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STUDIES

THE UTILIZATION OF THE ANALYTIC GRAPH
METHOD TO DETERMINE THE BEST SHAPE OF

FLow
THIN DELTA WINGS IN SUPERSONIC -GHRRENES*

by ADRIANA NASTASE#*#
Ce. NASTASE#*##
FRANCINE ATANASIU-MOLDOVAN*###

In the present work an analytic graph method is used
(by the first author) Eesdetermine the best shape of a thin
delta wing from among the original thin delta wing class in
which the distribution of the vertical speed of disturbance
i1s expressed in the form of second and third order homogenocus
polynomials. In addition, the thin delta wing satisfies and

meets the geometrical and aerodinamic conditions of natural

lawe.
1., INTRODUCTION

The analytic graph method is utilized in the present work
(1) for the effective determination, at a given Mach cruising
speed M, the best optimum form of thin delta wings with sube-
son¥g3§3§%ﬂ, which belong to the original class of thin delta

1.
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wings and which, in addition, satisfy the following conditions
of lawgS the 1ift power and moment of pitch are given, and the

s ﬁx disturbance speed u is finite along the subsonfg$%$§%J
of the wings, in order to avoild the formation and falling of
the vortexes which have the tendency to appear along that edge
at the Mach number of crulsing speed M. The incidents of the
thin delta wing are presupposed to be sufficiently small, in
such a manner that we are able to apply the results of disturbance
theories.

The vertical speeds of disturbance on the wings,w,is analyzed

by using second and third order homogenous polynomial testse

* The authors thank Mrs. Denise Vallee-Guiraud, main
scientific researcher and Mr. M. Bois, sclentifib researcher
at ONERA (France) for valuable advice in laying out the calculus
program,

##* Bucharest Polytechnical Institute

### Galati Polytechnical Institute (honor professor)

##u% IMFCA |
ST. CERC. MEC. APL., TOM. 32, NR. 6, 1973, P. 1179 - 1190

Thus we can apply the results of P. Germain's higher order

cone flow theories, (3).
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The axis of disturbance speeds u on the wing is obtained
with the help of the hydrodynamic analogy method, through the
superimposition of the contributions of the borders and edges

on the wing (4), (5).

The study of the optimum form of a thin delta wing through
the analytic graph method leads to the determination of the

Bl of flow,

4 Vv
optimum values ¥y of the parameter of similitude ¥

v
which minimizes the wave reslstance expression, Cy f(ﬂﬁ. For
that purpose an imaginary transformed thin delta wing (projected
in a fixeéd plane) is used, which is the only function of the

v
parameter of similitude y.

The transformed thin delta wing is placed in a suitably

chosen supersonic flow.
2. Axial and Vertical Disturbance Velocity Expressions

The thin delta wing 1s referred to a triorthogonal system
of axis Ox1x2x3, which has the origin in the peak of the wing,
axis Oxq parallel with the veloclity at infinity Us, again the
wing 1s plotted and numbered in plane 0;¥;é (figel)e

w
The vertical disturbance velocity w, =-——— on the initial
' U,
thin delta wing 1s presuprosed as expressed in the form of

3.
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second and third order homogenous polynomials
w _
e e iy 2, (030 + Woy | Y1) + @H(W3e + w4y | Y| + Wogy?). (1)

In the following similarity transformations (1),

~=!’_ ~_@' ~ &, -~ 5
h AR and ()

@

plane aﬁa?é,the designated transformed plane,corresponds

to the initial plain Oxlxz.

The initial thin delta wing projection in plane Oxlxz

1s an 1sosceles triangle OAq{A2 in which the height corresponding

to peak O is h,, and its base 1s lei(fig.l).

In the succeeding similerity transformation (2) the

transformed thin delta wing projection in plane 3?&?5 is an
isosceles triangle'axaxé which has height 1 and base 2 (fig.2),

and the vertical disturbance velocity w_ = W, acquires the

a
following form
1‘71

e = g T B+ Tl §1) + B + B 7]+ Toad)- 3

Coefficients LW and Waj from (1) and (3) are connected

through the relations:

