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________________________
Introduction

A. Integration of Single Rays

We ai&’ deali ng with the ray approach to mapping sound propagation

In the sea .

We are considering the problem in which the speed of sound , c , is

variable over two dimensions , the dep th , z , and a horizont a l  coordinate , x

With no refr action normal to the x , z plane , a r ay directed i n the plane

remains In the plane .

0 x
0 - r ~~~~ 

‘-
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~

-‘- ~ —~~—~~~~~~~~~ — - ~~~--‘—- - --

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

the ray

Fig . 1 A ray is the path of an element of wa vef ro n t

Each element of wavefront is Instantaneously propa gating along i ts

normal , in the positive direction denoted by unit  vector t .  A ray may be

defined as the path , or locus , of art element of wavefront . The path is

bent l y  refraction.  The governing e~iuat 1on may be expressed by
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= 
cos V 

- 
1 ~c (1)

ds R — z  c ~n

The notation is identif i ed wi th  refeR’I ice  to Fig . I: The d i r e c t i o n  ft is

represented by the angle V measured clockwise p osi t ive from the hori~ out a l .

Linea r d i s t ance  measure along the ray is denoted by s . Linear measure

nor ma l to the ray , and hence tangent  to the wavefront , along uni t  vector i~

is denoted by n .  The uni t  vector it is clockwise normal to ft by sign

convention .

The t i r st  term on the r i ght  hand side of Eq. (1) is due to coordinate

curvature of the r eference  hor i :ont a l ;  R is the radius ot curvature ot local

sea lev el. The second term expresses the refraction , ca used by speed

gradient along the wavefr ont .

B. El iminat ion of the Curvatur e Term

Equat Ion ( 1) may be transform ed into

d Y  1
ds 

— — 

c* ~~~ 
(2)

where

c~ R - z  c (3)

and K is an arbitrary constant.  We choose to make ~ = R.

The factor R/(R — z) ranges from 1 at the surface to 1 .001 at a depth

of about 6 km.  Over this range of depth the factor increases the sound

speed almost linearly with depth by zero at the surface to about 1 . 5 meters

per second at 6 km.  The significance for Including the curvature effect

— 2 —
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may be iudgcd in the cont ext  of the var iab i l i t y  of the sound—spe ed structure

a nd the ac~’ui acy with which it may be s pect t ied from ava1l~ b 1t’ In f o rma t i on

In any cast ’ the c u r vat u r e  is a bi as  which may t t ’adi  ly be Included by

i n o d i t y t u q  the speed according t i~
) Eq. (3)

The l i n ea r  artj u mont , , along a r a y  may be iepl  aced by travel

t im e , t , accordin~i to

c dt (4)

The use ot c~ 
in place ot c r e s u l t s  in a pseudo t r av e  I t ime

c~ dt~ 
(5)

R - z  -

dt~ — r dt (ti )

The modif icat ion is sl tu l i t

In a l l  that fol lows we sha l l  consistently use the modifie d speed ,

and , in  the tow places It appea r s , the modif ied t rav el  t ime . II  once we

can omit  the sub scr ip t  aster isk wi thout  con fu sion. The ray tract  ii~i Is *

t ioverned by

1 ~c
- - 

c ~n 
(7)

C . I ’tu ’ Spec ( t i c  W ave t r  ~nt Length

An individu al  r ay may be identified at a t o t  ort ’iict ’ pot at denoted by

S I a Ut u . 1 , wh o r e  the o r i e n t a t i o n  of the part ic ul  at wavefront element Is

defined by )‘~~ . The wavefront element also ha s two dimensions associated

— 3 —  5’
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with its stretching (wavefront divergence) or shrinking (wavefront conver-

gence) and reversal (wavefront folding) . We denote the specific wavefror i t

length in the x , z plane by L , and shall not concern ourselves , for present

purposes , with the lateral dimension of the wavefront.

The derivation of the governing equation for L along the ray is given

in Reference L i ]  . This governing equation may be expressed by

I
= - -

~~ ~~~~~ 82 c~~~ s d s  c 2
ds

The specific wavefront length may be Initialized (normalized) at the point S

by specification of ‘ ~1

~Initialization also requires specification of the curvature of the wavefront

at S , by specification of

(dL/ds) s

Equation (8) is for single—ray integration of wavefront spreading .

D. Depiction of Wavefront Propagation

The ray approach may be used to depict the propagation of wave-

fronts by Integration of the traces of sufficient rays to adequately depict

the wavefrori t continuum at all positions in its propagation. Such complete

mapping of the wavefrori t propagation encompasses the wavefront

shrinking and foldings , and Implicitly includes full determination of L.

