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A system of equations is developed which relates the
general displacement field from usual and image-plane double
exposure holograms of objects illuminated by collimated or
point light sources. By defining a coordinate system in the
direction of the holographic plate and requiring that the object
be several plate diameters from the plate, certain simplifications
in the system of equations can be made to decouple the
displacement components. As a result , the in-plane components
can be independently determined from the apparent fringe shift
observed from the holographic plate. The out-of-plane
component can then be solved from a linear equation using the
in-plane components. All three components of displacement can
be simultaneously determined fro m a single film plate, regardless
of the proportion of in- to out-of-plane components. The
method is validated by comparisons with speckle results and
theoretical analyses.

ADMINISTRATIVE INFORMATION

The work summarized in this report was sponsored in part
by the Naval Sea Systems Command (03511) from elements
which are now included in the Surface Ship Structures Block

• Program SF 43 422 593. Part of the work was also sponsored
by the In-House Research and Exploratory Development

• Program , Task Area ZR 023 01 01. This report was presented
at the 6th International Conference for Experimental Stress
Analysis held in Munich , West Germany, 18—22 September 1978.

• 1. Introduction

Several authors LI —6 1 have proposed methods to derive the

general displacement field from a double exposure hologram.

The methods have been cumbersome to apply because they have

relied upon measuring fringe locations in space, knowing detailed

coordinates on the surface of an object , or taking a large number

of fringe readings to solve over-determined sets of equations.

Other methods, which are simpler to apply, have been proposed

for such special cases as out-of-plane deformations, pure bending,

simple shapes, etc. Additional work [ 7 — I l l  has been expended

in the use of image-plane holograms to measure a displacement
• field. These methods also tend to be awkward to apply , require

comple x imaging techniques , or be limited to special cases.
C.pywrliM © III , Im.n.tion& Conf.~ncs for ExpsrUnsnt.I Sty...

At~ Iy.N, Uuni~~s~ W..1 Gorm. ny. Sspt.n *s~ 1971.
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The advantages, disadvantages, and limitations of speckle’)
techniques are well documented (12 —17 1.  There is an interest
in developing methods which are simple to apply and can be
used to obtain all three displacement components simultaneously
from a general object subject to arbitrary loadings.

In this paper , a system of three equations is developed
which relates the general displacement field obtained from usual
and image-plane holograms of objects illuminated by collimated
or point light sources. By defining a coordinate system in the
directions of the holographic plate and requiring that the object
be several plate diameters from the plate, certain simplifications
in the system of equations can be made to decouple the
displacement components. As a result , the in-plane components
can be independently determined from the apparent fringe shift
observed from the holographic plate. The out-of-plane
component can then be solved from a linear equation with the
in-plane components. The method of analysis is analogous to
that reported in references [51 and [9) .

2. Holographic Interferometry

2.1 Theory

• When an object is displaced between two holographic
exposures, the fringes which appear are related to constant
differences of optical path length. Let an object point
P(X, Y, Z) be illuminated by a collimated object beam parallel
to the X-Z plane, making an angle a with the negative Z axis ;
see Figure 1. The object is observed from a point H(Xk,  ~k’ 

)
• on the holographic film plate, which is in an X-Y plane. Let P
• be displaced to P’(X + U, Y + V, Z + W) where U, V, and W are

the components of the displacement vector. The phase
difference of the light arriving at H through P and P’ can be

• given by

= (P’H - (4&J~ + PH)] = 1P ’H - PH) - API ( I )

1) All subsequent references to speckle assume single-beam techniques.2
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Figure 1 — Schematic of Holographic Setup
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where X is the wavelength of light and

AP ~~U sin a+Wcos u

PH = [(X — Xk)2 + C’~ — ‘
~
‘k~ 

+ (Z — )2 11
~

2 (2)

