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SECTION 1.0 INTRODUCTION AND SUMMARY

A problem of interest  in many  d i l t e r e n t  discip lines is tha t  of de te rmi t i in g  if there is
a measurable re la t i o t i sh ip  (p hysical  c ausa l i t y )  be tween two or more time series. In addition ,
one would of te t i  l ike to obta in  a q u a n t i t a t i v e  mean it ig lu l  measure of ’ the degree of that
re l at ionship .  Thi s report describ es one possible measure of such a re la t ionship ,  the
coherence.

l ine most common measure of such a re l a t i o t i s h l i p is t i le  p a irwi se  or m u l t i p le corre—
la t ion  coe l f i c i e t i t  . l in e na tu re  of the  correlat ion coef f ic ien t  is well  docunne t i t ed  and wi l l  not
be discussed here o ther  t h a n  to note t h a t  it is not a t u n c t i o n  of t re quet icy and may he
aff ’ected b~ l inear  t r a t i s fo rma t ions  of ei ther  of tIne t ime series.

r ine coheret ice f u n c t i o n  (n i agn i tud e-s q l iared  m u l t i p le or pairwise coherence
t i i t n c t i o t i  ( i s  de l i t i ed  as a f re qu ency—depe t i den t  q u a t i t i t y  t ina t  ranges between zero ari d one
I sect i oti  2 and re leret ices 2 — c) and i t s ) .  [his coherence t u n c t t o n  is zero if the Gaussian.
ergodic ti t h e series are i ndependen t  ( uncor re la ted  I and equa l  to one at any f requency  where
there is a l inear  t r ans fo rma t i on  be tween  t i le  one or more i t l p Ut  t ime series and the ou tpu t
or reference t i m e  series.

[he s i tua t ion  of in teres t  is shown in f igure  1 . I where indica tes  the noise con tami—
h a t i n g  th e signal iii i t  iii t i le  ~th  c l i an t i e l .  In  general , each t ransmiss ion channel  is composed
of l inear  and no t i l inear  par ts  t ’igure 1 .2 ) .  t in e sum of t i le o u t p u t  of tile t i onh inea r  system
( usual ly  a small part of t i n e  t o t a l  t rat i smis sion ( . the  measuremet it  noise , and the background
noise is grouped i n to t ine  e t i e c t i v e  no~~e ter t i n  s ~( t I ( f igure 1 .3) .

e are interested in de tec t i t i g  t he  presence of a comt iiOn si gnal u( t ) in two or more
chan t i e ls .  l in e i n p u t — o u t p u t  r e l a t i onsh ip  t n d i c a t e d  in f igure 1 .3 can be w r i t t e n  as

x 1 ( t )  g 1 ( T )  v 1 ( t )