—4—
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Independent integration , along some ray , of L by a numerical

analogue of Eq. (8) thus yields another determination of L. Because of

differences in truncation errors between the two independent numerical

integrations--rays by numerical analogue of Eq. (7) and L by numerical

analogue of Eq. (8)--the results may not be consistent . For complex

sound distributions or badly designed numerical analogues the results may

not even match in areas of interest. In any event , because truncation

errors compound with length of the independent integrations , the match

deteriorates with distance covered by the rays.

Of pragmatic interest is the propagation from a point source. Let S

of Fig . 1 be the location of the point source. Then each ray is defined by

its emission angle , V
~ 

, and , f or a ll rays ,

0 (9)

(dL/ds) s 1 (10)

Any point in the medium may be traversed by one or more rays ,

giving ,  In association , to that point one or more values of Y~ . Such

multivaluedness is produced by foldings of the wavefront. The wavefront

remains continuous if we Include the foldings in our concept of continuity ,

and , correspondingly, the field of , while multivalued , is also

continuous . Thus multivalued areas are separable into superimposed

families of continuous distributions . For each family the ascendent

of ‘
~ 

is tangent to the wavefront in the direction of increasing source

emission angle. This direction is -~- ii or - u’i depending on the even-

or-oddness of the number of foldings the wavefront element has undergone

in its propagation from the source .

—5—
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For a po int  source the speci t i c  w avefront  length , L , m ay be

dia~j nosed tr om fu l l  t a y  d e p i c t i o n  , throughout the insor t i f ied medium , by

-

~~~ 

= v Y s (11)

t ot  each f a m i l y .  A c c o r d t i i j l y  , and a l t e rna te ly  but cons i st ~~ut wi th  our

ea rl ier d e f in i t i on , L may be del i  ned as the s pe c tt  ic wavefrorit  length per

un i t  ra ( l ia l i  ot em i s s i o n  at the point source . This d e t i z i i  twa is restr icted

to i n s o n i f i c a t i on  by a p o in t  sour ce , whereas the e ar l i e r  de f in i t i on  is

~ieneua l

F . h e t e t  ence for  Cons i s tency

In m apping the sound propagated t rem a po int source we have

a v a i l a b l e  two methods for determining the mul t i—valu ed  t i e ld  of L. The

f i r s t  method i uvo t v t ’ s the des i~ a a ad appl icat ion of a numer ica l  analogue

tot the r a y  t r ac in~ eq u a t i on , Eq.  (7) , and t ot diagriosi s of th e ray spacing

by Eq. (11) . The second method involves the design and application ot a

numerical  analogue to t  Eq. (8) for integration along each ray obtained by

analogue of Eq. (7) . Unless the numer ica l  analogue for Eq. (8) can be ,

and is , des ique d in a form cons is tent  with the ray t rac in g , truncation

er rors ~v i I 1  ma nifest  quite d i f f e ren t ly .  The d ispar i ty  will generally ijrow

with  r a n q e  and with the complexity of the sound—speed distribution and

the ocean—bottom topography .

Such Independence in truncation e~~or may be deemed usefu l  as

indicator  of the range l imits  imposed by truncat ion errors overwhelming

reso lu t ion . However we d i smi s s  thi s use because the likelihood is that

the m a y  spac inu would be more accurate , in general

- t;-
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We dee m it d( sir able to compute ~ p~cific wa vefront length . L

rather than to rely on spacing between rays of f i n i t e  separation and diverse

paths.  And we deem i t  desirable that L be consistent with the d is t r ibut ion

of rays .

We consider the information to be complementary . Continuity in

L from ray to ray is an Indicator of the adequacy of the re solution.

The ray to ray locus of L = 0 locates caust ics .  Caust ics  generally

do not l ie at the i ntersection point of two rays of f in i t e  separation in

but occur at the different ial  crossing or folding . Propagation loss by

diff raction depends on the geometry of the propagation with strong

dependence on the occurance and orientation of caust ics .

1 . Object ive

Our objective is to develop a numerical scheme for ray—consis tent

de termina t ion  of the specific wavefront length dis tr ibut ion.  This distribution

generally becomes more mu lt iv alucd with range from the source , not only

by i nternal foldings in sound channel s but also by reflections at sea surface

and bottom.

This endeavour involves considerations which include

— maximiz ing  accuracy in ray tracing and ray spacing for the prescribed

sound speed distribution ,

— s impl i fy in g  the integrations for the purpose of reducing calculations

for the same resolution yield ,

— exploiting simp lifications which occur when sound speed , c , is a

function only of depth , z , and

— realizing consistency as horizontal variability in c vanishes.

We proceed by expanding on aspects of single-ray Integrations and

simpl i fy in g the equations for when speed is a function of depth only. We

then return to designing the object scheme .

— 7 —
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H Single Ray Spreading Integration

A. Transformations of the Governing Equation

E quation (8) is a form of the differential  re la t ionship which governs

the specific wavefront length , L , along a ray .  The motivation for trans-

forming this equation into other forms includes revealing the character of

the equation , th e significances in speed-of-sound distributions , and

insights for designing improved numerical analogues .

Special treatment of the equation is required for use in integrating

through discontinuities in speed distribution at interfaces and at surface

and bottom reflections. This development follows in Subsection B.

We begin the transformations by introducing K C. c  .

2 2 2d L ~K dL K 
+ 

(aK
2 as ds 

— L~ 2 ~,, ?n (1 2)
ds

Keep in mind that s is along the curved path of the ray and n is along a

straight line normal to the ray .  At a point along the ray we can write

V 2 K a 2K/an 2 
+ 32K/a s~

2 (1 3)

where s~ is along a straight line tangent to the ray . We also require the

operator transformation

2
• V (it . V) (it . V)

2 
+ . V t  • V

as

a 2 dV a 2 a
+ ~~~— . V  = — — —  (14)2 ds 2 an an

