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PASSIVE SO~JAJ~ BEAR ING ESTIMATI ON
IN THE PRE Sr~NC~ OF HIG}~LY

A}11SOTROi~iC NOISE
FIELDS

By L. ~~. Howell

The problem of sonar bearing estimation in the presence of highly

anisotropic noise fields is examined for both conventional and optimal

array processors. In some situations, the presence of one or more (high

l evel) interfering noise source precludes bearing estimation by co~ven—

tional, non—adaptive array processors. However, in some target tracking

problems (e.g. TMA) the performance loss due to noise anisotropy is not

total. in the context of such problems, the effects of multiple, uni—

directional interferers on the conventional, split—beam tracker and the

maximum likelihood estimator are investigated for linear receivii~ arrays.~~

The performance of the maximum likelihood (ML) estimator is charac-

terized by the Cramer—Rao variance bound. A new result is obtained for this

hound which is valid for arbitrary spatial noise distributions. Expressions

for the split—beam tracker (SBT) output mean and variance are derived for

the noise model of intere8t. From these expressions, approximate theoret-

ical measures of the bearing estimation bias and standard deviattQn errors

are developed . Further statistical measures of the SBT bias and standard

deviation errors are obtained from a digital simulation of the split—beam

tracker. The effects of the degree of noise anisotropy on the ML and SBT

performance tueasures are assessed for parametric variations in the aniso—

trop ic noise component. The numerical resu~ts illustrate the coi~plex
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behavior of random and bias errors with variations in the number, separa-

tion , and position of interfering noise sources when such interferErs are

ne i the r  coincident nor totally resolvable. As might be expected, a~.isotropic

noise components at remote target-to—Interference separations ar~ shown

to have little effect on either estimator. For mean separations less thar

about two resolution beamwidths, the ~tandard deviation of error for the

ML and SI3T processors is primarily dependent on the spatial distribution

of Interference power in the vicinity of one beamwidth separatiop from the

true source bearing. The relative degradation of the SBT processor over

the ML estimator is similarly dependent. Multiple interferers bias the

SIlT estimates in the direction of the mean interference bearing with the

1)eak bias error occurring for approximately one resolution beamwidth

separation between target and closest interference. Variations in signal—

to—noise ratio and array size are also examined. Multiple 1nte~fering

noise sources do not affect the functional SNR dependence of the selected

performance metrics. A dramatic decrease in SBT bias error for all levels

of anisotropy is observed as array size increases. The standarg deviation

of error also decreases with ar -ay size with the rate of decre~~e lower for

larger numbers of interferers.
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INTRO LLJCTTON

1. 1 — Object ive

Due to its crucLa). role in “target” localization , bearing estima-

tion is th e primary post—detection , sonar—array processing task. The

bearing estimation performance of optimum and sub—optimum array processors

is well known (see references [19), [27], and [32]) for the case of a

random plane wave signal corrupted by Gaussian noise which is isotropic

and u,worreiated . In many applications, however, it is inevitable that

t h e arr iy processor will encounter anisotropic noise fields containing one

or more directional sources of interfering noise. It is the purpose of

this research to investigate the effects of a highly anisotropic noise

field on bearing estimation by optimum and sub—optimum array processors.

A highly anisotropic noise field is defined as containing both inu1~ip1e,

uuiidircrtional noise sources which are target-like in nature and ap addi-

tive is~)trop ic noise component which may or may not be spatially correlated.

The scope of this study is limited to sonar processor structures

which arc of a frozen design, i.e. non—adaptive. In essence we are assum-

Ing that target bearing is the only pertinent, unknown parameter. Thia

imitat ion sidesteps the problem of defining a suitable methodology for

i.~stimating the noise field parameters (e.g. the Widrow [35] Griffiths [11]

~r Kelliher [10] algorithms for optimum processing and MacDonald
’s ~l8) sub—

optimum processors) and the associated problems of convergence rates and

sensitivity to mismatch of assumed and actual parameters (see Ccx [7] and

Kooij Ill) ).

I



2

.2 - B. u~~~~~und

Early studies of bearing estimation performance [4], (14], [31]

addressed cases of signals known exactly except for random or unknown non—

random parameters. Brennan [4], for example, assumed a known sigpal with

random phase, obtained the Cramer—Rae bound on the mean square error of

any unbiased estimator and compared it with the performance of a øub—

opt ima ] , amplitude—comparison , monopulse processor. Significantly, he

demonstrated the efficiency of this sub—optimal estimator for large signal—

io—noisc ratios. The applicability of these and other early investigations

is limited to environments that can adequately be modeled as isotropic,

spat iall y uncorrelated Gaussian noise. In a later study , Seidman [27]

examines several error bound s on the performance of known signal—rand om

Phase bearing estimators. In addition to the Cramer—Rao bound, Seidman

obtains the Zlv—Zakai bound on the performance of any arbitrary estimator

m d  a modified form of the Ziv—Zakai bound which offers a larger perform—

ince bound on the maximum—likelihood class of estimators. He provides an

.~xcellcnt analysis of the source bearing regions over which these bounds

.rc and are not the greatest lover bounds and those regions where they

ire invalid . Additionally, the low SNR threshold below which the Cramer—

Rao bound is inapplicable is presented along with some effects that array

geometry has on these bounds. However, Seidman also restricts his analysis

to independent , homogeneous white Gaussian noise.

MacDonald and Schultheiss [19], in a comparative analysis of

‘i’timum (maximum likelihood) and sub-optimum processors, extend the bear-

ing estimation problem to broadband signals and noise. They bound the

h ’er form.Ince of the maximum likelihood estimator by the Cramer—Rao bound

~.nd derive an approximate expression for the rms error of an idealized

• . • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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3

split—beam tracker . MacDonald and Schuitheiss also invoke a spatially

Incoherent background noise model. These authors emphasize the effects

~f array size and geometry on the sulit—beam tracker performance relative

to the Cramer—Rao bound . Speclfical3.’~, it is shown that the sp lit—beam

tracker achieves the lower bound for a two hydrophone array while for a

large number of uniformly spaced hydrophones its performance is dagraded

by approximately / 47T. Furthermore, the performance of a multi-sensor

array whose geometry places ½ of the elements at each end of the array
:ichieve.s the bound exactly, assuming the noise remains independent at

every hydrophone.

In reality , isotropic noise fields exhibit some degree of spatial

.orrelat Ion, not only for special array geometries such as MacDonald and

Schuitheiss [19] suggest, but also for uniformly spaced arrays whose hydra—

ihone separation is small relative to the smallest wavelength of interest

(e.g. Jacobson [15]). Miller [22] investigates the effects of noise corre-

lation on correlator and delay—sum processors for the case of known signal .

Miller obtains the maximum—likelihood bearing estimates from the outputs of

these two processors and concludes that the delay—and—sum processor per-

forms slightly better over most broadside bearings. Witt [36] also exam-

i nes the effects of spatial correlation. He assumes the interele~ent noise

correlation is linear and extends over at most two adjacent hydrophones.

The performance of two types of multiplicative array processors ia.analyzed

from several theoretical error measures and from the results of tup corn—

Imuter simulations . Each of the performance measures analyzed indicates an

increase in standard deviation of bearing estimation error and a sh if t , or

bias, in the direction of the array steering angle. Witt concludes that

the sum—and—correlate estimator is generally superior to the monopulse



—

ust imei~~.r over the range of noise correlat ions examined . Wirt  also

.e fercui ~ es some additional  studieb which compare optimal and,’or sub—

optima l processor perf ornma n~ es in isotrop~ t. out correlated noise fields.

in many operational situ ,3t ioT~s , it Is impossible to describe the

i,olse e r oss—covariance properties at the hydrophone array as simply corre-

lated a;id isotropic. For example, a noise field containing many imnidirec—

tona l , in t e r f e r i n g  noise sources appropriately describes some high shipping

dens i ty  areas (e .g .  the Mediterranean Sea) . Also , transitting merchant or

military vessels present a sonar observer with multiple, tightly grouped

interfering noise sources of, possibly, similar characteristics. Similar

hi ghly anisotropic noise models are appropriate for sonar observation of

controlled—access areas such as harbors and channels. One can also en-

v i s i on everal geophysical problems wherein multiple directional noise

sources are like ly to interfere with source bearing estimation.

Such h ighly anisotropic noise fields have naturally received much

a tt e n t i on in the area of adaptive array processing. In general, the design

c i i  adapt lye array processors begins with limited assumptions of tbe signal

and noise statistics and seeks to estimate the unknown parameters and track

ally subsequent changes in them. When the estimated parameter set is

•;ufficient]y “close” to the true parameter values, one is assured that a

• c hosen estimation criterion (e.g. maximum likelihood or minimum—mean—square—

error) is essential ly satisfied. Questions of adaptive array performance

commonly address the rate and integrity of convergence of the paraweter

e st i m a t e s  and t h e  sensit ivity to mismatch between the assumed parameters

and their actua l values.

• Static , or fixed design, array processors which are based on exact

a p r i o r i  knowled ge of signal and anisotropic noise, whi le impossible to

L ~~~
• . . • 
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i nip lvmei~i . do provide Insi ght Into the asymptot ic  performance of aucces~ --

t;ill y ud~ j tive implementations . Hence , there is a mo t ivation to determine

t h e  effe ’t~ of highly anlsot•roptc noise on static , “optimum” bearing ebti—

mator structures. On the other hand , sub—optimum processors are often

intentionally designed to operate in isotropic noise envirouments and are

commonly of a static , or fixed, design. Operational situations vt~ich

violate these assumptions of isotropicity motivate analyses of ai4sotropic

nol~ e elle ct s on sub—optimal processors. In spite of these motivatIons,

there are , to our knowledge, only a few analytical studies of the effects

of anisoiropic noise on the bearing estimation performance of optimal and

sub—optlni~il processors.

In  a broad study of the maximum likelihood estimator (ML) and two

liitcrfereiice—nulling split—beam trackers (SBT) MacDonald [26] conducts a

ierform.i’we analysis of noise fields containing a single, directional inter—

• icrence in  addition to isotropic background noise. The signal, noise and

in t er f er e n c e  processes are defined by a set of non—random parameters .

• Macl ) onatd presents a lengthy , theoretical derivation of the Crarnet—Rao

hound ozi ML performance and approximate expressions of bearing estimation

variance for one pre—beamforming and one post—beamforming , Interference—

nulling, SIlT processor. To facilitate analysis of these somewhat compli-

cated expressions, MacDonald restricts his at tent ion to cases of lpv signal-

to—noise and high interference—to—noise ratios . He shows tha t the~e assump-

t ions lead to a strong dependence of the CR bound on target—to—interference

separa tion  and number of hydrophones. The input—nulling (pre—bea ~~ orming)

su b — o p t i m a l  processor can effectively eliminate interference effec;s except

for very small separations (less than one beamwidth) where it loses all

c apability to estimate source bearing. The output—nu]llng (post—beamforming)

_ _ _ _ _ _  ‘4
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• p rocess ’r , on the other hand , provides satisfactory performance at sutafl

separat :iollH I)Ut perf orms niuch worse than the input—miller at separations

greater t han about one—beamwldth. There is no discussion of the nature oI

t h e  bias error f rom these two sub—optima], processors which would quite

pussic) i y be s igni f icant  at the SNR and INR levels studied. MacDona ld

recommends that the problem of multiple, directional noise sources be

addressed in fu tu re  investigations .

• COX [ 7 J  treats the problem of angular resolution of two cJ.osely

spaced sources by conventional and optimal array processors. Resolution

problems seek to determine the angular separation at which an observed

phenomenon is known to result from two sources rather than one . Cox shows

the resolution power of the optimal processor to be about three times better

than tha t of the conventional processor for the classical Rayleigh resolu-

t ion L i m i t  and h igh SMR . Cox indicates that high SNR levels are required

for the resolution of two closely spaced interferers. This is a reasonable

resu l t  since one would expect to be able to accurately estimate the bearing

of a single, low—level source long before being able to resolve two closely

spaced sources at the same bearing.

M •Garty [21] considers a special case of noise anisotropy which

includes multiple, directional noise interferences. In the context of

a i r — t r a i f i c  control , he investigates the e f f e c t s  ot multiple , narrpv—band ,

zero—me nu , Gaussian interferences on maximum likelihood estimation. This

problem allows McCarty to describe the unknown interference parameters

as random variables. In particular , he assumes that the interference

bearings are uniformly distributed in azimuth over the intervail_ .4.-. 
~

]
around broadside , and shows the resulting spatial noise correlation matrix

to be a real , Tocp litz matrix of zero—order Bessel functions Hence , he

• 

- i
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addresses a special case of noise ~nlsc tro~’y which reouces to the veil

known “fl atland ” or cylindrically isetrqpic noise model [15), (17). McG3!rV

derives the Cramer—Rao bou~id for narruvband , isotropic but spatially corce—

tated, white Gaussian noise which is then applicable to his assumed noise

model. Although the bound requires numerical £nversion of the noise corre-

latlon matrix , it is greatly simplified for this special case. T~ie maximum

•[ikt~Etliood estimation performance is seen to rapidly deteriorate ~or target

bearings away from broadside . Even at broadside bearings, the performance

is heavily dependent on interference—to—signal power. It is shown in

chapter 2, however, that errors exist in McCarty ’s expression for the Cramer—

Rae bound .

3 — Approach
The effects of highly anisotropic noise fields on source bearing

estimation by optimal (ML) and sub—optimal (SBT) array processors are

assessed from the behavior of several performance metrics subject to para-

metric variations in the directional—interference component of the acoustic

field at the face of a hydrophone array. The directional interference com-

ponent of the total noise field is defined by three parameters —— ~he number ,

mutua l separation and bearings of the interferers. The detailed behavior

of the bearing estimation performance metrics is examined for a fired,

baseline set of signa l and array parameters followed- by a restricted analy-

sis for extended SNR and array size parameter values.

Chapter 2 discusses optimal or maximum likelihood bearing estima-

t ion and its performance characterization in terms of lower bounds on the

• • 
• •~~~~ •~~~~~ _______  _______________

~~~~ 

~
. 
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estimatieu , error. The Fisher—Dugu~’-Cramer—Rao (FDCR ) 1 bound is chosen as

an appropriate performance measure of the maximum likelihood estimator.

A mathemat ical model of the signal-plus—noise—plus—Interference acoustic

field—of—interest at the hydrophone array is then presented. Subsequently,

a theort•lical expression for the Cramer—Rao bound is derived as a function

of the i nverse, total—noise, covar±ance matrix.

En chapter 3, the split—beam tracker is presented as a co~ventionoi

sonar processor designed for maximum performance in spatially LncQherent

noise fields. Given the signal—noise—interference model of chapter 2,

• theoretical expressions for the mean and standard deviation of the processor

output arc derived as functions of the array steering angle and the method

of extracting source bearing from the SBT output is discussed . This

~:hapter also derives an approximate, theoretical expression for the variance

of the SBT bearing estimate.

As is often the case with analytical studies, it is dlffic14t or

impossible to obtain, under the necessary controls, pertinent field data

for comparison with the approximate, theoretical results. A succe~aful,

•t I t erna t iv*~ approach to field experiments is the exercise of a coa~uter

simulation of the appropriate array processor and Its received acoustic

l ields (e.g. Witt  [36)) .  Chapter 4 describes a digital computer simulation

of the SliT bearing estimator which Is developed to prov ide additioi~a1 meas—

tres of sub—optima l processor performance in highly anisotropic noise fields.

The SBT s imulation algorithm is discussed along with the methodolo~~ employed

1 This bound is usually referred to as the Cramer—Eao boun4 al—
I hough , as pointed out by Van Trees [331, it was originally formula;ed by
R. A. Fisher and proven by D. Dugu~. With due respect to Mssrs Pia~er andllugu~ , we too shal l hereafter refer to the FDCR bound as the Ctaaer~Rao
or CR bound .



PT -
~~~~ 

—
~~~

9

t t  gcner~it c  samples of the input sigrt al—p Jus—n o i se— p Lus — int er ference

ptocesses.  An algori tht i  for est imating the source bearing from a zero—

eiosslii g in the simulat ion output is also developed .

Ihe effects of mul t iple , dircctional noise sources on passive bear—

I;tg estimation are examined in chapters 5 and 6 in terms of the parametric

bt havior of the Cramer—Rao bound, the approximate, theoretical SbT error

mi tries and the statistical measures of the simulated SBT performances.

ihe  total . directional in’ erference is defined by three parameters —— 1) the

tit i mber of interferers , 2) the angular separation between adjacent inter—

h rers and 3) the mean bearing of the interference cluster. In chapter 5,

a f ixed baseline set of signal and array parameters is defined and the

r&sul t s  of an extensive evaluation of the performance metrics derived In

ch~ ptc rs 2 , 3, and 4 is conducted . In chapter 6, the effects of extending

th e basel ine values of SNR and array size are examined for a more restricted

pa rametr ic  variation of the total interference field .

Chapter 7 summarizes the research, presents its conclusions and

otters recommendations for future research on related problems.

- ,•.

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ —
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CHAPTER II

OPTIMUM BEARiNG ESTIMATION

As applied to parameter estimation, the term “optimum” implies that

a prope r ly  formulated parameter estimate results in the satisfacti~.on of

some pre—setected performance criteria. For example, consider Bayesian

estimation of random parameters. Here, one selects a cost function and

defines the optimum estimate as that parameter value for which the total

risk is minimized . In source bearing estimation problems, we are Interested

in tiiiknown but non—random parameters. In such non—Bayesian estimat ion tasks ,

the m ethod of maximum likelihood (ML) is an attractive approach. Very

s i m p l y ,  one selects as the ML estimate that  parameter value which would

most. I [kely have resulted in the observed data set. In other words, the

Ml. estimate is the parametric location of the peak of the conditional prob—

-~a b i l it y density function p(R b) where R is the observed data set and b is

the parameter—of—interest. Specifically, the ML estimate is the solution

of th e  likelihood equation

~~ 
(en p(R ( b)} 

‘b—b 
0 (2—1)

ML

wh tcI~ occurs at the largest local max ima of p(R b) [33). Equation (2—1)

Es similar in form to the maximum a posteriori equation In Bayesian est1~-

mati (,n . I ndeed , the maximum a posteriori probability estimate is equal to

the Mt. estimate when the amount of infcrmation known about the random param—

eRr is negligible (i.e. infinite variance; completely unknown parameter).

Con’.vquent [y, maximum likelihood estimation has an intuitive foundation in

Rayesl.m est ima t ion theory .

10
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The appea l el maximum lik~ J ihoud estimation lies largely with

severa l asy1nptoti~- properties tha t it possesses. These properties, which

a p p l y  l i i  the l i m i t  as the number of independent observations increases ,

slate t hat the maximum likelihood estimate is 1) asymptotically unbiased ,

2) asymptotIcally efficient and 3) asymptotically Gaussian distributed [33).

An ef ficient estimate is simply one whose variance achieves the Cramer—Rao

tower bound . One can also show that any arbitrary, unbiased estimate which

is effi cient is identically the ML estimate [33]. Consequently, ~t seems

reasonable to refer to maximum likelihood estimation of non—random parameters

as “oplinia t” estimation . We shall subsequently use the two terms inter—

chan geabl y .  it is now of Interest to address the performance of the optimal

ca t I ma t or .

2.1 - Performance of the Maximum Likelihood Estimator

The direct approach to a performance analysis of ~~~ arbitrary array

processor requires that one f i rs t  obtain theoretical expressions of the pro—

cessor output in terms of the assumed input signal plus noise plus inter—

ferenci~ parameters. One can then, in theory, apply a parameter estImation

al gorithm (e.g. the bearing of the peak processor output) and obtain ex-

press ions for  the estimation bias and variance errors. This direct approach

is somewhat naive for all but the simplest processors . In particular , the

solution of the maximum likelihood equation (2—1) is all but intr~~ tab1e.

For Ml. estimation , alternative approaches to performance analysis have

inc l uded use of s impl i fying assumptions and theoretical approximations [13]

15 1, nuitm erical solutions of equation (2—1) [91, and the fortuitous, a priori

se l e c t ion  and ana lysis of a processor structure which can subsequently be

proven ~f f i c i e nt  1121. However , even these approaches have addressed the

• 
~~~~.. ~~~~~~~ .~~ ~~~~~~~~ 

_ _ _ _ _ _  - • .. .- •
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more tractable isotropic noise probLem and/cr small (two hydroptione)

arrays .

An indirect approach to performance artalysis of bearing estimators

develops .nathematically tractable lower bounds on the estimation error

at hiicvab i~e by the processor of interest .  This approach provides a per—

f orm a nee metric which can be evaluated and , of course , for efficient

es t imators  i t  r e f l e c t s  the actual performance. Two primary considerations

govern the choice of an error bound in a processor ’s performance in any

p a r t i c u l a r  probl em. The f i rs t  consideration involves problem dependent

quest ions such as: Is the parameter estimate to—be— bounded biased or

unbiased ’ Will  the estimation error be confined to a localized region of

the pa r~imeter space or must global errors also be considered? Second ly ,

one obtains the best indication of actual processor performance by studying

the behavior of the greatest , app licable lower bound and hence seeks to

define such a measure.