\ - i ( t )  

~~~~

‘ g.~( T )  u( t - T)dT + v - ( t )

\~ 1( t )  ~ g~~1
( T )  VM ( t )  ( 1 .1a ~

on ‘‘tore cot lcise l\ as

\ ( t  t = 

- 
/ g ( T ) u  ( t  - T)dT + v ( t ) .  ( 1 . 1  h~

N ote  t h a t  because of p hy s i c a l  causa l i t y  r e q u i r e t n n e n t s . gi T i n s  zero f o r  all  r less t h a t n
iero.  t i n  t ac t , i t  w i l l  be ,ero for a l l  r less t i t a n  sot in e po st i i.e t i m e  Vcl i i c h  t s t ine  I in i e it  t ake s

Inc s i g t n a l  to t r a ve l  f r o m  t I n e  source to t ine  setisor.
I l ie t r u e  s a l l i s ’ of t ine col neret ice b e tween  t i m e  se r t e s  is g e n e r a l l y  a n t  u t n k l n o w n  q u a r n —

i iv  l i n  f ; ict - a n n ’ . i l i c , i s i i r e  of I l ie re l at  o t i sh ip  be tween  t ss o or ini ore  t i m e  series gene ra l ly
i l ius t  be bused u rn t uu e  t races  u f ~ t h o s e  series . The t n i n i c t i o t t . t l  r e l a t i o n s h ip bet ’.~ ccii the  t im e
series at i d  t I n e  m easure or cst i t i n a t e  of coherence is called a Saul  pie s t a t i s t i c  fo r  coherence
t s e c t i o i i  ~~~

) . t i e  a s s n l n n p t i o n  t h a t  a t n \  one i n t t n i i t e  l e n g t h  s . i tnnp l e  of each series wi l l  be
c n nou g lt t o allosi. its to e s l i t n i a t e  t i n e  coherence Is i t n u d e  t t n n l ’I l i c i t l y .  I lu i s  f o r  t i n t s  report all
l i t t l e  series are a ssnn t n ie d  to he s t a i R I n a r ~ at ini  erg od ic .  t t n t o r l u t n a l e l ~ . nut p r a c t i c i . one t S

g i s e i n  on l y  a f i n i t e  a t i n o n i t n t  of d a t a  I ro t n i  ea c ln  of t i n e  t u t u .  seri e s . I t i  t h i n s  l as. t i n . ’ samp le
s t a t i s t i c  is a r a t n d o t u n  s u n ab l e  d i s t r i b u t e d  abou t  the  ‘‘tr ite  m a g t n t t u d e — s q u a r e d  colnere n ce
t h e  d e i n s i t v  t t t t u c t i u t i  or t I n e  s a t n n p l e  s t a t i s t i c  d e f t t u e d  in sec t i on  5 is describ ed and p lo t t ed  in

sect in t l  6 of f l i t s  r e p n t t

____ - 
- 
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Based oti tine density functions of ’ section 6, receiver operation characteri stic ( ROC)
curves are also given in section 6. These curves define the probability of detection versus
probability of ’ false alarm for a signal of a given true coherence . Also shown in this section
are curves of ’ probabil i ty of detection versus true coherence for fixed levels of probabil ity
of f ’alse alarm.

In sectiot is 3 and 4 the relationship between input  signal to noise levels and true
coherence for tine two-c lnann e l  and mul t icha t ine l  cases are discussed.

For a general discussion of tIne concept of coherence , the reader is d i rected to
referet ice S aiid sections 2 and 3 of this  report.  For a deta i led derivat ion of tIne d i s t r ibu t ion
of t ine pai rwise arid mult i ple  coherence fut iction discussed in section 6 of this report . ti ne
reader is ret ’erred to reference 7, The densities and derived per i’orm ance cu rves in section 6
are par t icular l y d i f f i c u l t  to obta in  for  low coheret ice and high values of N (n u m b e r  of
samp les of the t i n ne  series) . atnd based on the authors ’ knowledge are not avai lable  else wh ere
in the l i t e ra tu re .

Thus the res u l t s  in t lnis  report describe one approach to obta ining a quat it i ta t ive
measure of ti ne degree of relat ionship between M-time series. This report precisely defines
tine detect ion per fo rmance  possible when a conimoti signal exists in M-series in the form of
rece iver operat ing curves. T h e  precise performance expected is also given in term s of proba-
b i l i t y  of detectiot i  versu s t rue  coherence i’or a number of d i f fe ren t  probabilit ies of false
ala r i n i  and f’or various n u n n  hers of t ime series M.

(‘a lcu la t ion  of tine mul t ip ie  coherence between various ou tpu t  signals , x 1 ( t ) ,

‘ 2~ 
t )  . . x ~ ( t )  allows the s imul taneous  use of data from M setisors ari d should have several

advantages  over a s i tng  si t i np t y pairwise coherence . First ,  i t  should allow improved detectiot i
perfor in i a t i ce . i. e.. it should he possible unde r  certaini circumstances to detect the presence of ’

a m u t u a l  signal in alt M chant ie ls when it is not quite possible to make such a detect ion using
any  two pairs. Secondly .  it provides a natural  way to it i clude addi t ional  sensor info rmation .
It  does tiot require  the addi t ion  of a large number  of new test statistics each time a rtew
seii S( ir  is in t roduced , a s i tua t ion  which may occur when all possible pairs are separately
innspected.  Th i rd ly .  detectiot i  can occur using this one statist ic even when the signal-to-noise
ra t i o  va r i es  on the  ind iv idua l  channel s.  This would allow sugnal—to —noi se in one channel  to go
down whi l e  an ot ine r  otie canine up. ‘.v i t h out  reducing the de tec t ion  performance and wi thou t
changing  to a new s ta t i s t ic .

X l 
(I)

I I I )

uII) ~~~~~~~~~~~~~~~~~~~~~~ 
x 2 ttt

X M
(t t

l - ng ur e I I .  One n l n pu t -o r - o n l np un  ~v sie , i n .

I
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y I )  
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I - n g t n r e  I .~~~. Linear annd no n n h inea i  par ts  of a sing le cha inne l  .

(t i 

‘
S

x 2
(t )
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SECTION 2,0 CROSS-POWER SPECTRAL DENSITY M ATRIX
AND MULTIPLE COHERENCE

M itit iple coh erence can be most easily defined in ten nis of tine cross spectr al de n s i t ~
matr ix  Sxx L~), where

S 1 1 (~~) S 1 2 ( ~~ ~~
‘ ‘  ~ 1M~~

S,1 S22 ~~ ) . . S,~~~(L.~)

S~~ L.i =

SM I SM2~~ I . . . S~~~ LL) ( 2 . 1 )

If i is not equal to j ,  S~C4 represents tine crosspoi.ver spectral densi ty  between the
signals x 1( t )  and x~( t ) :

S1~(~~) 
~ 

5x x ~~~ 
= ~~~~~~ ( 2 . 2 a )

As in dicated by eq uation 2.2.  this crosspower spectra l density is generally complex for real
sig n a l s I x 1( t )  and x~( t ) 1  . If i does equal j, t he etet in et i t S~1L~) represents ti n e autopo sser
spectral density of tine it/i signal x~( t )  which is real ari d positive:

S11 C~i = Sx LJ. ( 2 . 2 h )

The crosspower spectral density mat r ix  is of course equivalent  to the  crosscorr elation
m a t r i x .  L i  t i ner  of t lnese tog et iner  i. vit ln t ine means of tIne M jo in  thy  Ga u s s i an  s ta t  i on ar \  pr~~LLss -
Cs . x ( t  I . s. 2 ( t )  t ) .  complete ly spec i f i e s  tine jo in t  d i s t r ibu t io t i  f unc t i on  of t!nes e
processes.

Given \1 fi tn i  te l e i n g t  I n I i  in n e t races . t h ere are we hi k no win  tee m ti i q ues for  ohta inn ing
“sannp le est i mates ” o f the cross- and autopower spectral ch c’m ents .  Tinese est imates are used
to obtain  sa mple es t i t nna tes  f ’or t i ne mul t ip le  coherence between tine various t ime series.

line sat in pIe e s t i m a t e  for  t lie crossl ower spectral  de n ns i tv  n n i a t  r i x is a t u n n c t i o n n  of t i e  basic
uta Li x 1 ( t ) ,  x - , ( t ) .  . . . xM ( t )  over some f ini te  t ime record , It does riot require knowledge of
any of tine c ln aracter is t ics  of tIne trat n snn issiot i ch a n n e l s  or of tine s ignal—to—noise ratios of tine
received sigrn als. The me atning of mul t ip le  coherence wil l  he discussed inn terms of ’ t h ese
q u a n t i t i e s  inn la ter  sections in an a t t e mpt  to i l l umina t e  the subj ect .  h ere. h owever , we will
def ’ine mul t ip l e  coherence sitn ip ly inn t i ’r n n n s of ’ t ine crosspower spectral detnsi t v  t na t r i x  a ind
its e lemen t s .
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The mul t ip l e  cohenence between x~(t )  a nd x 1(t ) ,  x 2 ( t ) ,  , , xj 1 ( t) .
t ) , . . . x M ( t )  is de fined b y (re feren ce S i

‘
~j:  1 ,2 - ,j - l  ,j+l , .  . N~~ 

= I - l ![Sjj (c~))SJJ (w)j , (2.3)

wlnere S1~(i.~) is tine j t/z diagot iai element of the inverse of the S~~ Ce) mat r ix :

‘I

S-’C .. ) S-- ’C.~) . ..  S”~ ’(w)
S~~

(
~~) =  . .

sM l (~ ) sM2 (~ ) . . .  5MM (~ ) (2,4)

Agai in it can easily he seen that  S~ ( w ( is  real and tha t  S~ ( u )  is equal  to Sj j (w) *. The mul t ip le
cohere nce of tine j i l t  sensor with respect to the other sensors represents the  proportion of
tine var iance ( power ) of sensorj  that  can be explained by a l inear combinat ion of the remain-
ing sensors i n a m i n i m u m  mean square senn se 1 r e f ’ere nnce 2 1.

By reducing  t h is del ’ini t io n to tine simple two—c l nat nn ne l  case we can write

S~ 1L~) - S 12L ~)
= - - . L --

S j i (w ) Si2(w)~~JS j i (~~ -S~ ,(w) S 1 1 (w) (2. 5)

so t h a t

s I l ~~~~= s ,2~~~/ t s l l  S2 2 )
~~~~~~5 ( ) ~~~~2 j  ( 2.6 )

Tb is gives

~l :2~~ j = I h /1 S~ t (~~)S l 1 ( ) J

= I

= S 1 2(~~~
2 /S 1 l ( w) 522 (w) , (2 .7)

so t ina t

1 1 1 S 1 1(....~) —
- = = 1 - = - 

. (2 .8 )
— .  ,_ 

S l l L~) S2 2L )

i i i  is is d e l i  t ied tin  sect t on i  3 as I hue t n i u t  n ta  h or pa ir si. se coin ,’re nnee bet ss ee t n c i u a i n n n e h s  ( l ine
a m d  t is I ) .

6 
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In the three -chan inel case it is easily seen ( writ ing S~L4 or S~p tha t  S 1 i (~~) is give n by

5 l l (~ ) =  J S 22S 33~~~S23~2j / DET. ( 2 . 9)

Here the deter in i in ant  of the crosspower spectral mat r ix  is given by

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ 2 R e(S 12 S2 3 S31 ) ( 2 . 1 0 )
4

Using this expression f ’or t ine f ’irst diagonal element of the inverse of the crosspower spectra l
density m a t r i x  and the  d e f i n i t i o n  of tine multiple coherence (equat ion  2.3)  we find

Ni . 23 k  
= I - I / I S 1 1 (~~)S 1 l ( ) )

I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
S 1 1 S 12S 3 3 - S 1i1 S 2 3 i  ( 2 . 1 1 )

or

1~ l 2  3
~~ 2 = ~33I~2d 2 + 

~22~~3lh ’ 
- 2R e(S l~~S2 3 S3I )

S 11 S22 S3~ - S 11 j S :3 ~- ( 2 . 12 1

Using tine fact that  pair svise coherence is def ined Ny

1 
_ _- = ij 

- ( 2 . 1 3 )n .j

sse cati wri te

~~I , 1 2 ÷ 1
~~ l 3

~~~ 2 2 Re 12~~ 3y 31 )
i:2 ,3~ 

— -  - - _____

I I~ 2.3~~ 
t2. 14

Note  t h at if t ine crosspower spectra l  det i s i ty of chan inels  t v ,  o and  t ln r e e is zero ( S 13  0) . the
coherence between t inesc  two channels  is zero and tine m u l t i p l e  coheretnce of cin ar tne l  one .
give n two a n d t hr ee , is

:2 . 3
~~ 2 = 