— 8—
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~n the Ia st t o p  we have used F q - (7) . Acc om d in q  lv we have the it  ans  —

t o t  nl a t t

- ( l~ )
.5 -

Uv u s i i l q  l q:. • ( 1 ~) and 11 ~ ~ve ii ~~~~~~~ iii 1 q . ( 1 _~~ i nto

~ — i — (l~~

th is  t ot  :~ t si ~ t i t t  i c an t  hocau 5( ’ the at rcct ton al  opec ali’i I u~ . \‘) , of

Fq .  (~ ) h as  been epi a cod in f a v o r  of an i sot t op i c  opet a tot  , V , and

d it t e t  en t i a l  s alon~ the t ay

in Ret  et ence . we h ay  e tran s  tot  med the ~iovet  ci t nq equ at i on  i n t o

the tot  in

= - c~ 
V~~K ~ ( 17)

‘It —

wh om e ~ 1. c a ad t r ave l  t tim’ , t , r ep laces  as mea su te  along the t ay

.accot ~1iti ~i t o  d:; cdt .  l ’his i s  the s imples t  tot at ~~~~~ h ave been able to

ded u ce . It enab l ed us in  Ro t om once .~ ~ to de tetmine  tha t  ~ is m e e t  pm ocal

be 1w eon a ~~~~~ sout ce and a t ect ’tv et tot any t ay path .

l n i t i a l i : at i o n s  , at a potut  souice , art ’ qiven  ~~~~ l~qs . (~fl and ( 10)

and the ir  t i a t i s t o t  ins:

0 t 1~ d~; ‘I c (dQ dt .) .  1 (1 8)

— 9 —
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l~. ~e c t a t  Tr~ :~~~u t  at  f l m s c o c i t i n u c t i e s  acid h f l t ’~~!io :n ~

lii  0s¼ 1 t i ’ i : i ~i t h e  s l o - ~ J i : ;t ~ ib u t i o n  i i i  th e  : a  i t  ni~1y be ~-onv ec1ie ~it

cc - u c t a b i e  to i nc l u d e  i :  -~ i~ t~~e:; ~v I i e i e  t he  s~n -e~ ~l c , c d h I l t  ~i h a r u ~ ’ t l v  chi ~n ncos .

pi ~~~~ i t  es - s h a l l  f t  ea t  such  c c i t e m  t a c t -s ~ - hoc i :~ ‘ :~~~t i i  - Ray

tr ~ici~n : by l~~ C) t e q u t i t ’ :; on l y  t h a t  t h e  t e d , c , hO t t l ~l 1 e — v . t l i k ~ . ~nid

c O i i t t u u o u :  ( : occ — ocdcc  c o : l t c t i u c t \ )  - i t  can ho c : i t t u a t  d t h i m o u ~c hi i :~ t a  r t a c t ’:

a ci ~ih ru ~ - t  ch t a ; n ~ i n speed ~l t ~ h i c t ’ : i t  ( i i :  - 1 — o H o c  d i s c - ci t  n~u i t v )  - I l o w e v o m

F q .  ~H) cann ot  be i : l t e~n ~c t t -~ i t h i m o u ~c hi  suc h i c i t e m  t . i c t - :;: t h e  s p’ t ’ c e c : l ~c t a le ,