;9 = Bywyq, o1 = Mylwg,, (4)
Wy9 = hitogy, ), = hlw,,, oy = hil*wg, . (6)
L,
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The expression of the disturbance axis velocity u on the
initial thin delta wing with subsonic lesding edges, corresponding
b
to the distribution (1) of the vertical disturance speed w,

is of the form:
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Fig. 2
In a similar manner, the expression of the disturbance axis

veloclity Y on the transformed thin delta wing is of the form

-~

. Ay + Ayt Agt+ Apd? i ¢
=g = fat: }:_L)+~;( e ::v +auys.,,ch1/?17). (1)
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The transformed thin delta wing is presupposed to be
rlaced in an imaginary supersonic flow whose velocity is
To = J1 + W

The axis of dggturbance speeds u and W are connected
through the relation (1) &

u=%ﬁ .
and among the constants Aij’ Cij and‘ﬁlj,?aj respectively
of that axis of disturbance veléclty exists .r‘elatlons of the

forms

~ h

Ay = ,:'Aioi zzu = hyd gy (%,
hi / 2 a 2 v
Ay = T Ay Ay =MAa,, 2= hn“{u- (b

The constants 713 and Eij of the axis of disturbance

velocity ¥ on the transformed thin delta wing are connected by

coefficlents 'ﬁ'u of the vertical disturbance speed W on that
wing through homogenous and linéar relations deduced from the

compatibility conditions of Pe Germain (3):

Ay =3 %, + o} By, (10a;
Ay =030, + o By, (10b)
Ay = TR 0gy + 3y, + G% Doy, (100
Ay = A8 Byy + AR By, + G ey, (10d)

?7.. =0Q W, (10¢)




%
Iy = B{ as noted eaerlier and the eliptic integrals of

the first and second ceses E(k) and K(k), by the mode

PSP

k=1 —W, (1
then the coefficlents - q@ aff, cff which intervéne in the |

expressions (10 a, b, ¢, 4, €) of the constants of the axis of

disturbence velocity U on the transformed thin delta wing with
subsonic leading edges are , respectively, of the form (6), (7),

(8):

e .

=g _ _ 21—V (128 |

- N, o J

g =— 2(E(k) — vK(K)) . (12b |

=N, l

g A : (12¢) | j

pdn |

; oy 2ER) — K@) (124) 8
nN, '

The following expression 1s noted with N3 '%

|

Ny = (1 — 2v%) B(k) +v*K(k), (13) '_ 4

4 % = 2 [2(3 — 58 +v9) B(k) — W3 —BvI)E(k |
an ¥, V(3 —Bv)K(K)]. (14a) J

&) = ;%: [(4 +v*) B*k) — 8V E(k) K(k) + 3v*E¥k)],  (14b)

W= % [ +v) B(k) — 2K (k)], (14¢)
' $ -
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=

a =— 72— [(4 — TV + W) E(k) — 2(1 — 28) K(k)), (14d)
3

2
s
agy =—

[(12 — 17v* 4+ 10v¢) E¥k) —

LK |

— 43(2 — 3 4+ v4) E(K)K(K) + (1 + 2v) K¥k)],  (14e)

ap = ?'&”1 [2(2 — V) E(k) —(3 — v3) K ()], (14}
3
O(g'l' = — -:: ’ (143) .

—— -—

The expression noted with N3

5,= (4 — 10 + 4V EAk) +8W(L + )B(R)E(k) — BVE(K).

(15)

The explicit forms of the relations of connections which

occur in problems of the optimum transformed thin delta wing

are the following:

- Lift conditions of the transformed thin delta wing

to be glven as

¢, 2'855«.51‘151‘17!7 == Kyofbyg + Kysibor + Kugfpo +

~ - 2 £ = i
+ Agy®yy 4 Agathgy = 31: [(2a® + a® Yy +

(2R + BB + 3 (238 + 38T+ (230 +

(3)

+ag+ ).7,,, + (208 + o} )%os]* T, =2

g

(e

(14)

s

The moment of pitch'condition of the transformed thin

delta wing to be given as:

8.
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0,=8 S 5143,y = T,y + vy +- Tyt + T, +

o g o ~ - 4 ~ _ ~
2 f{azwoz e “4 (A o010 + Agytbg,) + 5 (Azogo + Agyiyy +

Pr

~ -~ 0‘
¥ K:azwcm) = Cp, = = £ (17 )
The disturbance axis velocity condition ¥ is to be finite

along the subsonlc leading edge8of the transformed wings (1)

leading 1n this case to the relation of connection of the form:

= o )& as)
F’: A,. + Azz = 0, (lh“ i (

P B Bt (1 (196)

If relations (10a,b,c,d,e) are taken into consideration,

thecse relations are written in the form:

