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STUDIES

THE UTILIZATION OF THE ANALYTIC GRAPH

METHOD TO DETERMINE THE BEST SHAPE OF

THIN DELTA WINGS IN SUPERSONIC ~G.~JRFJCNT~*

by ADRIANA NASTASE**

C. NASTASE***

FRANCINE ATANASIU_MOLDCVAN****

In the present work an analytic graph method is used
bes

(by the first author) t determine the best shape of a thin

del ta w ing from among the or iginal th in delta w ing class in

which the distribution of the vertical speed of disturbance

is expressed in the form of second and third order homogenous

polynom ials. In addition , the thin delta wing satisfies and

meets the geometrical and aerodinamic conditions of natural

law.

1. INTRODUCTION

The analytic graph method is utilized in the present work

(1) for the effective determination , at a given Mach cru ising

speed M , the best optimum form of thin delta wings with sub—

soni~ (!~~Ws , which belong to the original class of th in  delta

Is



- .

w ings and wh ich , in addition , sati sfy  the follow ing cond it ions

of law : the lift power and moment of pitch are given , and the

~‘IF~disturbance speed u is finite along the subsorii~~~~~~~
of the wings , in order to avoid the formation and falling of

the vortexes which have the tendency to appear along that edge

at the Mach number of cruising speed M. The incidents of the

thin delta wing are presupposed to be sufficiently small , in

such a manner that we are able to apply the results of disturbance

theories.

The vertical speeds of d~Sturbance on the wings,w,is analyzed

by using second and th ird order homogenous polynomial tests.

* The authors thank Mrs. Denise Vallee-Guiraud , main

scientific researcher and Mr. M. Bois , scientific researcher

at ONERA (France) for valuable advice in laying out the calculus

program .

** Bucharest Polytechnical Institute

~~ Gelati Polyteohnical Institute (honor professor)

•*** IMFCA
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Thus we can aoply the results of P. Germain’s higher order

cone flow theories, (3).
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The axis of disturbance speed s u on the wing is obtained

with the help of the hydrodynamic analogy method , through the

suoerirnoosl.tion of the contributions of the borders and edges

on the wing ( & i ) ,  ( 5 ) .

The study of the optimum form of a thin delta wing through

the analytic Eraph method leads to the determination of the
~1 V

optimum values 
~~~~ 

of the parameter of similitud e fl = BI of flow ,

which minimizes the wave resistance expression , Cd = f(fl). For

that purpose an imaginary transformed thin delta wing (projected

in a fixed plane) is used , which is the only function of the
V

parameter of similitude y’.

The transformed thin delta wing is placed in a suitably

chosen supersonic flow.

2. Axial and Vertical Disturbance Velocity Expressions

The thin delta wing is referred to a triorthogonal system

of axis 0x 1x2x3
, which has the origin in the peak of the wing,

axis Ox1 parallel with the velocity at infinity U,,, again the

wing 1.s plotted and numbered in plane o4”i2 (fig.1).

The vertical disturbance velocity w9 •.. ... on the initial
Ut

thin delta wing is presuprosed as expressed in the form of

3.
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second and third order homogenous polynomials

~~~ f - — a i(wi.+ woiI Y I ) + 4 ( w s.+ wiil Y I + w osY*). (1)

In the following similarity transformations (1),

~
= -Z;-

~ ‘ X~~~ 3 .  (
~

=
~~

). (2)

plane ~~~ 1
’
~ 2, the designated transformed plane,corresponds

to the initial plain Ox x
1 2

The initial thtn delta wing projection in plane 0x1x2

is an isosceles triangle 0A 1A2 in which the heigh t corresponding

to peak 0 is h1, and its base is 21~(fig.1).

