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1, DISCUSSION :

One of the Important p r o h 1 e r .i~ whic! is of recurrent concern w i t h i n

the Department of Army is the accurate determination of the operational

readiness float factor for a fleet of aircraft , ~f t~ ’ie f l o a t  is too

small , there will be a loss of service of those aircraft needing float

rep lacements when none are available. On the other hand , if the float

is too large , there will he a financial burden of providing float air-

craft which are not needed .

2. METHODOLOGY:

The important question of the optimum size of the float can he

answered by recogn izing that  the demand f o r  and u t i l i z a t i o n  of f l o a t

a i r c r a f t  can be interpreted as a queueing sy s t e m  which can he anal yzed

by class ical queueing theory. The solut Ic - of the  qu cu c in g  model  p ro-

vides statistics which represent the average number  of a i r c r a f t  n e ed i n g

f loa t  rep lacements when none are avai lable  and the aver a i - , number  of

float aircraft which are available hut unneeded . P~, r v ~~Th t t i ~~ t h e s e

otatistics for the various possible float sizes , t i e  deClsi ec iat er

~‘an select the optimum size of the f l o a t .

~~. C(;NCLITS IONS:

This  methodology provides or’ e~ celien t ILC . ’ S  ‘1 d e t e r m i n i n g  t L e

ideal  f l oa t  size for  a f l ee t  of a i r c r a f t . I t  r e q u ir e s  v e ry  f l t t l r

In p u t  da ta  which should he easy to ob t a in , ~nt1 i t  a l l o ws  easy and

comp lete sensitivity analysis.

• P r;co~~1ENnAT IONS:

This  methodology should he used to eva lua t e  t h e  I , ) n s . n r I e I l c e s  ci

floats of various sizes when determinir~ the ideal Si?e of the float .

ill 
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1. INTRODUCTION

A fleet of aircraft usually has associated with i t  a small group

of aircraft designated as its float. According t O  AR 750—1 , when an

aircraft from the fleet requires maintenance for longer than a spe-

cified length of time, it is to he replaced in the fleet by an oper-

ationall y ready aircraft from its float. The rep lacement which takes

place is in the use and designation of the aircraft. The aircraft

which needed maintenance becomes tile float ajrc:a~ t until it is ie—

paired and is itself exchanged for an aircraft needing a float

replacement.

The question of interest is how large should the float be?

That question is made more diff icult by the random nature of the needs

for float aircraft. No matter what rh ’ -i ize of the float, there will

be times when float aircraft are needad and none are available; and for

the same size float, there will be times when float aircraft are avail-

able but unneeded .

However those situations are exacerbated if the float is either

too small or too large. If tile float is too small, there will be a

continual problem of aircraf t need ing float rep lacements when none

art’ available . In this situation the fleet looses the services of

t hose  a i r c r a f t  which need f l oa t  rep lacement when none are available.

On t he  o ther  hand , if the f loa t  is too large , there  w i l l  be a c o n t i n —

ual problem of available float aircraft when they are not needed .

Thus there will be the financial burden of prov id ing unnecessary

aircraft. 
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The important question of the optimum size of the float can be

answered by recogn iz ing tha t the demands f o r  f l o a t  a i r c r a f t  and t h e

filling of those demands can be in ’erpreted as a v u c u e i n g  sy s t e m  .~b~~~ii

may be analyzed by classical gueueing theory .

In a queueing system , there are customers arriving for service

of some kind and one or more servers to provide tha t  service. In cur

case , the potent ia l  customers of the queueing sys tem are the  a i r c r a f t .

The number of servers in the system is the number ~ f f l o a t  - i ’ r s r u f t .

A customer arrives for service when an a i rc :a f t  is  de t er ~’~~n ed to  need

rep lacement by a f loat  a i r c r a f t . A service  b eg ins  when an ~s ir c r aft  is

exchanged for a float aircr af t, and that service e-ids when t h a t  air-

c ra f t  is res tored to operationall y ready status.

A queue develops when there are more aircraft in need of flo’i t

rep lacement than there are f loat  a i r c r a f t . When t he r e  are  fewer

demands for  f loat  a i r c ra f t  than there are ava i l ab le  f l o a t  a i r c r a f t ,

there  are idle servers. The queueing model provides v i t a l  s t a t i s t i c s

which describe the important features of t he  qu cu cing  system. The

most important of those statistics are f~~e expected queue l eng th  and

the expected number of idle servers. The expected queue l e n g t h  is a

measure of the average number of a i r c r a f t  n~- ’cd ing f l o a t  rep lacements

when none are available, and the expected number of idle servers is

tile average number of f loa t  a i r c r a f t  which are ava i l ab le  hut  unneeded .