~~ ds , a b c  n p t [v  c h t a t c - ~ccs

R e f l e c t i o n s  at t ! h -  sea ;;ui ~ cce or ~~~eaci  l ’o t t ~~::: , ~v h i e c e  , m c i  q e c ic :  JI

we ~~ ~~ t a l l  ~ v ~c ~ -
- : i) , a l so  cave ! v e i t  oct  ive  pa S S e t lii  ou~c hi k i n k s

in the speed p i c i t l e . At r e t l e c t i o c i s  we have the  a d d i t i o n a l  c o c i s i d c i a t i o c i

t~~~: i t  I , i n  -coH.cc ice  w i t h  L 1. ( i i ) , l I m p s  s~~c n .

l’he e~ O s s i c i l S  I t ’~~c c r esi  t o t  cat  I \ - in q  the  i n t e t i t  au -on ci l q . C)

t hic  ou qht  iu t  ert  ace: ; and t o t !  oct  c oil: ; have heeti dot c \ -ed i i i  Ret  ci once 
-

Thus  ~v~ c done  by app l v i ~c sc Lq .  C) to a t i a c i s i t i o c i  l aye r  b e tw e en  l e v e l s  of

d i t t e t  i c i ~c s p e c c t c e d  ~u a d i e i i t ;  l e t t i n ~i t he t h i i c k c c c : ;s ci t he h a v e c  :; h i z i n k  to

~eco cci  t h e  ~cr i l v s c ~; ai\’ t ’ t h e  desi red  ex p ie s s io n .

1~tL1 - - 
J ~~~~~ 1’~1 - 1~ 1

( d sj  [dsJ c s t n  

~ L~-’J~ 
[
~ -J

At c t ~t l e c t c ~~:c: ; t he : ;c ~2 ci  ot I i s  t l c p p o d .

— 1 .

The sub: ;cc ip t  I i s  usod to d e n o t e  in c i den t  v a l ue  a c id  t in ’  : ; i ch : :cc t p t R a

ret Ie~-t ed va lue . lb . ’ spr t ’ad in t i  t a t e  ch a c n i e s  accord i cia to

— 1 0 —
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Id Li I dLl 2L~ cos
2 

~
‘I ~ c

L dSJ R LdSJ 1 
+ sin )’1 

(2 1)

Transformation of these equations in terms of Q is readily effected

by substitution of

L Q c ; dL/ds = c dQ/ds -i- Q ~c/~s (22)

= cos V ~c/3x + sin v ~c/~z (23)

The transformation yields

1.~LQ1 = 1.~Q] 
- 

ç 1 
~ f~

] 
- 1.~.21 ~L ds]÷ [dsj c sin ~ ~~zj÷ [aZj_5 (24)

(25)

I -~-Q1 = - [.~i~] ~~ 
2 

-
~~~~~ (2 6)L dsjR c sin )’1 az

C. Numerical Analogue Design and Accuracy Demands

Consider the design of a numerical analogue for the spreading

integration along a single ray , without any regard for consistency with

ray spacing . The simplest design is suggested by the Eq. (17) form of

the governing differential equation . This design is

+ 
~~~~~~~ — 1  

- - ot 2 
[c

2 V 2
KJ ~~ 

(27)

— 11 —
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‘lito t — t ’tt ~~t .— itt t  t i n - t o n m o n t  , , u n t i L :; o f t  :;i te~~o : . : . t ve  t h i m u ’  I’ t ’~~I t t t ~ 1i5 ,

f _ lit ’ i.iy , t ic ’ttt itotl l,t ,’ :a i l ’se t  I t t i : .  (1 , r — I , , T . . l ’hmo

I t i l t 1, -i l I ; ,i t  I .  ‘ci  I : .

- - t’i t  ( _ h t ) )

liii: ; a t i . i t o aj mm c ’ S t a ’ t e : ;  ~v o t t  t i m  c a t t ’ t l t ’i  t e s  ot .it i a t o t j y  w i t h  th e

dl I t e m  e m i t  t a t  t ’q t t a t io lm l i t  s t a N  II t~ au t h  I mph h o l l y  ( i t  u se , h o t  t l i t ’ p i t t

i t  has  t l ~ ’ v i i  t t t o  of i e e t I ~lot - l t y I t  th e  same p o i n t s — — a n d  hence t h e  :;a tai ’

~‘ . i I t m t ’ : ;  of A — . i te  itc ;e d l i i  th e  i a ’\ ’ c ’% ~c’ t I p topa c ia t i ot i .  1 L owt ’v t ’t t i m

a p p h t t ’.it t o m i : .  i t  le ave : ;  it s  ~v t s h i i t t i  tot c c t ~m t ’t t i t m i t i  e \ t i c i  ( m m  th e  aiea oh

a e e m u i a c v  j ’eu hm, -ips , l .ovotmd the cal l  ot du t y  of .i

itumom It -al .111.1 lo a nm t ’

I i i  :n ’ t t i i th  t t t a j ’ p h t i a i , .- mf th e }‘lor ’t N t i m c t u  t eal  Wo,-i tht ’t  ‘t ’ t i t u  ,tl , f l i t ’

:;~~t ’ot l pi o f t  le’; w i t h  dep th  .110 c ; 1’ i ’t ’t t ic ’d by speed va l im o s  at  tvh , i tovt ’u dep th s

al t ’  t c ’ t t  ie~1t t t m o d  tot i t ’~~a ’ t i t t t O i i  totic’t ht ’t  w i t h  .—m t i  l t i t e m p o t ,- m t t -an tot m u u l , m .

