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Sound Propagation in the Sea - - Ray Tracing
CURVATURE CORRECTIONS FOR THE EARTH (SEA LEVEL) SHAPED AS AN
ELLIPSOID OF REVOLUTION

by: M.  M . Holl

1. The Problem

The th i ce-dimensional tracing of a sound roy in the se~i may be

referred to the surfac e coordinate system of la t i tude and longitude ~nd tc ’

the depth below the sea surface .  This coordinate system Involves curva-

ture terms.

-per the earth shaped ~is  a n ellipsoid of tevo lut lon may~ re fe r~to

two definit ions of latitude: the ~ieoceut iic lat i tude ~ a nd the astronomical

latitude ~ . These are i l lustrated in FIg.  2 .  There is a one—to—one

relationship between these definitions and the trans formation is simple as
& A 3  ( fl.~~~~t ’  S

will  be shown. ~~~~~~~~~~~~~~~~ the geocentric latitude ~is principal

latitude coordinate.

Let the direction of propagation of a sound ray at an arbitrary

point in its progress -- lati tude ~ , longitude 9 and depth z -- be defined

by the unit vector~, T . It makes the angle ~ with the horizontal as show n

in Fig . 1. The hori zontal component of the unit vector T defines the

direction of the unit vector t
.
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Fig .  1 l~et t u i t i on  ot t ’ at au t e t e t  s in the ’ V e t t i c a l  Ptane ” ot the Ray

in 1’ ISJ . .~ we de ’t tut ’ aud l i l u s t i  a t e ’ ~j eomet t  ic pa tamt ’t t ’t wh i ch  ~u 0

t et ev a t i t  to the pi obt em . ti ie’~~o i u c l u i d t ’  the angle ,S which t makes ~v Ith

th e u n i t  vec tot & : t is di i  cc ted ~ ad Ia us north ot due east

The 5 ’ o t d i u a t e — c u i  v a l u e t e i  ms ai I~ t ’ in pi e sci  t h i n g  the t a y

dii ec t iou T by the angles  ~ an~l S . The’ an g l e ’ ‘
~~ Is t e t e u c t i  to the

horizon~~i which  it  sel l  u s tuu~intj in s pace tr om toca t i on to locat i on .  Th e

an g l e ’ S is ~ I€ ~II~~I to t t~e east , wh ich  it se’ t us t u r u i n e J  t ow local  t on to

l0L~ I t LOll

e may Iormul at e the cut v a t u t  e terms d ir e c t ly  . The t ’t e ’t uce

dii t ’s ’ t I O t l S  t u r n  only by hon .~.o t i t a  I pl oqi e ’s s and the angles  a t e ’ del m e d

In sped t i c  planes . t’he ’ t et  ins a t e

( 1)

~~~ ~~s) — — t ~ j ( )

—~~~~~ r~~~~~



Fig .  2 Definition ot Paramet er s for the Surface

g e ’OCefl l i i  c I a t i tude

3 : as ti  on omica l  l a t i tude

A

ç
unit  vec tor  , surface  normal
a l ligued  wi th  local & 1  a v i t  y

— ~~~
_ _ . subtends a u t i l e  w i t h

- + / equatorial  p lane as shown./ 0 •- I/

j  : unit  vector , su i lace tange nt
I d i i  ected ‘as tward .

/ — -.-
/

1~
— — — — — : uni t ve ’ctot , sur t ace  tangent

/ 
/ 

— — — —. 
— — — di i  ect ed n or thw ard

L x j ~~~~~~

A : equatorial  rad ius of eat th 
A > BB : polar radius ot earth

E : r a d i u s  at geocentric lat i tude ~ (astronomic al lat it  do ~ )
Ill , h : C ar t e s i a n  coordinates in arbi t rary meridion al  p lane of longitude 9

Solid l i nes l ie in the meridional  plane; dashed lines do not .
t : unit  vector , ta t igent  to s u rf a c e  trace .

unit  vector , su r face t an g en t , normal to t

1k x t ~ in

t dOS $ I + si t ~ ~

— - sin e ~
, + cos 4 4



2. Geometry of the Surface

The int er sect  of the arbitrary meridional plane and the surface is

an ellipse:

2 2
+ i (3)

We substitute

h = E s1n 4

m = E cos~~ 
(4)

and obtain
:1

A2 B2
E — 2 2 2

A~ sin ~ + B ccs

We al s o  note that

t an + = (6)

An incrementa l northward displacement on the ellipse may be

ex pressed by

0 (7)
B A

—4—
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where Sh is pos itive and Sm is negative . This displacement is

directed along ~ . Hence

tan k -
~~~~~~~~~~~~ 