Unfor tunate ly , the most widely applicable error bound s do not

usua l l y prove to be the largest lower bound s for specific problems , In a

stud y of narrowband signals in isotropic, white Gaussian noise, Sejdman [27]

evaluates such a bound —— the Ziv—Zaka l bound . He defines this bound as a

l ower bound on t h e  average mean square error for any estimator without

r e s t r i c t i o n s  on estimation bias or ambiguities. Seidman also presents the

w i l  known Crame r—Ra o bound and a modification of the Ziv—Zaka i boupd which

Is app licable only  to the maximum likelihood class of estimators . For the

lusimi d s Seidnian analyzes , one can see that there are trade—of fs to be made

prior to selecting a particular bound as the performance metric of optimal

~ st (ma t inn . For example , at broadside source bearings the Ziv—Zaka j. bound

m ay be Lm n oed essar ily conservative while for bearings approaching endf ire the

- .  - •~~~~~~~ • •~~~~~~--- • -

- ~~~~~~~ ~~ - - ~
— -



. ‘ —-
—-

~~~~~~~~~~~~~~~~~~~~~~~~~~~
---

~ ~~~~~~~~

13

Mt. Zlv—Zaka i bound becomes (aeffective and the CR bound asymptotically

approach es inf inity. Since the CR haund applies to local or small—variara ~

errors it is also shown to be inapp l icable for small SNR. Although much

[~ Lu b gained computationally from analyzing error bounds rather than

ictual processor error, it is apparent from Seidman ’s work that ope must

carefull y select the most appropriate bounding metric. It is alsp noted

mh at other bounds with attractive properties (e.g. the Bhattacharyya and

l~arankiim bounds [33] and the J—divergence [25] ,  an information—theoretic

•hJsLanrt• measure) seem almost as impractical to manipulate as true, bearing—

est [ma t Ion error expressions.

In this research, the bearing estimation performance of the optimal

processor under varying degrees of anisotropic noise corruption is evaluated

i n  ternis of the parametric behavior of the CR bound . As mentioned above,

t h e  advantages of emp loying a bounding—type metric , in general , and the CR

hound Iii particular are its computational simplicity and even its mathe—

iiiatlcai t ractabil i ty relative to both other bounding metrics and the actual

MI, error expression. It is also believed that the CR bound Is especially

ref l ec t ive  of the ML estimator performance for the problem of interest. We

ar c  p r imar i l y interested in source bearing estimation errors arisipg from

larget t racking situations. Hence, we are interested in true source bear—

h ogs at or near array broadside and expect to avoid the asymptotic growth

of the CR bound near endf ire bearings. Furthermore, since we have chosen

t o  study the ef f ects of anisotropic noise on operational, sub—optimum

processors as well as the optimum s t ructure , it is reasonable to restrict

our att (IILion to low , interference—to—noise ratios (INR O.l)  and mQderate—

L u — h igh ~;igna 1—to— noi se  ratios (O.5 < SNR<2.O) . We have some aasura~ce in

this case of avoiding problems with the low— SNR threshold of the CR bound

:~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~ - — - -  ~•
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( 2 7 1  an~l , according to E1—Behrey ~nd MacPhie [9}, might even expect the ML

,stlmatc to be efficient in this application. We shall also assume in this

rescaretu that the optima l estimator i~ unbiased . As a final motivation for

seIec 1hi ~ the CR bound as the sole, optimum—processor performance metric ,

we recall the asymptotic efficiency and unbiasedness of the ML estimate.

We can t hus expect the CR bound to very adequately reflect the performance

~f t h e optimal estimator.

In the following section, we develop a mathematical model of the

acoustic I leld at the face of the array . In section 2.3 we derive a new

expression for the CR bound on the bearing estimation variance appl icable

t o  arbitrary, anisotropic noise fields.

2 . 2  — Received Signal, Noise and Interference Models

in tatget tracking applications of sonar array processors, the

received acoustic field at the face of the array is generally assumed to be

the sum of a stationary, Gaussian, unidirectional signal process, ~(t, °T~’

and a corrupting (e.g. self noise, ambient , shipping), Gaussian nojse proc—

ess, n (L), which is possibly spatially anisotropic . In this study fla(t) is

the SLIDI o [  M mutually independent , unidirectional , Gaussian interferences,

0 ) ,  and an independent , isotropic component, n(t), also a G~pssian

noise process. Hence, the total field at the face of the array is

N
x(L) = s(t, 0T~ 

+ n(t) + ) i (t , 0 ) (2—2)
m= 1

wh ere 
~“t~ 

is the source bearing and 0 the mth  interference bearing. Gen-

erally, distant , interfering noise source im
(t
~ °m~ 

will be non—stationary

dime to i t s  relative motion and/or effects of the propagating medium . Al—

thou gh Iii certain cases it is feasible to mathematically model such poise

~ lL~ ~~~~~~ 
—

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~ ~~ i
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$ o i o C e~;’;cH 129 1 , It is beyond the s~ ope of t present study . Consequently,

al l ul  the Caussian proces~ &’s in tl:c model ( 2 — 2 )  are assumed to be tern—

pora I I stat lona ry .

Several simplifications of equation (2—2) arise from the assumption

t h at a l l  directional processes originate in the far field of th~ array .

With t he possible exception of tow—ship radiated noise, this is a quite

reasonable assumption for target trackIng applications. This asspmption

a l l o w s  us to neglect all amplitude gradients across the array resulting

From th,~ propagating components and thus reflect the directionality of

target and interferences by relative propagation—time delays between hydro—

phones. Furthermore, we can model an equi—phase contour of the propagating

c omponents  as a p lane wavefront.  The output of each element of a hydro—

~ohione a r ray  Is simply a phase delayed version of equation (2—2) and, for the

mt h  sensor , can be written as

x~(t) = s(t - ~~) + n~(t) +~~~i (t - 6~) (2-3)

the re A
~ 

is the source delay time at the tth phone and is the ~th inter—

Icrence delay time at the eth phone, both relative to an arbitrary reference

iooint along the array . Figure 2.1 illustrates the acoustic situation mod-

ele d by the hydrophone outputs in equation (2—3) for  the case of a uniiormly—

sj~areo h , linear array. Without loss of generality, we can define hydrophone

number I as th e phase reference and obtain the following phase delays at the

e (Ii Imyd ro I) I lO fle

— l)d
• COS OT

in (~ — l)d (2—4)
= . cos 0 m 1, 2 N

c m

~~~~~~~~ 
-
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where ~h i~; the hydrophone spacing , c is the speed of sound in the sea

( ‘~OO() li/ace), Is tim e true target hearing, M i~. the number of direc—

tonal i i m t c r f e r t iuces , and 0 is the mth interference bearing.

Iii general, the isotropic noise component at the Zth hydrophone,

I spatially correlated . Since previous investigations [22), [36]

h ave addressed th e effects of isotropic noise correlation and since our

m a i n  imit ~~rest lies in the effects of multiple interferences, n (t) is

assumed ~~ be spatially uncorrelated and also homogeneous for the remainder

if this research.

(he signal—p lus—total—noise field output from each hydrophone is

uh)servcd by either optimal or sub—optimal processor only during the finite

u imne—int .’rval [0, T]. Each hydrophone output assumes the characterization

of equation (2—3) over the 1—second observation interval.2 If one allows

the uniform , linear array to contain L hydrophones, then the total array

output waveform can be simply expressed in vector from as:

~~ t) = [xi(t)~ x2(t), ..., x
L(t)} 

(O< t<T) (2—5)

I quatlome; (2—3), (2—4), and (2—5) along with the aforementioned ai~plifying

a ssump t I nis define the observed signal—plus—total—noise process for which

(he opt ion a l and stub—optima l bearing estimation performance metrics will be

cleve lop ei l

‘Although we shall assume the hydrophone outputs, x1(t) to be con—i Enuou s i or all t ime regardless of observation interval size in order to
Lm e ihhlate Fourier Series representations, Bangs [2] notes that precise,
aLcvrnat. representations also exist when x~(t) is assumed to vanish outside
m Im e (0, I I observation Interval.

— — — — — __ “i_ ~~~~~~~
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2 .  3 — l i t  Crane r — Ra o  Bound 3

i t is w e l l  known (33J, (211, (181 that the Cranter—Ra o (CR) lower

houn d , •
‘

~ ~~ 
, on the v ar  iai,c t of an v unb Ia~ed estimate of source bearing is

A
0 

= —
~~~ E ~~~

— 

~( c I 0 ~~ I ~ (2—6)
‘ 1  

( 
Lae~ JJ

where O ( is the unknown source bearing,

x is the observation vector ,

C(x
~
oT) is the log—likelihood ratio of x given eT and,

bE .] denotes statistical expectation with respect to the

data vector x.

h:va l ui;it i on  of eqmiatlon (2—6) first requires the generation of Z(x101) which

in ton i i s  de f in ed  as

~p(x~S + N ,
= log tt (xlO

T
) = tog ~ (2—7)

( p (x N)

where h o ( x I S  + N , O
~
.) is th e probabil i ty density function (pdf) of ~he data

given l I t  a signal at bearing 01 occurs in addition to the noise while

p ( x j N )  i ;  h u e  pdl  of the data given that only noise occurs. Since the

comp onen ts  of x (see equalion (2—3)) are sums of real Gaussian, random noise

p rnc~ ssi~~, x wI] I be a real vector Gaussian random process and t ( O T) in

( 2 — i )  ( o h  l ows directly upon the determination of the mean vector, i~, and

t o ’ v a r i n h o . e lunct  ion , K ( t  — u), of the data vector .

:ene r a t i o n  of the log—likelihood ra t io  is, however, facilitated by

a r e l o r i o n i l a t  [on of the data vector ~~(t )  into a characterization that is

orlhm ogi mo u l  In the temporal dimension . For time—stationary processes, the

~See footnote 1, page 8.

_ _ _  ~~~~~~~~~~~~~~~~~ ~~~~ ~~~~~~~~~~~~~ ~~~~
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l oonier rics el x (t) over the finite Interval 10, TI is such a character—

i z.m loo m . ‘lime (ii, component of x ( t )  Is defined as

A 
+jWkt

x
f
(t) = ‘—

~~~
— 

~ 
X e~(J w ~

) e (2— 8a)
k=-=

I W~ t
where X

~
(jWk) = 5

T x.e(t)e dt k = . .~ ,—l,0,+l,... (2—8b)

F 
0

ore Lime F imirler coefficients of xt
(t) and where k is the Vourier

t c)tm juga te Irequemicy variable. If the signal—plus—total—noise process is

i , .mnd limnlti d to to
8 

= ‘t -
~~~~~ N, then the series In equation (2—8a) spans only

those d isu reet frequencies (2N + 1) within [—w~,+w~]. Furthermore, since

x~ (t) Is a real function of time, the Fourier coefficients defined 
by (2.-8b)

are conjugate symmetric, i.e.

X~(~ok) = X
~ (—f wk

) k = 0,1,..

(onsequeoul ly, (2—8a) can be rewritten as

2 
N ( +jwkt

x~ (t) = —
~~

-— 
~ 

RejX e
(icsk) e

k=0

lI m e Fourier characterization of the observed data vector can now be ex—

iu rcs~~(I .es the following N x L dimensional, complex vector in the Fourier

domma In:

X() ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(2—9)

where X((j’ok) is given by (2—8b) and the 
“prime” superscript, ‘, denotes the

vector I. r imus pose.

I t  is con cep tua l ly  straightforward to evaluate the CR boun4 for the

u)bservtuti (.n vector in (2—9) by the substitution of equations (2—3) and (2—8b).

‘li me end result Is a theoretical expression which reflects the depepdence of

~~~~~T T T  I ~~~~~~~~ _ _ _ _ _  ~~~~~~~~~~~ j~~~~ ~ ~~~~~-==~~~~
-- -..
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t h u  (I~ i u ,mimu d on t h e  s i gna l , noise , and in te r fe rence  parameters. Such an

;ii.p ro.o h m was followed by Mae9onald f 18] for  the ea3e of a sing le , broadband ,

p l a n e  wave I t u t e r t e r e n c e .  The algebraic !nanipulations required to effect

th Is approach fo r  a single interference are quite complex aad lengthy . Pre—

l imn l n ;ury attemp ts to fo l low this approach for the case of an arbitrary aumber

of multi ple interferences have confirmed MacT~onald ’s predictions that such

a t heoretical derivation is essentially intractable (even for two j,nter—

Ie’renc&’s). Consequently, we have chosen to follow McGarty’s (21] epproach

wh ich Is a mathematical ly feasible one but obscures the explicit roles

p layed b y time interference parameters since it requires the numerical in—

version of the noise—p lus—interference spatial correlation matrix at each

and ev er y  f r e q u en c y ,  In other words, the isotropic and anisotropic

omoist’ components in equation (2—3) are lumped together into a single noise

c0010mp001L’nt. tIa .~
t (t)

~ 
The log—likelihood ratio and, subsequently, the CR bound

are der ived in terms of the inverse of the covariance matrix of fl
a
(t
~~ 

The

cv uln ;t t Ion of time bound , discussed in chapters 5 and 6, requires the numerical

inversion of thi s total noise covarlance matrix. Although numerical matrix

inversion is a costly operation , It will be seen that the noise coyariance

m a t r i x  Is a complex , Toeplitz  matrix for which faster inversion algori thms

(e .g .  ~‘30J )  e xi s t .

‘lime derivation of the log—likelihood ratio t(X
DIO T
) for Foi~rier

clua rau ’terizatlons of stationary data (e.g. equation (2—7)) is strajght—

forward (:~I.I, [321. Such a derivation using our notation i-s preseilted in

ap~n’nuilx A for convenience. The final result is the following expression

for th ue l og—likelihood ratio :

_ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~
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~~X f) . .
O~

eI
~~ S(lO k )~ 

°
~~
°k ~ ~

°k~~ -N k~~~~
°k~~~~°k~~~ 

(O
k) ~ ~~k)} 

(2-10)

- 
TS(u

k
) 

__________whio,•iu , 
~T
(0
k
) = - ..__ 

,_~~c
_
~
___:

l ~,, 
—

1. + T S(w k) a  
~~~~~~ 

(e
k
)a(w

k)

T is the total observation time,

S(w
k
) is the signal power spectral level at frequency °k’

-~~

X ( w k) is a vector of the L components of X, (equat~,on (2—9))

corresponding to frequency

-I -
~~ -•.* 

-1

~~~~ 

= 
{~ {l’~iu  I ( o k )}lis the inverse of the correlation

matrix (zero—mean noise processes) of the Fourier

characterization (at O
k
) of the total—noise

component

is ti m e phase delay vector of the signal process with

.~th component of a(w
k
) being,

= exp 30k 
cos O~~~, ~ =

en (-) is the r’atural logarithm , and * denotes the conjugate,

transpose vector operation.

Substitution of equation (2—10) into equation (2—6) yields,

‘C R O  
=

= -1~ EP— e ~~ ) L °  i1’ (2-11)

~j=o t~~e 2 j  I T
jj

where i’ . (X(t~1
)~~0,1,) Is the quantity in braces in equation (2—10). Note that

cOt ‘is equation (2—10) only through the si~nai phase delay vectQr,

and alw. uys ap1mears as cos (O .~~) rather than If we let ~ — cos (OT
) it

ran In’ .h,own [5], [201 that a relation exists between the variance bound

~~~~~~~~~ 
-- - -

.
~~~

- 
~~~
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aim 

~~ 
g iven by (2—li) and a variance bound on p (o~~~~~ which for the appro~-

i nm u t e l y broadside bearlegs, 
~°T 

~ 90) itivolved in target tracking, ~s

— 
CR,p

CR,OT 
— 

~~j~~
2 8T

;1n~~ the partial derivatives required by (2—11) are much easier to obtain

when taki ’um with respect to u rather than 0T ’ we shall develop an expression

or n~ am-m d invoke (2—12) to obtain the CR bound on the variance of source
Ck,

hearings . 
—

We can, for simplicity, drop the explicit reference to the frequency

ulcimendeOee of the component terms of £
i

(
~~

’(w
j ) ( O

T
) ,  and write the log—

l tke lihit ’unl ratio for ,the ith frequency as

— £j (X ( o j )
~~

OT
) = tn~

’4
~) + 

~.* —1-%..&* —1-.~ (2 13)

where time definitions of the RflS terms of (2— 13) follow (2—10) . It is

interest ing to note that the likelihood ratio for the ith frequency given by

( 2 — 1 3)  is almost identical to McCarty ’s [21] result for narrowband processes.

this narrowband result differs from our single—frequency result in that he

assumes the number , amplitude, frequency , and bearing of each interferer to

he random variables . lie further assumes specif i-c pdf ’ s for these parameters

which iii turn  result in a real , Toeplitz correlation matrix in (2— 13) ,

however , is complex) comprised of zero—order , modified Bessel functions .

Iii essence, his assumptions define a special anisotropic noise model equiv—

a le nt  to the we l l—known “flatland ” or cylindrically isotropic noise model

( ( 5 ( ,  ( 1 1 ] .  -

- - . - ~~~~~~~~~~~~~~~~~~~~~
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mu i c r e p i t  f a t  lug (2—13 ) once with respect to ~i , we obtain

do
:) 

~~ - -1 -
~~~= L’n ( -

~ )~ 
-

~~~
-- a X X a (2—14)

+~~~2~~~~~~~~~I 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~

From t I~
. Jefinit ion of a,

(t - l)d ( - (~ - 1)d= —jw-—----—-—-- exp 
~~~~~ 

~

(-~ — 1)d -
~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~ (a),~

.S() tha t

da  d -~~— (~j~~~~) diag (O,l,2,...L—1) a (2—15)

A a

where  L hu ~• matrix A is

A = (—jw _L) diag (O ,l ,2 , . . .L-l)  (2—16)

A I so

= (~~)* 
=

c~
)c\’ —~~* *-

~~~~~~ 

a = a A (2-17)

whue rt~ A 
.‘: is the conjugate transpose of A defined in (2—16) . The following

p r u p e r l i - ;  ex i s t  for  the matrix A:

A _ _ A C

A A ’

= _
~~*

—
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I)Ifferentiating (2—1.4) with respect to p yields,

~~~~ 2~ 2 
~ * ~ .~ * ~~ -~

~~~
= a~

’1” 
~

-

~~~
)+ ~~~~~~~~ 

a X X  a

-.1 -~~+ 2— --- a A K ~ X X ~~~ a + 2 - ~-— a ~~~~~~ A a

7 -~~* * *_ l --~. --1k _ 1-i 2~~~~* _ 1~~~~~~~* _ 4 —~+ o T a A A ~~~ X X 4~ a + O
T a ~~ X X  A A a

—~ * * — 1  -~~ -~-* — 1  —
~+ 2u~ a A X X A a (2—18)

I:va l ua t on of time statistical expectation of (2—18) requires knowledge of

~~~~ *tIre exi~ ’etation E X X . Substitution of (2—3) and (2—8b) into (2—9)

y i eld s

-~ • , H

x = X (Jo i-
) = s(iwi) a + n (Joi-

) + 
~ ~rn 

(Jo1,
) bmrn=l

= s(jw
1) ~ ÷ 

~~ 
(jw

i-
) (2—19)

where s~~~; i u) ,  ~ ( ]u ~) and 1m ( iw~) are Fourier transforms of the s1,~na1,

ilOIHO , ;ius h interlerence processes respectively,

-
~~~ I - (e — 1)d I

— exp k~~ 
• cos is the phase delay

vector of the mth interference, and

~~(jw) is the Fourier transform vector of the total

corrupting noise process.

Assrimium ~ tim e signal , noise and interference processes are bandlimited and

.mssumhmuy ‘I’ Is much larger than the correlation time of these proceases, the

~‘xpcm’t.ii io n requ i red  by (2—18) is expressable in terms of the power spectral

(IeflHLth,; of the component processes [3] as:

___ — -- - - - . 
-_____  ~~_I±_ 
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M 
~~~~ ~~~~~~ * 

1~
i. j x x = E  [~a + n ÷ ~ i b j i s a +n +~~ I b j

m 1  
m m ~~ m 1  m m

M
TS a a  + T N I + T ~~ I b bm m m

m=l

—~ 
__t *

= TS a a + (2—20)

whcr~ 5, N, and ‘m are il-me signal, noise, and mth interference power spectral

dcnsl t i~ s at. the imp lied frequency, and

M
K = I N I + T 

~ 
I h b* is the covariance matrix of the--N -- m m  m

total noise field at the implied frequency.

‘tim e m atrix Is the covariance matrix whose inverse must be computed mimer—

i rail y jim evaluating the CR bound .

