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Sound Prop açjat lon in the Sea:
THE FINITE CHANGE IN WAVEFRONT DIVERGENCE IN PASSING THROUGH
DISCONTINUITIES IN SOUND-SPEED GRADIENT AS EFFECTED AT
REFLECTIONS

1. Definit ions

We tocus~our ~ t tention on the problem of sound in tens i ty  mapp in~i in

a vertical plane. .  For a peint  source , each selected r~ y is associated wi th

an angle , V~ , at whi ch  t he ~ay eman ates from the source; by convention

this angle ~s measured clockwise from the hori zontal.  The label l in g of r a ys

by th ou source—emission angles , whereve r the medium is

traversed by the rays.  It should be noted that V8 is not necess~ i i Iy single

valued throughout the medium ; more than one ray may pass thr ough a point .

Such multiple values arc associated with foldings of the wavefront .  We may

refer to a spread of ray s extendin g f r o m one fold to anotht ”z as a “f amlly ~ of

rays.

For a fami ly  of rays , i n the vert i ca l  p lane , the specific wa vefront

length , denoted by L , is defi ned at each point by

L 
( 1)

where ~n is a unit vector , clockwise normal te the ray  dt R ’ ct t on at that point.

Negative L thus implies is decreasing tn the direction ~~ ; sign changes

in L are important indications of foldings of the w~~’et ~ont as a t c iusth ’s or

by reflections .

The differential equation for l lnt eyrat in g 1. aLong d ray is developed

in Reference [1) as
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whet e Is ra y pat h , ~ s s&~un d speed ~. uit1 u Is t~~y nt it m~t l . ll~e Ut t t ~L

c~~ut1i t % t I U S  ~t t  th e  SL) t t t  cc p~ In t  ~t t

0 • 
(~ l. — (3)

The p~it ~t i t k  ‘t I.  may he i u t et p d  ted ~ t t~n~j e~tch ~ty  t t e ~i I nu t  t t ~j .i t the

s~) t L t c& ’. lh e  ~i v i u t  p~’~~ ~ t such d t t e c t  i n te q t ~ t t R ~ L~ inc lude ( 1)  t h e  p t e —

elusIon ot the pr obl em ot nie~t su r t ng ~ ‘c i t t ~ spi t ’~t d i t t ~ i by t iet ’mett  t c

me~t s u t c m c u t  evet  t t n t t e  i s t ~tnccs b etween ~l i v e t  se t~~vs , (2) the  t t t c~~t t ot t , I .
~ t t o ide t i  by t~j u  1dUt~ t ’5 t u  L , ot t o id in t i s  ot the  ~‘~tve t i  out ~~tu~;etl by

i e t l e t ’t ion ~
; ot ~tt c~t u s t t c s  , ~tnd (3) the  t t t ~lt c~t t i o n , ~t t t o t d e t 1  by t h e  s p a tt ~il

c o n t i nu i t y  In I , ot the ~h 1e~lu~tcy ot h i t ’ i n t e n s i t y  t e s o t u t  t on  • t f  t o I 4 l e t l  by th e

selected t~im1 (y ot t~ t y s

Tnt n l i i~i t o l’t . 1 we’ note that  the t e l  lect eel ~iys , d l i  I ’I ~ Ut td ~ ( ‘

t e t t e c t i o t i  ~~ A , Ihive ~~ e~i s i n ~i i t t the l e t i  ot the  t o y  t l t t t ’c t t t t t t ,

im p l y  ut i u’tM Vt ’ L by convent  t on .  To ‘coinoeLtt t ’ the c tmveut  ton he

shi n ot 1. mu st  be chctuqt ’ ti ~it the po in t  ci ‘t i e ct i o n  • 
b y srect~j  L t . !~~~~~

t 1 t

In the i t i t e t i t  ot Iou  ot Eq.  (2 ) olouq ~t . At )~ , 1. passes t h t o u t i h  :et o

d t h % i t ~ i t t i I t i t ~ slim; t h is s l i ~n h . i t t t i e  is  i i i t i e i ei i~~ in the t n t t ’i j t ~t t t t ’n ci

Eq.  (2) ~ilowj  ~i oy . Such t oldi  wi ot the  wov et out in the  mee t t u tu  .i

co i led  c a u s t i c s~ t~~e coust t c  is the locus ot I. 0 h o w  ~t y t o t o y .