=

2
= ~~ tan 4’ 

(8)
B

This is the relationship between the astronomical latitude ~ and the

geocentric latitude 4, . Their difference angle

0(. - ~~~- 4  (g)

is given by

tan 4 - tan~~tan a’. tan 
~~~~ 

- 
~~~~ i + tan ~ tan e~

— 
(A2 - B 2) tan~~

B + A tan ~

We also require the ratio of latitude increments: Differentiation

of Eq. (8) yields

— 5 —
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2
sec t ~4 = - j  sec 4 4

B

B2 cos 2 t~

2 2A B (11)
cos 4 ( B  + A tan 4’)

3. Curvatures of the Coordinate Unit Vectors

We are now in position to express and develop the curvatures of

the coordinate unit vectors . These are expressed by an incremental

directed turning of the unit vector divided by the space increment , in the

pertinent direction , over which this turning takes place:

I ~~~~ = E cos~~J~~ 
(~~~sin~~~- ~~cos~~~) (12)

J . v ~j - I sin +~~~ (13) •

E cos~~$9

j . v k  
~~~~~~~~~~~~~~~~~~~~~~~~~ (14)
E cos~~~~~

~~. v j  = 0 (15)

j . 
V I  

- t~sec~o~ s~~~~ 

(16)

-6-  
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(17)
E sec~~ ~~

= ~ . v Y R  = o 
(18)

In Eqs . (16) and (17) we substitute from Eq. ( 11) :

= 
b. cos a’ A2 B2 

2 
(19)

E cos 4) (B + A  tan 4 ) )

• c’ YR ~~ COS A 2 B2 

2 
— (20)

E cos 4 , ( B  + A  tan 4 ’ )

if

4.  Development of the Curvature Terms

Equation (1) is developed as follow s

(è~ /~ S) = . V t . YR

= (cos~ a + sin ,8 .
~~~

) . v (cos~ ~ + si nk  j ) • k

= cos2
~ ~~~~~~~~~~~ sin j~ j . Vj . l k

+ sin~~ cos /3 j .V  £ . I ~ + siri 2 /3 ~~~~~~~~~~

2 2 2 2
- 

cos 13 cos,~~~ - 
sin ~ cos a’. A B (2 1)

E cos 4) E cos2 4 ) ( B4 + A 4 tan 4~ )

—7—
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Equation (2) is developed as follows

( è~~ /~~ s) - t~~v Z . j

= - (cos $ + sin ,8 ~~) 
. V I •

= - cos~ £ . c  ~ ..~~ 
- sin~ ~~~~~~~~~~~ .i

cos~~ sin~~
E cos 4)

We now wish to eliminate F ,  ~ a rid o~ by substitution in terms of

4) according to Eqs .  (5) , (8) and (10) . For abbreviation , where convenient ,

we adapt If

2
K tan 4~ ; F (23)

4 4 B

We may rewrite Eqs . (5) , (8) and (10) as follows :

E2 
= 

A
2 

(24)
(1 + FK )

tan ~ = FK (25)

tan~~ = (26)

(1 + FK )

—8—
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It follow s that

1
cos = (2 7)

