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NWC TM 2575

FOREWORD

This report has been prepared for the timely presentation of
information on calculationa]. procedures for dye laser parameters and
is released at the working level. The methods used here are fairly
general and can be applied to other laser systems as’ well. Further,
the report provides an intuitive basis for reasoning about laser
phenomena.

This research was performed for the period July 1974 through
June 1975 and was supported by Naval Sea Systems Command under Task
No. F32344406. This is an interim report and more detailed calcula—
tional procedures will be published as the work continues.

Fred C. Essig
Head, Physics Division

Research Department
22 July 1975
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This report has been prepared for the timely presentation of information on calcu].a’—
tional procedures for dye laser parameters and is released at the working level. The
methods used here are fairly general and can be applied to other laser systems as well.
Further, the report provides an intuitive basis for reasoning about laser phenomena.

f Although several textbooks give elementary treatments to calculations of laser
thresholds, power output, and gain saturation, none of these is really adequate for
the specific case of dye lasers for two reasons: ~-1-r’the textbooks calculatethresholds in terms of spontaneous lifetimes, which in dyes are very short and hard
to measure, and ,2Y—’~he textbooks fail to give a ~~eel~~f’or the microscopic atomicevents which occur in the laser because they perform the entire calculation in terms
of macroscopic quantities. Therefore, for this study it was decided to treat the
laser problem in terms of experimentally measurable atomic emission and absorption
cross section.
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INTRODUCTION

Although several textbooks1 3  give elementary treatments tn calcu—
lations of laser thresholds, power output, and gain saturation, none of
these is really adequate for the specific case of dye lasers for two
reasons: (1) the textbooks calculate thresholds in terms of spontaneous
lifetimes, which in dyes are very short and hard to measure, and (2) the
textbooks fail to give a “feel” for the microscopic atomic events which
occur in the laser because they perform the entire calculation in terms
of macroscopic quantities. Therefore, for this study it was decided to
treat the laser problem in terms of experimentally measurable atomic
emission and absorption cross sections.

LASER DYE ENERGY LEVELS AND SPECTRAL PROPERTIES

Figure 1 is an energy level diagram of a dye molecule. Lasing occurs
between the singlet S1 and S~ electronic states. Within both S1 and S0
is a subset of vibrational and rotational energy levels. The transition
lifetime from S1 to T 1, the lowest t riplet level , is usually several

‘hundred nanoseconds so that for pumping pulses of less than , say 200 us ,
we need not consider the triplet population buildup . Also, the absorp-
tion at the lasing wavelength due to s1 ~ S2 transitions is neglected
here because examples~”

5 tend to indicate that the ~i -~ S2 absorption
peak is farther removed from the S1 -. S0 fluorescence peak than is the
• S

~ 
absorption peak. Figure 2 shows the absorption fluorescence

spectra of rhodamine B; the obvious “mirror” symsetry of the spectra is
a result of configuration coordinate conservation during transitions as

~ Yariv , A. Introduction to Op ticai EZ.ctronioa . New York, Holt,
Rinehart , and Winston , 1971.

2 Bass, N., T. P. Deutsch, and N. J. Weber . “Dy. Lasers,” in Laeere~d. by A. K. Levine. New York, Marcel Dekker, Inc., 1971. Vol. 3,
p. 287.

~ Lengyel, B. A. Lasers . New York, John Wiley and Sons, 1971.
~ Bonnosu, R., J. Faure, end J. Jousaot—Dubicn. “Singlet—Singlet

Absorption and Intersyatem Cro~ssing From the 103%,.. State of Napthalene,”
cUDI PHYS LE FT, Vol. 2 (June 1968), p. 65.

$ Paviopoulos, T. C. “Prediction of Laser Actiob Properties of
Organic Dyes I~rom Their Structure and the Polarization Characteristics
of Their Electronic Transitions~” IEEE J QUANTUM ELECTRON, Vol. QE-9
(June 1973), p. 310.

•
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detailed in the Franck—Condon principle. The peaks of the absorption
and fluorescence curves are separated by a few hundred angstroms and the
fluorescence peak is always at a longer wavelength than the absorption
peak.

