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FOREWORD

This report was prepared as a partial fulfillment of requirements
for a degree of (~1asters of Science from the Air Force Institute of
Technology (AFIT ), WPAFB , Ohio. The program was conducted in support
of an A ir Force Flight Dynamics in-house work unit ! 43630146JLDF)3
t1Laser Triggered Lightning (TRIP_77). I

The work reported was performe d dur ing the per iod June 1977 to
Octo ber 1977 , under the d irection of the author , Charles W . Schubert , Jr.
(Captain , USAF), principal investigator . The report was released by
the au thor i n December 1977 .

The author wishes to thank his sponsors , Mr . Jack Lippert and
Mr. Vernon Mangold of AFFDL/FES and Phil Nielsen (Captain , USAF ) of the
A ir Force Institute of Technology who served as advisor.
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SECTION I

INTRODUCTION

The study of lightning and its effects has long been hampered

because of the erratic nature of the lightning stroke. If lightning is

to be studied well, it must be examined closely; from the point in a

clou d at which it begins , to the loca tion on the groun d a t wh i ch it
ultimately strikes . Because of the impossibility of knowing exactly

when or where the next stroke will take place , months and years are
required to collect data even on distant lightning strikes .

To ena b le the study of l ig h tn i ng at close han d , ex periments i n the
artificial triggering of lightning have been pursued . The most successful
of these experiments , the rocke t launch i ng of a thi n w ire towa rd the
base of a cloud , has ach ieved a lightning initiation success rate

exceeding fifty percent. The lightning strokes initiated by this

wire-and-rocket system, however , va por i ze the wi re an d crea te a dense
channel of metallic ions in the air. The lightning , in following this

channel , acqu i res character istics vas tly different from the natural
lightning stroke.

The demonstrated ability of high-powered lasers to produce ionized
pathways in air , taken in conjunction wi th known facts about lightning
initiation , suggests that lasers might be effective in the artificial
triggering of lightning . The lightning stroke which might be initiated

by a laser beam would follow a path of ionic species native to the air

and to a natural lightning stroke. Consequently, if lightning can be
tri ggered by a laser , the resul tan t stroke mi ght be very simila r  to
strokes wh ich occur spontaneousl y .

1. PURPOSE

The purpose of this report is to determine whether the triggering

of lightning with a laser-induced ionized pathway in air is indeed feasible.
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To make th i s determ i na ti on , anal ytical answers to the following
questions will be required :

1. Can the physical mechanisms which occur in known methods of

l ig h tnin g i n i t iat ion be dup l icated throu gh the use of an ionized co lumn
of air?

2 . What external di mens ions an d i nterna l ion dens ity woul d such a
column require?

3. Can lasers within our current le”el of technology create the

appropriately configured ionized column?

4. What would be the best laser beam frequency, power, focal

len gth , wavelength , pulse width , and pulse shape to perform the task?

2. SCOPE

The depth of the study will unfortunately be limited to some extent

by the lack of knowledge concerning the general physics of lightning

and the specific physics of laser-induced i -ized pathways.

Theoretical model s concerning the initiation and propagation of
l ightn i ng are va gue , and , at times , contradictory . Published information
on ex per imental ly determ i ned elec tr ic fiel ds, electron densities , and

space-charge dimensions in a lightning channel are sparse or nonexistent.
Because of this , the analys is of the known methods of lightning

initiation can at best result in order-of-magnitude estima tes of the

parameters i nvolved. No attempt will be made to extend the knowl edge

of l i gh tn i ng phys ics beyon d tha t wh i ch is currentl y known . F rthermore ,

only clou d—to—ground lightning will be studied ; cloud-to—cloud discharge

wi ll  not be ad dressed .

The physics of laser-induced ionized pathways in air is currently

in a state of active evolution. A large number of physical processes

2
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are involved in the production of such pathways and a precise mathematical

description of many of the contributing factors has yet to emerge. This

study wi ll be limited to those processes for which adequate mathematical

models have been developed . The primary aim will be to extend these

model s to the specific problem of producing an ionized pathway on the

order of one kilometer long .

The production of an ionized column of air with a specific con-

figuration will involve a rather complicated system of lens and supporting

hardware . This study will be limited , for the most part , to a description

of laser beams which can be produced using hardware currently available.

No attempt , therefore, will be made to discuss the specific systems or

hardware tha t will be required . In essence , the study w i l l  focus on the
physics involved beyond the final lens of the system producing the laser

beam .

3. OR GANIZATION

In Secti on II , the mechanisms of lightning and its initiat ion are

exami ned to datermine criteria for the triggering of lightning with a

laser beam. Sect ions I I I  and IV ar e devo ted to the develo pmen t of an
analytical expression for the electron distribution along a laser— i nduced

ionized column of air. Significant parameters which affect the distribution
an d wh ich impose l imita ti ons on a laser l ig htn i ng ro d system are
anal yzed i n Section V . In Sec tion VI , the theory developed in the

preceding chapters is applied to specific laser lightning rod scenarios.
The electron distribution along the beam in each scenario is determined ,

the results are compared to the criteria , and conclusions are drawn .

3
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SECTION II

THE INITIATION OF LIGHTNING

To determine the feasibility of triggering lightning wi th a laser
beam , it i s necessary to id en ti fy the phys ical mechanisms which cause
l ightning to occur. The mechanisms discussed in this section fall into
two categories : (1) natural causes of lightning , and (2) artificial
metho ds of tr igg erin g l ig htnin g an d sparks. The former category i s
presented via a discussion of theories about the lightning process; the

latter, by descriptions of lightning and spark control experiments .
Specific physical mechanisms through which a laser beam may initiate

l ightning are discussed at the end of the section.

1. THE LI GHTNIN G PROCES S

L ig h tn i ng i s an extremel y com p lex phenom enon wh i ch is only par ti a l ly
un ders tood a t the present t ime. Li ghtn i n g studi es have been necessar i ly
slow , since the ac qu isiti on of data must awa it the wh im of na ture to
provide a lightning stroke at the right place at the right time for
exam ination . In add i tion , since no two lightning strokes are identical ,
a correlat i on of ac qu i red data from separate studi es is somewha t sketch y
and difficult to interpret.

Si nce an exp lana tion of the l ig htn i ng process mus t draw from ava i la ble
data , the theories concerning lightning tend to be vague , and , at times ,
contradictory . From a very elementary standpoint, however , lightning
can be v i ewed as a hu ge spark d i schar ge between the l ower par t of a c lou d
an d the groun d. As such , the earth an d clou d may be regar de as para l l e l
plates of a capacitor , with the intervening air serving as a dielectric.
When the electr ic  fiel d between the clou d an d the groun d i s suf fic ientl y
high , the air dielectric breaks down , an d lightning occurs . In reality ,
however , this simple picture becomes greatly complicated .

4
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Th rou gh mechan i sms no t yet compl etely un ders tood , thun derclou ds
develop distinct oppositely charged regions on the order of kilometers

in diameter (Reference 26: 2-3). Typically, the upper part of the cloud

gathers a positive charge of perha ps 40 coulombs ; the lower par t, a
nega ti ve char ge of a pp rox ima tely the same ma gn i tu de. The exac t s i ze ,
sha pe , an d char ge of these regions is infl uence d by a turmo i l of chan gi ng
atmos pher ic con diti ons wi th i n the clou d . As a result , the electric fields
in and around thunderclouds are strongly nonuniform , and change in

intensity and in direction with the passage of time (Reference 8: 21-38).

The elec tr ic f i el d require d to produce the break down of a i r a t
ground l evel is approximately 3000 kV/m. Fiel d intensities within active

thun derclou ds are much less: Fitzgeral d reports an isola ted h ig h value
of 390 kV/m (Reference 9: 839), an d measuremen ts of max imum f iel ds by
Gunn average 130 kV/m (Reference 10: 483). Field intensities on the

ground are even smaller. A typical high value from data collected by

F itzgeral d dur i ng surface measurements near a thun ders torm is on the
order of only 1 kV/m (Reference 8: 26). A cursory glance at the data
would thus indicate that lightning is impossible. That lightning does
occur can be part ial l y ex p lained from the su ppos i t ion tha t wa ter drop le ts
within a thundercloud , and the reduced pressure of hiiher altitude , lower
the threshold for the breakdown of air to perhaps 200 kg/rn wi chin a cloud

(Reference 20: 34). Thus, breakdown inside a cloud mass can easily occur.

The mechan i sm by which l i ghtn i ng lea ps from a clou d to the groun d ,

however , rema i ns somewha t a mystery .

Photographic studies of cloud—to—ground lightning strokes show that

li gh tn i ng begi ns the downwar d trek throu gh a ser ies of weakl y lum i nous
steps, each about 50 meters long , an d each wit h a veloci ty of abou t
1.5 x l0~ m/sec (qeference 26: 4-11). After each step, a pause of
approximately SO microseconds occurs. When this initiating stroke , or
stepped leader , reaches the near vicinity of the ground , it is met by a
highly luminous upward-travelling return stroke. The return stroke,

mov i ng w it h a veloc ity of about 5 x ~~ m/sec , follows the path for ged
through the air by the stepped leader, and en ters the clou d . After a

5 
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pause of 100 milliseconds or less , a dimly 1 .IOU5 dart leader may
then traverse the or ig inal path downward at a speed of a pp rox imatel y
2 x io6 m/sec an d i n i t iate a secon d return stroke. The process i s
repeated until the flow of charge wit hin the cloud can no longer support
a dart leader. The highly luminous upward—moving return strokes produce

the bright flash associated with lightning . Other varients of lightr ling

ex i st i n wh i ch the i n iti at i ng stroke moves u pward . These are mos t often
observed in lightning strikes to tall objects.

Explanations of the observed characteristics of lightning are many and

var ied. Uman summar izes mos t of the su ggested theories i n h is book on
lightning (Reference 26: 216-222). It can serve no useful purpose to

recoun t the assorte d exp lana tions here since none has been prove d val id
(or altogether invalid), and all are rather lengthy . It is generally
agreed , however , that lightning begins with a localized breakdown in

the clou d . The manner i n which the break down leaves the clou d i s the
matter of controversy. Estimates of the leader radius and of the el ectron

density within the leader from two of the more recent theories are
listed below:

1. Leader radius: 500 cm
Electron density : lO~ cnr

3 (Ref. 12: 867)

2. Leader ra d ius : less than 100 cm
Electron dens ity: 1010 cm 3 (Ref. 26: 221)

The most accurate summary statement that may be made about the

start of a lightn ing stroKe is that it begins as a reslflt of electric-

fiel d nonun i form i t i es w i th i n a regi on of eas i ly i on i zed a i r. A lea der
with a radius less than 500 cm and an electron density of at least 10~
electrons/cm3 is then somehow propel le d to the earth .

2. ARTIFICIAL TRIGGERINGS OF LIGHTNING AND SPARKS

Three methods of triggering lightning and two methods of controlling
sparks have ‘~en successfull y employed . An examination of these

L _
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methods , and how they work , suggests the physical characteristics that
a laser beam would require in order to initiate lightning . A brief
ou tl i ne of the metho ds , an d the phys ical mechan i sms underly i ng each ,
follows .

a. Common Lightni ng Rods

Al though the ordinary lightning rod is not generally regarded as a
lightning -triggering device , it must at least qualify as a lightning
gatherer. Many statistics are availabl e which substantiate the effec-
tiveness of lightning rods in protecting structures by absorbing lightning
strokes (Reference 27: 202). The Empire State Building , 381 meters tall ,
was struck an avera ge of 22.7 times a year dur i ng studi es in the
nineteen -thirties . Figure 1 , adapted from Viemeister and based on
Westinghouse data , shows the number of times an object is struck per
year, as a function of object height.

~ 211. .

~ 20 .

~ 164~
.11
54
43

.1.1

100 200 300 ~00

Height of Objects in Meters

Figure 1. Annual Number of Lightning Strikes to Tall Objects
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The pri nci ple underlying the lightning ~ ~an most eas i ly be
explained through the use of the parallel-plate capacito r model of
li ghtning initiation mentioned earlier. If the plates (earth and cloud)

are separated by a di stance d , and a voltage V is appl ied , the electr ic
fiel d between the plates is given by the elementary expression on E =

The potential difference between the earth and the cloud is established

by the ar.ount of charge that each possesses, an d is app rox imatel y consta nt.
However , the lightning rod, bei ng a conducto r, elevates the ground cha rge,
and thereby d im i nishes the se parat ion distance d . Th i s resul ts in an
increased electric field at the top of the rod compared to the field at

the ground . The small radi us of curvature at the top of shar ply pointed
l ightning rods serves to further increase the electric fiel d by a small

factor. Since air is more easily broken down in regions of high E , the
lightning tends to follow a path to the top of the lightn ing rod.

b. Wire and Rockets

Experiments attempting to trigger lightning with wire-and-rocket
systems have occurred sporadically over the past 40 years . In the most

recent attempts , made by the Commissariat a 1’Energie Atomique in France ,

rockets were used to carry grounded 0.2 mi llimeter w i res 700 meters
toward the base of thunderclouds (Reference 7: 212-213). Of 30 launches

F made, 20 resulted in triggered lightning which followed the path of the

steel wire. A similar experiment by N ewma n , et al. (Reference 17: 4761),
using rockets launched from a ship, resu ’1ted in 17 triggerings in

23 attempts . In both investigations , the base of the clouds was at least

twice as hi gh as the altitude reached by the rockets.

The, physical mechanism by which lightning is triggered using
wire-and-rocket systems is much the same as that for the lightning rod .

One significant difference, however, is that in the wire-and-rocket

systems the conductor is brought to a high altitude extremely rapidl y.
This results in transient nonuniformities in the electric field which

may increase the probability of lightning initiation.

8
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c. Sphere-Tipped Rockets

Investigating a theory developed by H. W. Kasemir , the New Mexico

Institute of Mining and Technology attempted to discharge lightning by

firing rockets tipped with metal spheres into the peak electric-field

regions of thunderclouds . According to Kasemi r, rocke ts w i th a sui tab le
body-length to sphere-radius ratio can distort the electric field at the

base of a thundercloud . Such di stort ion produces a local i zed a i r
break down whi ch then develo ps into a normal lightn ing di sc harge
(Reference 11 : 237). In the New Mexico experiment , roc kets a meter long
were tipped with metal spheres fi ve, seven , or ten cen time ters in d i ameter .
The rockets were air-launched into thundercloud regions having electric

fields on the order of 100 kV/m . Lightning discharges in the vicinity

of the rocket fl ight paths were then monitored , and the results tabulated.

Lightning discharges within 61 seconds of launch occurred following 9 of
12 launches. A possibility exists , however , that some or a l l  of the
discharges may have occurred regardless of the rocket flights (Reference 6:

623-627).

d. Laser-Produced Rarefication Channel s

The guidance of an electrical spark by a laser-produced rarefication

channel in a gas was reported in 1972. In an experiment performed by

Saum and Koopman (Reference 22: 2077-2079), the di stance tha t a spark
would travel between two electro des at a given vol tage was measure d.
A 75-watt continuous wave CO2 laser beam was then directed between the
electro des , from one to the other , and the maximum spark gap allowable
aga in measure d. It was found that the length of the spark coul d be
increased from 14 centimeters to 20.4 centimeters by use of the laser

beam. In add ition, the spark followe d the linear path of the laser beam,
and lost the crooked shape usually associated with electrical discharge .

The experiments were performed with the electrodes in an atmosphere

of air doped wi th NH3. The NH3 molecules , exc ited by the laser i rra-

diation , increased the kinetic energy of air molecules as a result of

collis ions , and the gas became heated.

9
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The physical basis for spark guidance by rarefication channels is
that the laser-heated gas expands and leaves a transient cyl i nder of
l ow-density air between the two electrodes . Since the electrical field
required to cause breakdown is i nversely proportional to ai r density ,
the spark preferentially follows the path of the laser beam.

e. Laser-Produced Channel s of Ions in Air

Experiments by Koopman and Saum (Reference 13: 5328-5336) have

shown that electrical sparks can be guided in laser-ind’,,’ced ionized
channels of air. Using a Nd-glass laser with a focused power density of
1010 to io’~

l W/cm2, and a beam di ameter of a few mi ll imeters , Kooprnan
and Sawn ionized a column of air between two electrodes separated by as
much as a meter. A potential difference of breakdown , or near b rea kdown ,
intensity was then applied across the electrodes . It was found that the
electri cal di schar ges produced followe d the stra ig ht path of the laser
beam rather than the twisted trail that sparks normally take.

The princi p le underlying the spa rk guidance is that the a i r is
part ially broken down by the laser beam. The spark then follows the
path of least resistance. An analysis presented by Koopman and Saum

indicates that an upper limi t for the guidance of sparks in air is
to 1011 electrons/cm3.

3. MECHANISMS OF LASER-TRIGGERED LIGHTNING

Some physical mechanisms must underlie the triggering of lightning

with a laser beam. The mechan i sms discussed in the preceding sections
are some possibilities . Others may exist which have not yet b~?en
determined or exploited. From the mechanisms which are known , however,

i t i s poss ib le to esta blish the charac ter ist ics that a laser beam i n a ir
would require in order to trigger lightning .

10 
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From the theories describing natural lightning , it appears that

lightning could be triggered by producing a premature localized breakdown

in the region within the cloud where lightning first begins. The size
and shape of the ionized volume required is a matter of conjecture, since
conditions in the initial breakdown region are not precisely known . Most
likely, the requi red vol ume woul d depend upon the char ge conf iguration
within the cloud at the moment it is i rradiated by the laser , the diameter

of the laser beam , and the position of the laser beam relative to the
char ged regi ons of the cloud . Although this may be a promi s i ng mechanism
to exploit , no numerical estima te of the laser beam character istics which
may be requi red can be es tabli shed at this time .

The theor ies concern i ng lightning leaders , although va gue, do seem
to agree roughly on the amount of charge w i thin a leader , and on the
leader diameter. The production of a column of air with equivalent

ionization and size could serve to trigger lightning . To be completely
effective , an arti ficial leader of this type would have to persist in the

air long enough for the stepped leader or a dart leader to traverse to
the ground, or fo r a return stroke to tr avel to the clou d. Since lea der
veloc it ies range from 1.5 x 10~ to 5 x 1O7 m/sec, an ionization per-
sistence time of 10-2 to 4 x lO~~ seconds would be required wi th a cloud
base one or two kilometers in altitude . An ideal approach would be to

generate a laser-in duced artificial 1e~’der from the ground into the cloud.

The portion of the beam inside the cloud could then produce the localized
breakdown which naturally ini tiates lightning, and the rema inder of the
beam coul d di rec t the s troke to a des i red loca tion on the ground.

A second method of triggering lightning may be to duplicate the

princ iple of the cormion lightning rod. To accomplish this, an ionized

column of air wi th a conductivity equivalent , or nearly equivalent , to
a l ightning rod would be needed . The conductivity of copper , a typical
li ghtning rod metal , is 2 x io_6 

ohm-cm. A fully ionized plasma at a

temperature of 880 eV possesses a conduct ivity of thi s same order of
magnitude. The wire-and-rocket systems also hinge on the existence of

a conductive path. The conductivity of stainless steel , the material

11 
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generally used for the w i res , is 7 x lO~~ ohm-cm. Duplication of this
conductivity would require a fully ionized plasma with an electron

temperature of about 100 eV (Reference 4: 162). It may , of course , be
possible to duplicate the mechanisms involved by using an ionized column
of air with less conductiv i ty. But thi s , again , is a matter of conjec ture .
In any case, unless the laser-generated ionized column of air reaches all

the way to the clou d , a strong possibility exists that the initial
li ghtning leader would travel upward . For lightning-target interaction
studies , this would be somewhat undesirable , si nce the more coninon
lightning strikes begin wi th downward-moving leaders .

The qualified success of the sphere-tipped rocket experiments

su ggests that a laser beam mi ght succeed i n ini t iat in g l ightn i ng by
creating a transient distortion of the high E-field regions wi thin , or
near , a cloud. The mec han i sm by wh i ch the di stort ion woul d occur cannot
be quanti tatively assesse d , however , unt il more is known about the initial
breakdown process of natural lightning .

The laboratory ex per iments w i th spark gaps conf i rm that a laser
beam can initiate and guide an electrica l discharge. Although it is not

certain that the experimental results are scalable to an earth-cloud
system , Koopman and Saum ’s estimate of the free electron density needed
to guide a spark cannot be ig no~”ed. The feasibility of initiating
li ghtning within a laser-generated rarefied column of air is discussed
in Appendix A.