‘I’he stra i ghiforward , although quite tedious, substitution of equation

(2—20) into equa t i on (2—18), yields

02 / 
(~ \ /02 2” —~ * — l 

—
~ TS

E 
~~~~~~~ 

= — ~n 

~~~~ 
+ 

~~~~~~~~~~~~ 
°
T) 

a a

* _i~~~ (i * ~ ,
~~~~~ 

,..~ * * — l  —~~
+2TS(4~ (e[~’1 ~~~a/ .ka ~~ Ma)] + ~~~~ at

—~~ *1 * _ 1 — l  -
~~ 

/2TS ~°T+a 
f
A.~~~ +~~~ A ]a~~~

_7 -
~~
-

~~~

+ 2 ~~~~~ [ * .  
l 

+ 
~~~ 

A + 
.~ [*_ 1 + 1 ] ~~~~

(2—21)

I)i ’talJs of the above derivation are carried out in appendix B. Eqt~ation

- 2 1)  is an expression for the ith additive component of the negative in—

v ’rse of the CR hound and is valid for any plane wave, unidirectional,

~~~~~~~~~~~~~ si gnal a nd any corrupting Gaussian noise field with arbitrary

L 

~;i ’ ;mtIa1 ~mwcr—d istrJ ,butL on defined by ~~~ Since (2—21) is valid for any



2h

arb~ Lr.try , complex covariance matrix it Is, to our knowledge, an original

re sult. Mccarty ’s comparable , narrowband result [21, eqn. 38] which is

v a l id onl y for real inverse covariance matrices, is equivalent to the

tirst four terms of (2—21). Not only is equation (2—21) more ge~era1

t ha n I r i s  resul t , it ca n be shown that, under his assumptions, McGarty ’s
*result is in error . Since his is a real , syu~ etric matrix aad A = —A

McCarty ’s result requires tha t the last three terms of our equatj. on (2—2 1)

v :mimishm as a consequence of the following equality:

* — 1 — 1
A ~~ A 0 (2-22)

wh ere U denotes the null matrix. However , observe that

* * 1  ~ l —l * — 1

~ ~~~~= ( ~~~~
) (

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I t is easy to show that the matrix produc t A is syimnetric if and only

j
I 

i~ a diagonal matrix. Hence, the inequality In (2—22) arid McCarty ’s

e-pr ess ioml for the CR bound are invalid under the governing assumptions.

hiowcvt’r , if the sole source of noise is the uncorrelated component, the

e i uallt y ( 2 — 2 2 )  would , of course, hold . In cases where (2—22) does hold,

ni~t only do time last ti-:ree terms of (2—21) vanish, but , as we shall see ,

t h e  F i r s t  two terms of (2—21) also vanish.

l:quation (2—21) still requires evaluation of the derivatives of

Us i ng the chain rule of differentiation , it is easy to obtat~ the

follow i ng expression for the first derivative of 
4 

with respect ~o p :

— 
‘~~~~ 
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() / TS
— 

-~~~* _ l_ :.
\1 + ”S a K

N a

- —~~ * .- * — 1 — 1 .—~~= 
_
~~~~~2 a [A ~~ + ~~ A~ a (2—23)

I j kvw [s e , i t  is straightforward to obtain the second derivative: 
-

- * * ... i i —~~ -~~~~ * * ...i _l
7(,l = _ ((~

2 . m. 
[A I c N +~~~~A]a + a [~ !cN +~~~ A l A a ~

* __ 1 _ 2
+ 2 (4)3  ~a [A~~~ +~~~ A] a (2—24)

N i ’w , oh scrve  t h a t  the first two terms in (2—21) can be written as:

2~ 202
ô2 I~ 

°T~ ~ T -~~- * -1 —
~~ TS

~~~~7 \n ~~~ )+ ap z a a

~ ~~~~~4 1 /a0T\ I —~~~~* — 1  -
~~~~~ 1 

___=
~~7~~~~7 (~ z)z 

~~~~ 
+ (fS a !~ 

a ,j~~~Z~~~~ z

= ____ - 
~~~~~ 

2 

(2—25)

‘li e sub stitut ion of equations (2—23) ,  ( 2— 24) ,  and (2—25) into equation (2—21 )

ia~ ? * * I * i _ i  -~~ —~ * I * _i _ i  1 -
~I :

,a~7 e
i~~~

= _Ts a A L~ KN +~~~ A ] a + a  LflSN +~~~~ A J A a  ~

j -~* r * i -.i 1 2 
2 -~ ~1 * _ i  —1 1 ~~~2

+ 2TS4 ~a 
L~~~ 4~ 

+4
~ 
AJ a - 

(4) a + ~~~~ A ja~

—1 —* — 1  -~ —~~ * * — —~‘ * 2+ 2TS4 Re [(a ~~ 
‘
~)‘(a J~ A A  a)] + a A~~~ a

~
i
~.*I* _ 1 _ i 1~~~~~

2 
-~~*~~~~~ ~~~, _ 1

- 2TSc4~ a j~ + j,~~ A] a + a 
~ 

[
~ ~~~ 

+ 

~~ ~
] a

~~~~~~~~~ — 1  1+ a 
~~~~~~~~~~~~ 

+~~~ A j A a ~ (2. 26)

I
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F r  u m o ! m t i o n a l  simplicity, define an L x L matrix C as:

= 
~ -N 

+ A (2—27)

Suie3tituLum g (2—27) into (2—26) and combining terms yields,

~ ~~
_

~~~~* * -~ —.~.* —~~E — 
~ =(o 2 - TS) m a A G a + a  G A a i

~~&m
2 i~ T )

2j_~ * .~~)2 —~ * 
_ i_-~ ._

~ —~ —i.’1
- 

(4) ~a C a + 2TS4 Re [(a ~~ a) (a A A a)]

-~~~ * * — 1 ~ 2
+ I a  A K ~ at

—~ —~• * -4
= 2TScj~~~(a J~ 

a) Re [a ~~ A A  a — a G A  a

~~ * * _ ~~~~~ —~ 
2~ -j~~+ f a  A ,KN a t  ~~

- ~~~ a G a  (2-28)

w lm ~ re we have used the f ac t s  that

a* A* C a =  (a* G A a )
(

-~~~~* _ 1 - ~acm ~i (o~ — S) —4 TS a a . (2—29)

We can now use equations (2—11) , (2— 12) and (2—28) to obtatn the

Io lo w immg f i nal expression for the Cramer—Rao bound on the variance of any

ammmi ’iase d estimator of source bearing :

~~ I -~~ * _1—m , 1-~ * _ i -i -~~~~ ~m.
= - sin2o

~~~ TS4 (a a) Re La !~ ~~
a — a 2 ~ a

+ I~
*A*~~~

1 ~~~~~ * C (2-30)

wl ,c re u;mi ’Im variable within the sununation is dependent on the implied fre—

qmn icy um , and wh ere C is defined by equation (2— 27 )  and the definlt ions

oi t i m e  rm’mnalning qu a n t i t i e s  follow eqt~ation (2—10) . Recall from the previous

-— - - 

-

~~ 
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~I I st- oH- ;i. ’m i that time tractabIlity of (2—30) arises from our willingness to

ni m imm e r lr.di y invert t i m e noise c o v ar l am m c e  m at r i x , ~~~~~ , at each of the N compo—

nent  I r t - q m m c n c  k s .  The exp i ici t d e fin it  ion of K ’ In terms of our noise model

l o t  tows ~qu a t [o u  (2— 20) above , it is again mentioned that “fast” Inversion

. t l g o r l t i i i u s  ex i s t  which exploit the Toeplitz property of ~~~~ . In p~rtIcu1ar ,

w i m & ’ m m mumnic r  t eal  invers ion  of is required in this investigation , we shall

e m p loy  & I m c al gor i t .hm developed by Trench [30]

ftmci)onald [18] was able to derive a theoretical expression for

I~ (14 l,4 )mmmt d when the degree of anisotropicity is l imited to a single plane

w;mvc intc r ferer . rlacoonald’s interest, though, is in the effects of a

hi um g ie , dominant interference on a weak source. Since our result in equation

(2— lU) i- ; entirel y general , it is of interest to compare its behavior with

M:mrI )umm~m Iti ’s theoretical results. Specifically , he presents the behavior

a mmt ~ri a1 ized CR bound for an interference—to—noise ratio of 1.0 and

1 (5/N)- I , wlmere 1. is the number of uniformly spaced hydrophones . Figure

‘ .2 comnp. i r es  e q uat i o n  (2—30) with MacDonald ’s un—normalized result for

v :mri .mhht target—to—interference separations and for the parameter yalues

~im tim i s stud y .  Althoug h, for the parameters of interest, there is

mo mly a im mi , m im a l bear ing es t imat ion capability , figure 2.2 does show excellent

•,gret’mnci ,t between time two expressions for the CR bound . MacDonald indicates

tim ; m t Ime I m ~m s i gnored some osc i l la tory  terms in his graphical presentation

(‘I ti lt ’ hi~iiiiid . lie assumes these terms are neglig ible due to the high INR ,

low SNI4 ~on d lt  ion. Hence, the oscillatory behavior of our result (equation

( 2 — rn)) i i i  fi gure 2.2 is to be expected .

• -
- . 
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Y = (2w/T).K•(d/c)(cosO T — cosO~)
O . Single Interference Bearing

‘1. = 0.128 see, K l 3 , d20 ft, OT~
90

LL= 10 hydrophones, INR 1.0

ii

‘I’
‘V
a.i

~~

V.H. MacDonald
L— ([18], figure 4.1, p 55)

- SNR << 0.1

0

____- - — -— -- 

1~o ——_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

I’~ur get to Interference Separation , f Y I

I- i~~i~ 2 ..’ - (:(mmmm$)~mr .m t iv&’ Ilt tiav m r  of Eqisi t ion (2—30) and MacDonald ’s Graphical
I’ r & ’ s i ’ n t ; m t i i i m i  1 1 8 1  of t i m e Cr am er— Rao Bound for a Sing le Inter fer er .
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CHAPTER III

SUB—OPTIMUM ESTIMATION: THE SPLIT-BEAN TRACKER

In general, one is attracted to sub—optimum imp lementations of para-

meter estimators by their potential economic benefits. Of course such

Imp l ementations are usually realized at the expense of degradatlo~s in

estiniator performance. In passive—sonar bearing estima tion prohlejus, an

intuitive l y logical approach is the extraction of source bearing ipformation

from the travel—time delay measured at the peak of the cross—correlation

between two spatially separated receivers. Carter [51 gIves a detailed

discussion of this sub—optimum technique for a generalized class of cross—

correlation processors. A popular extension of this approach to multiple

lmydrophone arrays is the split—beam correlator, or tracker [21, [18], [19],

(361. This processor has the intuitive appeal of a cross—correlation type

bearing e.st[mator and, under certain circumstances, it can riva l the per—

lormance of the optimum estimator [191. For these reasons, we have chosen

the split—beam tracker as a representative, frozen—design , sub—optimal

hearing estimator. In later chapters , we analyze the detailed effects of

Im i glil y anisotropic noise on the split—beam tracker.

In section 1 of this chapter , we define the spl i t—beam trac1 er (SBT)

and briefly discuss its operation . In section 2, we derive an expression

for Lime SB’I’ output In terms of the array input waveforms and ca l cul8te its

mean and variance. In section 3, an approximate expression is developed

for Lime vnrI.incr~ of hearing estimates generated by the SBT for the particu—

1,-mr sI gnal—noIse—interferen ce model defined previously in sec.tlon 2,2.

~~~~~~~~~~~~~~ 
.~~~~~L. ’ 
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3 . 1  — Ti m e Split—Beam Tracker

A block diagram of the SBT array processor is shown ic figure 3.1.

Time linear receiving array consists of L, unif ormly spaced hydrophones

(mutua l separation of d feet). The direction of maximum array sensitivity

(i.e. Its steering angle) is controlled automatically or manually through

ti m e selection of the L time—delays , T 1, • . . ,  T~~~ . The array outputs are then

sp lit in  half and summed to form the left and right half—beam sig~ials y1(t)

~~~ y1(t). The left half—beam output y1 (t) is phase shifted 90° ~y time

di flervmmti at ion . Both signals, y1 (c) and y2(t), are then passed through

Ident ical filters with transfer functions ~H(jo))2, multiplied together,

aimd Integrated for T seconds. The processor output, z(a),  is finally

operated U~ Ofl by a null detector to obtain the target bearing estimate, e.

‘i he 900 phase shift of one split beam output (y1(t)) results in a

mean processor output equal to zero when the array is steered exactly on

L.irget . in the absence of the 900 phase shift, the correlation, ;(a), of

the Iwo split—beam signals would be a peak rather than a null when steered

.mt time target. As the array steering angle, a, is swept through ~.80 degrees

by ~m d j m m n t I n g  the delays (i-1, ..., IL
) ,  the mean processor output Zor a

sing le ai gimal In isotropic noise would increase from near—zero to a posi—

Li ve p&’.-mk— Ievei just prior to crossing zero at a = 0
T followed by a negative

peak ai m~I a subsequent return to zero—level. A nominal, mean SBT output

for steering angles in the region of 0—180 degrees is shown in figure 3.2.

Time task that time estimator (or null detector) must perfo~~ to

oiita imm an individual bearing estimate is not quite as simple as might be

inferred from figure 3.2. Since the integrator output, z(~ ) ,  is ~ random

process , the source bearing estimate, 0, will be a random variable. Conse—

q u e nt l y ,  In practice , the al gorithm not only estimates the angular location

• - . . - . - 
~—- ~~ ~
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.1 particu lar zero—crossing, it also decides between multiple zero—

cr ings and discriminates between positive and negative—sloped zero—

cr o s s in g s . 1mm theory, however , we can develop expressions for the SBT out-

put Immean and variance and analyze its bearing estimation performanc e with-

out .m.-tu at i y confronting these problems . We demonstrate this in the

remi m a im mi ng sections of thIs chapter.

3.2 — SUT OuLp~iL Mean and Variance

We again assume that  the hydrophone output  signals x 1 (t ) ,  .. ., ~c~(t)

are b a nd — l i m i t e d , zero—mean , Gaussian processes. The outputs of the two

H I ) l l I — l ) e a u l m f o r m e r s  in f i gure 3.1 are simply

LI 2
y ( t) = X ( t + -‘

~~~~~ 

(3—la)
1=1

~ud
L

y ? (t )  = x (t +T
e
) (3 lb)

wli& rc tim e steering delays i~~~ are given by

= (~~ 
— 1) (—

~
-—) cos a — (L — 1) (—

~
-—) cos a (3—lc)

and wimm’ re d is the hydrophone separation ,

c is time speed of sound in the sea, and

a Is tim e steering angle of the array ’s main response axis.

S i n c e  ind ividua l SBT hearing estimates are constructed solely on the basis

of l n l , r m m ma L ion con ta ined  in a T—second history of y1
(t) and y2

(t) ,  we can

elm.m r~m . Lc ri ze them by timeir Fourier series representations:

N ju t
y

1
(t) = ~ ~~~ ~~~~ e 

k (3—2a)
1=—N

_____ 
-
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— j ’u
where Y . ( j o ) f

t y (
~

) e 
k 

dt i = 1, 2 (3— 2b)

• iumd 2 N ~~ f lit total bandwidth of the processes. Equations (3—la , b, c)

:mnd (t-2a , b) dcl Inc the sp lit—beam output signals in terms of the L hydro—

p im o i ~e I im pmit — S igima I s .

l i m e  un smtmo thed  processor output z(t,a) is

z (t ,u) = Y;(t) - y~ (t)

= 

(~~
_

~~~ Y~~(Ju ) e k ) .(_ i~~~~Y~ (iW ) e m )  ii
Sl u t - c ( l i t ’  t r a n s fer  f u n c t i o n  of a t im e— d i f fe r e n t ia t o r  is H~~(j w) ju, the

( m m msmu4 ’ t  im eci processor outp ut can be wr i t t en  as

N N +jL,. +~~~ )t
z(t,’t) ~~~ 

)‘ )~ 
()w~)1I(iw~ )Y 1 (jw~ )H(iw )Y

2(Jw
)e 

K 

(3—3)
k— N  in=—N

‘l’ (~e omi t p~iL o f the SBT Integrator is simply

z (u )  = f
~~ z ( t , u) dt

N N +j (u + u ) t
~ ) ( J w k

) H (j u k )Y i ( lu k ) H (j w m )Y 2 (j w ) 1
T e k in dt (3—4)

k=— N m=—N o

i~,w, II time observation time T is much larger than the correlation time of

l im e im immil - linmlte d input processes, the integral in (3—4) approximates the

I~r o , mem - k m ’ r  do [La; that is

‘
~
‘ +j (w +~~~ )t

f e k m 
dt T~ (3—5)

~- I m e r e  ‘r I s  t i m e  observat ion  interval , and

k — m

k , -m 0 k # — m

— . ._
~~~~~~ _______  

- - :~~~~~~~~~ -~~~~~~~~~ —~~~~— 
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il t ’m m c e , s ’pia t Ion (3—4) amid (3—5) can be combined to give , as the SBT p roce s—

~- I 4 r  ou t p m

2
= 1 K N k J H (j w ~) Y 1 (j u k )Y 2 (j a k) (3—6)

whe re * 1i - re d e m m m ’ L e s  t i m e  comp lex conjuga te .

“ i-nm equation (3—6) it is an easy matter to generate the mean SBT

ou tp u t t- . - . p r e s s l o m m :

N 
7 *( )  - - l

~ i’~~~~~ 
= 

T k~ _~
Jw k

) 1H ( j u k
) 

~ E~ Y 1 (jwk)Y2 (jQ

N 2
= 

T k N k k T G I . ( w k
) - (3—7)

( :
~~.,(.u ) is tim e (-ross—power spectral density between y1 (t) and y1(t) at the

I r m - q u m e I u m  “ S i n c e  the  f requ ency  sunmmation in (3— 6) is symmnetric about

N =- (I, w -  caim r ep l ace  C 12 (o k ) by i ts odd component (Ok also being an odd

I m i u i t -  t 1 ( 1 1 1  I

-jW T

~ i)D k~ - (w )
~ 

= ODD R , ( t )  e 
k dt

~
1
k 1 ~ k 

o ~ 2

.rT -= —jj R~ 2 (i) sin u’rdT
0

= j  In 
1 ’ I 2 ~~ k~~

~- u i  t h a t  ( 1—7) becomes

= 

~~ N 
k~~ ~ 

°k~ 

~2 

~~ G 12 (w
k ) (3—8)

p r o v i d e d  l im e observat  ion i n t e r v a l T i s  l a rge .

- 
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— 
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I’ r onm ( J— ’) ,  we cal l  a l so  o b t a i n  the mean square value of the SBT
O I J I  pu t

) 
~~~

Jw
k
) (_ j w )I H (j u

k
)

~~~~~~~I H (j w )I

k=—N m — N

x E [Yt (iuk
)Y
~
(iw

k
)Y
~~(iu )Y (Ju

)J)

Ii I s  kn ow im 1 18 ) ,  that, tim e following identIty exists for the expec~atian of

t i m e  p t ’ oduc of complex , Caussian random var iables required by equat ion (3—9) :

I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ E
~
YI (j w

k
)Y
~
(ju

k
)1 E~Y~ (jw )Y2(jw )~

+ E~Y1 (juk
)Y
~
(jw )

~ 
E
~~4(j

w
k

)Y a(jw )~

+ E~~~1 (ju ~ )Y 2 (jw )~ E~~~~(jw ,,~)Y~~(jw )~

(3—10)

fho I ir s t  term of (3 — 1 0 )  is simpl y the produc t of the cross—power spectral

density at two different frequencies , Le.

E~Y 1 (.I4iuk)Y
~
(jO

k)~ 
E 1Y j0m 2 (b0m~ 

T G
12

(w k)G 12
*( w )  (3—lu)

I~(!iaLiVe LI) time second te rm of (3—10), consider the following :

*E
~

Y I ( j W k )Y l( jw
~~ 1

T 
dt du F~ y 1 (t ) y 1 (u)~ e k in

T _j t m)
k

I T ~~~~ 
— w ) u

= f diR 1 1 (1) e f e dii
0 0

T 

~~~~~~~--
— 

~~~~
__ 

-~ ‘i~~ ~~~~~~~~~~~~~ ~~~
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~~~~~~~~~~ -r is large . Thus , time second term in (3— 10) becomes ,

* ~~* 
2

l1Y I (lw k
)Y l (1&1u )

~ 
L
~~
Y2(iw k)Y~

(iom
)

l 
= 1’ G 11 k~~22~~k~~k,m 

(3 1~~~

Also  i sususi d e r :

T T 
_j ( wkt+ w u)

I 
dt f du E~~~1 ( t ) Y 2 (u)~ e

-jwi -j(w +w)up1 k ,T k in
= j dtR 1~~(t) e e du

0 0

= I C (u ) t 5
12 k k ,—m

C su m usc l u s c m u L  l y, the last term of (3—10) can be writ ten as ,

* 2 *(jILu k
)Y2c)Im )

~ 
E
~
Y2(jWk

)Y l (jWm)~ 
= T

(3—llc)

$o t l t. it , uspoi m substitution of (3—10) and (3—h a, b, c) into (3—9) , the mean

~ I 4m.m r ’ ’ SRI out F  becomes ,

N N 2 2 2
1=  

~47 ~ ~ (iw k) (_j w
~

)
~ H(ju k ) I  I H ( j w ) I  T Gl2 (wk

)CP
~2
(w)

k - N m’—N

+ T C 1 1 (Wk
)G 22 (Wk)~ k m  

+ TG i 2 k )G
~2
(w
m
)
~k,_m~

N 2 N 2 1*
= 

~~~~~~~~~~~~~~~~~~~~~~~ 
G ( w k)] ‘[m~_~

JW rn)~~
iWm)1 G

12 ( w ) j  

*+ W~ tH (jO~)1 Gli (wk
)G 22(wk) + ~ ~ ~~~~~~~~~~ 

Gl2(QC 12(_ w k~k—-N k=—N
(3—12)

f- rums e q u s . m t  Ions (3—7) and (3—8) it is obvious that the first term of (3—12)

- -Ia equs s v alcmm t to z - z = z -  z . Therefore , we can write the following ex—

p r s - ’ ; s i u ~u i for Lim e variance of SBT output:

_____
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U k=_N k
~~~~~~ 

- 
~~

C j 1 (u
k

)C
22

(u
k

) - G~2 (~~) } .  (3 13)

t4acDonald and Schu ltheiss 1 19) have previously developed similar

.-xpress i ons fo r  the SBT output mean and varianc e given by equations (3—8)

mud (3— l i). Discussion of the form of the split—beam filter transfer func—

t ion~ , Ii(ju
k)~~ 

is deferred until the end of this chapter. At this point,

4C can app ly  the general expressions in (3—8) and (3—13) to the specific

- ; ignal—muots e— in ter fere r i ce  model of interest. Recall from chapter 2 that

he output  of the e~~ hydrophone can be written as

x~ (t) = s(t  - A
1

) + n1(t) + 
m~i 

l(t - 6~~ ) (3-14)

ii ~e~ required spectral densities are, by definition

T -j O T
C Ij

(uu
k

) = f  R1~
(-r ) e 

k dT 1, j  = 1,2 (3—15)