P’H~ [(X _ Xk +U ) 2 + ( Y _ Y k +V) 2 + ( Z _ Z k +W) 2 J h h ’2

Combining PH and P’H yields

P1H~~PH=~~~~[l + —1-- (2 [(X-X k )U + ( Y -Y k)V

(3)
1/2

+ ( Z _ Z k) W ] + U 2 +V 2 +W 2
)]

Neglect small quantities and expand P’H

P’H _ P H = t h  E ( X _ X k)U + ( Y _ Y k)V + ( Z _ Z k )W1 (4)

The phase difference can now be given by

(5)

where
X -X k .Ak PH — sin a

• Bk = PH 
(6)

Z - Z kCk PH -cosa

Bright fr inges will occur when the phase di fference 6k (equation
(5)) is an even multiple of it

Ak U + B k V + C k W = fl k X (7)

The subscript k refers to a single point of observation from the
holographic film plate , and is the number of fringes on the
image. The same point on the image can be viewed from
different locations on the film plate, giving different values for

and appearing as a fringe shift.

~~~~~~~~~~~~~
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Three observation points will yield three equations of type

(7) which, ideally, is sufficient to determine U, V, and W.

However, the value of the determinant can be small because of

the limited size of the film plate. The least-squares combination

of an overdetermined set of equations suggested in references
(5 1 and [61 overcomes this problem.

Let us now introduce some restrictions upon a system of

equations from three observation points. Choose the observation

points so that Y2 = Y1 and X3 = X1; since the film plate is in
an X-Y plane, Z1 = = Z3. If the film plate dimensions are
small compared to its distance from the object , then

PH1 PH2 = PH3 = R (8)

Hence

fx -x, \ (Y-Y ,\ fz-z ,
R 

_ Sifl a) U~~~ R )V +~ R 
_ cos a)W n ,X

fx -x~ \ fY -. Y1\ fz -z ,
R 

_ sin a)U +~ R )V +~ R 
_ cos a)W n 2)~

fx - x1 \ fY - Y3\ Ii- z, 
(9)

R - sin a)U +I~ R )V+~~ R 
_ cosa)W n3X

Combining the first with second and third equations

RX(n 1 -n 2)
U =

(10)
• RX(n 1 — n 3)

• V =

The in-plane U- and V-components can now be independently
• determined from the apparent fringe shift observed in each

direction. The out-of-plane W-component can be found by
substituting U and V into one of the equations of set (9).
Equation (10) is conceptually similar to those of reference [2 1,
where the projections of all three components - are similarily
determined. Equations (9) and (10) maximize the projections
of two of the components and separately determine the third .
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Reference [51 repraces the collimated light source by a

point ligh t source, located at point S(XQ, Y0, Z~,). This results

in equation (6) being replaced by

X.- X0 X -X ~Ak SP + PH

“~~~
‘o ‘

~
‘ ‘

~kBk = SP + PH 
(11)

Z - Z 0 Z - Z~Ck = SP + PH

Using the same restrictions as described previously, we can

substitute equation (11) into equation (9). Combining equations

as bef ore, we duplicate equation (10) for the U- and V-

components. The W-displacement can be determined from

(x~~Xo +
x
;

x
x)u+(’

r’
;

Yo +
‘r’

~~
’1’

1)v

(12)
f z -Z 0 z -z ,\

+ R )W~~ n i X

where R0 = SP, the distance from the light source to the object

point.

2.2 Results

An aluminum propeller blade (30-cm-diam) was loaded by

• a uniform air pressure of 219 Pa. The observed fringe readings

from three loca tions on the resulting double exposure hologram

were used in equations (10) and (12) to predict the displacement

components. The displacement across the chord at the

70-percent blade radius were scaled to 6900 Pa (1.0 psi) and

were plotted in Figure 2 along with those from an isoparametri c

finite element analysis [18] . The good agreement of all three

components demonstrates the validity of the 
method.6
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• 2.3 Evaluation

In the proposed method , an error in a fringe reading in one
in-plane direction produces a proportional ~rror in the calculated

displacement in that direction ; the other in-plane displacement
is unaffected. The same error produces a small error in the (W)
out-of-plane component. The W value is affected less because ,
according to our restrictions , C of equation (7) is much larger
than A or B. If we were to use three fringe readings , having the
same error , to solve three equations simultaneously, all three