Wi th the exce ption of the use of rarefied channels , all of the
mechanisms which might be used to trigger lightning involve , in one way
or another , the creation of free electrons in air. Furthermor ’, the
electron density required for the guidance of 3parks is fairly near the

estimated density of electrons in a lightning leader . Many of the
mechanisms i nvolve a transient distortion of the atmospheric electric

field. The fact that a laser beam can generate a distortion wi th virtually
the speed of light is a major factor lending support to the feasibility

of a laser li ghtning rod system. It would appear from a review of all

12
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of the mechan i sms that an i onize d channel of a i r w ith an elec tron dens i ty
of lO~ to io

1l ele ctrons /cm3 or more, extending from near ground level to
the base of a clou d , would have a high probabili ty of triggering lightning .
The radi us of the channel may be less importan t than the elec tron dens iti es
wi thin it , judging from the success of the wire—and-rocket experiments
with the millimeter diameter wires. Based on the time required for
natural discharges to traverse the cloud-earth distance , a channel
pers istence time of 1o 2 to 4 x lO~~ seconds would be required to guide
l ightning to a specific location on the ground . The ability of a dart
leader to traverse a return stroke channel after a pause of tens of

mi lliseconds suggests , however , that the ini tial fractional ionization

need not be maintained for the entire persistence time . It will be

shown in Sec tion V that after 10 mill isecon ds mos t of the electrons
recom b ine or at tach , so the dart—supporting channel consists , instead ,

of perhaps io8 ions /cm3. Thus, the feas ibi l ity cri terion of lO~ to lo
ll

elec trons/cm3 i s probably an upper limit to the frac tional i on i zation
required.

13
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SECTION III

LASER-INDUCED IONIZATION - BACKGROUND

If the el ectron distribution along a laser-induced ionized column
of air i s to be analyzed , it is necessary to f i rst un ders tan d the phys ical
processes which take place when air is irradiated by an intense laser
beam. Furthermore , i t is necessary to develo p mathematical relationsh ips
which describe those processes so that predictions of probable electron
densi ties can be made. The purpose of this sect ion i s to esta bli sh the
fundamental relationships upon which the more predictive model s of the

follow ing sect ions can be develo ped . To this end , the sect ion begi ns
wi th a qualitative discussion of the breakdown process. Basic equations

which describe the breakdown of air are then developed . In conclusion ,

a qualitative and quantitative analysis of radiation transfer is presented .

1 . THE IONIZATION PROCESS

A laser pulse will produce an ionized region in air if , a t any time
during the duration of the pulse , the laser-generated ionizat ion processes

overcome all mechanisms which inhibit ioniza tion . The genera ti on of ions
may resul t from two laser-supported mechanisms , photoionization and

electron—casca de ionization. The first process, photoionization , occurs
when an atom absorbs one or more photons and emits an electron. The
second , electron-cascade ionization , results when “heated” elec trons
coll ide inelastica lly with atoms , causing the release of new electrons .
Mechanisms which inhibit ionization encompass an extremely large number

of naturally occurring atomic interactions . These interactions establish

a sharply defined threshold flux l evel which must be exceeded by the

pulse if ionization is to ensue. Once the threshold l evel is reached ,

ionization growth is a function of laser flux intensity .

Photoionization is bel ieved to play a rather insignificant role in
the large scale ionization (breakdown) of atmospheric air by laser beams

of infrared frequencies. In order for photoionization to take place ,

the energy of the individual photons must exceed the ionization potential

14 
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of the atoms undergoing the reaction. For lasers of interest here,

photon energ ies range from 0.12 eV for the CO2 laser to 1.2 eV for the
neodymi um laser . Unexc ited oxygen and nit rogen , the pr ima ry consti tuen ts
of air, possess ionization potentials of about 15 eV. Clearl y then, a

single photon cannot ionize the typical atom of air. Several photons may ,

however, interact simultaneously with an atom through a process of
mult ip hoton absor pt ion. A s imultaneous absor pti on of at leas t 13 photons
woul d be needed to detach electrons from unexc i ted oxygen or nitrogen
us ing radi a tion from the aforemen tioned lasers . The theoretical laser
fl ux required to produce this rate of simultaneous photon absorption is

two or three orders of magnitude higher than fluxes which have been

exper imen ta l l y o~,erved to cause gas breakdown (Reference 21: 655). This

i ndi ca tes that mechanisms other than mul tiphoton absor p t ion are the
primary agents in the breakdown of air. It is possible that mult iphoton

ionization may be enhanced by the use of mode-locked lasers (Reference 1:

2292-2295). However, the theory of breakdown by mode-locked laser pulses

is still in the embryo stage, and i t is unl ikely tha t confi dent predi ct ions
of the resul ting ion di str ibut ion can be made until more i s known about
the process. One remaining photoionization mechanism is that of multi-
or single-photon ionization of excited atoms. The ionization potentials

of excited atoms may be quite low, allow ing photoion izat ion through the
absorption of a small number of photons . However, the density of excited

atoms i s low until the latter sta ges of breakdown; and it i s prec i sely
during thi s phase that the second ioni za tion mechanism , the el ectron
casca de, becomes overwhelmingly predominant.

Elec tron-cascade ionization, unl i ke photo ioniza tion, propagates
through a “chain-reaction ” of atomic interactions. The cascade begins

wi th a small number of ini tial electrons , wh ich may be present from
cosmic-ray bombardment of the atmosphere, mul tiphoton ionization , or
laser-beam vaporization of impurity particles in the air. Free electron-
atom pairs absorb photons of laser flux through the process of inverse

bremsstrah lung, with the excess energy of the reaction being converted
into an increase d translational energy of the el ectrons . The process
of stimulated bremsstrahlung emission , also occurring, will cause

15
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el ectrons to lose k i net ic energy. However , t ~nverse process is more

li kely, so that a net absorption of energy from the beam by the electrons

resul ts. If the cascade-inhibiting processes which are discussed later

are sufficiently small , the electrons will eventually gain enough energy

to ion ize atoms . The electrons released as a result of the ionizations

are , in turn, heated by the laser beam. The process repeats itsel f for

the durat ion of the laser pulse. If tg is the avera ge time between

ion izing collis ions for each electron , the number of ionizations

generated per second by each electron is tg~
1
~ The i ncremental increase

in the el ectron density after a time dt is thus given by

dn = tg
1fl(t)dt (1)

where n(t) is the electron density at time t. Integration of Equation 1

results in

n(t) = neo exP( t/tg ) (2)

where neo is the initial electron density . The electron growth, or
e-folding time tg~ is governed by the rate at wh ich the el ec trons gain
energy from the laser beam, and the rate at wh ich the same electrons
lose energy as a result of various cascade-inhibiti ..g processes. To gain
an i nsi ght on the fac tors affect ing tg~ it is necessary to exami ne the
specific loss processes i nvolved .

Cascade-inhibiting, or loss , processes may be divided into the
followi ng two categories : (1) those which reduce the translational
energy of el ectrons , and (2) those which eliminate electrons from the
ensemble altogether. Collisiona l processes which diminish the electron
translationa l energy inc l ude excitations of atomic electronic l evels ,
excitations of molecular vi brational l evels, and ionizations of atoms.

16 
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Processes which remove electrons from the cascade are el ectron-ion

recombjnations, electron-atom (or molecule) attachments , an d elec tron
diffusion from the laser beam volume . The most significant cascade

inhibitor at low laser flux levels is the excitation of mol ecular

vibrationa l l evels , ch iefly of N2. This loss , reinforced somewhat by

attachments to 02 molecules , establishes the sharply defined threshold

l evel wh ich must be exceeded by the laser flux before an electron cascar~
can begin. Experiments establish the threshold in clean air to be

(Reference 2: B—l , B— 2)

= 3 x lO~ x (X/lO.6)
2 W/cm2 (3)

where A i s the laser wavelen g th i n microns . At flux i ntens iti es , S,
between 3 x lO~ x (A/lO.6)

2 to about 3 x io1° x (A /lO.6)2 W/cm2, atom i c
excitations dominate as the primary cascade inhibitor , although the

other loss mechanisms are not entirely negligible. Above 3 x 1010 x
(X/lO.6)2 W,’cm2, all el ectron loss processes become insignificant.

Beginning at this point , the casca de becomes dependen t onl y upon the
rate at which the electron gas can be heated by the laser flux , and the

rate at which ionization of atoms can occur. When all of the losses

are taken into account , a dependence of the e-folding time on laser flux

intensity shown in Figure 2 for CO2 laser radiation results. Corresponding

curves for other laser wavelengths can be found by using the scaling

law evi dent i n Equat ion 3.

2. THE BOLTZMAN EQUATION AND ITS MOMENTS

An ana lysis of electron-cascade ionization can be most easily

approached through the use of the Boltzman equation , wh ich describes
the cha nge in the d istribution , f, of particles in space and time.

Using this equation, a theoret ical ex pression for the elec tron growth
rate can be derived .

17



r 
~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.

~~~~~~~~~~~~~~~~~~~

._-

AFFDL-TR-78-60

Dominance I
by I /

Electronic I /
I Excitation i /

10
_li I Iv

I LI
Dominance / I

• by I
Vibrational /Excitation /
_ _ _  

/ I
I Loss Mechanisms

~ 
i I Negligible

~~~ ~~~~~~~~~~~~~~~~ I I

I I

10 8 J
1 3 10 100 1000

Flux (GW/cm2)

Figure 2. Electron e-Folding Time for A 10.6 Microns
Adapted from Triplett (Ref 25: 7)
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The Bol tzman equat ion for free elec trons in s pace i s

f ~f 4v~ a.Vv ~f coll

where V is the electron velocity , ~ is the electron acceleration, and

~T col l is the time change in f due to collisional processes. Assuming

an isotropic velocity distribution , the th i rd term on the l eft-hand

side of Equation 4 may be re-expressed in energy parameters as ~
where ~ is the time rate of change of the electron energy. A diffusion
term , added to the right-hand side of the equation , can su bst i tute for
the v.vf term. If these changes are made , and the coll i sion terms
spec i fied, the Boltzman equation becomes

af(c) 
+ ~ ~$~

) = + Collisional gains to f(c) due to three-body
recombi nat ions , atomic excitations, molecular
vi brational exci tations , ionizations , and diffusion

(5)
- Collisional losses from f(c) due to ionizations ,

attachments , di ffusion , molecular vi brationa l
exci tations , atomic exc itati ons , and recombinations .

A zeroth moment to the Boltzman equation , acquired by integrating

Equat ion 5 over all energy, produces a dif ferential equa tion for elec tron
growth. Taking the moment , the two terms on the left-hand side of
Equation 5 integrate straightforwardly to become and zero, respectively.
An exact in tegration of the terms implied by the right-hand side of the

equat ion can be extremel y lengthy. The recombi nati on component alone ,
for example , must inclu de all two- and three-body recombining interactions

between electrons and all spec ies of unex ci ted and exc i ted atomi c and
mol ecular ions. Table III in Section V of this report gives a short

list of the more significant reactions involved. For purposes of

development at th is po int , the result of the integration can be
symbolize d

= 
electron ga i ns - electron losses (6)

~t due to collisions due to collisions



- - -.-. - ---- ~-
.
~~ -=----~----=— , 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~
— -——-- -

AFFDL-TR-78-60

Electron gains may arise from photoionizations or from electron-atom

ioniz ing coll i s ions , with the latter process domi nating the former during
most of the cascade. Integrating the Boltzman term for electron-atom
ion izing collisions (Appendix B) and substituting the result into
Equation 6 yields

= n n<R > 
electron losses (7)

~t o I - due to collis ions

where n0 is the density of atoms and <R 1> is the energy-averaged rate
of ionization .

A differential equation for the average electron energy, <c> ,

emerges by taking the f i rs t ener gy moment of the Boltzman equation . The
first moment is acquired by multipl ying the Bol tzman equation by the
electron energy, c, and integrating over all energy. A problem of

evalua ti ng the large number of col li s ional terms again ar i ses . The
first moment of the ionizing colli sion term is derived in Appendix B.
For present purposes , the remain i ng terms may be represented by an
avera ge elec tron energy loss rate , - n<cL>. Thus , the f i rs t moment
contribution by the coll isional terms i s - In0n<R 1> - n<

~L
>. The non-

collisional terms of the Boltzman equation (Equation 5) may be explicitly

multiplied by c and integrated. The f i rst moment then becomes

+ n 
~f~’ 

- n<~> - n<c = - In0n<R 1> - n4L> (8)

The two terms in Equation 8 involving ~ may be repl aced by a single
quantity n<CH>. Then if the equation is divided by n, and the terms
rearranged, the followin g expression is obtained :

<~~> Th= <
~H

> - + 1n0<R 1> + <6L> ‘ (9)

A physical interpretation of Equation 9 is that the time change in

avera ge electron energy i s equal to the increase in energy due to
laser heating, <

~H
>’ minus the decrease in energy rrom collisional

interactions (Reference 18).
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The heat i ng of elec trons in  a laser beam is , stric tly speaking, a
quantum effect. It has been shown by Raizer , however , that the effect
is equivalent to classical microwave heating (Reference 21: 658). The
microwave heat i ng term, found widely in the literature , and spec i fically
in Ra izer ’s paper is

<C H > = KS (10)

2
where K =  e v  

2 (11)
mecco(w + V )

and where

e = electron charge

v = electron-atom collision frequency

me 
= el ectron mass

c = speed of light

= perinittivity constant

w = an gular  frequency of the laser f ie ld

By substituting the heating rate given by Equation 10 into Equation 9,

and assuming that the average electron energy equilibrates rapidly so
that i s app rox imately zero at any instant of t ime, the follow ing
energy balance is obtained :

KS = ~
. .  + + In~<R~> (12)

An expression for the electron e-folding time as a function of S

can now be derived , at least for the spec ial case of hig h laser fl ux
i ntensities . As mentioned earlier , when the laser flux reaches l evels
of about 3 x 1010 x (10.6/A)2 W/cm2, electron growth losses due to
col l isions are negligible. Thus , in thi s high flux limit , Equation 7
becomes

R 13— nn0< ~
>

21
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Since , in the high flux limit , most of the l ..,~,..r in put energy is being

used to produce ionizations , al l  other energy loss mechan i sms due to
collisions may be neglected . Consequently, Equat ion 12 reduces to

KS ~~~~~~~ 
-
~~~~~ + 1n0<R1> (14)

With the assumption that the average electron energy <e> is much less

than the ion izat ion energy I, Equations 13 and 14 may be combined to
yiel d

1 sn _ KS (15)
n~~t I

The solution to Equation 15 for constant K is

K t
n(t) = n exp 

~~

- f  S dt’ (16)e 0

Thus , for a varia ble fl ux intensity , the electron growth in the high
flux limit is dependent upon the fluence, jP S dt, of the pulse.

0

For constant S , Equation 16 can be integrated straightforwardly
to yield

n(t) n,,~ exp (~~-~) (17)

A comparison of Equation 17 with Equation 2 shows that the e-folding

time in the high flux limit is given by

tg =~~~ (18)

3. RADIATION TRANSFER

The propagation of laser flux in space and time is described by

a radiation transfer equation. Since the free electron density at any

22
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pos it ion i s depen dent u pon the laser flux at tha t pos i t ion , radiation
transfer cons idera tions w ill ultimately prov ide a framework for determi ning
the elec tron di str ibut ion along the enti re laser beam.

As radiation travels from a position z to a position z + dz in a
time dt, an incremen tal change of flux i ntens ity may occur . For a pulse
of arbitrary shape , the change may be represente d by

dS(z,t) = 
z,t) dz + ~S(z ,t) dt (19)

It i s conven ient to employ a reference frame in wh i ch ti ming begi ns w it h
the arrival of the front edge of a pulse to a position z. In such a

referenc e frame , the second term on the right—hand side of Equation 19
can be set to zero , an d a pulse “mapped” from one position to another.
A rather simp le example can clarify the concept involved. Suppose the

sole factor modifying the flux intensity is atmospheric attenuation.

Then ~~
-
~~

- = - ATS, where AT is the atmospheric attenuation coefficient.
If, in addition , ‘~~

-
~~

- = 0, the solu tion to Equa ti on 19 is

S(z) = S(O)exp(_ATz) (20)

wh ich i s Beer ’s law for the attenuation of radiation in the atmosphere.
Now , consider Figure 3, in which the solid line represents the time
variation of fl ux intensity of a radiation pulse emerging from a laser.

The time variation of flux at some later position , z’ , downstream may be
obtained by applying Beer’s law to each point of the original pulse, and

plotting the results on the same S versus t coordinate frame. A new

flux distribution in time will result, such as that shown by the dotted

li ne. Hence , an entire pulse is mapped from one position to another.

23 
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Pule; at Laser
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Figure 3. Pulse Mapping

For s i tuations of practical i nteres t, optical focusing becomes
important. Representing the effects of focusing by F(z) and using the
mov ing coordinate system, the ra di ation transfer equa ti on becomes

dS(z ,t) 
= [F(z) - AT 

] S(z ,t) (21)

If the flux intensity exceeds the threshold va l ue for the breakdown of

a i r , a significant portion of the flux will be consumed in the microwave

heating of free electrons. The loss in flux per unit distance due to
microwave heating is given by -Kn(z,t)S(z,t), where K is the microwave

heating coefficient introduced in Equation 10. Adding the microwave

heating term to Equation 21 yields

dS(z ,t) [ F(z ) - AT I S(z ,t) - Kn(z ,t) S(z ,t) (22)

as the rad iation transfer equat ion for fluxes above ST.

Us ing rad iation transfer Equat i ons 21 and 22 alon g w ith elec tron
cascade Equations 15 and 16 , a differential equati on for the free electron
density in a high flux laser beam can be derived . The derivatio n required
is somewhat lengthy , and is the subject of the next section .

24
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SECTION IV

THE PRODUCTION OF IONIZED PATHWAYS IN AIR

Two fundamenta l equations for determining the free electron
distribution along any laser beam of breakdown intens ity are derived 

*

in this chapter. To begin this chapter , the concept of beam regions ,

necessary in the derivations , is introduced . A detailed development

of the fundamenta l equations is then presented. A summa ry of the equations ,

and a brief discussion of possible limitations , is given in conclusion .

1. LASER BEAM REGIONS

In any laser lightning rod system of practical interest , it is

highly desirable to begin the breakdown of air at a distance well

separated from the laser aperture . Unless some separation is mainta ined ,

a likelihood exists that a lightning stroke could follow the beam to the

laser an d it s associate d optics , destroying both . Thus, any laser beam
of i nterest here can be di v i ded , for the pur pose of anal ysis , into the
three spatial regions illustrated in the lower part of Figure 4.

In the first, or prebreakdown , regi on the max imum i ntensity of the
radiati on pulse remains below the threshold S1, and a ir breakdown cannot
occur. This region extends from the final focusing element of the optical

system producing the beam to the position zB, where the max imum intens ity

of the pulse reaches a value ST. At this point , the breakdown region

begins. In the break down region, a por tion of the pulse main ta ins an
intensity greater than ST~ an d an el ectron casc ade i s produced. Casca de
conditi ons are ma intained unti l pos iti on zE~ where the maximum flux
intens ity of the pulse falls below S1. The third , or post b reakdown ,
region extends from position ZE onwar d . In thi s regi on , the max imum
flux remains below the threshold , and b rea kdown i s not possi ble. The
minigrap hs in the upper part of Figure 4 illustrate a pulse as it

might appear in each of the three regions and at the positions ZB and

ZE.

25
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Figure 4. Beam Regions

Following the convention established in the preceding section , the
timing in each of the minigraphs begins wi th the arrival of the front
edge of the pulse at the z positi on indicated. The same convention is
used throughout this section .

2. THE BREAKDOWN INITIATION EQUATI ON

The main tenance of a specific breakdown initiation point, z8,
requires a careful blend of optical focusing and maximum laser power
output. If focusing is too strong , or the pulse intensity to high , z8
may rest dangerously near the laser. If focusing is weak, or the pulse
intensity too low , breakdown of air may not occur at all. The breakdown
initiation equation establishes the relationship between optical focusing,
maximum pulse intensity at the laser , and the position zB.

26 
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A radiation pulse emerging from a laser reaches a maximum value at

some t ime tmax after the front edge of the pulse leaves the aperture.
Because focusing and attenuation effects are linear , the max imum value

of the pulse at any later position , up to and including the position ZB ,
also occurs when t = tmax ) and is represented by S(z~tmax)~ As the
pulse moves from z = 0 to z = ZB, the maximum fl ux intens i ty increases
and eventually reaches the threshold value . The condition for the
init iation of breakdown is thus S(zB, tmax) =

The growth of the pulse as it moves through the prebreakdown region

is given by the radiation transfer equation

dS(z ,t) 
= C F(z) — AT ] S(z ,t) (21)

Solving Equation 21 for S(z,t) and specifying the time tmax results in

S(Z
~
tmax ) = Smax exp I [ F(z’) - A1 3 dz ’ (23)

where is the maximum flux intensity at the final optical element

producing the beam. At the position z = ZB , Equation 23 becomes

Z
8

Si = S max exp ! [F(z)-A1 ]dz (24)

Equation 24 is the fundamental equation for the determination of

breakdown initiation criteria. If F(z) is specified , and the integration
performed, an explicit relationshi p between Smax and ZB is obtained.
Since the growth of free electrons first begins at ZB , Equation 24
establ i shes the functional relationship between the starting point of

the free electron distribu tion (in effect, the ion distribution , since

the electrons promptly attach), the focusing configuration , and the
maximum flux intens ity at the laser.

27
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3. THE ELECTRON DISTRIBUTION EQ UATION

An exact determination of the free electron distribution within the
break down regi on of a laser beam can theoreti cal l y be ma de by s imul-
taneously so l v i ng the ra di a ti on trans fe~ equation and the first two
moments of the Boltzman equation. In practice, however , the situation is

less than ideal , s i nce the co l l i s iona l terms of the Bol tzman equa tion
are extremely di f f i cu l t to evalua te an a l ytically. One possible approach

to the problem is to bypass the collisional terms altogether , and to
use an empirically determined expression for the electron e-folding

time . Th is app roach , used in a simplified form by Triplett (Reference 25:

10—19), results in a l engthy integrodifferential equation which has a

lar ge num ber of var i able parame ters : puls e len gth , pulse sha pe, lase r

aperture size, focal po i nt, breakdown initiation point , and laser
wavelen gth . To determ i ne the effec t of each of these on the elec tron
di stri bution woul d require a lar ge num ber of solut i ons , and a prohibitive
amount of computer time . The electron distribution equation developed in

this section is a compromise between the desire to determine the exact
electron distribution , and the need to know the effect of the variable

parameters on that distribution. The simplicity of the equation permits

many computer solu tions in a rela tivel y shor t amount of time . The
predicted densities can, however, be i naccurate , and care must be taken
i n anal yzing the resul ts. In general , several compu ta ti ons mus t be ma de,
an d the resul ts com pare d for cons i stency .

The free el ectron dens i ty produce d by a laser pulse i n the brea kdown
region is, from Equation 16 an d F igure 2, depen den t upon the pulse
intensity S, and the amount of time that the intens i ty s above the
threshol d 5T~ 

Thus , even in the breakdown region , only a por~.ion of the
pulse is capabl e of maintaining an electron cascade. As seer in

Figure 5, breakdown firs t begins at a time t1 af ter the pulse  encounters
position z. Breakdown continues until a time t2, wi th the number of

electrons generated being dependent upon the fluence between times t1
and t2. After time t2, flux is insuf ficient for further production of

elec trons. The beam , however , wil l continue to be sharply attenuated
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by the electrons produced by the early part of the pulse. For reference

pur poses , the three fol lowin g temporal regimes may be establ ished :
time 0 to t1, temporal prebreak down ; time t 1 to t2, temporal breakdown ;

an d t ime t2 to t3, temporal postbreakdown. The derivation of the electron

distribution equation centers upon determining the fluence in the brea k-

down reg ime , and rel ati ng the fluence to the el ectron dens ity.

Time , t

Figure 5. Pulse in Breakdown Region

Within the temporal breakdown regime , the radiatio , transfer

equation is

dS(Z,t) 
= C F (z) - AT I S(z ,t) - K n ( z ,t)S (z ,t) (22)

Equation 22 may be i ntegrated from time t1 to time t2 to yield

t ~t ~tl
~~ I~ S(z ,t)dt - S(z,t2) ~~ + S(z ,t1) ~~~~

— =

ti
t2 t2[ F(z) - A1 3 1 S(z,t)dt — f Kn(z,t)S(z,t)dt (25)
ti tl

where L iebnitz ’s rule for the differentiation of i ntegrals has been used

to expand the left-hand side of the equation.

29 
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From Equation 16 , assum ing cons tant K, ar esignating a position z,

I n (z ,t,)
1’ S(z ,t) dt = 

~~

- in ,
. (2 6)

t n~z, 1’

An d from Equation 15,

t2I KS (z ,t ) n (z ,t)dt = I C n(z,t1) — n(z,t2) 3 (27)
tl

Substituti ng Equations 26 and 27 into Equation 25 to eliminate S(z,t);

and recognizing that S(z,t1 ) = S(z ,t2) = 

~T 
(from Figure 5) results in

n(t ) ~t ~t