~‘imere R 1 .ti) is the correlation function of y1(t) and ~~
(t + r) for i, j 1,2

m d  when-, without loss of generality, we redefined the observation interval

I T  Ti
o he j -  ---i--,

‘rime corre lat ion functions in (3—15) are, by definition,

— u) ~ ~~y1(t )  y j (u)~ - (3— 16)

i rom this d e f i n i t i o n  and equations (3—la ) and (3—14) the autocorrelation of

~~~~~ ‘-  —a
-— __~~~~~~~. 

T~~~- -i
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K 1 
( I )  = E y 1 ( t)y 1 (u)

L L -

71
~ 

x~ (t + - t ~ )~~ x(u + t )
p=l ~ p

L L

- ~ E [I
S(t  - + t~ )S( u - A + ~ 

I + E~n1(t)n (u)~£~:l p_ 1 p p

m~1 
E i ( t  - + t

1
)i (u - + ~)~] (3—17)

where WL ’ have made use of the fact  that the signal, noise and all inter—

ferencc proc-esses are mutually independent. We can further simplify (3—17)

by w r i t i n g
L L

R 1 l (l) =

~~~~ ~~Nss (T - + A )  + Rnn(T)~lp

+ 
~ 

R’
~i

(
~ 

- + 
~~~~~ 

(3-18)
mn

( 1—  1)d ( L —  1)dwhere A e = A
1 

- (cos 0T — cos a )  + cos a

1 l = p

0 ~~~~~

= 
(e — l)d Icos e — con c* 1+~~ — 

1)d con a
C 

L J ~ 
C

Subs t i tu tion of (3-18) into (3—15) yields, after some algebra,

L L
2 2 —ju ( A t — A ’ )

C 1 1  (ak
) 

~~i ~~~ 
~~~(Q e 

k p 
+

M —jw (~~ — c,.’ )

+ 
~

‘ 
1
m~°k~ 

e 
k fl ~in (3—19)

m 1

± ~~~ - — - -
~~~
- - , -~~~~~~~~ 

- 
. r j T ~~~~~~~~~ - 
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wh ere Su a
k
), N(uk), and I (U

k
) are time signal , noise and mth interference

power si’t-ctral densities, respectively, at the frequency 15k In a similar

I ishion It is possible to obtain

L L —j u  (A’ — A ’)
G )? (w k

) = 

~ ~~~~~ 
e 

k I 
+ N (w k)

~SL
1~~+l pi.~+l

M —j u (~~‘ — Y )

+ 
~ 

1
m~°k~ 

e 
k £m pm 

(3—20)
m’l

lim e cross—correlation between y1 (t) and y2(t) is

= E~y1
( t)y

2(u)

= 

~ ~L ~ Is(t - + T
1
)S(U - A + T + E~n1(t)n (u)~- ‘) ( p

L 

+ 
m~i m(t - + 

~~~~~~~ 
- +

f~l 
~~~L f ~SS

( — + A ’ )  

mmm=l 
R~~ (T — +

Consequently , the cross—poker spectral density G12 (
~ k) is

C 12 (w
k

) = 
~ jS(w~ ) e~~~~

k
~~~ 

- 

~~~~~~~~~~ ~~~~~~~~ 

-

1—i p~~+i m=1
(3—21)

wh ere A ,~, A’ , and F ’
m 

are defined as in equation (3—18).
• Substi tut ing equation (3—21) into equation (3—8) yields the following

expression of the mean SBT output for the signal—noise—interference model

of In te r  st :

.~~~~~ - — - - •
- 

-.- ‘ ~~~~ - ~~~~, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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I.

0 k=-N ~
k 

1(Juk) I 1
~~ ~~ L +1 E(

~~
k [Sin 0k (

~~ 
— A ’))

~u l  
1m~~ k~ 

sin [O k (
~~ m 

- ( 3-2 2 )

LI k&~wis&- . the substitution of equations (3—19). (3—20) and (3—21) into

(3-13) y ield s the following expression for the SBT output variances:

jL L
N 2 ~ 12  71 L L

~ °k~~~~~k~
1 ~ ~ [s~w~~ e 

k p q 
+

o k=—N 
~,=i q 1  r4i-i s=4i-i

M -J o (~~
‘ - 

~~
‘ )1 I -jo (A ’ - A ’)

m l  
1 (ua

k
) e 

k pm ~m j 
- 
[s(wk

) e k t S 
+ N (W k )ã rs

+ 
~ 

l~~(w~ ) e
_iO 

~i 
- 

~
i)j }_t ! 

~L 
S(w

k) e~~~
k
~~~ 

- A ’)

1=1 p=l q=-~+l

K 
~~~~~~ 

_
~~~

t
~~ 

2

+ 
~ ~~~~~~ 

e 
k pm qm 

(3—23)
i n l

1 . 3 — T l i & u r e i l c a l  SBT Bear 1n~ Estimation Variance

Vigure 3 , 3  shows that  the steer ing—ang le (a) dependence of the

t lm eo r etlc .mi meaum SBT output (z (a) in equatioi-i (3—22)) closely follows ~h,:

s-su n~ ectur &’d u—dependence of the nominal SBT output in figure 3.2. The

C 1 l l ( L  1)1 a s ing l e , weak i n t e r f e r ence  at 4 50  is evident in figure 3.3 while

t i m e  e l f e c t  of the  t a rge t , located at 900 , is most obvious. The linearity

of z (u) over the small angular region about 01, the true source bearing ,

p r u n ’ l (Ies l i me - hasis for a theoretical approximation to the bearing variance,

a , of t i ie’  SRI processor . MacDonald and Schuitheiss [19] first reported
2

a a t r a i g i u l f o r w a r d  ap p r o x i m at i o n  to that  assumes z (a) is linear over

~1Itlb- • A _-~~---—
-- - - - -- - -— iTT~~~ . i  - -

~~~~~~
-
~~~~ 

- •- 
1
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at loaMI an ‘ = 2o
0 

reg ion abou t  The nature of their approximation can

be clearly seen in f igu re  3.4. 11 z (a) is l inear for  a in the region

[0 — n , 0 + u J  and if (u) is relatively insensitive to changes in a

over this region , then the following linear , stochastic model of z (cz) is

vu 11 (1 :

z (u) = A + Ba + ç 0 — o < a < 0 + a (3—24)

w h e n- ~
‘ Is  a zero—mean , Gaussian random variable with variance equal to

lim e estImate 0 occurs at the zero—crossing of z (a) so that,

z (a) = 0 = A + BO + ~o u=0

I~rom this model , we obtain

A

B B

ao that ,

E k i= O= - +

a m i d
2

Var ’ 0 1  a = E ~O ~ 0
‘ p

~~~~ S in ce  II ~~~
-
~
- 

, we obtain the ~o1lowing expression f or the MacDonald—

ScIuuulttmeIsi-i theoretical approximation to the bearing variance of the SBT

i) r (,(-esso r

- - ~~~~~~~~
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= - - - - -- - -- --- -- (3-25)

-:

~ 
) u=0

-~ is u m t m l , i a s i - d , then (s = and (3—25) becomes

a
’ 

(I-I )

I ’  

- 

/ \ 2 
(3-26)

(~~z (cm) 
\

t\
-—

~

— a 0
1~

I - I  [~ b I a s e d , bu t  only  sligh t l y ,  then equation (3—26) is sti l l  a good
2

~u t p r o x 1n m a t I o n  to (5
k) Otherwise , equatio n (3—25) is more accurate. If ,

2
i i -  -w&-ver , one can assume that  z (a) is linear and a (a) is almost constant

0 
-

o ~- m -  a Iar~ er annular region about 0, then equation (3—26) is again valid.

- , fo r  examp le , the t rue  ta rge t  were located at the bearing mji in figure 3.4 ,

t I l l  ( 3— 2 6 )  is  equa l ly  as val id  as (3— 25)  since the assumptions are true for

-- a , .

Tite error metr ic  de f ined  in (3—26) ,  although not as general as that

i~~ (3—25), Is somewhat s imp ler  to in terpre t  since it decouples the variance

am d i)ids errors . i~quat  ion (3— 26 )  is the approximate theoretical  SBT variance

utm ~ I n c  exa mined in  chapters  5 and 6. The numerator and denominator of

e- • i . u t l o n  ( 3— 2 6 )  ex i s t  in the  form of equations (3— 22 ) and (3— 23) . Equation

-:!2) mus t be d i f f e r e n t i a t e d  with  respect to a and both equations then

t” ui u ited at = 

~~ 
R e c a l l i n g  the definitions of A~and GIn ’ the derivative

t~ t iw  me~a mm SBT o u t p u t  can he written as,

~~~~~~~~~~~~~ ~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
—-=

~~
--

~~~~
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Ii

~H k--N 
1 1 11 ( 10 1 ) i

~J ~~~~~~[{k 
U - j ~~~d 

~~i~~~~( )  cos {~
mk (A; - A ’) ]

+ 
Ut . 

~~~~~~~~~~~~~ sin” i(Wk
) cos [w k

(
~~ 

- 

~pm~1~ 
(3-27)

Il eva i i  m t e  ( 3— ~!7)  ~ t cm = 0T ’ note t ha t

— — ~~~ 
(3—28a)_

i)

1 11(1

— 

~~

‘ U — 2 i~ [cos 0 — cos OTI (3—28b )

s~t that  ~‘quat1OII ( 3— 27 )  becomes ,
L

d sin 0 N 2 2~~~~2 L
= 

T 
~ 

w
k
IH(jo

k
)
~ 

‘
~ ~~ ~L 

[(I — p)S(wk)
- -- C k=—N ‘~e=i p~~-fl

+ ~~~~ 
- 

~~ 
m~ i ~m~°k~ 

c~ s [U - p)~~ 
(3-29)

via -re we h ave dci  [ned ~ = °k —-~--- [cos 0 — cos 0
T J~ 

As shown in appendix C,

h-i ~‘xprt--as [ng t im e cosine term in (3—29) as a sum of comp lex exponentials ,

i t  IS poSSible L I I  evaluate  bot h double suiwnations over the hydrophone indices

(i.e . equat ions  (C—I) and (C—8)) and obtain the following expression for

l i m e denomitnator of (3—26)

—d sin 0 N 2 2( ~ 14

a = it c 
T 
~ ok I H(jok) ~~~ 

S(o~) — 
~ 

Im (Wk)Cm (W k)
I k--N m 1

x [sin(L -
~~

) cot(-~ ) — ~ sin(L~-) cot~~ ~~~) 
— cos

(3— 30)

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

— ~~~~~~ - • - - _____ i __ -



-~~~~~~~~ ~~~~~~~~~~~~~~~~~~

vi me re
2

sin (-~ 
—;

~
-)

S~Ln

a lid

-
~~ = III icos e — con 0

k c 
L 

nm T

U s i n g  ti c results of appendix C and equations (3—28a , b), it can be shown

t h a t

N 2
a ( i)  = 

~ 
wk I H ( j w k ) I  ~-i~- N + 

~ 
S(o k ) N ( w k)

k=—N

K 2 M 2
+ LN (W k

)
m~ l 

I (W
k

)C
m

(O
k

) + L S(o
k

) 
~ 

I (m1
~k

)C (w
k

)s i mm (4 .

+ 

~L~1 ~ (ok)c (ui js in(~ 4)] .[ ~~
I ( w k)C 

~~~~~~~~~ 
-
~
]
~

-

(3—31)

(lie fina l expression for the approximate, theoretical SBT bearing variance

is g iv en  by equation (3—26) with its numerator and denominator defined ex-

p h  I c i t l y b y equations (3—31) and (3— 30) ,  respectively . This performance

metric wi - Il be evaluated numerically in chapters 5 and 6.

the bearing variance metric presented above is expressed in terms

of the filter transfer functions , 
~
H(jo

k)j , which are as yet unspecified .

Ideally, one should 1-ike to select that filter transfer function which mln

ibmiz es t h e  bearing estimation variance. Since the sub—optimal SBT processor

is des ign ed to discriminate only against isotropic, Gaussian noise, IR (jo . ~) I

( .I!m fl Ot be se lec ted by minimizing the above bearing variance expressions

• (e(Iuat iOoS (3—26), (3—30), and (3_31)t which pertain to a highly anisotropii-
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noise i model . However, if we let I(O k) = 0 for in = 
~
, . . . ,  M at all

frequei’ctes , then our bearing variance expressions will reflect a noise

model which is Isotropic . Under this isotropic assumption (3—31) and (3—30)

can be substituted into (3—26) to obtain :

N 2  2

2 ~ 
wk~

H(iwk
) ( -

~ ) 
(N (w~) + LS(tak)N (w

k) ~
o k=-N0 = - ----

~~ ~~

d sin 0T~~~~ wk (j W k) ( W k
)
~ 

(3—32)

It is kflown [181, (19] that the bearing variance in (3—32) can be minimized

• through a variational calculus approach and results in the following filter

function : S(wk)

2 NZ(w )
k 

-

/ LS( u )
( 1 +  ic_

~\ 
N (w ~~~)

Use of this filter transfer function in the SBT processor shown in figure

3.1 viii optimize its bearing estimation performance for a unidirectional,

plane wave , Gaussian signal in isotropic, Gaussian noise. In the remainder

of this research, when a specific form of the SBT f ilter coeff icients is

required , the filter defined by (3—33) will be employed.

-- 

- _ _ _ _ _ _ _ _ _ _  
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CHAPTER IV

DIGITAL SBT SIMU LATION

Th is chapter describes a digital computer simulation which was

developed to provide addi t ional  measures of the performance of the SBT in

highly  anisotropic noise environments. A real—time array processor can be

lmp leimmt~nted in either the time or frequency domains. Traditionally , sonar

processors have been implemented in the temporal domain. However , with the

current , sophisticated digital technology , sonar processors are also easily

implemented in the frequency domain.

Discrete models of some temporal operations, such as differentia-

tion, ~mre unavoidably noisy procedures. However, the equivalent frequency

domain operation is complex multiplication and easily modeled. There

are also problems associated with digital implementations or simulation

~nodels of array beam steering. Discrete t emporal beam steering requires

extremely high sampling rates or the use of complex interpolation algorithms.

In the frequency domain, beam steering is also a simpler operation. At

- each frequency, the input is simply multiplied by a complex—exponential

weight ing. The advantages of frequency domain implementations (or simula-

tions) are often completely negated by the added cost and complexity of

the time—frequency transformation. If the input process spectra vary

considi rably with frequency and exist over a large bandwidth, then even

the co mputationa l speed of FFT algorithms may fall short of making fre-

quency domain processing attractive .

In section 4.1 below, we discuss the reasons for developing a

frequency domain simulation and describe its operation. Section 4.2

51
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describes the methodology employed to generate samples of the desired in-

put , si gna l—no i se—in t e r f er ence  processes at each hydrophone . The last

section develops the digital bearing estimation algorithm.

4. 1 - D1~j~~ l SHT Simulation

A block diagram of the comp lete frequency—domain SBT simulation

Is s1mow~-m in figure 4.1. The simulation performs three basic functions:

generatton and FFT processing of the input data sequences, application

of time SBT algorithm , and extraction of the source bearing estimate from

the processor output The SBT as configured in figure 4.1 is conceptually

capable of processing recorded field data instead of the T—second long

simulated time sequences, x
~
(n
~
t), -e~ i, . . . ,  L. However, for the purpose

of emulating the SBT processor, observe that if the frequency domain

character izat ion of the hydrophone outputs could be synthesized directly,

then time costly requirement for a Fourier transformer is eliminated .

Indeed , the linearity of the Fourier transform assures that the Fourier

coef f ic ien ts  wi ll be Gaussian random variables when the hydrophone outputs

are Caussian processes. Consequently, the direct generation of the

frequency—domain random deviates is justified. In the next section, we

describe a methodology for generating the Gaussian deviates, X
~e
(jwk

),

kaO , I , . . . ,  N—i , which possess the desired statistical properties.

The hydrophone output sequences of random deviates stimulate the

SBT array processing algorithm which generates an output random deviate

corresponding to the chosen steering angle , n . If the steering angle is

subsequently incremented and the SBT algorithm reapplied a total of ISTEER

t imes, then the processor outpu t sequence z (1), z0
(2) , . . . ,  z0

(ISTEER) is

generated . The simulated bearing estimates are then formed from these

ISTEER deviates.

~~~~~~~ ___________ • 1 _________________
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The Sil l’ p r oc i - ss-I n~ a l g o r i t h m  is s imply  the output  expression

dev~ Loped 1mm I~upte r 3 tor arbitrary hydrophone output wnveiorm s and need

nt~t be discussed in detail again. Specifically , the SBT algorithm is

defined by equ~m t Ions (3—i) through (3—3) and equation (3—6) where the

filter transfer function IH (iwk
)
~ 

is defined In equation (3—33) . Recall

that time utilit y of the frequency domain processor—simulation arises from

the ease of performing the following operations in the frequency c~omain:

beamsteer!ng, differentiation (or 900 relative phase shift), filtering and

integrat [on .

The third function performed by the simulation is the actual bear-

ing estimation algorithm . We utilize a linear, null—detection algorithm

which closely follows the one developed by Witt [36]. That is, the bearing

estimate is t ime angular location of the steepest, negatively—sloped , zero—

crossing of the linear regression of the output sequence, z ( l ),

~~(ISTEER) , on the steering angle sequence 
~~‘ ~ISTEER Our algorithm

is detailed in section 4.3.

4.2 - Generation of Input Random Deviates

Before discussing the direct generation of the frequency deviates,

it is of interest to outline the steps required to generate the

time sequences, x
e
(n
~
t). Since the noise model of interest contains M—

directional interferences and an uncorrelated , isotropic component , a total

of M + L + 1 independent sequences of Gaussian random deviates are required .

At eadi hydrophcmne , the M+l sequences associated with the target and inter-

ferences must be t ime delayed in proportion to their respective bearings .

As mentioned earlier , this time delay insertion requires high sample rates

or interpolation between every adjacent point in each of the L hydrophone

L
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i tine ‘cIuen. -~”. Ti m e M + I. + 1 5equences are discrete samplis of white ,

Gauss ian  no i se proces ses and must each be filtered to obtain the desired

spcctr.m l char .m~’terIstics . If, for c xampIe , one restricts his attention to

l ow—pass band—l imited , white Gaussian processes, then the spectral

shaping is ejsilv accomplished by a l inear—phase , FIR digita l  fI l t e r  [24] .

Finally, the simulated output signal at each hydrophone is the sum of an

independent noise sequence and N + 1 properly delayed , propagating

(directional) sequences. As indicated In figure 4.1, the input time

sequences must also be pre—processed by the Fourier transformer in order to

stinnmiate a frequency—domain SBT algorithm . If one intends to stimulate

a time domain algorithm , it has been noted [361 that the input time se—

quences must be of length greater than T to permit truncation of noisy end—

point values generated by the time—differentiation operation.

If , as is the case here, one can define the first and second order

signa l—plus—total—noise statistics, then It is possible to generate the re-

quired input random deviates through a transformation of zero—mean , unit

variance random deviates (e.g. [4] and [23]). Our approach closely

paral lel s  tha t  of Franklin [10]. By assumption , the hydrophone outputs

are zero—me an , Gaussian rand om processes . By design , the hydrophone output

X € (j e k ) at f requency °k and the output X e(j wm) at frequency 0m are independ —

eat for # ~~~ . Consequently , the array response is completely specified

by the KX, L x L dimensional signal—plus—total—noise covariance matrices,

In other words, for k = 0, 1, . . .,  KK— l, we have at the frequency wk

L ~~~~~~~~~~~~~~~~~ 
- - - . 

- -~~ - -~~~~~~~~~ ~~~~~ ---- - 
‘ 
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X?(jwk
). . . .,  X

J (iw k)]

and E ~ 
* 

=

l’he c~ v . i m ’ [ance m a t r i x  i~sN (wk ) Is not only Hermitian , i t  is also Toeplita

and Is d e f in e d  in equation (3—20 ) as ,

TS(u~) a(wk
) a ~(w~) + TN (uk) I + T~~ ‘

~~~‘Q bm(~k) ~m
*
~wk
)

T S a a  +~~~ (4—1)

whe re S . N , and I are , respectively, the signal , noise , and interference

power spectral densities at wk, a (u.s) and bm ~~~~ 
are the signal and mth

interference phase delay vectors, T is the observation time interval, and • 
-

is t i m e  noise plus interference covariance matrix at Since both the

propagating and non—propagating components of the received waveforms are

by assumption homogeneous, the signal—plus—total—noise covariance matrix

in (4—1) is a Toeplits matrix. For simplicity , we drop the frequency index

fo r  the remainder of the derivati~ n.

Gene ration of the desired complex vector Gaussian deviate X first

requires the generation of an L dimensional , comp lex vector Gaussian variable

z w h i c h  has zero mean and unit variance. The vector z is easily constructed

f rom twm ’ real , Gaussian, vector random variables with zero mean and unit

varianc&- . If the probability density functions of the real, independent,
—~~ —~~ —~

1,-dimens ional vectors u and v are N(O, 1), then by defining

,.
L z =  ( -——- ) u + j v J (4— ’)

~ I 2 /  . J

~~~~Irr~t — ----- —--- ‘
~~~~ 

-
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i t  is .m,’I~ mr cnt t hat

(I

aim d i~~~z z  
l =

A st a n d ar d  DEC system 1(1.—ID library subroutine was used to generate the

-~.- ro—iiw~m i , unit variance Gaussian elements of the vector random variables

u and v.