~~~~~ 
+ 

~ l , 3
~~~ 2 ( 2 . 1 5 1

7
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We know that  ~ 1:2 . 31 should be f o u n d  be t~~een icro and one. However , this is not
i tn n me d i a te ty  ctear from equat io n  2 , 14 .  ~~ part icular , whon ~V2 3 12 goes ~o one the denom-
inator  inn equation 2. 14 goes to 1cm . Tinis earn he investigated b’y consider ng tine case when
s. , ( t )  is generated as in figure 2 . 1 :

\~~( t )
/ x 3 ( a ( h 2~ ( t  - o )da +~~( t ) ,  (2 .1 6 )

F whe re ~.it)  is a ze ro mean stoc h astic process uncorre lated wi th  x i~ 
H and \ 3 ( t ) .  in this

s~ ste m the auto- and crosspower spectral densities of channel two can be wri t ten  as

~22~~ 
= I N2 3C4I_ S 33L.

~
) + WC...)

S 1 2~ - ’
~ 
= ~123 L.)S 1 3L-)

I = Fl 2 3(~~)S 33(~~). ( 2 . 17 )

Note t inat  if WC~) goes to zero the coherence 1~: goes to on e , which means that  the
d e n o t n n i n n a t o r  in equa t i o t i  2. h 4  goes to zero. To iiwest igate t h is , we ca n use these relation-
si ni ps (eq n a t i on  2. 1 7) in equat ion  2. 14 to give

N 1:2 , %~2 = 
S 3 H 2 3 ( J S i 3 I _ + ( I H 1 3~~~~S33 ± W ~~~ 3 H 2 I ~~3 I S 3 3 l H 1 3 Li J

~ l l~~33~ H 2 3 C~ H533 + W] - S 1 I

15 H12 W IS l~ I 2 1

= - = = - ( ‘ 1 8
C’ C’ U C’ C’ I ~~ 

- — .

~33~’ I I ~ ~i P33

Tln us , ii \~~( I t  cain be ge inera ted  by passing x 3 ( t (  through an arbi trary l inear  sys tem and
a d ub i i ng un co rre l a ted  inoise , t l nen no new informat ion  is gain ed by processing tine t ime
series \ 2 ( t (

2 _  2 >  2 1

~i : 2 3 ‘V i 3 - ‘V I 1 - ( _ .

Th is r e su t t  is i n n d e p e n n d e n t  of W(~-i and ‘V 2 , 3 1 2

w I t )

~~~~~ 
h

23
(

F i gure 2 . 1 . Ge nerat ion n of x I

8 
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SECTION 3.0 PAIRWISE COHEREN CE AND SIGNAL-TO-NOISE RATIOS 
‘

In refere n ce 5 tine ord inar y  innagni tude- s quared  coherence of the signals x i ( t ) .  Xj ( ( )  is
discunssed and dett ne d as

1
, S~. ( w ) J —

‘V -=  ( 3 . 1 )
~ S~ ( ....) S~ (~ )

From the def ini t ion of coherence , it is obvious that  the cohere n ce of channel  i g iven j t s  t lne
sanne as t hat of chant iel j given i.

If x 1 I t )  and x 2 ( t )  are generated as indi cated in figure 1 .3 , equat io n 1.1  can he
wri t ten  in tIne frequency domain by Fourier tra nsform as

( 3 . 2 )

X ’(w ) = G2 (w ) U (w) + \‘~~(w )  ( 3 3 )

Again assunning the nnoise terms 
~ m and V2 are i n d e p e n d e n t ,  the  cross- arid au topower

spectra l densi t ies  can be wri t ten  as

S1 i (~~~ 1; I ( w) 1 2  Sut(w)+S v 1 (w) (3,4)

S 2(w)  (;2(w ) 1 S1i(w )+S~,(~~) ( 3 . 5 )

IS I2 (w)12 = k;~~I G 2 ( w ) 1 2  5(~~)2 (3 . 6)

Noting t h a t  I G I I~ ) 
2 S1i(w )  a r id  (~~ (~~) 12 S1i(w) are tine o u t p u t  s ignal  poss er spectra at tIne

receiver in n ch an n ne t s  one ati d two , we wri te tine tinagnnitude — squared coinerennce as

12 I 2 2 S0i~~~
2

1: 
~~-~~ - ~I ‘~~ t IV ; t~

; 2 Sui (w )  + Sv 1 (
~4J [k; :~ i 2 

~~~~ 
+ 5v2 (w) J

or

1 I
1 “

~~~~~ 
______________________________________________ 

‘ (3 .~~)
[i + s~ , ~~/ (~~) 2 S11(w) 

j i~ 
+ ~~~~~ I ~

I) c l in in g  t h e  s i gnal—to— noise  power in the  ji /t c h na m nne l  as

9
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iS -N ) = 
k;~w l  ~~~~ ( 3 , 9)

~~~~~

annul t ine s i nnitar  noise-to-sigt nal ratio as

(N / S) j = h / ( S / N ) ~ 
( 3 .10 )