~~~ ~ 
n n ( t ) - T ~~~~~~ 

-

n(t )
[ F(z) - A1 3 .

~~ ln 
~~~~ 

- I [ n( t 2) - n ( t 1) 1 (28)

At time t1, the electron casca de has not yet begun to bui l d. Thus ,
n(z ,t1 ) = ceo ’ where n eo is the ambient-air free-electron density . The

electron cascade will grow between the times t1 and t2, reaching a
maximum value at time t2. Hence , n (z ,t2) = n(z) , where n ( z )  represen ts
the final electron density at position z. In terms of n(z) and neo.
Equation 28 can be wri tten as

KS
ii til ~~ ~~~~~~~~~~~~~ 3

+ [ F (z )_ A T ) l n
~~
I
~
l _ K [n ( z ) _ n eo ] (29)

where the symbol D has been used to represent the partial derivative

w i th res pect to z.

.
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Equation 29 can be used to determine the free electron density at

any position within the breakdown region. In order for the equation to

be useful , however , i t is necessary to ex press Dt1 and Dt2 i n terms of
parame ters wh ich are known , or wh ic~’ can be measured . To accomplish
this, it is desirable to first establish the physical meaning of Dt1
and 0t2. An insight on the matter can be acquired from Figure 6, wh i ch
shows a pulse at two separate positions, z and z1, within the breakdown
region.

At position z, the fl ux i ntens ity of the pulse reaches th res hold
after a time t1, then f a l l s  below threshol d at a time t2. As the pulse
moves forwa rd from pos iti on z , it is magnifi ed as a result of optica l
focus i ng . It  i s also di stor ted , particularly on the trailing edge ,
because of non— linear losses which occur in the microwave heating of
elec trons. Consequently, when the pulse reaches position z1, the flux
i ntens ity reac hes threshold af ter a t ime t1 

‘ an d f a l l s  below threshol d
at a time t2’ , where t1 

‘ 
~ t1 and t2’ ~ t2. it is seen, then , that

Dt2 
- Dt1 establishes the rate of change, with respect to distance along

the laser beam, of the cascade-producing pulse l ength. To express Dt1 and

Dt2 i n terms of known parame ters a separa te anal ys i s of each is necessary.

Pulse at
~.“Position z1

~! ~~~~~~~~
Time , t

Figure 6. Motion of Dt1 an d Dt2
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a . Determi nat ion of Dt 1

If losses due to a tmos pher ic a ttenuation an d el ec tron hea ti ng are
negligible , the flux intensity of a pulse will increase steadil y until

the pulse reaches the most narrow part, or waist , of the laser beam .
The pulse as a whole i s ma gn ifi ed , and the time t1 moves towar d t = 0,
as seen i n Figure 6.

Electron heating will distort the portion of the pulse which rests
in the temporal breakdown regime . However , since the pulse must be
con tinuous , the end of the prebreakdown time reg ime and the beginning
of the breakdown time regime must occur at the same time t1. Consequently,
Dt1 can be determine d from the radi a tion trans fer eq ua tion a pp l ica ble to
the prebreak down time reg ime :

dS(z ,t) = [ F(z)  - AT ] S(z,t) (21)

An integration of Equation 21 over z yields an expression for S(z,t) at
posit ion z

z
S(z,t) = S(O,t ) ex p I [ F(z ’) - AT 3 dz ’ (30)

0

Then a t time t 1, since S(z,t1) = S1,

z
S( O ,t1 ) 

= 

~T 
exp I I AT — F(z ’) ] dz ’ (31)

0

An ex pression for Dt 1 is acqu i red by tak i ng a par t i a l  deriva ti ve of
Equation 31 with respect to z, and rearran g in g terms . The follow i ng
ex press ion i s then obta i ne d :

z
- I A1 - F(z )  I S1 exp I [ AT — F(z 1 ) 3 dz ’

D - 0
1 

— _________________________________________
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Substituting S(O,t1) from Equation 31 for the applicable factors in

the numerator of Equation 32 yields the following , more compact ,

equation for Dt1 :

S(O ,t1) [ A T - 
F(z) 3

0t1 = aS(O,t1 )/~t1 —

It will be shown in the following section under ‘Pu lse Shapes” that
S(O ,t1 ) can be expressed in terms of known parameters , namely, F(z) ,

A1, an d the i n iti al pulse sha pe.

b . Determ i na tion of Dt2

The microwave hea ti ng of el ectrons has a sig n ifi can t effec t on the
time , t2, that the trailing edge of the pulse falls below threshold.

If the elec tron density i s smal l , m i crowave hea ti ng losses are negl ig ib le .
In this case, the pulse will be magnified as a whole as it approaches

the beam wa i st , and t2 will move steadily outward , in a direction

opposite to the motion of t1 (Figure 6). The portion of the pulse above

threshol d i ncreases , so to speak , from both ends. On the other hand , if

the electron dens i ty i s large, flux losses due to elec tron hea ting
compete with flux gains due to optical focusing . The direction of t2
then depends upon whe ther the f lux  ga i n or the flux  loss dom i na tes at
a gi ven pos i t ion an d time . In ei ther case , the radi at ion transfer
equat ion for the break down time regi me mus t be use d to determ i ne the rate
of chan ge wi th posi tion of t2. The appropriate equation is (from

Section I I I )

dS(z ,t ) = [ F(z)  - AT] S(z,t) - Kn(z,t)S(z,t) (22)

Equation 22 may be solved for S(z,t) with the result

S(z ,t) =

z
S(z B,t ) exp I [ F(z ’) — AT 

] dz ’ exp ;D Kn(z ’ ,t)dz ’ (34)
2B
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From Equation 30 the flux intens i ty at posit ion Z
B 

is given by

z
S(z B,t ) = S(O ,t) exp 1B ~ 

F(z ’) - AT 3 dz ’ (35)
* 

0

Substitutin g th is value for S(z B~t) into Equation 34, and then spec i fying
the time t2 yiel ds

= S(O ,t2) exp I [ F(z ’)  - A.r 3 dz ’ exp ~B Kn(z ’)dz’ (36)

D ifferentia ti on of Equat ion 36 wi th res pect to z resul ts i n

z
STIAT — F(z) - Kn(z)]exp I [A1 — F(z ’)]dz’ exp I Kn (z ’)dz’

O ZB
~S(0 ,t2)/~t2 

( 37)

wh ich may be sim pl i fie d , usin g Equa tion 36, to y iel d

S(O,t ) [A - F(z) + Kn(z) 3
2 

— ____________________________

The quantity S(O,t2) is cast in terms of known parameters in the
following section.

4. THE FUNDAMENTAL EQUATIONS AND THEIR LIMITATIONS (SUMMARY)

The free-electron distribution along any laser beam may be computed
through the use of the breakdown initiation equation and the electron

d i stribut ion equa ti on.

The breakdown initiation equation establishes the position , ZB,
at which the free-electron distri bution begins. The equation is

~T~~~ max~~~~~~ 
[F(z) - A T ] dz ( 24)

34 
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The electron di str ib ut ion equation , upon solut ion , predicts the
electron d istri bution beyon d the po int zB. The equation is

1 dnfz) KS1
~i~1Y dz = 

~ 
C Dt2 - Dt1]

+ [ F(z) - AT ] ln K [ n ( z )  - neo] (29)

S(O ,t ) [ A - F(z) 3where Dt = 
1 1 (33)

1

S(O,t2) [ A1 — 
F(z) + Kn(z) :i

and Dt~, = .I,~~
4. (38)

Three l imi tations to the electron distribution equation exist. Fi rst,

the equation appl i es only to the high flux limit , s i nce the h ig h fl ux
lim it relationships (Equations 15 and 16) were instrumenta l in the

derivation. This limitation can be overcome somewhat by the use of a

“modified” high fl ux limit , which is discussed in the section on

Electron Heating in the next chapter. Second , the fundamental equation

is strictly app l icab le only in the portion of the breakdown region prior

to the beam waist. Beyond the beam waist , the ex press ion for Dt1 may
become inaccurate . Th i rd, under some focusing conditions, the expression
for Dt2 may become invalid. The limi tations involving Dt1 and Dt2 occur
in essence because of lack of pulse shape distortion i nformation in the
equations. Fortunately, the limi tations are mi nor, and can generally be

ignored , as will be discussed under “Pulse Sha pes ” in the next section.

To apply the fundamental equations to specific situations , the terms
heretofore symbolized F(z), A1, S(O, t1 ), S(o,t2), an d K must be
explicitly determined. These determinations are made in the next section .

35
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SECTION V

SIGNIFICANT PARAMETERS

The free-electron distribution produced by a laser beam in air is
influenced by a large number of parameters . The purpose of this section

is to analyze the most significant of these , with the primary aim being

to establ i sh spec i f ic rela ti onsh ip s or values  for use i n the e l ectron
distribution equation. Some of the analyses in themselves reveal

limitations which must be considered in the design of a practical laser
lightning rod system. These limitations are analyzed as they arise.

Fac tors wh ich w i l l  be cons id ered , in turn , are elec tron heating, opt ical
focusing , pulse shape (and pulse length), atmospheric attenuation, and
free-el ectron losses.

1. MICROWAVE HEATING OF ELECTRONS

The microwave heating of electrons provides the link between laser
f lux  i ntens ity an d the ra te at wh i ch free elec trons are genera ted . The
l inkage is established in the electron distribution equation by the

microwave heating coefficient K. Since the distribution equation is

based on the assumption of a high flux limit , the microwave heating

coefficient which corresponds to high laser fluxes would seem most

ap propriate in any calculat ions . For man y cases of practical i nterest ,
however , laser f lux  intensi ties may fall wel l below those which qualify

as “hi gh. ” In such cases, a value for K based on a “modified” high
flux l imit  can be more real i st ic.

In the hi gh f lux  l im it , the electron growth is relate d to the f l ux
intensity by (from Section III)

tg =~~~ (1 8)

36

L _ _ _ _  

~~~~~~~~~~~~~~~~~



____________ - . - . -. .
~~~~~~~~~~~~

-
~~~

--, - ,--
~
-

AFFDL-TR-78-6O

The ionization potential of air is approximately 2.4 x lO~~
8 joules , and

K is of the order of lO~~ cm2 for CO 2 laser fluxes of high intensity .
Consequently,

2.4 x lO~ sec ( 39)

The dependence of electron e-folding time on S predicted by Equation 39

i s shown i n F ig ure 7. I t can be seen from the f igure that the agreemen t
between Equation 39 and the true electron e-folding time is excellent at
fluxes above 3 x 1010 W/cm2. At fluxes below 3 x 1010 W/cm2, however ,
the high flux limit approximation of tg is consistently l ower than the

true val ue , with the disparity exceeding two orders of magnitude near
3 x lO~ W/cm2. It will be shown later that laser-lightning-rod fl uxes
are on the order of 1010 W/cm2, and are frequen tly l ower . In th is realm
of S, the high flux limit approximation underestimates t~ by at least an
order of magnitude. Since the rate of electron growth is inversely

proportional to the e-folding time (Equation 18), the high flux limit

cons i sten tly overes tima tes the rate of elec tron growth .

In the modified high flux limit approximation , the value of K is
adjusted to diminish the disparity between the true an the approximated

e-folding times . Figure 7 shows two such approximations, la bele d
Modification A and Modification B.

Modification A is established by using a ~‘ue of K sli ghtly smaller
than that of the true high-flux limit. Using this modification , the
electron e-foldin g time is underestimated by an order of magnitude or less

for fluxes below 8 x l0~ W/cm2. Above 8 x l0~ W/cm2, the el ec tron
e-fol ding time is slightly overestimated . Thus , this modification

predicts a l ower, more realis tic electron growth rate for fluxes of the

order of 1010 W/cm2.

In Modification B, the value of K i s decreased stil l  fur ther.
As shown in Figure 7, Modification B results in an overestimation of

e-fol ding time for all fluxes above 4 x l0~ W/cm2. Consequently, this

37
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Figure 7. Modified High Flux Limits
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modification , in contrast to the true h ig h fl ux l im it g iven by Equa tion 39,
consistently underestimates the electron growth rate. A slight improve-

ment to both mod if ica tions can be acquire d by taking into account the
effect of elec tron-ion collisions.

The elec tron hea tin g coeff ic ient is given by

2
- _ _ _ _ _ _ _ _ _

mecco(w + v )

where v is the electron-atom collision frequency . In a heated gas, the
electrons w i ll  c~ll ide with both neutral atoms and with ions ; however,

because of Coulom b at tract ion, the electron-ion collision frequency is

much greater than the electron-neutral atom collision frequency in a gas

of given ion or neutral—particle density . Thus , assumin g that w i s much
greater than v, Equa tion 11 wil l  y iel d a h igher value of K for ion -

coll isions than for neutral atom collisions. Since the specification of

K is equivalent to the selection of a given modified high-flux limit , it

is possible to move from one modified limit to another by taking

electron- ion collisions explicitly i nto account.

For a gas which con tains  both neu tral atoms an d ions , the total
electron-heavy particle collision rate is

(40)

where is the electron—neutral collision frequency and is the

electron-ion collision frequency. Using expressions for VN and

adapted from Tannenbaum (Reference 24: 348), the total electron-atom

collis ion frequency becomes

= 2.8 + lO 8nOTTe
½ + n[2.9 x 10~~T ~

3/2 
- 2.8 ~ lO

_8
Te

½] (4 1 )

where is the electron temperature in electron volts , and n01 is the
total heavy particle density . As before, n is the electron density .

39 
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At CO2 laser fluxes below io
n W/cm2, th ‘~ ctron temperature is

less than 10eV (Reference 25: 6). In this case , Equati3n 41 reduces to

v = 2.8 x lO
_8

n01Te
½ + 2.9 x l0

~
5Te~

312n (42)

The total heavy-particle density is a function of temperature . However,

unless the pulse from the laser is extremely long, di ffus ion from the
beam region is minimal during breakdown , and the particle density will

rema i n near the room tempera ture value of nn = 2.5 x 1019 atoms /cm3.
Us i ng this value in Equat ion 42 results i n

= 7.0 x loll Te
½ + 2.9 x lO 5n (4 3)

The two terms on the right-hand side of Equation 43 correspond to

the electron-neutral and the electron-ion col’ision frequency , respectively.

Substituting Equation 43 into Equation 11 and assuming that v is much

less than w results in the following expression for the microwave heating

coeff ic ient:

e2 [ 7.0 x loll 1 ½ + 2.9 x l0 5n 3e (44)
meccow

2

If the effects of ion coll i sion are momentar i ly ignored , Equation 44
y iel ds for CO2 frequenc ies

K = 2.3 x io~
8 i ½ cm2 (4 5)

Thus , it is seen that the selection of a given modified high-flux limit

is tantamount to the specification of some electron temperature.

Modifications A and B of Figure 7 correspond to temperatures of 1 eV and

0.025 eV (room temperature) respectively. Equations for the Modification

A and B curves were acquired by specifying the temperature for each

modi fica tion , solvin g Equation 45 for the appropriate value of K, and
substituting the results into Equation 18. The resulting equation for

S versus t~ was then plotted for each modification.

40
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If electron-ion collisions are taken into account , Equation 44 mus t
be replaced by

2e v 11m c c  2 2e o w  + v

where v = 7.0 x lO ll Te
½ + 2.9 x lO 5n (43)

In thi s case , K becomes dependent upon the electron density , and a
transformation from one modified high-flux limit (K value) to another

occurs as the electron density changes. Figure 9 shows the dependence

of K on the electror density that results with Te 
= 0.025 eV (K8) and

with Te 
= 1 eV (K A ). It can be seen from the figure that at low electron

dens i t ies KA and KB are be low the true ~iigh -f1ux limit approximation of

the heating coefficient. At higher electron densities , KA and KB
increase in magnitude , and eventually reach the true high—fl ux limit

approximation. In order for electron densities to be large , the laser
flux intensity must be high. Hence , in establishing a relationship

between K an d n , Equations 11 and 43 implicitly relate K and S. The

relationship i s , of course , not exact. The electron temperature is a
variable quantity ; and a true expression for the heating coefficient

mus t take thi s i nto accoun t. The ex p ress i ons for KA an d K8 are,
however , an improvement over the high-fl ux limit , which consistently

overestimates the electron growth rate.

Because KA an d KB are app roximat ions , the use of ei ther
elec tron di str ibution equat ion w i ll lea d to uncer ta int ies in t~’ re ults .

To establish the magnitude of possible error , it i s necessary to ~~alyze
carefull y the specif i c physical si tuation on hand.

For exam ple , i f the laser f lux  i ntensi ty is low alon g the entire
beam , the electron heatin g coeff ic i ent shou l d be sma l l .  In this case KB

41 
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F igure 8. Modi fie d Elec tron Heat i ng Coeff ic i ents

woul d probably overestimate the electron density , whereas KA might yield
fairly accurate results . Fo.r a fl ux of extremely high intensity , KB
woul d be more accurate.