In general , the vector X is related to the vector z by the follow—

ing tr mii m ~;formation:

X C z + u  (4-3)

where C is a unique, L x L lower—triangular , deterministic, complex matrix

such tim

*
~ SN E~~

X X  ~~~~~~~~~~~~~~~~~ (4—4)

am i d , by assumption , ~ = E = 0. Since 
~SN 

is known (see equation (4—1)),

equ atIon (4—4) can be solved recursively (Franklin [10], p. 208) for the

elements of the transformation matrix C.

Time signal , noise, and interference power spectral densities must

he defin’ d at each frequency in order to completely specify 
~ 

To

I~uil [tat e numerical evaluation of both the theoretical and simulation

error measures, we make the simplifying assumption that the spectral shapes

oh .-mll  processes are identical , i.e.

S(u), N(w), I
~

(w) = (S. N, 1) • Gb.) (4—5)

L
,~~~~~~~~~ -
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N and am 
in (4—5) are constants and C (u)  is a normalized power

I d e n s i t y  function . t n  the remainder of this study, we shall

:mssutum(’ in obs~ i~’a1iun interval of T 0.128 secords and a sampling fre—

cIul-nry 1 250 1l .~. Consequently, the one—sided spectrum C(u) is defined

by 16 .amplcs at ‘
~k 

= k, k 0, 1, 2, .. .  , 15. Furthermore, we

rt’quir .- the low pass spectral sequence, G(wk) to roll—off at 40 dB/octave

and dc~ Inc i t s  12 dB down frequency to be 013 = 

~~~~~~ 

13 = 211(101.5 Hz).

t-’tgurc ‘m .2 Illustrates the idealis-tic spectral shape of signal, noise and
1

inte rI~ rence &‘iimployed in this study. Since the parameters 
~~ ~~~~~~~~~ 

6_ f ’

1 , and (m = I , . . . ,  M) are investigated as variables within this study,

we have completely specified KSN and are able to use the above methodology

(equat I ons (4—1), (4—4), (4—3) and (4—2)) to transform independent, zero—

mean, unit—vari ance Gaussian deviates into the desired , complex , vector

;aussl. -m deviates X(jw
k

) (k = 0, 1, . . .,  15) from the distribution

N ( O ,

‘
~~. 11 — ~;imu 1at ed  Estimation Algorithm

If , as 1,n chapter 3, we make the assumption that the mean SBT out-

put Is m linear function of steering angle, (around 6), then it seems

reasonable to form an LSE straight line fit to several output points which

encompi ;s a zero crossing and calculate the bearing estimate from this line.

l’ime s ln u la t ion  program calculates “ ISTEER ” SBT output deviates centered

around the true target bearing, from which the line fit is computed . In

the b a s - l i n e  numerical evaluation that follows , the parameter ISTEEII is

equa l m~ 13. For simplicity, let p ISTEER in the following derIvation.

-

~

~~~ L ~~~~~~~~~~~~~~~~~ — _~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 
-
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Figure 4.3 illustrates the estimat ion procedure for P hyp~,~thetica .

simulation output values. The LSE line is defined by

ZI SE (a) A — Ba (4—6)

The bearing estimate , 0 , satisfies t

ZLSE (O) = 0

and is clearly,

6 —
~~~~~~~

The coefficients A and B are chosen to minimize the mean—square—error,

MSE — ZLSE (ai)) 

2
MSE = •—r 

~~ (z~ — (A — Ba
1)\ (4—8)

i=1 /
By set t ing the derivatives, with respect to A and B, of (4—8) equal to

zero, A and B are easily found and, upon substitution into (4—7) yield,

~~z ~~~i~~~~
z a

Ll~~~
cti8 =  .1 (4—9)

~ ~ a~ — P ~ zjaj

where all summations range from 1 to P. Since we are interested In target

t racking applications, as long as the sector over which the beam is swept

is not unrealistically small , we need not be unduly concerned with multiple

zero—crossings of the simulation output. Consequently, the simulation

program uses all of the ISTEER output values to calculate 6 and requires

only that the slope of zLSE(a) be negative.

~~ • 0
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Previous studies (e.g., 36] have successfully emp loyed similar

techniques for estimating source bearing from sampled SBT output values .

As discussed in chapter 5, there are potential problems with this type of

algor i thm . It is desirable to have a large number of beam positions,

ISTEER , as well as having the angular beam—sweep region large relative to

the bearing standard deviation. Otherwise , it is likely that LSE lines

with very small slopes will occur, resulting in unplausible bearing

estimates. In any event, this problem requires larger simulation sample

sizes.

For every parametric combination (SNR , M, L, 0m’ etc.) of interest,

the simulation must be exercised a total of ISTEER x times, where

~REP Is the number of estimates per sample and , recall, ISTEER is the

number of beam positions per estimate. Based on these samples, statistical

measures of the performance of the SBT array processor are defined in the

next chapter.

~~~~~~~~ J
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CHAPTER V

NUMERICAL RESULTS — BASELINE

This chapter presents the tesults of the numerical analysis of

bearing estimation in the presence of multiple, interferir.g noise sources.

The Cramer—Rao (CR) bound derived in chapter 2 is the performance metric

for examining the effects of such interference on the optimal (ML) esti-

mator , which is assumed to be unbiased. For the sub—optimal split—beam

tracker (SBT), bias as well as standard deviation of error is evaluated.

The performance of the SBT is presented in terms of both theoretical

measures of error and statistical measures of the simulated SBT perform-

ance. The SBT performance metrics are described in detail in the follow-

ing section. Section 2 lists the baseline values of the fixed and variable

array , processor, signal, noise and interference parameters. Section 3

presents and discusses the baseline results in terms of the standard

deviat ion—type error measures while the last section contains the baseline

results in terms of the bias error metrics.

5. 1 — SBT Performance Metrics

One theoretical measure of the SBT performance is the approximate

expression of the standard deviation of the bearing estimate derived in

chapter 3. The approximation arose from the assumptions of long obser—

vailon Interval and linear behavior (as a function of steering angle) of

t ime  SBT output .  Another theoretical measure of the SBT performance is the

estimation bias or expected value of the bearing estimation error. It is

reasonab i.e to assume that the SBT bias error , unlike that of the max imum

l ike l ihood estimator , will be significant for many target—to—interference

63
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4eparutit’ns. The bias error , B, Is defined as

B ~ E~0~ — 0T 0T (5—1)

whe re ~~~~ denotes the statistical expectation , 0 denotes the bearing

estimate and 0T is the true value of the target bearing . Assuming the

p r o b a b i l i t y  density function of the SBT output , z0 , is synmietric about its

m ean, the expected value of the bearing estimate can be calculated from :

E 1z (ci)P x) 0 (5—2)
c x O  c & 0

where z (cI) Is the mean SBT output derived in chapter 3. The exact solu-

tion of equation (5—2) for 0 is mathematically intractable. A good

approximation of 8 is obtained for  forming a least—square—error (LSE)

straight line f i t  to p values of z (a) and solving the result for 8 accord-

ing to equation (5—2) .  This algorithm is the same one employed to obtain

bearing estimates from the simulated SBT output which was described in

chapt er 6. The bias error in equation (5—1) above and the standard devia-

t ion of the bearing estimate given by equation (3—26) are the theoretical

measures of SBT performance which are presented in this chapter. They both

represent approximations to ensemble averages of bias error and estimation

standard deviation assuming a linearity of the SBT output with respect to

steerini. angle , a.

he relevant statistical measures of the performance of the simu—

J.uted SRI processor are simply the sample mean aad standard deviation of

the estimated bearings. Samples of sizes from 20 to 60 replications were

generated for the various parametric combinations. Consistent with the

previous theoretical measure , the sample bias error is presented in this 

_~~~~~~~~ . ~ ~~•- -
~~~~~~~~~~~
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c hapter  rather than the sample mean of the es t imated bearing . With the
~

I t h  bearing estimate , 01, generated by the simulation as described in

et mapter 4 , the sample bias error is aimp ly

1 N
B8 ~ (0 — °T~ ~~~ 5)

1=1

where N is the sample size. The inherent, statistical uncertainty in the

sample bias Is defined by the confidence belt calculated for each sample

bias estimate. If instead of a single sample of size N, a large number of

samples of size N are generated, then one would expect the true population

bias to fall within the sample confidence intervals f or (1 — a) percent of

the samples. The confidence intervals presented in these results are com-

puted from [181

r~r _B8 
- 

N-l , _L.’~~ ~ I 
B I B + tN_l ,_.~._!~~ ~

where , B8 is the sample bias computed in equation (5—3) ,

• B is the true , or population bias ,

tN l  u is the students t-.statistic for N—i degrees of freedom
‘ 2
and a significance level of a

N is the number of replications per sample (the sample size,

e.g. 20)

a is the level of significance and was chosen to be 0.10 for

this Investigation,

o~ is the sample variance of the estimated bearing as described
0

below .

~ 
~‘The simulation estimates 01 and the theoretical mean bearing esti-

mate , 0 , described previously are computed using the same number of beam
positions for each LSE line fit.

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ ~~~~~
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The sample variance of the estimated bearing is L8] ,

( N  / N  
~~~~~

= , y e~ — ~: e1j (5—5 )
(3 ~i=l \i=l I

lhe statistical nature of the sample variance or the sample standard devia—

ton , o,,, is also reflected by its confidence interval. This confidence

interva l is calculated from the following expression [8]:

(N— i) 
— 

I °~ I O %
/~~~N~l~_

- 
(5—6) 1 —

e X 
1— ~ 0 0 X

2 ‘ 2

‘.here a is the cril—squared statistic for N—i degrees of freedom

and a significance level of a ,

N is the number of estimates per sample and ,

‘~ Is the significance level , equal to 0.10 .

I h e  sample variance computed in equation (5—5) reflects the random varia—

ion of bearing estimates formed from p values of the simulation output at

i corresponding values of the array steering angle about the target bearing.

n othe r words , the variance in (5— 5) is based on p observations of T

-econds of data. However, the approximate, theoretical SBT bearing

variance described earlier and the Cramer—Rao variance bound derived in

- h apter  2 are based on only T seconds of observed data. To facilitate

:i direct comparison between the three variance (or standard deviation)

i me asures , the quanti ty

o~ p x a ~ (5 7)
8,T 0

s presented as an approximation to the T—second bearing variance of the

;imu]u ted SBT processor. This type of approximation , suggested by

-~wer 1Ing (28 1 and adopted by Witt (36], implies tha t the angular region

— — 
-
~ :~~~~~~~~~~~~~~~~~~~~~~ _~~~~~~~

‘ 
~~~~~~. ~
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over w h i c h  the LSE line fit is made is small enough to assume the points

in the line fit are p Independent observations of statistically identical

data.

— Baseline Parameter Values -

The results presented in this chapter pertain to a baseline set

of arr ~m y , processor, signal and noise parameters. The baseline set of

paramet ers  is listed in table 5.1. The baseline values in table 5.1 allow

a realJstic yet manageable numerical analysis of the effects of highly

autsoti-opic noise on passive bearing estimation. It is seen that the only

variable parameters in the baseline study are the number of interferers,

time angular separation between interferers, and the interferer locations

r’~1ative to the array axis.

5.3 — Standard  Deviation Results

The numerical effects of a highly anis’,tropic noise field are

present~ d in figures 5.1 through 5.5 in terms of the standard deviation

ot the bearing error for the baseline case. Later, the bias error of

time bearing estimates is presented . The standard deviation of bearing

error or bearing estimate standard deviation is presented as a function

~i the target—to—interference  separation which is expressed as the phase

difference ,

‘1 (w~~ ~ 
) (cos 0T 

— cos 0
~
) (5—8)

where w~~ =(~f) 
(KK—1) is the highest radian frequency in the

signa l and noise bandwidths and ,

is the mean interf erence bearing of the cluster of 1, 2, or

4 interferers.

-- -- - -~~~~~~ - i~--
- 
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TABLE 5.1

BASELINE VALUES OF ARRAY , PROCESSOR,
SIGNAL , AND NOI SE PARAMETERS

PARAMETER SYMBOL VALUE

Numbt -r of hydrophones LL 10

Hy dr i pho ne separation D 20 feet

Inte~ration time T 0.128 seconds

Sample rate 250 Hz

Sign •il—to-Noise ratio SNR 1.0

True target bearing 0T 90°

Interference—to—Noise INR 0.1
ratio

Number of interferers MM 1, 2, 4

Interferer separation (~0) 3, 6, 9 degrees

Interference location • 0~ Theoretical: 0—180 degrees
Simulation: 30, 45, 60, 70,

76 , 82 , 90 degrees

Signal and noise process 101.5 Hz
bandwidth

Discrete bandwidth KK—l 13

Number of beam positions ISTEER 13
pe r estimate (p)

An g u l a r  s teer ing sector 86 — 94 degrees
covered

~~

‘ 

~~ . 11~~~~~~~~~~T 
- 
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Since the standard deviation of error metrics are sytwuetric about the

zero phase separation , these results are presented as function of Yl

ra ther  than  Y.

Figure 5.1 shows the standard deviation of error for the case of

a sing le plane wave interference. Figures 5.2a, b, and c show the results

for  two int er fe rer s  separated by 3, 6 , and 9 degrees , respectively. Like-

wis e , f i gures 5.3a , b , and c show the results for four interferers. Three

genera l observations are readily apparent from these results. First, in

~~~~ ease the standard deviation of error exhibits a different behavior

In  each of three segments of the range of I~~~~ I values. For remote inter—

I erers , all  three error measures are independent of the target—to—inter—

ferenee separation Y~ , and only somewhat larger than the standard devia-

tion for isotropic noise alone. For intermediate values of ~Yj (approxi—

mnately 0.4 to 1.0), the standard deviation metrics exhibit a peak value

(or a relative maxima). Finally at small separations of target and inter-

ferer , the behavior of the three metrics appears to vary from case to case

as a complex function of MM , A8 and Yl . The detailed behavior of the

standard deviation of error in these three segments will be examined later.

A second general observation is that the Cramer—Rao bound indeed

prov Ides a lower bound on the bearing error except at very small phase

separations (small Yl), thus illustrating the performance degradation of

time• SRI processor over the ML processor. In somc’ cases, at small ‘it values,

t h e theoretical SBT error becomes less than the Crainer—Rao bound . In

tim es reg ions , the target and one or more interferers are unresolvable by

1)0111 Ml. and SRI’ processors. However , the SBT processor essentially “sees”

a sing le source of directional noise (with increased level) and a background

noise field that is nearly Incoherent , or isotropic . As a result of the

_-i-
~~~~~~- -
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SNR 1.0, e1 
= 90’, LL = 10 hydrophones, d

~~ 
T .

~ 0.128 sec., KK 13, e1 = Mean Interter on~~
bearing

(Jc~,~ e.s) Y =(
~

) KK(~~)(cos 0T 
— C05 8

1)
3.0 — — Cramer-Rao Bound 

Approximate Theoretical S3T
Standard Deviation

Simulated SBT Standard Deviation ~ s
. /i~ (adjusted for equivalent I-sec .

2.0 1 I observation interval) . 90% ~~~~~~~~~~~L Belt shown for (*J replications.

r
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Figure 5 1  — Standard Deviation of Estimation Error , M M 1
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higher .~pparen t signal level, it is seen in figure 5.1 that the SBT

error at small Yt falls below its own isotropic—noise error level. ~~~

performance of the ML estim-itor which is bounded by the larger, CR bound

reflects the tacit assumption that the optimal estimator is perfeedy

matched to, or has perf ect knowledge of , the true background noise field .

Hence , the fact that the SBT and ML processors are addressing “difterenL ”

noise fields at small I YI values is reflected by the seemingly superioc

performance of the SRI processor.

The third general observation is that the bearing error of t~~

simulated SRI is, at the chosen confidence level of 0.90, significantly

poorer than the approximate, theoretical SET bearing error. This appears

true in each of the figures 5.1 through 5.3 at most target—to—interferer’ce

separations. The appearance that this difference is almost constant over

all ? values is explained by the use of the same set of input normal

deviates for each of the seven target—to—interference separations examined

by the simulation. The difference between the simulation and theoretical

SBT bearing errors occurs consistently throughout the investigation.

Although the exact cause of this somewhat unexpected difference is unknc-,r-

a combination of one or more of the following points is suggested as a

possible explanation:

1) The number of replications (i.e., simulation runs) is small rela--

tive to the number of points used in the line fit. The SRI output

values used in the LSE line fit occur in an eight degree segment of

steering angles between 86° and 94°. The true bearing error, which t~~

estimated by the simulation results, is on the order of one to wo

degrees - a significant fraction of the 8° segment of steering angles

forming the line fit. Hence, the number of points used to form each 

-~~~ - ------—-- -~~~ -- - ~~~~~~ - - - —~~
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est Imit ate and the number of estimates p~r sample viii signit~icar . t~y

effect the standard deviation of estimation error.

2) The theoretical assumption that the SBT output is a linear ft-n~. t c -

of steering angle is invalid for the 86—94 degree range over which th’

simulation forms the LSE straight line fit. Figure 5.4 shows a pl~~t. -
~~~

the theoretical SBT output mean, z0, and standard deviation, a , as

functions of steering angle, a, using the expressions derived in

chapter 3. Notice that in the 86—88 and 92-94 degree regions, the

assumption of linearity is somewhat strained. The nature of this noi~-

linearity would tend to cause a lower LSE line slope than expected and

thus a higher standard deviation of error.

3) There are 13 points used by the LSE line fit estimator to obtain

the baseline simulation bearing estimates. Under the assumption that

13 I—second observations of statistically identical random data produce

an error variance which is 13 times lower than that obtained for a

single T—second observation, the standard deviation of error has been

multiplied by v93 for presentation in figures 5.1 to 5.3. Here lies

the third possible contributing cause of the difference between simu-

lated and theoretical bearing error. That is, the observations at

13 different beam positions (86° — 94°) may not be statistically

identical, at least to the extent that it is optimistic to asstnne that

the simulation error variance should be 13 times lower than an “equiv~-.-

lent ” T—second error variance. A less optimistic assumption would , of

course, result in lower “T—second equivalent” simulation bearing error~-

than those presented in figures 5.1—5.3.
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41 The actual observation time of 0.128 seconds is too small tot t~~~

anpr iximation , made in the theoretical SBT standard deviation of err ’~

deri”ation . that the spectral density , X(o), can be expressed as

X ( a) —4
~
-- E x(jw) x*(jw)~ (5-9 )

wher~ x(jw) is the Fourier Transform of the aignal—plus—noise—plas-

interference process existing in the water at the face of the array .

Recalling the first general observation drawn from the standard

th’viati~n of error results, it seems appropriate to discuss the detailed

el fects of a highly anisotropic noise field in terms of the three levels of

target—to—interference separations —— remote interferers, IntermedIate or

“peak” interferers , and nearby or coincident interferers. In the inter—

m&diate IYI — region, the location of the peak error varies somewhat with

M! and tO . Also, the SBT error and the CR bounds peak at d i f fe rent  l oca-

tions . For the single interferer shown in figure 5.1, the locations of the

er ror pLaks are identified with the resolution beamwidths of the SET and

Ml proc(•ssors . In a previous theoretical investigation [7) ,  Cox derived

and evaluated an expression for the resolution power of the optimal

(maximum likelihood) beamformer. From his results ( [7] ,  figure 4 , j - . 781)

it is straightforward to determine that the resolution “beamw idths” (i.e.

rt soiution power in terms of angular separation) for the parameters of

interest are 14.2° for a conventional beamformer and 10° for the optimal

beamfor n~er. From figure 5.1, we see that the peak bearing error occurs

when tht- target and interferer are separated by a resolution beamwidth.

The results In figures 2 and 3 indicate that for multiple, closely spa.~ed

(e.g. 3°) interferers, the standard deviation of error peaks when the

_ _ _  _ _ _ _  —.
~~
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mean interfer ence location Is approximately one resolution beamwi~ th ~ro~

the target .  As the interference separation , ~O , increases the IY~ ços i-

tion of the peak error increases , reflecting the transition to indepenci n~

interferer effects at t~O values greater than a resolution beamwidth.

The effects of increasing the number and mutual separ~-ttioLl ~f

remotely positioned interfering noise sources is suunnarizea in fig’~r~ ~ .5•

It is obvious here that the mutual separation of interferers, like their

position or bearing, has no effect on the standard deviation of error

when the target-to—Interference separation is large. The CR bound indi-

cates that the ML estimator will also be independent of the numbei of

remote interferers. The simulation and theoretical SBT errors indicate ,

however , that the sub—optimal processor performance worsens with increuses

in the number of remote interferers. Since the SBT is designed to discrim-

inate against incoherent noise, It cannot cancel or “de—emphasize” the

remote interference which in turn increases the equivalent background

noise level. As discussed previously, the simulated SBT bearing error is

significantly higher than the theoretical SBT error. However, its depend--

ence on MM and t~O closely mirrors that of the theoretical measure.

The behavior of the standard deviation of error in the mid or

intermed iate rang e of ~~ values is shown in figure 5.6. This expresses

the peak error as a func tion of ~C. As one might expect, the peak ‘-alue3

of both the CR bound and the SBT error for multiple interferers approaches

the single—interference values as the mutual separation increases. For

interference separations on the order of two times the resolution beam—

width , multiple and single interferers would yield the same peak values.

