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SECTION I

INTRODUCT I ON

Investigation of VHF and UHF perfo rmance of thin  wi re structures in the

presence of a realistic ground environment is important in electromagnetic pulse

simulation as well as other antenna applications (ref.l). Since the earth

is not very conductive in these frequency ranges , effect of the ground

reflection can no longer be accounted for by the structure’s mirror image.

In some cases , wire structures large compared with the free-space wave-

length are actually placed on the top of a prepared ground surface such 
S

as a nonreinforced concrete slab of finite thickness. The problem of

finding the scattered field is then further complicated by the fact that

the slab can now provide a physical mechanism for energy to spread out in

the lateral direction in the form of a iossy surface wave.
it

As a first step leading to the better understanding of this problem,

we shall discuss in this report the development of a numerically efficient

scheme for computing electromagnetic fields produced by an arbitrarily

oriented electric dipole source located in sir over a multila yered ,

diss ipative half-space. Typically, the medium consists of only two layers S

with a top layer being a concrete slab of finite thickness and the bottom

layer. .i homogeneous earth of infinite extent . To be able to obtain all

the electric and magnetic field components accurately and efficiently in

both the near-field and the far-field regions is important , due to the

fact that an integral equation formulation of a thin-wire structure can

usually be constructed once the field components produced by individual

dipole sources are known.

~n what follows , we shall discuss first the spectral representation of

the scattered field due to a hori:ontall’. stratified half-space using an

I
- —~~~ ~~~~~~~~~~ --~~~~~~~~~ 
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approach similar to tha t  of Wait ’s (,ref .  ~~~~ he then proceed to discuss a

numerical scheme for the computation of the so-called Sommerfeld integrals.

Since all six field components are ncede i, a method is developed for

si~~ ltaneous integration of these components. Also investigated is the

choice of possible ~~~~ of integrat ion , w ith specific reference made to the

work of Lytle and Lager (ref. 4-5) which finds the field components of

a homogenous half-space. In addition to the numerical integration , we

shall also discuss the appropriate asymptotic and near-zone expansions of

each field component . They are then incorporated into the computer program

in order to improve the computational efficiency. A related work in this

case is that of Tsang and Kong (ref.~~ where various asymptotic evaluations

of the long itudinal magnetic field were found for a horizontal dipole

placed on a iossy dielectric slab , hav ing a thickness in the order of a

few wavelengths. However , their computation was restricted to observation

on the slab surface. Also included in the report is a comparison of the

numerical results with various known spcc i~~ ~‘ases.
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-
-

~~~

--

~~~~~~~~~~

- - —

~~~~~~~

.-

~~~



- ~~-S - ~ —-- --- -~~ - - - - .----- ,- ~ 

SECTION II

FORt4JLAT ION OF THE PROBLEM

• Following Baum ’s notation (ref. 7 ), the electromagnetic field generated
~S.

by a source i~ air above a stratified half-space can be written as

a - sIj <~ (~ ,~
’;s); i(~

’,s)’

- - (1)

(i~, s) a ~ g(?,? ’ ;s) ;  J1i’ ,s)~

-4.
the G and g are the dyadic Green ’s function in the air region of a

current source above a multi-layered lossy media; ~ 
is the source electric . -

current density; s i~-iw is the Laplace transform variable; is the

S permeability of free space. The operation s- ,” is a symmetric product

defined as ;

dS ’
-+ — — 1  — I’ -~~

. —
<A (r,r ) : b(r 1~- E J A(f~,T’)•b (.f

’) or

Sor V dV ’

where the integration is over some surface S or a volume V.

The arrow and the bar — over the quantiti.es indicates a dvadic

and a vector form respect ively .  The comma separates quantities

with a common variable of integrations . The dot or the cross ~ directly

above the separating comma, i.e. or ~ indicates respectively the multi-

pl ication sense as a dot product or a cross product.

The dyadic function ~ is def ined as

a [1 + k~ VV] g (~ J~’:s)

and g i s  then the basic dvadic we need to evaluate. Here, I designates

the identity dyad



fl ~ ~~~~~~~~~~~~~~~~~~

and ã~, 
~ 

and —á are unit yectors in the x, y and z direction

respectively. k
0 

a is/c is the free space propagation constant.

Provided that the surface of the stratified half-space is located

in the x-y plane, 
~ 

is a 3x3 matrix of which only five elements are

non-zero for fields of an arbitrarily oriented current source above a

stratified half-space;