With a stron gly focuse d laser beam , the s i tuation i s further
complicated since the flux intensity may be extremely high in one region

an d low i n another. In th is case , each region of the beam mt st be
anal yzed separa tely. S ince there i s no precise mathema ti ca l :ool
avai la ble to perform the analysis , a s trong measure of common sense mus t
be used . Fortunately, for many laser-l ightning-rod scenarios of interest ,

the electron distri bution is relatively insensitive to the K value

42
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chosen; and , in almos t any scenar io, the use of will result in a good

lower l imi t estimate of electron densities involved. Finally, it may
be ment ione d that an exa ct predict ion of electron dens i ties i s not
al together necessary, so long as some confidence exists that the densities
are high.

Perha ps more impor tan t than the actual electron num bers is the fact
that the consistent use of a given K value enables an analysis of the

effects of var ious other parameters on the electron di stri bution .

2. FOCUSING

The degree to which a laser beam of given power is focused determines

the position at which air breakdown first begins , an d the di str ibut ion
of electrons beyond the breakdown ini tiation point. The term in the

electron distribution equation which accounts for optical focusing is

F(z). An expression for F(z) in terms of known laser beam parameters

is eas i ly acquire d from simple laser beam di agnostic consi derations .
The same considerations also reveal optica l limi tations which can

sig ni f ican tly i nfluence the des ig n of a laser li ghtn i ng rod system .

a. Derivation of the Focusing Term

The instantaneous fl ux dens i ty of a laser beam as a funct ion of
distance z from an originating lens is given by

S(z ,t) = 
P(t) (46)

~i [w(z) ] 2

where P(t) is the instantaneous power at a time t after the beam encounters

position z, and ~r [w(z)] 2 i s the area of the beam at pos i t ion z . The
expression for the area, as given , is based on the assumption of a

circu lar beam cross section.
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The optica l focusing contribution to the origina l radiation transfer

equations (Equations 21 and 22) is acquired by taking a derivative of

Equation 46 wi th respect to z. The result is

~S(z,t) = F( \ = —2 ~w (z) (47)
~(1) 3z

To recast Equation 47 in terms of easily measured beam parameters, the

equation for the spot size of a gaussian laser beam as a function of z

can be employed . The appropriate expression is , from Siegman

(Reference 23: 309),

(z F _ z )  
2w(z)  = W

F 
1 1 + [ 

~ 
2 ] }

~ (48)

where WF is the spot size at the beam waist , and ZF is the distance of

the waist from the lens originating the beam. Substituting Equation 48

into Equation 47 to eliminate w(z) results in

2(z —z )
F(z )  F 

2 (49)
a + (z E - z)

where a -
~~

- WF
2 (50)

Although Equation 49 is derived on the assumption of a gaussian beam ,

the general form rema i ns i ntac t for any laser beam , s i nce any beam can be
expressed as the sum of a set of Hermi te-gaussians. Many beams employed

in high—power laser work are non-circular in cross section , and non-

gaussian i n form . For su ch beams , WF and ZF woul d probably be mos t
accurate 1y determ i ned throu gh experimen tal measuremen ts.

b. L imitations of Focus i ng

Focus i ng l im ita ti ons ar i se in a laser l ig h tn i ng rod system because
of the long focal lengths and hig h flux i ntens i t i es requi red to produce
an ionized column of a i r on the or der of a k i l ometer in len gth . The
parameter most affected is the size of the final optical element from

which the beam originates.
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A schematic of a laser lightning rod beam is shown in Figure 9.
For the sake of analysis , the optical system which would be used to focus

the beam has been symbolized by a single lens of focal length f. A
coord i nate system below the schematic establishes z = 0 at the lens. Itr is seen that the beam emerges from the laser and acquires a minimum
spot size w1 at a distance -z1 from the lens. The beam then diverges

and reaches a spot size WL at z 
= 0. Passing through the lens, the beam

is focused to a minimum spot size wF at position ZF~ 
Air breakdown begins

enroute , at position ZB. The beam waist at the breakdown initiation point

W I 
WL 

W B 
W
p

Fi gure 9. Laser Lightning Rod Beam Schematic

From laser beam di agnos tic cons idera tions , w1, wF, z1, and ZF are
related by (Reference 28: 152)

2 w1
2

W = 2 2 (51)
(1 + zl/zF) + 

~~~ 
/AzF)

and
-f2(z + f)

Z 2 2 2  (52)F (z1 +f) 
~~~~~~~~
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It woul d appear from Equat ions 51 an d 52 t a beam coul d be
focused to an arbitrarily small waist at any given focal distance zF~
barring uncertainty principle matters. In practice, however, more severe
limitat ions arise. The nature of the limitations can be seen from the
follow ing expression obtained straightforwardly from Equat ion 46:

S(zF,t) = S(O,t) (wL/wF)
2 (53)

It can be anticipated that the flux intensity at the beam waist ,
S(z F,t), mus t be large in order to maintain an electron cascade along
the beam. To avoid air breakdown at the lens , however, S(O,t) must be
less than the threshold for the breakdown of air. Thus, to generate
break down fl ux intensi ties beyond z8, WL mus t be large, or wF small . By
setting z = 0 in Equation 48, a relationsh ip between WL an d w... is found
to be

WL = [ w F
2 

+ (_—E)2 3½ (54)

The beam spot size at z = 0 can be no larger than the optical element
through which the beam passes . Thus, WI may be consi dered as be ing the
ra di us of the lens. From th i s view point , Equation 54 relates the rad ius
of the lens to the spot size at the waist. The limit ations arise ,
ultima tely, because of unreasona bly lar ge lens ra dii .

To focus a laser beam at a g iven zr a cer tain  min imum size of the
lens is required . An expression for this minimum w1 can be obta ined by
taking a partial derivative of Equation 54 with respect to W

F~ 
and

setting the derivative equa l to zero. The result is

WL mm = (2Xz F/lr)
½ (55)

The spot size at the beam waist when wL 
= w1 mm is , from the same

calculations ,

wFC = (Az F/1r)
½ (56)
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The relat ionships established by Equations 54, 55, and 56 are
illustrated in Figures 10 and 11. By using the two figures in conjunction
with Equation 53, it is possible to estima te the radius of the final
optical element that will be needed in a laser lightning rod system.

To gener ate an ion ized column of air from the groun d to a clou d base
would require that the laser beam be focused at about 1 000 meters. From
Figure 10, it is seen that the minimum lens radius for a beam focused
at 1000 meters is 8.2 centimeters, for a CO2 laser. The corresponding
spot size at the waist is 5.8 centimeters. Assumi ng a flux intensity of
one gigawatt at the lens , the fl ux intensity at the waist is , from
Equation 53, approximately two gigawatts. At this point , the focus i ng
li m ita t ions of a laser lightn ing rod system become obv ious . The ra di us
of the lens is already large at 8.2 centimeters. The fl ux at the lens

is immense at one gigawatt. Despite this , the threshol d for the break-
down of air , three gigawatts , is reached nowhere along the beam. To
salvage the situation , the onl y al terna ti ves are to increase the f l ux  at
the lens or to increase the radius of the lens. An enlargement of the

lens can result in a significant increase in flux intensity along the
beam. If WL = 1 1 cent imeters , for example , the spot size at the waist
is , from Figure 11 , 3.2 cen timeters . From Equa tion 53, then , the f lux
intensity at the waist is 11.8 gigawatts , assuming the same flux at the
lens as before. The spot size at the waist is, however , an increasingly
weak function of WI m m ’  as can be seen from Figure 11 .

A large lens , or mi rror , at the end of the optical chain is fairly
easy to accommodate . If the breakdown initiation point is brought fairly
nea r the laser , however , the size of the laser aperture itself must be
lar ge. For exam p l e, a typica l laser l ghtning rod beam might be focused

at 1000 meters, wi th a des i red break down in iti at ion po i nt at 100 meters
from the laser. With  th i s beam con figuration , the laser mig ht be located
90 meters from a metal tower , the beam run paral le l  to the groun d from
the laser to the base of the tower, an d then tu rned ver ticall y . The
ionized air column would then run parallel to the metal tower, and

upwards to an altitude of nearly 1000 meters. For this configuration ,

the beam spot size at the breakdown initiation point is, from

V 
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Figure 10. Effect of Focal Distance on Lens Radius and on
Beam Wa ist Spot Size
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FIgure 11. Effect of Lens Radius on Spot Size at Focal Point
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Equation 48, 10 cen timeters for the CO2 laser wit h a lens radi us of 11

cent imeters . The spot s i ze of the beam pr ior to the brea kdown i ni tiat ion
point can be no lar ger than the spot s i ze a t the brea kdown i ni tiat ion
point. Thus , the size of the laser aperture itself can not be less than

10 centimeters in radi us . Furthermore , the beam spot size must remain

larger than 10 centimeters throughout the optical chain used to focus

and to direct the beam.

It becomes apparent from the prece di ng exam p les tha t laser fluxes
on the order of gigawatts and la ser aperture ra dii on the order of
centimeters are requi red i n a CO2 laser l ig htn i ng rod system. For the
Nd-glass laser system, the aperture s i zes requi red are not so large, as
a g lance a t Fig ure 11 w i l l  show. However , for the Nd-glass wavelength ,
the breakdown threshol d of a i r i s a hundredfol d larger than that for the
CO 2 wavelen gth , from the scaling law. As a result, the f l u x  in tens it ies
required in a Nd-glass laser lightning rod system are much larger than

those required i n a CO2 sys tem.

3. PULSE SHAPES

Pulse sha pe informa tion i s carr ied by the Dt1 and Dt2 terms of the
electron di str ib u ti on equa tion . Al thou gh a l l  pulse sha pes can no t be
modeled , those that can be are ex tremel y real ist ic . I t i s necessary to
consider the leading and trailing edges of the pulse separately, however ,
in order to model any pulse sha pe . In form i ng a com pos ite of the two
parts , some di f f i cu l ti es ar i se wh i ch , under some conditions , af fect the
val idi ty of the models .

a. Leading Edge

The pulse lea d in g edge is def i ne d here as tha t port ion of the pulse
wh i ch exten ds from t = 0 to t = tmax~ 

The equa ti on wh i ch carries lea di ng
edge i nforma tion is , from Section IV ,

S(O ,t) [A — F(z)]
Dt 1 = aS(O ,t1 )/~t1
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To proceed w ith an analysis , it i s necessary to specify a particular
pulse shape leading edge. For the sake of computational simplici ty , the
l i nea r l ea di ng edge is cons id ered in the para gra ph whi ch follows . Results
for other leading edges can be obta i ned by employing the same general
approach.

The equation for a linear leading edge is

S(O,t) = at 0 < t < tmax ( 57)

where a is some cons tan t. At time t1, Equation 57 and its derivative
wi th respect to t1 are

S(0,t1 ) = at1 (58)

and

aS(O,t )
1 (59)

A subs ti tut ion of Equat ion 59 i nto the expression for Dt 1 yiel ds

S(O,t1) [ A — F(z) :i
Dt1 = 

a
T (60)

From Equation 31

z
S(O,t1 ) = ST ex p f  [ AT - F(z ’) ] dz ’ (31)

0

Thus, the final expression for Dt1 can be writ ten

Z

Dt 1 = — [ AT - F(z) 3 exp ! [ AT - F(z ’) 3 dz ’ (61)a o

Si nce F(z) has been determined in the preceding section , an d AT will be
approximated shortly as an empirical constant , Dt 1 has been comp letel y
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specified in terms of known laser beam, atmospher ic, and pulse shape
parameters. A similar anal ys i s can be performed for the lead ing edge of
other pulse shapes . Table 1 shows the results for sinusoidal and
exponential leading edges. For ease in reference, the linear lead ing
edge resul ts are also ta bula ted. The cons tants A , B, a, ~~, and ~2 are all
determi ned by the leading edge shape at the fina l optical element.

TABLE 1

LEADIN G EDGES OF PULSES
S(O t) Dt1

Ae~t [At —
(exponentia l)

S! [A1 — F(z)] exp J ’ [A1 — F(~ ’)] dz’(linear) 0

~T [A~ - F ( z ) J  erp f CA~ - F(z ’)] dz ’
B ein j~~t 0

(sinuseida l ) z
C~ [ A~~ — S1

2 
~xp f 2[A1 — F (z ’)] dz ’)

0

From geometr ic cons iderations , i t  i s poss ib le to acqu ire a numer i cal
order-of-magnitude estimate of Dt1 for a linear leading edge. Figure 12
shows a pulse with a linear leading edge as it may appear at the
breakdown initiation point , z8, and at the waist of the laser beam, ZF•
The t1 time , ori gi nall y coincident with tmax when the pulse was at
has moved to the lef t a time 1~t as the pulse has moved from ZB to
Thus , a rough estimate of Dt1 can be foun d from

_ _ _ _ _  
(62)
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Fi gure 12. Pulse Sha pe for Est imatin g Dt 1

From the geometry of Figure 12,

5’ (z ) — S
- S ’ (z F) max

where S’max (z F) is the maximum flux i ntensity the pulse would have
reache d ha d losses due to the el ectron casca de not occurred . From
Equation 46,

~
‘max~~F~ 

5T(W B/wF)
2 (64)

where wB is the spot size at ZB~ an d wF is the spot size at zE A
substitution of Equations 63 and 64 into Equation 62 results in

at (w /w )2 - I

/ ~2 , max
~
wBfw F, ~

Z
F 

- zB /
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Borrow ing from the examples employed in the section on Focusing, typical
va l ues for WF~ 

wB, ZF, and ZB are 3.2 centimeters , 11 centimeters ,
1000 meters , and 100 meters , res pect ivel y . Us i ng these va l ues i n
Equation 65, and assuming a tmax of 0.2 microseconds, results in

122 x 10 sec/cm (66)

The true value  of 0t1, given by Equation 61, can be monitored during the
com pu ter solu tions of the elec tron di stri bution equa tion . A compar i son
with the estimated value of Equation 66 can then be made.

b. Trailing Edge

The pulse trailing edge extends from t = tmax onwa rd. An ex pression
for Dt 2 is found in a method analogous to that for the determination of
Dt 1. The var iety of pulse shape trailing edges which can be modeled is,
however , l imited to a single functional form. The pertinent equation
for evaluating 0t2 is , from Section IV ,

- 

S(0, t2) [ A T - F(z) + Kn(z) ~ (38)Dt2 - aS(o,t2)/at2 
—

where , from Eq (36),

Z z
S(0 ,t2) = ex p I [ A1 - F(z ’) 3 dz ’ exp I Kn(z ’ ) dz ’ (67)

0 zB

The integral over Kn(z) in Equation 67 is an unknown which must be
elim inated . The only obvious way this can be done is to use a function
for S(O,t2) whic h cancels with its own derivative in Equation 38. The

sole function wi th this property is the exponential . For an exponential
tra i l i ng edge, then ,

S(0,t) = B exp(-8t) tmax < t (68)
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where B an d ~ are constants. At time t2, Eque . 68 and its derivative
with respect to t2 are

S(O ,t2) 
= B exp(-8t2) (69)

aS(O,t2)
= - ~ B exp(-~t2) (70)

2

Substituting Equations 69 and 70 into Equation 38 results in

Dt2 
= 

~~
- [ F(z)  - AT - Kne(z)  3 ( 71 )

Figure 17 of t he nex t cha pter i l l u s trates a few of the many pulses
wh i ch can be modele d us i ng a l inear  or s i nuso id al lea di ng edge, an d an
exponential trailing edge. It can be seen th-’t the pulses are extremely
real i stic (See Reference 2, for exam ple) .  I t is , i n a sense , fortuitous
that the modeling is limited to exponential trailing edges, since actual
high-flux pulses have a decay of an exponential form .

c. Limits of Pulse Shape Model Validity

Pulse shape distortion affects the validity of the expressions for
both Dt1 and 0t2. The followi ng paragraphs discuss the nature of the
invalidations , when they occur , and their effects .

The equation of Dt1 was der ived under the assum pt ion tha t the pulse
is opt ical l y ma gn i f ied. As lon g as this  is the case , t1 is determined by
the portion of the pulse below the threshol d S1. However , once the pulse
passes the wais t of the beam , the assum pt ion is i nval id , s ince the beam
at this point is diverging . As the pulse intensity diminishes in
magn i tu de beyond posit ion zF, the time t1 must become dependent upon the
distorted leading edge of the pulse which had been above threshold.
Conse quentl y, the equat ion for Dt1 becomes inaccurate beyond zF. The
degree of inaccuracy depen ds upon the amount the pulse has been di storted,
a factor which is not monitored using the methods here. It would be
expected , however , that the degree of pulse distortion would be dependent
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upon the num ber of electrons genera ted by the pulse. Thus, i f the
electron dens ity genera ted in the brea kdown regi on prior to is small ,
the pulse woul d be onl y sl ig h tly distorted . The leading edge, in particular ,

would be little affected , since some time is required at a given position z
for the elec tron casca de to become s ig ni fican t. The lea di ng edge may be
well beyond z before the cascade is large enough to produce a distortion

in the pulse shape. If the electron density is high , however , the upper
portion of the leading edge may become rounded , as shown i n F ig ure 12.
In th is case , the ex press ion for Dt1 woul d become i nval id , or at least
inaccura te, as the rounded portion of the pulse falls below threshold.

For a beam focuse d at a lar ge di stance , however , the upper portion of
the pulse will remain above threshold until the pulse is well beyond the

focal regi on, unless break down is i ni ti a ted near the focal po i n t, wh ich
woul d not usua l ly  be the case for the systems of i nterest here . From
these ccnsi dera ti ons , i t would appear that the theoretical value of Dt1
woul d no t d iffer much from the true value , even beyond the focal region.

In any case, the expression for Dt1 remains completely accurate over the

portion of the beam of prima ry interest; namely, that portion from the

laser to the foca l poi nt.

In the expression for Dt2, the distor tion in the pulse shape is
taken into account by the Kn(z) term. A different sour:e of difficulty

ar i ses , however, because of the composite nature of the pulse shape
model i ng . Figure 13 shows a pulse as it might appear at three different

locat ions along the beam. The pulse as it emerges from the laser is

id entif ied by the label z0. At a position z1 downstream , the pulse has
been magnified , an d the t2-time has moved to the right , away from tmax •
Still further downstream, at pos it ion z2, the pulse has been distorted
by cumulative losses due to electron heat i ng . The t2-time has moved to
the l eft , an d rests at a t2—equilibrium point , coincident wi th tmax~
A further movement of t2 to the left  is imposs ib le , s ince from Equation 38,
Dt 2 will become positive if t2 drifts to the leading edge side of the

original pulse (assuming F(z)<Kn(z) + AT). Consequently, the true va l ue
of Dt2 is zero at the pulse position z2, and all positions downstream.
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Figure 13. t2-Equilibrium

Equat i on 71, however , is based on the formula for the exponential trailing

edge of the original pulse , shown extended by the dashed line in

Figure 13. Since the slope of the extended trailing edge is everywhere
negative, Equation 38, an d hence Equa tion 71 , allows t2 to con ti nue a
le ftwa rd dr i ft . In summary , the true t2 motion is determined by the
shape of both the leading and trailing edges of the pulse , whereas
Equation 71 is based on a formula for the trailing edge only. The result
is an invalid expression for 0t2 when the pulse becomes severely distorted ,
and t2 drifts to the equilibrium point.