In order to choose the op t imun size of the  f l oa t , the decis ion

r iaker must  f i r s t  choose we igh t s  f i r  t h e  expected queue length and the

2

_ _  _ _ _ _ _  -‘



-- - - - - - - --—

expected number of idle servers; and , of cour’-e, t 1u~- - . could be

weighted  equally. Since when one of these q u a n t i t i e s  decreases  the

other  increases , the obj ective func t ion  is then chosen to he the

weighted sum of the expected queue l eng th  and the ex~ ected number of

idle servers. Since there are onl y a f i n i t e  number of choices for

the size of the f loat , the obj ective func t ion  can be evaluated for

each of the possible float sizes. The optimum size of the float is

then the one which gives the smallest value for the objective 

function.3
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2. A FINITE CALLING POPU1~~T ION , Ml1l~TIP LF.  SERVEL~~FtT1 
N( WI

There are several d i f f e r e n t  a l t e r n a t i v e  m a t h e m at i c a l  r’ed els f~~t

describing queueing systems. Mathematical result~ desc~ f l i n g  t h e

characteristics of the queueing s’-’stem are available roT macv  of

these models. We need to select the elementar~’ model which corrr-s~ ’nL r

most closely to the demand and utilization of float aircraft. One

manageable system which corresponds very closely to our situation

is the queuelng system which has a f i n i t e  ca l l i ng  p o p u l a t i o n  ( p e t e r —

tial customers) and mult ip le servers .  Of cour s ’ i P ’  e n n a l  cond~ tions

app ly, first come, first serv ed, Poisson arrivals , and exponential

service times.

First , the queueing system will he described in ~nougb detai~

to factlita~ e the use of its results.

Queueing theory is the m a t h em a t i c a l  t r e a t r~e r L  of a s i t uat i o n

in which customers seek service of some k ind  f r o m  one or more s e rve r s .

If there  are more customers than can be served , a wa~ ting line develops

for the service.

~erv icc  is provided on a f i r s t  come , f i r s t  served basis.

When a customer is served , he leaves the  qu e u e in g  ~v ste n i  and if present ,

a new customer is served . The a r r iva l  of ~~~~
- custenern is n o t  u n i f o r m ,

and there may be times when a wa i t ing  line has developed and o the r  t ines

when there  are too few customers and th e  servers are not  boon .

In our queueing system there are OfliV a finite number of potentia l

customers. Therefore our system is said to have a finite calling pop-

ulation. Assume that customers are generated ~or th e queueing system4
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according to a Poisson process , ic. the number of c~ust’oners generate~!

u n t i l  any spec i f ic  t ime has a Poisson J t s t r i h u t i o n  (This  is ca l led  a

Poisson Input). An equivalent assumption is that t~-e time hetwe~-c

consecutive arrivals has an exponential d~ strlhut ion . Under this

distribution , customers arrive at random but according to non t’ fixed

average rate.

In this queueing system , more than one customer can b~ served

at a time. Therefore, our system f~ said to have noil t ip le servers.

Assume that there is exponential service t i m e, to . the probability

distribution of the time until the next ervice comp letion has an

exponential distribution. In other words , the service completions

are a Poisson process.

In order to obtain a solution to this queueing system , assume

tha t the system has reached a steady state , ie. that transient

conditions (such as when the queueing system first starts) no

longer exist.

We make use of the following notation and terminology which

applies to the steady state condition.

state of the system = number of cus tomers  in thc qucue-Lng

sYstem (includes both those in the

queue and those being served)

queue length = the number of customers wait~tn~ to be

serv ed

P = the probabilit y that there are exactl y n

customers in the queut’irg system

5 
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S = number of servers  in the  (;l e u t l n g  system

Xn = mean arr ival  r a te  o: n .~w oust  one r~. ~- h tm  there are

a customers in the system

= mean service ra te  fo r  the  o ver a ll  sys tem when n

customers  are in t h e  s ’n - tOr . ( ie .  th e  comb ined

rate  fo r  all busy servers)

L = expected number of customers in the queueing sy st e m

Lq = expected queuc length

W = expected waiting time in svs em

Wq = expected waiting time in 1~~ °~

In order to obtain equat ions for  the queue ng model , the  f i r s t

step is to develop the balance equations.