0 0
~ xx

~ (r,r,s) = 0 g 0

L ~zx ~zy ~zz

In this report only the derivation leading to the expressions for

fields produced by a dipole placed in the x-z plane is demonstrated. This

implies finding the components 
~~ 

and g~~ of a horizontal dipole source

placed in the x-direction and of a vertical dipole source in the 
S

z-directjon. It is obvious that, by a simple coordinate rotation of

-~~ + 90° in the x-y plane, the x-directed dipole fields and g S

S will yield the fields of the y-directed dipole fields g~ , and 
~~~

Figure 1 shows a tilted electric Hertzian dipole above a finitely

conducting stratified half-space. This dipole is placed at a height h0

from the layered media making an angle of 0’ with respect to the vertical

z-axis; and 4~’ with respect to the x-axis; the prime refers to the

source coordinate system. The dipole can be decomposed into three compo-

nents; one parallel to the earth surface along the x-axis with a dipole

mome;it Idx ’, another along the y-axis with a dipole moment I d y’ and the

third one perpendicular to the earth along the z-direction with a dipole

momentof Idz ’. S

Now we can write the current density of the dipole as follows :

10



— ~
7__ —---

F — 

-, — 
~
—v- - _____

_ _ _S - - .1

Idl

Idz ’

~ 

, I lO~OII~
R

(E~ ~
‘i i i 

~

I’
______________________ _______________________ 

z z

S 2 m-l

lim

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Z M..I

I~igure 1. Arbitrary oriented dipole above a finItely
conducting stratified half-space
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J~r
’) • j~ ~(x ’)~~(y

’ z’-h0~ 
3)

where ~ (u) Is the Dir delta function and j~ is the vector dipole

moment given as
dx

p • I t s )  dy ’

w i t h  the ampli tude of the current denoted as 1~~s ) .  S u bst i t u t i n g  for

the value of J In (3) Into (11, then using (2) we can w r i t e  the eteetro -

magnetic field components in the air reg ion as fol lows :

r(r,s) — -51~0~t + K~~VV ) g(r.h ;s) ‘

(4a~
a V ’~~(r ,h ;s) . p

The vector U or t z i an  po ten t i a l  of the  e le c t r i c - t y pe  ~ is then related to •

r the dyadic ~ by the f o l l o w i n g  expression

- — i  -
1 a ~w 0

) g ( r ,h 0~ s) .~ 4b )

In what t’o I Lows the den Ion L ead in g  t o  the m t  egra I form of the

electric vector potential of a horizontal and a vertic al dipo le will b~

given . This method of derivat ion uses a somewhat d i f f e r e n t  appr oach than

the one derived by Wa t t  (r e f .  even though the tw o so iut  ions are forma l lv

the same .

For a horl~ontat Uuz’t: tan dipole , the scattered f t’ Id n the  m t 
~~~~ l:~vt~r

can be written In terms of ~~ and ~~ • w h i c h  h~i th e  f~ I lowingx\ ,m

fo rm:

~~~~~ 
(Q /n~ ) 

~~~~~~~~~~~~~~~~~~~ 
+ t LX i~ 

) ~ U. J~ j

— - ‘ S

a ( I k ~~~ n ) J ’  ~. 1 ~ t~~~l) e .WI ~~
t I 0 + t l : \  ~ 1’

-‘
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where • + ~2 — a - i ( l  - ~ - n ) ~ ; n 
~rin +

a • c and o are the refractive index , relative perini ttivtty
in rm in

and conductivity of the layered media ; 
~ 

is the p e r m i t t i v i t y  01’ fr ee

space, Q~, • k0/(8i~~
) is the normalized dipole strength; X • k0x .

Y - k y and H - k h are the normalized distances .

Since both comp:n:nts 
~~~~ 

and satisfies a homogeneous

wave equation of the kind :

(V 2 + n ) ~~~ () ; w • x or z

express ion for and ~ are then readily known

~~~~~~ 
a Tw m t P(Ynt( + Hin)l ~ ~~~~ 

exp [_y
~
( • H

~
) ( Sb)

w a x ,: ; in • 1 ,2 ,... N

and — + - fl~~)~ : Re(~~~
) 0 ; • k z  and H — k ~~h1

+h 2+ ...h )

are both normalized distances.

Thus, the values of 
~ 

(:) and its derivative with :, ~~
‘ atw , m w ,m

the top sur face of the mth layer , i.e. a ~~~~~ are rela ted t o the

values at the bottom , i.e. a 
~~~~~~~~ by the matrix given as

• I c y~~ sw ,m in in in w ,m

~~y s  c ‘l~
’ 

—

in in m w ,m
— — iir n — I  rn

Here , the prime denotes derivat i ve ; c • cush (‘~ H ) and s • si’) t’, U .in m m  m m m
We now proceed to find •w m .t in the (m_l) th _layer from a knowledge of

in the mth _taver . The boundary condi tions at the intt’rfaco z • -hw ,m . . rn- i
ar e

13
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5)

• k ~ w a x zm X w in rn-i xw ,m-l

2 ~~~~ — 2 3..
k ~— e  • k ~~~~~~~in ~z xx ,in in-i dt  xx ,m-1

and
a .- a .  a —

+ i~x z m  ~~~~~~ 
+

By applying the above boundary conditions to (Sa), (Sb) and (Sc) we can

establish a matrix expression for • , •‘ , and •‘ at onex ,m— 1 x ,m— 1 z ,rn — 1
layer in terms of •~~ , •x m ~ ‘~z ,m and at the adjacent layer as follows :

c , -l~ 0 o 1 ~~~~~x ,m- l  m in in x ,m
t y s  c L) 0 ~

i 
in in in x .rn

a -l j
S 0 0 ‘~ S ~~~m in m i :,m

L 
. H 

L~’cm ~~~~~~ ~m~rn~m ~rn Cm J L ;,~j
rn- i _ a U in

where

A - n /nm rn-i in

Thus the field at any layer interface can be obtained in terms of the

field in the bottom layer , i.e. the ~
th layer , by successive Interation .

Let us now define a transverse coupling matrix as fo l lows:

N S

x ,m in in x ,m
5’ -, 

(7)
n K m

14
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It is inter esting to note that  N
~~* ~~ 

can be considered as the t ransverse

impedance of the TE and Th mode, respectively, in each layer .  \
~ 

and ‘in

are the coupling coefficients of these two modes across the interface

between the (m~l)
tt
~ and the m t)

~ layer. After the substitution of (7) into

(tb ) and then equating like coefficients for and •~~~
, it is possible

to obtain a relationship between t he  transverse coupled Impedances at the

(m_l) tt
~ In terms of the impedances at the ~

th 
layer  as ,

• •T 111IN~ 
+ ‘