In the succeeding similarity transformation (2) the

transformed thin delta wing projection in plane 
~~i

’
~2 

is an

isosceles triangie~~r1~2 which has height 1’ and base 2 (fig.2),

and the vertical disturbance velocity w5 = ~a acquires the
following form

~~~~ + i~,1j~~j ) + ~~~ + ~~~I~~
j + ~,J’). 

(3)

Coefficients w1j and ‘
ij from (i) and (3) are connected

through the relations:

= h1w10, u’,1 = h1lw,1, (4)

u’10 = Mw.., u’~ = ~~~ u’,, = ~~~~~ (5) 
-. -
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FIg. l

The expression of the disturbance axis velocity u on the

initial thin delta wing with subsonic le’ding edges , correspond ing

to the distribution (1) of the vertica l distur~ance speed w ,

is of the form:

= Li 
~~~ 4-?~-) + 2~(Aø+A..? +CasY*ar~cbj f2} (6)

_ _ _ _ _  4~~r 4’

FIg. 2

In a similar manner , the expression of the disturbance axis

v&,ocity ~~
‘ on the transformed thin delta wing is of the form~

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (7)

5.
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The transformed thin delta wing is oresunposed to be

ria ced In an imaginary sucersonic flow whose velocity is

Vi + v~.

The axis of di,.wturbance speeds u and u are connected

through the relation (1)
Cl

u = u,

and among the constants A u ,  Cii and A u ,  C~~ respectively

of that ax is of di sturbance velocity exists relations of the

form:

= (h

= .1,, h~A 30, ?J,, J4fc~ . (9b

The constants and ‘
~~~~~~~,, 

of the axis of disturbance

velocity ‘~~~ on the transformed thin delta wing are connected by

coefficients of the vertical disturbance speed ’
~ on that

wing through homogenous and linSar relations deduced from the

compatibility conditions of P, Germain ( 3 ) :

= ~ WI1 +4 ~~ (iOaj

(1ob~
A,, = WN + 4~ u’55 + ~~~ u’SI~ (lOc)

= 4~~u’$ + u’1I + 1u’S$t (104)

(b e)
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/
If y = BZ’ as noted e~rlier and the eliptic integrals of

the first and second cases E(k) and K(k), by the mode

k = ~i—~~’, (11

then the coefficients a~ , a~ , o1J~ which intervene in the ‘ I
exrre ssl-ns (10 a, b , a , d , e) of the constants of the axis o’~

disturbance velocity ~ on the transformed thin delta wing w~ th

subsonic leading edges are , respectively, of the form ( 6 ) ,  ( 7 ) r

(8):

i~t=  _ 2(1—v ’), (l2~N,

— 
2[ E(k) v’K ( k) ]  

• (12b

1_ I
4 —-- -~~~~, (12c)

H,

= 
2v’(E(k) — K(k)j (12 d)

The following expression is noted with N2: H

N, (1 — 2v’) E(k) + v’K(k), (13)

~24/ ?i ~~~j
’

~ 
= (2(3 — 5v’ + v’) 12(k) — v’(3—5v ’)1(k)J . (14a)

= ((4 + v’) IJ ’(k) — 8v ’kl(k) 1(k) + 3v ’1’(k)] , (14b)

~~
‘II +i ’) 12(k) — 2v’K(k)], 

- 

(14c)
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- - - — r - - - -

= — —~~— [(4 — Tv’ + v~) 12(k) — 2(1 — 2v ’) 1(k)], (li d)
Wa

2 ((12 — 17v ’ + 1(h4) E ’(k) —

— iv ’(2 — v 1 +v ’) E(k)K(k) + v4(1 +2v ’) K ’(k)], (14e)

2 2
= —-

~
‘
— [2(2 — v ’)E(k) —(3 — v’) 1(k)], (lit)

N,

(14g)

The expression noted with N3~

I, ~ (4 — 19v ’ + 4v ’)E’(k) + 8v ’(l + v’)E(k)K(k) — 5v’K’(k). (15)

The exolicit forms of the relations of connections which

occur in oroblems of the optimum transformed th in delta wing

are the following :

- Lift condi tions of the transformed thin delta w ing

to be given as

= 8 -~~ X,0u’1, + ~ ,1u’,1 1- X~u’,, +

-F- ~ 31u’11 + ~ a,u’oa = ~~ [(2~~~ -1- ~~J )u’1, +

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2~~ ’+

+ ~~ + .
~
‘
~
-) u’5~ + ~~~~ + a~ = -

~~~
‘-. 