Suppose that the queueing system is in any state n. The system

can leave that state either by losing one customer and being in state n—I

or by gaining one customer and being in state n-I-i. However , it cannot

leave the state n again unless it first reenters state n. Therefore , the

number of times the system leaves the nth state. differs at most by one

from the number of times it enters the ~th state. To determine the rate

at which the system enters and leaves the 5th state , the number of

entrances and departures in a period of time are divided by that time.

Since the number of entrances and departurco differ at most by one , the

rates at which the system enters and leaves a state are essentially the

same over a long period of time.

6 
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by equating the rate of entry and the rate ef departure tor (51 (

s t a t e , a balance equation is obtained for each state. b r  examp le b r

the 0th state , the only way of entering the 0th st ate i~ to be in

state 1 and loose one customer. Thus t o  r ’to of i t  e i i n r ’ , - tate I

the probabilit y of being in state I , time~ the rate of dep~ rture:~ wh~

the snstem is in state 1, ie. P
1
P
1
. Similar l y thu only way of

Leaving the 0th state is to he ii the 1~th state and to p-i n one customer.

Thus, the rate of leaving state 0 is the j r - I r~’lttv of being in sta t e ri

t imes the rate of arrival when t h ~ n--stem is in slate 0, ic. \ P
0 0

Therefore , the balance equation for state 0 is

P P  =
1 1  0 0

To obtain the balance equation for state 1 , note that the sy.st e.n

can enter state 1 in two ways; he in state 0 and gain one customer or

be in state 2 and loose one customer. Hence the rate of entering

state I is A P + p P . The system can leave state 1 fri two ways;
0 0  2 2

he in state 1 and gain one customer or he in state I and loose one

F customer. Hence, the rate of leaving state 1 is A , P
1 

+ p, P
1

Therefore , the balance equation for state 1 is

A P + p P = A P + p 1’
o 

~ 
2 2 1 1 1

7
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Cimilar l y the balance equations fo r  the o ther  s t a tes  C~~~ I be

developed. The results are shown in the fo l lowing  t ab le .

BALMTCE EQUATIONS

state rate in 
___________

0 p1 1 1 =

I A0 P + i
9 

P 2 
= (X

1 ~

2 X~ p1 
+ p3 P 3 = 

~~ 
+ ~~~ 

p
2

n A p +~~ = ( A + p ) P
n—i n—i n+1 fl+J. ri 11

The balance equations can be solved recursively. The I irst

equation is solved for P
1

0
l~~~~~~~~~~

0

Then this result  and the second equat ion can at-  solved f or P
2 

in terir.~i

of P

~2 ~~ = 

~~l 
+ ~l ) ~~~~~~ ~~~~~ — 

~~O ~~O 
-

= A ~~~~P +~~~~~~~P _  A P2 1 111 ~ 0 0

R 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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= 
A0 A 1 

~7 P i p
2

B~ continuing this procedure , ea ch P can he exp r e~ n ed in terra

of P0

= 
A0 Al A 2
ui u~ 1-13

= 
A 0

n 1-il 1J2...1-ln 0

To simplif y the notation let

c = 
A0
~~

Then P = C P , for n > ]
n n o —

Since the P a~ e probabilities which exhaust all the possibilities ,

~~
0
P~ 1 .

Therefore

P
0 

+ r.~ p
0 = 1

which implies that

0 1 +~~~~ c
n .j ~

9

~
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If the A~ and are known, then ever~’thing else feLlows from

them. The X~ and p~ determine the C~ wh ich in t u r n  d e t e r m i n e  P0 . and

P0 and C~ de termine the

Since L is the expected number of customers I i  I ae

L =

~~~~~~~ 

nP~

Furthermore since there are S servers in the s’.’O t en i , there is no ~ leue

unless there are more than S customers in the system. Thus the expected

queue leng th is

L
q 

= 

i S  
(n — s)

It is possible to obtain W and Wq 
from the foIlowing results ~-hose

proof has been developed elsewhere~

W = —
~~~~

w = -
~~~~~q

~1iere T is the expected value of the  A r

* John D. C. L i t t l e, “A Proof fo r  the Quc--ueing Fo rmuLa 1. =

Operationt Research, 9 (3): 383—387 , 12h1 ; Shaler St.idhaa , Jr.,

“A Las t Word on L = AW ,” Operations Research 22 ( 2 ) :  ~+ l 7 — 4 7 1 ,

1974.