The CR bound now shows a slight dependence on number interferer s while the

- - 
- - -

~~~ — - - -~~-- -~~~ ~-
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SET pt ’ essor shows a high dependence on number of interferers when thL.

separa t ion is small.

ThE dtf4 erence in the s1o~-s of the error curv.s In figure 5.6

Lnd icat -~ a rapid deterioration in the relative performance (i.e. the ra t i -

SBT) 
t~f the SET processor as the number of closely spaced interferers

increases. MacDonald and ~chultheiss [19] have shown that for incoherent

background noise (no interferers) the relative, theoretical degradation

of the SBT processor is

½ ½
°SET 14 \  (LL — 1)

LL - -

where 1.1. is the number of uniformly spaced hydrophones. For the 10—

hydrophone array of interest, this ratio is 1.15. The results in figure

5.1 show theoretical and simulation degradations relative to the CR bound

for a single interferer of 1.23 and 1.47, respectively. For four ir.ter—

ferers separated by three degrees, the relative performance degradation

has increased to 1.69 and 2.39 for the theoretical and simulation measure~

respectively.  For smaller separations, we would expect larger relative

perforiruince losses. This data represents a very serious degradation in

bearing estimation performance of the sub—optimal processor over the

optima l processor but is not unexpected in light of the sub—optimal pro-

cessor design emphasis on isotropic noise fields.

Figure 5.7 shows the standard deviation of bearing error behavior

for coincident target and interference. As noted earlier, the CR bound

appears not to provide a lower bound on the bearing estimation error for

all scparations of mul t ip le  interferers. Since the SBT processor has fl)

knowlidge of any directional aspects of the noise field, an interference

in the proximity of the target is interpreted as an increase in. signal
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level. Consequently, the SET processor sees a target with an e f f ec t i ve

signal l evel higher than the true target level.

SInc~ Jie target Is coincident with the mean bearing of the inter—

ference ‘ luster , the standard deviation of error is seen to increase with

Increasing AU for multiple interferers. One would expect this beh~’,ior

for ie less than or equal to the resolution beamwidths. As t40 increases

above a resolution beamwidth, there can be at most one interference within

the beam and the effects of the remaining members of the interference

cluster will decrease. Also, the simulation standard deviation of error

is again seen to mirror the theoretical metric but at a somewhat higher

level.

5 . 4  — Bias Error Results

The mean, or bias, errors determined for the baseline study are

presented in figure 5.8 f or a single interferer and figures 59 and 5.10

(a , b , nnd c) for two and four interferers at 3, 6, and 9 degree separa—

t ions, respectively . The bias curves in figures 5.8 — 5.10 reflect only

SBT errors since the optimal (ML ) estimator is by assumption unbiased .

Several general observations can be made by examination of figures

5 . 8  — 5.10.

1) The bias error is anti—symmetric about and of significant

magnitude over a wide range of target—to—interference separations (‘1).

As one might expect , the estimated bearings are biased in the direction

of the Interference l ocation.

2) The bias errors exhibit peaks (relative extrema), whose locations

and widths vary noticeably with number and separation of interferers.
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For multiple interferera, the peak values decrease with increasing

1nterfer~r~ce separation while the peak widths increase with 1.ncrea~~:r1

separation.

3) The simulation and theoretical bias errors are in close agreem~~t

for all caseM . Unfortunately, this agreement offers no solid clue as

to the source of discrepancy between the theoretical and simulated

SBT standard deviations of error.

The detailed behavior of the absolute value of the peak SBT bias

error as a function of number and separation of interferers is shown in

figure 5.11. The close agreement between the theoretical and simulation

bias metrics is apparent in figure 5.11. The bias measures decrease

linearly as ~B increases. The rapid performance degradation of the SBT

processor as the number of closely spaced interferers increases is evi-

denced by the larger negative slope of the MM 4 bias curve. A similar

behavior was witnessed for the peak standard deviation of error curves

presented in figure 5.6. As with the peak standard deviation of error,

the peak bias error for multiple interferers will approach that for a

single interferer as ~O becomes large.
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iFt E~ 1CAL RE~ t31.TS — PARAJIETER EXTENSION S

I l i t  r e su l t s  p resented In  chapter  5 prov ide basic insigh t into the

4 1  feut~ 4 ) 1  a h i g h l y an isot rop ic noise field on bearing estimation by optima l

(ML ) ; int l  s t i l ’— n p t i nia l (SIlT) processors . In this chapter , added insight i nt o

lw e f h ts  ot such .. ~ noise f ie ld is provided by the numerical results of

• & x t e n d i i i g  t h e  range of v a l u e s  of selected , f i xed baseline parameters. To

I(~~( InLU %~ m an a g e a b i l i t y  and economic feas ibil i ty ,  only two of the po ten t ial  i v

more l o t  c r t s L i n g  parameters are examined in this phase of the study . The

depeisloin y of bear .i.ng es t imat ion performance on received signal—to--noise

( SN R )  r;it h o  i s  p resented in section 6.1 wi th  the numerical results for  SNR

v . i I u t ~ ot 0.5 and 2 .0. t h e  following section presents the results of ex—

I e nd i n g  t h e  ar r ay  s ize to 20 and 40 hydrophones (for an SNR of 1.0) . Excep t

~Is note d in  o a th ,  section , the remaining fixed and variable parameters assume

• I h e i r  b:isc I toe va lues  as defined in table 5.1.

• ti . l - E xt en s i o n  of S~ gpa 1—to—Noise Ratio

• This seclion presents the results of extending signal—to—noise

I . i ngi~ t e  ( ) .~~ and 2.0. This SNR range covers many of the situations en—

( . ,u I I te r ’ th i n  a e tu a t targe t tracking applications. Although the simulated

b e ar i n g  error has been c o nsi s t e n t l y  hi gher than the approximate theoretical

rror , u s  overall behavior as a function of number and location of inter—

&‘rurs i s  :ig ;iln expected to mirror the theoretical metric . Consequently,

t h e  ~ i i i , i i l a t  ion was not exercised for interference bearings of 300 and 60°.

I hie s l i i i i i l ; i t  Ion results for the remaining five interferer positions (450 ,
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/o~. / ~~° , 82 ° , 90°) are presented  in  th is  sect ion.  Furthermore , at each

i u , t & i I & r e r  p o s i t i on  t he  s i mu l a t  ion sample size is l i m i t e d  to  20 rep l i c a —

h 4 n i ~;. N i tha i t h roug h o u t  the SNR parameter  ex tens ion , t h e  a r r ay  size

ren t i te;  at  1( 1 hydr ep hiones

I h i ~ n u mer i c a l  r e s u l t s  of eva lua t ing  the three s tandard deviat ion

I I I  er r or  m e L r i e s  and the  two bias error metr ics  are presented in f i gures

1— 7 ;iiid 8—14 , respectively of appendix D. For clarity, the baseline results

at SNR = 1.0 arc not repeated in these figures.

Seve t a l  observat ions  can be made upon examination of the standard

d e v i ; i I  ion  of error metrics Lu figures D.l — D . 7  regarding the extended

~-N R p; i t ine t or va l ues:

I )  Over t h e  e n t i r e  range of ~Y f ,  the s tandard deviation of er ror  in—
LI

cr t ;ises at small signal—to—noise ratios. For the most part , this

p hoit ~~iw~ a r e su lt s  f rom the loss in signal power relative to the isotrop-

ic component of the back ground noise level. Another contribution to

i h i i ~ ; ~ h iect  is possible since , even at remote interference bearings ,

Lii. t o t a l  interference power will contribute somewhat to the received

b;i H~grtn ind  n o i s e  level seen by the two processors .

2 )  I’h,c larger peak magnitude of the standard deviation of error

and ~~ seem i ngly superior coincident ( I Y I  = 0) performance , by the SBT

l’ssor relative to thi~ CR bound at low SNR , results from a loss in

si gi , .ih leve l relative to the received interference power. In other

. 1 ; , t I ii st are p h t i i u i n e n a  observed as a r esul  t of a decr easeJ  signal —

I l i i i  . r h  i r c u i t e power r at  in .  Observe a l s o  t h a t , a I t t ;~~uv~h the  e r ro r

a rt ’ ~h i a r p e r  ( lar g er  r e l a t i ve  to the  bound ) ;It  SNR 0 .5 , t h e i r

b o u t  l ug  l o c a l  i o n  (~Y~ v i  h u e )  r e m a i n s  c o n s t a n t  over  the  SNR range ef

V .1 1 1 1 4 ; .
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• 3) The appa rent discrepancy between the theoretical and the simulated

SBT standard deviations of error that was discussed in chapter 5 is

also mat Jest in the results presented in appendix D. It is noteworthy ,

however , tha t the discrepancy worsens significantly around the error

peaks [or multi ple Interferers , particularly when closely spaced . For

example , consider f igure D.5 for four interferers separated by 3°.

T h e  simulation errors at I~I equal 0.355 and 0.618 for SNR 0.5 have

b ecut  a d j u s te d  to reflect smaller sample sizes of 18 and 16 replications,

respectivel y. These sizes result from an after—the—fact rejection of

three obviously unacceptable bearing estimates. The small ‘ x’s at Y

equa l 0.355 and 0.618 indicate that respective error magnitudes of

4.8 and 12.24 degrees were obtained for the original simulation sample

sizes. ‘I’hie rationale here is that such poor bearing estimates (0 = 81.9°,

78.6°, and 75.2°) would be ignored in any automatically or manually

opt u -ated hearing estimation system. Furthermore , it is noted that the

f u l l , o r i g i n a l  sample sizes of 19 and 18 rep lications at l~I equal to

0.355 and 0.618, respectively , and SNR = 0.5 in figure D.5 are smaller

than the other 20—run samples due to an absence of a zero—crossing by

the si mula t ion  output , and hence no bearing estimate, for three simula—

tloui runs.

T u e  unacceptable estimates from some runs and the absence of a zero—

crossing in other  runs is a consequence of the simulated SBT output  be-

com i ng n o n — l i n e a r in the 86° —94 ° region of the LSE line f i t .  This non—

h i u i u a r lcy  is a lso responsible for  the larger discrepancy between the

t he or e t i c a l  and simulated standard deviations of error at these IY~ —

v a l u ~~~. T h e  natu re of this non—linear i ty  is shown in f igure  6.1. This

• figure shows the theoretical mean and standard deviation of the SBT

1•
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ou t put  (equa t ions (3—22 )  and (3— 23 ))  fo r  an StI R of 0.5 and four inter—

it , ~rs separated by 30 and centered at a bearing of 76° ( l Y ~ 0.618) .

iii. - .w&-iir. cu re ol t h e  n o n — l i n e a r i t y  in f i gure 6.1 for small z values

Iiu.huca t &s not only a large bearing es timation variance but also an

as’, uu tme t r i c  probabili ty density f u nction ( p d f )  fo r 01. The unacceptably

Jt .w hearing estimates mentioned previously (81.9°, 78.6°, and 75.2°) are

a • -ouisequen c e of the unusually long “tail” in the 0~ pdf .  As seen in

ihiu r e 6.L , the lower one—sigma value of the 0~ pdf occurs approximately

8.1 below the 86.7° theoretical mean while the upper one—sigma value

o c cu r s only 3.5° above the mean. Hence, while the three exceptionally

•lt.’.~ bearing estimates might be unacceptable in an operational applica—

t i t u , they are statistically valid estimates which are indicative of

a l ower SNR limit on bearing estimation by the SBT processor.

Several general observations can also be made from the SET bias

e ur o !  ,.sults presented in figures D.8 through D.14:

I’ SNR variation affects the SBT bias error primarily by compressing

or t uupi lfyin g the bias error peaks. At low SNR levels (approximately

e q u t u l  to the Interference level) the bias peak has risen to the extent

i n d i - .u tlve of bearing estimates midway between target and interference.

‘l i i i -  Is approximately true for SNR ~ 0.5 in figure D.l2. ~
‘or an SNR

le~ t han  the INR at close separations, the SBT processor would be, in

eS~ ice , e s t i m a t i n g  the interference bearing rather than the signal

he. ‘ 4  ug .

2) For low bias values such as at SNR = 2.0 and tUl 1, a difference in

th i  t heore t ical  and simulation bias metrics appears. However , at a 90%

coua thence level we cannot say that this difference is significant. Also

I
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__ 
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u u o l  t ih ia t for MM 4 and SNR -
~ 2. 0 ([ i gu1r t ~ I) . 12) the theoretical and

S in to  hiti ion b i a s  m e t r i c s  t end to converge as the i . r magn i tudes  increase -

l hu ’ ~ L w  c e nts might suggest th e difference in bias metrics at high

SNR is statistical (i.e. due to a small sample size and/or too few

p o in t s  in LSE line fit).

I) Re a l h i n g  th e non—linearity of the mean, z and standard deviation ,

o , of th e SBT output shown in figure 6.1, one would expect it to

c veu’i t.ua l ty affect the hearing estimation bias error as it did the staa~-

a u l  deviation of bearing error. Indeed , one observes in figure D.12

( l u t E ,  t h e  absolute values of simulation bias error are greater than the

Iltu-u retica l values for the uncorrected sample sizes (19 and 18 replica—

i ns) at I = ! 0.355 and ± 0.618. Removal of the three unacceptable

e•~~i m a tes as discussed previously yields simulation bias errors somewhat

r i s e r  lo the theoretical metric. From figures D.5 through D.l2, it is

5t - u~ tha i for four closely spaced interferers located within about 20°

ol  a 0.5 SNR target the SBT processor is practically useless as a

b~-aring estimator. -

The behavior of the standard deviation metrics as functions of

:~ig uu ut-t o—noi se ratio can alsc- be examined parametrically in each of the

l i t r e - p r ev ious l y def ined  reg ions of target—to—interference separation , J Y~ .

I - i g t u - 6 .2 shows the  effects of increasing the signal—to—noise ratio for

r e m i t -  Interference bearings (large tY~
). The primary observation from

l i g i u t 6.2 is that , except for the simulation error at SNR 2.0, the

:;eau -t ,t rd deviation of error metrics vary exponentially with SNR. For

t , uh i  l ogarithmic scaled coordinates, it is easy to show that the unscaled

- ;lo t - of a straight line is the exponential power of the abscissa whi ch

_ _ _  -— 
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~u,veruus the variation of the ordinate function . Consequently, we see f rom

I i gure 6.2 the standard deviation of error varies inversely with the square

i ’ot ol  the fractional signal—to—noise ratio, SNR. This contrasts with

M .icDoutald’s [181 results that the standard deviation of error (remote

luterlerence bearings) is inversely proportional to SNR for conditions of

high iN K  and low SNR.

The CR bound is seen to be identical for all values of MM and

AU at remote interference bearings. The SBT metrics, while also independ—

&-ut t of AU , show a slight dependence on the number of interferers present, MM.

The simulation error metric in figure 6.2 appears approximately

constant over the 1.0 to 2.0 range of SNR values, thus indicating a larger

tlucoretical/simulation error discrepancy than previously identified . This

iunexpc~t ted behavior is probably indicative of a bearing resolution limit

characteristic of our digital estimation algorithm. In other words, the

simuta lion random errors at SNR = 2.0 based on 13 T—second observations

(13 beam positions) are not resolvable beyond one—half the angular separa—

l ion be tween adjacent beam positions (0.33 degrees). Consequently, the

~~ t i m ~i t ion algorithm would yield erroneous results when the true random

t-rror falls below half the beam position spacing. The relatively small

~amp tc size at SNR = 2.0 (20 replications) would also contribute to this

behavior. If these theoretical/simulation discrepancies are indeed caused

by the LSE line fit , then hopefully they can be eliminated by proper

~c1eet ion of the parameters of the bearing estimator. It is clear that

lu cr e is room for more investigation into the digital implementation of

t earing estimators which are based on zero crossings of an array processor

ou t p u t .

- - =

~

- j

~

i -~i~- -i~~ ~~~~~~~~~ -~~~~~~ - ii: i~
1
~

- -- -- -~~~~~ - - - --



-~ ~~~~~~~~
, - - ------ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - —  - - -

96

Figure 6.3 indicates that the peak standard deviation of error is

Iso iuuv ersel y proportiona l to the square root of the signal—to—noise ratio.

on ly L u t ~ 3° ~ei~. ration of multiple Interferers is shown in figure 6.3. The

peak ii rors for 6 and 9 degree separaLions are smaller than the t~O = 3°

u - esiul u hut. exhibit similar behavIor as SNR increases. The SBT metrics in

I Lguu~~ 6.3 indicate a greater sub—optimal processor degradation as the

utu i m b -u of closely spaced inter ferers increases than indicated by the CR

l i i )und or LIw Mt. estimator. The simulated SBT error appears to behave more ¶

l i k e  iiw theoretical SBT error at the higher, peak error values than it

did li , t remote interference bearings.

For the case of a coincident target and interference, the behavior

of tb standard deviation of error metrics shown in figure 6.4 closely

t c s eitih I~~s that of the error metrics for remotely positioned interferers

(fignut ’ 6.2). Notable differences seen in figure 6.4 are:

1) Generally lower (by 0.3° to 0.5°) SBT standard deviation of

error metrics.

2) The CR bound depends on the number of interferers.

3) The SBT error is not consistently bounded below by the CR

bound .

As a final measure of the SNR dependence of bearing estimation per—

lorm ; u ll e metrics, consider the peak SBT bias errors presented in figure

( u .S. Ihi e previously noted theoretical/simulation bias discrepancy is again

u v i d i uti at  SNR = 2.0. This bias discrepancy decreases as the magnitudes of

un I n c  increase. This discrepancy was previously associated with a

bea r~ uu,~ resolution limit of the SBT simulation and the small sample size

ut SNI~ 2.0. Of primary importance , however, are the following two

‘ i t  ions:

L: ;:_ . .
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1) For I , 2, and 4 closely spaced interferers , the SBT bias error

Is inversel y proportional to the fractional signal—to—

noise ratio , SNR.

2) The SBT h i.as errors are directly proportional to the number, MM,

of c]osely spaced interferers.

Thu~’s~ two observations indicate tha t the peak SliT bias error is, to a good

ap I ir o s t l na t Ion , inversely proportional to the signal—to—total—coherent—

no u . s e  t eve I , -— --
~~

-- ----— =(MM~~~~I) MM~~~~~

6. I — t . s iend ed Array_Size

i’his section presents the results of extending the array size, LL,

to 20 and 40 hydrophones. These results address only the case of a signal—

to n o i s e  ratio of 1.0. Several adjustments to the baseline set of parameter

va l ues were necessitated by the extension of the array size. These adjust—

um ’iuIs ~ur e required by the smaller resolution beamwidths obtained with the

l.u uge r ;uf>ertures . Por example, since adjacent, resolvable interferers will

a i l ed t h e  array processors almost independently, it is of little interest

to s t u u i y  multi p le , widel y separated (much more than a beamwidth) interferers

anU sluice the larger 20— and 40—hydrophone arrays have beamwidths smaller

u i-i n 90 , the interference separation parameter assumes only the 3 and 6

de;~rec values for this portion of the analysis.

A related aspect of the larger array size is the smaller se~ nent

of ~; L e er i ng  ang les  over which the SBT output is approximately linear.

Fi gui r.:s h.6 and 6.7 show the approximate theoretical output mean and stand-

ard deviation for array sizes of 20 and 40 hydrophones, respectively. In—

cr u i s i n g  the array size appears to amplify the SliT output  extrema and shift

thn iii c loser to the zero—crossing and hence decrease the angular region of
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lin ea rity. For this reason, the simulation estimates were formed from

i n i L p u i t  values in the 88—92 degree region for LL = 20 and in the 89—91 degree

r i -g lo~u or LI. = 40.

The extreme costs associated with exerci3ing the SliT simulation for

large .irrays mandate still other parameter changes. The cost of exercising

a di gital. computer simulation results mainly from processor (CPU) run time

a iid core memory usage . Figure 6.8 illustrates the time and memory require—

meilts or exercising the simulation on Catholic University ’s DEC KL—10

ciun puti- r. Processing time in CPU minutes is given by the lef t  ordinate

w h i l e ruueniory usage in kilo—core—seconds is given by the right ordInate.

A kilu ,— rure--second Is defined as 1024 words of CPU memory used per second

of run  time . Figure 6.8 reflects the costs required to obtain 20 bearing

e s t i m a t es , at 13 beam positions per estimate for a single value of the mean

luu l e r hi- r en c e bearing, Q
~~
. The core memory usage and CPU time are respec—

t Ive l y about 100 and 9.5 times greater for 40 hydrophones than for 10 hydro—

p h one-; . Due to these higher costs , only nine beam positions are used to

f o r m  each of the 20— and 40—hydrophone bearing estimates. In this investi—

g . i t h u n , we must , unfortunately, accept the expected increase In bearing

er ror associated with a decrease in the number of points in the LSE line

fit. I n subsequent investigations, it might be possible to lrctimvent t -~ 1s

t rade o f f  by op timi z ing the simulation software programs and by - -v ei.

&.ii,~i h i u y i i,g spec ia l, dedicated hardware in some applications .

Other required parameter changes are the mutual interference

si-pa r ;iI ions and target—to—interference sep~ratlons that were addressed by

t he ,hiuiulaii on exercises. Unlike the theoretical metrics, the simulation

error un~trIcs are only eva l uated for  mutua l In te r fe rence  separat ions of

3” and also for  only two separations of ta rget  and in te r fe rence  ( I . e .  ~r I ) .
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DEC System KL—10 Costs.
Costs R e f l e c t  20 Bearing
Estimates at 13 Beam
Positions per Estimate
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Tinse were the “peak error” interference separations and the case of

c oi n c ident target and interference. Recall that in the baseline investiga—

LIon re:;itlts for remotely positioned interferers (figure 5.5) the SBT

standard deviation of estimation error is independent of ~O and has a

sma h I I in t ~ar dependence on T’~1. Since similar results are expected for the

ex t ended array sizes, the bearing error for remotely positioned interferers

was on l y obtained for the F-~4 = 1 case.

To summarize, the theoretical results are presented for ~@ equal

1° and 6° while the simulation results are presented only for ~0 = 3°.

Furthermore , each simulation estimate for 20 and 40 hydrophones is formed

Irom t huc SBT outputs at nine beam positions spanning, respectively , the

88-92 and 89—9 1 degree sectors of steering angles. The sample size remains

a t  20 runs per sample.

1’hc estimation standard deviation and bias metrics are presented in

fI gures 1—5 and figures 6—10 of appendix E, respectively . In each figure ,

the baseline results for a lO—hydrophone array are repeated for comparison

wit h t h e  20— and 40—hydrophone results. An immediate observation from

t h i t - se  f i g u r e s  Is the profound effect that the decrease in resolution beam—

w i d t h  has on both standard deviation and bias error metrics. These effects

are t he shift of the error peaks in the direction of the target bearing and

th~ “osu -il’ latory ” behavior of the metrics for multiple, resolvable inter—

fer er s .  F rom Cox ’s previous study of target resolution [7], the optimal

and ruunvenliona l beamwidths have been computed for the parameters of

In (ert-I ;L and are shown in table  6.1. ThIs table and the results in appendix

E m d ii - ito that the standard deviation of errr’r peaks for single and multiple,

c J uu i4e l y  spaced Interferers occur approximately one resolution heamwidth

ir o ni t I u t .  t arget  bearing . Widely spaced interferers should affect the l~fl..

--
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TABLE 6.1

RESOLUTiON BEAIIWIDTHS FOR EXTENDED
ARRAY LENGThS 17]

Beainformer Resolution Phase
Configuration Beamwidth Separation, !~I(# Sensors)

10 10° 0.44

OptImal 20 4.6° 0.20
Beauu,Iormer

40 1.96° 0.09

10 14.2° 0.63

Co uv i .n t l o n a l  20 7.1° 0.32
Beaun iormer

40 3.55° 0.16

5The tabulated IY I  is the phase separation between the target
(i t = 90°) and an interference cluster centered at one resolution beam—
widt h; I s u  either side of it. 
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~ud Sin processors independently and result in multiple , equally spa ced

1 euk~ iii the standard deviation of error metrics. This “picket fence”

ffect is indeed observed in figure E.5 for LL = 40. When each interferer

• i i s  independent ly of adjacent interferers, the error metric will be equal

— i i i  m agiim tud e and separated by ~O. The most remote error peak (i.e. the

irgesi I Y I  location) should occur for

= ~~~. ± ~~~ + (MM — 1)

where RWR,.S is the resolution beainwidth. Ideally, these standard deviation

i - < t r en l . i  should occur for ~O 6 and LL 40 at the positions indicated by

t i e sin;,hI arrows in figure E.5. It is seen that the actual extrelna loca—

t ions and the predicted locations (i.e. the arrows) are in excellent agree—

rn- nt he r LL = 40 and t~6 = 60 . However , ~O is not quite large enough to

hu 0d11t standard deviation of error peaks of equal magnitudes.

As mentioned earlier , the peak SBT bias error for larger array

;.i zes (see figures E.5 through E.lO) is not only smaller in magnitude but

• uI ~ t, ‘lu -curs closer to the true target bearing. Unlike the standard

d ~v [at i ou  metrics , it is quite difficult to perceive the underlying relation—

- u p  I,t-t ween the location and “shape” of the peak bias—error and the

i - s o h u l  ion power of the SIlT processor. One phenomena worth noting, however,

the effect of very widely spaced interferers on the SBT bias error. The

I SOlil t Ion heamwldth of the 40—hydrophone array is small enough to cause

the ;l p~earance of multiple local extrema for ~O 
= 60 (see figures E.8 and

I- .10). ‘lhiese peaks illustrate the “push—pufl” effec t that directional

i i - u t i - a.• hu ~is on the bearing estimation bias. As an interferer closes on the

t urget h rom remote bearings, the target bearing estimate is increasingly