component s would be affected , sometimes ca tastrophical ly. The
use of an over-determined set of equations (4 or more observed
fringe readings combined by least-squares criteria) minimizes
errors in the displacement calculations. Unfort unately, more
fringe observations must then be made from one or more
holograms.

In equations (9) or (12) of the proposed method , detailed

coordinates mu st be known of the poin ts on the surface of the

object. For a general object , we must ofte n resort to som e kind

of numerical control probe. If the surface variation of the
objec t in the Z-direction is small compared to R, then we can

calculate the X, Y coordinates of the object from the holographi c
image. By passing a narrow laser beam through a point on the
holographic fil m plate , we can project the image and th e

• corresponding fringe pattern onto a viewing plane. The in-plane
coordinates of points can then be measured from the viewing
plane , keeping any magnifications in mind. The errors involved
in this techniq ue are minimized as R becomes larger.

The restriction about keeping the hologram at a relatively
large distance from the object is significant. If an object is close
to the hologram, it is possible to have opposite fringe shifts
observed from diffe ren t parts of th e same hologram . I f we are

physically prevented from moving the hologram far enough from
the object , then one should use an overdeter mined set of

observed fringe values with equations (6), (7), and (11).

8
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3. Image-Plane Holography

3.1 Theory

An image-plane hologram is formed when laser light from a

collimated light source (as before) illuminates an object point
P(X , Y, Z) and is focused by a lens onto a point on the
holographic film plate I(X~. Y~, Z1); see Figure 3. For simplicity,
follow the scattered object ray which passes through the center
of the lens, and let the image be focused on a film plate which
is in an X-Y plane. If the object point is displaced for the
second exposure to point P’(X + U, Y + V, Z + W), it will be

focused onto a slightly different X-Y plane than P at point
I’(X1 — mU, Y1 — mV, Z1 + m2 W). A reversal of the magnified U-
and V- displacements is caused by the lens where m is its lateral
image magnification. The W-displacement is affected by the
longitudinal image magnification , assumed equal to in squared.
Points H(Xk, ~k’ Zk ) are observation locations in a plane
parallel to the film plate through which the image-plane

hologram is viewed.
The total distance traveled by a light ray for the first

exposure will be (AP -t P1 ÷ IH), while for the second exposure
it is (P? I? + I’H). The phase differe nce of the ligh t arriving at FL
can be given by

E(P’I’ + l’H) — (AP + P1 + lH)] (13)

where

AP U sin a + W cos a

P1 = [ ( X — X 1)
2 + ( Y — Y 1)

2 +(Z — Z1)2 1 h / 2

P’!1 
= [(X + M U - X 1)

2 ÷ (Y + MV-Y 1)2

+ ( Z + ( 1  _ m 2 ) W _ Z ~)2 1 h/ 2

• (14)
IH = [(X j _ X k )2 +(Y j _ Y k )2 +(Z j _ Z k )2 ]~

uf2

• I ’H = [(X j _ m U _ X k )2 +(Y l _ m V - Yk )2

• + (Z j +m 2 W _ Z k )2] l!2

M = l + m

UI Ud
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Figure 3 — Schematic of Image-Plane Setup
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Combining P’!’ - P1 and I’H - IH as before , the phase difference

can be written by equation (5) where

M ( X -X )~ m(Xk -X I) -

P1 
+ 

IH
SlIl

~~

M ( Y — Y 1) m(Yk — Y I)Bk =~~~p1 + IH 
(1 5)

(1 — m 2 ) ( Z — Z 1) m2 (Zk — Z I)
Ck = P1 

- IH cos a

Bright fringes will again occur when the phase difference 6k is

an even multiple of it. Three observation points or, better yet ,

four or more will be necessary to determine the three

displacement components.
Similar restrictions will now be introduced as was done for

the usual holograms. A large focal length lens will be used to

form the image-plane hologram, P!1 = R. Observation points on

the viewing plane should be chosen so that

• -

• I’ 
x3 =x 1 (16)
zi =z 2 =z 3
1H 1 = 1H 2 =IH 3 r

Three equations can be written in the form of equation (7) where

A1 = A 3 =~~~( X - X 1) + ~~~(X1 -X~)-sif l a

• A2 =~~~
( X _ X j ) + ? (X 2 _ X j)_ si na

B1 = B2 = -
~~~~ (Y— Y1) + ~~(Y 1 — Y1) (1 7)