Not only is spe ’ciol  pi O v i S I e tU t equ i r ed ot t e l  t e ct  t on  to chau i j c ’ t h ’

sign oh 1. but , qe net o i l y ,  ~t t so the’ s p i t ’o d t u i i  t o t e  t e q u l i  es special t t e o t —

wen t . At t e l l  ectt ~~u the t esul t s o t t ’ such .t they would  h ’  I t  the  medium

were to cont inu e i i i  m i i i  ci I n toe j  e It cy ont i  the t e l  I t ’ct t t i t ~ s u t  t ~ice , o s h~ t wi t

by the ’ do shed sound— ~pee’d pi ot t  It ’ ond t he itO shed con t inu at io n  01 the ’ t .iy



For the sound speed having a gradient normal to the reflecting surtace ’ , the

ray effectively passes through a kink (gradient discontinuity) In the profile

at the point of reflection.

The Intogration of Eq. (2) along a ray con only accomodate the ’ e f f ec t

of continuous gradients of the sound speed , U . Thus special treatment is

necessary in passing through gradient disconitnuit les ;  the spreading t o t e ,

• abruptly changes. We shall  develop the ’ treatment tot iii od leu t

discontinuities — — interfaces within the medium —— and odopt the tre atment

to reflection.
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Fig . 1 The traces of two rays , )
~ • 00 and Vs • s”, Leaving a point

source , in a sound speed distribution which Increases linearly
with depth.
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2. Treatment at Interfaces

Depending on the sca le of such features of -- arid on the resolution

of the numerical representation o f- - the sound speed distribution , it may

be warranted and even desirable to treat strong changes in gradient by an

interface of discontinuity .

-

C

C2 
~~1 

-

Fig.  2 An interface (dashed) of discontinuity in sound—speed gradient
depicted by speed isolines .

In Fig. 2 we depict an interface of discontinuity In sound speed

gradient.  In the seas , the slope of such interfaces Is generally negligible.

In our development which follow s we shall assume the ray to meet the

interface ~“t depth Z~ and we neglect the slope of the Interface.

l~t Fig . 3A we depict a ray , crossing the interface at depth Z~
with an arbitrary angle , V~ , to the horizontal. In order to derive the effect

we expand the interface into a transition zone as shown in Fig.  3B. The

effect may be determined by integrating Eq. (2) through the transition zone ,

from Z~ to + h , and then letting h tend to zero.
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Fig . 3 Discontinuity interface at Z~ (Fig. 3A) , expanded into infinites imal
transition zone , with continuous gradient , of depth increment h
(Fig . 3B ) .
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The sound-speed profile , in the transition zone , i s fitted by

C C~ + (Z - Z~ ) + - 

1
~~ j ] ( Z

Z~) 2

which accomodates the value C~ at Z~1 .  Differentiation yields the gradient:

lad I 1~c1 lad 1 ~~~~
-

~~~~ *
— [a zJ + 

l~ 
La zJ+ - ja zJ J h

which is contiriuous , going from the value ju s t  before the interface ,
(a C/az) , to that jus t  after the interface , (aC/aZ)~

We express the integration of Eq. (2) through the transition zone by

s~ + h/sin 
~
‘
*

(6)

Since we shall let h go to zero we anticipate the simplifications and
reduce Eq. (6) to

s~ + h/sin ~~~[
~

] 
+ 

= [.
~

-
~
]_ - 

~~ 

a2c,’a ~2 ds (7)

For the tran sition zone we have
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= cos2 V~ = cos 2 V~ [[~
] - (8)

which is independent of s. Thus Eq. (7) yields

= - 

¼ ::2v :* [f~3 -

which is unchan ged as h -
~~ 0.

3. Formula for Reflect ions

For reflections we have the add ed complication that the sign of L

Is flipped:

LR 
— L1 

(10)

The subscript I is used to denote an incident value and the subscript R a

reflected valu e. Takin g this into account , the spreading rate chan ges

accordin g to

[~S)R 
= - E~J 1 + 

2 i~~ ::2~;1 ~~~~~~~ (11)

For numerical treatment we substitute

i~&1 L 1 
- L1 1  (12)

L~~J 1 ös
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(13)
La5J~

and Eq. (10) into Eq. (11) to obtain

2L cos V
LR 1 

— L1 1 
— 2 sin ~~~ 

ös (14)

The new valu es , LR and LR _ j . are used In place of L1 and in

proceeding with the inte gration of Eq . (2) along the ra y following reflection .
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