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SIT DIES

S~ FEFtSONIC TCVRMENT AROUND A CROSS—SHAPED TAIL HAVING

THE HORIZONTAL PLANE WITH SUPERSONIC LEADING EDGES,

CONSIDERING THE FALLING OFF OF FLOW AT THE SUBSONIC

LEADING EDGES OF THE PLATES~

by STEFAN STAICU

Bucharest Polytechnic Insti tute

In this work the supersonic flow around a thin cross-

shaped tail is studied, with the incidenCe of the vertical

plane ant isimetr ical , the hor izontal plane hav ing super-

sonic lead ing edges, tak ing into cons iderat ion the

separation of the flow at the leading edges of the plates.

As with the thin delta wing , w ith equal and orposed

incidents on both its halves , in the case of the cross-

shaped tail with three arms the flow separates at the edge

of the plates in the form of horn shaped cones..

Treating the problem indirectly, as w ith the simple delta

wing, here too we have succeeded in creating a theoretical

study model, through which the distribution of pressure

and the aerodynamic characteristics of the cr085—shaped

tail are arrived at.
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1. IN TRO D TJ CTORY CONSID ER ATTONS

In the following we w i l l  s tudy the  flow in a supersonic

sys tem ~round a thin cross—shaped tail , having the incidenU

of the vertical plane antisymmet c~~ ,~ he horizontal plane

having supersonic lead ing edges, taking into consideration

the separation of flow nt  the leadi~ y edges of the çlates. We

will mark the inciden~~of the horizontal wing with a , the

thciden~~of th e h ighër part~of the .plate with ~~,,  and the ir ict c lerxtl

for the lower with —~ .

We will consider the cross-shaped tail referred to a

triangular axis system 0x1x2x3 (fig. 1) with the origin in its

peak, hav ing t he ax is Ox 1, oriented behind the direction of

the undisturbed flow U,.

$iwIp It
A s in the case of t he delta w ing ( 3 d ,  the flow is

separated at the subsonic lead i ng ed ges of the plate s, giving

birth to a system of vortexes which are located on the left k

and ri~ ht of the olates, in the funct ion of the sign s of

incidentS a and ~~~~, producing an antisymm~trie~~ novement. Thus,

the flow is modified by the existence of two horn shaped

vortexes of the same intensity and sign , situated antisimetrically

to the face of the axis of s~maetpy. (fig, 1).

2.
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We will mark with (—r’~, t
’
0
) , in the physical rlane yOz ,.

the coordinates of the nucleu s of the vortex under which the

horn is concentrated at the ed c’-e of the nl~ te and t~e will

t~~.e the efrect of that vortex even on the surface of the tail.

A • Y

Fig. I

Th~t will ~n~nt fest itself throug~T the modification of the

field by vtrtic al ~nd horizontal speed s on the plate or wing

a rid through the avoidance of infinite speeds at the edge of

the vertical plane predicted by classical liniar theory.

Making these cons iderat ions , the flow remains conical
c,,4~If away and can be treated using this method known from

the theory of wings in supersonic system (2) in the hypothesis

of negligent separation of flow at the edge of the plates.

For this we will consider that the cross-shaped tail is

3.
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I
equiva l en t , f rom an aerodynamic point of view , with an

imag ina ry  th in  one , w i t h  a sui table  v a r i a t i o n  of incidence.

To make the tas k easier, split the wirAg into three imaginary

~~~~ com ponents:

a) the thin cross-shared wing , having the incidenti on the

plate antisymmetrical and thus  variabl e , such that  it  fo l lows

somewhat  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ of pressure  and d i s tu rbance

speed s on the plate near the lending edge. A thin imaginary

cross-shaped tail with finite speed at the subsonic  edge cf

the n ate , and equal and of opposed sign s on two sides , which

does not agree with experimental indications ,ls obta ina~~;

b) the “symmetrical thickness” of the cross—shaped wing ,

having the slopes of the plate equal and of the same sign

w ith the incidents of the first wing components. This wing

combined with a) will create another cross-shaped wing , which

will have different pressures on the two halves of the plate ,

approachirg somewhat the real situation;

c) the third w ing w ill have “symmetr ical thickness” i~ith

variabl e slope , however in such a manner that, combined with

wing b), to obtain a nought mean slope, corresponds to a thin

tail. This wing will have the role of compensating for the

total aerodynamic effect from b) regarding the field of normal

disturbance speeds.

Li.,
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I
Through the super~~position of the three wings , we succeed

in totaling up their aerodynamic effects , obtaining in tnat way

a cross-shaped wing equival ent with the real one , in which the

phenomenon of the fall ing off of the flow at the edges i s

considered .

2. DETERMINATION OF THE AXIS OF DISTURBANCE VELOCITIES

In the following we will determine the axis of disturbance

veloci t ies  for  the three imaginary wing components. For t h i s

we will first indicate the flow and plane variables used.

Start ing from the physical plane yoz (fig.1) by coordinates

(1)
j~I

and making the transformat ion

y ~ (B ~
1fi _ ]) ,  (2)

.