B3 =~~~
( Y_ Y 1) + ? ( Y3 _ Y1)

( l — m2 ) 2
Cl = C2 = C3 = R 

(Z - Z1) - — (Z1 - Z1 ) — cos a
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Combining equations as before , we have

u _ ~~2 tl1)
~~m(X2 -X 1)

(1 8)
(n3 -n 1)Xr

~
‘ m(Y 3 -Y 1)

In-plane displacements are independently determined from the

fringe shift, and , they can be calculated without it being known

where the film plate or object was located . We do not need to
know the coordinates on the surface of the object. The W-

component can be obtained from

W = ( n 1X — A 1U — B 1V)/C1 (19)

Since A1, B1, and C1 are functions of the surface coordinates,

more restrictions are required. If all the points on the object

are approximately the same nominal distance from all points on

the image IP(all i) = R, and (Z - Z1)IR 1, then equation (17)

can be written as

M2

M2
Bk ~~~~~~~~~~~~~~~~ 

(20)

2
l _ m 2 _ !!~_ ( Z k _ Z I)_ cos a

where XL, ~~L is the longitudinal axis of the lens. Hence W , too,

• can be calculated from equation (19) with only the angle of the

collimated object beam and the nominal distance of the object
to the film plate being known.

• Reference [91 replaces the collimated light source with a

point light source S(X0, Y0, Zn). Equation (15) is now replaced

by

12
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X - X 0 M(X-X 1) m(X k -X j )

SP + P1 
+ IH

Y - Y  M ( Y - Y - )  m (Y -Y -)
B = _ _ _  _ _ _ _ _  

k i (~ ik SP P1 IH -

Z — Z 0 ( l — m2 ) ( Z — Z 1) m2 (Zk — Z I)
SP + P1 

- IH

With the same restriction s as before , U and V can be shown to

be derived fro m equation (18). If the point light source can be

placed sufficie ntly far from the object (SP all I = constant) then

similar equations to equation (20) can be developed to predict

the W-component.

3.2 Results

A steel cantilev ered beam (240 by 12.6 by 2.8 mm) was

point loaded in two orthogonal directions (Y and -Z) at the free

end. A collimated light source was used to illuminate the beam

from the fixed end 71 mm toward the free end. The image was

recorded by a lens having a focal length of 190 mm at F4.5.

Fringe readings from three locations on the viewing plane were

• made of the double exposure image-plane hologram. Photo-
• graphs of the observed fringe pattern are presented in Figure 4

• from two viewing locations (r = 1.2 m), 76 mm apart in the Y-

directi on. Only a slight variation in the fringe pattern was noted

in the X-direction. A fringe shift (difference in fringe readings

of the two viewing points) i-i3 — n 1 of equation ( 1 8) of two

fringes can be noted at the location indicated in Figure 4.

The image formed on the holographic fil m plate can also

be considered to be a single-beam specklegram with slight optical

noise produced by the reference beam. The specklegram can be

evaluated by ei ther a point-by-point or a full-field approach to

determine the in-plane components of displacement. Figure 5

gives reconstruction methods of the specklegram. The point-by-

poin t approach ~Figure 5 (a)) consists of passing a narrow laser

beam through a location on the image and observing the Young’s

fringes in the diffraction halo on a ground glass screen.