(1 + F 2 K2)

~~~ 
FK (28)

(1 + F 2 K 2)

= 
(1 + FK 2) (2 9)

(1 + F 2 K 2)

With the app ropriate substitutions , Eqs. (2 1) and (22) become

(~~~ /~ s) - 
1 + FK 2 ~~~~~ + F

2
si~

2
~ + F 2 K 2 

(30) 

¶
( l + F  IC l + F  K

1/2

iS / è s) - 
COS FK ~ l + F  K 2 

— (3 1)
C A ( 1 + F 2 K 2

i

These are the coordinate—curvature terms , on ‘

~~ and /3 , as functions of

the geocentric latitude 4, and the ray-direction angle iS

In the special limit of a sphere:

A — B ~~~~R; 4 ) ’~~~~~~~~~ ; F 1

the curvature terms simplify to

-9-
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(~~1/ ~ 
~~~~~ 

— (32)

~ ~~C , R - 
cos tan • (33)

5. The Ray Tracing Lquatt on s

The ta v  t rac ing  equation , in v ector form , may be expressed by

T • v I 1’ x ( T x ç In C)  (3 4)

where T is the un i t—vec to r  ray direction and C Is the sound speed . We

take the components alona f~ and m — — uni t  vectors defined in Fi g s  . (1)

and (.~
) t e s p e c t t ~’ely —— and obtain

• V T f’4 — - V in C (35)

T . v T . m  - I 1 . V 1 n C (36)

The l o u — h a n d  sides may be tr ansformed by geometr ic al  consideration:

T . 
~~ I .  ~~ 

~~~~~~~~ ~~ 
— 

~ t •~~ t . l k  (37)

I . v T .  ~ - cos y { ~~ / ~ S + cos ~ t V (38)

where S is a linear measure along the ray trace:

Ss  Ss cos~~ (39)

— 10— 
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The coordinate-curvature terms are expressed by Eqs .  (1) and (2)

and the ray- t rac in g  equations may be wri t ten

= (-
~~

-
~ ~ 

— sec ~ IN V in C (40)

= (-~
-
~;-) 

— sec 2 
~ in .  V in C (4 1)

The curvature terms are given by Eqs . (30) and (3 1)

6. Linearizat ion as to Oblateness of Earth

If we define ~ by If

A ~ ( 1 ÷ E )  B (42)

where A is the eq uatorial radius and B is the polar radius of the earth ,

then

o € < 1 , (4 3)

and we may linearize Eqs . (30) and (3 1) by dismissing squares and higher

power s of ~ as negligible . In this l inearization

A2 
= (1 + 2 E  ) B2 (44)

F = ( 1 + 2 € )  (45)

—1 1—
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F 2 = ( 1 ± 4 K )  (46)

We also define as the earth’ s mean radius

R -
~~ 

( A + B )  (4 7)

It follows that

A = ( 1 + - ~~E )  R (4 8)

With these subs titutions we linearize Eqs . (30) and (31) and

obtain

t4~ 
(
~

-
~~

)
~~

= - -
~~~

{ ‘÷  E ( 2 s1n 2
0 

2
4’ - s i n2

4’ 
1 )~

= - 
cos 4 ta n 4’ { ~ + ~ (~~ 

+ 4) )} (5 0)

We note that as E —‘ 0 we arrive at Eqs . (32) and (33) respectively , for

the sph ere; this , however , is not a check on the linear terms .

It is convenient , at this point , to note that the effect  of the depth

) of the ray on the curvature terms can be taken into account by replacing R

by R - z. This is equivalent to replacing A and B by A - z and B - z in

all earlier expressions of the curvature terms; the effect on E is negligible .

In genera l the depth correction is smaller than the oblateness correction .