10
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All that remains now is to develop expressions for A~ and p~ for

our queueing model. Suppose that the size of the calling popuiat~ on

is M. Then the possible states of the queueing system are 0, 1, 7, ..., M.

In order to obtain an expression for 
~~~~
, assu m e t hat  a

time from leaving the system until ret:urning for the next time has an

exponential distribution with parameter A . If the system is in state n,

then n customers are in the system and M—n customers are outside the

system. By certain properties of the exponential distribution , the

distribution of the remaining time until the next customer arrival is

exponential with parameter

= (M — n)A , o n <

If the rate of service for each individual server is p, then the

rate of service for the system when n sei vers are busy would be mu.

Since there are S servers, 1J~ has the following expression ,

~~~ , 0 � ~~~
1~111 =

5 1-1 ~~~ n � M

An expression for C~ can now be obtained . It is necessary to

consider the twc ‘ases n~ S and n > S

First , let n~~ S. Then substituting the preceeding expressions for

and p
~1 

gives
A A

C = _ _ _ _ _ _ _ _ _ _ _ _ _ _

1-il ~~~~~~~~~~~

11



= MA (M—l) A . • . (M— p i- 1) -

p ( 2 p )  . . .
n

= M ! (_!_.\ , n~~~~~S
(N—n)! n! ~~P )

Now consider the case n > S.

C = MA (M—l)A . . .
p(2p ) . . . (Sp ) (Sp )n-~

= Ml S< n  ~~~~~~~

(N—n) ! S! S~~~ \ p /
Then

1 +~~ Cn
n= 1

= 

~ 
(M-n)~ n! 

(
~~~

0 

~~~~~Once P and the C have been d e t e r m i n e d  i t  i s r ~ m’- lv a matt er of
0 n

s u b s t i t u t in g  in the previously  deve loped  P y I t t i e n s  t a  ~~tain ~~~~~~ 
l~, and

L

p
n = C~~ P0 ,

L =
n=o n

L (n—s) P .
q n=s n

12
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A s imple expression can be obtained for ~ , the  expected v a l u e

of the  A1~ , by using )~~ =

00Co Co CoA —  h \  P~~~~~~~(M— n ) A p ~~ .Y M ’ ~~ _ i: n -t p
n=o ~ 

~~~~~ 
n 

~~~~~ 
n_ = o fl

~A ~ p — A 
~~ = ~~~~~~~ 

_
_
t I

n=o n=o ~

= A (!1—L)

Using this value of A , i t  is then easy to calculate W and I , . .

L
—

A

W —.-~~.-
q A

13
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3. A DECISION CRITERION FOR THE QUEIJEINC MODEL

In order to select the optimum float size, some decision cri-~

ten on is needed . One possible procedure wou ld be to cons ider all

the statist ics genera ted from the preceed ing sec tion, and to base

the decision on a collective evaluat ion of those. h owever that

wou ld require the decision maker to j uggle several in terr elated

quantities at the same time and a systematic approach would be more

manageable.

As a prel iminary,  consider the u t i l i za t ion  of f loa t  a i r c r a f t .

Float aircraft are intended to rep lace aircr af t which require ex tended

maintenance. Therefore, when an opera tionally ready float aircraft

is needed and none is available, the f l ee t  is depr ived  of the use of

an aircraft. This situation represents an undesirable condition

which should be minimized. In order to do that we need some measure

of it, and we have one in Lq the expec ted queue length.

The expec ted queue length L
q tells on the average how many air-

craf t are in the queue, ie. in need of a float aircraft when none is

available. Suppose , for examp le, that L9 
=- .5 . An expected value

of .5 can occur in many d i f f e r en t  ways.  In order to be t t e r  under s t and

the s ignif icance of Lq~ note tha t  L
q 

= .5 is eniuivnlent to .5 on an

aircraft being in the queue all the time and it is also equivalent to

one aircraft being in the queue 50% of the timo and no aircraft being

in the queue the rest of the time. Thus Lq gives a measure of the need

for  f loa t  a i rc ra f t  when none is available.