13

t .-—•— • - ---- - • - •-•- - - •-

~~~

- • 

‘ . - - -



Figure 4a — Observed from Point X 1, Y 1

Figure 4b — Observed from Point X 1, Y 1 + 76 mm

Figure 4 — Holographic Fringe Pattern of Cantilevere d Beam
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Figure 5 — Specklegram Reconstruction Setup

LASE R BEAM

I

______  _ _ _ _ _ _ _ _  FILM PLATE

GROUND GLASS

r = RADIUS OF DIFFRACTION HALO OF YOUNG’S FRINGES

Figure Sa — Point-by-Point Method
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Figure 5b — Full-Field Method
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The fri nge pattern at the same location as in Figure 4 is
presented in Figure 6. The displacements, D , can be evaluated

from

(22)
m sin a

where n is the number of fringes which appear in an angle a of

Figure 5 (a), and the direction is perpendicular to the fringes.
Alternativel y, the U- and V-components can be determined by

using the sin a term in the X- and Y-directions , hence

~~~ = 
nX

m sin ax (23)

V = m sin

which is identical to equation (I 8) where n is the number of

fringes passed moving between two points on the ground glass

(eq uivalent to the viewing plane). The fringes of Figure 6 were

produced by placing the ground glass screen 1.2 m from the

film plate . If the number of fringes separated by 76 mm are

counted in the Y-directton , two fringes are obtained.
Spatial filterin g methods are required in the full-field

approach depicted in Figure 5 (b). The film plate is illuminated

in collimated laser light beyond which a lens focuses the light

to a point on the focal or transform plane. If the film plate is

viewed through a small aperture offset from the lens axis , a
filtered image appears with fringes corresponding to contours of

displacement in the direction of the offset. Figure 7 shows such
fringes, corresponding to displacements near the V-direction ,

from aperture locations , separated by 76 mm in the Y-direction.
The focal length of the transform lens was 1.2 m. The in-plane

displacements can be calculated (1 7 1 from equation (23), where

a is the angle of the axis of the transform lens and the aperture ;

see Figure 5 (b). Again this is equivalent to equation (18),

where the transform plane corresponds to the viewing plane. As
• expected , a fringe shift of two fringes can be seen in the photo-

graphs of Figure 7 at the same location on the beam as in Figure 4.

17
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Figure 6 — Diffraction Halo with Young ’s Fringes
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Figure 7a — Observed from Point X1, Y 1 Figure 7b — Observed from Point X1, Y 1 + 76 mm

Figure 7 — Speckle Fringe Pattern of Cantilevered Beam
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Figures 4, 6, and 7 contain three sets of different fringe
patterns from the same film plate. All three sets predict the
same V-displacement component , can be analyzed by the same

equation , and have the same fringe shift at a common location on

the image. The solid angle in which the full-field speckle fringes

are visible corresponds to the size of the diffraction halo in the

point-by-point method and appears to limit the angle in which the

image-plane fringes are visible.
Displacements along the beam are plotted in Figure 8 along

with those from beam theory . The good agreement validates the

proposed method.

3.3 Evaluation

The observations in section 2.3, concerning the effects of

errors in fringe readings and overdetermined sets of equations,

are valid for image-plane holograms as it was for usual holograms.

An addi tional option is, however, available with image-plane

holograms. One of the specklegram techniques can be used to

determine the in-plane components and then use equations (19)

with (17) or (20) to determine the out-of-plane components .

Frequently it is physically easier to measure the spacings of the

• Young’s fringes than it is to count the passage of a large n umber

of fringes from two observation points. Alternatively, a least-

squares combination of fringe shifts from two or all three of the

techniques can be used with equations (5) with (17) or (20).
The restriction of keeping the film plate at a distance from

the object is no problem if a relatively large focal length lens is
used. Such a lens reduces the effects any out-of-plane compon-
ents may have on the specklegram measurements.