is.’ ca in wr i te  

(S ) (S 
)1

~~~ 
,~~~~~~ I = 

I - 
‘ (3.11)

1 1 +(N/S)j~ I I + (N/S)’I [~ +(~\1 [
~ ÷ (S\ ][ \ N / ~j \ N / 2J

Certain gen n eral s tatements co nee nnn inng this pair wise tn iag n titude-squar ed coinerence . or
just  “coherence .” cain now be made.

Tine coherence is bou n ded between zero and one:

o~~ l ’V I ,:l2 ~~~l .  ( 3 . 12 )

If the noise-to—si gn ial power goes to innf ’it n i t y  in ei ther c h na nnt net . the coi n eren n ce wIll  go
to iero. Tinis w i h l  inappetn if t ine sign al power in n t inat ch annel fades to zero . Also , the noise—
to—si gt n a l power ratio iii both cinann e 1~ nnnust go to zero for tine coherence to go to one.

Ann i n terest ing at ’id i n t o m t n n a t i v e  in te rpr e ta t ion  of the cotnere nnce between t h ese two
cina i nnels  ca in he m ade inn t in e fo l l owin ng manner .  Assume one of tIne cinannel s is noise free:

(3 . 13)

i i m k  c l n a n n n n c i  t l nen  becomes t i l e  i n n p u t  s i g n a l .  The coherence hetweet i c i na mnn els onie and two
is t no iss g i s  cmi

_______________________ = 
(S/N ) 1 

- = _~.Si~_ , ( 3 1 4 ); h wl l s i~~÷ 
~v i~~~~ 

I + ( S / N ) 1 S 1 + N ~

I h i s  m i t . i ~~t u i t  tnde . sl I n i , i t e t l  .- i t i uere ince is tIne t racti on n of tine power of tin e output \ 1 ( t )

is h u t c h  , o i m n e s  I r o tn u t i m e  s t g i n a l  i t i p u t  passed tht’ou g ln a l i n ear s ste t nn .
Slinc e ti ne t r - nn n s tnn i t t ed  s igm n ai  is generally not available , it is useful to look at this

p hi ~ s te a l  i n t e r p r e t a t  t o rn  of c ohu er L ’n nc e frotnn a d i f f e r e n t  p o itn t  of view. Let us simp ly take
si g tna l  x 2 ( t )  as our b a sic  sigtnal  and calculate the coh erence between x 1 ( t )  atn d our given
si g t na l  x t ) .  I -  m in i e c l u . n t i o tn  3 I . our d e l i t n i t i o n .  th i s  will  be tine satnne result as if ’ we took

‘ l~~ 
as nu t  ‘‘ Ci i  Cl i  ~t~’n~.iI I tin s t (w I tn c t l u a t t o t n  3.2 is replaced by X 2 ( c ~~):
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X 1( ~4 h1 1 2(o.’4X2(~,H Ve 12 (w) . ( 3 . 1 5 )

~~ 2~~ 
is the effective linear transfer function between output x.~(t) and output x 1 (t).

V ( t )  is tine ef ’fective tnoise oti tine transmissio nn chan nel. It nnnust he nnoted that H 1 ,(~~~) i s

no lonnger tnec essari ly a causal systenn . Now tine cohnere nnee between ch an nnne l s onne ann d two
cann be w n i t t e n n  as inn e qua t i onn  3.14:

I Y ( ~~~~ =_  1 2 ~~~~522~~
i I H l2 (~ I 2 5:2(~) + Sve (c

~4]

• This two-c h n annne l magnnitude-s quared coherence is the ratio of tine power at o intput  x i  I t ) .
which is caitsed b y the “ input  x i ( t ) , ” t r am ns m itted over the ef ’fective l inear transmission
ch annel  FF 1 1 2 ( w ) I  to the total power in oit tput x 1 .  (‘ot nsiderat ion of ’ t h is e ffective l inear
tra tnsmissio n channnne l  al lows th is p lnysic al in te rpr e ta t io r n  of t ine coineretnce to be easily carried
over to tn i i t l t ip l e  co inerennce.

I I

~~ l. 
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SECTION 4.0 MULTIPLE COHERENCE AN t )  SIGNAL-TO-NOISE R A TIOS

t i n  t ine ease of ’ M ch a n n n e l s , a rela ( i o t n s l n i p bet~s cer n t ine  u n  p i n t  s ignna l —to—nnoi s c  ra t  ins ann u l
t ine nnu l t ip le  co lner enn ce . sinnn n lar to t ine  onne inn the  last sec t i onn I or t is o c i n a t n n n c l s , L’a n n he uf er is  .‘d.
Tine ou tpu t  power spectral d en n sit  c ain a g ain n he w ’ i t  tenn inn ter tnns ol t l n i s  In pu t  s igt n aI sp ectra l
den si ty ,  tine unknown ch an n n ne l  tra n nsf ’er fu n nc t io n ns . an nul t I n e e f fec t i s e  c i n ann tie l  noise as

Sii (L)) = G i ( C
~) ) I Su ((

~ 
) + S~ .6~)) (4 1 1

I Sij (w ) 12 = Hi~)I2 I(;j (
~) I2 su(w) 2 . i ~i

it should be noted t h at G i (w) I 2 S~i ( w) is tine sig n na l po~~ ” den nsi i y inn t ine ou tput  of t ine  lilt
c!nan nnel an nu l Sv . ( w )  is ti ne nnois e power spectral de nsi t ~ inn t ha t  cha m nne l .  r h ne genneral posser
spectral den n si tv  t ’u i nc t  on cai n t h en be wr i t t en  as

I (; I (~ ) I 2 Sii (w ) + S~ 1
(
~~

) (;
~~~~~

( ; 2
~~~~S 1~~~~ • ( ; T ( ~~K ; \l (

~~
)S 1 (

~~
)

(~~(~~)G l (w) S
ii

(
~~

) (~2(~ )I2S~n(~~( + 
~~~~~ • • .

• S~~5 (~~( =

(;~ 4 (L ~))( ;  
~~~~~~~ ~~~~~~~~~~~~~ 

‘ . • (\h >’tHSui 4~~
) + 

~~

i4  S

or in a m n nt ire concise m n n a nn n n er as

S~ \ (~~) = 5u~~~ 
; * )~~I + I) (~~) , ( 4 . 4)

where

13 a
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S~ 1
(w) 0 . . . 0 

-

= 0 S~ 7
(.

~
) . . . 0 (4.5)

0 0 . . - SvM (
~

)

and

GT(w) = FG 1 (~ )G2(~ ) - . G~~(~ ) 1 .  ( 4.6)

Tine innver se required to calculate tin e nnu lt i p le coherence fronn equation 2.3 can n o w  be cal-
culated by using the t’ollowing nnnatr i x  inversion lemma:

IA + \ * X TI ~ = A 1 - A 1 x~ (t + xT~~~ x*)~ xT A~~. ( 4, 7)

Using t h is l ennnma . tine inverse of the spectral d e n sity ma t r ix  can be wri t te nn  (as sumin n g
a ll required innverses exist )  as

= [) I (~ ) (4.8)

-S~1( a  ) D 1 (w) G * ( )  + s~
(
~~

)(;T(w)Iy 1 (c~)G *1 ) 1~1 GT(w) D I

Tine structure of ’ this  inverse can be seen more clearly by notin g tha t

* 
I G 1( w ) 12 S ~~ (w) CT(w) iu i (w)(’ (~~) = 

I U
Li S~ 1

(w)

I I( ;,(~ ) ‘-5 ( a )  (;,~iI (w) ‘-S (w)
+ — i n + - , , 

U , (4. 9)
SV, ( )  5

VM~~~~

Fi nis ter n i is the sinm of all ou ntp i nt  signal-to -noise power ratios. Therefore , if , as in tine two-
c i nannn n e l  case, we de fi n e

( S/ N )~ = ; i I 2 sun~~~Isv i~~ (4.10 )

tIne  im nv e r s e  of t ine bracketed ter m inn eq i na tnon  4, 8 can he wr i t t en  as

I i  + S ((~)( ; T(w ) I) l ((~)) ( ; *(~~) J l  = 1 / 
[ 

+ 

~~~ 

• ( 4 1 1 )
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W i t h  th i s , f l ue il/i diago n al e l e nnne n t  of S~~
(w ) is giv e nn b y

A 
_____ __________________~s-1 ( w ) � . ’  - 5tt ( (~)) = ____ - ______________

X x  , t t  5 (~~) MV
t 

tI +

~~~~ 

( S / N )
iJ

1— 
( S / N ) .

— I I  n i
S ( c. ) ! M I
‘
~ 

L 

I +~~~~ ( S/ N ) ~
J

or

NI
I + ~~ ( S N ) 1 — ( S/ N ) ~

5 i t ( ( ) ) l n = l  - 

. ( 4 1 3 )
5

5
( L ) ( NI

I + ~~~

LJsi i ng t h i n s  a nn d  s u b s t i t u t i n g equa t ion n  4 . I in n to  equation 2.3. we f ind

I~~i / l ,2 . . . . i - l . 1+ 1 . . .  N I I ~ = I - l/ ( S ii w St t ( w )

NI
1 + ~~ ( S i N ) ~

= 1 -

f t + ( S / N ) i I [ l  + •
~~~ 

(S/N)~ _ (S/N)]

(S/N)l[(~~ ( S / N ) I ) _ ( S/ N ) ~
j= 

j i  
______________ . (414)

+ (S/ N) iJ [I 4(~~~ (S/N )) — ( S / N I
l]

Several special ,- .nses are of tn ntere s f.