Mn ’ I t i t t ’ t  ~tIt 1 at h ~ i 01111 I’ll - ty  ( I i  It  50 ( c c  ci t ’miI ~te  SOt]  mont t ot ocit -h depth

i n t o m v a t  hm c iv t n t i  tim a t l ton t  ami d v a lu e  t - t ’ t m t t u u t l t y  w I t h  the  a a b t ’h n i i i t i  .. - t i l ’ I ~’ ;; .

Wh I l e  p i t m h l i e c ;  a te  . i c ’umeta l ly  : ; ;~ot ’t l t o d  I m i t l e c ;  .—i pal i , miO h i t hiS may be : ;p ocmt  i t ’d

at l t m t e ’t v a l s  l i i  t en: ;  of i imt’b’ i  :; , ,-mmtd ev omi i i i  i t i e t t ’t  cc . The m e s t i l t  I : ;  t h a t

P t t ’ I t  to: ;  may have vet \‘ ShI , i I  p b a l t i c  i’s l i i  depth .  Wi ’  hav i ’ : ; a ’t ’ti i i i

— I .~
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Section II B th at sha r p chan ges in profile gradient ca use pronounced changes

in th e c c pm oa th  t i m q  ra te .  U nl O~~s such t eatu t  es a t e  t r e a t e d  as Li u k  a l q  . (.~ U)

must be t i t t o t ~t a t e t i  I n ver y s mall t u cr e u i c et i t  a th r ou gh these I eat uc ec ; a Iii

ot dot to contain trun cation ot t  ~. r cc

1’hi s sensitivity would be t mp ioved it  the uunte z ica l  analogue could

be expi  es sod mu t eruis 01 pot f e et  di t t e m e n t i a t  cc at  l east in the depth

component of the a rgu m en t .  Roduo tt on  of the d it i e r en t ia l  em dot ot the c c peed

t ho p et i d omi ct ’ ~t ct s  in the samn ’ d i i  t ’e t m o n  of rt ’t h t c c i n g  st ’ii ~~i t i v I t y

Pt  the m succt ’ cc s would also over come the need to t  c c pee m a l  t i t ’a tment

at in t erna l  pm o t t  t o k m  u k: ; am id a t  m e t  h oo t  I o u l c ;  (provided we ti (p the :dq ii ot l~)

The coils IS tout  sche mi’ that we outline in Section V has such advanta ges

‘I
,

—13—

- -



-
~~~~

---5
~~~ 

_ _ _ _ —-

‘a’

( IL  S t u ~.t t o—ñot  I h e St c j !jj flt -a t uoc i s

A .  Ray l t a ~- c c i t i

lii t L ~t ’ h ’ t t ’Se i lt  :e t ’t t t ) I i  ~v c ’ ( m e a t  the ~p t - c t s m l ca st ’ of L t t ’t ) h t & J t t ~ t t ’

hot i~’.~ ’ c i t , m l  v~m t i a t ~ot1 i n sound speed . I t i t ’ c ;p et ’tl , c , IS p i t ’ : c t  i t t e d  a:; a

t u n c t  i ou  only  of . l t ’pt hl

* 
I : t i t m a t i o n  (7) , h e r a t ay  , may he w r i t t e n

= 
- _ 2 ~L ( i 1 )

Si m e I l :; l aw c c ca~ be ob t a i c c c ’~I by c e c i s i t l e m  i m ~~i t i l t  t e t e c i t t ~m I ; ;  t o t  a l l  h i d  t ’ u c ; e u u t  in

dep th , ~

-- — t o:; ) 6~ ~

liv : ; i c t n . t  m ( t i t i n g  c a l l  } 
—
- Wi ’ o i ’ t a i u i

ö . t o:; ) ô ~ c ( L ~)

~v h t t ~~h i c i l i ’, I t i : ;  t h a t

~n~~’; )
- 

~ I :  c~’c t s t ~ t t i t  ~i t t ’ c i t i  a_ i i t t

R o t e t i  t i t t ~ ( ( S  ~-a [ i m t - t o  t t i t ’ c e t t ’t e I i t t pt ’i mi t  S it~~’ cc c a ’u u i  i t t ’ ,

t O 5  ) -

( ‘3)

— 1 4 -
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This is Snell’ s law , and we have shown that it can include the horizontal

coordinate curvature factor by modification of the speed profile.

