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ABSTRACT

This paper presents an independent verification of the

collocation method as a technique for calculating the lift

on an oscillating airfoil in an unstaggered cascade

immersed. in transonic flow . This method was originally

proposed by Gorelov . Results presented here differ some—

what from those presented by him . Two formulations are

shown; one is purely numerical, the second employs an

analytic expansion for small frequency .
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LIST OF SYMBOLS

a = local speed of sound II

a0 = speed of soun d in the uniform flow III

c = blade semichord III

f .  elementary function used in V
collocation solution

F specific energy (“head”) XI

G = function describing the surface of the III
airfoil as a function of time

H = function specifying location of blade III
surface in the vertical axis

i = • II,III,IV,V

k = Strouhal number, nondimensional III,IV,V
frequency

m = /(y+1)w iv,v

M Mach number = J
~

I
~ III

n = number of collocation points - 1, V
order of highest spanning function

p = pressure II

= nondimensional interblade distance V

R = universal gas constant II

R.P. = “real part of” III,IV,V

T = temperature II

t = time, nondixnensional time II ,III ,IV,V

U0 uniform velocity from infinity II,III, VI

u = x-component of velocity 11,111

u°,u1 = interference vertical velocities due V,VI
• to reference and adjacent blades

respectively, solved so as to satisfy
the tangential flow conditions
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= small disturbance velocity III

v = y-component of velocity II ,III ,IV ,V

• = general velocity vector II

= small disturbance velocity III

v0,vl 
= vertical velocities due to the reference V

and adjacent blades respectively,
determined from the tangential flow
condition

w = a constant used in Gorelov ’s IV,V
approximation of the transonic flow
potential

x = horizontal coordinate , may be
non—dimensional

x ,, = mp (transformed interbiade distance V
in Gorelov ’s approximation)

x~ = blade leading edge IV

x0 = center of pitch of the unstaggered IV ,V
cascade

y = vertical coordinate, may be
non—dimensional

y ,y 1 = vertical coordinates attached to the IV ,V
reference and adjacent blades
respectively , may be non—dimensional

z,z1 = transformed vertical coordinates used IV,V
in Gorelov ’s approximation, attached
to the reference and adjacent blades

- 
. respectively . z my, = my1

= substantial derivative w.r.t. time 11,111

= — + — — + —~~~~ —• at at aX 3t 3y

at ax ay

• 
0(w2) = “ of the order of magnitude of w

2 ” -

= angle of attack. II ,III , IV ,V .

= maximum amplitude of pitCh. oscillations IV
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= Dirac Delta function V

= 1 when i = O
0 when i~~~~0

= cos 1(— x) V

= cos ’( 1—x ~ ) V

= cos~~~(— s) V

= cos 1 (x ~,—x ) V

= interference potential coefficients V
~ for reference and adjacent blades

respectively

A = k/rn2 
IV ,V

= Fourier coefficients describing the V
~ motion of the reference and

adj acent blades respectively

= angular frequency of oscillation IV,V

p = density II

= phase angle V

= cascade solidity , V

• = general velocity potential II,III,VI

= uniform f low velocity potential

= steady flow perturbation potential III,IV

= perturbation potential in collocation V,VI
solution due to reference and
adjacent blades respectively

0 1
~~ ,~~~ = tranformed potent~.als V

= oscillatory flow potential III,IV,V

= transformed oscillatory potential in V
Gorelov ’s coordinates corresponding to ij’

= interference potentials due to V,VI
reference and adjacent blades
respectively
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= transformed potentials in Gore~ov ’S 1 
V
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p

— 
k(l—m)2

4m

÷
V = 3. + 3 , Gradient operator, i and j

are unit vectors in the x and y direction
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Computer Var thles

DK = Reduced Frequency , k

DLAMDA = X

DM2 = m2 .

DR = mp = x~
ETA =

ETASTR =

IPT = Print Parameter

N = n

NF = not used

OFFSET = r

OMEGA = w

QALPHA = 0 + i (X—k)

QCONST = e~~

QDCL = C9.

QDCM = Cm
L -

QDK = 0+ i k

QEXP = 0 + i A

QINTAP ,QINTRP = Variables used to transmit boundary
condition integrals

Q1ABCF ,Q1RBCF = Interference coefficients for adjacent
and reference blades

Q1COF = Right hand side vector in collocation solution

- 
j  

Q1INT = Known matrix of integrals in collocation
solution

Q1RBP ,Q1ABP = Not used

Q2CP = Not used

Q2EXP =
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Q2PT = Not used

RHO = vertical displacement

REP = local input variable for rho

SIGMA = a

TAU = -r

XASTN = Current x station in adjacent blade
coordinates

XSTN = Current x station in reference blade
coordinates
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I. INTRODUCTION

The analysis of unsteady transonic flows in aircraf t

turbopropu].sion is an area of intense current interest.

Rising fuel prices and increasing thrust requirements both

point toward the need of turbomachinery capable of performing

well with transonic or supersonic internal flow. But,

increased flow has increased both the costs and uncertainties

of engine designs . Flutter problems have a~.ready become a

major consideration in engine development. Problems unfore-

seen in earlier days of turbine engine production have

caused long development delays, or forced acceptance of

engines producing less than their initial design thrust.

These uncertainties cannot be avoided when an attempt is

made to extend the state of the art, but they can be reduced

by extending the range of analytical modeling .

Such extension must now be done piecemeal. The three—

dimensional flows in turbomachinery , including the simul-

taneous effects of boundary layers, rotation , finite blade

thickness, spanwise Mach distributions, and shocks, are

well beyond present capability. Perhaps one day complete

-~ - . analysis will be practical, but it is not today . The best

that can be done now is to approach the problem from one

aspect at a time. Flow through a two dimensional cascade

has been a useful tool in this partial analysis.

L
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This thesis was originally to have been an extension of

the work of Elder (1] and Schlein (2] to the case of a

staggered cascade. Their work, based on Teipel’s [3]

linearization of the unsteady transonic small perturbation

equation, analyzed transonic flow through oscillating

unstaggered cascades by use of the collocation method.

While the problem was easy to state, it was difficult to

solve. Both Elder and Schlein had encountered difficulty

in employing the collocation method. Therefore, it was

decided that verification of the basic collocation solution

presented by Gorelov [4] using a different linearization

would- be a worthwhile goal in itself.

The following investigation presents a verification

of the development in [4], along with numerical results and

suggestions for further work.