— 12 —
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For convenience we also exhibit Eqs. (49) and (50) in terms of the

astronomical latitude , ~

= -~~ ~ 1 + € (2 sin 2
a cos 2

~~ - sin 2
~~ 

_
~~~~ )} (5 1)

(
~~~~~

)
C 

= - 
COS ~8 tan ~ 1 - 

~ (~~ 
+ sin 2 

~ )~ (52)

By linearization of Eq.  (2 6) we find that the difference between the

astronomical latitude and the geocentric latitude 4) is

= - 4’ E s i n 2 4 ’

if
We note that

•1 
= sin a’. = tan o’~ = € sin 2 4 )  = E sin 2~~ (5 3)

cos a’ sec ~ = 1 (54)

The angle a’ is a maximum at about 4) + 45 0~

7. Magnitude of Corrections for Oblatertess

The oblateness factor does not enter in sea-surface or sea-bottom

reflections . These reflections arc treated in the same way as in the

spherical case; no oblateness correction enters; this is because the angle

~ is defined relative to the local vertical (see Fig . 1).

—13—
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The values

A — 6 . 3 7 8  x io 6 meters

B 6 .357 x io 6 meters (55)

have been quoted; perhaps better values are now available.  These values

give

E — 1 ~ 0.0033 ~ (5 6)

The oblateness corrections have the following ranges in the curva —

ture terms :

- ~~. 
(

~~~~
)

C 

- 

~ 
{ 1 + (- 0.005 to + 0.005)1 (57)

for both , Eqs . (49) and (5 1) .

= — 
co~ ~ tan 

~ 
{ ~ + (0 .0017 to o .00 5)~ (58)

(i~~.) — — 
cos 13 tan I { 1 + ( —  0.005 to — 0.0017)) (59)

for Eqs . (50) and (52) , respectively .

In moving northward at the equator , we have

( ~~~~ 5) — ( 1  + 0.005) (60)

—1 . 1 —
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In a north ward dis placement  of

s = 0. 1 R 637 , 000 iuet ei (t~ 1)

the oblat enoss con ect ion amounts  to 0 .0005 t a & i i a i l s  . S pieadt : iq  this

• coc root ton l inearly over the dis  placement : t ’sul t s in a depth cot: cot : o:i ol

t~37 , 00 0 x 0 .000 2 ~ 160 mete : (t~2)

This is an u p p e r — l i m i t  appr oximation to the dis  p l ac emen t  errors made in

neg l e c t i n g  the eac th s obiateness

We al so  note from Eq. (53) that max imum a’ (at 4) ÷ 45°) is

0. 0033 radians -~ 11 minutes  (63)
if

8. The Geodesic: Sw face  Ray with no Refrac t ion

Consider a ray which is t rapped in the sea su i t a c e  by continuous

g l a n c in g  r e t  lection , but undergoing no r e t r a c t i on .  Its t i ace desci : hes a

geodesic:

— ~~. v t  ~~~~ (t;4)

Its geodesic curvature ( i .e .  curvature in the surf ace) is zero :

t .  ~~~~ . t n  — 0  (65)

We have seen that Ec~~. (65) t ransforms into

— (~~ / 3/~~ s) (66)

-15- 
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We choose Eq. (22) to write

- 
cos~~3 sin k (6 7)

E cos 4

p

f or the governing equation for a geodesic.

The governing equation can be integrated once and obtains that ,

f or a geodesic , ~3 is a function of latitude only . We achieve thi s by

substi tut ing

sin~3 Ss  = E sec a’ 54 ,  (68)

as seen from Fig . 2 , into Eq. (67) to eliminate S s. We obtain

tan j3 5(3 - 54) (69) 
if

cos,  cos a’

We transform Eq. (28) to obtain

sin ~ sin~~ 
- 

F (70)

{ 1 (F 2 
- 1) sin 2

~~

We transform Eq. (2 9) to obtain

1 + ( F - 1I sin 2
~~cos~~ 

(7 1)

1 + (F 2 
- 1) sin 2

~~ 
~ 1 2

Introduction of Eqs. (70) and (7 1) in (69) yields

tan g ~~ - tan 4) 
F 

2 S4 ) (72)
1 + (F — 1) sin 4)

—16—
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We integrate Eq. (7 2) from the equator , 4) — 0 , w h ece /3 /~ 0 ,

to an arbitrary la t i tude 4) . The result is

cos /3 cos /3 (1 + F tan 4, ) (73)
p 

0

The maximum latitude which this ray can at tain is reached when /3 = 0 :

tan 2 
4’m 

t an 130 (74)

The analytical equation for the geodesic requires one more inte-

gration . We first  transform Eq.  (7 3) to obtain

2~ 9 
‘1 1/2

tan ,~~ = 
SE ?C 

- (75)
1 + I tan 4)

From the geometry of Fig . 2 we obtain

,~~~Sec 0( 8~~tan $ = Xcos 4, ~

It follow s that , for the geodesic ,

- 1/2

= cos 4) cos a~~ 
sec 2 ,3~ - (77)

I + F tan 4)

Equation (77) may also be expressed by

-17-
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9 4’ 1/2

S d Q  
( sec 4’ sec a’ (1 + F tan 2 0 )  

