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ABSTRACT
• 

~~~~~~~~~~~~~~~~ 4~ J~L~~
Tupaz et al . (1978)  formulated a model Ato study the be-

hav ior of waves in an unstable jet which varied downstream.

• The l inear ized barotropic vor t ic i ty  equation was so lved

numer ically. Waves were forced with a fixed period on the

eastern boundary and a radiation condition was, applied on

the western boundary .

In this thesis , cyclic boundary conditions are used on

the eas tern and western boundaries. The numerical solutions

show amplitude growth In time which is approximately expo-

- 
nent ial . The solutions are normalized and the wave struc-

ture is obtained during three time segments. The wave

• structures are not the same during these segments , but they

are ver y s i m i lar i n areas o f l ar ge am plit ud es .  In th ese

regions the behavior is very similar to that obtained by

Tu par et al. (1978).
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I. INTRODUCTION

A j e t ,  regard less  of i ts la t i tud ina l  pos i t i on  in the at-

mosphere, may contain regions of large vo r t i c i t y  gradients

• where the necessary condi t ion for barot rop ic  i ns tab i l i ty  is
- locally satisfied. Synoptic — scale moving disturbances occur-

ring at the level of a moderately strong easterly jet south

of the Tibetan high near 200 mb leve l  appear  to a r i se  from

• barotropic instability of the mean flow (Krishnamurt i , 197la ,

l971b). If the observed disturbances are the result of baro-

tropic instability , they will extract energy from the mean flow.

Many Investigators have studied the linear stability of

barotropic zonal flows over the years. Krishna m urti ’ s obser-

vational and Colton ’ s (1973) numerical studies both showed

that the zonal variation of the jet apparently had significant

• e f fec ts  on the dynami c behav io r  of the t rans ien t  d i s t u r b a n c e s .

• Tupaz et a l .  (1978)  further ex tended  the study of the

zonal va r ia t i on  of the bas ic  f l ow.  A numer ica l  mQde l was

deve loped  based on the l i nea r i zed  non-d ivergen t  baro t rop ic

vo r t i c i t y  equat ion on a b e t a — p l a n e .  This study examined  the 
•

dynamics of transient barotrop ic waves in a region of va r i ab le

mean wind. The mean zonal wind was an easterly hyperbolic

secan t - squa red , or B i ck l ey ,  je t  and the mean mer id iona l  w ind

was der ived so that the mean f low wou ld  be n o n — d i v e r g e n t .

Us ing  the numer ica l  model , a per iod ic  fo rc ing  wa s a p p l i e d  on

the i n f l ow  ( e a s t e r n )  boundary to generate  w a v e s  w h i c h  were

10
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a l l owed  tr propagate throug h the channe 1 and out through the

weste rn  boundary . As the waves  moved , they reac ted  to the

local  s tab i l i t y  proper t ies  of the mean f low , whereas  at each

point the f ie lds var ied  p e r i o d i c a l ly .  The results , which

were obtained from long term integration , were compared with

• the parallel flow theory by constructin g a simple mechanistic

analytical model which incorporated the local stability con-

cept of the parallel flow theory .

In this thesis , the model developed by Tupaz et al . (1978)

is modified by changing the boundary conditions. The quanti-

ties on the eastern and western ends of the channel are set

equal to enforce cyclic continuity . This allows a wider

variety of wind profiles to be considered as long as they

are periodic in x. The use of these boundary conditions will

also improve our understa nding of the ma .thematic al behavior

of waves in a mean flow with downstream variatio n. -

11
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II. • BASIC EQUATIONS

A. GENERAL FORMULATI ON

• This study employs the barotrop ic vorticity equation to

describe motion in a periodic channel. The development which

follows Tupaz et al . (1978) be gins with the barotropic vor—

t i c i ty  equat ion  on a beta ( 8) p lane :

.