- 1
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II. UNSTEADY TRANSONIC FLOW THEORY

Considering inviscid flow only , the following four

equations govern the aerodynamic flow problem at hand:

The equation of state

p = pRT (11—1)

and the equations for the conservation of

1. Mass: d iv(p ) +
~~~~~~ 

= 0 (11 2)

2. Momentum: + ~~ Vp = 0 (11-3)

3. Energy : = 0 (11—4)

• where
V = velocity

p = pressure

S = entropy

R = universal gas constant

T = temperature

t = time

p = density

13 a a ax a
—

The analysis starts wi th-a  uniform flow from infinity.

This flow has velocity U0 parallel to the x-axis . This

16
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formulation can be simplified by working with the total

velocity potential, •, where

u = = x component of velocity — (11—5)

v ~~~~~~ = •y — y component of velocity (11-6)

Thus~ the initial uniform flow is represented by the uniform

flow potential

= U0 x (11—7)

This notation may be applied to the conservation equations

for mass and momentum. The equation for conservation of

mass

div(p ) + = 0 (11—8)

becomes for two-dimensional unsteady flow

a (pu) 
+ 

a (pv) 
+ Ia = 0ax ay at

[~~~+ u ~~~~+ v ~~~1 + p(.~~~+~~.!) = 0 (11-9)

but

Ia + Ia + Ia = ~~~~.at ax ay Dt

~~. 
- ~~~~ — --5-- - ---.5 .5~~ ’.— -5-— ------ .5 - —5- ’-——— •

_ _  5---- -.  .5
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and

u = and V = ~~y

Thus

= 0

and

~~ + 

~~~
, = — (11-10)

The speed of Sound is given by

a2 = dp

- 

• Thus

= ~ . .22.  = 
1

Dt dp Dt ~~~ Dt

Applying this to equation (11-10) yields

~xx + 

~~ 

= — ._
~~~~~ 

~~~~~
. (Il—h a)

~~ 
+ = — ...! ~ (up + ~~~ + (Il-lib)

= — _.!.~.[(V~ ) (Vp) + Pt] (Il—lic)

• ~~
±.

8
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where V is the gradient operator, 
~x 

= Py = 
~ 

P t 
=

Laying this aside for the moment, consider the momentum

equation (11—3)

= 0

~~~~~~~

Thus

+ ( V) ] = ‘~y~ (11—12)

=

so

= ~~~(V~ ) = V 
~~~~~~ 

(11—13)

and

2
= V - -~~~x (V x V) .

-

where

V~ = u2 + v2

5,. -, .

= v . v

19
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For irrotational flow

= 0

thus

V) = (11—14)

Thus

+ + ~~.J = 0 (11—15)

which after integration along a streamline becomes

j~E + + .. = F(t) (11—16)

For uniform flow from inf inity F (t) = -
~~ U0

2 and thus

the final result is

J’~ 
+ + = 

~~
. 00

2 (11—17)

Differentiation with respect to t gives

i-

~ ._ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.~~~~ .
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1 V2
= - + ~ h—) (11-18)

From (11—3)

—Vp = p (11—19)

Substitute (11-18) and (11—19) into (II—llc) to obtain

V2

~xx + 

~yy 
= -½. [(VU 

~~~~~~ 
+ 

~~~~~ 
+ 

~~
. .

~~—1 (11—20)

This may be further simplified

-3.
Dv av -

~~ 
-

~= ~~~÷ (v V) v

-3-

— 
av
at + 2

• Hence

+ 

~yy 
= 

~~
[ ( Vt) - + ~VV

2) + + 
~~ (11—21)

Expanding terms

- 
I

(V t )  = V~ (.~~ Vs) = ‘~x~xt + 

~y~yt

J . 7V2 
= ~x~~ xx 

+ ~y~~yy + ~x~y~xy + ~y~x~yx

— ~x~~~xx 
+ ~y~~yy + 

2
~
’x~y~xy— 

2 2 2

21
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~~

. .

~~~~

— = ~~ ~~~( ( V t ~) . ( V ~~) ]

= 
~~~~x~xt + 

~xt~ x ~~y~yt 
+ 

~yt~y
1

= 
~x~xt + 

~y~yt

The final result obtained by combining terms is

~~~~~~
(1— —~-) ,~~~+ (1---4-)~~~ 

X

a~~
XY

- 

~~~~~~~ ~~ Xt 

- 
1~ ~~ t ~~ 

= 0 (t1-22)

This result is valid for irrotational, inviscid , two—

dimensional, unsteady , compressible flows where gravity has

been neglected .

—.5— -.55- 5.—- —~~~~ 
.5— — —  -
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III. SMALL PERTURBATION THEORY OF TRANSONIC FLOW

A. GENERAL CASE

A thin body at a small angle of attack will cause only

a slight disturbance in the fluid. A flat plate is an

exax~~le. Consic~.er flow past a flat plate at angle of

attack~ ~~~.

.

The flow at (2) must be parallel to the plate. To achieve

this, small disturbance velocities u ’ and v ’ must be added

to the free stream veI~ocity yielding

u = U0 + u t

.5 

- V = V 1

• The potential of the disturbed flow may be considered

as the sum of the uniform flow potential, 
~~ 

= U0x, and the

disturbance potential, ~

= + 4~ 
(111—1)

23
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Thus

~x = + U ’ (III—2a)

~~
, 

= v (III—2b)

If ~ is a function of time1~,then

F ~t 
=

This result may be substituted into (II—a2 ) leading to

(U + u’)2 2 (U + u ’)v
[1 — 

~~~~~~~~~~ 
+ [1 - ~~~~~~ - 2 

a2 ~xy

(U + u ’) 2 1
- 2_°

a2 
— — = 0 ( 111—3)

This expands to yield

u 2 + 20 u’ + u ’2 (U v + u ’v

[1 - 
0 

a~ 

-] 
~xx + [1 - ~~~~~~ - 2 0 

a2

(U + u ’ )  2 1
- 2 - °

a2 ~xt 
- 

~T’~yt 
- 

~~~~ ~tt 
= 0 (111-4)

EquatiOn (111-4) may be further simplified as shown by

Landahl [3]. All non-linear terms except the ~x~ xx product

- 

24 
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term can be neglected yielding the following transonic

small disturbance equation

[ ( M 2—l) + (y+l)M2 ~~~

- 

~ 

+ 
0 

~xt + = 0 (111—5)

where a0 is the velocity of sound in the free—stream , and

y  is the ratio of specific heats, and M~~~Mach number .

B. BOUNDARY CONDITION

The tangential flow condition requires that tho flow be

tangent to the airfoil surface at each instant of time. This

means that no fluid may flow through the surface of the air-

foil and is expressed by the condition

~~~~~ . = 0 on G(x,y,t) (111—6)

where

G(x,y,t) describes the surface of the body
as a function of time.

For a thin airfoil restricted to small oscillations , this

may be written as

C = y — H(x,t) (111—7)

25
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where

H(x,t) is the function describing the
position of the airfoil.

H(x,t) can be written for harmonic pitch oscillations as

H ( x , t) = R.P.[c~~(x—x ) e1~
t] (111—8)

where the time—varying angle of attack c~(t) is given by

ivtc~(t )  = R.P. [c~0e 1

and = maximum amplitude of pit~h oscillation

x0 is the pitch axis

-
~~ is the angular frequency of oscillation

i = /:1—

R.P. = “real part of”

Inserting (111—B) into the flow tangency condition

(111—6) gives, after linearization ,

~~ (x , 0) = v (x , 0)  = ct0 [U0 -i- iv(x — x0
) ]  e1\~

t (111 9)

o n y = 0

This is a condition for the normal velocity to be prescribed

at the airfoi1~S mean position y = 0.

• C. NONDINENSIONALIZATION

The terms in equations (111—5) and (111—9) are dimensional .

For the following calculations it is convenient to use non—

dimensional quantities. Define non—dimensional time and

length to b~

26
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— xx = ~~~~

= (111—10)

• where

U0 
= uniform velocity from infinity

c = reference length (blade semichord).