Snell ’ s law may be useful In ray tracin g . It fails to span extrem al

depths ( I . e .  over V = 0) .  This limitation arises because multiplication by

sin V is implicit in its derivation from Eq. (31) .

Let us denote successive values along a ray by subscripts . -

rn -I , m , m-i- 1 . . . Equation (32) yields

cm+ 1cos V = cos Y (34)m+1 C m
m

A form of centered scheme is expressed by - 
-

Ox = (cos “rn ~ cos 
~
“m+i~ 

Os (35)

Oz = 
~~

- (sin 
~
‘m + sin )‘ +~~ 

Os (36)

If we choose O s as increment then Eqs . (34) , (35) and (36) are an implicit

set re qu iring iteration . If we choose Oz as increment their use Is

explicit.

With öz as Increment the Integration proceeds nicely until

cos )’ > 1m+l

For such increments , m to m+1 , we must allow ôz to be determined by

cos 
~m+1 

= 1 , and the progression In z is reversed for the subsequent

step. At reflections we must also allow ôz to be suitabl y specified .
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B. The Spreading Equation

We specify a point source . Snell ’ s law , expressed by Eq. (33) ,

holds everywhere . The specific wavefront length and the spreading ~~~~
at a point on any ray are given by

1 ~~
‘S 37

L 
— 

~ n 
( )

l d L  ~V 3
L d s  

— 

~n 
8)

We perform the operation ~/~ri on Snell’ s law at the arbitrary point a and

obtain

— sin )‘ — 
cos V — 

- sin 
~‘s ~~

‘S (39)
c ~n 

— 

c~

SubstItution according to Eqs. (37) and (38) leads to

sIn )’ 2
dL 

= 
S c 

- 
L cos V ~c (40)

ds sin )’ c
~ 

c sin )’ ~z

This is an order lower than the general form , Eq. (8) . Equation (40) fails

to integrate through points at which V 0 , but gives the result at these

points that

2 sin )’SL = ~4 1
C~~ ~ cf ~~Z

This suggests that Eq. (40) may have more to offer .

—16—
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EquatIon (40) may be cast into a simpler form by substitution of

L X sin y (42)

The new principal dependent variable , \,  may be interpreted as the

horizontal component of the ray spacing . Substitution leads to

* 

= tan ~ 
C O S ) ’  (4 3)

sin V

which may also be written

dX c5 sin V
~ 

c -
-

ds 2 2 2 
(44)

CS 
- c cos

- - 
This reveal s that dX/d s , ~~~ ng a ray , is a function of c(z) only . We shall

use this fact to prove recursion formulae along rays . We shall use the

schematic form of Eq. (44) ,

= F(z) (45)

C. Recursion Formulae

We are still dealing with a single-profile speed distribution , c(z) .

For a ray, defined by , Eq. (45) may be written

= — -c-— (46)
dz sin )’

-17-
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Fig. 2 A full ray cycle

Consider a full cycle of a ray which we segment as indicated in
Fig . 2. In segment 1 we have

z 
_ _  

0
= 

F 
d z ; \ = 

F 

dz1 sin a j  sin
ZS Z

S

In segment 2 we have

= X a + 
~ sin )‘2 

dz

ZS
= + z - dza j  sin )’2 j  sin )’20 z

0 z
= x + c _ F_ dz - ç F dza sin )’1 j  sin )’1Z S Z S

= 2X — (47)

—1 8—
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= 2\ (48)
b a

In segment 3 we have

F
= .., + \ dz

3 “b  ‘t sin )’
zS

zc
F

= \ + \ dz
c b J sin )’

z
S

In segment 4 we have

\ 4 
= ‘c 

+ ~~~~ 
~ 

dz

zS 
z
SF F

\ 4 \ dz - dz
c •) sin )’, j  sin )’

Zc 
‘1 Z

zc z
r F C F

= X + \ dz - dzc j  sin V 3 3 Sifl

zS 
zS

= 2X — \
3 

(4 9)

— ‘
~< b 

(50)

Subsequent cycles have the additive values: 
~ d ’  2X d a  3X d a  etc.

These formulae were noted and exploited by E. Hesse of FNWC .

The present verification followed .

— 1 9—
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IV A Scheme for Ray Tracing

For the general case , in which c ~‘ar ies over the x , plane , we

would l ike  a scheme that affords consistency with Snel i’ s l aw as

~c/~x -~~0.

We a rc inclined to pr efer  0: as the independent increment tor the

ray integration , except for turning levels (V = 0) whor e 0: is determined

to the ) = 0 level .  Also the inci em ent  can be adjusted to accommodate

the levels of interfaces and surface and bottom reflections . Another

motivation in sp e c i f y i n t ]  O~ is that this i ncrement can r eadily be geared

to the v a r i a b i l i t y  of the speed structure . For example consider making Oz

i nversely proportional to ~~ci ’~~~~.

By noting that

— = cos ) -— + sin V — (5 1)

‘I
= - sin ) + cos V ~~~

— (5 2)

and K ~ ,
‘

: c , we transform Eq . (7) as follows:

d)’ ~~K= sin )’ — - cos )’ —

ds ?x

sin) ’ ti )’ 1— c o s 2 Y ~K
- ~~~~~~~~~ - — +  sin V