~~~~

. + u + v ~~~~~ + ~v = Q — 

~~~ 
, (2.1)

where

— 3v ~u= .
~
i• — .5_9• . 2 . 2 )

Here, 8 is the cons tan t  va lue  of the no r t h —sou th  gradient of

C o r i o l i s  parameter  computed at 10 0 l a t i t ude .  Q is a fo rc ing
• funct ion wh ich  represents  the non- ba ro t rop ic  and d iaba t i c

e f fec ts  wh ich  are required to main ta in  the bas ic  s ta te  vor-

t icity  f ie ld , and D .~ is a f r ic t iona l  coe f f i c ien t .  The mo-

tion is assumed to be non -divergent so that a stream function

(~p) can be In t roduced wh ich  Is def ined by

u = — , v = 
~~~~~~ . (2.3)

The vo r t i c i ty  becomes

- 
• 

~~~ ~ (2.4)

12
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The non-d ivergent  barotrop ic vo r t i c i t y  equat ion may now be

wr i t ten ,

~ ~~~ - ~~~ ~~~~ + .~~~~~~ 9V 2
~P +8 = Q - 0 (2 5)

Dy Dx Dx Dy Dx f

• The linearization of eq. (2.5) Is accomplished by separat-

ing the stream function into its mean (bar) and perturbation

(prime ) quantities of the form :

~p(x,y ,t) = i~(x ,y )  + Tp ’(x ,y,t) , (2.6)

wh ere 1* ’ < < . Substitutin g (2.6) into (2.5) and

dropping the quadratic terms in 
~
p ’ lea ds to

~ a 2 a 2 D4 ’ D 2—
- .

~~
—. 7 + .

~~
— .

~~— 7 ~j) - .~~~~ 7 ~)

+ .

~~~~

.
‘ . + 8 .~~~~ 

= - DfV 2
~~’ ( 2 . 7 )

It is assumed that Q ’ = 0 and ~ is defined in suc h a way

that j
~, is a steady-state solution of (2.5). Equation (2.7)

can also be rewritten in Jacobian form such that

• I ~2 
~~~

= - ~~~(~~724,1 ) j (*’ v 2
~

) -B

- DfV
2
~ii ’ (2.8)

— Da D b Da Db -

where  ~~ (a ,b) - .
~~~~~ 

.
~~~~

. -,

Equation (2.8) Is a Poisson equation for the tendency of the

perturbation stream function

13
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Equation (2.7) is solve d in a channel defined by

- D < y < D

X
W 

< X < X
E 
.

The boundary conditions of the north—south walls y = ± 0

are

= 0 . (2.9)

Cyclic boundary conditions are used in the east-west direc-

tion. Tupaz et al . (1978) applied a time -periodic forcing

on the eastern boundary to introduce waves into the region

from the east, and use d a radiation condition for both ten-

dency and vort icity at the western boundary to allow the

• waves to move smoothly through the boundary .

B. ZONALLY VARYING BASIC FLOW

• 

‘ 

The basic velocity field is defined by an easterly Bick-

• le y jet

~(x,y) = U(x) sech 2(d-~X)
) — U0 = - -

~~~~~ . (2.10)

Here , d(x) is a characteristi c length scale of the jet , IJ(x)

is the maximum velocity at y = 0, an d U0 i s a cons tant

veloc ity . The basic flow stream function is specified to be

constant at the northern and southern boundaries (y = + 0).

Equat ion (2.’lO)  can be i n tegra ted  to g ive

~(x ,y) = U ( x )  d ( x ) { t a n h ( d~ X ) ) + tanh( d~ X ))}

— U0(y+D) + ~‘(-D) , ( 2 . 1 1 )

14
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where

i~(D) + 2U D - i~( - D )  0IJ(x) = 2d?x) 
- 

coth 
~d (x)~ 

• (2.12)

Therefore , I f d(x) varies slowly in x , so does the basic

flow. The x-var iation for the characteristic length scale is

g iven by
-
~~ 

• (x_x
850 km + 350 km{cos [2ir ~

L
• 1200 km

_ x  < x < ~~0 —  — 0

x ~~- x 0
x > . (2.13)

Here, x is the longitude where the x-variation of the cosine

function starts and L is the wavelength of this variation .
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III. FINITE DIFFERENCE EQUATIONS

Equa tion (2.7) is solved by finite differences. Centered

time differences are used except -for the friction term which .