The velocity potential in equation (111—5) may be non-

dimensionalized as follows. Let

Uoc

- 
Hence:

, =

- - 
• 

= Uo
•
~~ 

(Ill—il)

and similarly for the other derivatives in (111—5), yielding

- 
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[ M 2 l + 1+ l M ? ]~~~~~~~~~
_ 

~~~~~~~~~~ 2M~~~~~+ M
2
~~~~ = 0

(111—12)

This equation is non—dimensional.

The boundary condition given in equation (111-9) may

be non—dixnensionalized in a similar fashion

l~~(xs0) = c~0fU0 + i~~(x 
— x0)] e~~

t (111—9)

Thus 
S

_ c

U c~ = ~~ fU~ + ik-~~(c~ — c~0] e %  (111-13)

where

- 

- 
k = = Strouhal number or reduced

o frequency

= c~0
U
0

[1 + ik (5~ 
— ~~~,

)) ~~~~ (111—14)

Thus

= ~(~~,0) = c~0 [l + ik(~ 
— 

~~~~~~~ e1~~ (111—15)

Because the final operations are linear in cx , set = 1,

yielding

= ~ (~~,0) = (1 + ik(~ — 
~~~~~~~ e~~

t (111—16)
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The overbars denoting nondimensional quantities will be

dropped from the remainder of the paper. All further

quantities shall be assumed appropriately non—dimensional .

This yields the following final equations

((M2—1)+ (y+l)M2~~ ]$~~ — + 2M2
~~~ + M2

~tt 
= 0

(111—17)

and 

~~ (x10) = v ( x , O)  = [1 + ik (x  — x0 ) ]  e~~
t (111—18)

where .

all quantities are nondimerisional and

= 1

13. HARMONIC OSCILLATIONS

- In the case of harmonic oscillations, equation (111—17)

may be simplified still further.

Let

= ~ + R . P . (~ e~~ t ]

• where

— 
= non-dimensional steady flow potential

P non—dimensional os~il1atory flow potential

R.P. = “real part of”

— - - ______ - 
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Equation (Ill—li) then becomes

(1M2 ) t
~~,~ 

+ ‘Pyy — M2(y+1) 
~~~~~~ 

+ 

~x
’
~xx + 

~xx 11
~x
]

+ M2k 2
~p — 2iMk 2

~p = 0 (111—19)

For M close to 1, this is a nonlinear mixed elliptic—

hyperbolic partial differential equation with variable

coefficients , the exact type depending on and 4~~~
.

However, because flutter analysis is primarily concerned

with the stability of small perturbations about a steady

flow, the oscillatory component may be assumed small

compared to the steady flow potential and therefore the

product term ~~~~~ may be neglected , yielding ,

(l—M2) ~~~ + 

~yy — M2 (y+l) ~~~~~~~~~~~~~~ 
+

= 2iM2k1p
~ 

+ M2k 2
~, = 0 (111—20)
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IV. LINEARIZATION OF THE GOVERNING EQUATION

The basic flutter equation , (I I I_ 20)~ is still a ~xon—

linear , mixed elliptic—hyperbolic partial differential

equation with variable coefficients and diff icul t  to solve .

It may yet be further simplified.

A. BASIC SOLUTION

For M = 1, equation (111-20) becomes

lPyy 
— (y+l) ~~~~~~~~~~~~~~ 

+ 4 ,~
P
~

] — 2ik~P,~ + k 2
~P = 0 (IV—l)

Now assume

w = constant (IV—2)

: 0xx

throughout the interbiade channel . Setting

= w(y+l) = m2 (IV—3)

yields 
-

— 
~Pyy 

+ 2iklt
~ 

— k 2
~ = 0 (IV—4)

31

_ _ _ _ _ _ _  _ _ _ _



_ _ _  
______ --

The solution to this equation is found in Garrick and

Rubinow (. 5]

x-my 
_ _ _ _ _ _ _ _ _ _ _  

.

1 2 iA(s—x)
4~(x ,y )  = - 

~ f v(s)J0(~’/Rx—s)
2— (my) )e ds

(IV—5a)
for y > 0

and

x+my 
______________

~4(x,y) = 
~ f 

v(s)J [w5
~/(x_s)

2_ (my) 21ei S*X)dx

(IV—Sb)
for y < 0

where

v (x) = lim ~~~- p (x,y)
y-~0 ~~

‘

v(x) may be obtained directly from the tangential flow

boundary condition,~ and

— 
k2(].—m2)

— 
4

m

= i~. ~~~~~ : (where this paper
m employs the

approximation used by
Gorelov (4])

x~ = blade leading edge,

32
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Gorelov (4], has proposed a further simplification.

Set

z = my (IV—6a)

~(x,z) = ~ (x,y) ~~~~ . (IV—6b)

Equation ( IV—4 ) then becomes

~
, ~ = 0xx zz

with solution

~(x,z) = — ~ f

X_Z

v(s)Jo(w
~ (.x_s)

2_z2]eiAs ds (IV—7a)

x~

z > 0

-

‘ 

~ (x , z )  = 
~ 

j v ) ~~~~~~~
_ 2_z2~~~~~

d5 (IV—7b)

z < 0

where

-iAxv(x) = me Urn ~i’ (x,z)
z-~0 

Z

v (x )  is obtained from the tangential flow boundary condition .
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For a thin body immersed in the flow , the solutions

for y > 0, z > 0, and y < 0, z < 0 apply above the body

along left—running Mach lines, or below along right running

Mach lines respectively.

B. BOUNDARY CONDITIONS

1. Flow Tangency Condition

The boundary condition comes from the tangential

flow condition, (111—18)

v(x) (1 + ik (x — x0)1 
(IV—8)

2. ~~stream Condition

The final linearlized equation is a hyperbolic differ-

ential equation with boundary condition

~p (x ,y) = 0 (IV—9)

when

x - x~ < ~my~

for the solution shown in equations (IV—5) or

~‘ ( x , z )  = 0

34
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when

x — x~ < I z i

for the solution shown in equations (IV—7).
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V. PROBLEM FORMULATION

A. CO-ORDINATE SYSTEM

—~~ 1 —

(~.o~j~.o)