~~~
.

the auxiliary plane is obtained

x=~~+i~. (3)

1:1g. 2 
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Start tng from these relations , we can deduce the height

of the rlat~ and ordinate of the position of the nucleus of

the vortex created by the leadl-rg edge of the plate in plane x:

h

~
‘ y 1_ B 2 h 2 ’ °~~~~~~ j ._ fl~~~2 

( )

We will pass from plane x into the complex plane X

(fig. 2) through the intermediate conforming transformations

~~2 + ?~2
, ( 5 )

in w h i c h  we will write the expressions of the axis  of d is turbance

velocities.

2.1. Antisymmetri cal thin cross-shaped tail with

variable incidence on the surface of the plate. We will consider

tnat , due to the existsnce of the vortexes , the vertical velocity

on the wing with the supersonic edge is not modified , and the

lateral one on the plate v~w i1l have the var iation

(
~ =0, — S 0~~~z~~~l.), Is)

= v’(z)  = — ~‘( z) U~ , = 0, (—Ii, —t,) tT( k, 1,)1, (Ij

in such a manner that at the edge of plate we obtain the velocity

= — ~~~~~ (TI

Due to the variation of lateral velocities on the plate,

we will consider a distribution of elementary edges which will

induce in the fixed point x from the complex plane x , obtained

through the Intermediate conforming transformations

6.
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. 2  —- ~~~~~~~~~~~~~ (5,

— 

i— ~BX

the following expression of the axis of dis~~r~~tnce v~~ nc~ ty:

q(~ ) Jn ~ ~ dX; — q ’( i;’) in ~ T ~: (Lx; , (5)
x F- i.,

in which
H 

- 7’) (J~L v 1 — ~JJT ‘ 
~ 1 + ~BT

in order to obta in  simpler r e su l t s  we will adopt a

simpler distribution of’ sources in the wor k plane X:

q(T) :1: q, ( —7’, z~ T < 2’,) . (11)

Starting’ form this relation of divisions of intensities

of s’- ur ces , we w i l l  be able to deduce the ax is veloc ity of the

first wing components if we consider the contributions of the

subsonic leading edges of the plate and of the supersonic

hor izontal plane:

(/j - it ,. ~~~~ +•

2 (° ( — , l f  (~V I- k,) U ‘T/J T) _ _
I 

~ 
q~3 i ~~’~ ~ 

~ ( V  — 7’) (1 - I ~2~I~)

— ~ h~
1 ~

) (
1~ ~9~’,;~) ar~ 

(12

which , in the following calculations, becomes

7. 
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(

“N, = A 1, ~~~~~~~ ~&Y) !~Ki cos I J / ±~i x )  
+X~R lv I (L — X ) ( l + g k , )

+ 2~ q~[(x -- 7’,) ~‘os h ’  ~~~~~ ~
+(X + ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

_ I (~~~~
(}~~~~ (COS -1 V kl?o~yqj I

+ cos _ 1V ~~~~~~~ co~~
1 1~~ Bk,y~ (13)1 +~Bk,JJ

2.2. Cross—shaped tail having the plate of symmetrical

thickness with equal slopes with the incident€ of the f i rst

wing components. We will introduce the second cross—shaped

tail, havl rur the plate of symmetrical thickness in order to

e l i m i n a t e  the accentuated peaks of rressure o~ its lower side.

Proceeding in the same manner as w i th  the s imp le  delta wing

( 3 ) ,  we will obta in  in plane X the f o l l o w i ng  exr ress ion  of

the a x i s  of d i s t u r bance ve loc i ty :

2 
~~~
,, eos h~ +

2 C’ ( _ , 1I (X + k , ( 1 — ~8T)  .,~ , 11(x+~) ( 1 +~~T) ~ Jr1 q,j ~~eo~1& 
~ (Y ) (1I~ 31,,) 

( IE ’  V t i- T) (1+ ’~ k,))
(I’ I )

which becomes

2
,~ 

Q,,, cos h y .~t~i+ ‘R?J)

+ ~ q.[(x T,) eo~~~ ’ ~~~~~~~~~ —

(X 47’,) C OSF ’~~~

~~ i~~,)’ (
~~~ ~~~~

. 