Is approximated with a forward step. The Jacobians are com-

puted with the form which was developed by A’rakawa (1 966) for

non — l inear conservation.

The tendency of the disturbance stream function is de—

fined by

‘ (3,1)

where superscript t is the current time and subscripts I

• and j refer to the x and y grid points, respec tively.

In the following finite difference equations , ~t(l hour) i s

the time step. ~x ( 375 km) and ~y(125 km) are the x and
- 

• y grid point inte rvals , res pectively. Equation (2.7) is

written using the Leapfrog finite difference scheme:

S7
2

T~~~
,
~~ 

a ~~~~~~~~~~~~~~~~~ -~~~~~~(*
‘.V2~

]

t t

~ ~
‘i+1 ,j — *i ..l,j] 0 72 ,t—~ t

p 2t~x 
— f ~t’I ,j •

(3.2)
• 

= 1p.;~;~
t 

+ ~~~~~ .

‘1 
— - _ -~~~ •
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The f inite di f ference form for the Laplac ian of the tendency

Is given by

V 2 Tt 1+1 ,j Li 1— 1 ‘~ + 
j ,j +1 1.1 1 .1— 1

i ,j ~,2

• (3.4)

and for the Jacobian terms It Is given by:

a 

4~xAy~~~i+l ,j *1_ l ,j~~ ’i ,j+l ’di ,j_l ) (3.5)

- (
~~ ,~ +i -*~ ,j-i~~~ t+~ ,j

_
~~~l ,~~)]

Ji ,j 4~xAy~~I+l ,j~~~+l ,j+l 
- C

~~l ,j~ l ) • 
(3.6)

— ( 1 t— 1— 1 ,j i — i  ,j +l — i— l  , j— l

( ~t p t
i ,j+l i+l ,j+l — ‘i— l ,j+l

( S t  ,t
I ,j—1 Cj+1 ,j~ 1 — i— 1 ,J— l ’

and

_ _ _ _  - 
~i-l ,j+l~ 

(3.7)

- 
~1 ,j-1 ~l +1 ,j-l 

- 

~~-i ,~~-i
)

- 
~i+l ,j~~~i+l ,j+ 1 - 

~‘l+l ~~~~~~
S t f • T  7

+ 1— 1 ,j’”i— l ,j+l — 
~‘i— l  ,j— l ‘~ ‘
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w here

~~~~ ~~~~~~~~ j ” t +~~~~~~~~t + ~j .t • (3.8)
i ,j i ,ti i.i 111.1

• 3 -

Is expanded in the same manner as for (3.8).

This Jacob ian conserves  both kineti c energy and enstrophy in

the non— linear formulations (Arakawa , 1966). -

A forward time step Is used for the Initial time step and

• every 30 time steps thereafter to damp the internal gravity

waves produced by the leapf rog method. A Matsu no f in i te dif-

ference scheme is tested in place of the forward time step

an d the resul ts s how tha t the Ma tsuno sc h eme p rov id es fur ther

damping, but that the change is not significant .

The boundary conditions employed by Tupaz et al. (1978)

rel ieved the problem of re flection of incident waves from the

boun dary back into the interior region (Pearson , 1 974). An

Euler -backward finite di fference scheme was employed every

‘ time step to provide additional damping of the short waves.

The frictional terms are evaluated at the previous time

step in order to insure linear computation stability (Haltiner ,

1 971). -

The Poisson Eq. (3.1) is solved for the tendency using the

POISS su broutine which is a cyclic reduction al gor i t hm for

solving block tridiagonal systems of arbitrary dimensions with

Dirichiet boundary conditions (Swarztrauber and Sweet , 1978).

T he su b rou ti ne POISS so lves  th e li near sys tem o f  e qu a ti ons

of the form :

18



A j x i_ l ,j +Bix i,J +C 1X I+l ,j +X i ,j _ l 2X 1,j X i,j+l — V 1,1

for I = 1 ,2 , . . .  M an d J = 1 ,2, ... N

(3 .9)

The eas t-west boundary conditi ons for all quantit ies are

represen ted by

= X 1 ,1 ~ 0 , I

X 1 1~~ 1 x 1 ,1 j  = 0 , J+1 (3.10)

It should be noted that Eq. (3.9) is not in the correct form

which satisfies the model. Therefore, the mode l mus t be

flipped prior to ente ring the solve r and then flipped back

upon exiting with the solved ei genva lue— so luti onS.
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IV . LOCAL STABILITY OF BASIC FLOW

A paral le l  f low model of W i l l i a m s  et a l .  ( 1971) is used

to determine the local growth rate of the var iab le  mean f low.

This Is taken from Tupaz et al .  (19 78) and then t ransposed

to f it the basic  f low model used for this study in order to

gain some insight on the stability characteristics of the

mean f low .  This model is hereaf ter  re fe renced as the par —

al le l  f low model. If D~ / Dx is set equal to zero In (2 .5)

the governing equation of this model Is

+ ~~ 
~~~~~~ 

+ 
~~~~~~ ~~~ + (8 - !.4] ~~~ 0 , ( 4 . 1)

• ~(y) 
= —U sech 2(*) + U0

where U is a specified constant that scales the magnitude

of the central ve loc i ty  of the B ick ley  jet (y =O ) .  The

characteristic length d is also a specified constant.

Equation (4.1) is solved wi th the initial value technique

used by W i l l i a m s  et al .  (1971) .  AssumIng that all perturba-

t ions are per iodic In x , Eq. (4.1 )  is Four i er trans forme d i n

x and the resulting equations are integrated until the solu-

tion grows .with a constant exponential rate . This approach

gives the growth rate , phase speed and wave number structure

of the most unstable meridional mode as a function of the

zonal wave num ber k

20

L 

‘