I 

~~~~
LI

d*

Assume the geometry shown above. Both blades are thin

- airfoils of semichord c. All measurements are non—dimensional ,

normalized to c. The (x,y) co—ordinate system has its

origin at the center of the reference (lower) blade. The

(x,y1) system is centered at the middle of the adjacent

- 
(upper) blade. The origin of the (x,y 1) system is located

I
: at (0,p) in the reference system. Generalizing this conven-

tion, the same symbols shall be used for the same quantities

on both blades. Where discrimination is required , the quantity

associated with the adjacent blade will be marked with

~:~i_’._ _ _ _ _ _ _ _  . 
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superscript 1, the quantity associated with the reference

blade will be either unsuperscripted or marked with a superscript 0

Each blade is assumed to perform a small amplitude harmonic

oscillation about its mid—chord point. Both blades are assumed to have

identical reduced frequencies, k, and the motion .of the adjacent

blade lags that of the reference blade by a phase angle a.

The blades are immersed in a uniform flow from the left

at M = 1. The objective is to determine the oscillatory

pressure distributions- and aerodynamic forces generated by

the blades ’ oscillations. Cascade solidity, r = 2/p.

B. BOUNDARY CONDITIONS

1. Upstream Condition

= 0 whenever

x + 1 < imy l (V—i)

and

• 
x + 1 < my1 J , simultaneously

2. Flow Tangency Condition

Along the reference blade

u r n  ~ (x,y) = (1 + iicx) (V—2a)
y-~0 

~~
‘

Along the adjacent blade

37
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u r n  ~ (x,y1) = (1 + ikx)e~~ (V—2b)

where

a is the phase angle between the blades oscillations

C. BASIC SOLUTION TECHNIQUE

Assume that the unsteady potential, ~
p, may be written

as the sum of four components

~(x,y) = ~°(x,y) + ~°(x,y) + ~~(x,y1) + ~~(x,y1) (V—3)

where:

= potential due to the reference blade
alone, known from equation (IV—7)

1 -
= potenu.al due to the adjacent blade

alone, known from equation (IV—7)

• 

~
po = interference potential required to satisfy - -

tangential flow condition along
reference blade, unknown

~
pl = interference potential required to satisfy

tangential flow condition along
adjacent blade, unknown.

• This total potential must satisfy the tangential flow

condition at the plane of both the reference and adjacent

blades. Thus

c1~~(x,y=0) + ~~~~(x ,y 1 -p) + 4i~~(x,y=0) + ~~~(x,y 1=-p) (V-4a)

(l+ikx )
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at the reference blade , and

~
0(x,y p) + ~~

1 (x ,y 1 0) + ~~ (x ,y =p )  + q~~~(x,yf0)

= (3. + ikx) e~~ (V-4b)

at the adjacent blade.

But from the unsteady potentiai solution for a single

oscillating blade one has

~~(x ,y 0) 1 + ikx (V—5a)

and -

— ~l (x ,y1 0) = (1 + ikx ) e~~ (V—5b)
yl

— Thus 
-

l
,y
1~~~~ 

÷ (x,y1 —p) + ~~ (x ,y 0 )  = 0 (V—6a)

along the reference blade, and

4°(x,y p) + ~p°(x,y=p) + ~~~ (x,y1 0) = 0 (V—6b)
y y yi

- 
- along the adjacent blade.

From equation (IV-7)

1 
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~‘1

x-my - 
_ _ _ _ _ _ _ _ _ _ _

4
0(x,y) = — 

~ _ 1
1 v0(s)J (x_s)2_ (my)2]e~~~~~~~as

y > 0 ( V —l a )

x+my 
_____________

~ J v0(s)JJ w~~(x_s) 2_ (my) 2]e (5~~~~5

y < 0  (V—7b)

where

v°(s) = 1 + iks

A = k/rn2

m = (y+1)w

k2 (1—rn
2)

(&) = 
4

w = mean value of 
~ 

in the channel

x-rny1 
_____________

~~(x,y1) = - 

~ 

v
l

( s)
0

[w~/ (x_ s) 2_ (my
1

) 2 J e
(5_

~~~ ds

> 0 (IV—8a)

x+my1 
____________

= I 
— l 

v
i

( s ) J
0

[ w/ ( x_ s ) 2 _ (my
1

) 2 ]e~~~~~~~
_

~~~ ds

< 0 (IV—8b)
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where -

v1(s) = (1 + iks)e~~

Henceforth attention will be restricted to the flow within

the channel , 0 < y < p , -p < y1 
< 0 leaving (IV—7a) and

(IV—8b) as the governing equations of interest.

The two interference potentials are assumed to have

forms ~.dentical to (IV—7a) and (IV-8b).

Set

x-my 
____________

~Li°(x,y) = — 

~ —l 

u0(s)Jo[u~
Rx_s)2_ (rny)2]e (3

~~~ds

y > 0 (V—9a)

x+m 
_____________

= 
~ J 

u1(s)J0[
(x_s)2_ (rny~

2]e~
X *

~~ds
—l (V—9b)

y1 
< 0

where

u°(s) and u1(s) are unknown functions to be
determined so as to satisfy equations (V—6)

Substitution of (V -7a), (V -8b) and (V —9) into (V -6)

yields

u
0

(x)  + 
1

,y
1~~~~~~ 

+ ~~~~~(x ,y
1

— p) = 0 (V—b a)
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u
1 (x)  + ~~(x,y P) + ~~(x ,y p) = 0 - (V—lOb)

Recalling Gorelov ’s transformation discussed in

(4 1 and shown in equations (I.V—6) above, set

~° (x, z )  = ~
° ( x , y )  e

1
~~~

1 1. iAx
~ (x,z1) = ~ x ,y

1
) - e

= ~
° (x , y )  ~~~~

= ~~
1 (x ,y

1
) ei~~

where z =my

= my

Then

iAx
• e u0(x) + ~~~ (x,z1 —x~) + ~~~ 

(x , z~~~—x~ ) = 0
zi 1

.5 (V—h a)

and

iAxe u (x) + ~
° (x , z = x~ ) + q’°(x,z=x~) = 0 (V—Ub )

where

- -



_______

To employ the collocation method, assume that u1(x)

and u° (x) can be approximated as the sum of a set of elemen-

tary functions f~ so that

u0 (x)  : f . ( x )  (V-l2a)

(x) ~~~~ f~ (x) 
(V-l2b)

where f.(x) = 0 when x < x~-1

Note that here both u
0 and u1 are expressed in terms of the

same elementary functions, f~ .

Because of the slightly supersonic nature of the problem

observe that u0(x) 0 and u
1(x) = 0 when x < x~, —1.

— 

Equations (V-12) may now be rewritten as

x+z 1 _________

e~~~~ O~ f~~x + •

~~1 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

x~-l

X+

= —e~~~ ~~~~~~ f ~~~~~~~~~~~~~~~~~~~~~~~~~~~
—l

at z1 
= —x ,, (V- 13a)
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e~~~~ O~ f~~(x) 
- f

X_Z

ze~ fj
(s)Jo(

~;,fl~;_s)2:;leiAs ds

x~-1

• x+z ______________

= 
~~ f 

(l+iks)J0(w
5-{
~~~S)

2 
— z2]e~~~dS

at z = x~, (V—l3b)

where

f . ( x )  = 0 for x < x ~~- l

This simplifies to

x+z 1. _________

e G ~ f~~ x + ~6~~(~~ — f f ( s ) J [ w I ~~ _ s ) 2_z 2 ]e1
~~~ds}

x+Z1

= —e~~ 

~~~ 
_

~~~~

f 
(l÷iks)J0(~~~

(x_s)2_z~ 1e
1X5ds

at z1 = —x~ 
(V—l4a)

• and

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
f

X_ Z
f j ( s)J o (w~~(x_ s) 2_~~~le iAs ds

x~-l

= f

X_Z

(h+iks)Jo(w
~~(x_s) 2_z2]eiXsds (V—14b)

—l
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a t z x~~~where -

f Cx ) = 0 for x < x~-l.