_ _  _ _  
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FIGURE 1. Energy Level Scheme of a
Dye Molecule.
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FIGURE 2. Singlet Absorption and Fluorescence Spectra.

WIITHDIATICAL TERMINOLOGY

We viii use microscopic quantities such as atomic cross sections
and photon flux densities throughout the main body of calculations untj l ,
at the and, we will convert these to their macroscopic analogues. We
therefore briefly review the definitions of the microscopic quantities.

If a photon flux density, -4 (photons.ca 2.s 1), is incident on a
system of atoms of density n (ato.a .csr3) and interaction cross section
a (cm2) then the number of interactions taking place per second in 1 cm3
of these atoms is no~ (in teractions.cm 3.s 1). This defines the inter—
action cross section, a. In g~nerol, however, neither 4 nor a will be

• 
- 

- constant functions of photon f requency, v, and we therefore define
na(v)4(v)Av to be the number of interactions’ in 1 cm3 in 1 second where
•(v) is the photon flux d*nsity IIz~~ and Av(Ilz) is th. frequency band— -

width associated with ej thsj o(v) or 4(v) or a convolution of both.
• 

. Note that na — a, the absorption rate, (cm~~) in the medium. The effec—
tire absorption rat e due to the finite transmission T of the ~nd mirrors

- •‘-~ • - ~ ~



NWC TN 2575

• is 0)1 — — ln (R 1R2 )/ (2t )  (cin~~ ) where £ is the length of the active
medium and R — (1 — T). In a dye laser, both dye flow turbulence audi
or heating of the dye medium give rise to refraction out of the beam,

• and scattering and diffraction also cause additional losses so that we
group the mirror loss, czM, and other losses, 0R’ together to form a term

— 0)1 + a~ . The values for a may be obtained from the experimen-
tally measured absorption and stimulated emission curves, o(v). Because
the density of states for upward and downward trani,itions is usually
about the same, we expect that 010(v) for stimulated emission at its
peak wavelength will be roughly equal to a01 ( v) for absorption at the
peak absorption wavelength.

LAS INC THRESHOLD CALCULATIONS

During steady state pumping, with no optical wave in the cavity,
and without considering the effects of cavity blackbody radiation , the
pump—induced upward transitions per cm3—s are just equa l to the number
of spontaneously induced downward transitions per cm~—s, both radiativeand nonradiative. The radiative spontaneous transitions are induced by
the effective zero point photon flux density, •o — 8iin~v2ic2 (photons
cl 2 s 1—Hz 1), where n~ — refractive index of - dye aedrum, v — photon

• frequency, and c — speed of light in vacuum. Appendix A shows that
this effective flux does indeed give the correct spontaneous decay rate
when applied to a dipolar interaction cross section. $~ is a continuous
function of v , and it acts on the stimulated emission band of width ~Uf ,
peaked at V~~, where AVf is the full width at half maximum of the fluo-
rescence spectral emission intensity curve. Alternately,