~~~~~~~~~~



____________ ____ 
•-•‘-‘-‘

~~
- -  —‘ •• —,•- •• .--

In genera l, these equat i ons have a se t o f normal mode

so lu ti ons and a con ti nuous s p ec trum of solu ti ons (Case , 1960;

Pedlosky , 1964 and Yanai and Nltta , 1 968). However , only

the normal mode solutions can give significant growth and

th e mos t uns ta b le mo de w i ll dom i na te af ter a su ff i c i en t

period of time.

Figure 1 shows the growth rate (n) corresponding - to the

mos t uns ta bl e wave len gth s (L) as a func ti on o f x base d on

the parallel flow mode l . The parameters for the mean flow

are g iven in Section V. The largest growth rate occurs at

x-O where the jet achieves its maximum central velocity

= - 30 m sec~~]. In the inflow and outflow region for

x < — 11 ,100 km and x > 11 ,100 km , respectively, the growth

rate becomes negative and approaches the linear frictional

dam ping rate. The most unstable wavelengths range from

3650 km at x=O to 4600 km in the inflow and outflow regions .

• This variation follows the variation in the y-scale of jet

• d(x) which is given by (2.16) (Tupaz et al., 1978).

E i gensolu ti ons o f the mos t uns ta bl e di scre te mo de for

two jet profiles are shown in Fig. 2. Only the lower half

of the y domain is shown because the solutions are symmetric

abou t y—O. Both solutions show barotropic growth as the

pha se tilt is opposite to the shear in ~ . The max i mum ti lt

occurs at x— O where the growth rate is the largest. In

addition , the eigensolut ion amplitude Is a maximum at ~= 0 for

x 0 , but at x = 9314 km the maximum has shifted to y = 
~~ 

800

km.

• 21
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V. N UMERICAL RESUL TS FOR EXPERIMENT I

The numerical investigation of the variable mean wind

* 
model comprises two experiments . Experiment I is the princi-

pal one and it employs the same friction that was used by

Tupaz et al . (1978). A friction coefficient of D~ = 0 .15

x iø~~ sec~~ is used which is equivalent to an e- folding

decay time of approximat el y 7.7 days. The second experiment

is the frictionless case and will be discussed in Section VI.

The following parameters are used in Experiment 1.