I irst ,onnsnder tin ,’ sni uationn in is Im ic i n tine signal —to— noise ratios inn a l l  c in an n t n e l s  are t ine
s , i t nn e :

( S / N ) ~ = ( S / N ) 1 ( S / N ) .  ( 4 . 1 5 )

N

i s
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Tinis gives t h e co in erennce of ’ chan nel i with respect to the other Mi channne ls as

~ i : l  1 I - I i + I . . . M 1  (SIN) 2 ( M - l )  
. (4.16 )

‘ ‘ I i  +( S/N ) ]  [1 + ( M — I )(S /N) I

N o t e  t i na t  for NI equal to two as inn se ctionn 3 the eolnerennce is given by

I ~ l 1 l = I ~~1 l l  = 
(S/N ) (4.17)

— .  

~~~ 
+(S/N)]

However , if M heconnnes very large , tIne coinerence goes to

2 S/N 8
~ i: 1 ,2 , . . .  i - I , i + 1 ,.  . . NI 

~~~~ + ( S/ N ) ]  -

Tine formal r e qu iirennnent for tinis to he valid is for the signa l—to—nnoise ratio and nnu mb er of
cina n nne l s  to satisfy tine t’o ll ow inng inneq u na l i ty :

(NI — l)(S/N)>>I. (4.19)

I loweve r, based on da t a  f ron t  se c tionn 3. eq t i a t i o n n  4 . 1 ~ is idenn t ical to tine colneren cc of two
channels whetn one has ann in f in i te  signal-to-noise ratio and the other inas a signal-to-noise
rat io ~at frequency ~) of

’ (S/N). In tinis sense , a large ennoug in n u n n n h e r  of weak ehantiels
l sig nal -to-nnoise rat io of ( S/N) ] i s  equivalent to the sinnnn of one noise-free channel and one
weak cinann n e l .

The second special case for equ a t io n  4 .14 is win cnn t ine il/ i channel  h a s  a very large
s i g mial - to- n noise  rat io.  Le t t inng  (S/N)i become large in e q u a t i o n  4.14 annd keeping all other
sig n na i—to-nnoise  rat ios equal  to ( S/N )  we f ind t h at

2 
________ 

( NI— I (I S/N) 4 101 ,2 , . .  i - I .  n+ 1 . .  • NI ( S / N )~~~ I I  + ( M - l  )( S / N ) i ’ 1

N o i c  t h a t  for  low s i gna l —to—nno i s e ratios . i c .

( M — I ) ( S / N ) < <  I , (4 .2 1)

f l ue  cohere nce goes tnp li n earl y wi t h  the nn inmh er of cinannels , Each new c i na n nne l  added is
also eonsio ier ed to h ave tine same signal-to-noise ratio as al l  oth ers , i c . ( S/N ) .  As M becomes
larger  or as

M S/ N) >> I , (4.22)

t i n i s  colnere nce goes to one as it wou ld inn tine case of ’ two nnois e-free chan n els.
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Tine r e l a t i o n nshu i ps h etween n signal-to-noise ratios annd coinerenc e )or t inese two cases
are inn table 4 1  . N ote t h at as expected the signal-to-noise rat io  required in each channel  to
o h t a i n n  a g i s e n n  coinerennce dec l innes  wi t in  an n inn cm ea s it ng n i i n u n h e r  of cinan i nels  and increases w i t i n
ann inncr e ased level i n t ine specified colnerence,

~ ai nle  4. 1 . Sig ina l - t o -No i se  Power R a t i o n s

~ I NI 11 2 Si gna l- t o—Noise  Power Ratios Required to Y ield  I t i d ica ted
— Value Wh etn All Itn pu u t (‘inannnek Nave Equal Sign naI- t o —

NI = Nn i n nn b e r  
Nuns , ’ Ra t io s

of Channels 0.01 0.05 0.1 0,3 0.5 0.’)

N i = 2 0. 1 1 1  0.288 0.462 1.2 1  2 4 1  1 8 5
—9 .5 dli — 5 4  dli —3.3 dli 0 83  dli 3.8 dB I 2.6 dli

Ni = 3 007’) 0.20(1 0.333 0.885 I ‘8 13. 8
—1 1 .0 ,lB —ô.9 dli —4.9 dB 4)5 dl) 25 dl) 11 . 4 IB

NI = 4 0.065 0.172 0.280 0.760 1.55 12.2
—II • °) ,hR —7 .~ dli —5 .5 dli —1.2 dli 1.’) dB 10’) dli

N I = S 005~ 0 .152  0.250 0.691 1 4 2  1 1 . 4
— 1 2 4  .11) —8 . 18 dB 4~,0 dB — 1.6 dB 1 5 2  uI B 10.6 dB

Ni = 10 0.040 0. 1 1 1  0, 189 0.561 1.20 10. 1
— 1 4 .0 d i) —9 .55 ulB —7 .2 dB —2.5 .1) 0, 7°) dB 10.0 dli

Ni = 100 0.0 16 0.060 0 .121  0.443 1 ,02 9.10
— 18.0 u lB — 1 2 . 2  dB —9 .1 7 u tB — 3 5  dli 0.0’) dli 9 ,6 dli

( N i  11 2 Signna l - to- \o ise Power Ratios Required to Yield f nndica  ted y , 2
\ a h n i e  Wi n e n n il/ , (‘ l nannt n eh Has I n n f i n n i t e  Si gnal—to— Noise R at io  aind
Ot h e r  (NI — 1 (‘ lnain n ehs Have h n n d i t . ’ated Signn: h—to—Noise  Ratios

Nl = \ un n n h e r
of (‘i na tn tne l s  ~~~~ 0.0 1 0.05 0.1 0.3 0.5 0.9

NI = 2 0,0 10 0.053 0 . 1 1 1  0.429 1 .00 9 ,00
—20 .0 dB —12.8  dB —9 .6d B —3. 7 dB 0,0 dB 9,5 dB

N i = 3 0.005 0.026 0.056 0.2 14 0.5 4.5
—23.0 dli —15 . 9 dB —12. 5  dB — 6 7  dB —3,0 dB 6.5 dB

N i = 4 0,003 0.017 0.037 0.143 0.333 3.0
—25.2 di ) — 1 7 .7 uiB —14,3 dB —8.5 dB -4.8 ulB 4,8dB

NI = 5 0,002 0.0 13 0028 0. 107 0.25 2 ,25
—27 .0 dB — 18 .9 ulB — 1 5 ,5 dB — ‘) . 7 dB — 6.0 dB 3.5 ,IB

%1 hO 0.001 0,006 0.0 12 0.048 0 .111  1 .00
—30,0 dB —22.2  dB —19 .2 dB — 13.2  dB —9 ,8 dB 0,0 dB

NI = 100 0,000 1 0.0005 0.00 11 0.0043 0.0 10 1 0.091
-40.0 di) —33 .0 dB —2 9 ,6 ,lB —23. 7 dB —20.0 dB —1 0. 4 dli

Nes t  conns i der tine case winere one c i u a n n n e l  o t ine r  t h a n n  t ine  iih ch ann n e l  inas a s ,‘r ~ high
s i g n n a l — t o — n n o n s e  r a t i o n  r e l a t i v e  to t in ,’ o t h er s

NI
( S / N ) k >>~~~ (S/ N 1 — S - - N ) ~ .-( S N ) k .  4 .23 )

1= 1
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Unn d er  these condit ions , equat ion 4.14 is approximately given by

2 (S/N) .(S/N)
. . i-1 , i+1 , , , ,  M I k (4.24)

[I  + (S/N)~J [1 + (S/N) k ]

or

I~i: l .2 , . .  .1- 1 ,1+ 1 , . , .  M I 2 ~~~~~ N i . k i 2 , (4.25)

as if all o ther  c i nannnnehs were not used. If (S/N ) 1 is approximately equal to (S/N) k , this means
tinat  all  ss eaker cinannne l s cou ld he neglected and only the two-channel colnerence between
the two stronnger c i nannnne l s coun ld be used , Also consider the case when all channels inc luding
tine it/ i have a nnuch lower sigtna l-to-noise ratio than the kth channel , i. e. ,