• f’ a1o(v)+O(v)dv/ [a1O(v f )+O(vf)~J

• where ~~ is the emission cross section and Uf is the frequency at which
~~~~ is maximum. Thus, in steady state pumping, with no optical wave
Ci..., below threshold):

— $o (v f ) n lol o(v f )Auf In (1)

• where subscripts 0 and 1 refer to the 
~~ and ~i singlet electronic states

of Figure 1; n, the fluorescence efficiency, corrects for nonradiative
transitions frb ~i to S0; and ~Vp is the spectral linevidth in hertz ofth. pump input , •j~~ centered at v8. Nov eCu6), the average gain per

• centimeter that a photon flux of fk~equency v6 exp.riene.. in the active
-‘ • 

medium, is -

• s(v
6
) ~~a10(v6

) — no°o1(~1
) — elena (2.)

a(v ) must be zero during steady state 1aain~. thus
.. • 

$ 
. 

•

; 7 •
l
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• 1L0001(V
5
) +

— 010( v
6
) (2b)

Combining Equation 1 and 2b we obtain:

threshold 0°10(”f~ 
a01(v ) twf / 0]4 — — ( 1 +in na oi( v~) cJ io (v~) ~~~ \ n0001(v6

)

or in terms of irradiance, H (W cm 2)

• ~
thr

~~ ) — 1w ~~, ,thr — 

8Whfl~V~V~~Vf cllp (v f) aoi(u)~~ fi  + 

0loss \
in g 

~ P in aoi(v~) a10(v ) I~ noaol(v6y
where h is Planck’s constant. In terms of wavelength, I: • •

thr 81hfl~C2AA f Olo(A f) a01(X5) / 0] 
-

Rin 
(~~) — 

i~A~l aoiQ~ ) A ioQIg) 
~l + 

noaoi (A~)) 
(2c)

This is the irradiance level required to transverse—pump the portion of
the dye immediately adjacent to the dye—pump window interface to thresh-
old. In order to obtain a threshold inversion , to depth d by transverse—

• pumping it is necessary to increase this irradiance by the factor -

- 

• • ex~(a(v~)d]. Appendix B describes a method of measurement of a10(v).

Threshold numerical example : For the dye emission and absorption
• curves illustrated in Figure 3 we have

)i
1 — O.9S pm

A~~~~0.82~~m

£lf O.lO Pm

h • 6.6 X l0~~” joule.s 
• 4

nd~~~l.4 , .

•n — 0 . 2

Set dio(A~
)/aoi(A~) — 1. 

- 

-

Thus, R~ • 2.2 X 10~ (c01Q 6
)/a10Q~6

)](l + a1055/n0o01(A )]W.m 2.
Typically a0l(v 1) / a i o(v1

) 
~~. 0.01 as in Figure 3 so that if

Sloss <C n0a01Qi1
), H~ ~ 2.2 t ~~ i.c.r2 . This corresponds to the

thput irradiance needed to invert the dye medium sufficiently to counter—
act its own absorption . •

U • 

• 

- 

• •
s

• 
_

_____ ___________  • ~~~~ 
•~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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• FIGURE 3. Dye Emission and Absorption
Cross Section Versus Wavelength.

C&IN SATURATION IN HOMOGENEOUS DYE LASER MEDIA

ilere we use an equation for steady state operation similar to
Equation 1, but now we are above threshold so we must include the upward
and downward transitions due to the optical photon flux density •opt•(Again we neglect S

~ -‘ S2 and Ti -‘ T2 transitions.)
no+in(v

~
)ooi(v~)~v~ + no40~~

(v
6
)a o i ( u

8
)
~ v

6 
— (nh/n)~o(vf )a1o(vf )Av f

+ n)$
~~~

(v
~
)alo(v )Av - (3)

The gain in the laser media is:
a(v

1
) — n1a10(v

6
) — nOPOl (v

1
) 

• 

(4)

Combining Equation 3 and 4 leads to 
.

.

________________ 

• 

. 

