

(EVI) lh
a(uh,vh—uh) � L(v~—u~) Vvh EK

~fl
.

Remark 1.7 In most eases it will be necessary to approximate also a(.,)

and L ( . )  by ah (• , •) and Lh ( •)  (usual ly def ined — in practical cases — from

a(. , .) and L ( •)  by a numerical in tegra t ion  procedure) . Sirice there is n o t h i n g

new on tha t  point  compared to the c lass ical  l inear  case we sha l l  not  i n s i .cz t m ore

about th is  problem for  which we r e fe r  to CIARLET [331.

it is easily proved that

Proposition 1.1 Problem (EVI)
lh has a unique solution .

—7—
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1.5.3. Convergence_results.
Let us prove now the following convergence theorem

Theorem 1.3 : If the above hyp otheses on (V
h)h, (Kh)h hold then

(1.16) lim ll uh — u lI  = 0
h+0

where u,uh are respectively solutions of (EVI) 1 , (EVI)Ih

Proof : (I) Estimates for U
h

We have from (EVI)l h

a(uh,uh) � a(uh,vh
)_L(v

h
_u
h) 

V V h E K h

which implies VV h
EKh that

(1.17) a I! uh hl 2 < 11 A M lkh l l l l V h lI + ll L ll ~ Il i~h Il + II L II * ll u h II .

From (ii) in Sec. 1 .5 .1. and (1.17) we obtain

2Il’~.~ll ~ 1 1A M Ii ’~h l1 II r~v~ + ll L ll ~ l 1r hv ll + l }L 1l~ll u h ll V v €  x

Now take v € X . Then wi th  C. denoting various constants depending on v
0 but

not on h, we have from (ii)

I r v  I I � c  Yhh o  o

which implies

(1.18) 
~ 

11 u h 11 2 � C
1 h u h 11 + C

2 Vh

In turn (1.18) implies the boundedness of (U
h)h in V.

(2) Weak convergence of (u
h)h.

We can extrac t from (u
h)h a subsequence , still denoted by (uh)h, such that

(1.19) U
h 

-~ u* weakly in V.

—8—
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I
From (1) in Sec.  1 . 3 . 1 .  we have

(1 .20) u* € K .

From (1 .19)  and proper ty  (ii) we obtain taking the limit in

a(u h , uh
) � a(uh,rhv)—L(rhv—uh) V’~ €~~

t ha t

(1.21) u r n  inf a(u h , uh ) �a(u * ,v )_ L (v_ u *) V v € X
h-*0

Then we observe tha t

c~ hi u h u h l  �a(u
h
_u*,uh

_u*) = a(uh,uh)+a(u
*
,u*)_a(uh,u

*)_a(u*,uh)

imp lies in the limit

(1.22) lim inf a(uh , uh) �a(u
*,u*)

h + O

which  is a (wel l—known ) weak lowe r semi con t inu i ty  p roper ty .

From ( 1  . 2 1 ) , ( I . 2 2 )  i t  f o ll ows  that

( 1 . 2 3 )  a ( u * ,u *) �a ( u *,v )_ L ( v_ u *) V V € X

Since X K , (1 .23) also holds  Vv~~ K , so that  wi th  ( 1 . 2 0 )  we have

a(u *,v_u *) �L ( v _ u *) V v € K ,

t u cK .

Thus u is a s o l u t i o n  of (EV I ) 1 .  But f rom the uni queness of such a so lu t ion
we have i = u. The uniqueness property implies also that the whole sequence
( U h

)
h converges  weakl y to u .

-9—
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(3) Strong convergence of (u h
)
h
.

We have

a hl u h u ll ~
a(uh

_u ,uh_ u) = a(uh , uh ) + a ( u , u ) _ a ( u h ,u ) _ a ( u , u ll )

�a(uh,rh
v)_L(r

h
v_u

h
)+a(u ,u)_a (uh,u)_a(u ,uI

) Vv~ A

From the above relation , from property (ii) and f rom the weak convergence

of (u
h
)h, we have in the l imi t

a lim sup hl u h— u 11 2 �a(u ,v)—L(v—u)—a(u ,u) = a( u ,v—u)—L(v-u) Vv~

But since x=K we also have

(1.24) a u r n  sup Iluh—u11 2 ~~a(u,v-u)—L(v—u) V v € K .

Taking v=u in (1.24) it follows that

2
a lim sup Il u h u ll �0

which imp lies that u r n  jU h~u Il = 0 i.e. the strong convergence.
h~0

Remark 1.8 : Error estimates for some EVI ’s of the first type have been

obtained by several authors (see Sec. 2 for more details). But lik~ ~n
many non—linear prob lems , the methods used to obtain these estimates are

specific to the particular problem under consideration .

This remark still holds for the approximation of EVI’s of the second kind

which is the subject of the next sub—Section 1 .6.

1.6. Internal Approximation of (EVI)2.

The assumptions on V , a ( , ~~) ,  L ( ) ,  j ( ~ ) are those of Sec. 1.2. Furthermo~~.

we assume fo r  s imp l i c i t y  tha t

(1.25) j(.) is continuous over V.

( In  Sec. 5 an impor tan t  f a m i l y  of (EVI) 2
s f o r  which j() is non_ cont inuous

will be considered also).

—1 0—
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1 . 6 . 1 .  Approximation of V.

The space V is approxima ted by the family (V
h
)h, Vh being a closed subspace

of V(d im V
h 

< +~~ in app lications). We assume that (V
h
)
h has the following

proper ty

(i) There exist ‘2’ cV ,V=V and rh 
: ‘2’ -* Vh such tha t

u r n  r
h

v = v strong ly in V , Vv ~ ‘2’

1.6.2. Approximation of j ( . ) .

The functional j(.) is approximated by 
~~~~~ 

where

(1.26)

F is convex , l .s . c .,  un i formly  proper  in h

the last property implies the existence of A : V + K , l inea r  and cont inuous

and of p € R such that

(1.27) 3h
(V
h) (V h~~ 

p VVh EV h , Vh

We shall assume also that 
~~h~h 

obeys

(ii) If Vh 
+ v weakly in V then

u r n  inf 
~h~

”h~ 
�j (v)

(iii) lim j
h
(t
h
v) = j(v) Vv € 2 ’

h-’-O

Remark 1.9 In all the applications we know , if j ( • )  is continuous,  then

it is always possible to construct continuous 
~~~~~ 

obeying (ii), (iii).

Remark 1 .10 If j~~ j  Vh, then (1.26), (ii), (iii) , are automa t ica l l y
satisfied .

—11—
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1.6 .3 .  Approximation of (EVI)2
We approximate (EVI)2 by

Find U
h 

€ Vh such that

(EVI) 2h
~~~~~~~~~~~~~~~~~~~~~~~~~ � L(v~—u~) 

~~ h 
€

It is then easily proved that

Proposition I .2 : If the above hypotheses on (V
h
)h ,  

~~~~~ 
hold then (EVI)2h

has a unique solution.

Remark 1.1 1 : Remark 1.7 of Sec. 1.5.2. still holds for (EVI)2h.

1.6.4. Convergence results.

Using a variant of the proof of Theorem 1.3 we obtain (see GLOWINSKI [53]

for more details)