~
i. (/~)

The moment of pitch condition of the transformed thin

delta wing to be given as:

8.



=8 ~~~~~~~ i~~m1, + 1~1u’,1 4 
~~~~~~~ + i~’,1i~11 +

~~~~~ --- 3 — __ 
~~— 4 —-f - I ~~~~ = - - (A 30w1, + A,1w,1) + -- ~~~~~ + A31~5~ +

-1- ~~uw,,) = C.,, = ---
,~~
‘ - (17 )

The disturbance axis velocity condition~~ is to be finite

alcn~ the subsonic leading edgeSof the transformed wings (1)

lead1n~ in this case to the relation of connection of the form:

P,=A ,, + A ,2 0, (1~

13 — 4 4 3 0+2 3 _ 0 .  (18

If relations (lOa ,b,c,d ,e) are taken into consid erat ion,

the~ e relations are written in the form:

= ~‘,i~u’,o + ~
‘zi i~,i (ia? + ~~~~ + (~~ + ~~ 

)
~~ =0 , ~ 

- (1 
~~~~~~

P3 ~~ii~ + 1r,,i~11 + ~~~~ = (
~~ + ~~ )u’,, +

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (so)

The expression of the coefficient of wave resistance of the

transformed thin delta wing is in the form:

(~ I~ 
iT~~1d ,d~ t~uo.ü~o + ~~~~~ 

-

+ ~,,,,)ió,,ii ,, + ~~~~~ + Cu,,,, + i~,,,,)i~i1,iii,1 +

+ (LI,,,, + L11p,,,)~01w, + (A,,~ + LI,sii )w,1w,, +

+ (~Iasa + ~~~~~~ + ~,,,,u ’.  + A,sui~1, +

9.
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+ LZ~3I,W~2 + ~~~ + I ~,) ió,0~o11 +(~~~~33,, +

+ Q,,01)w,0w~, + ~~~ +- 12331,)W 11W03,

( .  x,~I Y = I.
~ a’,j

(21)
Continuing, the following definite integral is mar~ceci with ~~

— ~~1 ~~~
~ ~,
‘— -

~~~ ,
• (22a)

0

= 
2’~-”(t!)2 

(k = 2i), (22b)

29t ‘)‘
(k = 2t + 1). (22c)

From which for k = O ,1 ,2,3, L4 ,5 the following values f or

result:

(23a)

g, JI~, ~, = -s- . (23b)

~~~~~~~~~~~~~~~~~~~~ 
g,=!. (23c)

16 15

W ith these notations 
~~~ 

the constants , wh i ch appear in the

expression (21) of wave resistance
~~d 

of the transformed thin

delt8 wing can be written under the form

= _! _ (~~~~~, + 4~~s) (24,
m + 2

(m = 2,3, k = O,1,~ ., (m — 1), j  = 0,1 )

and , respectively,

10.
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= 
~~~~~~ [~~~~

)

~~

k + 
( + k + 3 )  ~ ‘J •e~fr:- 

(~ ~~

(ass = 2,3 k = 0,1,. ., (us — 1), j = 0,1,2).

To explain by means o~
’ example , in this case, the coeff icients

ar -e in  the  f o r m :
Li,,,, = -~ (2~~j + ~~J), - . ~~~ = 