6

• 

‘ 

• 

~~~~~

•
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— 
~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— 
d0 1(V g)+0(Uf

)0 10(V f
)~ V

f /fl]
-~ 

• 

u(v )  
~°io~ ” )1~v

•0(V f )a 10(v f )6v
f [l  + 

•O~~ f
a Io~~ f

)6~f]

so that the one—half gain point for a is reached when the second term
in brackets in the denominator is equal to one or:

sat 
— 

aIO (v f) AV f 8irn~v~
opt o10(v

6
) ày

6 C2fl

It has been shown that even on the assumption that the dye fluorescence
band is composed of many narrow homogeneous spectral lines , due to very
rapid spectral diffusion of the lower energy levels of the dye in its
solvent, the gain saturates at the same input flux density as given
above.6

DYE LASER OUTPUT POWER AND EFFICIENCY

During steady state lasing the average gain in the cavity is zero
so that again, just as at threshold , we have :

n1 — [n0o 01( v )  + a
1 1/a10(v ) (2b)

Using Equation 3 with 2b we obtain
it
1 

(Au )+ ~~~~~~~~~~~~~~~~ — noaoi(v
6
)+ocio(v~)Av~/[aio(v6)nJ

• 
• 

— •o (uf )a l o(v f )Av f a]0551101o(v $) nJ

Using our former calculation to identify we obtain :

- 4out • •0~,~T — 
T+i0:o::i(vo)Av~ — 

• 

(6)

Now H • hv4Av.

- r thr .

Tflf~~ ( V )
1 • j

out in V
P
SJen. I in 

•

S Nourou, Cer~ld~ “Spectral Hole luruing in Dye Solut ions,” IEEE
• 

3 QUANTUM EL.CCTRON , Vol. QE-il (January 1975). pp. 1-8.’

7
• 

. 

.
•

•

.

— 

• 

-

~ 
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Now ~for transverse—pumping the input power, pj~ — :H~~th where t and h
are length and heipt of pumped region. T}~en 1~out 

— Houth/n~Ooi (Vp)where [noooi(v ~) J  is the depth of the pumped region so that

i ~~~ ~thr - --

in ~ _ _ _

Out L a  $
- 

loss L in
In the limit that T << 1 we have 0M ~ T/L so that

“out j~”g/’~p ( ’ ’ $j~ J rl/ (1 + 0Rt
~’T~~

I 

- 

Note tha t this is independent of n, the fluorescence efficiency, if
4 in ~ ,

thr~ The power efficiency, 
~0tI~”~ fl’ when far above threshold

is usually limited by the URL/T term in the denominator because the
other losses usually exceed the ‘useful output.

NOISE IN DYE LASER AMPLIFIERS7

This noise is just due to the amplified spontaneous emission into
• the acceptance solid angle, d~, and the band pass, dv, of the amplifier.The number of spontaneous interactions per unit volume in this category

is:
• dN dO

— fn 1$o(v f )a lo(v f )dv ~~
Now if our amplifier length is £ (cm) and has cross sectional area A
and exponential gain constant a, then the photon noise output is:

N . A ft dz1o dV

— A (eitt _ 1) 
‘

Nov a — nla i0( v5) — n0a0 1(v ) and if the signal photon flux is much less
than the saturation flux, Jen in steady state

~~~~~~~~~~~~~~~~

• ~ Yariv, A. Quantwn &‘Z cta~,nios. New York, John Wiley and Sons,
1967.. P. 412.

a

• // •
• • -‘ -~~ ~~~~~~~~~~~~~~~~~~~~~ 

• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
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so that . — - -  - - 
- 

- . - - -

or 

u — 
~

%i~
0io (

~g) — 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- crit . • • - •a • u1a10(v
5
)(1 —

- ‘~in I$ j ~
) ‘ - 

- 

‘ •

Then 
- -

• 

N/A f(e
CtL _ l) 

[$O (v
f

)dvd~/4w][ci10 (v
f)/a 1Ø (v) I

• 
- 

- 
. - 

(1 —  $~~•
t/$in) -

where $~~•Lt 15 the input f lux density necessary to cause zero exponential
gain in the medium. Referred to the input of the amplifier, the ampli-
fier noise is

(N/A) — 
(e
Qt 

— l)2(v 2/c2)àvAO
input at crit• e (1 — in / j~)

• Numerical example: For a typical amplifier for an optical system
we choose a 3—degree field of view, at 100, •j~ >> 

~~~~~~~~ 
ày — 108 Hz

• (to allow for Doppler), v/ c — 1/A — lOt’.cm 1 
-

• • _ 60 ir(3/57.3)2 ~
. 0.0086 Sr

-- 

~~~~~~~~~~ 
2 i 0 8 • (O.0086) .108 1.7 x 101k photons.cm 2.s~~

(NEI) Steady — (hV) (N/A)
input 

— (6.6 x lO~~”)(3 x 101~ )(l .7 x 10k ” )

— 3.4 x iO~~ W •cm 2’

where (NEI).t~~dy — steady state noise equivalent irradiance with a 108
Hz - optical filter at the output of the laser amplifier, before the
detector. If , instead , we want to know the NEI for f luctuations about
the steady state irradiance , then it can be shown8 that the noise/i/ii~ is• I(NIA) input or 1.3 x 1G?--photons.cn~~-v-s~ /2 and with B , the detector band—
width, equal to 108 Hz we have ‘ 

-

- (NEI)f1 ~ 
— hvV’(N7A)~i

• (6.6 x l0~~’)(3 x 10~’)(l.3 x 10~)(l0~)

• 
• 

- •2.57 x 10 8 W~cm 2

• Freed , C., and H. A. Haus . “Photoelectron Statistics Produced by
a Laser Operating Below and Above the Threshold of Oscillation,” IEEE
3 QUANTUM ELECTRON , Vol. QE-2 (August l%6), p. 190. 