Theorem 1.4 If the above hypotheses on (V
h)h , 

~~~~~ 
hold then

u r n  ) I U h~ U Il  = 0 , u r n  
h~%~ 

= j (u )
h÷0 h÷O

where U,uh 
are respec tively solutions of (EVI)2 , (EVI) 2h.

2. — SPECIFIC EXAMPLES AND ERRO R ESTIMATES FOR CONFORMING FINITE ELEMENT

MET}1ODS.

2.!. Stationary obstacle problems.

Problems of th is  type are f a i r l y  simp le but provide a good mathematical model

for several important applications . Futhermore obstacle problems are those for

which the finite element approximation error analysis is the most achieved .

2.1. 1 . Formulation of a particular obstacle problem.

Let ~2 be a bounded domain of R
N wi th a smooth boundary r = ?~2. We consider

wi th x = {x
1
}~~~1 and ‘~7 = ~~~~~ 

}~ t he p a r t i c u l a r  obstacle problem

— 12—
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F i n d  u € K such that
( 2 . 1 )

I Vu V(v-u)dx � f(v—u)dx
J ç2 Jç~

2where in (2.1), f c L  (~~) and K is defined by

(2.2) K = { v € H 1 (~ ) ,  v �~~ a .e .  on Q , v i r = g}

wi th ~ and g g iven functions defined respectively on ~2 and r.

2.1 . 2 .  Physi cal interpretation.

Assume tha t  ~2 C R
2 

; then a classical interpretation of (2.1), (2.2) is that

u represents the small vertical disp lacements of an elast ic  membrane Q under
the eff ects of a field of vertical forces, whose intensity is g iven by f
(f represents a surface density of vertical forces). This membrane is fixed

on i ts boundary  r (u=g) and lies over an obstacle, whose height is given by

~j(u?~ ) ; see Fi g.  2 . 1  for a geometrical description of the phenomenon .

If

Fi gure 2.1

2.1. 3 . Other phenomena related to obstacle problems.

Si m i l a r  EV I ’s a l s o occur , sometimes with other type of boundary conditions

and/or non symmetric bilinear forms, in m~’thema t ical models fo r  the f o l l o w i n g
probl ems

L u b r i c i t i o n  p~ enomena (see, e.g., CRYER [41 ] , [42 ] , MARZULLI ~67], GLOWINSKI

LIONS—TREMOLIERES 57 , ch. 2, Sec. 5] for fini te difference treatments and more

references , and CAPRIZ [271 for a discussion of the m a t h e m a t i c al  mode l l i ng ) .
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F i l t r a t i o n  of l i q u i d s  in po rous  media  (see in p a r t i c u l a r  BAL OC CUI I I

[ 2 ] , 1 3 , COMMINCIOLI 1 35], BA JOCCHI—B REZZT—C OMMINLIOLI L 5 1 , CRYER—

FETTER [43]  , BAIOCCHI—CAPELO 1 6 ] and the numerous references therein) .

Two dimensional potential flows of inviscid fluids (cf. BREZIS—STAMPACCHIA

[ 17]  , [ 18 ] , BREZIS [ I I ] , CIAVALDINI—POGU—TO1JRNEMINE [34], ROUX [78]  and the
re fe rences  t h e r e i n ) .

Wake problems (cf. BOURGAT—DUVAUT II fl l ’).

This list is far from comp le te and we also have app lications in Biomathematics ,

Econ omics , Semi—conductors , etc...

2 . 1 .4 .  In te rpre ta t ion  of ( 2 . 1 ) ,  ( 2 . 2 )  as a f ree  boundary prob lem .

Let de f ine  from the solut ion u of (2.I),(2.2)

{x~x c ç 2, u(x) >~~(x)}

0
= {x x€ ~2, u(x) =

=

and then

u = u I  , u u1
+ 0 0

Class i ca l ly  ( 2 . 1 ) ,  ( 2 . 2 )  has been formula ted  as the p rob lem of f i n d i n g  -v

(the free boundary) and u such tha t

+
(2.3) — ~u = f on

(2.4) u = on

(2.5) u gon l’,

(2.6) u = u
+

~~~ 
o~y

The physical interpretation of (2.3)—(2.6) is the following : (2.3) means

tha t on the membrane is str ic tly ove r the obs tacl e and has a pure l y elas tic

behaviour  ; ( 2 . 4 )  means that  on ~1° the membrane is in contac t  w i t h  the  o h s tac l~
(2.6) is a transmission relation on the free boundary .

—14—
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In fac t (2.3)—(2.6) are not sufficient to characterize u , therefore it is

necessary to add other transmission properties ; for instance if tj i s  smooth

enough (let say J EH2 ( 12)), we should r equ i r e  the “c o n t i n u i t y ” of Vu on

(we may ask V u € H ’(Q) XH
1
(Q)).

Remark 2.1 : ~Ihis kind of f ree boundary interpretation holds fo r  the o t h e r

examp les considered in the sequel.

2.1.5. Existence, Uniqueness, Regularity of the solution.

Concerning the existence and uniqueness of a solution of (2.1),(2.2) we can

easily prove

Theorem 2.1 Assume that r is smooth and that ~P€ H
’(c2), g€ H ~~

2(I’) with

a.e. on r

then (2.l),(2.2) has a unique solution.

Remark 2.2 The above theorem holds for f€ (H
1 (Q))’ and for fairly

discontinuous p.

Concerning the regularity of u let us recall the following classical results

of BREZIS—STMIPACCHIA [19]

If 1’ is sufficiently smooth, if , for p € 1 1  ,+~~ 
[ , f c L1’(~2) 11 (}{

I (Q))’

g = with ~ €W 2’~ (~2), then u € W
2
~ 1’(~2).

Actually the above results have been refined by BREZIS [12] ,[13] and very sophis-

ticated properties of the solution and of the free boundary have been obtained

by Lewy—Stampacchia , Brezis , Kinderlehrer , Nirenberg , Schaeffer , etc...

2.1.6. Finite element Approx imations of (2.1),(2.2). (I) Piecewise linear

Approximations.

We consider in this subsection conforming finite element approximations of

order one of the obstncle problem (2.I),(2.2). Piecewise quadratic approximations

are considered in Sec. 2.1.7 and non conforming approximations of mixed type in

Sec. 4.

—15—
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We assume for simp licity that 12 is a bounded polygonal domain of R
2
.

We assume also tha t ~ € H1 (s]) n C°(~i), g € H’ 1f2 (1) n c°(r) . We introduce then

a standard triangulation ‘Ch of ~2 such tha t

U T = c i
T€ t~

with as usual , h = length of the largest side of

Let define now

Eh 
= {pc~ j, P vertex of Te

Eh 
= { Pe Eh , Pdr} = Eh n

~
].

We approximate then H
1 (c2) and K by respectively

(2.7) Vh 
= CVh

€ C°(Th, Vh I T
€ P1 V T€ 

~~~~

(2.8) K
h 

= {vh€ Vh ,  vh (P) � ~j~(P) VP€ Z
h~ 

vh(P) = g(P) VP€ E
h n ~

}

where in (2.7) and the sequel (for k� 0) 
~k 

= space of polynomials in two

variables of degree � k.

Finally we approximate (2.1), (2.2) by (2.8) and

Find uhE Kb such that

(2.9)

Vuh
.V(vh-uh)dx 

� J ( _ ~)~ Vvh€ 
~~~~~

•

Proposition 2.1 The approximate obstacle problem (2.8), (2.9) has a unique

solution.

Concerning the convergence of the approximate solutions as h 0, we refer

to GLOWINSKI [53, Chapter 4, Sec. 2] for the case where u is not very smooth.

Below we shall briefly consider the derivation of error estimates, in the

H
1 (cz) norm , if u ,4~, ~~cH

2([2 ) .  We follow very closely the analysis of BREZZI—

HAGER—RAVIART [21, Sec. 4] (in which a(u,v) I Vu Vv dx + uv dx) .
Jç~

—16-

- 5 ---  - 5--- - , --—-. . , 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~ - ,~~~~~~~~~~- - .~~~ --, . . -



To ob~~:tH t he se  er r o r  e s t i m a t e s  we need the  f o l l o w i n g

Lemm a 2 . 1  : Assume that u c H
2(Q) ; h

(2.10) - 
~u - f�O a .e .  on

(2.1 1) (-~ u-f) (u-~4i) = 0 a.e. on

Proof see BREZIS [14].

Lenmia 2.2 : Let u and U
h be respec tive l

y solutions of (2.1), (2.2) and (2.8),

(2.9). Then

(2.12) 1(u
h
-u ,uh

—u) �a(u
h
—u ,vh

—u)+a(u,vh
—u
h
)— 

J
f(vh

—u
h
)dx Yv

h €Kb .

Proof : Following BREZZI HAGER RMIART [21 , Theorem 2.1] we have Yvh
EK,

fl

a(uh-u ,uh—u) = a(uh
_u ,vh

_u)+a(u
h
_u ,uh

_v
h
) =

= a (u
h
-u ,vh~

u)+a(u,vh
_u

h
)_ f(v

h
=u
h
)+ 

J
f(v

h
_u
h
)dx_a (uh)vh

—u
h
).

Since vh obeys(2.9),we have

f ( v
h
-u
h
)dx_ a(uh,vh

-u
h
) �O

which combined  w i t h  the above equation implies ( 2 . 12 ) .~~

We prove now

Theorem 2.2 If f € L
2(l1) ,~ € H~ (~1), g , € H~ (~]) and if the ang les of

‘
~~ h a re  bounded be l ow by O~ > 0 , independent of h , then

(2.1 S) U
h

_ U I )  
I 

= 0(h )
H ( c ~)

~~ er ~ ii and u
h 

are respective ly solutions of (2.1), (2.2) and (2.8), (2.9).

—1.7—
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Proof : We f o l l o w  aga in  BREZZI HAGER RAV IART , l o c . e i t . ,  lheore! r ‘..I ( : ~ee .~1so

FALK 4 8 ] ) .  We have f rom Green ’ s f o r m u i a

(2.14) a(u ,v) = J Vu Vv dx = — J ~u v dx +J ~~ v dF V v € H ’ (1.).