2D = 4000 km , X
E — X~~ = 40 ,125 km , ~(O, 0)  = .-30 m ~~

= o , E = 36 ,000 km , ~x = 375 km , ~y = 125 km

= 1 hr , X
0 

= + 18 ,000 km

• F igures 3 and 4 show the s t ream funct ion ~(x ,y) and the

zonal veloc ity ti (x,y) which are derived from the above

parameters . The model has 108 grid intervals In the x-direc-

tion and 32 intervals in the y—direction. Tupaz et al . (1978)

use d the same doma i n , but his mean flow was not the same at

X = X
E and X = ~~~~~~~ However in this study , the scale of

variation of the jet is reduced to insure that the basic

zonal velocity would be periodic in the inflow and outflow

• - regio ns. Equation (2.13) specIfies that the jet scale , d(x),

varies between 500 km at 
~
i(x

~
0)max and 1200 km at

The in i t ia l  d i s tu rbance  f i e ld  is of the form :
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~ ‘ ( x ,y,o)  = 
sin~~ Os 2ir lOx 

- (5.1)
E W

• A wave number of 10 is chosen as a result of the average wave-

length which was obtained by Tupaz et al. (1978). The initia l

conditions and the jet flow are both symmetric about y=O and

this symmetry is maintained throughout the Integration.

Therefo re , only the lower half of the y plane wil l be depicted

in the results of both experi ments .

The integration of the numerical model is extended for a

period of 170 days. A close examination of wave structure,

phase tilt , period , wavelength, and spatial growth is made

for the segments 80—87 days, 125— 133 days and 150— 157 days.

Overall growth occurs during the entire period and is expected

since the waves travel thr ough the region and then reappear

at the input boundary . It was expected that the overall

• growth would be exponential In b e h a v i o r . Figure 5 shows the

roo t mean s q uare for th e en ti re doma i n o f 
~ plotted on a

log scale vs time. If the growth were truly exponential , the

curve in Fig. 5 would be linear . But in fact the curve is

quasi - linear with departures from the linear behavior occur-

ring periodically about every 56 days . Figure 5 shows the

first departure occurs near t=21 days and continues for 28

• days. It should also be noted that the growth rate is nega-

tive from t=38 days to t=47 days . This departure from the

linear appears again at t~ 75 days for 25 days and again at

t=l35 days for 26 days.
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Fig. 5. ExperIment L t(P
~ave as a function of time, where

k”ave is the root mean square of p .
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The ~
p’ field at t=30 days is shown in Fig. 6. An entire

train of barotropic waves actua lly exists throughout the length

o f th e channel , bu t the waves upstream of x = -3500 km and In

the outflow region are not shown .because of their relatively

small amplitude . This is the same type of wave behavior ob-
H

served by Tupaz et al . (1978).

The phase is calculated for the segments mentioned earlier .

This Is accomplished by observing each grid poInt in the p ’

field and recording the first three times it passes through

zero in e i ther d i rect ion.  A seven  day per iod (P)  is used In

order to insure that a full period is recorded. Tupaz et al.

(1978) observed a per iodicity of 3.25 days . The actual phase

for each gri d point Is computed using the following formula:

360°(N—N )
0 =  P (5.2)

• where H represents the first time It passed through zero and

N0 is the starting point in time of the sign calculations

for each time segment. Although the wave continues to grow

during the time segment, the period should not change appre-

ciably. FIgure 7 represents an analyzed section of the phase

• tilt for the segment 80-87 days . We note that all the waves

shown tilt oppositely to the mean wind shear , which Is neces —

sary for barotropic instability . The maximu m tilt Is observed

downstream of x=0 where the jet velocity Is maximum.