( S/N ) k >~ ( S/N )~ = I S/N ) all i~~k (4.26)

Tinen . w l nile t ine coh erence of tine it / i channel  g ive n the others is provided b y eq u a t ion  4.24 ,
tine coinerence of tIne kth em a n u e l  give in the others is

1 ( M —l )( S/N ) k ( S/N )
1 I 1 i .~~~ i — = . (4 ,27 )

‘ ‘ ‘‘ ‘~~~~‘ [ I  + (S/N ) k ) F l  +(M—1 ) (Sf N)~

Giv i nn g for t his case

( M — I ) F l  + ( S/ N ) i  
~~~~~~ 1 ‘ .

+ 
2 (4 .~ 8)

I I  +( M- i ) ( S/ N)J  i i . l , n -l . n . . ..

For tIne case of weak signals inn t ine ot iner cha nnne l s ( fronn equat ion 4 ,25 ) :

2 ( M — l ) ( 1 +S/N ) 2 11 i 1 + 1  ~~~ 
— “ t - . i  . (4 ,_ 9)

, ‘ ‘ - ‘ ‘ I I + (NI—i )(S/N I ]  ~-

l urt iner simplif’ying equatiorn 4.29 to the special case of

(N-I-l)(S/N << I , (4.30)

we inave

18
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I ~ k : l , 2 . , .  . k-I ,k+ l M I ( M _ h I
~~l k I 2 , (431)

I inc co inerennce hetweenn the strong signa l and tine isc aker orne s goes up l inear i~ w i t h  t I ne n nunn-  -

her o f  s seakcr  c inann n e l s .  Tinis means t i n a t  the  largest of t ine NI r n n u l t i ple coherence values is i l l
he tine nine inn whi ch  the largest signna l — lo —n n o i s e  rat In ,‘ I na n nnn el  is unseu l as t i n ,’ re t erennce . winich is - -

as ex pec ted .
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SECTION 5.0 A SAMPLE STATISTIC FOR MULTIPLE COHERENCE

As inn the case of pairwise co h erence discussed inn sectio mn 3 . the t rue mult iple
coherennce of a set of time series is a function of the under iyi n ng statistics of these processes.
These statistics are generally unknown and must be estimated from sample realizations of
the processes. The estimates of the basic statistics can then be used to provide estimates of
the multiple coherence of tine M underlying stochastic processes.

The nnethod of obtaining estimates for true multiple coherence is as follows. Using
well documented techni ques (see references 3, 4, 5, and 6), obtain sample estimates for each
element of the crosspower spectral density matrix (equation 2.1) ,  From these samp le
estimates

~ 1 ~~~ 
S 12~~) , , , SlM ~~

A A —

S2 1 (~ ) S22 (w) . . . S~~~(~ )

( 5 . 1 )

SM I (w) SM2~~) , 

~MM ~~~

onne cal cu ul ates tine sample estimate for muul tip l e coherence in the following manner

I ~ i : I .2 1-1 ,1+1 , . .  . M 1  = - l / F S ~1(o~)S~ (w ) ] ,  (5.2)

where ~~‘(~ ) is the it/ i diago n al e iemenn t of tIne inverse of’ the M-by -M sample spectral deunsity
mat r ix  Sx x~~~’ Deta il s of how to form such estimates are discussed at length in the litera-
ture . Siui~~ t h ese estimates are random variables there has been conside rable study of their
dis t r ibut ion.  The dis t r i h u u t ionns of t inese cross- and autop ower spectral estimates are knnownn
inn closed form and are give t n in re ference 7.
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SECTION 6.0 I ) ISTR I BUT I ON OF SAMPLE STATISTICS

As it ns for fine pairwise coherence discusse,l u n  ref ’er en nce ~~~. t i ne  c i o s e i i - f o r n n n  e \p r ~’s-
5 m m  f ’or t in e nn u l t i p le—co inere n nce s ta t i s t ic  ,Iescrihe,I inn t ine last sect ion is ava i l ab l e  (refcr ennc e s
7 , 8, annd 9) ,  This represennts tine range of values of the n n ul t ip l e—co i nerennce  test s t a t i s t i c  ann ul
t ine re la t ive  p robab i l i ty  of its  heinng in a part icular  ha n n , h.  All  values are of ’ course ho un ded b~
zero a m nd onne , Tine densi ty  t’unnct ionn is condi t ionned nun t ine t otal  nnunnnber  of ’ dif t ’e re m nt t ime
reco rds , or ui i f f’erennt  stocl n ast ic  processes , avai lable ( I n ) .  It  is also con , I i t ionned on tIne n n m. nnnnher
of i n n o l e p e n n o h e m n t  ennu i  p h ex s annn p I es a~ ai ha hl e  f ronnn  eacin of t Ine  ti m nne records ( N ) at a gi s cnn  I re—
qu e n nc y w . [inn s f ’ron nn re ter ennee 9 tIne de n nsi t ~ t’un n c t ionn  of t in ,’ sannnp le  e s t i n n i a t e  for coln ,’rennce
givenn  t i n e  t r u e  cohuerence  is gi~ cn n  h~

P~~~ ( y /N . P.H’ )
I -

= 
F( N )  — (I - H 2) N ~~-2 ( I  - ~

F ( p — I ) f l N — p - t - I )

- 2 1 1 ( \ \ .p- I : ~ J~~
2

O y ~ I

l’~~~~( y / N . p ,k1 2 ) = U ~ > 1 or \ K 0. ( 6 1 )

Inn equa t i on n  6 , 1 . 2 1 1 ) is t ine  I n ~-pe n -g eommn ~’ m n n c  t u n n c t n o n n  I r,’t e r e nn , ’e I 0 ) .
T inis ,‘ xpr essionl f’or t ine , ie nns i  t ~ I o n n n c t  m m  of ’ n n n u l t  np h~’ c ol nerenn ,’e is hot In e x p e n n s i s e  to

ca lcu la t ,’ ann u l ge m nerah l y  n n u n n n n e r i c a l l v  il l  ,‘ o n n , h i t i o n n e d .  -l h n i i s  to e s a h i n a t , ’ t In , ’ , ien ns i t ~ n n u nn nner i ca l lv .
a d o l n t n o n n a l  nnna n n i p u m l a t n o n i s  ar,’ r eq u i r ed .  ( ;~~~t d n f f i c u I t~ ,- a m n ~e ,‘ m n c o n i m n t e r e d  inn att o’nnn p tinn g t o
us,’ c o nnn p un tc r  l i b r a r y  ,‘x p r e s s io ) m n s  f ’or t i n , ’ l ny pe r ~e o n n n e t r i c  f u m n n ,  t on i  -

For low va R ies  of N annul  p we ,‘a n n use a t r a m n s l t ) r n n n a t i o t n  g iv en  m u  r ,’ t, ’retnc ,’ 12 :

2 1: 1 N . N . p_ l :H 2~~

( 1  2~~1p-l 2N i 1 p - h - \ . p~ i~~N . t~~1 : ’ H ( f t 2 )

i o n  t Ine  cases of inn te r , ’st . ( in— I — N )  is a nnegativ e innteger so t ha t  a I n n n n t e  series cxpam n-
s m o m n  f o r  t in i s  l a t t e r  in y p er g e on nue t r i c  f ’o n n nct n on n ns a s aj l a h l e :

H~ECED1ZG FAJE bLAM (.F~0T F1Lz~~~

_____________ - - , . -— ‘~~ -~~~~~~ 
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~

2~~I~~~’ N . p - I :  ~~~ y )

= ( 1  - H 2y)P_ i_2N 
N~~~1 (-N +p-l ?~ ~ I2 y~ (6.3)

j =0 (p— I ) j .t .

ssh n ere

(p— I 
~ 

= ( p+j- l ) !/ ( p - I ) !  = (p + j - 2 ) ( p + j - 3 ) . . .  ( p - h )  (6.4 )

) -N + p - I ) 1
(-N +p- I ) ( -N+p ) .  . . (-N+p-2+j ). (6.5)

sing t Ine s , ’ ~‘‘spr es s ionn s for t ine  ln y pergeonnn et r ic  fu mn ct ion n  sic cann is -rite for y between zero
an~I o m ne:

l’~~~ (~ \ .p .H2 ) F (N)( i_ H 2 1N
F (p—hflN—p+h )

v~
-2( l_ y)~~P 

N~~p l )  F-N+ ( p-I ) I
~ -Y~

J ( 6 6 )
l—I ~

I Y )~~~~
P
~ ~~~~~ 

(p—i )~

A u a i t e n m n a t i v e  expressi onn cain be derived by usinng the relat ionship between hypergeometric
I u n nc t ionus  annul  Jaco b i polynnomials.  Tinus.

H\) = (in + 
0 ) (