~~ 
j f 1

T7
~

1
~~

. cos
~u1Ici~

i
~~0)I. ~
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I

2.3. The crass-shaped tail of symmetrical thickness with

t h e  role of compensating the slope of the plate from 2.2. To

tk.is goal we will introduce a new distribution of source on the

surface of the .
~~1og ,  which will reduce the wing at the averoge

nought tr~ickness corresponding to a thin wing .

The function chosen as the distribution of the intensitie s

of the s urces

~;‘( 
7’; ~- - k, (_  k, ~~~ 

T -
~~~ 

(16)
I.)

and we w il l  obtain , similar to (15), the following expression

of the axis of disturbance velocity:

H 
~~/ x

-ii, —- ,~~~~
, “ ‘ v --

~~~
- -

~~~~~~~ -‘-

~2 A , c° F ., t/ (X F I)) ( 1  ~~23 T)
it ) 3 ~ ~ T) ( t  t~~ 8 1 )  

+

- I-- ~~ ,1
_ * ~~f~~~~ f

t~~~fld T = — 
~~

- Q~0 CfH(

-~ -~~~ {( x2 — k,2) CoSh 11~/~~±!~~~- ’~

11 X I - k,
— 2A 2 

~~~~~~ 
V _V( 1 -j- 2ft~) 

1

+ -~~~~~~~;
‘fl~~ [v~~i v i ~~~s; — V2~ -I-

-F ~~~~~~~~~~~~~~~~~~~~~~~~ ~ — ~~~~~~~~ (17) .

Through the superposition of the three cross-shaped tails

we realize a cross—shaped system with three arms , for which the

~~~~~~~~~
r - ’H j

~ ~~~~~~~*~~~~~~~# -



axis of disturbance v~ iocity will have the expressl-n

= ‘II, - 1 ‘~ll.. (1~J

3. The Detor:riinntion of the Coristan~ s

Using the conditions at the limit for the disturbance

v e l o c i t i e s  on the sor face  of t he  cross-sha p ed tai l , we w~~ l

determine the constants A 10 and K10 which arsear in the

e xcr e s s t o n  of the axis of distur bance velocity (13). Ccnsider~n~

Sjme S ur’ces ccncentrate:: in tae çlace of the distribution ,

by intensIty Q~ and sositton Y = T~ ,

(II , = q, T,, T~ - - - ( 19)

we s tar t  from the compatibility relations of the disturbance

velocities:

(I’ll = — I’ll = 
j .r

V i  — Jj2~~.~’

and we w i l l  w r i t e  the  ecuat ions  of the conditions at the limit

of the normal dis turbance ve loc i t i es  in plane X:

ret.,,uI MachBL~ V - - (1R ( - ~ I )

Mach

Re) ~- , (1R = r~, ( 2 1 )
arIi~2 ~~~ 

— 11

in which Uç is the ax i s  of disturbance veloci ty  of the f i r s t

w i r .g components in the  case of the sources concentrated in

Y =

10.
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‘71’ A J”~’ ~ ~~~~~~~~~ 
‘j LI ) 

~ ~ ~ ~~~~~~~~ ~J/ L I I~) (I  - —  ‘R_V )

v ( I  I ‘fl () ) (I,— ,‘i’ )

+ 
~~~‘ 

(
~ 

“- ‘ 
~~ :~ 

l~) ( l  
- ~~~~~ ~ 1 

~~~ ~~~~~ 

(
~~~ )

From ( 2 1 )  and (21’) we deduce , accomp li .3hing the cal culat ions ,

K, = - ( H 3 )0 VI I ~1’~~ I

+ 1/ ‘H~~
1_ ][(L —_ 11) ( I  _ ‘7~~)

VWi ~~~’.i 
~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~~~ • (23’ )

1/’ -4- 7~T,’, 1(1 — 7JT
I’ ‘i — - i’:) V ~1~~ i 1’:)

The condition of finite velocity at the edges of the plate

( X  = 0) determines the constant A10 :

A,, 0. (2 1 )

Fur thermore , for the calculation of the constant q~~,

we wi l l  s tar t  from the re la t ion

t dv 
, (25)

V1~~~B2 tz dt .
.

known in the theory of conical motion , and we wil l  wr i te  the

equations

vi — = — q1V i ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (26)

v,1, + o’t 
:. 

—- .= vh , (26’)

from which we deóuce the following relations:

111.
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— , t, I - -- B2h-, (27)
-- = q, eos 

~, ~ 
j j2g~~

- if
J Jh( v  — o,) q, cAlM ‘

~
j 