’ = R e i | (17)
Fy= Ty + Ty = (3 + a3f 030 + (637 + a3 )y, = 0, -
Fi = an” + i’nﬁu + Tnﬁu = (53? + a’g) )Eno +

+ (@R + @R )y + (@R + G2 )wos = 0., e KJO)

The expression of the coefficient of wave resistance of the

transformed thin delta wing is in the form:
cd:: ’qszza‘ ?.17,5. Az dy == namﬂo o (ﬁnu'i'
+ D300 B10i001 + Chygyyit, + (a0 + (s300)81001 +
+ (s01 + Dygs0)iBiibyg + ( Slggyy + Cy011) 15y, +

+ (Cyans + y1g)iG0,00g + $Xs000% + Dggy, 5%, +

9.
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+ Quaa0l; + (Qyg00 + ﬁ:n:un)%aoﬁu +(Dgg90 +
+ L5302) Wy4Wy3 + (ﬁaau i ﬁsala)ﬁnxwonv

(7=3)-
L1

(21) 3
Continuing, the following definite integral is marked with J, :

~ 1 ykdy
grzs_y@y

! Vi‘"—'yz' (22a)

o~ 2t !
Jg‘ el Eggi(t)!)z' (k = 2‘), (22b)
el L .
Jausr = 2041)1 (k = 2t + 1). (22¢)

From which for k = 0,1,2,3,4,5 the following values for g,

recsult:

o = % g, =1, (23a)
Fx 2

Biom e D s

3 |1 e (23b)
3 8

g =S e——y g Z= - 2

™ 5 "= (23c)

With these notations ﬁ,,,,,,, the constants, which appear in the
expression (21) of wave resistance 'a'd of the transformed thin

delta wing can be written under the form
e 8 @) 327 9
Qoaty = ——~ (65}, + 65Tk 13) (&,
m + 2
(m=23, k=01,..,(m—1), j=01)

and, respectively,

10.
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o 8 i o e =
Q = e | a® (8) 24
bty = — T3 [awgg ot (az: i %+ 3) gnn] 5

(m=23 k=0),...,(m—1), j=0,,2).

To explain by means of example, in this case, the coefficients

are in the form:

Quo = o (23 + TB), "

Dye01 = % (2a® + ag),

forn =2 and m = 2,

~

Duse = 2% (23 + 35,
= 2% jonie o

By = = (28 + i),
g = 116 (438 + 3aQ),

Buans = 7 (40 + 3af)
10
forn=2 2and m = 3,

Drsse = ?55 (288 + aW),

[

iimo = —(3aQ + 2a), (268,

(%4

Dy = %‘ (3agy + 2ag) (261

Buo = = (385 +238),  (m
Oy = -1%(338‘;' + 2ag), (27
{27¢)

(274)

B0 = i% (33§ + 2ag), (284

Dy = %:‘ (63 + 3% + F), Qg = '1%' K6a® + 43 + o)

(28b:
Dhagos = ?55 (288 + G8), Doy, = 1% (338 + 2aQ), (260)
for n = 3 and m = 2 respectively,
Dys00 = ’;‘ (20 + 38), Dy = %(333'3 + 2a8), (208)

2

Duges = = (238 + a), Ogeu = = (63 + 432 + T),  (20b)
330 3

D330 = iz;' (4% + 3aR),

9

(20d)




Qg = b’:, (2088 + 1532 + 35p), (29) ,

’ Do = (3 + 3a) (200)

forn =3 and m = 3.

The equations (1), (9) obtained through canceling all

i 8w

0q

of the variation of coefflclenéﬁjy‘ﬁge'in this case'of the
form:

2055000010 + (Dasor + Dyas0) o1 + (asee + Dyze0) 0 +

+ (D + Qusse) 11 + ((ygen + Dygge) o + AV Ky +
+ M0Tyy + X Tp=0, (30)
(f3a10 + Dyar) Bro + 200118001+ (anas + Dassg) Bao + (Tyy +
+ Q) Byt (yms + Dgan) Woa + AV Ky + 20Ty +

+ T' Tn = 0,
A (31)
(D300 + Dss00) W10 + (Dyger + Lane) Wy + 205300 730 +

+ (Bg30m + Dagio) By + ((lgen + Clazse) Wog + A4 Ky +
o 7\‘”?50 * 7‘,?,.=0, (32)
(a0 + ager) Bro + (Rgans + aans) o [+ (Tgase + Baser) Wpe +