The periods at y=O and y ~~ 750 km for all three time seg-

ments are shown in Figs. 8— 10. Although the period icity is

• 29
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not cons tan t ,  it Is about 77 hours (3.2 days). This Is also

representative of the entire channel. DeviatIons near the

i nflow /ou tf low boundar i es could be a tt rib ute d to th e smal l

• am pli tudes in this region. Fi gures lOa and b show an increase

In period at x —6500 km to 93 hours (3 .87 days ) and 90 hours

(3. 75 days ) ,  r espec t i ve l y ,  and a dec rease  at x = 6500 km to 
•

39 hours (1.65 days ) for a and b , respec t i ve ly .  Figure 8

shows only an increase at x 6500 km to 100 hours (4.17 days )

an d 93 hours (3.87 days) for a and b , respectively. This

abnormal behavior could be connected to the departure of the

growth rate from the linear behavior illustrated in Fig. 5.

Figure 11 is an overview of the phase tilt for all three

time segments . Although they are not the same, they are

similar In the region from x = 3875 to x = -12000 km . They

tend to be different in the region where the amp litude is

small.

The envelope of the wave packet Is evaluated at y -750

km where the wave disturbance amplitude is large. The nor-

mal ized ~p ’ field Is used , because the waves are still grow-

ing and results are something close to a sInusoidal variation.

This en”elope, <q,’(x)>, is obtained by recording the average

of the magnitudes of the maximum and minimum

values that occur at each longitude over a period of 7 days.

• Here , hPl ave is the root mean square q,’ . Fi gu re 12 s h ows

the wave packet of all three time segments for y ~ 750 km.

Note that the maximum amplitude in Fig. 12 Is near the point

where the parallel flow growth rate drops to zero in Fig. 1.
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Although they are not the same, it should be noted that they

are downst ream of the max je t  core .

Tupaz et al. (1978) derived the disturbance kinetic

energy equation to better unde rstand the dynamics of baro-

tropic instability . They found a number of energy terms but

observed that the Reynolds stress term , < (u’v ’ ~~/ay)> , was

the only dominate source for disturbance kinetic energy . This

supported the large amplitudes and spatial gradients of ~
p ’

encountered a considerable distance downstream of the jet.

It Is expected that this energy balance will also hold in thi s

study . Since this is a reg ion -of tilt opposite to the shear ,

there is a conversion of mean flow kinetic energy to distur-

bance f low k inet ic  energy . Figures 1 and 2 illustrat e the

large energy conversion of this type for the parallel flow

model.

Figures 13-16 show the phase angle 0 of the wave distur-

• bance as a function of y for three different time segments.

• The phase, 0
0
, for the most unstable wavelength of the par-

allel flow model is also included (see Section 4). We note

that the waves upstream of — 10875 km tilt oppositely to the

mean w i nd s hear , which implies barotrop ic instability. In

one case , the maximum tilt is downstream of x=O , which is

where Tupaz et al . (1978) observed the maximum tilt. Between

x = -10875 and x = 3750,the phase tilt compares closely to

the parallel flow model 0
0. At the eastern boundary (Fig. l5b) ,

8
2* compares rather well to 8

~~
, but 81 * an d 83* show exces-

sive tilt for the comparatIvely weak in stabilIty in this re-

gion. This excessive fluctuation may partially be explained

38
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by the small amplitudes which are present in this region.

Near the ou t f l ow  boundary (F ig .  16) the t i l t Is reversed  In

and e~~. This Indicates dynamic stability or a flow of

energy from the disturbance back ~o the mean flow . This can

also be detected In Figs. 11b and c. In alm ost all cases , we
- • observe that the tilt of the wave disturbance qualitatively

adjusts to the local stability of the mean flow . Since the

parallel flow mod el can only solve the most unstable discrete

mo de , dynamic damping is not indIcated In Fig. 15 for the

ou tflow region. Note that the phase tilt is unstable on the

averag e. This is because the waves show a net growth on

moving through the region.