.5 Performing the indicated differentiation yields

e 8~ f~~(x) + 

X~~X * J1[w~~ x_ s) 2_x~ ]wx *e1
~~ ds

x~—1 
(x—s) —x,,

+ f~~(x_x *)e  x~ ) 
~

x—x~ wx *Ji
[ w / ( x _ s ) 2_X~ ]e~~

5d5
= e {— I (1+iks) 

_________

1 2 2
—1 -y (x—s) ~x*

- [l+ik(x_x *)]e
i x *)} (V—15a)

and

A 1 
x—x~

e1 X~O f ( x )  + 5 f • ( s )  — 
__________

2 2
.5 

x~ — l Y ( x — s )  —x~,,

+ f . (x— x~ )e~~ 
(x—x ~ ) 

~

X X ~ wx *J l (u~1(x_s) 2 _x~ei 5dS j X ( x — x  )
= — I (l+iks)— __________  

— (l+ik(x—x~)]e 
*

I 2~~~~—l ij(x—s) —x~
(V—15b)
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Gorelov ’s formulation, equations (2 . 6 ,  2 .7 , 2 .8 , and 2.9 1

of (4!, can be obtained directly from equations (V-iS) by

substituting

(x) = cos ~~~ 
— cos

o 0
=

j  =0

vi = ~L
1 coS in L

j=O ~

where:

n cos (—x)

— = cos (l—x~)

In comparing the two systems care must be taken to note the

differing symbols and coordinate systems. The corresponding

quantities are:

Here in[4]

5- 
oc?, e~ ,
j  j  oc i.e

o 1
~~~~, ~~ e00 , e~~

cos 1(— x ) = cos~~~( 1— x)

= cos ’(1—x~) n~ = cos 1 ( l—x ~~)

z, z1 y ,

j
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Here -l < x < 1 ; in [4) 0 < x < 2. This transformation .5

accounts for the differing definitions of r~. Making the

substitutions results in the system

n

~ (8~’ (cos in — (1—~S01
) cos jr~~1

i=O

- 
x—x *

+ 5 -~
_._J0

[w~i(x— s) 2—z~~] 1COS j~ 
— (l—d 10)cos 

j~~ 1e ds

x~ —l 1

+ -~~ (cos j~~ 
— (l_ ~~o)cosjn*

]e x*)}

~{ 1 5 ~~~~3~~( ~~(x-s) 2 - z~~] cos j~ e~~~ ds

• — cos j~ e~~~~~~*
) } (V—16a)

at z1 = —x~

x > x~-l

and

47
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~
. ..t -±- t.5-?fl_ ..- — ~~ : r *  t ... . .... --... .L.... 

—

~~~~~ 

—

T{O~~(cos i n  - (l-6~~~) cos j
~~*~

+ J0[w~~x—s)
2 z2) [cosjn_ (l_6 0~)coSjn*1e

1
~~da

x~ —l

+ e~~ (cos j ~ 
- (L- 60~ ) cos j n *le

_x
*) }

n x—x~
= ~ {~ L? 

f 
.~ - J [w~’/(x—s)

2—z2] cos j~ e~~~ ds

j=O —l

— cos j~~e~~~~~~ C *) ]~ 
(V—16b )

where :

n arc cos (—x)

= arc cos (l-x~
)

n = arc cos (-s)

n = arc cos (—x+x *)

1 for j = 0
= Dirac 6 function =

0 for j  ~~0

Given the change in coordinate s and notation , this system

is equivalent to that shown in (4].

48

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _____________



- 5 - —  —.5 - .5-  -5’- -- ,----5- -,-- 
=

---- .-- 
_ _ _

This was the system progra mmed for computer solution .

Because the function , f~~(x)~ is unaffected by the differen-

tiation with respect to y (or z) the exact form used need not be

specified, so that the system shown in (V-l5) may be programmed

with f undetermined. A subroutine may be written to return

the function desired and the remaining program left perfectly

general. In the program developed with this thesis both the

Gore].ov functions shown above and the Legendre polynomials

were employed. All the integrals may now be evaluated at

n+b points, x~~, on both blades in mp-l < x1 < 1 and the

resulting linear system solved for 0~ and e~~, j=h ,2,.. .,n+l.

The interference potentials may be constructed by taking

~°(x,z) = 
—1 

J~~~~ &of (x)]J [w~~(x_s)
2_z2le 1ASds

z > 0 (V—l7a)

• x+z 1 
_________

= 
~ f ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

z1 < 0 (V—17b)

.5 where

f~~(x) = 0, for all x < x~—1

Once the potentials have been calculated as outlined

above, the surface pressure may be calculated using the

relationship

.
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C~ — 2 ( 4 ~ + ik~~) (V— 18a)

= 
~~~~~~ 

+ i(k~ A )~ 1e ’
~~ (V—18b)

Because all the plates are assumed to be in steady oscillation

with uniform phase shift, a, between neighboring plates ,

then

3. 0 iG 1 o , ,  -v Cx) = v (x)e , u (x) = u ( x ) e  , ‘(x,y) = - - - ( x , -y)

in this case

C~~ = 2 J [~~~(x,+O) + i ( k _ A ) ~~(x , + 0 ) J e ~~~
\X dx (V-l9)

where

- 

‘
~ (X 11+0) 

~~~

_1
J

X

[(l+iks)+u o (s)IJ o[w(x_s)]e
1~~(s)ds

.5 x—x * ____________

.5 

+ i.. . 5 ((1+iks )+u0(s)1J o(~~~
(x_ s)2_ (X*)

2]e1A~~~ds

—l

where x~ = mp . (V-20 )

Results from this approach , in the f orm of values of C~
for k = 0.1, at various values of w are presented in the results for

- 

.  
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approximations based both on Gorelov ’s formulation , and on

the Legendre polynomials .

~~. COLLOCATION SLLUTION OF THE POTENTIAL EQUATION EXPANDED
FOR SMALL k,

In order to provide a partially independent check of the

results of the main program , the Gorebov function represen-

tation of the collocation solution was expanded for small

k, and solved at two collocation points , n = 2. The resulting

potentials , and partial derivatives with respect to x and

y were then used to replace the corresponding numerical

routines in the main program. The output resulting from the

approximations were compared with the purely numerical results

obtained from the computer program.

1. Solution For The Unknown Potential Coefficients

The basic system of linear equations used to determine

the unknown coefficients is

~~
1Ax

~
o + + 

_

~

•
l 

= 0 , z = o , z1 
= —x~ = -mp

(V—2la)

1~
iAx

~
1 + + = 0 , z1= 0, 

z = x~ = mp (V—21b )

where

o = u0 (x)  = u1 (x)  when x < -l+x~
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otherwise

= 
~~~~~~~~~~~~~~ 

j n  — cos jn~
) +

u1 = ~~O~~cos j n  — cos in k ) +

where

n = arc cos (—x)

= arc Cos (1— x~)

Thus, for n = 2, the system becomes

e1
~\~~~e~ + G~~(cos n — cos n~

)}

+ 
X Z

1 v1( s) J
0 

- [w V (x—s)2 — z~ 1e~
A5ds

x+z1 
__________

+ ~A-.. j  u’(s)J [wV (x—s)2—z~ ]e~~~ds = 0
1 x~—l

z 1 = —x~ (V—22a)

F along the reference blade and

52

-- .5-- --- - - - . —~~~~~~~~~~~ .- -.— - ---~~~~~ - ---  - - --~~~~~~~~~~~~~~~~ ------- .--- 5-—-~~~~-’-’



_ _  —— -5—- --.5-.._ _
——.5 .5- —

‘

~

‘ ,~~~~~~~~~~ 

~~~~~~~ + O~~(cos q — cos n~~
) }  — ~~ I 

v0(s)J0[w~~
(x s)2 z2)