Since vh
_u

h € H
~~

(Q) V vh e K .
fl 

i t  f o l l o w s  then  f rom ( 2 . 14 )  t h a t

(2.15) a(u ,vh
_u
h
)
~ J

f(vh
_u
h

)dx = J (- ~
u - f ) ( v h —u h )dx  Y v h e K h .

Let lt
h be the operator of Vh 

interpolation on E
h
. Then since QCR

2 
we h ave

H
2
ffl) C°(?~) and u € H

2
(cl), u�~~ on [~ imp ly

(2.16) ¶
h u € K b .

Taking Vh 
= 

~~h
t1 in (2.12),(2.15) we obtain

( 2 . 1 7 )  a(u h
_u ,uh

_u) � a(u
h
—u ,

~ h
u—u)+J (—

~
u—f)(

~ h
u—u

h
)dx

Observe tha t

(2.18) 
~~~~~~ 

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Let w = — tx u — f ; then w € L
2
([~) and from (2.18)

w(rr~,u—u~)dx = w(ir~u—u)dx + ~~~~~~~~~~ + w (u-~P)dx +
Jç 1

(2 .19 )

+ w(ir~~ —u~ )dx

Since Lemma 2 . 1  ho lds  we have w � 0  a .e .  and w ( u — ~ ) = 0 a.e. ; moreover since

uh € K .
fl 

we have rh1J) uh~~
O on ?~. It fo l lows  then from ( 2 . 1 9 )  t h a t

(2.20) J w(
~ h

u-u
h
)dx �Ijw j I 2 ~ ~~~hU U f l  2 

+ 

~~~~~ ~ )L (~2) L ([~) L~(Q)

Since u,I~ € H
2(çl) we have (since the ang le condition holds)

( 2 .2 1 )  � Ch h u l l  2 ,lHhu-u h I 2 
� Ch 2 h u h 2 ‘

H (~ ) H (~
) L (12) H (Q)

—18—
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(2.22) ~ 
~~~~~~~~~ i ~ C ~~~~~ ‘ 1

~~h~~~~
’ ~

‘

h H (
.

~~~ 
H5- (Q) L (.~) Fr (h )

where th e  C ’ s are indep endent of h ,u ,’~

It follows t~~ n from (2.17),(2.20)—(2.22) that

(2 .23 )  h U h u J 1 ,12 = 0(h )

where
1 2 1/2

Iv I j 12 ~ lVv I dx)

(and where below hl v lh 1 12 = hI v II ).
H(~2)

To estimate IIUh U II I Q  we observe tha t , since 12 is bounded

(2. 24) I h v lh 1 ,12 ~ C l v h  1 ~ Vv € H
1 (12) , C independent of v.

It follows then from (2.24) and from u
h~

lT
h
U€ H’ (ç7) that

hu h u hh i 12 � h I Uh~
1ThU hI 

1 ,12 
h I Tr h~~~h I 

~~~~~~

(2.25) � C Iu h~
rrhuI l 12 

+ Il~r~u— uhl 1 1 2

� C l u h — u I 1 1 2  + C h u ~~ hu I l 12~ 
hl ~ h u u I1 1 1 2

Then (2 13) follows clearly from (2.2!),(2.23),(2.25).

To our knowledge the first 0(h) estimates for hb u b_ u t h  have been ob tained ,

f or p iecewise linear approximations, by FALK [46] and then MOSCO—STRANG [72]
These works have been followed by FALK [ 4 7 ] ,  [48 ] (see also GLOWINSKI—LIONS—

TREMOLIERE S [57 , Ch. 1], CIARLET [33]). In our op inion one f i n d s  in FALK

[48] the most complete analysis for piecewise linear approximations , since

it also considez~ non convex and/or non polygonal 12. The problem of obtaining ,

via a generalization of the Aubin—Nitsche trick , L
2
—estimates (of optimal

order) is not completely solved yet ; however for some partial results in that

direction see NATTERER [76], MOSCO [70] and the references therein.
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To conclude with piecewise linear approximation , let us mention that under

suitable hypothesis BA I OCCH I 4 1 (r e s p .  N I TSCH E [77 ] )have  ob ta ined  f o r  t he

o b s t a c l e  p rob l em h u h — u I I  = O(h2 C ), c > 0 , a r b i t r a r i l y  smal l  ( r e s p .

2 
L (12)

h l u h u h l  = 0th Log hr)).
L (12)

2.1.7. Finite Element Approximations of (2.1), (2.2). (II) Piecewise quadratic

approxima tions.

With Eh~ 
Eh 

as in Sec. 2.1.8 define

{P€~~ , P midpoint of a side of

p~~~r}

0 0 0

— E u E’ E” — E E’h h h ’ h h h~~

We approximate H
1
(12) and K by

(2.26) Vh 
= {vh € C °(

~
) v~ 1~~€ P~ V TE

~~
’
h
}

(2.27)~ ~~ {v
h€ Vh vh(P) 

� ~j)(P) y P€ Z~~, vh(P) = g(P) yP e E~ ~ 
r}

(2.27)2 Kh 
= {vh € vh vh

(P) �i~(P) Y P € E ,~ , vh
(P) = g(P)  V P € E ~~n F }

We observe that in K~ the condition vh
(P) � 1J)(P) is only required on the side

midpoints.

We approximate the obstacle problem (2.1),(2.2) by

Find u~ € K~ such that

(2.28). . .J Vu
~~
V(vh-u~

)dx � 
J
f(v~-u~)dx VV h E

~~ 
,

where i=1 ,2.

Proposition 2.2 The approximate problems (2.28). have a unique solution.

Concerning the convergence of the approximate solution we refer to GLOWINSKI

[53] where u r n  hl u~—u II ~ = 0 is proved , for i=1 ,2, assuming the usual angle
h+0

condition . The error estimates analysis is much more complicated that with

k=l , and we refer to BREZZI—RAGER—RAVIART [21] where under suitable assump—

-20—
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ti ons on ~~~~~~~ and the free boundary, one proves t hat V i= I ,2

II u~~u I I  = 0(h 312
~~ ) , c>O a r b i t r a r y  smal l ,

H ( 12)

i f  the  ang le  c o n d i t i o n  h o l d s .

2 . 1 . 8 .  Conc lud ing  Remarks.  F u r t h e r  comments.

Non linear obstacle problems have been considered by W}I1TEMAN—NOOR [83] .
Concerning the numerical solution of the approximate obstacle problems we
r e f e r  to Sec. 3 . 1  where several methods of so lu t ions  are descr ibed .

2 . 2 .  The e l a s t o — p las t ic  torsion problem.

The problem we shall consider in this section is more comp lica ted than the
obstacle problem of Sec. 2.1 . It is related to the elasto—plastic torsion
of a cylindrical bar of infinite length. It is a fairl y simple plasticity
prob lem but i t  is of g reat  i n t e r e s t  from both t heo re t i ca l  and numerical
p o i n t s  of vi ew .

2 . 2 . 1 .  Formulation of the continuous problem.

Let 12 he a hounded domain of with  a smooth boundary r = . We consider

Find u K such that

( 2 . 2 9 )

J Vu•V(v-u)dx � J f (v — u) dx
12 12

where f ~ L
2
(12) and

(2 .30) K = {v e H
1
(12) IVv I � 1 a.e.}

We recall tha t

H~ (~~) = ~~~~~ H
1
(~~) {vhv ~~ H

1
(Q) , v=0 on

Remark  2 . 2 : Since the bi linear form a ( . , .) occur in g in (2.29) is symmetric
( a ( t J , v) ~~•7v d x ) ,  (2 . 2 9)  i s  indeed  eq u i v a l e n t  to the m i n i m i z a t i on  p rob lem

— 21--
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F i n d  u t K such that

(2.31 )

J ( u )  ~ .J(v) Vv cK ,

where J(v) = 

~ J jVv~~dx — J fv dx.

2.2.2. Physical interpretation.

Let consider an infinitel y long cy lindrical bar of cruss section h , wL re

is simp ly connected.  Assume t h i s  bar is made of an i s o t r o p ic, e l a s t i c ,

perfectl y plastic material whose p lasticity yield is give n by LI~~ Von M i ses

criterion (see DUVAUT—LIONS [45, Ch. 5] , for a general discussion of p l i s r i —

city phenomena). Starting from a zero—stress initial state , an increasing

torsion moment is app lied to the bar. The torsion is characterized by i~~s

tors ion ang le per un i t  length C. I t  fo l lows  then from the Haar—Karman prin-

ci p le that the stress field can be obtained through the solution of the

f o l l owi ng var ia t ional problem

( 2 . 3 2 )  Mm {-~- J hVv l
2dx — C J v  dx}

which is a p a r t i c u l a r  case of (2.29), (2.31), with f C .

The stress vector a in 12 is obtained from u by 0 = Vu. Hence u appears as

a s t r e s s  potential.

Remark 2.3 If 12 is not simp ly connected, the formulation of di e elast~~-; las ti~
prob lem has to be modified and we refer to GLOWINSKI—LANCHON [56] , G OWj~~~K J

[53 , Ch. 4 , Sec. 3.2] for the new formulatior ..

2.2.3. Exis tence and Uniqueness results. Regularity and further pr opertie s .

The condition of Sec. I bei ng fulfilled we can appl y Theorem 1 .1 . , then

Proposition 2.3 : Problems (2.29), (2.31) have a un i que solution.

For the proof we refer to GLOWINSKI—LIONS—TREMOLIERES 57, (ii . 31
Concerning regularity properties it follows from BREZ lS—STAMI ,~~CHlA h9 ~
th at if ~12 is smooth (or 12 convex) and if f j P(~~) with p � 2 thi n rh~ sol ut i . n

u of (2 .29), (2.31) satisfies

—22—
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u € W
2’~~(12) a K.

If in particular , f = const. (as in (2.32)) then u r W
2 ’
~~(Q) f o r  p a r b i t r a r y

‘arg e. If for example 12 is a disk and f = const.. then for  £ large enough

u € W
2’ (12) O H S (12) V s< .~. , but ud C

2
(~’i), ud H

3
(12).

Remark 2.4 If f const., BREZIS—SIBONY [20] have proved that the solution

u of (2.29), (2.31) is also the unique solution of the two—obstacles problem

(2.33) 

~ J IVv I
2dx — C J v  dx}

wher e

= {v€ H
1
(Q), tv(x)I �~ (x ,F) a . e .}

wi th S(x,F) = distance of x to r = 312.

Remark 2.5 For the free boundary a~~p~~rt r~f the elasto—p lastic prohle—~ we

refer to e.g. GLOWINSKI—LIONS—TREMOLIERES [57]. Actually SHAW [80] has nume-

rically solved (2.32) as a free boundary problem using finite differ ence

approximations.

2 . 2 . 4 .  Fini te  element approximations of (2 . 29) , (2.31).

We assume 12 polygonal , then we define as in Sec. 2. 1 .6 and we introduce

V h 
{v h € c ° (

~
i) , = 0 V

h I T
€ P

1 
V T E