~~~
- (3~~? + 2i~j), (26s

= i~ (2~ j i + ~~~~~~~~ ~~~ -
~~

- (3~ i~ + 2a~ ) (26L ,

for  n = 2 and m = 2 ,
LI,,,, = ~~~~

- (2a~ + ag’), 
~~~ = (3i~ + 2a~), (27~

= (2a~j + ~~~ ~~~ 
= (3

~? + 2~~), (27b,

= (4~~ + 3i~ ), (27e)

= (44 +34) (27d)

f o r n = 2 a n d m = 3 ,  
- -

= (2a~ + ~~~ - 

~~, 
= (3~~ + 2~~ ), (2Sa i

= (0i~j + 3~~ + ~~~~~~~~ ~~~ = 
~~ 

I(6i~ + 4~~ + n’) ’
(28b

A ,,, = ~!(2a1~ + ~~~, A,,,, -~ (3ag~ + 2~~ ), (28c

for n = 3 arid m = 2 respectively,

A,,,, (2~~ + ~~1), A,,. = - -  (3a~ + 2~~), (2%)

— A,,,, = ! (2~J2 + ~~), Assu ~~ (6 1 !~ + 4~~ + ~~
, (29b)

A,,,. = (4ag~ + 3a~), 
- - 

(29d)

- -——  -~~~~~~~~~ ---~~ -,

~~ 11. 
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I

A,,, ~~~~
- (2oa~’ + 15~~ + 3~~’) , (29e)

A,,, , = —‘s (4a~’ + 3a~’) (291)

f o r n = 3 a n d m = 3 .

The equa t ions  ( 1 ) ,  ( 9 )  obtained th rough  cancel i ng all

of the  var i at ion  of coeff1c 1ent~~~~~~~ e i n  t h i s  case of the

f o r m :
2A,,,, i~5,, + (LI,,,~ + A,,,,) ~~ + (LI,,,, + A,,,,) u’,, +

+ (LI,,,, + Li,,5,) u’,~ + (A,,,, + ,,,) u’,, + ~~~~~~ +
+ A~”P ,, + A,T,,=0, (30)

~~~ + A,,,,) u’,, + ~4,,5u’,1+(A,,,, + A,,,,) u’11, + (~L5 +
+ Aw,) i~ 1+(LI,,,, + A,,,1) u’,, + )~t1J~~~~ + A~”1~,, +
+ ~

-, ~~“ 
=0,

(31)
(A,,,, + A,,,) u’1, + (A ,,,1 + A,,,,) ~,, + 2A,,,, ~,, +

+ (A ,,,1 + A,,1,) i~ + (A,,,, + A,,,, ~,, + A”’X ,, +
+ ?~“T’,, + ‘i,r, =o, (32)

(A ,,1, + A,,,,) i., + (A,,11 + A,,,,) I~,, I+i 
(A,,,, + A,,,,) i~~ +

+ 2A,,,1ii11 + (ii,,,, + A,,,,) ic,, + A11)X,, + ~~~ r,, +

(A ,,,,+A,8.)i~,,+ (a..~ + A,,,, w,, +( ,+A ,,,, )u ’,,+
+ (A ,,,, + A,8,) ~~ + 2A118,i~,, + ~~~~ + )b

~~~ $S +

(34)

The equations (30 - 34, together with the relations of
connection (16), (17), (18a ,b), (19) and (20)r, form

12.
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of algebraic e q uat l in s  f rom which  is de termined opt imum values

of the  c o e f f i c i e n t s  
~~~~~~~~~~~~~~~~~ 

and 
~ 02 of the ver t ica l

ve loc ity of di stur bance ‘~~ , as well  as the values of thea~d
m u l t i p l i e r s  )~“ , At”, 3~,\&j-~

,for a given value of the parameter of

s i m i l i t u d ey =  8,1.