A5ds

— f

X_Z

uo(s)Jo
~w~~(x_s) 2 — 

2]
iAs d . (V—22b)

x~—l =

along the adjacent blade

where u0(s) = + 8~~(cos n - cos rl~ )

u1(s) = + e~j(cos ri — cos n~~
)

v0(s) = 1 + iks

v’( s )  = (1 + iks)e~~

For k sufficiently small, this system may be further

simplified by the following approximations

J f w  (x-s) 2—z 2J 1 - 0(w2) 1 (V —2 3a )

i — 0(w2) 1 (V—23b)

1 + iAX — Q (
~
2x2) 1 + iAx

~~~~ 1 + iXs — 0(,X
2
S
2
) 1 + lAS

.5 

where 0(w2) means “of the order of magnitude of

- 1 < x < l , - l < s < x-x~
A = k/m2, w2 = 

k2(1—rn2)

L _ _ _ _  
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The interference source distributions may be replaced by

u°(s) = + G~~(-s + x~-1)

u1(s) = + O~~(—s + x~—l)

If higher order terms are neglected , the result is a system

linear in k and A

x+z 1

(1+iAx) + e~~(-x— l+x ~ ) 1  ÷ ~e 

—l 

(l+iks) (l+iAs)ds

x+z1

+ -
~~

-
~~
-- 5 [e~ + e~~(—s—1+x ~ )1 (l+iAs)ds = 0

1 x~—1

• z 1 = -~x~ 
(V—24a)

(l+iAx) [S~ + e~~(-x— l+x ~ ) ]  — ~~ f (l_iks ) (l+iAs)ds

- 

X Z  

+ e~~(-~ —l+x~ )1 (1+iAs)ds = 0

X*
—1

(V—24b)z = x~

Product terms containing (kA) -
~~ 

—
~~~ may be neglected as

of higher order in k , yielding
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x+z l
( l+iA x) [Q~ + O~~(-x-l+x~ ) ]  + 

3e a [ [l+i(A+k)s]ds
1 _i .

x+z1

+ 5 { ( O ~ + O~~(-s-1+x~
)]

x~—l

+ iA s ( @~ + 0~~(—s—l+x ~ )]}ds = 0

= —x ,~ (V—25a)

(1+iAx) [O~ + e~~
(-x- l+x~

) ]  -

— + e~~(-s—l÷x ~
)j + i A s ( e ~ + e~~(-s—l+x ~

)]}ds = 0

X*
-1

.5 

z = x,, (V—25b)

Evaluating the indicated derivatives yields

(l+iAx) [00 + 0~~(—x—l+x ~ )] + [1+i(k+A) (x—x ~~) ] e ~~

+ (0~ + ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
= 0

.5 
(V—26a)
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(l+iAx) [0~ +0~~(—x—l+x~)] + fl+i(A+k ) (x—x ~ )]

+ { [0~ +0~ (2x~ —x—l) I + iA (x—x ~ ) [0~ +0~ (2x~ — x - l ) ]  } =

(V—26b)

Thus:

B~~(l+iAx) + 0~~[(—x—l+x~) + iAx(—x—l+x~)]

+ 01 (1 iA (x—x ~~) ]  + 8~~[(2x~—x—l ) + iA (x—x~ )(2x~—x—1)]

= _ela [l + i (k+A) (x—x
~ )1 (V—27a)

-

.5 0~~
[1 + iAx ] + 0~~[(—x+1—x ~) + iX x (— x + 1—x ~~) ]

+ 8~~[1+iAx(x— x~)] + 0~~[(2x~—x—1 )+iX (x—x~)(2x~—x—1)]

= — [ 1  + i(A+k) (x—x~)) (V—27b)

This system may be solved at two points, XL and x2, for

0~ , 0~ , 0~ , and e~~ .

.5 
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2. Calculation Of The Potential

The potent ial is given by

~ ( x , y )  = ~ (x , z) e 1
~~ (V—28)

where

~(x,z) = — 
1 

f

X

(vo(s)+uo(s)lJ o[w
~~(x_s)21eiAsds

x~X*
+ ~ 

—l 

[vl(s)+u 1( s ) ] J i[w[ (X 5)2_ X e ~~
5dS

u
0 ( s)  = u1(s) = 0 for all s < x~—1

• 
Thus

~ (x,z) = — 
~~ 

_1
I

X

vo(s)Jo[w
~~(x_s) 21e

iXsdS

— f

X

uo(s)Jo(w
~/(x_s) 2)eiXs ds

x~-l

X~X*
+ _?~jj 

_
~~~~

f 
vl i s J 0[w*x_s

2_x~]e~~
5ds

X—x *
+ J. 5 ~~~~~~~~~~~~~~~~~~~~~~~~ 

(V—29)

x~-l
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Making the same small frequency approximations as

in the previous section yields

= — ~ 

1~~~

°

~~ 

(l+iAs)ds

— 

X 

(l+iAs)ds

x~-l

1
+ -

~~~ 5 v1(s) (l+iAs)ds

—1

x—x*
+ 5 u1(s) (l+iAs)ds (V—30)

x~-1

.5 From the general formulation

= ~~~~~~~~~~~~~~~~ (V—31)

Thus , along the reference blade

~~ °(x,~~0) 
11
’ 
v0(s) (l+iAs)dS = f •k ) (l+iAs)ds

X 2 x

= 5 [1+i(k+A)s]dS = ( s + i ( k + A ) 2~—3 (V— 32)

— 1 
1

= X + i ~~~ 2~~X + l 1(~~~~ )
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~
°(x,z=O) = — ~ [(1+x) + i(~j !) (x 2 — 1 ) ]  (V— 33)

By inspection

= !~
._{(l+X_x*) + i(~~!) [ ( x _ x

*) 2 _ 1]}  (V—34)

X

—mM~°(x,z=O) = 5 u°(s) (1+iAs)ds (V 35)

x~-1

= 

X 

+ 0~~(-s+x~
-1)1(1+iXs)ds

x~, -1

= 

X 

+ 0~~(-s+x~-l) (1+iAs)ds

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ f

X

O~~~[_ X+X *
_ l + i A(_ S

2+SX
*

_ S ) ]~~~~:

- 
- 

x~ — 1

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

2 3 2  2 x
+ 8~~{( — ~~—+sx~ — s ) + i X ( — ~~-+

5 ~C *_ ~~_.~~ }
X * 1

(V—36)
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= 0~~( (x+l_ x *) + 2 ~ 5 - ( x2_x~ +2x *
_ l ) ]

2

~ ____ 

(x~—l )
+ 0 1{ ( — -2- -l- x*— x ) — [ —  2

+ iX ( ( X X X * X  (x~~l)
3 

(x*-l) 
2 (x~-l)