~~~h
}

Kb = (V
h E V h Vv~1 < 1 a.e.} = K O V h

Then we approximate ( 2 . 2 9 )  by

Find € Kb such that
( 2 . 3 4 )

J Vu h V(v h
_u

h )d x 
J

f ( v h
_u

h)dx ~~
V

h

It  is clear  tha t  ( 2 . 3 4 )  has a uni que s o l u t i o n .
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Remark 2.6 Since VV
h 

is p iecewise constant , the condition v h € Kb amoun ts

to Card 
~~~~ 

quadratic constrains (IVv h I
2 
~ I on T, VT E 

~~
‘
h~ 

If in stead of

a piec ewise l i nea r appr oxi ma t ion , one uses a piecewise quadratic , requiring

I VVh I ~ 1 a.e. then vh € Kb would amount to 3 Card(’C’h ) q u a d r a t i c  c o n s t r a i n t s

(see GL OW INSKI—L IO NS — TREM OLIERES [57 , Ch. 3] f o r  more d e t a i l s) .

Remark 2 . 7  : The numer ica l  ana lys i s  of ( 2 . 2 9 )  via ( 2 . 3 3 )  is done , if  f = const.

in GLOWINSKI-LIONS-TREMOLIERES , b c .  cit., Ch. 3.

H
1
(Q)Convergence anal y s i s  : Since .8<12) n K  0 = K (where .~ (12) = { v € C  ( 12) ,

v has a compact support in Q}) we can prove using the general approx imation

results of Sec . I that

(2.35) u r n  h U h u 11 1 ~ 
= 0

if the ang le condit ion holds.  For the proof of (2 .35)  and of the above dens i ty

result see e.g. GLOWINSKI—LIONS—TREMOLIERES , b c .  cit., Ch. 3 and GLOWINSKI

[53 , ch. 4, Sec. 3].

Moreover if f ciY(12) and u € W 2’~ (12) with p > 2 , it is proved in FALK [46]

(see also GLOWINSKI [53w Chap . 4, Sec. 3] ) that

(2.36) IIUh UII I 1 2  = 0(h~
” 2

~~~’)

In FALK [ 46] one also considers the case where 12 is non polygonal .

Remark 2.8 : If 12 CR then f € L
2
(12) implies that IIU h_uII I ,12 = 0(h) , instead

of (2.36) .This result is related to the fact that in the monodimensional case

the p iecewise linear in te rpo la te  of •v € K  is s t i l l  in K , which is no longer

true in 1K2

The iterative solution of the approximate problems is discussed in Sec. 3.2.

2 .3 .  Flow of a Bing ham med ium in a p ipe.

We have considered in the two previous sections , examples of EVI ’s of the first

kind . In the present sect ion we shall d i scuss  an EVI of the second kind re la ted

to the f l o w  of a B ing ham ’s v iscous—p last ic medium in a p ipe. Th is section fo l lows

GLOWINSKI 54] and GL O WINSK I— LIO NS—TREM OLIERES [57 , Ch. 5] (see also DUVAUT —

LIONS [45, Ch. 6]  fo r a more precise mechanical interpretation) .
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2 .3.!. Foruntla t iOn ot - the continuous problem.

Let d be -t bounded domain of ir with a smooth boundary r = ~ 12. Let de f ine

j(.) by

(2.37) j (v) = Ivv h dx
J Q

j(.) is Li p s c h i t z  cont inuous  but not d i f f e r e n t i a b l e .

Let consider now the following EVI of the second k ind (wi th  f€ L
2(12) )

F ind  u € H
1 (12) such that

( 2 .38)

Vu • V (v -u)dx  + g.j (v)-g j (u) � f f(v-u)dx V v € H ~(Q)
12

whi ch is equivalent to

(2.39) M ti ~ {
~ J Vv~

2dx + gj(v) - J fv dx}
vd1 (12) 12 12

Assuming that p > 0 and g � O  if follows from Theorem 1 .2  of Sec. 1.4  that

P r o p o s i t i o n  2 . 4  The two equivalent  problems (2.38),(2.39) have a unique

solution.

2.3.2 . Mechanical Interpretation.

If f = const. = C ( C > O  fo r  examp le) it fol lows from LIONS—D UVAU T [4 5 ,
Ch. 6] that (2.38),(2.39) models the laminar stationary flow of a Bingham’s

v i scous  p las t ic f l u i d  in a cy l indr ica l  p ipe of cross section 12, wi th u (x)

the veloc i ty  at  x .  The above constant  C is the linear decay of pressure

and p,g are respect ivel y the v iscos ity and the plasticity yield of the
med ium .

The above m edi um beh aves l i ke  a v iscous  f l u i d  (of v i s cos i t y  p) in

= (x ~~x c 1 2  , IVu(x) I > 0 )

and l i k e  a r ig id medium in

c 2, V u (x)  = o)

—25—
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We refer to MOSSOLOV—MIASNIKOV [73) , [7 4] , 1 75] ~ or  o det~~i l u d  auolv sis ni
+ 0the properties of 12 and 12

2.3.3 . Regularity properties. Existence of multi p lier s.

Regularity properties : Concerning the regularity of the so l u t i o n  u . 1  (2.~~~),

( 2 . 3 9 ) , H. BREZ I S [ 15]  has proved tha t  u € H
2 (12) a H

1~( 12) and also i f  ~ is u o n v e~

(2.40) h i u l I 2 
< 

~
-
~~- II ~ I I 2H (12) L (12)

2 co s 5If 12 is a disk and f = const. then we have u € V ‘ (12) n H (12) V S K ~~
- , cut it

g is small enough u ~ C
2
(~ ) ,  u ~h 1l 3 (c2) .

Let mention also that if g is large enough then u=0.