T h e wave len gth s for the numer i ca l mo del are com pute d

usi ng the formula:  -

. 2ir 2~ x 5 31 —  ,

• w here ~O represents the change in phase over 2txx

• Equation (5.3) can be simplified and expressed in degrees

resulting in

L = 
360° 2i~x (5.4)

In addition , a smoothing process Is applied In those a reas

where the wavelength vari es noticeably to give a more accurate

picture of the wav elength throughout the channel. This cal-

culation Is made by choosing a questionable point ( 0 ) In

the y domain of the phase fie ld and adding 180° to it. This

~~~~~~~~~~ I~~~~~~• _ • • • • ~•~~
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new phase is then located by moving in both x directions. The

distance between the new phases is calculated in terms of the

number of x grid points and multiplied by ~x to give the

correc ted,or smoothed ,wave lengths. Figures 17-19 show the
*

var iation of wavelength , L(x )  , for all three time segments

at y = + 750 km. L(x)0 represents the smoothed wavelength.

Comparing the wavelengths of y=O (not shown) and y 
~ 

750 km ,

it is observed that the wavelengths are quite similar for

each time period. The maximum w a v e l e n g t h s  are w i th in  ± 4500

km of x=O and tend to decreas e toward the boundaries when

the wavelength pattern becomes noisy. This is the same region

that the phase tilt (Figs. l5b , 16) experiences large devia-

tions from the parallel flow model due to the small ampli-

tudes. Tupaz et al . (1978) observed that the wavelength at

y = + 750 km was l arger up s tream and smal l er d owns t ream o f

x=0 than at y=O . . 
-

• Figures 20—22 contain the spatial growth , m~~3, computed

• from the numerical model , respectively. Figure 23 is the

smoo th e d vers i on o f m~~3 and the spatial growth rate (m) of

the parallel flow model obtained by using

• 
m = — n/C r (5.4 )

w here C r Is the phase of the waves and n is the local

growth rate (Tupaz et al ., 1978). The value of m 1 3  is com-

puted directly from the wave packet envelope. In Fig. 22,

w e see th a t m~~3 has a lar ger max i mum th an m an d th e max i mum

Is shifted slightly upstream from the jet maximum. All three

I
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curves pass throu gh zero at the same point in which the wave

packet envelopes are a maximum (see Fig. 12). Note again the

noisy pattern near the easte rn boundary . Tupaz et a1 . (1978)
*observed  these same fea tu res  excep t  that the m curve was

skewed to the left with respect to m and the jet maximum.

This was the result of the tilt structu re in the wave lagging

spatially behind the expected value from the local stability

conditions. The (*) represents the maximum and minimum ob-

served by Tupaz et al. (1978). Note the similarity of the

maximum and minimum to m 3 an d m~~2, respectively . The reason

tha t  rn1 3  shows more damping in the outflow region than the

parallel flow model is because the latter can only give the

eigenso lutions of the most unstable mode.
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VI. NUMERI CAL RESULTS FOR EXPERIMENT II

Experiment II is the frictionless case and employs

the same parameters and calculations procedures that are

us ed in Experiment I. However , although the integration for

this experiment Is extended for 170 days , only the time seg-

ments of 80—87 days and 125-133 days are Included in these

resu lts . -

Figure 24 shows the root mean square ~p
I for the entire

domain. Note that the total growth is nine orders of magni-

tude greater than that observed in Experiment I (see Fig. 5).

In addition , the curve in Fig. 24 is more linear in appear -

ance than Fig . 5 but still experiences the departures from

the linear behavior during the same time interval that were

• 
observed when friction was incl u ded.

— 
• The periods at y=0 and y = 

~ 
750 km show very little

• variation and closely resembled those pictur ed in Figs. 7

and 8. The predominating period which is representative for

the entire channel is the same as Experiment I (77 hours or

• 3.2 days).

• Figure 25 is an overview of the phase tilt for the two

time segments . The region of similarity extends from x =

5000 km to x = — 1 5 , 000 km . tJhen the amplitudes are sm &ll ,

the behavior becomes erratic as observed in Experiment I

(see FIg . 11).

I
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The wave packet envelope , <~p ’(x)> , is shown in Fig. 26.

When comparing Fig. 26 to Fig. 12 , It is observed that the

curves  are a lmost  I den t i ca l .  Since the tilt is opposite to

the shear , there is a conversion of mean flow kinetic energy

to disturbance flow kinetic energy.

Figures 27—30 show the phase angle tilt of the wave dis-

turbance y-structure compared to the most unstable wavelength

of the parallel flow model 0
~
. In both cases, the maximum