Fortunately, the same considerations which lead to the invalidity
of Equation 71 also lend themsel ves to a derivation of a simplified
relationshi p for the free electron distribution once t2-equilibrium is
reached. From Equation 38,

Dt 2 DS(O,-t2)A,. - F( z ) + Kn(z)  = 
~
. 1 ~~~. (72)

~~~~ °~2 
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Setting Dt2 equal to zero resul ts i n

n(z )  = [ F(z)  - AT ] (7 3)

It will be possible duri ng the computer solutions to monitor the motion
of t2, and to set 0t2 

= 0 when t2-equi librium is reached . The electron

distribution given by Equation 73 can then be compared to the results

of the more lecigthy electron distribution equation (Equation 29), and a
check for cons i stency ma de .

4. ATMOSPHERIC ATTENUATION

The attenuation of a laser beam due to mol ecular absor pt i on and
scattering is dependent upon a large number of atmospheric variables ,

including atmospheric pressure, tempera ture , aerosol concen tra tion, water
droplet concentration , and humidity . For the purpose of this report ,
however , onl y the simpler aspects of attenuation need be considered .

In the breakdown region of a laser beam , atmospheric attenuation is

insignificant compared to the beam losses due to the microwave heating

of elec trons. Atmos pher i c a ttenua ti on does , howev er , affect the position
at which air breakdown is initiated , and can have a s ig ni f i can t effec t

on the laser-generated free—electron densities beyond the breakdown
initiation point.

The atmos pher i c attenuation coef fi c i en t as der i ved from com pu ter
mode ls of the atmos pher e is presen ted i n Ta b le 2, adapted from
McCla tchey (Reference 15: 21 ,24). I~ that table, ATA an d ATS are the
absorption coefficients due to molecular absorption and scatteri ng ,

respectively, in a midlatitude summer atmosphere. The corresponding

coefficients due to aerosol particles are given by ATA* and ATs*.

Table 2 does not take i nto account the effect of rain. S ince a
laser l ightning rod system would likely be operating under rainfall
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condi t ions , an estimate of the attenuation coefficient due to rain ,

adapted from Chu and Hogg (Reference 5: 734), is provided in Figure 14.

The total attenuation coefficient is the sum of the contributing
factors. Thus , for purposes of the electron distribution equation ,

AT 
= ATA + ATS + ATA* + AT5* + AIR (74)

Under sufficiently intense laser i rradiation , aerosol particles and

water droplets in the air will vaporize and form localized plasma spheres

along the beam. The effect of these aerosol micro plasmas on the

propagation of the laser flux is discussed in Appendix C.
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5. FREE ELECTRON LOSSE S

The ra te a t wh ich electrons an d ions are los t by diffus ion or by
coll i sional intera cti ons from the brea kdown regi on of the beam estab l i shes
the pers i stence t ime of the ion i zed column of a i r. Losses due to free
elec tron dif fus io n from the beam volume may be approximated by
(Reference 14: 1889)

= (845 + 171 c) n/LD
2 (7 5)

where c is the electron energy in electron volts and LD is a diffusion

length , in cen timeters , which may be taken as being the beam diameter.

If electron dens iti es exceed l O 6/L0
2 cm 3, ambipolar diffusion domi nates.

In th is case , an expression for diffusion is acquired by multiplying
Equation 75 by a factor of 7.7 x l0~~ (Reference 14: 1886).

The number of coll i sional i nterac tions wh ich may resul t i n a loss
of electrons or ions i s ex tremel y lar ge ; and the ra tes of man y of these
are only approximately known . A few of the more significant processes,
and their estimated rates, are listed in Table 3. In the table , elec trons
and photons are represented by e and p. respectively. Atoms are

symbolize d by A or B , and for most of the rates listed , corres pond to
oxygen an d n it rogen. The su perscr ipt s + and * signify ions and excited

atoms , res pectivel y. The factor of n , occurring in some of the rates,

is the electron density in cm 3. Estima tes of the reac tion rates for
the dif ferent processes are no t always cons istent i n the l itera tur e.
When large differences of opinion occur , the mos t cons i stent or the
most recent ra te est i ma te was selecte d for tabulat ion.

Assum ing that the electron and ion densities are approximately

equal , the loss rate of electrons from the beam is given by

= — (845 + 171 c)/LD
2 

- E
~
<R
~
>n2 (7 6)
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TABLE 3

ELECTRO N AND ION LOSS REA CTIONS

Rate Sourc.
Process Name Reaction (cm 3/a.c ) R.f , Page

Radiative 12Recomb inat lon e + A~ — A + p 10 16; 36

e + A F A* + p < iO 13 19; 53

Electron—Ion
Recombination e + A~~ A + A 3 x 10 13; 5331

• + (AB )~’ A + B 3 x l0~~ 13; 5331

e + e + A ~~- . A + e  10 20n 16 ; 36

e + A ~~+ B - . A + B  2 x 1 0 7 16; 36

Dielectric + —7Receynbination e + (kB) A + B 10 16; 36

Two-Body 
- -Attachments e + A 2 — A + A ~ 10 7/n 1~l.; 1889

Three-Body
Attachments e + A 2 + B2 A2 + 82 5 x 107/n 13, 5332

Ion—I on
Recombination A 2~ • B2 — A2 + B2 7 x 10~~ 3; 190

A F + B — AB + p > 10~~~ 19; 55

A~ + B — A
4) 

+ 8* io 8 19; 55
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where <R 1> is the average loss rate for a giv~ - ‘rocess , in cm3/sec.
Adding the electron loss rate terms from Tabl e 3, Equation 76 becomes

= -l0 20n3 - 9 x l0 7n2 - 6 x lO 7n + (845 + 171 c)n/L0
2 ( 77)

For a beam diameter on the order of centimeters , the diffusion term in
Equation 77 is negligibly small , even at high electron energies (100 eV).
The remaining portion of the equation may be solved in a piecemeal fashion ,

since each of the terms become significant at different electron densities .
Figure 15 on page 78 shows the electron density dependence on time that
resul ts from the solution.

I t is seen tha t the elec tron dens i ty falls to about io 14 electrons!
cm3 i n less than 1O~~ secon ds , assumi ng an initial density of about 1019

electrons /cm3 (full breakdown). This quick drop in electron density is

due to electron-ion recombinations . Following recombinations , elec tron
dens i ty d im i n i shes more s l owl y . Elec tron loss mechan i sms at thi s time
are due primar i ly to elec tron attachmen t to neu tral atoms . Al thou gh the
attachments resul t i n a loss of free elec trons , the ion density is
unaffected. Thus after a few tenths of a microsecond , the ionized
channel cons i sts of a bou t 1014 ions and 1014 attached electrons. The
attached electrons are easy to remove (0.4 eV), so the channel at this
point in time i s still intac t for laser lightn i ng rod system purposes ;

an d the persis tence time of the channel now becomes depen den t upon the
rate of ion—ion recombinations . The ion loss rate is given by
(from Table 3)

an
- 7 x lO~~ n1

2 (78)

wh ich has the following solution:
n .

= Ii (79)
\ t )  

1 + 7 x l0 n 1~
t

where n1~ 
is the initial ion density . Figure 16 shows the free-ion

density as a function of time , as predi cted by Equation 79.
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SECTION VI

ANALYSIS OF SPECIFIC LASu~-INDUCEDIONIZED PATHWAYS

A quantitative analysis of specific laser lightning rod scenarios

i s presen ted i n th is sect ion. The sect ion begi ns wit h a rev iew of the
significant variables and parame ters wh ich en ter i nto the solu tions ,
an d with an ou tl i ne of the app roac h used i n the computa tions . A br ief
presenta tion of the numer i cal values chosen for the scenar ios follows .
An analysis of the resul ts is given next. Finally, in the last part
of the sect i on , the feasibility of a laser lightning rod system is
cons idered .

1. APPROACH

The electron distribution produced by a laser lightning rod system
is dependent upon a lar ge num ber of var iables an d parame ters . Var iables
of spec i f ic i nterest are l isted below for ease i n reference .

wL 
- ra di us of the fi nal m i rror or lens of the opti cal

system focus i ng the beam

W
L 

.

~ 

- m i n imum ra di us of the fi nal m i rror or lens wh ich w i l lm n allow focusing at a given ZB
WB 

- spot size of the beam at the point at which breakdown
begins

wF - spo t size of the beam a t the beam wa i st

ZF - distance of the beam waist from the final optical
elemen t

Z
B 

— di stance from the f i nal opti cal element to the po i nt
at which breakdown begins

S(O
~
t)max - maximum flux intensity of the laser pulse at the final

optical elemen t

- pulse sha pe parame ters

A - laser wavelength
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Parameters which must be specified are the followi ng :

A1 
- atmos pher ic attenua tion coeff ic ient

S1 
- break down threshol d of a i r

K - el ectron heat i ng coeffi ci ent

The ten variables are interrelated by four i ndepen dent equations .
Consequently, six of the variables can be specified , an d the remain i ng
four solve d . The four i ndependent equa tions used to el iminate var iables
here were

wF 
= { ½w~

2 
- ½~~

wL~ 
- 4(~~~)2 }½ (80)

WLmin 
= (2xzF/,.)

½ (55)

wB 
= [ R2wL

2 
+ (1 - R2)w F

2 ]½ (81)

and

a2 + (z — z ) 2
S(O

~
t)max = ST 2 

F B exp(ATzB) (82)
a zF

where

R = (z F — ZB )/Z F (83)

and

ii 2a - 
~~~ 
wF

Equations 80 and 81 result from a straightforward application of

Equation 48. The equation for S(O
~
t)max is acquired by substituti ng

F(z) given by Equation 49 into the breakdown initiation equation

(Equation 24) and performing the integration.
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To determi ne the electron distribution for a given laser lightning
rod scenar io , all of the var iab les and parameters exce pt wL m m ’  WB~ 

WF,
and S(O

~
t)max were specified. The four unspecified variables were found

using Equations 80, 55, 81 , and 82. The electron distribution equation
was compu ter prog ramm ed to solve for the ele ctron dens ity as a func tion
of distance z from the final optical element. Computations began at
z = zB, and i ncremental steps ~z taken . The len gth of each step was
adjusted by a method of leapfrog differencing to keep the error per step
below one percen t . For each scenario , 51 steps were taken . Six quantities ,

z, n , Dt1, Dt2, F(z), and K were printed on each step. At the end of each
scenario , zB, w[~ wB, w~, and 5max were printed , alon g with the loca tion
and value of the maximum electron count.

2. SCENARIOS

The el ectron di str ib ution for over one thousan d laser lig htni ng rod
scenar ios was determ ined . Computer DO loo ps were used so that i n a
s i ngle computer run , 84 scenarios were tested . Parameters which were
f ixed i n each set of 84 solut ions  are shown i n Ta ble 4 . The pu l se sha pes
ident if ie d by Rom an num erals in Ta ble 4 are shown in F ig ure 1 7. The time
tE in the pulse illustrations is the time at which the trailing edge of
S(O ,t) falls to e~ x max imum in tens ity . In most of the compu ter runs ,
the heating term from the high flux limit modification A was used .

However , the more conserva ti ve hea ti ng term , KB, was tested in 252

scenar ios. Atmos pher ic a ttenua tion coeff icients of 4 .1 x l0 6 cm~ for
CO2 ra di ation , and 4.3 x io

_6 
cm~ for neodymium r a d i a t i o n , were used

in all but one scenario set. These va l ues, from Ta b le 2, corres pond
to a “hazy” m id l a t i tu de summer day. To determ i ne the ef fect of mo dera te
ra infal l  on the electron di str ib ut ion , an AT value of 2.72 x l0~~ cm~
was used in a rerun of set 1. The initial electron density , ~~ was
assumed to be one el ectron cm 3 i n al l  solutions .

In each set of 84 scenar ios , the breakdown initiation position , ZB,
was incremented in steps one-eighth of the distance from the laser to ZF.
Thus, for the focal distance of 1000 meters , breakdown in it ia tion was
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Pulse I — io 8 sec
Pulee TI — tE = io 6 eec
Pulse XII (dashed) — t8 ~ 10

8sec

\ Pulse IV (dashed) - tE 10 6 sec

N
4),
.

0

Time (arbitrary units)

Pulse V — tE = io 8 eec
Pulse VI - tE io 6 sec

I

Time (arbitrary units)

Figure 17. Scenario Pulse Shapes
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TABLE 4

SCENARIO SETS

Set ).~(i~m) Zp (m) ~~~~~~~~~~ 
Pulse Shape

1* 10.6 1000 KA I end II

2’ 10,6 1000 KB I and II

3 10.6 1000 KA III and IV

11 10.6 1000 KA V and VI

5* 10.6 1000 VII and VIII

6’ 10.6 500 K~ i .~~ II

7’ 10,6 500 KB I and II

8’ 1.06 1000 KA I and II

9’ 1.06 500 KA I and II

10 1.06 500 KB I and II

tested at 125, 250 , 375 , 500, 625 , 750 , and 875 meters . For each value
of ZBI the beam spot s ize at the f inal  opti cal elemen t was i ncrease d by
increments from the minimum possible radius , WL mm ’ to wL mm + 10
centimeters , i n ste ps of two cen time ters .

3. RESULTS

Elec tron densi ti es of 1014 elec trons /cm3 or more occurred in a
significant percentage of the scenarios tested. However , th laser flux
intensities required to produce a large degree of ionization along the

entire beam were found to be extremely high: on the order of gigawatts .

In addition , the radius required for the final optical element , was
in many cases near the limits of current technology.
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Results for 630 of the scenarios are tabulated in Appendix 0. Those

tabulate d are in di ca ted i n Ta ble 4 wi th an aster i sk . Because of the
impracticability of reproducing the entire distribution for each of the
scenarios , the tabulations list only the cr iti cal informa tion for each
scenario and distribution. Consequently, much care mus t be taken in
interpreting the data listed . The introduction to the tabulations

di scusses the a pp roach whi ch must be use d to d raw val id conclus ions .

Many relat ionsh ip s coul d be seen between the electron di str ib u ti on
and the i nput parameters . The relationshi ps foun d are d i scusse d i n the
fol l owing paragraphs, along with some general comments concerning the
solu tions. The pulse shapes referred to in the narrative are those
shown in Figure 17.

a. Final Optical Element Radius Dependence (WL)

F ig ure 18 shows the elec tron di str ibution produced by a laser
focuse d at 1000 meters , and power-adjusted to initiate breakdown at
125 meters . The sol id l ines  appl y to a 10 nanosecon d pulse (Pulse
shape I); and the dotted lines to a microsecond pulse (Pulse shape Il).

Open circles at the end of the distributions indicate the point at which

computations stopped. It is seen from the figure that the size of WL has

a lar ge inf luence on the electron dis tr i bu ti on for the 10 nanosecon d
pulse . However , the degree of i nfluenc e decreases ra pi dl y w ith i ncreas i ng
WL• Thus , changing WL from 8.2 to 10.2 centimeters increases the maximum

electro n density by 11 orders of magnitu de. A fur ther increase to
16 .2 cen timeters has v i r tua l ly  no effect at a l l .  For the microsecon d

pulse , a lar ge electron dens i ty is pro duced almost imed iately at
and the size of WL i s unim portant . A phys ical inter pretat ion here is
tha t the h ig h fl uence of the longer pulse len gth becomes dom i nan t over
variations in wL.

b . Pulse Len gth Dependence

The effect of a slight increase in pulse l ength can be seen in

Figure 19, which illustrates the electron distribution for a laser focused
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at 1000 meters and power-adjusted to initiate ‘ 

~akdown at 750 meters.
Th e effects of the nearl y id ent i cal pul s e sha pes I an d I I I  are com pare d .
The sl ightly longer pulse III produces a higher electron density over
the first part of the distribution; however, after about 150 meters,
the longer pulse has d iss ipated more of i ts fluence than the shor ter
pulse , and the el ectron-generation capability of the two pulses becomes
about equal .

c. Pulse Sha pe De pen dence

The effect of pu l se sha pe on the electron di str ib ut ion was foun d to
be minor compared to the effect of pulse length . Indeed , the distribution
produced by pulse shape V (sinusoidal leading edge) was in many cases
identical to that produced by pulse shape III (linear leading edge).
In Figure 19, for exam p le , the di str ib ution l abele d as Pulse Sha pe I I I
i s the same as the di stribution for Pulse Sha pe V under the same focus i ng
an d laser power con dit ions .

d. Flux Intensi ty De pen dence

The fl ux i ntensity require d to produce an i on i zed column showe d
dependence on the breakdown initiation location, the size of the fi nal
optical el ement , an d the laser wavelen gth. Th is dependence can be
seen clearl y in the tables in Appendix D. In General , the flux intensity
required was found to be inversely proportional to Z B at a constant wL~an d inversel y propor tional to wL at a constant ZB . T he fl uxes requ i red
i n al l  scenarios were h i gh. The ran ge for CO2 lasers was 0 .11 to 2.7 9
gigawatts ; that for Nd-glass lasers , 5.71 to 279 gigawatts .

e. Dependence on the Electron Heating Coefficient

The electron hea tin g coeffici ent used in t he computat ions ha d , as
ex pected , a significant effect on the electron distribution. The upper

part of F igure 20 shows typical di stri butions as pred icte d by KA
( dot ted l ines )  an d KB (solid lines), for a 10 nanosecond pulse (Pulse I). 
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Figure 18. Effect of Lens Radius on Electron Distribution
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Figure 19. Effect of Pulse Length on Electron Distribution
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Figure 20. Effect of Heating Coefficient on Electron
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72

____________ ___________ __________________ —_--



AFFDL-TR-78-60

The electron densities are consistentl y higher for KA than for KB at al l
values of WL. As seen in the l ower half of the figure , the effect is
less sig n ifi can t for a m i crosecon d pulse (Pulse  I I I ) .

f. Dt
1 

Valu e

The sign of Dt1 consistently changed from positive to negative near

the focal po int i n each scena ri o, as expected. Magnitudes of 0t1 varied

wi th position , z, an d with scenar io. For the CO2 laser with ZF =

1000 meters , ZB = 125 meters , wL 
= 10.21 centimeters , and WF =

cen timeters ; the value  of Dt1 was approximately 3 x lO
_ 1 2 secon ds per

centimeter over most of the path. This is in excellent agreement with

the rough estima te made for a similar scenario elsewhere in this report.

g. t2-Equi libri um

In Fig ure 21 , a comparison is made between the results of the

computer-solved electron distribution equation (Equation 29), and the

t2-approximation equation (Equation 73) of Section V. For the generation
of both curves , the input parameters were wL 

= 14.2 centimeters ,

ZF = 1000 meters , t~ l0~~ seconds, ZB 375 meters , and X = 10.6 p.

The discrepancy between the results of slightl y more -than one order of
magnitude is relatively small at the orders of magnitude involved . The

rIse an d decay rate of the elec tron dens ity w it h d i stance is clearl y
consis ten t i n the two solut ions .

h . Atmos pher ic Attenua tion De pen dence

Forty-two scenarios were tested using an atmospheric attenuation

coefficient correspond ing to a moderate rainfall (AT 
= 2.27 x l0~~ cm~~).

These resul ts ar e ta bula ted i n Appen di x D , Table D-15. Results of the

corresponding scenari o set in which a “haz y day” at tenuat ion coef ficient
(A T = 4.1 x lO

_6 
cm~~) was used appear in Table D-l. From a compari son

of the two tables , it is evident that the free-electron distribution is

stron g ly dependent upon the value  of AT . In par ti cular , as the value of
A1 i ncreases , the l ength of the path over which a free-electron distribution
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can be maintained decreases. For the specific values of AT 
= 2.72 x lO~~

cm~~, and ZF = 1000 m , breakdown of the air can not be mainta i ned at

distances closer to the laser than 250 meters . Significant electron
distributions beyond 250 meters occur onl y for laser aperture radii

exceeding 12.21 centimeters .

i . Beam Ra d ius

Ta b le 5 shows the ran ge of W
L 

an d wF for the scenar ios tested . I t
can be seen that for the CO2 laser , the beam radius was on the order of
centimeters, or tens of centimeters; and for the Nd-glass laser , abou t an
order of magnitude smaller.

j .  Energy Conservation Considerations

For sev en of the scen ar ios , the ener gy ou tpu t of the laser , ELQ, was
compared with the total energy, Ee~ 

required to generate the electrons
in the beam volume. To compute ELO~ the flux intensity of the appropriate
pulse was integrated over time , an d over the area of the laser aperture .

TABLE 5

SPOT SIZE AT WAIST FOR SCENARIOS TESTED

~~= l 0 ,6~~ x = 1 . 06~~
Z p 1000 a = 500 a = 1000 a 

— 

500 m

WL W~~ WL WF 
WL

( ens ) (cm) (cm) (cm) (cm) (cm) 
-_ _

(cm) (cm)

8,2]. 5.81 5,81 4 11 2.60 1.84 1.84 i.30
10. 21 3.52 ‘7, 81 2.26 4 .60 0.74 3.84 0.i~12.21 2,8 4. 9.81 1,75 6.60 0.51 5, 811. 0.29
14.21 2.4] . 11 .81 1.4.11. 8.60 0,39 7, 84. 0.22
16.21 2.10 13.81 1,23 10.60 0.32 9, 84 0.17
18.21 1.86 15.81 1,07 12.60 0.26 11. 811 0.111.
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The value of Ee was approximated by the product of the beam volume , the
max imum elec tron dens ity w i th i n t he beam , and the ioniz ’ ..ion potential

of a i r. Scenar ios wi th cons tan t, or nearly constant, elec tron dens i t ies
throu ghou t were chos en for the com pu ta tions . Ra tios of E /E ran gi ng
from 1.1 x 1O to 2.8 x l0 were obtained , with  an avera ge for the
seven scenar ios of 2. 1 x lO s. The ener gy ra ti os of these seven scena r ios
may not be totally representative of all of the distributions. The low

ratios obta i ned do , however , indicate tha t energy conservation requirements
are eas i ly met.

4. CONCLU SION

From the scenar ios tested , it i s clear that a laser beam can crea te
an ion i zed colum n of a i r at least one k i lometer long with e l ectron
densities on the order of 1013 to 1016 elec trons/cm3. The bulk of the

electrons within such a column would attach to neutral atoms in about
lO~~ secon ds . The ions , however , would persist much longer . Consequently,
from Fig ure fs , a char ged column of 1010 ions/cm3 and loosel y
attached electrons/cm 3 woul d remain after lO~~ seconds . Comparing these
numbers wi th  the f eas ib i l i t y  cri ter ia of Section II , it would appear
that a laser lightning rod system is feasible , at leas t from the
standpo int of the beam phys i cs .