~~~~ 

t anh(Y
~

H
~ f l / ( y~ 

+ N tanh (y Um fl (8)

+ 

~m tanh (’y
~

II
~ ) l / L ~~ 

+ K tanh( .y
~

H
~ ) l  ( 9)

where in the above result • y/ n . The cross coupling terms

and are given 1w

A A /W + (1 — i~~
1
)/n ; i • r /W 110)rn-i in in in m rn-i m m

where can be found in tt~) and W can be wri tt en as foilows~

— + N tanh(~~U )  ~~~ 
K titnh (y ll

~
) ]cosh (’y

~
H
~

)/  m~m~

in a 1. 2 , . . .  N ( I l l

Since no reflection can occur at the bottom layer , i.e. the Mtt~ layer ,

th i s  impl ies R U 
N 

a R~ N 
a I) in (Sn) then we co.nc lu de tha t

NM 
a 

~~ ; K~ a and a • 0. Therefore 1w us ing ( 8 ) - ( i l )  the

following informat ion can be obtained ;

and (12 )
. 1/n ~ — L/ n ~ ; a

IS
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Up to now, the impedances in each of the N layered earth are

explicitly known via an iterative procedure based upon (8) - (22). To

find the total field in the air region, we note that the electric vector

potential of a horizontal dipole in the air region can be written in terms

of a primary field plus a scattered one.

~ ~P + w — x,z (13)xw,o xw ,o xw,o

p and s refer to primary and scattered field respectively, and the

subscript o refers to air region. 
~~ 

and 
~~ 

are given by

:~
° I Q fJY

~le1cpE~y l z~H~~~+ i(~X + nY)Jd~dn

x:,o

The primary field given in (14) and (15) were obtained using the wave

equation in free space with a source excitation. The scattered

field can be written as in (5a) and (5b) with ~~~ given by

H -= R,~~0 exp(-y 0...) w x ,: (16)

Now by applying the boundary conditions at the interface z = U to (Sn) ,

( l4 ) , ( l5 )  and (16),the following results for the reflection coefficients

in free space can be obtained:

z y~~ (y~ 
- N0)/ (y 0 -4 N )  (17)

= -2X [(A 0 ÷ N 0) (X 0 + K 0)]~~ (18)

16
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where N0, K0 
and can be found from (8)-(12) by successive iterations

depending on the number of the earth layers. It can be shown that solutions

for R~~0 and are consistent with an earlier work given by Wait (ref.3),

even though the concept associated with the coupling coefficient is not

explicit ly used in his work.

The derivation of the Hertz vector potential for a vertical dipole

is much simpler because only the z-component of the Hertz potential is

needed. Thu s , following the same procedure previously described , we have

~ — s (19)
zz ,o :z,o :z,o - 

-

where V refers to field due to a vertical dipole , and the prinary f ie ld

is given as

a Q1 f1y~lexp [~yo~Z~Ho I + i(~X + nY) 1d~dn (20)