A charac terization involving multi pliers Let define

A = t q j q € L
2
(12) x 1

2
(12) , q(x) I � 1  a.e.)

where I~ I = ~~q~ +q~ . It follows then from e.g. GL0WlNSKl—LI0NS-TREMOL1I~RE S
[57 , Ch. 5] that the solution u of ( 2 . 3 8 ) , ( 2 . 3 9 )  is characterized by the

exis tence of p such that

Vu•Vv dx + gJ p V v  dx = J fv dx

(2.4!) 12 12 12

u € H ’ (12)

p’Vu = Ivu l a.e.,
( 2 . 4 2 )

p e A

2.3.4. Finite Element approximations.

Since the regularity of the solution of (2.38), (2.39) is usually low we jus

concentrate on p iecewise linear approximations. Let assume that 12 is a pol .’n

domain .  Then we d e f i n e  
~~h as in Sec. 2 . 1 . 6 .  and V h as in Sec. 2.2. 4 ., and w~

approximate (2.38), (2.39) by

—26—
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Find u V such tha t  V v  c V— h  oh h oh
(2 . 43)

Vu h
.V (v h

_u
h )dx  + gJ IVv~1 Idx 

- 
gJ Vu

1~~dx J t ( v 1
-u~~ dx

4- The approximate problem (2.43) has clearl y a uni que solution . Concerning

the convergen...e of uh to u as h -
~ 0 we have

Theorem 2.3 Assume that the ang les of ‘
~~h 

are uniform ly bounded from

below by 00
>0 , a s h  -

~ 0, then

(2.44) bim lluh-uI~ , 
~2h-*O

If fu r thermore u eH 2(12) , then

(2.45) h u h_ u I1 1 ,12 = 0(h 112
).

Proof : We follow CLOWINSKI [54]. Taking vh
_O in (2.43) we obtain

(2.46) IUh I~~,Q
� 

~ Il f If 2
(Q) 

IIU h II 2

Since 12 is bounded I”!l ,Q = (J Q jVv l
2dx) 1

~~
2 def ines  on H~ (12) a norm equi-

valent to 11 v 11 1 ,12 . We have moreover

2(Q) 31fl IV I I ,Q Vve H
1 (Q)

(2.47) o

= smalles t eigenvalue of —A over

It follows then from (2.46), (2.47) that

(2.48) l uh h I Q  
~ ~~~ ~~~ L

2(12)

In other respec t we do have

Vuh V (v h
_u

h )dx + g j(v~)..gj(u~ ) � 
J
f(v

h
-u
h)dx V V

h
C V

h

Vu V(u
h
_u)dx + gj(u~ ) -gj (u) � 

J
f(uh-u)dx

and hence by addition we obtain

—2 7—
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(2.49) Pl u~~ u I 1 Q ~~g J ( v h)~~~J (u)+PJ 
Vu

h
V(v

h
_u)dx_ 

J
f(v

h
_u)dx VV h

CV h .

From (2.48),(2.49) and

(2 . 50 )  j (v) = J lVv I dx � I meas .(12) I v I 1 ,12 V v e H~ (Q)

we obtain

(2.51) hu h
_ u I

~~,Q 
� (g v’meas.(Q) + .

~,7~~~~h h f h l 2 )lv h
_uh l Q Vv

h
EV

h

Let 4~ .D~ Q) ; we denote by ~~~ 
the V

Oh
_interpolate of ~ on ‘

, i.e.

~h~~~~ oh

= V P vertex of

Since the angle condition holds we have

(2.52) jrh~~~~l ~ 
� C~~$~ j 2 h Vt~ e

11 (12)

with C independent of h and ~~ .

From (2.51),(2.52) and from the triangular inequality we obtain , taking

Vh = ~~~ 
in (2.51)

(2 .53)  
h u h u h~~ Q � ( ,/ meas.(12) + 

L~ (Q) 
)(I~—u I l ,Q+CII~ II 2(Q)

h)

V~ € .D(12) .

Since b(~ ) is dense in H
1
(12), (2.53) imp lies clearly (2.44) . To prove (2.45)

we use directl y (2.51) ; indeed if u € H
2
(12) nH

1
(12), then u € C °(12) and

can be defined. We have furthermore

(2.54) I~ hu u I  I 12 C h H u l l 2
‘ H (~~)

Then taking V
h 

= in (2.51) it is clear that (2.54) implies (2.45). Q.E.D.

-23-
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Rern.i rk 2.Y Assuming some extra—r egularity assumptions (satisfied if 12

is a disk and if = i.ou~ t .) , it is shown in GLOWINSKI [53 , Ch. 5], 54]

t h a t

lu h ufl~ ~ 
0(~~log hl

h / 2 h)

Iter ative methods for solving (2.38) and (2.43) are described in Sec . 3.3.

2. 4. Error estimates of optimal order for the elasto—plastic torsion and

Bi ngham ’s flow problems via a new formulation.

In t h i s  Section we shall  briefl y describe some of the results of FALK—MERCIER

[49 ] , who via a new variational formulation of the problems in Sec. 2.2,

2.3 have obtained error estimates of optimal order.

2 . 4 .!. The elasto—p lastic torsion problem.

We consider again the elasto—p lastic problem of Sec. 2.2. We assume that

12 is simp ly connected (which corresponds precisely to the physical  problem) .

Then

P r o p o s i t i o n  2 . 5 .  : Assume that  12 is simp ly connected , then the va r i a t i ona l

p rob lem ( 2 . 2 9 )  is equiva len t  to

Find p € A a H such tha t

(2.55)

J p~~(q -p )dx  � J ~~ (q—p)dx Vq €

12 12

where ~ = ~~ ‘~ 2~ 
is any solution-of f = ,1~_-L — -

~~
_

~~
- and where

( 2 . 5 6 )  ‘
. = (q € L2(12) xL 2(12) , l~ l � I a.e. on 12)

(2.57) H = {qeL
2
(Q) xL

2
(Q) , J q~Vw dx = 0 V w E H

1 (12)}
12

The s o l u t i o n s  ,t of (2 .29 ) and p of (2.55) are related by

- i t( 2 . 8) p = {
~~

—— , — 
~
—

2 1

—29—
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Remark 2 . 10  : It is clear that q • H is equ ivale nt to

q € L4(~~) x

= 0 a.e . on 12, q•n = 0 a.e. i n

where n is the outward unit normal vector at 12.

Remark 2 .11 11 f = const. C , one can take

= Cx
2 ~~ 

= 0

If f is no t cons tan t and ~Q smooth or 12 convex it is always pos sible t

2 1
construc t from f eL 

~~~~~~~~ 
~ I ’~ 2 

e H  (12) such that f ,
~
._-_!_ — 

~~
_—

~~
- . For in~ t atc e

x2 x 1we solve

Au 1 onQ ,0

u e H
1 (Q)

which  produ ces u € 112( 12) a H I
. It suffices then to take

~ 1 5~~ ‘~ 2 
=
~~r—

The approximate problem For simplicity we assume that 12 is a polygonal

bounded convex domain of R
2 

; let 
~~

‘
h 

be a triangulation of 12 like in i t t

above sections. We approxi ma te H 1 (12) , L2(12) x L2(12) and H by respectiv ely

Vh 
= (v

h
eC (12) v1j~.f

€P
1 VTeç },

Lb 
= C L

2
(12) x L

2
(c2) , ~~ CR

2 
VT €

= {q~~€ L ~ , J q h
.vw

h 
dx = 0 V w h e T

h
}

Then we approximate (2.55) by

Find ph € A
~~~ h 

such tha t

(2.59)

� J (~~~ P1)~~ V q~ r A n  11~~.
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The approximate problem (2.59) has a uni que solu tion and it is pr vud in

FALK—MERC [ER [49 1 that if some convenient prop erties of u and p h o l d  t o g e t h e r
with the usual angle condition , then

(2 .60)  hl p,~—p hI 2 2 = 0(h )
L (12)~~L (c2)

If for  example f = const., which correspond to the phy sical pr obl em , then

(2.60) holds. We refer to FALK—MERCIER , b c .  cit. , for more details .

Concluding remark : In conclusion by a change of formulation an error estimate

of optimal order have been obtained. It seems however that (2.59) is more

complicated to soh’e numerically than (2.34).

2.4.2. The Bingham ’s flow problem.

We consider now the Binghain’s flow problem of Sec. 2.3. Then we have

Proposition 2.6 The variational problem (2.38) is equivalent to

Find p € H such that

(2.61)

p (q-p)dx + g j ( q )  - gj(q) � J ~~ (q-p)dx V q c H
12 12

where ~ and H are like in the statement of Prop . 2.5 and where

j (q) f qldx

The solutions u o f  (2.38) and p of (2.61) are related by

r~~U at1p ~~~~~ , —

~x2

The approximate problem : With Vh , Lh , Hb as in Sec . 2 .4 .1. we app roximate

(2.61) by

Find 
~h 

~ 11
h such that

(2.62)

p~~~~q~ —p~ )dx + 8i(~~) 
- 

~~~~~~ ~.(q~~ p~ )dx V~~~ c H
h
.

— 31—
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The approximate problem (2.62) has a unique solution and under suitable

assumptions on u and p it follows from FALK—t4ERCIER (49] that

IIP h PU 2 2 = 0(h )
L (Q)xL (12)

(we still assume that the angle condition holds).

The concluding remark of Sec. 2.4.1. still holds for (2.62).

2.5. Further problems.

We have not considered in this paper the numerical analysis via finite

elements of problems like

Find u c K such that
(2.63)

J Vu.V (v—u)dx � J f(v-u)dx12 12

wi th

K = {v€ H
1 (12) , vj = g , v�iji a.e. on F

1 }r
0

where F and are such that F a = 0 , F u F
1 

= ~ 12 , or l ike

Find u e H
1 (12) such tha t

(2 .64 )

J Vu .V (v -u )dx  + j(v) - j(u) � 
J

f(v_u)dx V v € H
1 (12)

wi th

j (v) = g( lv l d r

For finite element approximations of these problems by conforming methods

we refer to GLOWINSKI—LIONS—TREMOLIERES [57 , Ch. 4] , GLOWINSK I [53 , Ch. 4],
SCARPINI—VIVALDI [79], MOSCO [70], BREZZI—HAGER—RAV IART [21], etc...

—32—

— -5-- - -- -- - 5 . - — - -- - - - 5 - , - - -5— - -—--—------- .- 



F - — —,—.--.---—------———--——--—.-—,--—--——-—-—.