14
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The other side of the coin is represented by t~~e i n e f f i c i e n c y  o~

having operat ional ly read y f l o a t  a i r c r a f t  a v a i l a b l e  vj ie i t h e”  are r t

needed . Aga in we have an undesirable situation which should be mini --

mized . Let F he the expected number of operationall y read~ f l o a t  a u - -

c r a f t  which are not being used. To c a l c u l a t e  F , r eca l l  t h a t  the nuHier

of servers S is the number of float aircraft. Tius , fo r  examp le, if rh-e:e

are n customers in the system and ~ < F, then there are S — n a v a i l a bl e

float aircraft not being used. Thi rr~~orc F = S P -+ (F~~PI’1 + ( 5— 2)  1 2

• ‘ + 1 P . Both L and F need to he miiiimi zed . U owev er , r r e a~~i r -i .S 1  q

one of them increases the other. ‘the r efo re  a suggested objective unct u c ;

is ~ = Lq + F and Z should he. minimized .

The objective function in such p r o b i e m~ i~ often taken to he a cos t .

In our case , ~ could be expressed as a c c.- ; t . if Lq were multip lied by th~

cost of an out of service helicopter and F were m u l t i p~ fed  l v  the (-ost o’

an idle helicopter. However , since the  out of se rv ice  and id le  ‘he1i capt~~: s

are the same type helicopter, we have taken these costs to he the same

(which is the same as not using them). However , f o r  some reason the

dec is ion  maker nay wish to assi,Ji differ.’:~t im irtanees te e i’t  of

service helicopters than to idle helicopters. If so that can he done

assigning cos ts or s imply weighting factar~ to L
q and F. 

The objective

f u n c t i o n  would then be ~ = W
1 L + W 2 F where and W 2 r epresen t  t h e

re la t ive  importance of Lq and F and need not sum to one .

There are onl y a f i n i t e  number of choices fo r  S (0 < S ~ M). So

to minimize ~ , merely calculate ~ f o r  the  poss ib le  cho ices  of S aad

selec t the value of S which minim izes ~~~.

15
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In practice the choices for  S may he limited to on~ y 2 or 3 values which

f u r t h e r  res t r ic ts  the calculations to min i~ii ze ~~~.

There is another  possible c r i t e r ion  for  se lec t ing  the idea l  f l oa t  s ize

based on the percent of time that float aircraft are available.

Suppose that it is desired that float aircraft h available at least

80% of the time when they are needed . The demands for iloat aircraft occur

at random according to a fixed average rate. The randomness of the demands

implies that if float aircraft are available 80% of the time , then 80% of

the float demands can be met.

It is easy to calculate the percent of time t h a t  float aircraft arc

available. P~ is the probability tha t  there are exactly n customers  in the

queueing system , hut P can also he interpreted as the perc~~ t of time that

exactly n customers are in the queueing system . There. are float aircraft

available if n < s. Therefore float aircraft are available P0 + p
1 

+

+ P5_1 percent of the time.

The float availability can be calculated for each possible value of S ,

starting with the smallest value of S, until a value of S is found for which

the float availability is greater than 80%. That value of F would he the

ideal float size.

Part of the purpose of the examples in aretion ~ is to illustrate the

diversity of the type of problems which can he solved b y queue ing  theory .

All of the examples utilize the first described decision criterion . However

each of them could just as easily have utilized the second decision criterion.

_ _ _ _ _ _  _ _ _  _ _  _ _
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4. EXANPLES

In this section some examples are developed to illustrate t h ~

use of the queueing model and the decision criterion. Assuming that

the fleet size M and the number of servers are known , t i e  onl y other

inputs to the model are A and p. Recall that A is the parameter i~ -r

the exponential distribution for interarrival t ires fer uric single air-

craft. This means than A is the arrival rate for one single aircraft .

Suppose that we take our unit of time as one mon th . Te i r i w imile be

the number of times per month that a single a~ re ~aft ,au~ d CO d a

float replacement. Recall that p is the service rate for or- c busy

server in the system. This means that i~ is the ‘i l l i t ’ or of l ii ?

replacements that a float aircraft being used continuous~ v could

provide in one month .

Example 1: Suppose that there is a fle et of 25 atrcr~~ t and that it

is desired to determine if it should be s~ pm cr te d i~ t t 1  a fl.~at of ~ or ‘
~ air

aircraft. Furthermore , suppose that it is estimated tha t a single airccaft

in the fleet needs a float replacement on the average twice a year and that

it is known that when an aircraft is replaced by a f~~r~~ t aircraft it tdl ’e

an average of h month to restore it to operationally read y sca - u~-~.

If a single aircraft needs a float rep lacement twice a year , then the

monthly arrival rate is 2 . Therefore A = .167 arrIvals per month. If a
12

float rep lacement takes ~ month or. the average , then a float aircraft coulh

handle 2 rep lacements a month . Th ere’r’rc ii 2 services a month.