~~~~~~~~ 
• 
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“pul Icti” or biased , In  th e  direc tion of the interferer . When the point

of peai~ bias Cs reached , the interferer is effectively “pushing” the bear—

~ng est i uuia te back toward the target. In figures E . 8  and E- .IO each inter—

fc r ~-’ u i Lh~ clusters of 2 and 4 interferers are seen to exert a “push—

pu ll” ci fee t on the bearing estimates as shown, respectively , by the two

and 1 o u u u  local maxima (minima for Y<0 ). These local max ima indicate that

a t  Souls - Y—scparation cacti in terferer  acts as the primary cause of

t-s Lirna t ion bias. It is unclear from the magnitudes of these local maxima

to j u s t  wha t ex t en t  each interferer is the primary cause of bias error.

Oilier than these basic qual i tat ive  statements , li t t le  can be said concer n ing

thu rd -u f on s h i p between peak bias error location and the array resolution

h ) t ;IIflw J i i i  h i .

Fhe s imula t ion  standard deviation metric is again larger than the

;ipprox l ;uuatc , theoretica l metric. It is also noted that there is some dis—

i- r epanu -’i between the simulation and theoretical bias metrics for small bias

uiuagnhtuiht-s . In the previous section , a similar discrepancy occurred at low

b ias  rna;~u u i t u d e s  but appeared to decrease in severity as the bias magnitude

inc reas’-d (I.e. figure D.12, SNR = 2.0). It is believed that these dis—

4 -r epau t - i t ~5 are -i lmular —— both most likely resulting from the simulation

hs’aring r esolution limit and the small (N = 20) sample size.

We con again obtain a better idea of the e f fec t s  of extended array

on hear ing  es t imat ion  error by examining the standard deviation of

error f I r  remote , peak and coincident interferers and the peak bias error

- i - . f un t  I i ons  of the  array size. The standard deviation metrics for  remotely

po~~t t L ~~ucd it-tterferers is shown in figure 6.9 as a function of the extended

range o t  array sizes. Since the error metrics appear linear in logarithmic

- -
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etuurdhuia tes , the standard deviation metrics are exponential functions of

hi . . I-’uir Lhic rrnor e, the slopes of the theoretical metrics indicate tha t the

sL ;u uid - t rd d e v i a t i o n  of the bearing estimates varies approximately in inverse

P l i u h u o l l Ion wit I~ the 3/2 power of array size, LL. On the other hand , the

slop.- il the simulation metric is —l indicating a simp le, inverse proportion—

; ul i t v .  Ill a previous paper [19], MacDonald and Schultheiss addressed the

Sil l t u r i n g  est i lnat ion performance in the presence of an incoherent noise

f li - Id . ‘I hey indicate that in isotropic noise the standard deviation of

b v a r i u u g  er ror fur  hi gh SNR will  vary as a funct ion of LL
_3h/2  

119 , p . 42 ,

~I u 1l t  ion  38J .  Consequent ly ,  since it has been shown that remotely posi—

L f o u i i - d  I n ie r f er e r s  have l i t t l e  e f f ec t  on the estimation standard deviation

(e.g., see f i gure  5.5 and the relative isotropic—noise error magnitudes

I i i  f i gure h~.l), we must conclude that LL 
3/2 

dependence indicated by the

tl u co ru- t Ical m etrics Is correct and that the simulation metric behavior is

ii, Is I ~~~ I flg

R e c a l l  t ha t  there was an abrupt increase in the simulation—target

di : ;cr ~-panc y In sect ion 6 . 1 when SNR was increased from 1.0 to 2.0 (see

f I gu re 6 . 2 ) .  ‘fhic behavior of the simulation metric shown in figure 6.9

rcftct -Ls a similar phenomena , i.e. the larger arrays provide a higher gain,

or ci i hu ’ ~rent signa l leve l , and as before cause a larger discrepancy. The

s m . u h  h-u slope of the simu lation metric is attributed to a limit on bearing

rc: ;ehui t Ion by tl~t’ simulated estimation algorithm . Note that there is a smaller

s a l u u I u h -  size (20 runs) and fewer beam positions per estimate (9) for LL -~ 20

.111.1 61) t han  fo r  l.L = 10. 
-

A new twist In the simulation — theoretical discrepancy qcm~rs in

ilgui r t - 6.10 where the  peak standard deviation is shown as a functi1on of

arr.iy -;Izc. At LI. = 20 hydrophones, the simulation metric seems to, imply

_ _ _ _  - 
_ _ _ _  ~~~~~~~~~~~~~~~~~ ~~~ _~~~~~ —~~
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s l u u p u ~ of — I  w h i l e  a t  LI . 40 t h I s  slope has increased and the  simulatIon

uu u ctrft L’Mscflt Ia h ly mirrors the theoretical trend .

The theoretical metrics are all similar in their LL—dependency ,

wii:-Iu ha s decreased f ruin LL 1.5 that we observed for the remote inter—

I er er s  to I L L ~ in this case —— a small but notable change. Note also

i hat ( l i e  peak error is dependent on number and separation of interferers.

I b i s  u - u ’ u t t  r asts  with little or no dependence on MM and AO shown by these

,,uetrh- ; for  r emotely positioned in te r fe rers .

For th e  case of coincident target and interference, the standard

(IeVI;it ion of error metrics are shown in f igure 6.11. The CR bound is

;u g a i n  ~t1en to be higher than the theoretical SBT metric for some LL values

. u u l d  a d i f f e r e n c e  in the slopes of the two SIlT metrics is again apparent .

A new t .hservpt ion is the tendency of the standard deviation of error

Iuuc tr ic~ to incre.-ise as the number of closely spaced interferers increases.

I. r Ou t- i -n in e  Ident  i n t e r f e r e r, the error is proportional to LL 3/2 while

b r  4 ‘ .:o[ncident ” Inierferers it is approx imately proportional to LL 1.

I hus, tIie rc~ is a sIow.~t improvement in estimation accuracy with increasing

array sIze for larger number of interferers.

As a final indicator of the effects of anisotropic noise, consider

t h e  b eh avior  of the peak SBT bias relative to array size as summarized

I l l  figure 6.12. These results indicate a large improvement in bias error

F u r  l a r g e r  array sizes. A fourfo ld  increase in the number of hydrophones

shows t h a t. the theoretical bias metrics decrease by factors of between 3

and S wh ile tile simulation metrics decrease by factors between 9 and ‘3.

A: ; in t h e  other cases, this theoretical—simulation bias discrepancy is

n t t r [ l i i i t e c I  to the sample size and the LSE line fit.
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CHAPTER VII

CONCLUSIONS

I n  many source bearing estimation problems, highly anisotropic

noise I ields occur as a rule rather than an exception . Such problems

bwueralc Interest in the performance of both optimal and sub—optimal, fixed—

dcsl gii , sonar array processors. Non—adaptive optimal processors represent

a design goal while simplicity and economy motivate the use of fixed—design,

sub—optima l processors. Consequently, this research has investigated the

i - f f e c t s  of highly anisotropic noise fields on several performance metrics

b r  Liii: maximum—likelihood (non—adaptive) estimator and the conventional,

~I)llt—heam tracker. This study has addressed target tracking problems

where t h e  signal—to—total—interference ratio is large (S/MI>l) and where

I tue target bearings are approximately broadside.

We have considered the performance of the optimal bearing estimator

I m m  h ue standpoint of the maximum likelihood estimation criterion. The

h u -rformance of the maximum likelihood estimator is characterized in terms

i u b  a bound on t h e  standard deviation of estimation error, thus avoiding

prob l~’uuis assoc hited with solutions to the maximum likelihood equation. A

j)-L r tirtllarl y pleasing metric for target tracking problems is the Cramer—Rao

hound . Chapter 2 sought to derive a theoretical expression for the Cramer—

I~ao b ou nd whi ch Is expressable in terms of the inverse noise covariance

m a t r i x .  A l though  the algebraic inversion of the covariance matrix of

h ighly anisotroplc noise is intractable , numerical matrix inversion algo-

rithms permit evaluation of this expression . The Cramer—Rao bound is derived
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f or a stationary , Caussian signal and noise model. All propagating compo-

nents of tile acoustic f ie ld  are assumed to be plane wave fronts arising

from sources located in the fa r—f ie ld  of the receiving array . The noise

f i e l d  consists of isotropic , uncorrelated ambient noise and MM directional

in te r l erences .

The e f fec t s  of the same anisotropic noise field on bearing estima—

tio n by the split—beam tracker (SBT) is examined theoretically in chapter h
3. 1hue sub—optimal SBT estimates a source bearing from the cross—correlation

lag L i m e  of two split beam outputs. The steering angle at which the proc—

essor output crosses zero identifies the bearing estimate. Chapter 3

develops a theoretical SIlT output expression and derives further  expressions

for 11w mean and variance of the SBT output .  Under restrictive assumptions

on the steering—angle dependence of the SBT output mean and variance, an

approx imate expression for the bearing estimation variance is derived .

In the absence of experimental bearing estimation results, a

d i g it a L  SBT simulation is developed to provide statistical measures —— the

samp le mean and variance —— of SBT performance . The SIlT is simulated in

the f requency  domain to avoid potential problems arising from digital

models  of certain temporal operations (e.g. time differentiation). This

approach Is fac i l i t a ted  by elimina t ion of the Fourier transformer require-

ment through direct generation of the Fourier random deviates. Conse-

quent l y, the SBT processor algorithm is available from the results of

chapter 3. The bearing estimation algorithm is configured as the zero—

crossing of the LSE line fit to the outputs at ISTEER beam positions

around the  target  bearing .

Chapte r 5 identifies the CR bound as the sole performance metric

of t l u c  optimal (ML ) estimator. Also def ined are simulation and approximate,
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the ore t i ca l  measures of SBT est imation bias and standard deviation. These

o p t i m . u L  and sub—optima l performance metrics are evaluated for a baseline

set :dgn al ,  no i s e  and array parameters . The functional dependence of

the ier fo rma nce  measures on target—to—interference separation is presented

f or I , 2 , and 4 interferers with mutual interference separations of 3, 6,

and 9 degrees. For a more restricted set of interference parameter values,

the performance results are obtained for extended SNR and array size para—

metet -s .  Chapter 6 presents and analyzes the performance metrics for an

SNR of 0.5 and 2.0 (baseline — 1.0) and subsequently for array sizes of

20 and 40 hyd rop hones (baseline — 10 hydrophones) .

The major contributions of this research are described below:

1) The Cramer—Rao bound on the variance of any unbiased estimator as

derived in chapter 2 is a new contribution to the literature. This

result Is applicable to completely arbitrary (complex) , total—noise

-ovarlance matrices and requires only the assumptions of linear

receiving array and stationary , Gaussian processes. It is thus more

general and widely applicable than existing results.

2) Although it is a fairly straightforward procedure, the extension

of tile theoretical and simulation SBT error expressions in chapters

3 and 4 to include multiple uni—directional interferers is believed

to be original with this dissertation. These expressions permit further

stud y into the effects of changes such as in array geometry and degrees

ot anisotropy. With slight modification , it should also be easy to

address arbitrary (spatially distributed) interference fields.

3) The numerical results presented in chapters 5 and 6 are, to our

knowledge, the first quantitative study of the effects of multiple

— -- - - -
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Init-rierers on passive sonar bearing estimation. Previous known studies

have been res t r ic ted  to single in terferers  and a special, random—

pa ri-lliu-: te r , mu ] ti— in te r fe re r  case .

7.2 — Conclusions

ihe  numerical results presented in chapters 5 and 6 illustrate that

performance levels obtainable in the presence of highly anisotropic noise

fields are comp l ex functions of the degree of noise anisotropy . The degree

of noIs~- field anisotropy ranges between two extremes. At one extreme is

tile case of multiple coincident interferers acting as a single interference

with a level of MM~ l . The other extreme is MM, widely separated inter—

I erers each affecting the estimation performance independently (at different

hearings, of course) . The transition between different phenomena at each

extreme accou~nts  for  the complex behavior of the bearing estimation per—

fornzanc~ metrics. Specifically we can make the following conclusions:

I) Al] three standard deviation metrics exhibit similar behavior in

- 
each of three distinct regions of target—to—interference separation.

For r emotely positioned interference clusters (figure 5.5) , the Cramer—

Rao bound Is unaffected by the directional interference thus indicating

a complete Interference rejection by the optimal processor. The SBT

interprets an increase in the number of remote interferers as a slight

Increa&e in equivalent isotropic noise level. Again, the separation of

interferers is Irrelevant. At intermediate separations of the target

and interference—cluster a peak, or relative maxima, is observed for

all standard deviation metrics. This peak occurs when the target and

closest interference are approximately one resolution beaawidth apart.

The degradation of the SBT performance over the optimal estimator in

I.r-J - -- - -- -
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th I s  Intermediate region is primarily affected by the interference

ui- li aratiun , AU (see figure 5.6). In other words, the performance loss

oh th e SIlT relative to the CR bound increases dramatically with increases

In  (lie total interference power received from bearings approximately one

re solution beamwidth on either side of the source bearing. When the

target and interference cluster are coincident, the effect of decreasing

interference separation is again dramatic. For small separations, the

SBF interprets an interference cluster in this region as a component of

t h e  source field. The effect is an increase in the received coherent

I ie~d and a corresponding decrease in standard deviation of error (often

be l ow the CR bound). As AO increases, the amount of interference power

(-ont-entrated one beamwidth to either side of the source bearing increases

and lic-nee the standard deviation of error increases as ~O increases

(fIgure 5.7). The same phenomena affects the CR bound but at a slower

rate .

2) Multiple interfering noise sources bias the source bearing estimates

of the SBT in the direction of the interference cluster. Peak bias error

occurs when the closest interference is within one resolution bea~~idth

of t h e source. Peak SBT bias increases linearly with decreasing inter—

fer -nce separation and appears to be directly proportional to the number

of interferers (figure 5.11).

1) In the presence of multiple interfering noise sources, the ML and

SIlT standard deviation metrics are approximately inversely proportional

to (lie square—root of SNR (figures 6.2 — 6.4). For isotropic noise,

the same (SNR)~~ dependence occurs [19] and, hence, the degree of noise

atuisI)tropy Is seen to affect only the overall random error magnitude and

p.-
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not. its functional dependence on SNR. The peak SIlT bias error is

Inversely proportional to SNR and directly proportional to the number

of c l o s e l y  spaced int erferers  (f igure 6.5) . Consequently, the peak

SRT bias is approximately inversely proportional to the signal—to—total--

Interference ratio, S/MI4~ I , arriving within a resolution beamwidth of

the t a r g e t .

The ML and SBT standard deviations of error for multiple, remotely

positioned Interferers (like the error for isotropic noise [19]) vary

inversely with 3/2 power of array size (figure 6.9). The peak standard

dev iat ion me trics decrease slower with increasing array size, varying in
—1.37

prop or t ion to LL (figure 6.10). For coincident target and inter—
—3/2

fereui. e cluster , the array size dependence ranges from LL to about

LI. showing a weakening dependence on LL as the number of interferers

increases (see figure 6.11). Also, the SBT bias metrics exhibit a

dramatic decrease with higher resolution (larger LL) —— the improvement

being most significant with the larger numbers of interferers.

With few exceptions, the theoretical and simulation measures of

SBT performance consistently exhibit similar behavior although the

simulation standard deviation is typically higher than the theoretical

measure. In those cases where a bias metric discrepancy is suggested,

the simulation bias tends to be lower than its theoretical counterpart.

Four possibilities are suggested in section 5.3 as contributing causes

(if th i s  discrepancy.

1.3 — ilucommendations for Further Work

A natural extension of this research would investigate the effects

of multi ple, high—level interferers and distributed (possibly non—Gaussian),

anisotropic noise. Since it is apparent that frozen—design , sub—optimal

- ~~~~~~ - ---—~~~~~~~~~~ - - ~~~~~~ --- - -—----— - -- - - 
~~~
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proc essors cannot tolerate nearby high—level interference, nulling or

int i - r lere nc e—eance i l ing  sub—optimal processors and adaptive , maximum—

lik i-hihioo d estLmators must be examined. Although considerable research

has been done on optimal, adaptive estimation, we are aware of only

Mach)on aid ’s [18] study of sub—optimal processor structures in the presence

of a single , high—level interference. Also of interest is the possibility

of improvIng processor discrimination against multiple, coherent inter—

I er -ni-es (high and low level) with three—dimensional, planar, and non—

unilorin linear array geometries. Several authors (e.g. [18], [193, [5])

h ave e cimined the performance of non—uniform linear (usually symmetric)

passive sonar arrays for the isotropic and single—interference cases.

The methodology of this investigation could also be expanded to

inc l ude the effects of multiple, non—stationary interferers and non—

stationary signals. Propagating components are often non—stationary due

to m .iltipath transmissions and platform dynamics. Noise transients and

sonar countermeasures are also sources of non—stationary interference.

Such ~in investigation might prove f ru i t fu l  for certain cases of non—

stat u on a r l t y  (e.g. non—stationary noise processes describable as locally

stationary [3]).

The Cramer-Rao bound was derived in chapter 2 under the tacit

assump t ion that the source bearing was the only unknown parameter in the

signal-plus—noise model. This is, of course, untrue in practice. It

wou l (I be interesting to examine the behavior of the CR bound for the case

of mu l ti ple, unknown parameters. This is especially so in light of the

sub—optima l processor’s assumed ignorance of the directional noise para-

meters. Such an investigation would require derivations (such as in

chapter 2) of the J2 elements of the Fisher ’s information matrix [33]

- -~~-~~~
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wliei i- .1 Is t h e number of unknown signal , noise and interference parameters.

t he CR hound on the variance of any unbiased estimator of the jth unknown

h)ar~IsIIt-ti ~r is, by definition , the (jJ)
tl~ element of the inverse Fisher ’s in-

format ion matrix.