-

9

— ~~~~~~~~~~~~~~ •-. ‘-~~~~~~ — .• •—~ •••-- —
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For a commonly used simple silicon detector of 1 cm2 area at 1 pm the
- noise equivalen t power is 1 x lO 12 w.~ a_ h / 2  or , for the above 108 Hz

bajidwidth, the NEI for a system without optics using this detector is
(/108) x (1 x l0 12) — 1O~~ W c m ’2 . If we use this detector with a

• 3—degree field of view f /i  optical system, then the objective diameter
is 19.1 cm and the NEt for this system becomes 3.5 x 10 h1 W~cm

2, which
is much lover than our (NEI)fluct of our dye amplifier.

Note that decreasing the angular field of view requirement allows
decreasing both the acceptaffce angle, A~, of our laser amplifier and
the size of the detector in the direct detection system. These effects
cancel so that the ratio of NEI’s remains constant, down to a detector
size limited by the noise of available preamplifiers.

_ _ _  _  

l0

_

~~~ 

_  
_ _-_ _ _ _ _ _ _ _ _ _ _ _ _  ______  ,~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ •&~
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Appendix A

EFFECTIVE ZERO POINT PHOTON FLUX DENSITY, $~~

We wish to show that the spontaneous transition rate is related
• through the interaction cross section o~ of the atom to an effective

zero poin t photon flux density $~ — (81r4v2/c2). To do this we must
calculate the time dependence of the state coefficients for a perturba-
tion caused by this zero field or vacuum photon flux density. The
Namiltonian for a two—level, a -and b, atomic system and a photon field
and the interaction thereof is given by9

B — 
~ 
hQ(a

+a + 1/2) + Ii 
(: Wb) 

+ h~g (oa + ci’a )

• 
Here a~ and a~ are the photon creation and annihilatlon operators,

• respectively; hwa and hub are the energies of atomic levels a and b,
respectively, a and a~ are the atomic raising and lowering matrices,
while g5 la the electromagnetic field—atom coupling constant where
4(o) — p20/hVc0(sin2 Kz). The quantities of which g

~ 
is composed arc

def ined below:

p • electric dipole matrix element between levels a and b
0 • frequency of photons (assumed monochromatic at present (rad s~~)V • volume considered

• permeability of vacuum • 8.85 x 10—12 F’m’1
K • wave number of the radiation field

Now the exponential atomic decay rate due to this generalized perturb.— 
•

tion (which includes the zero point fluctuations)6 is:

• 2ig2(~a)D(w) (~‘1 )
where D(u) • Vz,i2/ir2c3. Thus •

y — 2z -~~~
- “~~ sin2 Ks 16z!p2v3 

•~~
;

• . 
_ _ _ _ _ _ _ _ _  

t~t
2 c3c0 

• 
- hc 3c0

• - 

• ~ Sargent , M., N’. 0. Scully, and U. E. Lamb . laser PIq~nio..
• Reading, Mass., Addisnu—West.’y Pitbltshtng Ci ., 1974. P. 237..

U

S 

~~~~~~~~~~~~~~ , ;/1
— ~~~~~~~~~~~~~~~ - - • -  ‘ - —  ‘-  - ~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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• where v — w/2w. Now we wish to average over all z and to convert the 
*

charge units in p2 to gaussian units. This may be done by multiplying
by 4itc0/2 and dropping the sin2 Kz. Then

32z 3p2v 3
Y — -

hc 3
Eisberg 10 gives a decay rate for a monochromatic collimated input

wave 2E~cos 2i yt:

Tcou — E2p 2/ (h2 Av) (gaussian units)

• where t~v is the spectral linewidth of the t~ransition. Now using
Poynting’s theorem

coll — c/ (4ir ) Li~~ 
-

so that taking the average of E

B2

~
‘col1 — 2c/ (4 ~ hv~v

Now y
011 — a 10$ 11àv or 010 — 

~~co11’~ col1~’~” Then

E~p24irhv(8v) 2i~j
2hv

0l0~~~~ — -

2h2cE2 (àv)2 àvh2c

Then the effective value of photon flux density, $0Av , which “causes” .
the spontaneous transitions is just

•O6V — Y/0~~ 
-

— 
32s~p

2v3 h2 càv •

b2t3 2zp2hv

or 

. .I~!V 2 !4!. (8sv2/c2)Av (photons cis 2 • 1)

•s — kv2/c2 (photon. ~~~~~~ Ma’1) -

- Bisb.rg, R. N, P~.sdt~*antai • of ~bck,’u 
~~~~~~ 

isv York , John 

•

Wiley and Sons, 1q61. P. 456.

12

H
_ _ _  - ‘ 

-

~~~~ ••~~~~~~~~~ • - ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~ •
-
•
~~~~~~ - ~~~~~
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This is the effective radiative—spontaneous—emission—causing photon 
*

flux . In a dielectric medium the function D(w) becomes n~Vw2/ir
2c3,

where is the refractive index , and therefore $i~ 
becomes

— 8wn~v2/c 2 (photons c~~
2 .s’1 .Hz 1)

• 

• 

• 

I .

4

* 13 ‘

• 

• 

• 

• 

‘
‘

• / 6
_ _ _ _ _ _ _ _ _  - • ~~-

- • ~~~~~~~~~~ ,~~~~ ~~~~~~~~~~
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Appendix B

MEASUREMENT OF

Prom Appendix A we know that :

a1o(Vf)$o(vf)àvf - r a10(v)$0(v)dv —
But Trad may be obtained from independent measurements of the lifetimes
of the excited state and the fluorescence efficiency n, because

t T T)—1
red spontaneous

Tspontaneous is measured by observing the fluorescence decay after a
fast fall time excitation pulse (a pulse from a mode locked laser , for
example). For a good laser dye , this decay time will be on the order of
1 to 10 nanoseconds 80 it will be measurable on an oscilloscope.

• 

• 
. The fluorescence efficiency, n, may be measured by Vavilov’s method11

which involves comparison of the isotropic light output of the fluores-
cent medium with the Lambertian scattering of the excitation source from1 a white scatterer such as MgO. Having obtained tspontaneous/fl we thenhave a value

1’ a10(v)$0(v)dv —

To get 010(v) from this we must measure the relative curve of fluores-
cence intensity, !(v) , versus frequency and integrate. At any frequency,
v, the fluorescence intensity is proportional to o10(v)$0(v) so that the -

fluorescence width, I *

‘ I  £Vf — r P(V )dVF~1,

of 1(u) j . the 8ame ~s the line width of the function a10(v)$0(v).

~ Demas, J. N., and C. A. Crosby, “The Measurement of Photolumines—
- •  • cenco Quantum Yields. A Review,” J PUTS CUEM , Vol. 75 (April 1971),

p. 991.
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Therefore olo (vf)$o(v f ) — fl(Tspontaneous 8Vf) .  Because

•o(v~~
) — 8wn~v~/c2 we have

I °1O(” f ) — 
flC 2

- 8’rt (t~v )n2v2
spontaneous f d f

Then
• 

V

• F(u) fa10(v) — o 10(v 1) 
F(Vf) ~~

• Now a01(v) — n” & ‘ lnT(v) where T is the transmission of a sample
of concentration, n, and length £. We may plot the ratio 00 1( V ) / 0 1 0( v) .

As shown in Equation 2c this is a crucial parameter in determining the
threshold and tuning range of a dye laser and it often minimizes (i.e.,
minimum threshold power) far from the maximum of the emission band.
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