and the scattered field 
~~~~ 

is given by

= Q0ff ~~ 0
(~,n)exp[-y0H0 + i(~X + nY)Jd~dn (2fl S

- exp (-y0 )

and

- y~~ (y0 - K 0)f (y + K) (22)

where can be obtained from (9) by successive iterations .

Now if we write dx ’ sine’cos 4’dQ.., dy ’ -sin O’sin 4’dQ and

dz ’ • cos ~
‘d.i and using the following identities :

17
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~1

a exp(iR11)/ R 11 - ( f l )
ff

y~
L exp[ t z l I l + i ~~ X + n Y) 1d ~5dn 

( 23)

a exp(iR12 )/R1, - (~~1T) ff y~~exp (-y 0 (Z+H0)+i (~ X# nY) 1d~dfl

where R
~~ 

— [( -H Y + ; • [(:+U y + and p — + y~ ,

we can write from (4b) the three components of the Uert :ian vector potent ia l ,

— C(G11 
- 

~‘12 + V ,) sin e ’ cos •‘ (24)

— S ‘ -
a L (li~~ — 

~‘l2 + V . ,) sin 0 sin ~ t25 )

— C ( (G~~ - 1112 + V 1
) cos ~~~

‘ 
+ V_ s in  8 ’ cos ‘P

(26) - 
S

+ V 4 sin 0 ’ sin ‘P ’] 
-

where C — 1
0
1di/(471); : — ~‘~~T. represents the free space intr ins ic

impedance, and V 1. V ..,, V3 and V4 are given by

• J F~ (~
) exp[-y0(Z 

.li
~
)] J0~~~1 d ~ 

- 1 ,2 (27 )

V 3 j -  cos 4~ ~~~

— I j F 3 1.ct) exp [-y0(Z+H0fl J 1
I ) ci dc~ (2 8)

\‘4, \ 5ifl ‘P

where J and ~1 are the Bessel functions of zero and fi rst order
I

respectively and

F1 (ct) 
— 2(y ,, + K0)~~

(2 9)
F 2 ( ct) - 2(’~ +

18 
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and
a —1F3~ i) • -2A 0[(y,, 

+ N0) 1~ 0 + K0 )]

In getting V 1. V ,,.V~ and V4 giv en in ( 2)  and (28) we have used the

following transformations:

x a r c o s $ ; y a r s i n p

~ cos ‘P ; n • Ct sth

which implies .2 + ,~2 - and - ~~ - n~)~ ; Re

where in-0 ,I ... N

We have listed the field components (E
~
, 11w~ 

w a x , v, or z, of a

dipole arbitrarily oriented in the x - plane (‘P ’ - 0) in Table 1 and 2.

Table I gives the field due to the direct contribution of the dipole, desig-

nated as (Ewi~ 
H 1) with w -x , y or :. in order to obtain the field

due to the perfect image , designated as (E
~
.,. H

~2), 
one just replaces R11

by R1, and (-U 0) by ~: + H0) in Table I. In Table . , we have

written the remainder field as a sum of two parts; one contains a Bessel

function of :ero order J and the other has the Bessel function of order 
S

one

(E 3, H .) ~~ f ~
, 

~~~~ ~~~~~~~~~~~~~~~~~~~~~ (30)

ui—U ~ in • 0 . ~r 1

Thus the total field for each component (E~ , U~
) is then given as

(E~ , H~) - (E,H) ~ (1)ui~1 (E~~~lly.~) w - x ,y , : (31)

m a l

where
E — j k ( 1 d ~ /411) ,tnd H — k ( i d ~ . 4f l .

19 
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SECTION I I I

NUMERICAL SCHEME

In th i s  section we discuss the numerical method used for the

computation of those integrals listed in table 2 .  Our primary concern is

to compute all six field components for a two-layer earth representing a

slab of lossy dielectric which has the electric constants of a nonreinforced

concrete and is located above a homogeneous earth having electric property of

a wet dirt . A typical integral form can be written as follows:

Q = ~~~~~ ~0 0

where T(ct) is given by

1(a) G(a)exp[-y ( + H0)]J (a.~); m=0 ,l

and G (ct ) is a typical function listed in table 2 . which has poles and

other algebraic singularities in the complex a-plane. Typically the integrand
5’, 