~~~~~~~

From ( 19 ) ,  ( 2 7 )  and. (21’) we deduce the constant q~:

j~ V~~
(i ~~~~~~~~~~~~~~~~~~~— )

~ 1~ 
(ft2L2 — 1

ff (L— k ,) (1—~~k ,) 1 U1f1±!7’~_ 1I~—~
T
~
_

— V 2, I1iT~14 I ~ ~I1V k ,— T~ V k,+Z

V21 U I ~8j I , t. if ~- i ~’~’ ‘ . ~~~~~~~~~~~~ (28)
- — - 

2 ¶I’~,
• - -  - 

1~ ~f .i __ B1t02~~ Bh ’~
°M 

~ 1 — B’QJJ

We wi l l  calculate the constant kt from the express ion of

axis velociLy (13) starting f’rom a similar relat ion wi th  ( 2 6 )

for the lateral veloc ity of the plate of the third wing

components:

A A -

idv” — oh , (29)
U U

and we will deduce

5WIi’(v, — v) = k~
/i—:T.~

ih
~
$ [1 —-(1 — B~I~’)~

21. (30)

That relation , together with (27), determinee the constant kt:

5 Bh q, -‘ I! ‘_~~
_— .  (31)

— (1 — B’k’)’~] 1 1 — B’E~

12.
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~( .  THE DISTRIBUTION OF PRESSURE AND AERODYNAMIC
CHARACTERISTICS

The determ ination of the coeff icient of pressure on the

wing and on the plate is made using the formulas

— g) . - — ‘) ,
, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ *

a a

I ~~~~ ~~

- — CPR Z/ % -

008 06 - ----  —— 

~~ ~~~~~~~ /

\ 906 O.6 - ~~ 
-___

~-- -\~ ,L 
_ _  

B h :fl8 / 506 
_______ Presiuni Iamth~
0 4 fl Rr~r,l hiIi PIpl’r:t ’ fn / a l~

~~~~~~ ~~700~~~~~ P 2 -0. 2 -0. 4 p6 —apR 10 -c~ -o 2

~ ~~~~~~~~ 

:
~ ~~ij

—-004 -0.4 - ___ ___

— --— -0.06 -06 ~~~~~~ “ 
_____ _____ _____ ._____

— 0 ,(6  ‘J’~ 
— — —-

•____ — - $.IO -t ,O - —  ____ ____ _____ - —

L _~~~~~~ ~~~_

FIg . 3

in which the expressions of’ the axis of disturbance velocity

given by (18) (fig. ~ V introduced.

13.
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mvc
Coeff icients of lift for the wing or half of the plate ~~

obtained from the formulas

• H

(I = — ( •~
2I~~~~~

’ i’ _ )  —

for the region (m) cont -iined in the interior of the circle

Mach,
! (, — ) ~~

‘
•. ‘ ( 1  — 

~
) ‘,;- ‘34

for  the outs ide ,

~ 
2(1  __ q(2I,~2)~~

:
ç~ (Y’ — ~t1Y _ _

i~ u~ 3 ~, 
I P  ([~2y 2) 

~ 
j~~~~—f l zy 2) ( I~Z _ 12)

for  the plate

(i — I )  c 
1 •

for the whole horizontal wing.

Coef fi c i ent s of moment of roll wil l  be given by the

fo l lowing  formulas:

HC = —- — -— ~ n,,,(Y) YdY (3~ 
*

~ 3U., VL’— i)~ J~

f or the horizontal plane

lie — 
4( 1 ‘7~2~~2)~~~~ (Y) -

3hU~ ~~~ “ ( L — ~~’Y’)~

~~~ for the vertical plane, 
in which uja(Y) and u1~ (Y )are

given by (18).

lLi .
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For the d e f i n i t i o n  of the parameter t 0 we wil l  not ice
h

f i r s t  t hat  the pos i t ion  of maximum d is t r ibu t ion  of oressure

coincides with that of the center of the nucleus of the vortex ,

as is ascer tained in another  way from experience. However ,

making the calculation on the base of the distribution of

chcsen sources , it is ascertained that  the peak of depress ions

on the h igher  side of the pla te  f a l l s  approx imate ly  to the r ight

of the center of gr av i t y  of the in tens i t i e s  of the sources ,

havina the position t0 deduced from (19) in the form

, ] J 3 h~( I — - B2I~ ) -F Ij~( l —  2h~)
‘U 

V 3(1 —- fl 2~ ) -
~~

- I — B21i2

We wi ll use , through the following, the formula

- 

- 
I _ __ _ _ ____ _ (40

I -) 1,7 ( (~

for- the  d e f i n i t i o n  of the pos i t ion  of the center of the nucleus

of the vortex , in which ~ is the incident~ of’ the plate , and A~plementar
the  nc n created by the interference between the wing arid

pla te and wh ich is pro port ional wi th ~. Therefore, if ~~-40 ,

then A$..pO.