cos)’ ds cosY ~x

d d 1 ~mK
— 

~~-: cos V = — K - —

ds ds coz Y ~x

d , coz Y 
- - 

1 ~K
— — (53
ds c cos V ~x

—2 0—



~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -

~~~

- 
-I

We may develop the numer ica l  analogue in terms of successive

points a ton t ]  the m a y  m— I , in , m+ 1 , . . - Exact appl ic at ion

yields

i-c -u + 1
I

— ds
a t. ( O ~a V

L’OS ~ = ~ ces ) e ~-c -~ ( )
I11.~ 1 C tn

which we app ro ximate  by

cos = 
t i t ~~~ 1 1~1 — 

b~~~~~~~k 1 (55)
111+ 1 c iii L cos } ~~ jin

It r emains  to decide how to eva luate  the term under  the curly l ine . Si n ce

it is generally acknowled ~ied that  the term is ver~- much smal le r  than 1

a t~~rwaid  evaluat ion should be adeguate . \Ve subst i tute

= O : - s i n )~

and o b t a i m i

= 

c~~~~1 
[ t

*OS 
1~1 

- 

~~~~~~~~~~~~~~~~ 

(~) I 
(56)

m ni in

This analogue is , however , not suitable at turning levels (V = 0).  We

design a special operation for the turning increment .

-21- 
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m+l

I

Fig. 3 Integration through V = 0

For increments at the turning level , as shown in Fig . 3 , we

propose a numerical analogue obtained from

d)’ ~K 
— 

1 (5 7)ds r

That is , we approximate the trace by circle arcs with radius of curvature r ,

and obtain

Ax = (~)~
‘ sin )’