~in (32 ) has branch cut singularities due to y0 = (a -lY and another due to 
S

(
~~~ 2 

- n~)~ ; y0 and y, are the normalized propagation constants niong

the i-direction for the two infinite layers ()~~z ‘- “ and •“ .- -h 1.

respectively, where h 1 is the width of the s lab in a two layered ear th

media. The integration given in ~~ ) can be split up into two parts.

Q = + (i T(a)a’~~ da

and by using the transformation r= ( 1 - cC)~ in the first tern ~if ~~~~~

and ‘r — (a”-l)~ in the second term, Q can he reduced ~~ t he  t c ~1lo ~~t n 1~

form :
is 2 %

Q = i 
- 

T [l-r~~~dr + 3 T([l . t ~~) ,i-~ (,4

Jo
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The form of Q given in (34) is used in our computation algorithms
I

discussed in appendix C. We note that, in a similar work by Lytle and Lager

(ref. 4), a deformed path was used beneath the real axis as shown in figure 2.

While such a deformation avoids the numerical difficulties

arising from possible poles and other discontinuities close to the real axis,

it necessitates the use of a Bessel function with complex argument. Since

the value of the Bessel function grows exponentially for a large but complex

argument, it appears such a deformation would not be a particularly efficient

one when the horizontal distance is substantially greater than the free space

wavelength unless it is very close to the real axis.

a .

complex

a-plane

— _ _ _ _ _ _ _ _ _ _ _ _ _

— —  

r

Figure 2: A path beneath the real axis avoiding the branch
point at a = 1 and pole singularities close to
the real axis.

Lytle and Lager (~-ef.4) pointed out that one way to avoid such a problemis to use a deformed path formulation based upon a maximum decay and, or
minimum oscillation criteria. Actually, the use of the steepest-descent
path as a function of observation angle is another appropriate alternative
(Kong,(ref.6), Ban6s (ref.8)]. In any case, the extension of such an approach
to a multilayered earth would involve the inclusion of contribution from
possible singularities as a result of the deformation of the path.

23
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We next consider the pole locations of T(ct) in the complex a-plane

particularly those, if any, close to the path of integration on the real

axis in the range i <~~ (with the choice of branch cuts shown in

Figure 3, pole(s) located in the range C’ <a~.< 1 is less significant

since it would have to be on the other side of the cut in the same Riemann

sheet and, hence, can influence the integrand value only indirectly through

the contribution around the branch point). The strategy that we have adopted 
S

is first to determine possible existence of poles, then for each pole which

is close to the real axis, we would define a circle of influence within which

smaller partition of the integral is adopted to insure the accuracy of the

numerical integration.

By investigating the functional form of T(ct) as tabulated in table 2 ,

it is easy to see that T(ct) has poles whenever the denominator of F1 or

F2 vanishes. The poles of F1 can be determined from (29) as the root of

S 
- the following equation: - -

~

y + K = O  ~35)

and they are the TM-type modes. The poles of F2, on the other hand, can

be found from

y
0 ÷ N 0 = O  (36)

corresponding to a set of TE-type modes. By using the- relationships

given in (8) through (12) for a two-layer earth, a more explicit representa-

tion of (35) and (36) is

- Z 2) tan Z + (Z/n~) (10H1 + y2H1/n~] = 0 (37)

24
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for the TM type modes and

[y0y,H~ 
- Z2) tan Z + Z[y H1 + y,H1 J = 0 (38 )

for the TE type modes , where Z = iy1H1 and H 1 = k h
1 is the normalized

slab width; y H 1 and y2H1 are given by:

y H 1 = [- 2  + (n~ - l)H ]~ = - i[Z 2 
- (n~ - l)H~]~

and
2 2 2 ~~ ‘

-
S 

= (-Z  + (n1 — n 2)H1] = - i [Z - (n~ - n~)H11

Thus, the problem reduces to finding the zeros of (37) and (38) in a complex :-plane.

V
Once found, the corresponding value in the complex a-plane is then obtained

from the relationship: a = tn~ 
- ( Z / H 1) 2 ]~

It is of interest to note that (35) would reduce to the Sommerfeld

S pole of a half space problem whenever H1 0 or and (36’)

would have no :eros as expected since it reduces to (y0 
+ y2
) when

H 1 
-
~~ 0 and to (y0 + y .)  for H1 

-*

In the case of ~ ~ or where the second earth layer is a perfect

conductor , equations (37’~ and (38) reduce to

-[(ni - l )F~ - z2~ + (Z/n~ )~ tan = 0 (39)

for the TM-type modes and

+ [(n~ — 1)U - tan = 0 (40)

for the TE-type modes. Thus for a lossless slab where n1 is a real quantity .

(59) and (40 I represent a set of even TM-type and odd TE-type surface wave

5’ modes,respectively. These real roots are then used as a starting value in

I .’

26
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the search of the complex roots when the conductivities of earth and

slab are finite. The computational technique for finding these roots is