The next step is to calculate the objective function ~ L~ + l’ for

the two possible float sizes S = 2 and S = 3, and select the one

17
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which gives the smaller value of ~~. Firc~ th ere are 25 aircraft In

the fleet , M = 25.

Since the calculations involve some unwield y factorials , th e’.’

must be done with a simp le computer program. The first step is tc

calculate the C~ from A and p

M! IA\n
I_ I  , f l < S

— 
(N—n)! n!\I.1J 

—

cn -

(N-n)! ~Es’~~5(~~

m 
, s < n <

Next the P0 and T’n can he calculated

1
P —

1 +T’ c
t~~1

= C~~~P0 , o < n < M

The results are shown below for a = 2.

P0 = .065 P~ = •fl37

P1 = .136 = .025

P 2 = .136 P11 = .016

P3 = .131 p12 = .009

P4 = .120 
~ l3 = .005

P5 = .105 P14 = .002

= .088 P15 = .001

P7 = .070 P~ = 0 , n � 16

P 8 = .052

18
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Recall that P~ is the probabilit y rlma L there ar~ n ai rcra ft in

the queueing system. Thus, for exainp ie , P0 = .065 i l i o u l ’  that 6.5~

of the time all of the float aircraft are idle. S1n~ e jr this case

s = 2 , a queue exists when n ~ 3. This occurs P~ -F i’s, ~~‘ — — —
— = 66.1% of the time.

Then the other quantities follow

L = 
~ n P

n=o

L = 4.237

if n > s, there is a queue. The expected -~~~h r  in the queue i s

L = ‘f (n s)Pnq n=s

L
q 

= 1(.l3l) + 2(.120) + 3 (.lOS) + !.(.058 5(.070

+ 6(.052) + 7(.037) + 8(.025) -
~

- 9(.0l6) -t Ir) (.009)

+1l(.005) +l2(.002) +13(.00l) = 2.503

If n < s, there are idle float aircraft. The expected number is

F = 
n~o 

(s—n) P~

F = 2(.065) + 1(.l36) = .~~6°

l-’inally ~ Lq + F 
= 2.503 + .266 = 2.76c

Using the notation Z (s) to indicate tha t ~~. is a function u~ the oin~~~r

of servers gives

?~ (2)  = 2.769

19
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~epeating the calculations when s 
= 3 ~-ive s

P0 = .12 0

P 1 
= .750

P2 = . ..5”)

P3 = .

P4 =

P5 = .057

P6 .332

P7 = .017

p8 = .008

P
9 

= .004

P10 = .002

P11 = .001

P = 0 n>12n ‘ —

I. = 2.356

Lq 
= 1(.098) + 2(.057) + 3(.032) + 4(.0l7) + 5 ( . ’ O S )

+ 6(.004) + 7(.002) + 8(.00i) = .465

F = 3(.l20) + 2(.250) + i(.250) = 1.13

7(3) = 1.575

Z is smaller for s=3 , a float size of 3 aircraft is indicaLed .

course this result depends upon Lq and F b . ing wei~ hted equa11~ ard on

thc~ v~ 1uec we have assumed for and ~!.

i xamp i e  2: In example 1, suppose that the value of ~ = .l~~7

is based on the condition that a float aircraft i~~ issued when ma int enan - e

of 8 days or l onger is required . if the condition ~s chi~~,od to 0 days cr

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —- -- - - --— ----- - - -
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longer , .\ wil l  decrease .  Indeed , A- in - ‘ r t n n i  all y’ ioc r~’rising

l unction of X where a float aircr aft i- ~ i~ suod if rni i r t enanec~ of X

or more days is needed. Suppose i i . ~~ ~i ’ foll owing m”~lntion € -x ie t ’-

X 8 11

A - .lE7 1 .125 .1OP .°°3

Suppose it is desired to find the iuirle r of ‘ ‘s f c~ which t i ’

optimum float size decreases fro~ 3 t 1  7 . ~‘~a’ proce ” ro ~~ to

calculat e the objective function ~ (7) r i n d  7. (1’) ~- .ir the v a r i ou s

values of A in decreasing order ~nt1 1 
-i value f A ~s f und b r

which 7. (2)  < 7. (3)  . The value of ~< cor ’’-spondin-.~ to t r a t  v a l u e

of A is the desired solution .