To generate an a pp ro pr iate ion i zed channel , laser flux intensit ies
on the order of gigawatts/cm 2 (for CO radiation), or hundreds of
gi gawatts/cm (For Nd radiation), over a laser aperture of centimeters

or tens of centimeters in radius would be needed . In addition , shor t
laser pulses , or a low a tmos pheric aerosol coun t, woul d be require d to
min imize beam losses due to aerosol breakdown.

Megawa tt lasers , which may be used to generate rarified channels in

air for the guidance of lightning (Appendix A), are presentl y ava i la ble.
Lasers ca pa ble of pro duc i ng gig awatt pulses are curren tly i n the
experimental stage. Whether a gigawatt beam with the cross-sectional
area and pulse l ength required to cause breakdown along a kilometer-long
pa th can be engi neered is a ma tter for further study .
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APPENDIX A

LI GHTNING GUIDANCE BY LASER-INDUCED
RAREF ICAT I ON CHANNEL S IN AIR

Spark guidance experiments by Saum and Koopman (Reference 22:
2077-2079) suggest that a laser-induced rarefication channel in air may
be used to guide lightning to a target on the ground . Laser flux

i ntens iti es which woul d be requ i red can be es tima ted from elemen tary
considerations of thermodynamics.

The Saum and Koopman experiments indicate that the air density in
a rarefied channel must be l owered to at least 0.67 ambient air density

in order to guide a spark. Although it is not certain that the experiments
are scala ble to a laser -lightning —ro d scenario , a rarefied-channel to
ambient -air density ratio of 0.67 at least provides a starting point for
rough calculations .

From pressure—balance considerations, the ener gy requ i red to l ower
the density in a column of air of radius r and length z to a value of

is given by

2 n1E1 
= (lTr z) (n1 kT1 ) — (84)n2

where an d n 1 are the ambient air temperature and density , respectively.

The energy deposited in the channel by a laser beam of initial

constant f l ux  S0 and pulse length t~ may be approximated by

E1 
= S0 { 1 - exp (A1z) 3 ~ir

2t~ (85)

where A1 is the molecular absorption coefficient. Combining Equations 84
an d 85 to el im i nate L i gives the followi ng relationship for the flux

intens ity require d to gu id e an electrical d ischar ge:

zn 1 kT n
S0 

= [1 - ex p ( A 1z) 
~ ~ 

(
~~

) (86)
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The time required for the laser-deposite’-’ ~ergy to diffuse out of
the channel is approximately (Reference 22: 2078)

tD cpnmr
2/2Kc (87)

where c~1 nm~ 
an d Kc are , respectively, the spec i f ic hea t at cons tan t

pressure, the mass density of the air , and the thermal conductivity of
the air. If the length of the laser pulse equals or exceeds tD~ 

energy
deposition by the pulse is balanced by energy losses due to diffusion.
Thus , the maximum ef fecti ve pulse len gth for the ma i ntenance of a gi ven
fractional rarefication 15 t~, = tD. Substituting the expression for tD
given by Equation 87 into Equation 86 yields , for the long-pulse limit ,

2zn1 kT K (n /n )
= ‘ l c  1 2 

2 t > t  (88)
° [ 1 - exp(A1z) 3 cpnmr 

r~ D

For the parameter values

0.67

z 10~ cm

n1 :2.5 x l&9 cn13

nm 1.3 x lO~~ gm/cm
3

Kc 2.5 x l0~~ joules/cm-sec— °K

1 joule/gm- °K

kT 1 4 x io 2l joules

AT 3.6 x lO~~ cm~ (CO 2 radiation , Ta b le 2)

Equations 86 and 88 become

S0 ~ x 1 0
4 

wa tts/cm2 t~ < tD (89)

s0 
2 x l O 4 watts/cm2 t~ > tD (90)
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The flux intensity versus pulse length criterion established by
Equations 89 and 90 are illustrated in Figure 22. It is seen that for
short pulse lengths , the flux intensity requirement is extremely high;
reach ing approximately 100 gigawatts for a microsecond pulse. For lon ger
pulse leng ths , the requirements are not so stringent. Maintenance of a
rarefied channel by a laser beam of one centimeter radius and a pulse
length of two seconds or longer can be accomplished with a rather modest
flux intensity of lO~ W/cm2~

id2

-~~~ 10l0
-‘

a

~~

r 1 mm
io6

r — 1 cm
loll. 

-

bo 8 io~~ io~~ io 2 100 io2

Pulse Length (eec )

Figure 22. Flux Versus Pulse-Length Criterion for Maintenance
of Rarefied Channel by CO2 Radiation
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The consi derations so far, however , ha”- ‘eglected the effects of
wind shear. If the laser pulse is excessively lon g, winds blowi ng across
the beam in opposi te di rect ions may di ss ipate the channel before the
rare fication can be fu l l y esta bl i s hed. In a shear i ng w i nd of veloc i ty v~,
the pers i stence time of the channel , t~,may be approximated by

t r/vw (9 1 )

Thus , in a wind of 44 cm/sec (10 mph), a one—cent imeter channel will
persist approxima tely 2 x io

_2 
seconds before being dissipated by the

win d. The flux required to generate the channel using a pulse length of
less than lO _2 

seconds is, from Figure 22, approximately 10 megawatts.

The necessary flux i n tens it ies may be l owere d by a factor of ten or
so us ing laser wavelengths which exhibit hi~h molecular attenuation i n
the atmosphere . Flux intensity versus pulse -length relationships for
such wavelen gths may be acquired straightforwardly by using the
appropriate value for A1 in Equations 86 and 88.

_ _ _ _ _ _ _ _
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APPENDIX B

COLLISIONAL MOMENTS —

Moments of the Boltzman equation collisional terms must be analyzed
on a reaction-by-reaction basis. The derivations below apply for the
specific process of electron-atom ionizations . For other processes,

such as electron-atom attachments and electronic excitations , the
ma thematics w i ll  di ffer.  However , the same general approac h can be used.

1. ELECTRON-ATOM IONIZING COLLISIONS

Three possible modes exist by which an electron can enter or leave
a distribution f(c) as a result of an ionizing collision. Firs t, a free
electron of energy e may collide with an atom , pro duce an ioniza tion ,
and emerge with some arbitra ry energy y. Second , a free electron of
energy y may coll ide wi th an atom , produce an ionization , and depart

wi th an ener gy ~~~. Th i rd , an elec tron of energy y may collide wi th an
atom , release an elec tron of ener gy c from the a tom , and reco il w i th an
energy y-c-I. These three possibilities are illustrated in Figure 23.

aJ y ii E .!_I y-E-I

y
~~~~~~~~~~~~~~ 

y
~~~~~~~~~~~~~~

~~~~~~~ 
_ _

Figure 23. Modes of Ionization
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If R
J

(A ,B) is the rate at which a free el ectron of energy A recoils
with an energy B upon ionizing an atom , an d n0 is the density of atoms ;

the change in f(c) with time due to ionizing collisions is

1-coll 
= - i f(c )n 0R 1(c ,y)dy

+ I f( y )n R 1(y,c)dyy = I + c

+ I f( y )n 0R1(y,y-c-I)dy (92)
y = I+e

The zeroth momen t, acquired by integrating Equation 92 over all energy ,

is then

~~ 1-coll 
= - 

E=I 
f(6) I n0R1(c ,y)dydc

+ I f(y) I n R 1(y, c ) dcdy
y=I c=O ~

y-I
+ I f(y) I n R1(y,y-c-I)dcdy (93)

y=I c=O

Limits to the integrals in Equation 93 are most easily obtained by the

use of Figure 23. The last term on the left-hand side of the equation ,
for exam ple , corres ponds to poss ibi l ity c of the f ig ure . From the
rea ction im pl ie d , the ionizing el ectron must possess an energy of at
least y = I for the ionization to occur. Thus, y can range f ‘om y = I

to inf ini ty. The same electro n mus t emerge from the co llisio~ wi th an
energy equal to , or greater than zero. Therefore, from Fi gure 23-c,

y—c—I > 0; and e can thus range from c = 0 to c = y—I. Limi ts on the

other i ntegrals are esta b l i shed in the same manner.
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The inner integral s of Equation 93 are of the form 1B R 1 (A ,B)dB or

~B 
R 1 (B,A)dB , and represent the total rate of ionization , R1 (B), at

el ectron ener gy B. Equat ion 93 can therefore be wr i tten

~~ 1-coll 
= - 

c I  
f( c )n0R1 (c)dc

+ I f(y)n0R1 (y) dy
y=I

+ I f(y)n0R 1(y)dy (94)
y= I

Us i ng the general rel at ionsh ip 1A f (A)R 1 (A)dA = n<R 1>, where <R1> is the
energy-averaged ionization rate, Equation 94 yields for the zeroth
momen t

~i I-coll <R 1> n0n (95)

The first moment is found by multiplying Equation 92 by c, and
setting up integrals over all energy as described in the preceding
paragraphs. A change of variabl e c~ = y-c-I on the term i nvolving
R1 (y,y-c-I), and an interchange of integrals perm i ts a mutual cancellation
of all but one term. Using the relationships for the total rate of
ionization at a given energy and for the energy-averaged -ionization rate
on the remaining term yiel ds for the first moment

5~T I-coll - In 0n<R 1> (96)
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APPENDIX C

AEROSOL BREAKDOWN

Microscopic particles , such as water droplets , salt , ash , spores ,
dust , and photochemical pollutants , are presen t to some degree in any
given portion of the atmosphere . Under intense laser i rradiation , these
par ticles , or aerosols, vaporize and form localized plasma spheres within
the beam volume . High free electron densities within each aerosol plasma
sphere can cause , via microwave heating , severe attenuation of the laser
fl ux intens ity. Thus, if the num ber dens i ty of aerosol part icles wi th i n
the beam is large, the beam parameters must be chosen with some care if
breakdown is to be extended over a kilometer-long path.

The radius of the plasma sphere formed about each aerosol particle
may be approximated -

r~ = v~(t~ - t ) (97)

where V
P 

is the veloc ity of the plasma wave , t,,~ -is the time required
to vaporize the particle , and ~ is the time that the par ticle is
irradiated by the laser pulse. The cross-sectional area of each p lasma
sphere is thus

KAER(t) = -iTv~
2(t - t

~
)2 (98)

The radiation transfer equation (Equation 22) may be modified to include

losses due to aerosol vaporization. The resultant equation is

= [ F(z) -AT I S(z ,t ) — Kn(z ,t)S(z ,t)

- KAER (t)nAER S(z,t) (99)

where nAER is the aerosol particle density . An approximate solution of
Equation 99, using the methods of Section IV , is not evident. The aerosol
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term of Equation 99 can be ignored , however, i f i t is smaller than the
least contributing of the remaining terms, name ly AT . A cr iter i on for
neglig i b le aerosol con tri bution to the electron di str ib u tion equat ion
is thus

KAER ( t)n AER < < A.~. (100)

Substituting Equation 98 into Equation 100, and rearrangi ng the terms
results  i n

A 1
~ < < 

~ 
T 

2~ 
+ t (101 )

AER p

The ener gy requ i red to va por ize a part icle of mass dens i ty nm and
rad ius r~ is given by

E = 
~~

- 11r3nmcpt~
T (102)

where c~ is the specific heat of the particle at constant pressure, and

~tT is the cha nge i n temperature for the par ticle .

The ener gy added to the part ic le  is, assum i ng a laser pulse of
constant i ntensity ,

E = irr2St (103)

El im i nat in g E from Equat ion 102 and 103, the time required to vaporize a
particle is found to be

4r n c ~T
~~~~~ 

P~~~~~P (104)

The criterion for negl igible fl ux losses due to aerosol plasma s
(Equation 101 ) thus becomes

A 4 r n c L~T< < ( T 
2~ 

+ (105)

~
nAER V

P
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The atmospheric attenuation coefficient r-’--~’esponding to a hazy day
is , from Ta ble 2, 4.1 x lO

_6 
cm~~. Using typical values for nm~

c i~T, an d v of 1 gm/cm3, l0~ joules/gm , and lO~ cm/sec (Reference 18),p P 9 3Equation 105 becomes , for a laser f lux  in tens i ty of 10 W/cm

t~ < < 1 O ( n ~~~)
½ + 4 x lO~~ r~ (106)

The number dens i ty of aerosol par ti cles in the atmos phere i s highly
variable. Particle sizes are typically in the micron range. Using
a par ticle densi ty of 1O4 cm 3 from the “hazy atmosphere ’ aerosol model
of McCla tchey , et al., and assuming a part ic le ra di us of l O~~ cm ,
Equation 106 yields

t~ < < l0~~ sec (107)

An upper limi t of lO
_ 10 

secon ds for the pulse length i n a laser
lightning rod system poses severe constraints on the laser lightning
rod system , since -it is ev ident from Appen d ix 0 that short pulse len gths
tend to generate the lower electron distributi ons along the beam. If

— 
the system is to be operated in a clean-air breakdown mode , it thus
becomes importan t tha t the a tmos pher ic aerosol coun t be as low as poss ib le
so that the pul se len gth can be max im ized.
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APPENDIX D

SUMMARY DATA FROM TESTED LASER LI GHTNIN G ROD SCENARIO S

Summary data for 630 laser lightning rod scenarios is listed in
the following 16 tables. The information is organized so that each
page contains data for 42 scenarios of common focal length , wavelength ,

pulse length , electron heating coefficient, and atmospheric attenuation.
Eac h hor izon ta l li ne of da ta represen ts a s i ngle scen ar io.

Definitions of the symbols which appear at the heading of the
tables follows :

= laser wavelength (~.im)

ZF 
= distance from final optical element to beam waist (m)

tE 
= approximate pulse length (sec). The specific pulse is

indicated by the Roman numeral in pa rentheses F which
corres pon ds to a pulse i n Figure 17 .

KA (K B) 
= electron heating coeflicient (cm 2) corresponding to

Modification A (B) of the high flux limit. The numeric
given is the approximate beginning heating coefficient
va l ue .

A1 = atmospheric attenuation coefficient (knT 1 )

Z
B 

= distance from final optical element to the breakdown
initiation point (in )

WL 
= radius of the final optical element (cm)

ne max = maximum electron density (electrons/cm3)

n final = el ectron dens i ty on the 51 st, and f inal , step ofe the computations (electrons/cm 3)

z = location of n relative to the fina l optica lmax elemen t (m) e max

z = loca tion of n 
~~

• relative to the final opticalend element (m) e m a

S = max imum f lux  i ntensi ty a t the final opti cal elemen tmax (6W/cm2)
— 

EDT = distribution shape, to be discussed below.
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It is possible to categorize a given eler~~on distribution into one

of five general types illustrated in Figure 2.+, and defined as follows :

Type A - The electron density reaches a maximum at then falls

to zero at zend.

Type B - The electron density reaches a maximum at Zmax~ 
and shows

a definite decrease from that point onward unti l computations

stop at Zend•

Type C - The electron density reaches a maximum at zmax and mainta i ns
that density until computations stop at Zend•

Type D - The electron density increases until Zend•

Type E - The electron cascade is extinguished ininediately. No free

electrons are generated.

The approximate electron distribution can be sketched by plotting

the electron densities at ZB, 2max’ and Zend on semilog paper, and
drawing a smooth line connecting the points .

To interpret the data for a given scenario , it is important to take
all of the factors into consi deration. It is possible , for example , for
a beam wi th a low ‘

~e max 
to have a high total ionizat ion along the beam ,

and for a beam with a high tie max to have a low total beam ion i zation.
Thus , beam sketches, mental or real , should be made before attempting
to draw conclus ions . d

J

r
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A 
~~~~~e max 

B

Emax tend ~B ~max tend
r~I Distance Distance

_ _ _ _ _  _ _ _ _ _  

I

e m;/l~
#
#1 

D

B max end B end
r1
rz~ Distance Distance

E

~ 
tB~ tend

‘-I
Distance

Fi gure 24. Electron Distribution Types
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TABLE D-l

A — 10.6
= 1000 tE ~ lo 8 (I)  KA ~ 2.15 ~t 1o 18 AT = o.k1

— 

ZB ~~ max ~e final Z
x 

tend Sm~~ EDT
125,0 5,21 2.27 E 2 0 657 14.30 2,79 A

10.21 3,29 E13 1.05 E 4. 770 1313 240 B
12.21 6.21 E13 3.11.8 E13 68 939 2. 6 C
lk .21 7,4.11. E13 7.80 E13 7l~i 760 2.11.4 C
16.21 7.99 E13 9.36 E13 673 729 2,11.3 C
18.21 7.911. E13 9.09 E13 64.7 72k 2.11.2 C

250. 0 8.21 5.08 E 1 0 700 1353 2 .60 A
10.21 2 ,19 E13 3.116 E 1 8611. 111.1.7 2.0k B
12.21 6 , 4.7 E13 2.78 E13 74.7 951 1.95 C
111.21 7, 4.2 E13 9.02 E13 716 813 1.91 C
16.21 7.99 E13 1.12 Elk 670 798 1.89 C
18.21 8.25 E13 1.07 Elk 660 772 1.88 C

375,0 8.21 9.39 0 784 1289 2.11.3 A
10.21 2 ,95 E12 2.17 938 14.66 1.62 B
12.21 6.35 E13 1.58 ElO 810 1082 1.48 B
14.21 8.08 E13 6.60 El~ 744. 912 1.4.3 C
16.21 9,54 E13 1.14. E1’+ 733 861 1,40 C
18,21 1.01 Elk 1.37 Elk 723 836 1.39 C

500,0 8.21 3,70 0 664 1227 2.30 A.
10.21 1.78 E 9 0 940 14.110 1.2 .5 A
12,21 11,74. E13 1.4.8 E 4. 879 1217 1.07 B
14, 21 8.77 E13 7.05 Eli 812 1027 1.00 B
16.21 1,14. Elk 1.21 Elk 800 928 0 .97 C
18.21 1.31 Elk 1.53 Elk 800 876 0.95 C

625.0 8, 21 1.51 0 707 1024 2,21 A
10,21 1,48 E 5 0 901 1349 0,94 A
12.21 5,62 E12 1, 23 922 1331 0,72 B
14.21 7.72 E13 3,10 E 5 891 1137 0,64 B
16.21 1, 27 Elk 5,54 E13 871 973 0,60 B
18.21 1,511. Elk 1.54 Elk 922 922 0.58 D

750,0 8.21 1,02 0 770 832 2.17 A
10.21 3,21 E 2 0 924 1220 0.71 A
12,21 2.63 E 6 0 955 1242 0.116 A
111.21 8,00 Eli 1.08 986 1256 0.36 B
16.21 8 , 26 E13 3,68 E 2 94.4 1149 0.32 B
18,21 1,54 Elk 9.77 E 6 927 1067 0.30 B

875.0 8.21 0 0 875 875 2,18 E
10.21 4.26 0 957 1107 0.57 A
12.21 4 ,29 E 1 0 987 113? 0.30 A
111.21 2,29 E 3 0 972 1129 0.19 A
16.21 7.98 E 5 0 977 1130 0.111 A
18.21 1.50 E 9 0 990 1134 0.11 A

go
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TABLE D-2

x — 10.6 6 18
— 1000 t~ ~ 10~ (II) KA ~ 2.35 x 10 AT — 0.41
ZB ~e max ~~~ final tmax tend S~~~ EDT

125.0 ~,21 3.81 E12 3,116 E12 162 24.0 2,79 C
10.21 1.05 E13 1.07 E13 14.0 168 2.50 C
12.21 1.20 El3 1.18 El) 140 164 2.46 C
14.21 1.25 E13 1.26 El) 140 162 2.44 C
16.21 1,27 E13 1.29 E13 140 161 2.113 C
18.21 1.29 E13 1.26 E13 140 160 2.42 C

250,0 8,21 34 5  E12 3.22 E12 288 377 2,60 C
10.21 1.21 E13 1.13 E13 264 289 2.0k C
12.21 1,4]. E13 1.35 El) 279 283 1.95 C
14.21 1,38 E13 1,40 El) 260 281 1.91 C
16.21 1,40 El) 1.37 E13 260 280 1.89 C
18.21 1,46 E13 1.46 El) 260 279 1.88 C

375.0 8.21 3.10 E12 2.26 E12 429 528 2.43 C
10.21 1.37 El) 1,32 E13 392 ‘i08 1.62 C
12.21 1.56 El) 1.48 E13 3811 403 1.48 C
14,21 1.76 E13 1,64 E13 384 401 1.43 C
16.21 1.81 E13 1.76 E13 384 400 1.40 C
18.21 1,87 E13 1.85 E13 384 400 1.39 C

500.0 8,21 2.18 E12 3,53 Eli 558 765 2,30 B
10.21 1.40 El) 1.38 E13 510 531 1.25 C
12.21 1.95 El) 1.88 El) 508 524 1.07 C
14.21 2,17 E13 2.00 E13 508 521 1.00 C
16.21 2.31 El3 2,14 El) 508 521 0.97 C
18.21 2.36 El) 2.40 El3 507 520 0,95 C

625.0 8.21 6.06 Eli 0 732 927 2.21 A
10.21 1.52 E13 1,4.6 El) 6311. 654 0.94 C
12.21 2.30 El) 2,19 El) 632 646 0.72 C
14.21 2.78 El) 2.65 El) 636 642 0,64 c
16.21 2.82 El) 2.91 E13 630 641 0.60 C
18.21 3.011. El) 3.02 E13 630 640 0.58 C

750.0 8.21 9.67 0 770 832 2.17 A
10.21 1,39 E13 1.17 El3 770 783 0.71 C
12.21 2,58 E13 2,38 B13 758 769 0.46 C
14.21 3,40 E13 3.31 El) 755 764 0.36 C
16.21 4,05 El) 4.02 El) 754 762 0.32 C
18.21 4,11.5 El) 4.44 El) 754 761 0.30 C

875.0 8, 21 0 0 875 87.5 2.18 B
10,21 6,7 1 E12 8.211. Eli 899 966 0.57 3
12.21 1,95 El) 1.68 E13 883 900 0.30 C
14.21 3,28 El) 3,13 El) 879 889 0.19 C
16.21 4,91 El) 4.66 E13 879 885 0.111. C
18,21 5,73 El) 5,95 E13 877 883 0.11 C
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TABLE D-3

A — 10.6 8
— 1000 t~ ~ 10~ (I)  KB ~ 3,72 i 1o 19 AT 0,141 

—

max ~~~ final taax tend Smax EDT