+ 20ganyy + (Ryg + Dy30) Wy + A4, + A Ma+
i
+ A.T'I ’ (33)

(Ssas0 + Dages) Fro + (Caans + Dgass) Fer + (Qsase + Dasea) Fpe + |
r + (Qgen + Qo) By + 20050009000 + Ry, + ATy +

FgTyg = 0.
+ ATy G

The equations (30 - 34}, together with the relations of
"
connection (16), (17), (18a,b), (19) and (20), f‘orm‘%em




of algebraic equations from which is determined optimum values
of the coefficients Aw'lo,'w'm,wzo,wu and wQZ of the vertical
velocity of disturbance w y a8 well as the values of the
multipliers a®, A® 3, \§i Xafor & given value of the parameter of
v
similitude ¥ = B,l(:

N2 NN 0-0_0:0, A

X1 22072300 3200208 300 24 T30 M[:V'o
DR 20, ,,n”,nmnm,nmnm, A, F, 4 0
Ao 0-0, A 0000 A [, 0 1
nmnmnwnwnm%nmnm ., AT, 0 0
7. DR PRdREC, St R = 0 0 0 0
T pEER PR (e ot TS S B
S SN SRR A B
0 e .- % L I, 0 0 0 0
APPENDIX 1
an
Ifthe order of unknowns )0y Wory Wy W11y Wogy AV, T, 3, i3,

1s chosen presupposing the following order of equations in
system: (30) - (34), (16),(17), (19) and (20), then the
quadratic matrix for rank m = 9 of the system of coefficients
formed from the liniar equations memtioned above has the form
in appendix(1), and different independent single terms for zero
appear in the slxw 16) and seventh (17) equations and have
the values ﬂ;-%_:vﬁ respectively. Because the solution
of the system 1s nof changed for diverse values of the initial

givens (C)lé and Cmo) the matrix of independent terms is considered

13.




to be a rectengular matrix R of the type m x n = 9 x 2,

R, R,
R=|Bn EBul (35 (35)
Ry Ry
in which R = 0 with the exception of the tefms R

i) 6t
and Ro, = T« If the solutions of the system obtained for the

two sets cf values for liniar terms 311 and R is noted with

iA
Ay e~ v
Wy g and Wy g (1 =1, «.¢,9) then the optimum values of the

coefficlents ?J'ij have the values given by the relation

0‘.B ~ CQ.B ~ p
+ OB 5o (3
Wy . Wy (\?é )

Wy =

For the determination of the optimum form of projection in a

plane at the Mach flight number of M = 2, the range of admissdble

values of‘.the span of the wingll =-lf.1 the range of values

contained between 0,2 ¢l<0,55 Yll% considered ( the value \
)Z= 0¢5774 corresponds to the sonic leading edge for Mach cruizing

speed M = 2).

Therefore, the f‘oliowing range of values admiss@ble for

v
Yy result :

0,3464 < v < 0, 9526, (37)

v
A set of values of the parameter of similitude ¥ contained in

this range of admiss§ble values is considered, with the help of

14,
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(Cddopr

L‘x elght 1is calcu_]@tedj

the following, (21)¥a&nd the curve (CyJeight = f(v) (for
°

B = constant) which has the aspect in figure 3,is drawn.

With the help of this curve the optimal value of the
\Y
perameter of similitude ¥ is graphically determined (for which

this curve touches its minimum).

v : v
The optimum value ¥, of the parameter of similitude ¥,
together with the glven area of projection in the plane,

determines the optimum form of the initial thin delta wings'

projection on the plane.
qQos |
o2
5 1("‘ =
- o
\er
we | O
%h uw | T
fﬁﬁure:3 Qs |- e |
2
1| 2
Qe Y wn
O4 I"‘l‘ {” L | lw

Q3m  qeos2 4T QRN
” To make it clear, conslider if you will, the following

given initially:
- the number of Mach speed, M= 2,

4 - the coefficient of 1lift, C}zs 0,3,

- the coefficlient of the moment of pitch, C, = 0,23,

- the area of projection Qf the plene, Ag = 75 m2,

15.

PR




the optimum form of the projection on the plane of the
initial thin delta wing is the isosceles triangle which has
a height of hy = 12,63 m and base of 2)‘1 = 11,86 m, and

the optimum unit span is )l= ~ 0,47,

3R

The minimum value of wave resistance of the initisl thin

delta wing is given by the relation:

C,=1C, =0,327. (3

Accepted by the editors on Dec. 29, 1972
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