~~~~~~~~~~~~~

,.—-—-— -——- .—--

~~~~~ 

—

~

-. - ..—T— .~~-~~~~
-- .-- -“ -- - --5,.—,

— ITI- ’ a.\ tIVI . Ml- . I hhi~~
-
~ ~~~~~~ S~ l.V I NC THE APPROXIMATE VARI.\’FIONAL INEQUAL1T II’ S

.2 .

In ~h iis s. v t j o f l  wu sh al l ~ ive some brief indications on the actual solution

f tic appt - ’a x i~’1tct probl ems of Sec . 2 by iterative methods. For more details

and t i o r  app i ~ . t  ions , wi refer our readers to CLOWINSKI LIONS TREMOLIERES

[5] ) , IR ENt)I 1ERES [81], GL OW INSK I [55] , MERCIER [69 ] ,  the r e f e r e n c e s

t i t e r u i n  and tIle ret~~rences below . In fact the methods to follows are closely

reLi t ~~I to Non Linear Programming .

3 . 1 .  [ t e r t t i v o  solution of the obs tac le  problem.

3 . . I . dr I ii t at ion

The obstacle pr ibl em of Sec. 3.1 and its variants (possibly involving non

sytru netri c t (. ,• ) )  mi v be solved by several methods. We shall concentrate

on S.O.R. with truncation (see Sec. 3.1.2), duali ty (see Sec. 3.1.3) and

givu some i ndic ation ‘n the use of penalty methods in Sec. 3 .1.4 .

A tu a lly solution of discrete variational inequalities based on the so—called

Conip l’~ urit arit y Methods have been studied these last years ; in that direction

we ~~er to e.g. COTTLE [38], [ 39] , COTTLE GOLUB SACHER [40] , MOSCO SCARPINI

In our opinion these methods are less effective (at least for most

discrete 1V 1 ’s) than the methods of Sec. 3.1 .2, 3.1.3 and will not be

C r1 5 ide roi l a. ro

3 .1 .2 . ~othods of S.0.R. with truncation.

These methods have been by far the most popular for solving discre te obs tacle

problem s and are in our op inion the simplest to program and the most economi-

cal in term ‘ t  computer storage .

The various discrete obstacle problems we have discussed in Sec. 2.2 are in

f a c t  p a r t  i c u l a r  oases of

(3.1) Mm -
~

- (Ay ,y)—(b,y)}

where in 3 .I = 1 ’ ” ~
’N~ 

ER
N 

, A is a N x N  posi tive definite syusnetric

r - l trix , (x , ) 

~=1 
b c F N and

—33—
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(3.2) C = 

~ i ~~~ ~ b. V i = l ,...Ni

with a. ~ b . Vi = l ,...N. Some of the a ’s (resp. b ’ s) .ni possibl y be u q u il

to —
~~~~ (resp. +~~~) .

If A = (a..)
1 •

~~~ 
then a typical S.O.R. + trunuation algorithm is

- o N
(3.3) x €R , arbitrary given ,

n ni- I n
assuming x known, one computes x from x , compone t_ b y ouiti pott cct is

follows

For i=1 ,... N , compute

( 3 . 4 ) . ~?~~
/2 

= tb .- ~ a. .x~~~ - a.. x~ }1 1 a.. 1 . . 1 33 . . ij j
11 3< 1  J > i

(3.5). ~~~~ = P.(xt~ +

with P.(y.) = sup (a., inf(b.,y .)).

About the convergence we have

Theorem 3.1 : If 0< w < 2 , then Vx0 ER
N
,

n
lint x = x

n ++

where x is the uni que solution of (3.1).

For the proof of Theorem 3. 1 we refer to CRIER [42], CEA—GLOWINSKI 2~ ,~~,

COMINCIOLI [361 , GLOWINSKI—LIONS—TREMOLIERES [ST , Ch. 2]. In s i c  of the

above references generalization to block algorithm s in Hil btI rt spaces tr ~

also considered .

Remarks on the choice of w : It appears that the opt ivi l  V t  l ilt 
~~~

(i.e. this giving the fastest convergence for a g iven norm) is a Ina -t ion

of C and b. Therefore for the discrete obstacle problems dis orri - sed ali ve

i t w i l l  be a function of f ,g,t~.

—34—
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In practice several strateg ies (ifl be used ; ri o can o i  t het use the opt r oi l

w of the corresponding linear probl em (Ax b) , or app l y the Y ‘iiri ~’. ’ s moth 2

(see VARGA [83], YOUNG 8Li]). Actually the last method has given very good

results even for matrices A which are not M—tnatrices.

Remark 3 .1  : In practice , when using S.0.R. with truncati rn to solve dis-

crete obstacle problems , the first components of to converge are those

for which the discrete soiution coincides with ~ . it appears in fact triat

most of the computational time is used to compute the approximate solution

of — 
~u = f on = {x € 12, u(x) > iLi(x)}, with ~~~~~ = as boundary

condi tions. And indaed we have observed that the optima l value of ~ corres-

ponds to the optimal choice for the approximate solution of the correspon-

ding linear Dirichlet problem on 12
k
.

Concluding comments : The main advantages of S.O.R. methods with truncation

ar .1 that :

— they are easy to pr ogram
— they require few computer storage ,

— they have however some drawbacks which are that they are mainly

limited to second order potential problems . Indei~ they usually

show a f a i r ly slow convergence when app lied to the solution

of obstacle problems related to A
2 

or to elasticity coerators

( the block var ian ts of al gori thm (3.3— (3.5) are not so easy to

program since the truncation has to be replaced by a more comp li-

cated projection step).

3.1.3. Solution of the obstacle problem by duality methods.

Several dual prob lems may be associated to the obstacle prob lem .~.1),(2 .2)

(see Sec. 4 below for one of them). Among these dua l formulations the f~~1lo—

wing is well  su i ted  fo r  compu ta t i ons .

Let de f ine

A = f~~c L 2
(Q), p � 0  a.e.}

V
g 

= (v€H
1
(12) v=g on

— 3 5 —
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and a lag rangian functional ~ : H (L) X L  (12) -

~ R by

= ~ J )VvLdx_J fv dx - 
J
u (v-~ )dx

Assume that the solution u of (2.1),(2 .2) belongs to H
2
W), then ~ = —Au—f

is the unique solution of the dual probl em

(3.6) Max Mm ~~(v,p)
p€A v€V

g

moreover we can easily prove that ~Iu ,X} is the unique saddle—point of ~ over

V xfl
g

From these properties we can use the Uzawa’s al gorithm discussed in GLOWINSKI—

LIONS—TREMOLIERES [ 57, Ch. 2] which takes the following form

o 2 . . o
(3.7) X € L  (12), arbitrary given (X = 0 for ex.)