~~~~~ 8, 21 2 ,36 658 111)0 2,79 A
10.21 3,88 E 3 3.04 9114 1518 2.50 B
12.21 1.79 E 8 9.09 E ) 965 1210 2116 B
14,21 1.90 Bill 1.21 ElM 924 965 2.44 C
16.21 1,14 Bill 9.74 El) 883 896 2.43 C
18.21 1.)? Bill 1.07 Elk 852 8611. 2 4 2  C

250,0 8.21 1.86 0 701 1353 2.60 A
10.21 6.39 E 2 1.50 946 1540 2,04 B
12.21 4,17 E 6 1.011 K 3 936 1223 1.95 B
14.21 5.78 E12 1.49 E 7 977 1141 1.91 B
16.11 2.59 Bill. 8.99 El) 905 931 1.89 B
18.21 11.90 Elk 1.31 E111 875 895 1.88 B

375,0 8.21 1,43 0 785 1289 2.113 A
10.21 1.33 E 2 1.11 938 1507 1.62 B )
12,21 7~51 B 4 9.02 948 1338 1.48 B
14.21 9.51 E 8 3.73 E 3 989 1204 1.43 B
16.21 3.13 ElIl 11.14 El) 9)8 989 1.40 B
18.21 5.40 E14 1.31. Elk 908 929 1,39 B

500.0 8.21 1,23 0 664 1227 2.30 A H
10.21 1.93 B 1 0 940 1437 1,25 A
12.21 2.03 B 3 2.3? 963. 33~0 1,07 B
114.21 1.22 E 6 4,uq. E 1 992 12’48 1,00 B
16.21 3.72 ElO 1.91 B 4 981 1111.5 0.9? B
18.21 2.78 BIll 7.94 ElM 951 97) 0, 95 B

625.0 8.21 1.07 0 70? 1024 2.21 A ‘

10.21 6.60 0 902 1349 0 9 4  .&
12.21 1,06 E 2 1.04 963 1337 0.72 B
14.21 5.89 B 3 3.86 988 1265 0,64. B
16.21 3.49 B 6 2.47 B 2 968 1173 0.60 B
18.21 5.10 ElO 2.64 B 5 978 1091 0.58 B

750,0 8,21 1.00 0 770 832 2.17 A
10.21 2 .50 0 924 1220 0.71 1
12,21 1,04 E 1 0 9.’ 1240 0.46 A
14.21 7.811 B 1 1.02 9~6 1256 0.36 B
16.21 1.53 B 3 1.118 970 1221 0.32 B
18.21 7.18 B Z~ 3.78 996 1185 0.30 B

875.0 8.21 0 0 875 875 2.18 E
10.21 1.26 0 957 1107 0.57 k
12,21 1.82 0 988 1136 0.30 A
1~1,21 3,41 0 972 1130 0.3.9 A
16.21 8.63 0 977 1130 0.14 A
18.21 2.81 B 1 0 990 1134 0,11 A
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TABLE D-4

A — 10.6
tp 1000 t:I ~~io

.6 (II) KB ~ 3.72 x ~~~~ AT — 0.41
ZB ~e max ~s final tmax tend ~~~ ~~

125.0 8.21 1.19 El) 3.54 E 1 ~50 11)4 2.79 B
10.21 2 .64 El) 2.68 El) 206 272 2. 0 C
12.21 2.80 El) 2.81 El) 197 2 4. 2.’i6 C
14.21 2 .88 El) 2 .90 El) 19 2ii8 2,411. C
16.21 2.90 El) 2.96 El) 19~I 246 2.43 C
18.21 2,95 El) 2.97 El) 1911 244 2.42 C

250.0 8,2]. 9.99 E]2 0 511 1161 2.60 A
10.21 2.81 E13 2,81 El3 322 381 2.011 C
12.21 3,08 El) 3.07 El) 315 3~3 1.95 B
14.21 3,06 El) 3.16 E13 308 yl’9 1.91 C
16.21 ),06 El3 3.24 El) 306 345 1.89 C
18,21 3.29 El) 322 El) 306 3145 1.88 C

375,0 8.21 4,04 E12 0 703 1158 2.43 A
10.21 2.98 El) 2. 6 113 4142 490 1.62 C
12.2 1 3.32 El) 3,411 El) 427 4611. 1.48 C
14,21 3.53 El) 3.58 El) 4~3 458 1.43 C
16,21 3,58 El) 3.67 El) 421 454 1.40 C
18.21 3,65 El) 3.67 El) 4.20 45) 1.39 C

500.0 8.21 1 014. B 9 0 6611. 1227 2.30 A
10.21 3.05 E13 3,05 El) 601 601 1.25 D
12.21 3.69 El3 3.28 El) 544 576 1.07 C
14.21 3.97 E13 3.44 El3 539 565 1.00 C
16.21 4,11 El) 4.12 El) 543 ~60 0.97 B
18.21 4,17 El) 3, 96 El) 536 558 0,95 B

625.0 8.21 7.011. B 2 0 707 1024 2.21 A
10.21 p.16 El) 2.60 El) 680 726 0.914 C
12.21 il.,06 El) ?.83 El) 665 688 0,72 C
14.21 4.51 El) ‘~,58 El) 656 676 0.64 C
16.21 4.65 E13 1s..53 E13 654 671 0.60 C
18.21 4.83 El) 4,89 El) 652 670 0.58 C

750.0 8.21 1.43 0 771 832 2.17 A
10.21 2.73 El) 1.50 E13 814 925 0.73. B
12.21 4.24 El) 3.52 El) 784 808 0.46 C
14,21 5.07 El) 4.75 El) 775 790 0,36 C
16.21 5.55 El) 5.20 E13 771 783 0.32 B
18.21 5.84 El) 5.97 El) 769 779 0.30 C

875. 0 8.21 0 0 875 875 2.18 B
10.21 9.61 E 9 0 957 1107 0.57 A
12.21 2.91 El) 1.)? 924 1078 0.30 3
14.21 4,73 El) 4 ,26 El) 901 923 0,19 C
16.21 6.02 El) 5.90 E13 893 903 0.14 C
18.21 6.96 E13 6.18 El) 890 896 0.11 C
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TABLE 0-5

A —10 .6 8— 1000 tE ~ 2 x 10 (VII) KA — 2.35 ~ io
18 A~ — 0,41

it it EDTB L e max e final max end max
125.0 8,21 6.91 B 6 0 6~7 11425 2.79 A

10.21 .40 El) 1.73 El) 494 893 2. 0 C
12.21 ‘4.25 El) 4.91 El) 478 683 2.46 C
14.21 4,81 El) 5.58 El) 560 652 2.44 C
16,21 11,7) El) 5,9) El) 514 637 2.4) C
18.21 11.66 El) 6,11 El) 499 627 2,42 C

250.0 8.21 9.86 B 1i. 0 700 1)51 2.60 A
10.21 .58 E13 5,211. E 9 583 10811 2.04 B
12.21 ~,8k El) 4.78 E13 680 762 1.95 B
14.21 4,78 El) 6.23 El3 16 706 1.91 C
16,21 14,70 El) 6.62 El) ‘i91 690 1.89 C
18.21 5,01 El) 7.2) El) 491 690 1.88 C

375.0 8.21 7,5) E 2 0 7811 1286 2.43 A
10.21 ?.Zl.8 El) ?.19 B 5 672 1194 1.62 B
12.21 ‘i ,94 El) 4,15 El3 605 856 1.48 C
14.21 5,76 El) 6.90 E13 590 779 1.43 C
16.21 5.92 El3 7.57 E13 580 7~k 1.40 C
18.21 6.32 El) 8.65 El) 580 744 1.39 C

500,0 8.21 493 B 1 0 664 1227 2.30 A
10.21 3.01 E13 7.)~ 787 1288 1.25 B
12,21 5.52 El) 3.yl. E12 700 1002 1.07 B
14.11 6.90 El) 6.87 El) 684 869 1.00 C
16.21 7.67 E13 9.11 El) 67~ 828 0.97 C
18.21 8,09 El3 9.56 El) 6?’~ 797 0.95 C

625.0 8.21 3.45 0 707 1019 2.21 A
10,21 7.36 E12 0 922 1288 0.94 A
12.21 5,72 El) 1.67 B 5 8014 1142 0.72 B
14.21 8.15 B].) 3.52 El) 781 960 0.64 B
16.21 9.91 El) 9.91 El3 884 884 0.60 D
18.21 9.84 El) 1.17 El’4. 75) 858 0.58 C

750.0 8.21 1.07 0 770 832 2.17 A
10.21 1.81 E 7 0 924 1217 0.71 A
12,21 2.51 El) 0 9314. 1204 0.46 A
14.21 7,88 E1~ 7.71 E 2 880 1131 0.36 B
16.21 1.07 Ei’4 2.50 Eli 8~0 1019 0.32 B
18.21 1.30 Bill. 4.82 El) 842 983 0.30 B

875.0 8,21 0 0 875 875 2.18 B
10.21 7.46 E 1 0 957 1105 0.57 A
12.21 6.10 E 4 0 988 1135 0.30 A
14,21 11,28 B 9 0 972 1128 0.19 A
16.21 3.06 El) 0 977 1116 0.14 A
18.21 1.10 E111. 1,95 9137 1095 0.11 B
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TABLE D-6
A ~~ l0.6

= 1000 tE ~ 2 x 10~
9(VIII) KA — 2.35 x io~~

8 AT — 0.4].
ZB ~e max ~e final 

t~~~~ tend ~max EDT
T2~5.o 8,21 4.83 0 657 1425 2.79 A

iO,21 9.11 B 5 6.90 944 1518 2.50 B
12.21 2.07 E13 3,95 B 5 924 1231 2,4.6 B
14.21 2,74 Elk 2.56 Elk 888 918 2.44 B
16.21 3.93 Elk 3.98 BiLl. 811.2 857 2.43 C
18.21 4,62 E14 4.15 Elk 832 837 2 4 2  C

250,0 8.21 3.16 0 700 1351 2.60 A
10.21 5,05 B 4. 1.91 946 1540 2.011 B
12.21 5,97 E10 1.05 B 5 936 1223 1.95 B
14,21 2.13 Elk 1.01 Elk 936 977 1.91 B
16.21 3,96 Elk 3.83 ElM 875 926 1,89 C
18.21 5,05 Elk 4.97 ElM. 867 887 1,88 C

375,0 8,21 194 0 784 1286 1,43 A
10.21 2,87 B 3 1.17 959 1501 1.62 B
12.21 7,05 B 7 6.13 B 1 969 1317 1.48 B
14.21 5.03 E1~ 5.30 B 5 969 1174 1.4) B
16.21 3,58 El11 3,814. E12 912 1020 1,11.0 B
18.21 5,24 El4 5.07 Elk 897 918 1,39 C

500.0 8,21 1.11.8 0 6614. 1227 2.)0 A
10.21 2.59 B 2 0 961 1433 1.25 A
12,21 4.11 E 5 2.80 940 1)81 1,07 B
14.21 8.82 E 9 5,114 E 2 992 1248 1.00 B
16.21 1.69 ElM 1.49 B 8 961 1094 0.97 B
18,21 4,88 Elk 2,48 Elk 928 079 0.95 B

625.0 8.21 1,13 0 707 1019 2.21 A
10.21 3,17 B 1 0 963 1344. 0.94 A
12.21 2,35 1 3 1.04 973 1)37 0.72 B
14.21 3.41 B 6 7.32 978 1275 0 , 611. B
16.21 4,55 ElO 1.00 B 4. 968 1173 0,60 B
18.21 1.85 Elk 2.56 ElO 978 1050 0.58 B

750.0 8.21 1.01 0 770 832 2.17 A
10.21 5.32 0 924 1217 0,71 A
12,21 6.17 E 1 0 95,5 1239 0.46 A
14.21 1,70 B 3 1.03 986 1252 0.36 B
16.21 1.85 E 5 2.28 980 1216 0.32 B
18.21 9.68 B 7 1.02 E 1 996 1185 0.30 B

875.0 8.21 0 0 875 875 2.18 B
10.21 1,511. 0 957 1105 0,57 A
12.21 3,01 0 988 1135 0.30 A
14,21 9,18 0 972 1128 0,19 A
16.21 4.06 B 3. 0 988 1130 0,14 A
18,21 3.26 B 2 0 990 1132 0,11 A
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TABLE D-7

A — 10.6
— 5~0 t~ ~ io

8 (I) KA — 2.35 x lo~~
8 A~ = O,~11

max ~e final ~max tend 8max ~~— 

62,5 5.81 6.74 E 3 0 370 5148 2.72 A
7,81 1.04 Elk 3,07 B ? ~?9 559 2.42 B
9.81 1.50 E14 1.61 El’. yl9 367 2.38 C
11.81 1.56 Bill 1.96 E14 316 365 2.37 C
13,81 1,47 Elk 2,05 Elk 303 352 2.36 C
15,81 1.60 Elk 1.99 Elk 306 349 2.36 C

125.0 5.81 5,75 B 2 0 412 801 2.47 A
7.81 1.02 Elk 1.54 B14 376 ~5o 1.89 B
9.81 1.56 Elk 1.66 E14 350 407 1.82 C
11.81 1.61 Elk 2.17 E14 325 38~ 1.80 C
13.81 1.71 Elk 2.20 114 322 3~4 1.79 C
15.81 1.70 Elk 2.53 Elk 320 381 1.78 C

187.5 .5.81 9.90 B 1 0 14.13 757 2.25 A
7.81 8.50 Il? 4,93 E ~ 418 618 1.4) B
9.81 1.67 El’. 1.55 El’. 369 459 13) C
11.81 1.98 Elk 2.66 Elk 359 420 1.29 C
13,81 2.111 Elk 2.90 E1l1 356 ~1o 1.28 C
15.81 2.17 Elk 2.97 Elk 354. 408 1.27 C

250,0 5,81 1.32 E 1 0 37) 71) 2,08 A
7.81 2.12 El 7,7]. 480 701 1.011. B
9.81 1,74 E14 3,55 BiD 4.06 34 0.91 B

— 11.81 2 ,43 Elk 2,58 Elk 396 ‘152 0.87 C
13.81 3.00 Elk 3.40 Elk 419 43) 0.51 C
15.81 2.96 El11 3,46 Elk 406 423 0.811. C

312.5 5.81 4.1? 0 ;394 625 1.94 A
7.81 9,1’.. E 8 0 ‘i6l 709 0,72 A
9,81 1,44 Bill. 2.91 B 5 453 576 0.57 B
11,81 2,79 Elk 1,93 Elk 4314. 479 0.52 C
13.81 3.12 Elk 3.614. Elk 419 456 0,50 C
15.81 3.31 Elk ti.,04 Elk 412 446 0,49 C

375,0 5.81 1.51 0 416 564 1.86 A
7.81 2.61 B 14. 0 467 632 0,49 A
9.81 4,90 Eli 1.06 49) 636 0.32 R
11,81 2.21 Elk 1.88 E 4 467 559 0.27 B
13.81 3.7) Elk 5,1) El]. 452 .512 0,24. B
15,81 4,69 Elk 4,32 Elk 449 4.81 0.23 C

437,5 5,81 1,01 0 448 457 1.82 A
7,81 1.70 B 1 0 1489 572 9.35 A
9,81 1.76 E 3 0 486 569 0.17 A
11.81 1.04 E 7 0 490 569 0,11 A
13.81 8.86 Eli 0 14.99 571 0,08 A

- 

15.81 3.011 E114 1.10 E 2 1486 54.11. 0,07 B

96



‘I’

AFFDL-TR-78-60

TABLE 0-8

A alO ,6 6 18
= 500 tE ~ 10 (II) KA — 2,35 x 10 AT — 0.41

— 

ne max ~e final tmax tend S
11~8~ EDT

~~62.5 5,81 1.0? El) 9.113 B12 75 3.06 2.72 C
7.81 2.55 E13 2.k2 E13 70 81 2.42 C
9,81 2.78 El3 2.64 E13 74 79 2.38 C
11.81 2.811 E13 2,84. E13 79 79 2,37 D
13.81 2.68 E13 2.68 El) 78 79 2.36 C
15,81 2 , 614. E13 2.62 E13 75 79 2.36 C

125.0 5,81 1.00 E13 9.51 E12 140 171 2,47 C
7.81 2.67 El) 2.77 El3 130 142 1,89 C
9,81 2.98 El) 3.11 El) 130 1140 1.82 C

11.81 3.2k El) 3.01 El) 1)0 139 1.80 C
13,81 3,14 El3 3,20 El3 130 139 1.79 C
15.81 3.19 E13 3.09 El) 130 139 1.78 C

187.5 5.81 9.10 E12 8.11 E12 204 239 2.25 C
7.81 3.22 E13 3,15 E13 192 202 1.43 C
9.81 3.70 E13 3.66 E].3 ~.92 200 1.33 C
11.81 3.85 E13 3.82 El) 192 200 1.29 C
13.81 4.0) E13 3.93 El) 192 199 1.28 C
15.81 3,99 El) 3,85 El) 192 199 1.27 C

250.0 5.81 7,18 E12 5.80 El~ 269 318 2.08 C
7,81 3.62 El) 3,142 E13 25k 263 1,014 C
9.81 4,61 El) 4.46 E13 254 261 0.91 C
11.81 4,93 El) 11.92 El) 254 260 0.87 C
13.81 5.09 E13 4,92 El) 254 260 0.85 C
15.81 5.15 El) 5,15 El) 254 260 0.84 C

312.5 5.81 .5.12 E12 1.27 E12 339 4.2~ 1.94 C
7.81 ‘4.16 E13 3,73 El) 317 32’. 0.72 C
9,81 5,55 E].3 5,55 E13 321 321 0,57 D
11.81 5.98 El) 5.65 E13 315 320 0.52 C
13.81 6.43 E13 6.60 El) 315 320 0.50 C
15.81 6,39 El) 6.73 El) 315 320 0,49 C

375,0 5.81 1.05 E].2 0 1126 516 1.86 A
7.81 4,02 El) 3.61 El) 379 387 0,49 C
9.81 6,63 El3 6.44 El) 377 382 0.32 C
11.81 8.57 El) 8,146 El) 377 381 0.27 C
13.81 9.52 El) 9.09 El) 377 380 0.24 C
15.81 9.97 El) 9,08 E13 377 380 0.23 C

4) 7.5 5.81 2,46 0 448 458 1.82 A
7.81 2.65 El) 1.85 El) 1144. 1157 0.35 C
9.81 6,53 El? 5.6~ El) 1440 1445 0.17 C
11.81 1,08 B].’. 9,y’. B13 1440 4112 011 C
13.81 1.37 Elk 1.29 El’. 439 4111 0.08 C
15,81 1,65 Elk 1,48 ElM. 438 440 0.07 C
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TABLE 0-9