tilt was at x=0. Comparing them to Figs. 13— 16 in Experiment

I , we see a similar structure except -for Figs- . 27 and 29a

which show greater tilt between 500-750 km. Note again the

excessive tilt of 01 * for the comparatively weak instability

s h own i n Fig. 29b ,  and the elimination of the growth of 92*

of y greater than -1000 km in Fig. 30 for the Figs. 15b and

16 , respectively, in Experiment 1. The curve for 92* s t resses

the dynamic stability which can also be observed in Fig. 25b .

The wavelength patterns for y=O and y = + 750 are very

similar to those observed in Experiment I. The maximum wave-

length occurred within ± 4000 km of x 0 .

The spatial growth rates (Figs . 31-33) are near mirror

images of Fi gs. 20, 21 and 23. The growth rates are a little

larger than in Experiment I as would be expected because there

is no friction. -
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VII. SUMMARY AND CONCLUSIONS

This study so l ved  the model deve loped  by Tupaz et a l .

(1978) w Ith different boundary conditions. They examined

the behavior of linear waves in a zona lly varying easterly

jet which was barotrop ical ly unstable in certain longitudes.

The waves were forced with a period w on the eastern

boundary and a r ad ia t i on  cond i t i on  was app l ied  on the west-

ern boundary to allow the waves to move smoothly out of the

region. After a period of adjustm ent  the so lu t i on  at every

point varied with period w • but as each wave moved through

the domain it experienced growth or decay in response to

the local mean flow.

In the present study , the Tupaz model was modified by

chang ing  the boundary cond i t i ons  to cyclic continuity on the

eastern and western ends of the channel. In addition , the

mean was modified slightly so that it satisfied cyclic con-

tinuity . Experiment I corresponded to Exper iment  I in

Tupaz et al . (1978) and Experiment II was friction less , but

o t h e r w i s e  the same as Exper iment  I.

In Exper iment  I , the root mean square s t ream funct ion

grew with time because as each wave moved through the channel ,

Its net growth was added when it reentered the region. This

growth was approximatel y exp onential with the departures from

exponent ia l  growth hav ing a per iod of about  56 days . In order

to compare the wave behavior In this study with that of
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Tupaz et al . (1978), the fields were normalized to remove

the overgrowth in time. A procedure was developed to deter-

mine the phase and amplitude of the waves during a particular

time segment. The following time segments were chosen for

analysis: 80—87 days , 125—133 days , 150— 157 days. The wave

structure features were not the same for the three periods ,

but the features were very s im i la r  in the large ampl i tude

regio ns. The predominant period was about 3.2 days which was

very close to the forced per iod of 3.25 days used by Tupaz

et al. (1978). The largest phase tilt was found near the

jet maximum and in two of the segments the phase tilt reversed

in the stable regions as was found by Tupaz et al . (1978).

The amplitude of the wave envelope was a maximum near the

point where the parallel flow growth rate was zero. The

average of the maximum spatial growth rates was very close

to the value obtained by Tupaz et al. (1978). This verified

• their result that the spatial variation in the growth rate

could augment the maximum growth rate. The downstream wave-

length was somewhat erratic , but it was generally a m aximum

near the jet maximum and it was a minimum where the jet was

weak. The results for the frictionless case were similar ,

but the total growth was much larger.

In genera l , the wave behavior with cyclic boundary condi-

tions was very similar to tha t obtained by Ti4paz et al .

(1978). However , the solutions in this thesis were more dif-

ficult to analyze because the wave structure in the three

time segments was not the same. This was undoubtedly related

to the non — exponential overall growths. Apparently as the
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waves came out of the barotropic damping region and entered

the jet region they did not have the structure to begin growth

smoothly. In this region the wave phase structure was par-

ticularly erratic. When the present model was used to deter-

mine wave structure and behavior with other wind profiles,

the structure should have been computed frequently and then

the typical structure could have been obtained by averaging.

This study should be extended to the nonlinear case , by

including a forcing term to maintain the mean flow when there

are no waves present. When waves are introduced the modifi-

cation of the mean flow could be studied.
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