The following table shows ~ (2) and ~ (3) m r  various values

o~
C =

S =

L F F 7

•T?
.Y
~ 

‘ .2M~ ~~~~~ 
- 

.4~~ 1 .11

.125 .°7l .587 1.558- .i~ ° l.~- i l .°Q°

.100 .467 .832 ~~~~~ ~~7fl ‘.f7i4 1 88.4

.2 57 1.0l1~ 1.271 ~fl ’
~5 ~~~~~~~~~~ 

‘

Fran the ta~’le it can he seen tha t 7. (2) ~ ~ 
(~~ for ‘A .125

ch corresponds to ‘< 9 days . Fi’u , t l ie  -~e~ i red an’~w ’ r j

9 days. The table also illustrat es 11o~: 1, , and F yarv as a function

of

Examp le 3: Use the data from examp le 2 for .125. Tn this case

7 (7) = 1.558 and 7. (3) = 1.600 wh ich indic a t e-n thar 2 float aircrati

~;1 ii i ~ild  he chosen ra ther  than 7. However that !‘r- --nds Ofl Lq and F

being weighted equally. Since the concert of f i r a t  ai r i r ail entails

21
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having float aircraft in available status to avoid t I e loss of orv i

of aircraft which require extended maintenance , t li ~-ro is sor e justi-

fication in attaching more importance to the smallness of t’n - ~ t o

the smallness of F. Suppose that the smallness 01 I-
~ 

in considorod

twice as important as that of F. The new objective function would

than be

W = 2L q + F .

Evaluating W (s) f or s = 2 and s = 3 gives

W(2) = 2(.07l) + .587 = 2.529

W(3) = 2(.159) +1.54 = 1.858

Since W (3) < W (2) , a f l oa t  size of 3 i.s now indicated . ~~~~ e that

even though it was desired to min imize the objective function , thE

more important of the two terms Lq and 
F’ is multi plied by the lari~er

weighting factor. Here by changing the weighting factors , the float

size increased from 2 to 3 , decreasing Lq and increasing ~
‘
.

Examp le 4: In example 1, a float size of 3 is indicated . However

suppose that the decision maker believes that 1w p 1ac~ ng more import-

ance on the maintenance of aircraft which have l eer’. rep laced 1w float

aircraft , the service rate p can be increased from ;~ 2 t o p = 7.4

Taking the other data the sane as in examp le 1 , should the f1e --~t size

now be 2 or 3? Calculate ~ (2) and 
g (3) Using 7. = Lq + F

Z (2) = 1.385 + .464 = 1.840

7. (3) = .237 + 1.389 = 1.626

Here the increase in p is insufficient to decrease the float size; tm’c

floa t size should still he 3. 