4. Discussion

In determining the accuracy and sensitivity of the proposed

methods consideration may be given to out-of-plane and in-plane

conditions. When all of the displacement is limited to out-of-

• plane , and the angle of the collimated light source approaches

zero, the fringes do not appear to shift position. Both the usual
and image-plane equations reduce to the equation W = nX/2.

19
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Figure 8 — Displacements along Cantilevered Beam
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Uncertainty of an eighth of a fringe corresponds to an error of

~ 30 nm (X 488 urn). If in-plane components are present , the

error can increase wi th very large in-plan e components.
Assum e a magnificatio n of un ity, an F4.5 lens, and r/~ X

of 10 for the image-plane/specklegra m in-plane measurements.
An uncertainty of an eighth of a fringe shift corresponds to an
error of ± 0.6 pm for the usual hologram, image-plane, and

speckle methods. The minimum displacement which can be
measured by the speckle techniques corresponds to slightly more
than one fringe (two, full , dark half fringes in the diffraction
halo) difference or 5 jim, which is in good agreement with the
Rayleigh criteria for resolution based on speckle size. The
minimum displacemen t which can be measured by the hologram

techniques corresponds to that of the speckle techniques when
all of the displacement is in-plane. However, when out-of-plane
displace ment is also present , a minimum in-plane displacement
of 0.6 pm corresponding to an eigh th of a fringe can be
measured. The additional fringes provided by the W-displacement

are analogous to the fringe mismatch method of Moire techniques.
Figure 4 is an example of the number of fringes which occur
when the W-component is only 10 percent of the V-component.

• Anoth er approach to improving the accuracy and reducing
• - the minimum displacements which can be measured is by using

elect ronic phase measu rement techniq u es, [1 9, 201 by which
phase measurements corresponding to a thousandth of a fringe
can be performed.

When a large out-of-plane displacement is present , the

number of fringes may become so dense that the fringes cannot
• be distinguished because of the speckle noise . Image-plane
• holograms have an advantage over conventional holograms

because they can be reconstructed in white light. As a result ,
the speckle noise can be reduced to the point where hundreds
of fringes can be distinguished.

The proposed methods can be used to determine all three
displace ment components , regardless of their relative size or how

they were formed. They do not require assumptions of
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elasticity to derive one type of displacement from another.
Since all of the components can be measured from one film
plate, nonlinear problems can be attempted. Often , primary
concern is with strains and secondary concern is with displace.
ments. For some simple cases, the surface strain of an object
can be determined from the firs t derivative of the in-plane
components , other simple cases can be satisfied by the second
derivative of the normal component. A general curvilinear
surface, however , requires the first derivatives of all three
orthogonal displacement components to determine the surface
strains. Reference [21] derives the following equations for a
curvilinear surface in p and q, where X, Y, and Z as well as U,
V, and W are functions of p and q.

C = 
~~~~~~ + + zp Wp

p

= 
Xq Uq + Yq Vq + ZqWq

q

(24)

‘Ypq = (Xp Uq + Xq Up + Yp Vq -i- Yq Vp + zpwq + ZqWp

— (e 1, + Cq ) (XpXq + Yp Yq + Zp Zq )] I

E(~~ Yq q Yp )2 + (Y pZq YqZp ) 2

+ (Z X -z X ) 2 ]
-
• 

p q  q p

The subscripts indicate differentiation. Of course , the geometry
must be known of the surface of the object to determine the
strains.

5. Conclusions

• Systems of equations have been developed to quickly and
easily determi ne the three displacement components from image-
plane and regular holograms. The in-plane components are a

• function of the viewing location and the fringe shift , whereas
the out-of-plane components require in addition the nominal
dis tance of the object to the hologram. An advantage of the

22
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method is that all three components of displacement can be
simultaneousely determined from one film plate , regardless of
the proportion of in- to out-of-plane components , withou t the
use of complex imaging techniques.
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