n . n n+ l
then for n � 0 , assuming A known we obtain u and A by

— Lxu~~
’’ f A ~

t
~~~~Q

(3.8)
n+lu g on~~ 12,

(3.9) A’~
41 

= p (A ’~+p (ij~—u~ ) )  ~~>0

where

Sup(0 ,p)

Using GLOWINSKI-LIONS—TREMOLIERES [57 , Ch. 2] we can prove

2 o 2
Theorem 3 .2  : Assume t ha t  u c H  (12) , then~~~A € L  (12) we have

l im ~~~~~~ 
= 0

H (12)

if O < p < 2 8
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I, - Aw = I’ w in - ‘

1) on

s

I )  i f ~rre uses A° 0 we have observed that the smallest is 120 = {x€12 , u(x)4(x)},

t i r e  f a stest is the  convergence.

2) i l~e a b oV e  method (in its discrete form) is very well suited to users having

at their disposal finite difference or finite element elli ptic solvers.

3) Ano ther advantage of this duality approach is that it gives directly A

whose Mechanical interpretation is interesting since it is the reaction

force ot the obstacle on the membrane .

3) Variants of the above algorithm have been successfully used witri A rep laced

by A
2 

or elasticity operators.

3.1 .4. Solution of the obstacle problem by penalty methods.

Like in Sec. 3.1.3 . we shal l  focus  our a t t en t ion  to the continuous obstac l&

prob lem whose formalism is simpler.

Wi th V like in Sec. 3.1 .3. we consider
g

(3.10) ~~~
g

{ ~ J Vvl
2dx - 

J12
fv dx + j

~~
(x)}

‘~ i t i-i

( 3 . 1 1 1  jc (v) = ~~~ 
J~~(~_v ) +

I
2dx

where q = sup (O,q)

Tie- m inimization prob’em (3 . JO) is in f i t  equivalent t the N’n Linear Dirichiet

~ crib len

—3 7—
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V -

— 0 — i ( r -u) 
+ 

= ~u ~l ,

(1 .12)

u g on 1t2 .

(d u e  erning the - uvi rgence Ii u t -  tb , solut io n u ot (2. 
~ 

(.:.2) ‘,-,e 051

p rave t i l l t

u r n  ~u — u ~ = 0
H (~2~

The ri-al lin ea r p r o b l e m  (3.10) . (3.121 (in tact its dis . rote variants) c- ,ii

be solved by various methods , li ke e. g .  N.~~ linear S.O .L~.,Conjug~ t~ ~,rad e~~t

with_ Scaling (ci. ~~N LS—doLUB—O ’LEAR Y [37], DOUGLAS—DUPONT -‘,4~ ) u s i n g  is

scaling o lc ru t o r ’ ~ dis crete t o rt  ot  — A , or an operator obt~~~tod by

Cholesk y -enoinposit ion (see t4EIRINJK—VAN DE VORST [68] for details).

Lc!r urrefl ts  The main inconvenient of that penalty method is that ii requires

a small e to have u — u  sma l l .  Then (3.lO),(3.12) are ill—conditioned prr lens ,

l1.’wever t h i s  techn ique has been s u c c e s s f u l ly used in (iptiur al Cont rol or

Opti mal Design problems in which the state equation is replact- ri by a vari 2—

ti ona l inequality.

3 . 1 . 5 .  Other methods.

The above obs tac le  problem can also be solved b y Conjuga te  gra d i e t  ~ rth

truncation methods (see e.g. TREMOLIERES [81]) or by using .i discrete t i cc’

dependent  approach requiring at each time step t o  solution of a prob l~ -lII

o f  similar type but better conditioned .

We can also use augmented lagrangian methods (in this direction we refer to

CHAN—CLOWINSKI I 32]).

3. 2. Iterative solution of the elasto—p lastic torsion problem .

In this section we just describe one algorithm ~nd send the reader to (., ,~~~iNSt

LIONS—TREMOLIERES [57. Ch. 3] , CEA—GLOWINSKI—NEDELEC 31], 1-iiR i l~~—Gl,OVlNSkI

[ 5J , Ch. 3] and GLOWINS-KI—KARROCCO [ 58] for more det ails and/or i i i  r n e t  b0-.d- --

The problem unde r c o n s i d e r a t i o n  is ( 2 . 2 9 )  ; we a ssoc i at e to thi s p rohiro a

lagr ang ian functional ~ : H 1 (12) -
~ L (12) -

~- R def i n ed by

--- 5 - - -
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(3 .13) ~~(v ,~~) = ~ I 7v . 
2
dx — J fv dx 4 

2_ )d:-: -

- 12 12

If A f~ ~ L
’ (12) , p ? 0 a.e . } , r ica we can eas i l ’  p r o v e  hat ii { u , is  .i

saddle—point of ~ over H
1
(1~)xA , then u is Lh0 so lit i r i r  of (2.20). If i~ = ~ t i S t

the existence of such a saddle—point has been proved by 11. BREZIS [ 1 6] , for

more general f the situation is not clear at the moment. H o w e v e r  t i r e  e x i s te n c e

of such saddle—point is proved for the finite difterence or finite element

approximation of the elasto—plastic problem (see GLOWINSKI— LIONS—TREMOLILI-ftS [. 57 ,

CL. 3] and CEA—GLOWINSKI—NEDELEC [3’.] f~ r further information) . From the

above p r o p e r t i e s  it is then natural to use the following algorithm to

compute the saddle—points of ~ and therefore u

(3.14) A °€ A  , arb itra r i ly  given

n n+J
then for n � 0 compute u and A by

— V .(I+A
uI
)Vu

n 
= f in 12

( 3 . 15 )
=

(3.16) = P~ (X~ + p(lVu°1
2
-I)) , p > O

wi th P~ like in Sec. 3 .1 .3.

For the convergence of (3.14)—(3.16) see the two references above .

We observe that the solution of (3.15) require at each iteration the solution

of a Dirichlet problem whose ri ght—h dLld s~ d~ depends upon n (via A
n) .  H o w e v er

(3.14)—(3.16) appears as an efficient algorithm for solving (2.29).

3.3. Iterative solution of the Bingham f l ow pr obl em in a pi pe.

We consider in this section the iterative solution of (2.38),(2.39) . A ctuall y

the simp lest method to solve this problem is based on the characterizatio n

(2.41),(2.42) . The algorithm is the following

(3.17) p°
~ 

L
2
(Q) xL

2(12) is arbitrar ily g iven (p ° = 0 i c - ox . )

n ~n+Ithen for n � 0 one defines u and - f r om  t-

—39—
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11 , f l .
— b A n  = f + g • p in 12,

(3. 18)

=

(3.19) 
n+i 

= p (p u
4 pVu~) , p> o

where A = {q €  L
2(Q) xL 2(Q) , ~q(x)~ � I a.e. } and

= sup (~~,(q)~~ ~ qE L
2
(Q) X L

2(12)

It follows then from CEA—GLOWINSKI [30] and CLOWINSK I—LIONS — TREMOLIER E S [57 ,

C h .2 a nd 5]

Theorem 3.3 Assume tha t we have

0 <

then V
0

L
2
(12) xL

2
(12) we have

lim j~u
1
~—u~j I 

= 0
n-* +~ H (12)

- n -lit p = p in L (12) X L (12) weak—*
n~~+~

where u is the solution of (2.38),(2.39) and where p is such that {u ,p} obeys

(2.41) ,(2.42)

Remark 3.2 : The above function p is actually a solution of the dual problem

Max Mi~ ( 
~ J I~ vI~ dx - f fv dx + gJ q Vv dx}

qEA v€H0(12) 12 12 12

Remark 3.3 : More efficien t algorithms based on augmented lagrang ian techni ques

are described in GABAY—MERCIER [52], FORTIN [50] , FORTIN—GLOWINSKI [SI] ,

GLOWINSKI—MARROCCO [58]. These al gorithm s are more complicated to handle than

(3.J7)—(3.19) which is defini tely the simp ler efficien t method to solve (2.38),

(2.39) and their dis crete variants.
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4.1 - dni1 - nt a t i l l .

F r i  l o w i n g  c E Z Z I — I I A G E R — R A V  I ART [ 22 w~ shall cons ider in Lu i s se t ion m ixe r

fi nite cIrca-n t appr oximations of the obstacle problem (2.1) ,(2.2) ( Si- c  also

for r~- 1ate studi e s HLAVACHEK [61]).

For more comp i :ated variation al inequalities , solved also by mixed fi nite

eleme nt methods we refer to , e.g., JOHNSON [ 62] , [63] , BREZZI—JOHNSON—MERCIER
[ 2$ ] , - t-ddlS—GLOWINSKI [ 8 ]

4 . 2 .  A di. ii formulation of the  o b s t a c l e  problem.

It is cI , or t i r ,~ t ( 2 .  1) , ( 2 . 2 )  has also the following f ormu la t ion

( :‘+ . J )  N u n  { 
~ J q~~ dx - J fv dx)

{v , q r E ~~ 12 12

(4.2) = v ,q}EH
J (12) x (L2( 12))N , q=Vv , v=g on ~12 , v � i~ a.e. on 12).

We associate to (- ‘i .I),(4.2) the lagrang ian

= ~~ 
J ) q ~

2~~ — J fv dx + fu .(Vv_q)dx

,rt i t t e n  1 1 5 1 2 c r  th e dual problem of (2.!) ,(2.2) related to ~ , i.e.

(4.3) i-lax 
- -  M m ~~(v ,q,p)

(I.~
i L’ )’)~

’
~ {v ,q H~

4 i t - I ’ C

= { (v , q }  E M  (1~) ~ L
2(2i ) , v g  on sf2, v � ~ a.e. on 12)

Fort unately t i  explicit form of (4.3) is known and is as follows

- . - i ~~~~~~ 2 r I
H i  dx + i~ V .q dx — gq •n dF)

qeC

w jt Ii

-41— 
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( - 4 . 5 )  C = {q e H ( d i v ,Q) , ‘.‘~ q+f’ 0 a.e • (0 1

whe re

H ( d i v ,12) = {q € (L
2
(12))

N , V q  c L
2 ( 12) }

Conversel y (4.4) has a uni que solution p such that p = Vu w h e r e  u i s  t h e

sol ution of the obstacle problem (2.1), (2.2).

Hot’ i nc

A {p € L
2
(12) , p �O a.e. on 12)

then

(4 .6) q € C  ~~~~qeH(div ,12) , J (V q+f)p dx � O V p c A  -

12

4.3. A mixed appr oximation of the dual problem (4.4),(4.5)

We still assume that 12 -is a polygonal domain of R
2 

and
~~~
’
h 

a standard t i i a I r ~~. .