~~~~~ 
(78)

~ 
(tan 2 

‘
~~~ 

- F tan 2 
4) )

The geodesic trace is obtained by 4, cycl ing back and forth between 4’

and - , the range given by Eq. (74) .

In the linearizat ion of Eq. (78) , as to oblateness , we must concern

ourselves with the range of 4, . We may immed iately set Sec a’ equal to

one; its departure is second order in E . Again using K tan 4’ we

transform Eq. (78) into

K

- 9o 
= 

(1 F F K  ) 

- 

d K  
1/2 

(79) 
¶

(1 + K 2) (tan 2 
~~~ 

— FK 2)

F - ..

We change the variable of integration once more to

p r 1
~

1’2 K (80)

and obtain

- - 
1/2 (1 d P 

~~~~1/2 
(8 1)

(1 + F 1 P2 ) (tan 2 
/3~ —

Linearization , following F — 1 2 G , yields

-18- 

~~~~~~~~~~~ .,



~~T~I~~~~~TT ~ .T ~~~~~~~

,~ — 1

= 

S 
d P  

- 
d P  

1/2 
(82)

(tan 2 
~~ 

- P2) + P2) (ta n2 
~~~ 

- P
2

)

where the ra nge of P is + ta n

We introduce ~ .‘ by

sin (..) P cot

- 1/2
tan = P (tan 2 13 — P2) (83)

Equation (82) transforms into
if

arcsin (P cot iS ) arcsin (P cot /3 )

d~~ - S _ _ d w  
. 2 (84)

1 + tan sin u
0 0

The firs t integral is solved; the second is transformed once more :

2 2 h/’2
P { tan 8 - P

— = arcsln (P cot /3~~) - dy (85)

l + s ec / 3 y

where y replaces the dummy variable , tan ~

-19-
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The linearized solution for the geodisic Is

9 - 9~ = arcsin (P cot ~G )

2
- € cos /3 arctan tsec 

~~ 
P (tan /3 - P2) (86)

where

P = (1 - ’ - € )  tan 4) (8 7)

has the range + tan ~g . The longitude at the maximum latitude is

9 — = 1~ /2 (1 — € cos 4 ) (88)m 0 0

F If

For E. = 0 the surface becomes a sphere , and the geodesic is a
great circle: Equation (86) reduces to

sin (9 - 9~ ) = tan 4) cot (89)

This result could have been obtained directly from the spherical trigo-

nometry of a right spherical triangle,

in Fig . 3 we show the extent to which orbits of the geodisic

precess . For

E = and iSo 45 degrees (90) 
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Fig . 3 Schematic of the Geodesic

If

the latitude maximum attained in Fig .  3 is located at

9 — 89.7~ degrees

— 
~~~~ 

degree s

- 
45 .l o degrees (9 1)

The oblateness correction appears to be negligible within the practical

limitations in sound—ray tracing in the sea .
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