5. The case of concentrated sources

We will seek to solve the problem in a simplified way,

presupposing that the vertical velocity on the plate presents

15.
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a sudden drop in the r igh t  of the nucleus of the v o r t e x .  T h i s

work is resolved from a hydrod ynam ic r o i nt of view t a r o  u~h Lhe

introduction of concentrated sources ln the ncl nts corr f -~~ r.d~~n~z

to t h e  pos i t ions  of the centers . of the vor texes :  t’0 and

of i n t e n s i t i e s  
~ t and —~ t •

The express ions  of the axis  of disturbance velocities

w i l l  be the  follow ing:

A ,, ~~~~~~~~~ 
( 1 ‘7~~~~~) + ~~~~ K,,eos ’ ~~~~ 

lj ) ( I  — 0’JX)

+ Q ~~~
-‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — ~08h- 1lf )(~ I 1737~)l 

(~
II

it V ( X — T ~)( 1+~~,~) I’ (X + T~)( 1-{-~’U~)J

for  the wing l i f t  power ,

~“— -~ - O ( * ( K h If ±~
1 

- 

-- 
~ ‘° V x~i + 3(,)~~~

2~~ ‘(‘OM h ’ 1  ~~ 1 - ’ 7~’o) (.O~4h I1/(~~F’
7)(1 -4 - ’7JT, )  

( 1”
it 9 V ( X — T ~)( 1+’8Ij) • V (X )-T)(1-f~~I~)

for  the wing of symmetrical  th i ckness  from 2 .2  and

(7I:= 74’ (13)

for the third wing component.

The distribution of’ pressure is obtained substituting in

(3 2) the expression of U given in (18).

The aerodynamic coe f f i cien t s  are deduced in the same way as

16.
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in the case of sources of distribution , in which appear the

constants A 10, K10, Qi~, kt deduced. from the equations

A ,,, 0, (.1-1)

v,f~ 4- v,(h — f~) =-~ ~‘h , (-I 1’)

— 
(~~i 

— 14”
J321 2

and f rom ( 2 3’) ,  ( 3 0)

I 111 i~I)~ ) f(L —~ j~ 1—’2D~)
~~, V2~ i +~B~) 

~~ 
[V a~~i~~~~ 

— 

V + 
~__________ —--—•—— --——--------——-——--—-——---——--—— — ,

u,,. 

~~~~~~~~ 
+~~~)~~2 1~~~8~) - 

-

5B21~ (45~
— 1 ~ 

1 — B’h’ -

and the constant K10 is the same as tha t given by ( 2 3 ) .

OBSERVATIONS 
-

i t
a) The existence and. posi t ions of the vortexes are in

f u n c t i o n  
~

, as well as ~ .

b) For the case of pl~ tes without tnciden4~e (~~~ 
= 0 ) ,  the ‘

. 
-

~1ng however having the incidence c~, likewise obtains an

antt~ymmetrical flow with vortexes.

c) Making 
~~~ = 0 , we obtain from the expression of

constant 
~~~ 

calculated from within the framework of linlar

17.
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t

theory (~~1):

21, frii~ U ,, J~~~~~ [1f~~ ~~~_1f~_•:-_~~~, 
~~~‘1O [ j’  2?~(1 + ‘7JL) 

~
‘ ~~‘L’ 1 J

w i t h  the  c o n d i t i o n  l i k e  the c ross—sh aned  ta i l  w i t h

r~tisy;no .~t-r1c~l late to have finlte velocities at the edges ,

t vci~u 1 n a  t h ’~ ar-nearance of vortexes in the form of horns:

(
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 4 .

V (ti’L2—. I V 21~(1 -4- ‘7iL)

In this r e lr t l o n  we can deduce the supplementary incident

8B I nduced by the wing on the plate whatever would be the real

inc ident  ~ of the r ’late of the ta i l:
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which we wi l l  introduce in (40 ) for the d e f i n i t i o n  of the

nucleus of’ the vortex..
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