described in appendix C.

We have plotted in figure 4a location of the pole corresponding to

the Th1-mode over a frequency range from 100 to 370 MHz, for a cement slab

-3 and = 0.002 mho/m) of width h1 10 cm over a wet earth

~ r2 - 10, = 0.01 m,ho/m). As frequency increases, the pole moves upward

and the branch cut moves downward. At about 400 MHz the pole disappears

in the next Riemaim surface. If we now reduce the slab width gradually,

but fix the operating frequency at 400 MHz as shown in figure 4b, the pole

reappears in the proper sheet when the slab width is reduced to 9 cm, and

continuously moves downward as width decreases. At h1 =0 , it reduces

to a Sommerfeld pole for a half space region. (The disappearance, followed 
V

by a reappaerance, of a slab mode was also observed earlier in related work by

Shevchenko (ref.9)J. It is noteworthy that equation (38) presents no TE-type

of solution until the slab width is greater than 10 cm. In table 3, we have

tabulated the locations of both TE and TM modes for h1 ranging from 10 cm

to 50 cm . It is obvious that those poles which are far away from the real

axis should present no real problem for our numerical computation of the

Q- integrals.

Except for the region with the possible appearance of a simple pole,

the path of integration in (34) is subdivided basically according to the

extent of oscillation associated with the Bessel function and the rate of

decay of the exponential function in the integrand. The finite integral

is then truncated at a value of r where either the integral beyond that

point is negligible, or an analytical approximation to the remainder is

possible. Incorporation of this scheme is detailed in appendix C.
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SECTION IV

COMPUTATION BASED UPON ASYMPTOTIC AND QUASI-STAT iC I~XPAN SI0NS

The numerical integration outlined in the previous section for the

functions given in table ~ and in the case of a two-layer earth is ineff icien t

for very large and a very small observation distances. To improve the efficiency

we need to incorporate into our numerical program an asymptotic solution for the

case of avery long distance , say over 10 free space wavelengths .and a quasi-static

solution for the case of a very short distance , say less than 0.01 wavelength.

— 1. Asymptotic method .

In this section we seek the asymptotic solut ion of ~i funct ion

r(R) in the form of

r (R ) - fG(a)exp(-y0(z + H0) ]  
~m~~~~~~~

’ da , m - O  
:r 

1 (41)

where G(ct) is a typical function listed in Table 2, R = [( 4H Y  +

We assume that G(a) has only one simp le pole at a = sufficiently close 
—

to the path of integration . By extending the integration in (41) over the

negative real axis of the complex a-plane one can transform P(R) into the

S following form:

~ (R) - f f(a)  ~~~~~~ da (42 ) 

5

where
f (al — (al / 2 ) G(a ) H~ (ap)e ’t

~~ , m — 0 , 1 (43 1

g(a) — -‘y cos 0 + i asin e ( 4 4 )

where we have replaced +11 — R cos t ;  ~ a R  sin ~ ; and R — 11 + U 0 ’) +

is the distance from the image source of a perfect conductor half-space to

the observat ion point and 0 is the angle that R has with the vertical :-axis.

In what follows , R12 will be replaced by R.

30 
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H~-~~(cip) given in (43) is the Hankel function of the first kind of ~n

order. It has been assumed that G(ct) is an even function of a whenever

the order of Bessel function Jm (C*P) is even and odd function of

whenever the Bessel function order is odd.

In order to develop an appropriate asymptotic expansion , we now foUo~

the work of Brokhovskikh (ref.lO) by deforming the contour of integration

from the real axis to the steepest descent path in the complex a-plane passing

through a saddle point c*~ where g’(ajaO . Assuming such a deformation

yields no additional residue contribution and defining a real variable s

along the steepest descent path so that s - g (ct,1 - g(c*), we have the

following expression 
V

Rg(a~) R~~I’(R) — c S j ~ (s) e ds

where ‘p (s) — f Ia) ~~~~
- . From (44), it is not difficult to show that

a, - sin 0 so that g(a5) - i. Now since we have assumed the existance of

a pair of poles at a a t in the complex a-plane , the expression ~(s)

also possesses a paIr of poles in the comp lex s-plane loc8ted correspondingly

at s ± d where

— [g(a ,) - g(a~)I½ — e”~
”4 [l - (l_a~~)

½cos 0 - Cl
1) 

sin

Thus, we can rearrange the expression for F(R1 in the form of
5~

~0)

r(R) — eiR 
J ~‘(sl ~~~~ 

., ds (4 S~
-~~ s

_
-~
3_

The term ~p (~s) • (s- ~3 )P(s) is then a smooth function near the saddle

31
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point s-O and therefore can be expanded in Taylor series as
Cw n n

~ (s) *n~0 ni 
S

Substitution of this expression into ~4S) and subseq uent evalua tion of the

individual integrals yield the following asymptotic expression

½ iR -u ’~° 
C~~1’(R ) 2 iT e e n~0 4n~1;n~½ 

Q2n~
1) (4b)

where i~ 2