~~~~~_~mn 
F 1 (—in . -n-~ p+ I : ~T~~) 

(6 . 7)

I fro n nn r e fe rence  1 2 )  t s ing t ln is iden ’i t n t v  and l et t inng

c~~~p—2

nn N-(p—l )

( x -l  ) / (  x+ I  I = N
2 y or x = ( 1  + ~I y ~’~ I 

- I~ h Y ) .  (6 . 8)

w e  in~nve

1F 1 ( p-N-1 , p-N-I , p -h  I~~I 2 y

( I - 1  2 1N-( p-I ) 10 1 1

= 
I 

~~~~~~~ 

P~~~ ’~~ 1 ( 1( 1 +  Is~~V ( :( l_ 
~ y ) 1 .  ( 6 9 )

( N ~~l’_ 1 )
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sung t i n e  g e nn , ’ra i  ~‘\ p a n n s i o n n  f o r  t i n e  Ja c obi po i nn o nu n ia l

= 
r ( o + mn+  

ni 
(i i  \ I~( a + I 3 + n + n u u +  I ) ( x—I ~~’ (6 10 1in in! I ‘IC +I~+ n +  I )  inn ! f’(o’ +nnn+ I ) ~, 2 /

nnn O

ii c I i  m d  I n a t

I I  + ( I  - h Y I I

= 

\ --I p - l )  
( N I  F ( N+nnn ) ~~1 y  , 

nnn 
l (  0I N - ( p — h ) I ! inn I L’ (  inn ±p — l  I - - ~i nn =0 —

‘u )  t h a t  a i n o t i n e r  t . - u i , ’r al  e \ t ) r e s s i o nn  t o t  t h i s  , o n n , i i t , o i n ~i I d e n n s i t ~ of ’ t i n e  cohn e r en uce  is

2 N p— 2 N—p
P~~~~ ) v ~ N .p . N~= I-  ~ I

1~ 11 I —~~ H I N- p r

N- p - h )  
( \ + 1 N ~~~~~~ ) IY H n m 

( (  1 2 )
m n - ~() 

~ inn ) t mn +p - ’ ) ! ( I  - H’I~
V~ h e m  t r ime co l ner en ncc  is /,‘ r o ) I l u i s  r e , hu ecs  to

l’~~~~~ v I N .p, ~I 2 ( I I  I L ~_1 N-j ) 1 \ 1  1 6 1 3 )H2 I P 2 )
~1 \— p !

a n n u l  f o r  I i so ,‘in ~n n n i n e l s  to

P~~~~~ v I N ,p= 2 , ~ I 2 0)  (N-I)) -y~~~~~~~~~
-

, (6 . 1 4 )H2
in  , il , ’~i h ; t c r e ce i ser  o p e r j t n m n g  e lna r ~m c t c r i s t n c ’. i t  is i1c~ ess~i i \  to e s a l u a f e  i n n t e g r a l s  oh t ines , ’

u i e n n s i l n , ’s I n  ,lo t h i n s  a m n a k  t n , a i h y , sic e x p a n n d  t In , ’ t e r n n n  ( f~~Y ~‘~~p

1 I
P — ~ \ ,p V I - )  = ~~~‘ (6 . 1 5 )

I ~
I2 I

( N + m n n - I ) !  
H tnn 

N-p 
~ (N-I~ ~ n nn+ t +p- 2

m u u =() ~ / ( i n n + p - 2 ) !  !( j _  IV I2 \ ) \ 4  Iii
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_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

it is easily sceni tha t

[
r

M / ( l  _~ V~2 y) Ldy
- 

= ( l / l Y  2 )M~~ ~ ~~~~~~~~~~~~~~~~~ 
/(M-L-j+i) (6.16)

so tha t  tine d is t r ib u nt ion n  fun i c t i o nn  of tine esti innate (‘or the co in c re mnce cain be wri t tenn  as

F~~~ 2 (y ~ N ,p . V j 2 ) j  P~~~~( r I N .p . V~
2 )dr ( 6 . 1 7 )

( l -  Y1 2 ) N N_
~~

_ l )
( N . p l \  ~~~ 1 i  ~j ( N-p~

(N— p ) ! tn / - l~ j / ..~ 2t j + p — i  I
m 0  j =O

/nnn+j+p— 2m+~+ p—2 - -

(- I  )
5 

~ -
, ( I -  ~ 

-y ) -N+ .I + p - l -~ ~ (6 . 181
~~ ( -N+j +p- 1--s I
s 0

wh ic in will be nuumerically well hehnav ed f’or ( large ) value s of 2 greater  t h a n  - n e - m a l l ’.
I n n t e rc I nanng i n g  the order of ’ sun i nn m nat ion n , t hnis cann he w r i t  tetn as

- 1
- ‘1 h — H  

_ _ _ _ _ _ _l - ,... ( y  N .p. ‘
~ 

-)  = ______ — _________

~ I - ‘~~ v ( N -p ) !  -~ . 2  p l  I

- ( 1  - V~ y ) N j - (6 . 19 )

N — n p — I )  N—p -

= ~~ 
( N— p— I (\ (N _ p\ (  m n n l- i +p _ 2 \  

~ 
2

\ inn / I /~ i~ P l ~~ /n mn \i - \ \ 0 , I — ~) M .-\ X ( 0 .s+ 1 — p )  - -

wh n ,’re fo r  gn s ,‘nn v a l u e s  of 
~~~

. p. annul Y~ 
2 t Ine last two su n nn s  c a in he e v a l u a m  ‘,l i m n d e p e n d e n n t h v  of

I l ies, ’ s i l i i , ’s ca n n t l n e mt  he stored to great ly reduce tin e corn p u t a t  ionn requn ired to ,‘va lua te
add i t io n na l  inn f e g m : i I v a lune ’, 1m w t in ,’ sann ne val u es of ’ N , p. annul  \ 12 •

-\nn cx pr~’ss i omm whic ln can i he used for  sn iu a l l  values 0) 1’ 2 cain he ob ta inn e d  b’ ,‘x pa nd-
nn i g t he te rnn  ( I  — VI 2 y r L in n e q tn a t i o nn  6 . I 6 to oi’m t a i m n
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~ 
y tnu ) 1 _ I V I  2 y ) L~~~y 

~~~1 
~~~~ 