2
1

= 0~~[(x+l-x *)~~~~
(x 2—x~+2X* l)1 

.5

+ 0~ -~~~ x (x~—l) ÷
(x~~l) 2 

— (x~—l) 
2

3 3
~~~~~~~~~~~~~~~~~~~ +~~~~- x ~~+ x * - 4

3
2 x’,, 1

0~~[(x+l—x ~) + ~~.(x
2 

— X ,1, + 2x~ 
— 1)]

.5 0 X2 ( X 1 ) 2
+ e1C— -

~~
— + x(x~—l) 

— _______

.5 

+ iXt- + x2 (x~-1) 
- 
4 + - + ~ 1}
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= — ~~ e~~( (x+l—x~ ) + ~~~(x
2 + x~ + 2x~ — l ) ]

2 2
+ 0~ {— 3~-. + x(x~ —l) 

— 
(x~~l)

3 ~~
2
~~ c~~—u (

~ ...l)~+ iA (— 
~

j— + 2 
— k~~_~_ ] } }  (V— 37)

Iu~~~(x , z 1
=-x~~) may be evaluted by substituting x-x~ for x in

expression for m~° and exchanging 0~ and 0~ for 0~ and

m~’ (x,z1 —x
~
) =

0~~{( (x—x~ )+l—x ~ ] + ~
1[(x—x~ )

2 
— x~ + 2x ,~, — l] }

+ 01~~~(x—x ~ )2 + (x—x~ )(x~-1) 
- 

(x~ — l ) 2

3 2 3
+ iA[— ~~~~~~ *) + — *1) (V—38)

= 0~ (x+l-2x~, ) + ~~~Nx
2-2xx~+x~ ) — x~ + 2x,~ - l] }

+ e~ c_ x2_2r *~
c
~ + (x - ~~~ + ~) (x~~l)

+ iX[— + — xx~ + + (x2—2xx~+x~ ) (x~ —l )

3
— 

(x~— b ) 1 ~6
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= 01((x+1-2x~) + ~~~(x
2 — 2xx~ + 2x~ — 1] 

/
_

2 2
+ O~~~(—  ~~- + xx~, - + x ( x — 1 )  + 4(1—3x*) (x~-l)

+ i X ( —  2ç. + ~2 ( 3 x ,~,
—l ) 

+ x ( —  x~ —2xx~ — 1) 
-

= 
~

{e
~~

{ (x+:— 2x~
) + ~~~[x 2 

— 2xx~ + 2x~ — 11

+ 0~~~[— ~~~- + x (2x~ — l )  — xx~ + 2x ,~ —

+ iA [- 
X ~ 2 ( 3x +-l) 

+ ~
( 3U  + 5~~ -

(V—39)

A comparison of the results for the full, program and the

approximation is given below for k = 0.01, w = 0.05 , ~ =

n = 2, yielding w2 6.1x10 ’3 , X 0.083

Full program Approx

x = .1285

• • —5.363, .3271 —5.379 , .549i

—8.634 , .361i —8.66 , .379i

= .5643

~ —9.754 , .809i —9.804 , 1.000i

—12.234 , .692i —12.272 , .7608i

C~ +31.658 ,—3.1032i C~ 31.7019 ,—3.2165i
cx
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VI. RESULTS

The collocation method was used to solve the partial

differential equation resulting from the Gorelov approximation

of transonic potential flow in an unstaggered cascade. The system

was solved using both the spanning functions proposed by Gorelov in

[4], resulting in the equations (V—1 6.); and the Legendre poly-

nomials, resulting in equations (V-15) with f~ replaced by

the Legendre polynomial, P~ . The resulting values of C
~cx

for k = .1, t = 1, a = 1 and seven collocation points on

each blade are presented in figures VI-2, VI—3 , and VI—4 .

Figure VI —1 presents a diagram which is useful in

commenting on the other results. This shows the location of

the collocation points and first three interference ref lec—

tiorts as a function of w expressed as a percentage of that

portion of the chord subject to reflection. The collocation
.5 

points are equally spaced throughout this interval, 12.5%

from the leading edge of the interference zone, 12.5%

between each pair of points and 12.5% from the blade trailing

edge. The independent variable, w, is plotted vertically

so that the dependent variable, percent of chord subject

to interference , may be more conveniently visualized along

the blade. (The curves are not precisely linear, but are

very nearly so in the range shown.)

Figure VI -2 shows the calculated with k = 0.0 in

comparison with the results obtained from Ackeret theory.
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I
Agreement is good where there is no reflection and the

portion of the blade subject to interference is affected

by a constant interference potential, w > 0.11. Throughout

the rest of the curve the results calculated here oscillate

above and below the theoretical values. This appears to be

due to the discrete nature of the approximation used in the

collocation method. Rarely is the fraction of the chord

subject to interference reflection equal to the fraction of

the collocation points which feel it. Where the collocation

point fraction lags, as near w = 0.6, the collocation results

are lower than those due to Ackeret theory. When the

collocation point f raction leads, as it does for w < .04

and briefly for w .08, the the collocation results are

higher than those due to Ackeret theory. The fault appears

to be an intrinsic feature of the small number of points
- 

. sampled. This results in a set of coefficients similar to

• those which would be obtained from ageneralized Fourier

series based on the integration of the Taylor series

expansion about each point. This obviously cannot be a good

approximation when both the function and its derivative are

discontinuous at the reflections.

• Figures VI -3 and VI -4 show the results of using

Legendre polynomials and Gorelov ’s functions as spanning

-
‘ functions. The results for both formulations are identical.

Gorelov ’s results are presented for comparison. Agreement

is good for w > 0.05 except for an anomalous point, marked A
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It is believed that this anomaly is due to the location of

the first reflection just ahead of the last collocation

point (cf. “A” on Figure VI -1). This will yield a very

small contribution from the reflection potential to the

linear system from which the collocation points are

determined. The resulting system will have a large dynamic

range and may be ill-conditioned.

The discrepancy between these results, and those in

[3] for w < 0.5 is still unexplained , as is the outlying

value for w = 0.5.

The discontinuities in the imaginary results are believed

to be due primarily to the reflection/collocation inter-

action explained above.
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Percent of chord subject to interference

FIGURE VI-l. Location of Reflections and Collocation
.5 Points Shown as Percent of Chord Subject

to Interference
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FIGURE VI-2. Comparison of C2~ -vs-w to that Obtained
from Ackeret Theory
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a

FIGURE VI-3. Plot of C~cx-vs-w , Legendre Polynomials
k = 0.1, -r = 1.0, a = n , n = 7
compared with Gorelov ’s results
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k =  0.1, -r = 1.0, a =  n , n =  7

.5 

compared with Gorelov ’s results
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VII . RECOMMENDATIONS

There are two recommendations to be made about the

techniques used in the collocation method , and a new area

in which it might be employed.

The program developed in the course of writing this

thesis employs adaptive Simpson ’s integration to calculate

the elements of a completely determined system. This system

is solved to provide the coefficients of the spanning functions.

Two improvements may be made:

1. The Simpson’s integration scheme may be replaced by

a Gaussian integrator. Experience has shown that several

thousand function evaluations are required by the Simpson ’s

integration routine when C
~a 

is to be evaluated for small

w. This entails large amounts of computer time and leads

to increased accumulations of numerical error. Use of Gaussian

integration would probably improve both of these characteristics

F with little loss of accuracy.

2. The present program treats a completely determined sys-

tern of dimension 2n+1 by 2n+l, and then solves that system to

find the collocation coefficients . This procedure has worked

satisfactorily in this thesis, but may not work as well at

higher frequencies where the final linear system of equations

may be ill—conditioned. As an alternative , it is recommended

that the boundary conditions be applied at more than n points ,

say m points, where m is twice or three times as many points,

and that the least squares technique be used to determine the

L 
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the collocation coefficients which give the minimum square

error over—all. This may be thought of as “sampling more

data” in order to get more information about the unknown

function. The present program could be easily modified in

this regard by replacing the spanning function matrix, Q1ZINT,

by a new matrix of the form

Q1ZINT’ = xTx

where X is the new in by n+l (m > ri+l) matrix, and replacing

the present right-hand-side vector, Q1COF with

Q1COF ’ = xTy

• where Y is the new in by 1 right-hand-side vector. An

alternative would be to employ a prepackaged statistical

linear regression routine after either modifying the routine

to accept complex data, or transforming the present system

into a larger system of real numbers only.

The new area in which the collocation method might be

employed is the calculation of the potential flow about a

staggered cascade. The method coud be employed to calculate

both the potential in the channel and above the upper blade.

The program presented has been designed to enable the

j
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calculation of flow within the channel of a staggered

cascade. Unfortunately , there was not enough time to extend

- 
the study to this case.
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APPENDIX A

PROGRAM DESCRIPTION

This section describes the computer program used to

calculate the interference solution to the Gorelov lineariza-

tion for unsteady transonic flow in a channel. The program

written in IBM Fortran IV with the basic structure outlined

by Stevens [5]. The basic points are:

1. Organization of the program into small subroutines ,

each of which performs a specific task.

2. Transmission data to and from subroutines via a

formal parameter argument list. No common statements

are used.

The end objective is code which is both easy to modify and

maintain.

Each subroutine is designed with optional diagnostic

• 
printing of its input and output. This is controlled by the

parameter IPT. The diagnostic output is printed (only) if

IPT > 0. Each routine accepts IPT, sets lOT = IPT - 1, and
then passes lOT as the print parameter to routines it calls.

By this method, diagnostic output can be “cascaded” to any

desired level. Large initial values of IPT should be avoided

because of the spectacular amount of output which can be

generated by the double integrals within Q1DCOF.

1. Main Program; including subroutines READ and ABSA.

The basic structure is given in Figure A— ].. MAIN

calls READ to read input data and then ABSA to calculate the
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MAIN

READ ABSA Q$ONE

Q1ZINT Q1COEF Q1PPOT Q1DCOF

—Q1CABP LEQTIC /

— Q1DCL

—Q1CRBP 
_ _ _ _ _ _ _ _ _ _  ____

—Q1CAIP

—Q1CRIP 
L_ Q1DCN

Q1DPHI Q1PHI

Q1DABP Q1DABP —

Q1DRBP Q1PRBD —

Q1DRIP Q1PAID —

~

Q1DAIP Q1PRIP I

Figure A—l. Program Hierarchy
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collocation points. The version of ABSA shown evenly spaces

the collocation points across that portion of the blade

subject to interference. ABSA may be easily replaced if

different point spacing is desired, or if additional points

are to be added for an overdetermined system and least

squares approximation.

2. Q$ONE This subroutine controls the actual potential

calculation. It performs no calculation itself, but calls

subordinate subroutines where the calculations are actually

performed. The calling hierarchy is shown in Figure A-i.

3. Q1ZINT This subroutine calculates the linear equa-

tion system arising from the boundary conditions. Hierarchy

is shown in Figure A-2.

The matrix output is carried through Q1INT. Q1ZINT

calls the following subprograms

a. Q1CRBP returns the value of ~~
°

.5 b. Q1CABP returns the value of
zl

c. Q1CRIP returns the values of ~~~

X Z  
_ _ _ _ _ _ _ _

— l+x~

where f~ is one of the set of i elementary
functions, j=i,n

1
d. Q1CAIP returns the values of ~p

1
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x+z 
_____________

1 f~ (s)J0[wV(x-s)
2-y~}ds

~
‘—1+OFFSET+x~

where f~ is one of the set of elementaryfimctions . OFFSET is a parameter
included to facilitate program
conversion to a staggered cascade

e. PLGNDR is the subprogram which returns f~~(x)1

the elementary spanning function. No other routine contains

explicit reference to the spanning function . This facili-

tates easy replacement of the spanning functions should this

be desired.

Q1CRBP and Q1CABP in turn call Q].CWXM and Q1CZXM.

Q1CWXM computes end—points and then calls Q1CZXM, a complex

integration routine based on SIN? by Shampine and Allen [6].

Q1CAIP and Q1CRIP call QICWSM and Q’ICZSM to perform the

integration. Q1ZINT passes the constant matrix to Q1COEF

in the array Q1INT and the right-hand—side vector in the

array Q1COF.

4. Q1COEF This subroutine employs the IMSL routine

LEQT1C to solve the linear system received from Q1ZINT. The

resulting coefficients are Q1ABCF for the adjacent blade and

Q1RBCF for the reference blade. LEQT2C, the high precision

complex INSt routine may be directly substituted for LEQT1C.

Q1COEF may be rewritten to employ the generalized inverse

.5 
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A = (x Tx) 1 
~~~ where x = Q1INT