lation of 12 . Let consider the following approximations of H(div ,r ) ,

A , C respec t ively

Fi
b 

= 
~~~~ 

L
2
(12) xL

2(12) , ~~~~~~ ~k sidewise shore n is th~

unit normal along 3T , V.q~~I~~ EP~ }

(from the above properties H,
0
c H(div,12))

L
h 

= {p
h
EL

2 12 
‘ 
~h~T~~~k 

VTE 
~~~

Ah = A n L L (Uh E L h ‘ ~h~~
0 a.e. on 12)

C
h 

= E R
h J

(V.q~ +f)uh dx ~ 0 
~~ h 

E A 1
)

An approxima te problem of (4.4), (4.5) is

— 42—
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Find p11 E Ch 
such that

( 4 . 7 )

f P~0(~~~P~)dX + (q~ _P~ )dx � 
J~~~
(~ h Ph)~~ dF V q~~€

The problem (4.7) has clearl y a uni que solution .

An equivalent mixed formulatiuji u (4.7) is

Find h , A h) £ Hh XA h !uCh that

(4.8)  J ~h
4h 

dx + J (A
~+~)V.q~ dx = 

J g  ~~
•n d~ V~~~c ~~~~,

J (V •p h+ f ) ( p h~ A h)dx � O V P L A h

It follows from BREZZI— HAGER—RAV IART [22]  that  (4 .8)  has a unique  solution

wit!r 
~h 

solution of (4.7).

Concerning the convergence of Ph , A h as h -~- 0, BREZZI—HACER—RAVIART [22]

have proved that if (t’
h)h is a regular famil y of triangulations , if

f E L2(12), U E  H
2
(c7) (then g~ H

312
(F)), and if k 0  then

(IP L VUI( 2 ~I~~h
(u
~~ )lI 2 

= 0(h).
L (12) L (12)

2 = -The above authors have also proved that if k=I and if f € L (12), u , i D E  W ‘ (12) ,
u € W 5 ’~~(~~ ~~p € { ’ ,-’~~ [ and s <2 +~ L , then

2 h~~~’~~~~ 1 2 
= 0(h

3/2 c
)

L (12) L (12)

with E >0 arbitrary small.

Remark 4.1 : The numerical solution of (4.7),(4.8) is more comp licated than

this of the approximate problems of Sec. 2 .1 corresponding to standard confor-

ming (d i sp lacement) finite element approximations.
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5. — FURTHER COMMENTS. CONCLuSION

The variationa l rrtequality methodology appears as an efficient tool for

solving p roblems which may be originall y formulated in a more classical

way. Let u, consider two examples of such a situation .

Example I — A famil y of mildl y non linear elliptic problems.

Let 12 be a bounded domain of with smooth boundary , A : H 1 (12) + H 1 (12)
(= (H 1

(çl))’) a strongly elliptic isomorphism , f € H 1 (12) , 4) -* R , 4) £ C°, 41

non decreasing (we can always suppose that 41(o) = 0). We consider then the

following non linear elliptic problem (of monotone type)

(5.1) Au + 41(u) = f

Let define a 111
(Q) xH ’(Q) -+ R , bil inear  continuous and }1’ (Q) — el l i pt ic  by

a(v,w) = <Av ,w>

where <.,.> denote the duality pairing between H ’(c2) and H
1
(cl). Let define

also j H
1
(12) -*- R by

j ( v) = f ~(v)dx

ft
where ~(t) = 4)(T)d-r . It is clear that ~~(.) is convex , proper , l.s.c.

J o
Actually in view of solving (5.1) it is convenient to consider the following

(E.V.I.)2

Find u E H (12) such that

(5.2)

a(u,v—u)+j(v)—j(u) � <f ,v—u> V v € H
1
(12).

In CHAN—GLOWINSRI [32] (see also GLOWINSKI [55]) one proves that (5.2) has

a unique solution which is also the unique solution of (5.1) in H~,(12). We

consider also in the two above references the approximation of (5.I),(5.2)

by p iecewise linear fini te elements. This is precisely a situation in
which the convergence results of Sec . 1 .6 .1. cannot be applied (directly at

least), since j(.) is not continuous on H1
(12) in general. However the strong

convergence of the approximate solution can be proved (see the above references

for more details).

—44—
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Ex i~cp 1 e 2  — ‘ [r anson ic ,  p o t e n t i a l  f l o w s .

This i r r r b l em is far more important and difficult than the problem of Examp le I.

Itu t O r t i t  is  not  an e l l i p t i c  prob l em unless the f low remains  p u r e l y  subsonic .

The problem is to find a velocity potential 41 defined on 12 ( t h e  domain of

the flow) such that

V . (p(4i)V4)) = 0 in 12,

(5 .3)

+ convenient boundary conditions,

with

p ( 41 )  = ~~ ( 1  - JY~~ )
h/Y~~

y-I *

where p = const., v = 1.4 in air , C = critical velocity. The flow velocity

is g iven by =

I i  12 i s not simp ly connected , 4) has to obey a circulation condition given by
the Kutta—Joukowsk y condition (see LANDAIJ—LIFCHITZ [64] for more details , and
also the referenc~~ helow). Actuall y the above relations are not sufficient to

oh t ,iin onl y physical solutions, i.e. solutions without expansion shocks ; to

avoid th ese non physical solutions an Entropy Condition has to be prescribed.

We have found convenient to require

(5. 4) (A4))~~€1Y(12) V p > !

The more common value s of p are p 2 and p +~~~~. In order to solve (5.3), taking

(5 . 4) into account we have introduced the variational problem

( 5 . 5 )  Mm {f i V 4 ) ( w ) )
2dx + pJI (~ w_C)

+
I
2
dx}

where X is a set ( u s u a l l y  convex) of admiss ib l e  velocity potentials , p a posi—

t i ve  p a r a m e t e r , C a given constant  (or f un c t i o n )  and 41 (w) the so lu t ion  of the

e l l i ptic problem

45_.
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= V (~~(w)Vw) in ~

(5.6)

+ boundary conditions + ( p o s s i b l y )  K u t t a — l u k u w ~ k y . o i d i t i o n s .

Lu tact (5.5) ,(5.6) is a least square formulation of i5.3) t a k i a g  ( 5 . 3 )

i n t o  accoun t .  The p rob lem ( 5 . 5 )  wh ich  is indeed a non !iuedr f o u r t h  or . i .-

v a r i a t ional problem has been solved by a mixed finit e element met I i - ~ c~~up I~~t.s

t o  a conjugate gradient algorithm with scaling. For f s L t h t - r d e t o i 1~ we i i t e r

to CLOWINSKI—PIRONNEAU [59], [60], BRI STEAU [2 4 ] , [2 5 ] , BRISTEAU - i W I .  ;-

PERRIER—PERIAUX—PIRONNEAU—POIRIER [26] where references to i tl i e t ire thc ’or

for solving (5.3) are also given.

To conc lude this survey on E l l i ptic Variational Inequalities , let us Ira a t i a

several books or reports relevant to the subject

— DUVAUT-LIONS [45] r~~ t~~ ti~einatical aspect and ipj rl i c~~ ‘ I r S

to Mechanics and Physics.
— CEA [28], GLOWINSKI—LIONS—TREMOLIERES [s7], Gl HW I~~SEl [53],

[54] , [55], TREMOL IERE S [81] for the numerical anal ys i s

(approximation and iterative solution) .

— BENSOUSSAN—LIONS [9 ] for Quasi Variational Inequalities

— BAIOCCHI—CAPELO [6 ] , for applications to the solu tion LI

the free boundary problems related to flows in porOus Oed .l I

(for that last subject see also BAIOCCHI—COMIN (-IOLI—MM I-1 -i ~~
—

POZZI [ 7], CRYER—FETTER , b c .  cit.).
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