in,,,, n,, ~~~~~~ n,,,n,,~ a,,,, n,~, 1, I 0

- ifl,~ 
1~~ ~~~ ~~~ ~~~~~~~ ~~~~ A,., 1, 0 0

2a~~~~~~k~~~~0 ~~~~~~~~~~~~~ ~~~,

~~~~~ 1) 1) 0 1 )  20 1 ) 1 ?  A r 0 0
~~ .o~ wi 1, 41 .L* .U~ ~Aff I P

n .  n f l -  i~’,j ~~ I~,,, I~~ Q,,,, 2f l ~,, A,, 1. 0 0

A A,, 4,, A , A,, 0 0 0 0

1 ,, i;, 1,, r; r,, 0 0 0 0

T 7 0 0 0 0 0 0 0

0 0 T,, T, T,, .0 0 0 0

APPENDIX 1

If the order of unknowns ~~~~~~~~~~~~~~ ~~~ ~~~~~ ~~

i s chosen presu ppos ing the fol low ing order of’ equations in

system: (30) — (3Li.), (16),(t7), (19) and (20), then the
quadratic matrix for rank m = 9 of the system of coefficients

formed from the lin er equations rnemtloned above has the form

in appendix(1), and different independent single terms for zero

appear in the sixthjl6) and seventh (17) equations arid have

the values ~~~~~~~~~ respectively. 
- 
Because the solution

of the system is nc* changed for diverse values of’ the initial

giveri s (C~~ and Cm ) the matrix of independent terms is considered

— 

13. 
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I

to be a rectangular matrix H of the tyoe m x n = 9 x 2,

R,, R1,
R =  B,1 R,, (3’ 

(~~~-)

j i,,, ‘4,

in which = 0 with the exception of the tefms = 1

and R72 = t. If the solutions of the system obtained for the

two sets of v~1ues for liniar terms R~~ and R i2 is noted with
‘V IP,

wij and w ij (i = 1, . . . ,9 )  then the optimum values of t h e

c o e f f i c i e n t s  have the values given by the rel at icn

— C,,B —, ,, - -= w~ + -~~~ - (3t~

For t he determ inat ion of the opt imum form of pro ject ion in a

plane at the Mach flight number of’ M = 2, the range of admissible
1 lZi

values of’ the span of the wing~l = — the range of values
h1conta ined between 0,2~~l~~O,55 is cons idered ( the value

0,5774 corresponds to the sonic leading edge for Mach cruizing

speed M = 2).

Therefore , the following range of’ values adm iss~b1e for

y result :

0,3404 ~ v ~~0, 9526. (37)

V
A set of values of the parameter of’ similitude W contained in

thts range of admissible values is considered , with the help of

14.
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I

(Cd)opr
ci ht is calcu~~t!4Jthe following, 21) and~~~~~~~~~ e ( C~Teight = f(v) (foropr

B = constant) which has the asnect in figur e 3,is drawn.

With the help of this curve the optimal value of the
‘4
,

parameter of simili tude % is graphically determ ined ( for whi ch

this curve touches it~ minimum )~

- V
The opt imum value of the parameter of simili tude %,

together w i t h  the given area of pro ject ion in t he plane ,

determines  the opt imum form of the in it ial thin delta w ings ’

project ion on the plane.
4W ______ 

-

~d _ _ _

4W ,,4~~? 4

4W-

To make it clear, consider if you will , the following

given initially:

- the number of Mach speed , ~~~~ 2,
— 

— the coefficient of lift , C
k

= 0,3,
- the coefficient of the moment of pitch , Cm = 0,23,
— the area of projection ~~ the plane, A0 — 75 m

2,

15.
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the opt imum form of the pro ject ion on the plane of the

i n i t i a l  t h in  delta wing is the isosceles triangle which has

a heigh t of h 1 = 12,63 m and 
,
~~base of 2#~ = 11.86 m , and

the  Opt imum unit span is ,il = — ~~~ 0 ,47.

The min imum value of wave resistance of the in i t i a l  thin

de l ta  wing is given by the relat ion:

= = 0,327. -

Accepted by the editors on Dec. 29, 1972
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C043 USAMIIA 1 E404 AEDC 1
C509 BALLISTIC RES LABS 1 E408 AFWL - 1
C510 AIR MOBILITY R &D 1 E410 ADTC 1

LAB/FIG - E413 ESD 2
C5].3 PICAT INNY ARSENAL 1 FTD
C535 AVIATION SYS COMD 1. CCN 1.
C591 FSTC 5 ASD/FTD/NICD 3
C619 lilA REDSTONE 1 lilA/PBS 1
D008 NI SC 1 NICD 2
8300 USAICE (USAREUR ) 1
P005 ERDA 1
P005 CIA/CRB,’ADB/SD 1
NAVORDSTA (50L) 1
NASA/x$I 1
AP IT/LD 1
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