Another possible area of investigation might address active sonar

proces~-.ir performance in the presence of multiple interferences. Here,

soon -c range and range—rate are also unknown, but required parameters.

A l t h ough the directional noise sources are commonly signal dependent in

this ease (target—like scatterers), sonar countermeasures possibly con—

sL J tiilt- signal—independent interference. Background noise transients may

.i l so ri-present direct-tonal, signal—independent interference. 
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APPENDIX A

DERIVATION OF THE LOG-LIKELIHOOD RATIO

Equation (2—9) defines the Fourier characterization of the total,

received data vector as

X2
(jw

0), ..., X~(jw0
), X1(jw1

), ... , X~(jw~)J
(A—i)

T —j w
1
t

where Xt(jwi
) — J x~(t) e dt (A—2)

0

and xt(t) is the real waveform received by the £th hydrophone over the

interval (0, TI. The definition in (A—2) of the components of as

linear transformations of the real, Gaussian temporal processes suggests

that X~ (Jw 1) is also a Gaussian random process. The components of X .
0 

are

by definition, however, complex random processes. The formal definition

of a complex, Gaussian process [6] requires that (1) the real and

imaginary parts of the complex process be jointly Gaussian and (2) the

covariance matrix of the real and imaginary parts be expressable in an

anti—ayimi~etric, block—matrix form. By the definition (A—2), the real and

imaginary parts of X (Jw ~) are jointly, Gaussian when xt(t) is a Gaussian

process. The second requirement also follows from the definitions in

(A—i) and (A—2) . The interested reader is referred to chapter 2 of the

dissertation of V . Bangs [2] for a detailed proof of the validity of this

requiremen t. Specifically, Bangs proves that

.—~ _.~~~,

E Re [XD] Re [XD ] 
- E ~~ [~~

J .  ~ [x~ I ~
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and

E ~Re EX.D) 
Im 

fXi,~~3t= 
--E im Re

where Re [
~~~

] and Im [
~~~

] denote the real and imaginary parts and where X.~

is defined in (A—l).

Since the data vector satisfies the requirements of a complex,

vector Gaussian random process, Its pdf can be shown to be 16]

= 

(~~l’~~~~ ) 
-‘ 

exp ~ _i4~ ~~~ (A—3)

where is assumed to have a zero—mean,

p = 0 or 1,

H 1 denotes the signal plus noise hypothesis,

H
~ 

denotes the noise only hypothesis,

K. is the covariance matrix of IL under H and,
—tt D pp

is the determinant of
p p

The covariance matrices are defined as

—~~ —~~*
= E 

~
X
D ~~ I~

p
~ 

(A-4)

where , from (A—i) and (A—2), an arbitrary element of is
p

T T —J (w~t —

E ~X (jw i )X c (jw ’.)~ = f dt f du E~
x ( t)x

~
(u)! en (A—5)

Since x ( t )  Es assumed to be zero mean and stationary we can define the cross—

correlation between phones as

R (-r ) R (t— u) — E x ( t) x ( u)

-
- 

~~~~
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and rewrite (A—5) as

T —j u ~~r T —j(u~ 
— W

k
)U

E X (jwi) X (jw ) = f d-rR (-r) e f e du
0 0 (A—6)

When T is much greater than the correlation time of xm (t )  then the second

integral in (A—6) can be approximated as T times the 1(ronecker delta

i = k

i~~~k

and the f i r s t  integral approximately equals the cross—power spectral

density between the m and nth phones. Hence , we ca .i write

E ~X ( ju ~ ) XC ( ju ~ )~ = T Xmn
(W i)i5 ik (A—6)

whe r e X ( ~ 1) is the cross—power spectral density at w~ .

Equation (A-6) allows us to express the L x N covariance matrix

in the following block—diagonal form 

= 

P 
‘ 
(w )  (A-7) 

where 0 is an L x L null matrix.

J~~~ 
(w 1) = E i~(w .) it *(w

1) 
i is the L x L cross—covariance matrix

at the ith frequency , and

X(w1) is the vector of L components of X~ corresponding to w~ .

_____  

-
- ~ 

-
~~~~

, 
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-
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The block diagpnal form of the total covariance matrix in (A—7) is the

objec tive of the Fourier characterization of the received data given by

equations (A-i) and (A—2).

With rewritten in the form

- (w
e
), 

~~
(w
~
), 

~~~
(w
2
) ,  . . .,  

~~
(w
N)] 

(A-8)

and in the block diagonal form of (A—7), it is easy to show that the
p

probabil ities defined in (A—3) become

N -

P(X D I O T) 
= 

( 1 T f l 1~~~~~ (w
i
) 

~
) exp 

~ 
-1L ~ 

*( )  ~
;-‘(~~) ~

(A-9)

The log—likelihood ratio is by definition,

t
~~~

e
T) 

= 
Lnt~~~~~~~

)

T) 

~

and upon substitution of (A—9) becomes

= 

~~ ~~ ~ 
~~~~~~~~~~~~~~~ 

— i t5(. )!~ it (wi)j

i~l 
~~~~~~~~ ~~+ i~ * 1~~1 

(A-b )

where, f or simplicity, the frequency subscripts have been suppressed and the

“p rime” notation used in defining the submatrices in (A—7) has been dropped .

Evaluation of the inverse of is facilitated by the following

matrix identity for matrices of the form

I

.

! 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _L ~~~~~ -
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-~~ —~~ *A = b b  + C :

— 1 — 1k —~ *— 1 -1 C b b  C
= — 

— 

~~~ * —T 
(A—I l)

l + b  c~~~

Equation (A—li) is easily verified after a minor amount of algebraic

manipulation. Recall from equation (2—20) that the data covarianci~ under

hypothesis H
1 
is

-~. —~ *
= TS a a + (A—12a)

and, when no signal is present,

= (A—l2b)

where is the covariance matrix (at the implied frequency) of the Fourier

characterization of the total received noise vector. Combining (A—il) and

(A—12a),

—1 _1
-4 —~ *_ i 

~ 1 TS~~~~ a a  ~~
- 

j *1 l+ T S a a

_ 12
= ~ °T 4~ 

a a (A—l3)

TSwhere 0
T ~~~ —i .~l + T S a K a

Substituting (A—l2b) and (A—l3) into (A—b ), yields

£(XDJe T) 
- 

~~ + ~~ * 
~~1 

* 
-l 

(A-l4)

L 
_ _

~~~I-~ ~~~



- • ---—-•- 
~~~—---- - - —. ~.

128

The ratio of matrix determinants in (A—l4) is evali~~ted by w~in~

the ma t r ix  iden t i ty

1 —1

and equation (A—13):

L~ 0 I -1

I !BIT ~~ I~ I
= I~I — ~~~~ ~s~~

1 ~.J* 

~N { 
(A—is)

2 .~~~~.j *  _ 1

— 1
The m , n — element of the matrix a a is

—~ L —j(m — p)~ aa a  4~ m,n ~~e K. m,n = 1 , 2 , ..., L

p—i
~~~~~~ 

~ ~~~~~~ ~~~~ (A—16)
p—i

where A = Wk 
-
~~ cos 0T’ 

k = 0, 1, . . .,  N and

is the p, n—element of

Since the row—index in in (A—16) appears only as an exponent , thc deter—

minant in (A—is) can be further reduced, since the addition of con~ Lan t

times the rth row of any matrix to the stb row of that matrix do~~ not

change the value of its determinant. Hence, if each elemeut of tic first
2 J ..1 * — 1 —j(r — 1)L~row of ! — 
°T 

a a is multiplied by —e and added U’ the

corresponding elements in the rth row for r = 2 , 3, . . . ,  L , the  £ 4  h i ~~-~iog

expression is obtained:

~ 
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1 0 1  = l—e~~~C — e C 2 e~~~C3 ... —e~~~C

I!HiI 
L

1 0 • ..  0

—e~~
2
~
’ 0 1 ... 0

- l)A 0 ... i
(A— 17)

where C = ~ ~~~~~~~ ~~~~
psi

In a similar fashion, we can multiply the &th column of (A—li) by

and add it to the first column for each s = 2, 3, . . . ,  L without changing

the value of the determinant:

_____ = 

~~~~~~~~~~~~~~~~~~~~~~~ 

—e~~~ C2 —e~~~ C3 ... _ e C
L

O 1 0 ... 0

O 0 1 ... 0

0 0 0 ... 0

(A—18)

L~= —=T~ -~Ti~~ ~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~



-- 

~~~~~~~~~~~~~~

Expansion of the determinant down the 1st column y ields

I~ I
= 1 — 

~~

s 1

2 L L
= 1 — 0

T ~ 
~ e iSA 

~~~~~ 
~~~~

s l  p l

= i. — a1, ~ ~ e~~1~
A 

~~~~ 
e iSA

s l  p l

2~~~ * —1 —3
l e T a ~~ a

2
0T I -~- *  _ l -~ —~ *= TFS L l + T S a ~~ a -T S a ~~ a J

2
0

— (A—l9)

Substitution of (A—19) in’o (A—l4) yields the desired expression for the

l og—likelihood ratio

N I° T \ 2 -~ * _ i _
~~

_
~*

~ (cnI~) = X 4~n ~
-j

~~-) + X a a ~~ X~ (A—20)

2 TSwhere o~, = — 

~ * —1-3
1+ T S a a

S = S(w
1
) is the signal power spectral density at

is the inverse total—noise covariance matrix at

T is the observation interval,

a is the target delay vector at w1, and

X is the L—dimensional received—data vector also at the frequency w 1 .

Equation (A-2(,) appears as equation (10) in chapter 2 of the te~t.

- - -— 
- -
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APPENDIX B

DERIVATION OF EQUATION (2-21)

The CR bound requires the expected value of the second derivative

of the log—likelihood ratio at the arbitrary frequency i within the band-

width of the observation vector random process, X

2 2 22 
°T 

~ 
°T ~ * —1 -~~ ..i * 1

= 
~~~ 

tn — + -
~~ a X X a

~p
1 ~~~ TS

2 2
-‘ * * -1 -* ~ * 1_% aa

T ~3 * .J * 1 -~+ 2—  a A X X  a + 2— a  X X  K A a
N

2 * * * ~~~~~ 13 2~~~~* —1 _i~_ & *  — 1
-I - o

T a A A ~~~~~~~X X  
~~~~~

a + a T
a ~~ X X j ~~~A A a

2 J ~~ * _ 1 J 3 *  _1 -J
+ 2 °T a A X X A a (B-i)

-3
From equarion (20) of chapter 2 the expectation of the matrix X • X is

I —~- ---~~ *~E X X = TS a a + (B—2)

The expectation of the second term in (B—i) is

2 2  2 2
—1 ~~3 — 8 *j  1 _8 

~~
0
T *  —1 ~j _ ~~ —1 _i

2 a 
~N 

E~X X  ~~~~ a~~~~~z a 1S~ [TS::+~~~ !,~ a

a °T -~ * ~1 ~~~ ~~I * 
— 1 a °T ~~~~ * —~

= TS -
~~~ a a a a + ~~ a a

T
a *~~~~~~a (

~
) (B-3)

~~~~~~~~~ 
L~- -- - 

~~~~~~~~~~~
1- .

~~~~~
. 

~~~~~~

- 

~~~~~~~~~~~~~~~~~~~~~ -
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The expected value of the sum of the 3rd and 4th terms of (B—i) is

2

-~~* * —1 I—~--’ *~ 
—

~~ —~ * — l 1_3 -t *~ — I  ~~2— a A E 1 X X  I a + a  E ~X X  ~~ A a

2
aoT r~ * * 1 3 —~ * 1~3 -8 -1 -~ -& * 1
2— TS[a A a a  1

~N 
a + a ~~~ a a  A a

—~~~* * —1 _3- * — 1
+ a  A a + a  A a

—~~* — 1 — 8\ I.~ * * — 1  _~ —~ * —
~~ — 1 ~2—- (l+TS a 

~~ a J ~~~~a A a + a  A a
F I

I
2

ac
T TS _ 3 - * I  * —1 —1

2 — 
(_r_)a L~ ~~ 

+ ~~ A ] a (B-4)

Similarly , we take the expectation of the sum of the 5th and 6th terms of

(6—1):

2 —i * * * — 1 
~ 

— 1 2 * — 1 1-3 ~i *t —1 ~a A A E 1
X X I KN a + °T 

a E ~X x I A A  a

2 * * * ~8 .-8 * ~1 .8 —~ * 1 -~ — * —1
CI
T

TS [a A A ~~~~ a a  
~N 

a + a~~~~ a a A A a

~~ * * * — 1 —8 —~ * ~1+ a A A  a + a  A A a

2 f  —4* _ 1 81 1-~~~* * *  -~~~~~--~ -.8 *  •~1 _

U T~~~
l + T S a ~~ aj [a A A ~~~ a + a  A A a

1~~~~ * * * —i _3 .-~ * —1 ~~ 1
- (TS) [a A A a + a A A a J (B—5)

The last term of (B—i), upon taking its expectation, becomes

~ 

Tr~~~~-~~rT T 1  ~T T1i ~~~~~~
-- -~J- - 

-- 
-

~~
-

~~~~~~~~~ 
-
~~~
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2~~~* * 
_1 (_

~~~ *) ~1 ~2 c J T a A 4~ 9 X X  ~~ 
A a

2 
~~~~~~~ ~1 -~~-~~ * ~1 ~ ~~~ * —1 .8a (TS a a )]

~~~ 
A a + a A~~~ A a ~

2 ** 1 %  2 2 * * 1
2 TS 0

Th 
A a + 2 0

T a A A a (B—6)

Substituting (B—3), (B—4), (B—5), and (B—6) into (B—i) yields, for the

expected value of the second derivative of ç.

2 2 22 2a ti~ a /OT\ ~ °T _8 * —1 —L /TSE ~z 1 —2 Ln~-~-1+ ~ a j
~ 

a 1— ~
~au j  TSF a,~

2
/aaT\ TS~~~ ~~ 

_
~~ 

-1 1 _+ 2 ~~~~)—~~a [A j~ ~~!N A j a

s f_8 * * * — 1 * -1
a + a  ~~ A A 5 J

2 S * * _ 1 2  2 * * — 1 ~+ 2 T S oJ; A ~~ a 1  ~~
2°T 

a A A s  (~ -7)

The underlined terms of equation (B—i)  can be combined for further si.pli—

fication,

I-_Il * * * 1 _~ _~~ * 1 .81 2 * * 1
TS[a A A ~~~ a + a  

~~ A A a J + 2 o T
a A A s

2 -* * * — 1 .J —8 * 1 -~~ ~~ * * * —I ~ ~ * 1 -~~

2a A~~~ A a + (1 + TS a ~~ a)[a A A ~~~ a + a  ~~~A A a ]

= 20
T (T:) 

~~~~~~~~~~~~~~~ 

~~~~~~~~~ 
[a

* 
~

i

~~~~
_ 3j 

* -l -1
÷ c l T {a  A [A ~~ +

~~~ 
A ]  a + a [A  ~~ +

~~~ 
A ]  A a ~

(B— 8)

Finally, substituting (B—8) into (B—i) yields the desired result ——
equation (2—21) in chapter 2.

-

~

-- _
~~
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~
___ __4. ------ - —



— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~- -  -

APPENDIX C

DERIVATION OF CLOSED FOR~4 EXPRESSION
FOR DOUBLE SUMMATION IN EQUATION (4-28)

The first double—sunimation in equation (4—28) is quickly evaluated

as,
L L
2 L  2 L

~ ~~L ~ P
-t~i p~~~~

] 1=1 
p4+.i

L L= -
~~ i 1 -L  r + - ~

-t=l r=l

L
-
~~ 3

L r  L L= -
~~ i. — -i- = (C—i)

r=1

A similar, but longer, process is followed for the second double summation

in (4—28):

L

L ~~ 
- p) con [(~~ 

- 
~~~)~~~

] 

= ½ ~~ L 
- p) e

j(t - 
~~~+ e~~~~ 

-

t=i Ps_il_ i £~l

~~ - r - 
- r - ~ 

+ e~~~
L - r -

= ½ ~~~ ~~~~~ ~ ~~~~ ~~~ ~~ re~~~~— ~~~
- 
~ e

1
~~ ~ e

_ 1
~~~
}

+ ½ e
2
~~~ £e~~~~ ~~ ~~~~ -~~ ~~~~~ ~ ~~~~~ - ~~~~~ ~ ~~~~~

= j sin ~Q [
~ 

£e~~~~ ~ ~~~~ - 
~ e~~~~ ~ re

+i’
~~
] 

- 0

x ~ eltO ~ -jr0 
(C—2)
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where all summation indices run from 1 to

p 
Due to the equality

L

~~ 
te~~~ -j 4 ~~ e~~~ , ~~C-3)

there is only one unique summation in (C—2), for which the following identity

applies :

~ ~~~~~ 
e _ e

~
(
~~~ ~~~ — e~

(L 
+ 2) si: (4 .E

~ 
(L + 

2)

a C e  (C—4)

where we define ,

IL  0sinI-~-~ L (C— 5)
sin
(~)

Substitution of (c—4) and (C— 3) into the bracketed term in (C—2) yields ,

IL+21 
- 

(L+2

~ e
.1
~
0 —j -tQ 

y ircj C{e

1
~ 

2 
/ (i~~~e~~~ 

2 

L+2

+ 
L + 2  

C ~~~~~ 

+ 2)
0)

~~e~
J(L + 2)o(~~~ ~~~~ ~ )~~~L ÷ 2)c

~~~~~~~~~~~~~~~~~~~~~~~~~ (1. 1. 2) 

~
]

= 2 j  C - ~~ (C—6)

From (C—S ) , it is easy to obtain

~~~~~ ~~~~~~~~~~~~~~~ 
_

~~
- - 

~~~~~~~~~~~~~~~ 
- -- 

-~~~~
- 
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L (L a\ I a \  I L  a \ ía
ac — 

~~ cos --
~~ 

_ ij sin k_ i ) — 
½ sin

~~
.
~ _ ij  cos ~~~~~~

2 asin (_ i )

- ½ c{4 cot(4 -
~

)_ cot (-
~)] 

- 

(C— i)

Substitution of (C- i) ,  (C—6), (C—5), and (C—4) into (~—2) results in the

following f inal, closed—form expression for the double summation:

~ 
(l-p) Ecos (t-p)0 ] = _c sir~4 a) [4 

cot (4 
~

) - cot 
(f)]

_ 4 c
2
cos (4a)

21L
__
a)

= 
s1n~~~j 

[
sin(.~ ~) cot(.~)

- 4 (sin (4 a) cot (4 ~
) + co~ (4 a) ) ]  (c-8)

~~~~~~
1--- ~~~~

-- •
~~~~~~=~~~~ 2- - -~~- ~~~~~~~~~
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APPENDIX D

NUMERICAL RESULTS FOR
EXTENDED SNR VALUES

This appendix presents the bearing estimation error results

obtained for extensions of the baseline SNR to 0.5 and 2.0. The three

standard deviation of error metrics appear in figures D.i — D.i and the

two SBT bias error metrics appear in figures D.8 — D.l4 as functions of

the target-to-interference separation Y , where

5 (-
~) I(K(-~) (~o~ 0T — 

~~~~~~~

= mean interference bearing,

= target bearing 90°

T = 0.128 seconds, KK 13,

d = 20 feet, c 5000 f t/nec,

LL = 10 hydrophones, INR 0.1.

In figures D.l — D.7 the following legend applies:

______________ CR Bound on the Standard Devia tion of Error of

Any Unbiased Bearing Estimator , 

Approximate Theoretical SBT Standard Deviation of

Error ,

1 1 Simulated SBT Standard Deviation of Error and

and 0 9O1~ Confidence Belts (20 replications per sample)

J j for SNR — 0.5 and SNR — 2.0 , respectively.
131
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The solid line shown in the bias error results of figures 0.8 —

11.14 represents the approximate theoretical SBT bias metric while the

simulated SBT bias results are depicted as above for the random errors. 
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APPENDIX E

NUMERICAL RESULTS FOR
EXTENDED ARRAY SIZES

This appendix presents the bearing estimation error results

obtained for extensions of the baseline array size (LL) to 20 and 40

hydrophones. The three standard deviation of error metrics appear in

figures E.l — E.5 and the two SET bias error metrics appear in figures

E.6 — E.lO. The appropriate baseline values of the metrics are repeated

in figures E.l — E.1O for comparison. The random and bias errors are

presented as functions of the target—to—interference separation , 7, where

- 

(
~~~~~~~~~

(
~~
)(c

o~ eT -

• mean interference bearing,

0
T — target bearing — 900
T — 0.128 seconds, KR — 13,

d — 20 feet, c — 5000 f t/second

SNR — 1.0, INR — 0.1

In figures E.l — E.5 the following legend applies:

_____________ CR Bound on the Standard Deviation of Error of

Any Unbiased Bearing Estimator , 

Approximate Theoretical SBT Standard Deviation of

Error ,

1 1 Simula ted SBT Standard Deviation of Error and

* A and 0 90% Confidence Belts for LL — 10, 20, and 40

j j j hydrophones , respectively. For figure. E.1 — E.10

the SBT simulation sample sizes are:
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CONFIGURATION SAMPLE SIZE

L L — 1 0 , M M — l  60

LL — lO, M M — 2 , 4 40

LL 20, 40 
- 

20

The solid line shown in the bias error results of figure. E.6 — E.1O

represents the approximate theoretical SBT bias metric while the simu—

lated SBT bias results are depicted as above for the random errors.
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