A z  = 
(
~~~)_ 1 

(i - cos “rn) 
“It.1

1?

V = 0 (60)m+l

= “m (6 1)

‘a .-
,

—22—
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It may al so be st rongly argued that  the relat ive contribution ot

‘x in l~~ . ( 5 t )  i s  ul eq l ig ible  . If the  purist does not at ir e e  then he must

admi t  to t a n ~ies for which  lateral r e t r a c t i o n  is of comparable s ioni f i c a n c e

At large c a nq e s , it should be realized , concepts of apertures and duct ing

r ep l ace  dependence on exact  i- ay pos i t ions .

In an y  case , we have reali .-ed c o nsi s t en c y  w i t h  Snell’ s law by our

n u m e r i c a l  a u i a l o i u e  , Eq. (56) - The ray tract Fit) may be performed as

t o h l o w s :

(1) Sp e c it v  0~ tot the increment in to m+ 1 , interpolate c acid
m+ 1

(~ K, ’~ x)
in

(.~) Compute cos )‘~~ f rom Eq.  (56)

(3) If ~ os Y ~ 1 abandon the value and use the tu rn inQ operation

defined by Eqs .  (58) through (61) to perform two increments  to

point  m +2  -

L (4) If cos V — 1 , compute sin ) from
rn+ 1 m+ 1

s in  ) = (1 — cos~ V ) (t ~~ )
m+ 1 rn -I- i

with positive sign fot downward progress , 6: 0 , arid negdtive

for upward progress , 6: < 0 -

(5) Compute

cos V + cos Yin m+ 1
Ox = oz — i.63

si n V sin V
in m+ 1

The angle , V . need not be evaluated.

The remaining details of the ray tracing integration should be

straight forward .

— 2 3 —
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V Adjunct , Consistent Spreading Integration

A. General Concept

The .joverning equation , Eq. (8), for the wavefront spreading was

derived , in Reference 1] , by a combination of the refract ion equation ,

= 
_ i ~~ (64)

* ds c~~~n

and the spreading rate ,

I dL ~ ‘ 65
L d s  

— 

~n

The propagation of a finite segment of wavefront can be depicted by an

adequate density of rays each integrated by Eq. (64). The adjunct

integration of the spread ing must , for consistency, be performed in complete

accord.

We propose that the adjunct spreading integration be performed in

terms of ambient segments of rays for each increment of the ray tracing .

The scheme is depicted in Fig . 4.

:m- 1

FIg . 4 Adjunct Ray Segments Along a Ray Tracing .
Normal Segmentation

—24—
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For each Increment of the ray tracing the ambient ray segment is

initialized at a point one suitable length unit  removed along the normal ,

on the appropriate side . The side depends on the sign of L

- 

The initialization at adj unct point m , where Lm and (dL/dS) m

are  know n , is

V + L 1 (dL/ds) (66)

The ray segment is calculated by the identical scheme used for the ray.

Consider extending the segment to the next ray normal at point r n - f l ;  It

meets t h i s  normal at distance On~~~1 from the point , with new angle

* 
- Prom these values compute

rn

L On L (67)
rn -u- i m~-l  m

V * - )‘

(dL/ds)~~~1 
= L 1 

rn+1 ~~~~~~ (68)
m+ 1

Note tha t  L may change sign; the subsequent segment then switches

sides.

The scheme may be considered a refinement of using pairs of rays.

It is  an improvement on pairs because pairs may diverg e considerably and

become non_representative .

This scheme can be integrated through kinks In the speed profile

and at reflect ions, without special treatment except for flipping the sign

of L at reflections.

J
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B. Particular Design

Particular design of the adjunct spreading integration must be tied

in with the scheme adapted for the ray tracing . We will now go along with

-~~ the scheme outlined in Section IV.

• Depth increment , Oz , is used as the independent increment for the

ray integration , except for turning levels (V 0) .  The scheme is depicted in

Ficj . 5.

- - - - 
m+ 2

m+ 1

Fig . 5 Adjunct Ray Segments Along a Ray Tracing .
Horizontal Segmentation

As principal dependent parameter in place of the specific wave-

front length we will use

L/sin )’ (69)

We require one more transformation . Substitution of Eq. (69) into

Eq. (65) yields

-2 6-
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1 ~~ I 
t~ . 

~\ ti s sin  ) L~ S ~~I 1

si ui ) tl\ a’) - 1)
_________ — — t o:; ) - I sin  ) -—

\ ds

l x p a t i s i o i i  ot op e ia to i  s by P~1s. (~a I) acid (~2) le~i a l s  I t )

i )  j~j~ — (‘ij)

li in oc e con~’emi ie t i t  fo m in u s

~~~ 05 ) 
= ~Li__� ~~ ( I)

ds 
-

Pach adj u n c t  se~i nient is pet t oi med as t o t  lo~~: ,  t i m  }‘ i~ ,. ~a , at p omi ~

a . cn— .~ t t ~ ex a m p l e  let \ ~tc it I (I t \  -‘t1~~) a t i e ~tdv have  bt ’~’ ci c omputed
Ui— in— — .

I k e  atl  unc t se j i t i e t i t  is  p laced one sum i t aN  t ’ I e t i t i t h  u n i t  i omn ov ed , a l o c i a i

miii  r ius x tot \ po :; i t t  ye • The et i tn t ’ nt i s  d i i  ec t et i  ~c~’~~ou di ut i  to

s i u l  )-
cos t O S  I 

~~~ ~~~~~~~ 
(t~;) ~~~~

_ 

(7 ~

The seti went  is extended ovom i nt - u t ’ merit 6 , the acne i net  ewt ’n f U SOt I

tot the i ay . Equation (~a b) , applied , y i e ld s

t 0 5  I
in— I

and Eq.  (t~3) yields ~ ant i  hence

*-
~~ x — x . 

( i .~
)

in— 1 un— 1 in— 1

— 2 / —
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I’rom these

‘~ . \ x  ( / 4 )
mu — i in — I i i i — .-

( 1  \ /d s) ct s  V * — t -os ) ~, (/ ~a)

~~~ in— I in— 1 ,
-, E n— 1

At the t u in i  U ti leve ls  (V 0) the scheme t i l t  let  in  t h a t  the cu t lj  ui l t ’t S Ot J  c c i t ’ u i t

I:: I ak o u t  ov em two I n~- m e n u e n t s — — i  . e . around the ext  u e u t u a l —  — a t t o i  ti t t i q  to

Eqs . (Si )  t hm t lu t lh  ( I a  1) as used to t  the r a y  I t  sell

W 0 t l a l \ ’ t ’ pi t ) l~abl  ~ OVt ’i l ooked Solil t ’ det~i I t s  and coutipi lea I t  oil:; m a y  —

t o  m . I t u 1 . I li )Wt ’VOi  we f t  u s t  that  they  can be I roui ed out in pmo t j ramuniug  and

t t ’ s t i u i q .

— 2 8 —
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