~~~~~ = f e d

and u= ±8~4~ and, again, R = R 12. Typically, only 
two terms are used in our

computation. The coefficients C0 and c,, in this case, are known explicitly
in terms of f(cz), g(cz) and thei r  derivatives [l~rekhovskikh (r ef. l0)  and

V
Felson and Marcuvit: (ref.ll)],

C0 
= i~i(0) = -

= ~“(O)/2 = - 
2 

f(O2~ g f l)2 f ’( O )  - 
f~

t

g
~O)

+ 
g iv  

- ~ (g UI) 
- 

~(g ” Y — (g ”) S

Here, the primes denote derivatives with respect to a. Now , since

dct ½ - iiT/4— = _ e cosOds s=0

along the steepest descent path we have from 144) and the definition that

f(a)(da/ds) - ~(s) the following expression

C = - (2½e 1
~~
4cos0)f(0) (47)
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j 2½e ~~
4cos0(3sin 0 f’ (0) - cos 0 f (0) + (3/4 + j /~~) f (O~ (4 8)

Here we note that , because the function f typically behaves like

where ~ is some slowly varying function around its derivatives are

singular at a—i even though the value of C 2 Is finite. Thus, in order

to avoid the difficulty in numerical computation , we can define a new

variable a a sin w so that

— - tl+J)B (2 sin 
~~~ 

-
- dw dw w-0w-t3

+ (3/4 + j/~~ )fiw-0) cos (49 )

and f is given in (43).

2 . Quasi-Static approximation V

We have mentioned earlier that the typical numerical computation of

the field integral becomes very time consuming when an observation

distance is much smaller than a wavelength. Due to the slow convergence

of the exponential aIId Buss& function the numerical computation of the

integral in (30) needs to be carried out for excessively large values of a.

Obviously, for a two layered earth . N and K as found in (8) and

(9) can be approximated by

K y/n~

N0 ‘y~

for those values of a where

a ~. max (6/H 1, lOtn 1
j)

Thus . the leading terms of F a)(. — 1 ,2,3) as given in (291 wi ll behave as

33
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F~~ • B~~~;
’ 2. a 1, 2

F3 — B 3y~,
2

where B1 — 2n~/(n~ + 1), B., — I and B3 
a - 1)/(n~ + 1).

The subscript q refers to quasi-static.

We can now add and subtract these terms to the original integrals

given in (2 7) and (28) and write the Sommerfeld integrals as follows

V 2. — v U) 
+ ~ (2)  

+ (50)

where . -

(I)  f --y~b -l
V~ B~ j e J0(ap)cty0 da

0

5
5’ )  

-y b

a 

* j a
[F i

(Ct) - F ~~~(ct) 1e 0 J0 (cio)c&da

- ‘y b
and — J [F 2 (ci) - F~~ (a)]e ° J 0 (ctp)ada ( Si)

where * max (6/H1, l0~n1 f) , b = + H and C - 1 or 2. 
5

The leading integral V~ ’~ is known explicitly from (24) in terms of

as iR
9. Q R  - -

The integral ~\V2., integrating from 0 to ~ still needs to be evaluated

numerically in the usual manner. However , the remaining integra l

can be obtained analytically since now the integrand converges rapidly as

F,~(a) approaches F~q(a) for large a. This integral is evaluated in

Appendix A with the result given as

— i:,~~b th ( R +b )  — R  ~ + 2.n ’ )/)l~ •e 
° /ct } C — 1 ,2 (53)
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where C
1 

— 2n~/ (n~~-s.l)1 C, - (n -l)/4; and y * 0.5 772 l566 is Euler ’s

constant .

Similarly, we can spli t up the expression for V3 given in (28) in

the following form

V 3 * V~~~ + \~~(2)  
+ + ~v3 (54)

where

• B~ cos 0- J d b J e
0 J (aP)ay~~da

• B~ cos t~~— f [—i-- - —ic—-Jo ° J ~ct~ )adcx
~)) 

~
= 0

a 1 0
0

(3) 
., -~~h

V.. B~ cos o s— [F_ ( cz ) - B3y1 1e ° J0(ct)ctda V

and finally
a

3 i -y b
a B3 cos ~~~~~~ f [F 3 (ct) - B3y~~1e 

° J0 (ct ,~) ctdct (SS)

We note that in (54) an additional term B3~~ has been added and sub-

tracted instead of just adding and subtracting B3y .  The reason for this

kind of arrangement is to avoid the singularity at a - 1 when we integrate

numerically from 0 to a0 along the real axis in the complex ct-plane .

On the other hand, in the analy tical evaluation ~f the path of

integration is to he understood as being indented into the lower huif plane

around the branch point at a - 1.

A s imi lar  technique as applied to V~~~ can be applied to the d i f ferent

terms of V 3. Analytical expression for VY1 is derived in appendix B as

V U )a — 83
ccos 0([R(R.b)]~~ - 0.S)~n~R+b) - ~(~ —~ -~T i 2  - ~n [I’ (S(~)
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Thus , the leading term of V3 behaves as h R . which is similar to the

leading terms of V1 and V.,. On the other hand, analytical expressions

for ~~2) and V~~ are known as (Appendix B).

(5~~
) 

(ni-I) r 1 
fl~ *

- ~~~~ = 
2 

B _ ~cos oLb(R+b) + 

(
~ 

_
~~~ -iii,’~—~n~ + 

(n~-l) 
Qn n

1)

+ Qn (R+b)] (57)

and

~~~~~~~ -C3~ cos ~[Zn(b+R) +b(R—B)~~ 
+ (y -~~ -in 2+ in a)] (58) 

S

2 — ,
where = (3n~ +l)(n~-l) (n1 

+1) 78 and y is Euler ’s constant . The S

last term ~tV3 will be evaluated numerically. We note that , once all the

V’s are found and then substitute in (25) and (26), expressions for the field

components are then carried out analyt ical ly according to (29a) .

36



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

SECTION V

DISCUSSION OF RESULTS

A computer program was developed for the computation of the

frequency-domain electromagnetic response of an electric dipole located

above a two-layer earth representing a non reinforced concrete slab on the

surface of a dissipative earth. The program computes all three components

of the electric and magnetic f ields simultaneously for an arbitrarily oriented

dipole with a known dipole moment. Unless otherwise specified , the dipole

source is assumed to be always located along the vertical axis at a given

height h .  Geometry indicating relative positions of the source and

observation points is shown in figure 5. Also , relevant parameters for • .
.

the computations in this section are chosen as follows .

Frequency of operation = 300 MHz

• Relative dielectric constant and conductivity in

1) Air , (
~ ro ,ao) = (1.0, 0.00)

2) Cement slab, 
~~r1’~ l~ 

= (3.0, 0.002)

3) Earth, 
~ r2’°2~ 

= (10.0 , 0.01)

Slab width h1 0.lm

In order to check the numerical accuracy of the program , we have first

computed the vertical electric field component due to a vertical dipole

above a homogenous dissipative earth, for which the analytical solution as

well as the tumerical solution is available [Chang and Wait (ref. 12), Chan g and

Fisher (ref.13)1. Accuracy to wit.iin 5 digits is achieved for any given distance.