~~ 
~~~~~~~~ 

t i’y ” r~ 
~~~~~~~~~~~~~ t 6 . 2 0 )

=0 -

Us i n i g  t i n i s  inn e q u i a t i o m n  6 1 5  usc o l n t a i m n

~~~~~~ N.p. hI2 = ( 1 _ 1 ~~j _ ) N ( \ _ 1) + 1 I

YI-
N—I p—I  ) ( 

N +n n n— I I! VI nnn ~~~~~“ 

I— I 1 k (N — t \  ~.k’I- n nn+ p— I
inn I N—p —- nun+ I ) ! I n nu + l ) —2 ! \ k / k+nn n +p— 1

n n O  k=0

N + mi n - f  — I ) !  ( V s k+nnn+ p— I ) 
, ) ft 2 1 )

~~—‘ j ! (  N + - m i n — I I !  ‘ ( j + k + n m i + p — l  I
• t=0

or h~ r e a r r a m u g i m i g  or oh ers i ) f  s u n n n n n n a t i o m n  annu l  s m m n n p l i l v m m i g  us e f ’im i , l

F ( \  N ,p ,  IV I2 = 1 . 0 - I l -  IV I2 N 
~~ V~

2
~ 

( N ± m _ l \  (N + r _ I  \ ) N - p + l )
- r

r 0

r+ ) p -2)  
I-h ~ (

r+p—2 \ I I  _~.1 N-p+l+j 
~ 22)

‘=0 
j / j + N— p+ I

l ot’ I r i me  e i u l n c r , ’nnc , ’ equna l to 1cm ) thins gm s es

H~ N p. V t 2  = 0 0 )

= I - -  ~ l p-- I I (N ~ --I 
~

‘ (p -  \ I -‘ I~ 
-- i ” 1 +t ( ( u 23

\ ~ ~1 s — i ” 1~ I /

m m m d  t o m  P e q u a l  t o 2 t i u , ’ u l i s t r i h t i t m o m n  t m n m n e t m o m n  f o r  ~~ is
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Tine dennsity i u n nct io m ns of the sample statistic for coherence winen tine true
col neretnce is zero , tine H 0 inypotinesis case, are sln own in n f i gure 6.1 (‘or a nnunn nher of degrees
of freedonn n ( N I  fronn I to 2048. For N greater t inann 8. de nsities for the nnumber of sennsors
( p ) eq ual to 2 . 3. 4. 5 . am n ul 10 are in ndicated.

i :i g i i re s 6, 2 t inroug ln 6. I 2 sinow dens i t y  f u n n nct ion n s  for a given ) n n ui m h er  of ’ degrees
of f ’re e d o n n n I N I am nd a give i n m n um nnnbe r  of ’ c i nann m ne ls  m p )  Tine de m nsi t ~ I ’u m n c t i o m n s  of t ine samp le
sta t i s t i c  fo r  co inerennc e t ’or ti ne s ta ted alues u) f N annd p annd f ,) r t u n e  co inere ince of 0.0, 0.05.
0.1 . 0.3 and 0, ’) are givenn.

Based onn tinese data it is possible to calc u late t ine pert ornnna m nce cu irves fo r  tine
n n nu l t ip le—coheren nce s ta t is t ic  as a detee t ionn test s t a t i s t i c  T lni s  procedure is well docu m nnennted
in n a nunnnb e r  of tex tbooks  (re f ’eren nces 13, 14. ain d 15) .  Basical l y .  t ine se pert or m nna n n c e curves
are ,Ieve l,)ped in n the l’oll owinn g n n a n m n : r  For a give m n level of t rue  n n n u l t i p le coherennce 171 2 ,
nnunn n ber  of ,Iegrees of freedonn i . annd m nunnibe r  of ’ ci nan in nels . onn e ul ef ’i incs  two Iny p ot lneses , 1- 10
am nd E l I ‘ I h pot h esis H 0 is that  there is nn o causali t y betw e enn tine r e te rennced c l nainnne l  annd the
ot iner  ,‘ i nannnne l s  annd thnus  t ine cohere nnce is zero. E l ’ , pothe sis h-I l is tha t  t ln ere i~ a causal re l a—
tionns ln ;p hetweenn tine c i na nm ne l s  ( t inne  series ) annul t inus tIne t rue n n n u l t i p le coi neren ice is Iy 1 2
For a gi s -eni  t in reshold (a ) ,  Inypo tinesis H 0 is chosenn if the saninple value of the m n nu l t i p l e—
cohere ince stat istic is below ~ and El1 is chosen if tIne sannple value of the statistic is above ~~~.

Flue p robab i l i t y  t i na t  H 1 is selected whnenn H 0 is true is tine probability of false alamnnn (P FA ):

~FA~~ 
= P ~ ( v / I y I  = 0, N. p ) dy

171

line prohahi Iit~ th at El I is selected whein H 1 is valid is t ine  p ro b ah i i i t y  of de t e c t i o n n  P~~ - - r -

P1)1. 1 1a) = P )
~~, I y I ~ . N p) dy

Li

}‘or each vaim i e  of N and ri we can pl ot P[)1:’11 Cu ) as a t u m n n , ’ t i o m n  of P 1: ~~~~ slnnce
~ u ruin s  fmonnn  U to )  I . Th ese cur ses are inn f i gures 6.1 3 t l n m oug i n  lu I ~ for  N of 32. (u 4 . I 28. S I  2.

an~l 11)14: P art s  a t i n roug in  e cormesponnd to the n m un n nher  of c i n am nn e l s .  ( un  ,‘s f o r  scu eral values
)f t mime colneretnce ar,’ imndica te,I.

line d m ffic unl t \ wit hn tinesc classical perfornnanne o~ cii r u e s  mu t i na t  t ine  are I inn ear inn
p r o h a h i h i t ~ of fa lse  a l ar nnn and t l ner c f ’ore ulo nnot prop er h~ i l l u s t r a t e  low u a lmn ,’s t om this pam am n—

~‘t cr.  ( m i s  is a l l e s  m a t e d  h~ p l o t t i i n g  tin e sannne data wit ln  a log s,’ale m xci i as tine p rob ab i l i t y  of ’
I :ml se a lar t m n ( f i gures  6. I~) ihnr oug hn 6 .2 4) .

Inn u s i n g  n n n u i t i p l e  co lnerence as a de tec t ionn  test s t a t i s t i c ,  t ine s a lu t e  for  t rue
coh erence m u nnot ge tnera l l y  knnownn . Thus it is of’ interest to ,Iet , ’ r n n n i m n e  how tine p r o h a h i h i t ~
of d e t c e t m o t n  vami cs  f o r  a fn x ed  v a i m n e  l’or probabi l i ty  of fal se :ml a m nnn Th is eatn be deter inn inned
I m mmi f i gu re s  ft I ’ )  t i nn u u g l u  6 .24 i u \  s c i ec t i tng a givenn p roba b i l i ty  of f a l s e  a l a rn un  and , l rawimng a
ver t ica l  l i m e f ro t n n w i nic l n t in ,’ p r ob ab i l i t y  0) 1 de tec t i o nn as a t ’mn nn , ’I mo m of t rue ,‘ol n eme m n ee  c~mnn lie
d,’ Ic r m m m i i i  ed

Pl ots  fo r  p robab i l i ty  of , l e tec t m onn as a t u n ,’l m m  of t r u e c o l nercnn , e  b r  ‘ alo es  t o m
p r oh :mhil nty of fahsc alarnnn (10 1 

~o I 0~~) are inn ti gmn r es 6 .2 5 t in ro u g l n  6 30.
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