- —  ~~~~~~~~~~~~~~~~

F:xam!)le 5: !‘sing ~ = .125 and 2 , ca ’ cu~~a t e  1
~~~ 

an~~ r - - fur 1 =

20, 10, 40, 50 and S = 10% of II for eu -h ‘~ lio - of 1.

The results are shown in the fol 1 o’.’ i t r L  ta3-io

M S ‘ 

-- 

-

10 1 .490 .4L.l

20 2 .4.0 •267

30 3 ~~~~~~~ l .2 5 h

40 4 .2P7 1 .1(3

5 1 .237 2.073

Note that in each case the float size is exactly lfl~’ ot  the fleet size.

Also note that as the fleet size increases7 the expected number in the

queue decreases and the expected number of idle servers increases.

ThU S the larger the fleet , the better a float of a given percentage of

the  fleet can fulfill the float demands .

In other words , in deciding if a float size of a given percentage of

the fleet is correct, the size of the fleet must be taken into account.

23
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5. ALTERNAIL MOI)1-L

Imp I icit in the model which vt l i v e u s ed  s i ’  f o r  1’; t ( ~~- ,-ls sl.ln:pt jOlt

that a i r c r a f t  which are in the qUeti are not ret ’ t- iv log mu m t  -uanc

Depending ott the maintenance support avail-able, that might ‘‘~~~~t It- rti~~.

If it is desired to allow the aircraft in the qu ue to ri - c.-ive

maintenance while they are in the queue , that can b~ done by spec if’,- i:ig

t h e same number of servers as there are aircraft a the ‘a g aa:I it lair ,

S = ~i. Then there is always an available server far each ,~ir cia ft v i ; i e i

needs it.

Of course this doesn ’ t represent the situ-i t ion in t i . -  f i~~. I 2 , ,o t i  is

not intended to. However , it will allow the- mo del to generate stati~ t ics

about how many servers ac tua l l y were used and tti~ re- fare nee-2-;’ i - in

particular , recall that 
~n 

represents ti: aercent of time that there are

o aircraft in the system . In other word~ P~ is the percent of time that

n float aircraft are needed.

lit is possible to develop a decision criteria based on the P~ .

Suppose that it is desired to have a float ai r raft available 8O~ of the

time . As an illustration suppose that the model has produced ~~~e foJl o viug

values of

P0 = .10

P
1 

= .15

= .25

P3 = .25

P4 = .10

P5 = .10

=

P0 O , n > 6
24 
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if there were ‘A float a i r c r a f t , there voil d he t 1o~ t a i r c r a f t  a v a il -

able when there were o , 1, 2, 3, or 4 :tiraraft in the system , i.e. P~ +

+ p2 + p3 + 
p4 = 85% of the t i m e . ~f there were only 3 float aircraft,

there would be float aircraft av0ilable P~ + P
1 

+ H , + 7 5F of t h e

time . Therefore the decision c r i t e r i a  would requi re  4 float aircraft.

In general terms, the ~n 
should be summed for successive values of n

from o up to the smallest value k such that P0 + P1 + P2 ~ ~ 7k 
> .80.

Then that value of k is th e corre(-t number of float aircraft.

2 5
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6. CON CLUSIONS AND REC0~~1ENDAT IONS

Before giving the conclusions and recomir,ondat jour ; , thor - are sont

general comments which should he made. In order to I ll u ’-t rate how the

model works, it was necessary to have some data .

It seemed that the difficulty of collect ir~ r~- i a h l  d at a  was net

warranted , before the methodology has been accepted for use. Tserefore

a 11 of the data in the report is hypothetical . Hns ’ ’ ve r  an effort was

--rude- to select plausible data.

All statistical models make assumptions about su ch  ti:i n ,yc ae

distributions of data. They are more often close approxir’~ t ions t o

reality than precise descriptions of realit” . This ir-~ i m m a n e n t  is ‘Ire

attire of statistical analysis and is true for th is qut i te i nc- , m odt- l

However the degree of closeness of the tmnl,’l t o  realit” is su i te good

as compared to most modeling efforts.

The model is an attemp t to represent the ut i~~i ?arion o’ float

aircraft as the author understands the regulatisas rrill for them to

I.e ri ~ ed . It is not an attemp t to m o de l  t h e  s i t~~a t  I s i  -.-; i : j r i ,  u - ; i ’ - t - ~

rr  t I r e f ie ld . Because of the many differen t i :-’,fi; o nrc .r 
~~~ “h o>  1st

is i l ”  field , distortions occur to the need for and i t t  iii z.-r t ~an cf

f ’ ’ - : t  aircraf t aad to the data which describe ‘h.’ i , - ’ d~ for a n d

a ’ I I  ¶za~ I r a  of float aircraft .

“h i- m odel I r a  deterministic , expected va l ue m o d e l  wh~~se- r esri ~~s

ir e  , ; i v e n  ~r s t a t ist i c a l  term s . The input and output are average

v.-1 1 , l , - s , .in I In s i t u a t i o ns where  t he r e  is significant variation frets

t ’ e  c , - ero ,e vri i uec , the results of the model could he inaccurate.

-—
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PON(~LUS IONS:

1) Th is model provides an excellent- me t irn dolcgv for d t(rrnfn ing

the best float size for a fleet of aircraft and re analyze the

consequences of floats of differen t si Lt - c ; .

2) It requires only two items of Input data , tt e c ~s r ,a- rate at

which a single aircraft needs a float rep lacement and the average

length of t ime to restore to operationall y read y stat us an aircraft

which requires a float replacement .

3) The needed input data should not he h a r d  to esilect if indeed it

is not available from the present data system .

4) The method allows easy and comp lete sel ’si tl \-itv ac ,il~’ses .

5) The percentage of a fleet needed for the ideal size f th~ float

depends on the size of the fleet .

~
) If there are more than one f l eet o~ aircraft 1- the  ‘r amp l oca t ion ,

it is more efficient (using onl y considerat ion - of t ’rle ~tti dy) to

combine the individual floats to creati- a l;, r~ e con t irced float to

serve all of the separate fleets than for eoc ’hc i rdi v i dua l fle~ t to

have its own float.

itEC O?-IM ENDATION S t

I )  This method should he used to evaluate t Ie cc r-,.; c’r ’1c, r~cec of floats

of various sizes when determining the o p t i m u m sir e of the float.

L
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