A = 10.6 8 1
= 500 t~, — 10 (I)  — 3.72 ~ io~ ~ A~ — 0,4.1
Z B ~ e max ~ e final Zmax Zend Smax EDT

~~~ 2 ,5 5.51 4,05 0 ~ 3L3 511.8 2,7Z A
7.81 1.86 B 6 2.1) B 1 ~

,.i) 749 2.42 B
9,81 9,56 E13 8.8 El) ‘+72 472 2.38 B

11. 81 2.81 Elk 1,34 BiLl. 4.31 432 2,37 B
13. 81 4,76 Elk 4,21 Elk 421 421 2.36 B
15,81 1,59 E1~1. 1,43 Elk 113.11 4.16 2.36 B

125, 0 5,81 2 .711 0 576 801 2,11.7 A
7.81 6.44 B 4 1,49 E 1 499 724 1.89 B
9. 81 1, 24 El? 4.15 B 7 ~~k ~76 1.82 B
11.81 2.10 El’.. 1,35 Elk 448 ‘458 1.80 B
13.81 1,63 Elk 1,56 Elk 4)) 458 1.79 B
15.81 1,62 Elk 1,72 Elk 428 4.36 [.78 B

187.5 5, 81 2 ,07 0 577 757 2.25 A
7, 81 3.11 E 3 2 ,68 577 751 1.43 B
9, 81 5, 26 E 9 3,14.7 E 2 530 633 1.33 B

11,81 2.38 Elk 1,06 Elk 469 ll.79 1.29 B
13. 81 1,49 Elk 1.55 Elk 449 464 1.28 B
15,81 6,08 Elk 1.65 Elk 114) 44.9 1.27 B

250,0 5.81 1.51 0 455 713 2.08 A
7, 81 2 ,28 B 2 1.3.7 501 752 1.014 B
9,81 2 .94 B 6 2.39 B 3. 532 64.li. 0.91 B

11. 81 3,611. El) 1.97 E 7 5Q6 552 0.87 B
13,81 1.28 El5 2.0) Elk 470 1145 0.85 B
15. 81 2.82 Elk 1.69 Elk 4.57 462 0.814. B

312.5 5.81 1.26 0 476 625 1.94 A
7,81 2,64 E 1 0 502 709 0,72 A
9.81 5.79 E 3 3, 21 5)5 648 0.57 B
11.81 1.18 B 8 4,0 B 3 07 56) 0.52 B
13,81 8.28 El? 1.74. B 8 ‘+97 33 0. 0 B
15.81 1,7k El’l 1,42 Elk 475 ‘+87 O,’+9 B

375.0 5.81 1.07 0 1457 5611 1.86 A
7.81 5.02 0 508 632 0,k9 A
9,81 7.17 1.01 534 636 0.32 B
11,81 6,98 E 3 1.8) 508 61) 0.27 B
13.81 1.32 B 7 5,32 518 595 0.24 B
15. 81 3.89 Eli 6.01 E 4 506 539 0,2) B

437,5 5.81 1.00 0 448 457 1.82 A
7,81 1.57 0 530 572 0.35 A
9,8]. 3.27 0 507 569 0.17 A
11.81 1.30 B 1 0 510 569 0.11 A
13,81 7,89 E 1 0 519 569 0.08 A
15,81 1,74 B 3 1,32 503 568 0.07 B
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TABLE D-1O
A — 10.6 6 19500 tE — 10 (I~~ KB 3,72 x l0~ AT — c ,4l

mar ~~ fj~~~]. Zm~•~ 
Zend S~~~ EDT

612,5 5.51 2 ,114 El) 2.10 E13 146 229 2,72 C
7.81 4.36 B13 4.34. E13 97 118 2.42 C
9,81 4,53 E13 4.63 El3 94 11) 2.38 C
11.81 4,52 El) 4.67 El) 93 111 2.37 C
13.81 4,5]. El3 14 ,59 El) 93 110 2.36 C
15. 81 4.62 El) 11.36 E13 9) 110 2.36 C

125.0 5,81 2 ,311. E13 1,15 E13 221 391 2,47 C
7.81 4,66 El) 4,18 El) 155 173 1.89 C
9,81 14,86 El) 4,35 El) 152 170 1.82 C
11,81 5,05 El) 4.99 E13 152 168 1.80 C
13.81 5,07 E13 5.11 El) 151 165 1.79 C
15.81 5.11 El) 5,12 El) 151 165 1.78 C

187.5 5,81 1.95 E13 0 292 635 2.25 A
H 7,81 5.01 El) 4.58 E13 214 231 1.43 C

9.81 5.41 El) 5,44 E13 214 222 1.33 C
11,81 5,39 B13 5,28 B13 209 220 1,29 C
13.81 5,65 El) 5,35 El) 209 220 1,28 C
15.81 5,55 El) 5.58 El) 209 221 1.27 C

250,0 5.81 1,10 EL) 0 398 634 2.08 A
7.8]. 5,3]. El) 5,33 El) 274 287 1.04 C
9,81 6.05 E13 5.69 El3 269 278 0.91 C
i1,$i 6.28 El) 6.16 El) 268 276 0,87 C
13.81 6,311. El) 6.06 El3 267 276 0.8~5 C
15.81 6.38 E13 5,93 B13 267 276 0.w. C

332.5 5,81 7,42 B 9 0 476 625 1.94 A
7.81 5.k8 El) 5.31 El) 334 345 Q.72 C
9,81 6.73 El) 6.70 El) 328 3)6 0.57 C
11.81 6.96 E13 6.93 El) 328 332 0.52 C
13.81 7.46 E13 6.59 El) 326 332 0,50 C
15.81 7,114. El) 7,39 E13 325 332 0.49 C

375,0 5.81 7,214 B 2 0 457 ~564 1.86 A
7,81 5,37 E13 4.75 El) 397 ‘411 0,49 C
9.81 7,37 E13 6.80 El) 388 393 0.32 C
11.81 8.37 El) 7.75 El) 38~5 390 0.27 C
13.81 8.88 El) 8.88 El) 38’.. 388 0.2’.. C
15.81 9.17 El) 9.12 El) 384 387 0.23 C

437,5 5,8]. 1,15 0 448 14.58 1,82 A
7.81 2,68 El) 0 480 551 0.35 A
9,81 6.76 El) 6.,o El) 1151 460 0.17 C
11.81 9,30 E13 9.08 E13 ‘146 14.49 0,11 C
13.81 1.08 Elk 1.00 E111 1444 446 0.08 C
15.81 1.19 Elk 1.17 Elk 14.4) 4144 0.07 C
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TABLE D-1J
A = 1.06 8

= 1000 tE ~ 10~ (I)  KA — 2 ,34 x io 20 AT — 0.43
ZB n0 mar ~0 Zm~~ 

tend 8mar EDT

125.0 2.60 1,61 B 2 0 985 1)92 279,47 A
4.60 5,49 Bl5 6.22 E15 647 739 2114.31 C
6.60 6,13 E15 7,50 E15 627 719 242.82 C
8,60 6,13 E15 7,34. El5 622 719 242.53 C
10.60 6.22 E15 6.90 E15 622 7114 242,44 C
12.60 5,89 El5 7.32 El5 616 714 211.2,140 C

250.0 2.60 2.99 E 1 0 1069 1)35 260,97 A
4.60 6.17 E15 6,p5 E15 706 818 191.72 C
6.60 6.86 El5 8.’+l E15 680 777 188.78 C
8,60 6,96 E15 8,61 E15 675 767 188.21 C

10.60 7.06 Bl5 8.48 E15 675 767 188.0) C
12.60 7.10 E15 8.61 E15 675 765 187,97 C

375,0 2,60 8,06 0 78~ 1271 214.5,09 A
4,60 6, 23 E15 6.35 El5 76’i. 897 143.31 C

) 6.60 7.98 El5 9.76 E15 744 823 139,00 C
8.60 8,70 E15 9,614. El5 774 805 138.14 C

10.60 8 ,65 E15 1.00 E16 767 818 1)7.89 C
12,60 8,64 E15 1,08 El6 767 818 137.79 C

500.0 2,60 3.32 0 828 111k 2)2.47 A
4.60 7,18 E15 4,71 El2 840 1043 100,29 B
6.60 8.50 E15 1.00 E16 792 864 914.68 C
8,60 8,41 Bl5 1.12 E16 774. 848 93.57 C
10.60 8.76 El5 1.12 E16 771 838 93,24 C
12,60 9.00 E15 1,17 E16 771 835 93.12 C

625.0 2.60 1.44 0 789 10011. 233,85 A
4.60 6,39 El5 8.04 B 6 906 1127 64.02 B
6.60 1.00 El6 1.19 El6 840 904 57.2) C
8.60 1,10 E16 1,34 El6 832 886 55,90 C
10.60 1,12 El6 1.35 E16 830 881 55,50 C
12.60 1,14 El6 1.32 El6 8)0 881 55,35 C

750.0 2.60 1.01 0 791 791 220.03 A
4.60 2,41 E12 1,)) 996 1254 36,04 B
6.60 1,20 E16 5,13 E15 907 989 28.2) B
8,60 1,38 E16 1,44 E16 890 932 26.70 C
10.60 1.38 E16 1,71 E16 884 920 26,24 C
12.60 1.39 E16 1.78 E16 88) 919 26.06 C

875.0 2.60 0 0 875 875 221.94 E
4.60 4.30 E 3 0 1018 1126 18.08 A
6.60 5.10 Elk 2.18 1GGO 1134 9,4.3 B
8.60 1.70 E16 1.12 BlO 957 1025 7.72 B
10.60 1,93 E16 1.88 El6 950 97? 7.22 B
12,60 2, 01 E16 2 .50 B16 9’13 904 7,02 C
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TABLE 0-12

A = 1.06 6 2= 1000 t~~~ l0 (II) KA ~ 2,34 x10  0 A~ — 0.43
WL ~‘e max ~e final Zmax tend Smax zm~

125.0 2,~O 3.60 Elk 3.37 Elk 170 247 279.47 C
4.60 1.19 B15 1.13 E15 143 163 244,31 C
6.60 1,23 E15 1.05 E15 144 162 242,82 C
8,60 1.24 E15 1.2k El5 14k 162 242.53 C
10.60 1.24 E15 1.23 E15 14.4 162 242,44 C
12.60 1.24 El5 1.23 El5 144 162 242,40 C

250.0 2.60 3,39 Elk 2.84. Elk 318 387 260.97 C
11,60 1,35 E15 1.26 El~ 262 282 191.72 C
6.60 1.37 E15 1.28 E15 262 280 188,79 C
8.60 1,41 E15 1.41 El5 262 280 188.21 C
10.60 1,4.2 E15 1.140 B15 262 279 188.03 C
12,60 1,4.2 E15 1.39 E15 262 279 187.97 C

• 375,0 2.60 2.87 Elk 2.05 El4 435 550 245.09 C
4.60 1.61 E15 1,48 E15 385 ll02 143.31 C
6.60 1.74 E15 1.70 E15 385 ~1O1 139.00 C
8.60 1,77 El5 1.57 E15 385 400 138.14 C
10.60 1.76 El5 1.79 El5 385 ~1OO 137.89 C
12.60 1.79 E15 1,72 E].5 385 400 1)7.79 C

500.0 2.60 1.86 Elk 5.09 E 5 572 834 232.47 B
4.60 2.02 ElS 1.98 E15 509 522 100.29 C
6.60 2.22 E15 2.1) E15 509 520 94.68 C
8.60 2.26 El5 2.16 E15 510 519 93.57 C

10.60 2,27 El5 2.10 E15 510 519 93.24 C
12.60 2.27 E15 2.19 115 510 519 93.12 C

625.0 2.60 1.29 El) 0 768 9?2 22?,8.5 A
4.60 2.46 El5 2.27 E15 631 6’+2 o’+,02 C
6.60 2.82 E15 2.7 El5 6)0 639 57.2) C
8.60 2.86 E15 2,8’+ El5 6)0 639 55.90 C
10.60 2.92 E15 2.66 E15 6)0 639 55.50 C
12.60 2.95 E15 3.01 El5 6)0 639 55,35 C

750.0 2.60 2.39 0 791 791 220.03 A
4,60 ,,ik El5 3.09 El5 755 763 36.04 C
6.60 11.09 El5 ),k2 B15 755 760 28.23 C
8.60 4,01 El5 4,03 E15 7514 759 26.70 C
10.60 11.05 E15 3.94 E15 753 759 26.2k C
12,60 4,17 E15 4,15 E15 753 759 26,06 C

875.0 2.60 0 0 875 875 221.94 B
4,60 3,52 E15 2.97 El5 880 888 18.08 C
6,60 6.12 E15 5.74 E15 878 881 9.43 C
8,60 6.62 El5 6.44 El5 877 880 7.72 C
10,60 7.51 E15 7.58 E15 877 880 7.22 C
12,60 7,43 E15 7.78 E15 877 879 7,02 C
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TABLE D-13

A — 1.06 20t, — 500 tE — io
8 ( I )  KA — 2.34 X l0 A.~ 

a 0.43

~~~ ~e final tmax tend Smax ~~~
62,5 1.84 ~1.,37 B 3 0 554. 542 272,06 A

3,84 9,89 E15 1.08 El6 306 360 2)6.90 C
5, 84 9,98 E].5 1.18 El6 300 360 2)6.12 C
7.84. 1, 01 El6 1.28 E16 300 357 236,00 C
9,84 9.91 El5 1.06 El6 298 )~52 235.97 C

11.84 1,00 E16 1.24 El6 298 y+9 235.96 C

125.0 1.84 4,68 B 2 0 576 794 247.32 A
3.84 1.08 E16 1.28 E16 335 391 179.91 C
5,84 1.1) E16 1.3) El6 330 381 178.41 C
7.84 1.15 El6 1.32 B16 330 380 178.17 C
9.84 1,15 E16 1.31 El6 330 380 178.11 C

11,84 1,15 E16 1,30 E16 330 380 178.09 C

187.5 1.84 8,11.1 E 1 0 577 751 226.11 A
- /  3.84 1.20 E16 1.35 E16 367 ‘417 129.66 C
I ! 5.84 1.35 E16 1.62 E16 378 405 127.51 C

7,84. i,3k E16 1.65 El6 376 k04. 127.18 C
9,84 1,34 E16 1.66 El6 373 4.014 127.09 C

11.84. 1.3) E16 1.58 E16 3714. 404 127.06 C

250.0 1.84 1,22 B 1 0 455 708 208.78 A
3,84 l, 34 E16 1,37 B16 411 1145 86,85 C
5.84 l.’+S E].6 1.71 E16 384 420 84,13 C
7.811. 1,47 El6 1.64 Bl6 383 416 83.70 C
9,84 1,4.4 El6 1,72 E16 382 413 83.59 C

11. 84 1.46 E16 1.56 El6 382 410 83.55 C

312,5 1,811. 3,95 0 476 622 195.70 A
3.84 1,144 El6 1.36 El6 426 466 52.18 C
5.34 1.72 El6 2,00 E16 415 442 49,00 C
7,814’ 1,75 El6 2.10 E16 414 4.42 48.48 C
9,84 1.77 E16 2.Oa E16 414 441 48.34 C

11.84 1.78 El6 2, 24 E16 414 ~~~ 48.30 C

375.0 1.84 l,k8 0 457 559 187.26 A
3,84 1,33 El6 4.73 B 3 470 568 26.43 B
5,84 2,04 E16 2.15 E16 1444 467 ‘2.84. C

• 7,84 2.17 E16 2,40 E16 442 460 ~2.28 C
9~,84 2,16 El6 2.52 E16 440 456 ..~2,l3 C
11.84 2.22 El6 2,5) Bl6 440 456 22,08 C

4)7,5 1.811 1.00 0 448 458 183.88 A
3.814’ 4.50 E 7 0 513 569 10.40 A
5.84 2,146 E16 2.81 ElO 479 51k 6,53 B
7.814. 2,97 E16 3.01 E16 472 486 5,93 C
9.84 3.10 El6 3.62 El6 471 481 5.77 C
11,84 3.17 E16 3.35 B16 470 478 5.71 C
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TABLE 0-14
A — 1.06 —6 —20
Z pI 500 t3 — 10 (II) K

1 
a 2.34. X 10 AT a 0.4,

WL max ‘c f inal tmax tend 5aax EDT
6~,5 1,8’l 1.00 E1~~ 9.15 E]fi4 80 107 272.06 B

3.8k 2.?0 315 2.141 E15 69 79 236,90 C
5.8k 2,’+7 315 2.511 315 69 79 236.12 C - •
7,8~l~ 2.50 315 2.51 315 69 79 236,00 C
9.84. 2.50 315 2.51 315 69 79 235.97 C

11.84 2.50 E15 2.50 315 69 79 2)5.96 C

125.0 1.84 9,50 Elk 9.06 Elk 14.2 172 211.7,32 C
3,84. 2.79 E15 2 94  El5 130 139 179.91 C
5.84 2,911. 315 3.02 315 130 1)9 178.41 C
7.811 2.96 315 3.00 315 130 1)9 178.17 C
9,811. 2,96 315 3.00 E15 1)0 139 178.11 C
11.84. 2.98 315 2.83 315 130 139 178.09 C

187.5 1,811. 8.26 314 7,32 Elk 207 24.2 226,11 C
3.8k 3’~ ? Elk 3,18 315 192 199 129.67 C
5.84 3.9~ E15 342 315 192 199 127.51 C
7.84 3.58 315 3,’..) 315 192 199 127.18 C
9,814. 3,59 315 3,42 315 192 199 127.09 C
11,84 3,59 315 ,,4i 315 192 199 127.06 C

250.0 1,8k 6,95 Elk 5.63 Elk 272 318 208.78 C
3,84 3.98 315 3.96 315 257 260 86.85 C
5.811. 4.13 315 4,24 315 253 259 84.13 C
7.84 4.29 315 4.19 315 253 259 83.70 C
9,814 4.32 315 4,114. 315 25) 259 83,59 C

11. 814 4.33 El5 4,09 315 253 2~9 83.54 C

312.5 1.84 4.73 Elk 1.28 311 34.5 463 195.70 B
3.81$. 5.21 El5 5.12 315 315 320 52.18 C
5.84 5.60 315 5,57 315 315 319 14.8.98 C
7.84 5.70 315 ~,22 315 315 319 48.~R C
9,84 5,72 315 .95 315 315 319 48.34 C
11.8k 5,73 315 5.78 315 315 319 48,30 C

375.0 l84 3.06 El) 0 447 518 187.26 A
3.811 6.87 315 6,86 315 378 380 26.4~ C
5,811. 7.62 315 7,68 315 377 379 22,wl C
7,811. 7,85 315 7,02 315 377 379 22,28 C
9,84 7.60 315 7.32 315 377 379 22.13 C
11.84 7.68 315 7.16 315 377 379 22.08 C

437.5 1.811. 1.72 0 ls48 4 8 183.88 A
3,84 8.37 315 7.98 315 14.39 ‘141 10.40 C
5.84 1.24 316 1.21 316 438 1440 6.35 C
7.811 1,33 316 1.32 316 438 440 5.93 C
9,811. 1,33 316 1.33 316 14 38 1440 5.77 C
11.84 1,36 E16 1,19 316 438 1140 5,71 C
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TABLE 0-15

A — 10.6 8— 1000 t2 — 10 (I) 
— 

K~ ~ 2.35 x 10~~
8 A,~, — 2.72

WL ~e max ~e final ~~~~ Z end Snax EDT

125.0 8.21 0 0 0 125 3.72 E
10,21 0 0 0 125 3.34 3
12.21 0 0 0 125 3.28 E
14,21 0 0 0 125 3.26 B
16.21 0 0 0 125 3.24 E
18,21 0 0 0 125 3.24 3

250.0 8,21 0 0 0 250 4.63 3
10.21 0 0 0 250 3.614’ 3
12.21 0 0 0 250 3.47 E
lk,2l 0 0 0 250 3.40 E
16.21 0 0 0 250 3,37 E

- 
• 18.21 0 0 0 250 3,36 E

375,0 8.21 0 0 0 375 5.78 E
10.21 0 0 0 375 3.85 3
12.21 7.07 E 3 0 866 1102 3.52 A
14.21 7,50 310 1.73 928 1161 3.40 B
16.21 6.60 El) 2.92 E 4 918 1092 3.34 B
18.21 1,21 Elk 2,62 *12 892 1002 3.30 B

500,0 8,21 0 0 0 500 7.30 E
10.21 0 0 0 500 3.96 E
12.21 4,09 E 3 0 869 1098 3.40 A
14.21 1.51 310 1.53 930 1158 3.17 B
16.21 6.26 313 5.69 3 3 9140 1099 3.07 B
18,21 1.21 Elk 9,16 3 9 899 1027 3.01 B

625.0 8.21 0 0 0 625 9.37 B
10.21 1,00 0 645 666 3,98 A
12.21 5.98 3 2 0 891 1081 3.07 A
14.21 1.26 E 8 0 9)2 1144 2.71 A
16.21 2.10 El) 2.02 963 1145 2.55 B
18.21 1.14 B 6 5,54 3 6 919 1058 2.46 B

750,0 8.21 0 0 0 750 12.25 E
10.21 0 0 0 750 4.01 B
12.21 3,80 B 1 0 873 1047 2.61 A
14.21 6.30 3 4. 0 944 1114 2.06 A
16.21 1,90 3 9 0 955 11)0 1.80 A
18,21 4.05 El) 3,31I. E 1 970 1106 1.67 B

875.0 8,21 0 0 0 875 16.46 3
10.21 0 0 0 875 4.29 B
12,21 1,3i4’ 0 895 967 2.23 A
14,21 1.67 3 1 0 947 1041 1.~l2 A
16.21 8.38 3 2 0 972 1070 1.04 A
18.21 4.39 E 5 0 977 1085 0,84 A
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