y = Q1COF

after first performing the multiplication necessary to replace

Q1INT and Q1COF with the proper matrix products in the call

to LEQT1C.

5. Q1PPOT This subroutine calculates the potential,

~ , and 
~~~~

‘ at each collocation point along the reference

blade but only if Q1PPOT receives a value of IPT > 0 , re—

quiring IPT > 2 on input to the main program. If IPT < 0,

then the subroutine is exited before any calculations are

performed. This subroutine is most useful for debugging

Q1ZINT and Q1COEF. Q1PPOT calls Q1PABP, Q1PRBP, Q1PRIP,

Q1PAIP,,Q1DABP, Q1DRBP , Q1DRIP, and Q1DAIP, all of which will

be described in the next section.

6. Q1DCOF This subroutine calculates the dimension-

less coefficients of lift and moment; ~~~~ C~~ . Its

internal hierarchy is shown in Figure A-3.

a. Q1DCL calculates the nondimensional complex

coefficient C~ a
b. Q1DCM calculates the nondimensional complex

coefficient C~~ •

c. Q1PRBP and Q1PABP calculate the potentials due

to the reference and adjacent blades respectively .

Q1PWXM and Q1PZ XN are called to perform the

actual integration .
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d. Q1PRIP and Q1PAIP calculate the interference

potentials along the reference and adjacent

blades. Q1PZSM is called to perform the

integration.

e. Q1DRBP , Q1DABP , Q1DRIP , and Q1DAIP correspond

exactly to subroutines above except that the

value returned is the partial der~.vative of the

potential with respect to X. Q1DWXM, Q1DZSM,

and Q1DXSM perform the co—reponding integrals.

6. Program Listing The program listing shown below

incorporates the Legendre functions as spanning functions.

Listings for a subroutine employing Gorelov ’s spanning

function and the linear approximation program follow.
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7. Gorelov Spanning Function.

The subprogram for function used by Gorelov is

shown below.

DR ,N1

ARCC$ (—X )
AS T

~ F
a

C~
A R C O S ( l

~ OOO — OR )
P G ~~ R = OCCS (FN*ETA)—DCCS (FN*ETA$TR )

~.0c 1.000

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
• ::~~~~~~~~i.~~~~~~~~~ . i~~~~~~~~~~



8. Linear Expans ion Program

The program based on the linear expansion for

small k is shown below.
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