Next, asymptotic expansion of the exact Sommerfeld integrals for high-

angle observation s is used to compare with results obtained numerically for

the case when the observation point is located on the slab surface at a fixed

observation angle 0= 5°. We vary the separation between the source and the
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Fig. 5: A tilted dipole above a two layer half-space.
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observation point and the result is shown in tables 4 through ~) together with the

sky-wave (plane wave) solution for three d i fferent orientations of

sources , a vertical dipole (Case 1); a hori:ontat dipole ibserved in

the plane of the dipole (Case II); and a hori:ontal dipole observed in the

plane perpendicular to the dipole (Case tE l l  Our results from the exact evalu-

ation of the Sommerfeld integrals are a l l  w i t h i n  a fr a c t i o n of a percent for

distances about S meters or larger (in this case , a free-space wavelength

is 1 meter). Only when the distance drops to within 1 meter do the

two results show any significant difference.

Comparison is also made for a fixed observation distance R 4 0  meters ,

(R R12 ), and a varying observation angle ranging from 50 to 80° (tabl es 10

through 12). The agreement is again excellent u n t i l  the observation angle is

near grazing (i.e. the case when 0 * 500) This is obviously due to the S

limitation of the sky-wave solution near the slab surface.

The electromagnetic field componen ts as obtained by a two-term

asymptotic expansion with the inclusion of the contribution from the ground

wave correction (see Section Iv .] .J are tabulated in table 13 for angles

8 = 30°, 450 and 800 and R - 40 meters. Clearly, these results with

ground wave corrections are now in good agreement with the exact  numer ica l

results given in tables 10 through 12 . We no te , however , th at computation

t ime for the asymptotic result is much loss than the time snent in ev~tlu ating

the exact Sommerfeld integrals.

Comparison of the quast-static and exact results is shown in Table 14

for R =~
) .005 meter and ~ * 4~~ 5

0~ As a rule of thumb , the t ime consum ed

in computing the quasi-static result is less than one third the time spent

in getting the exact answer .
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To further demonstrate the range of validity of the approximate

methods, we show in figure 6 the magnitude of E
~ 

on the slab surface

versus the distance R (R~~R12) for a fixed observation angle 8~ 
50

The solid curve represents the exact field calculation for the two differ-

ent orientations of the dipole source (vertical and horizontal) observed

in the plane of the dipole (0~~0°). The long dash line represents the

asymptotic results while the long dash—short dash line represents the

quasi—static result. Similar comparison can be made for other components

of the field. -

As pointed out by Lytle, et al.(ref.14) a convenient way to display -~~~

the electromagnetic field structure near the dipole source involves the

use of the power flux or the time—average Poynting vector P defined as ~
‘

~Re(E x fi*). It is well—known that in the far—zone the power flux

of an isolated dipole in free space can be given as

P ~ P sin28; P r~ (2X R )
_2

o r o  0 0 11

where — l20ir ohm is the free—space characteristic impedance and A is

the free—space wavelength. Thus, the power flux density in this case

points radially outward , while decaying with the rate of R1~ 
. The

magnitude of the power flux on the other hand vanishes along the dipole

axis at 0 — 00 but is at maximum in the broadside direction , i.e. è 9Q0
•

The power flux of a vertical dipole source, normalized to P above

• a two—layer earth surface , is plotted in figure 7. It is seen that the

direction of the power flux , as indicated by the direction of the arrow ,

departs significantly from the radial direction near the slab surface.

Magnitude of the normalized power flux (1 cm of the thick arrow corresponds

SI
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to a unity) also decays faster than R
1~
. This situation can be attributed

partly to the rapid decay of the inductive field near the source region

and partly to the dissipation of the electromagnetic field underneath

the slab surface. On the slab surface the power flux , or the Poynting

vector . is generally tiled into the surface.

A similar plot of the power flux for a horizontal dipole source shows

some remarkably different features. As seen in figure 8 and for observation

in the plane of the dipole , the power flux no longer vanishes along the

dipole axis. Furthermore , in the region close to the dipole on the slab

the direction of the vector also does not always point toward the slab surface. • 
-

Since the dipole field in the absence of the two—layer earth is known to

be small in this direction , the phenomenon undoubtedly is caused by the

scattered field in the source region near the slab surface. For observa-

tion points in the plane perpendicular to the dipole (0 — 9 00) ,  figure 9

shows that the power flux now behaves in a more predictable manner.

To further investigate the field behavior on the slab surface , figures

10 and 11 show, respectively , the magnitude and the tilt angle of the

normalized power flux as a function of observation distances. It is seen

that , except for the region close to the source , the tilt angle, or the

direction of the Poynting vector of a horizontal dipole observed in the

plane of the dipole, approaches to that of the vertical dipole , while

the tilt angle observed in the perpendicular plane approaches to a

difterent limit, is is well known in the theory ~E ground wavt’ propa-

gation (ref. 2), tIle tilt angle depends . in a d d i t i 3 n  t~ t he

refractive indices of the different med ia , m:iinI ~’ topc n the type ~‘f

polarization of the impinging wave , rather than t h e  ~~x~ I I ~~t ~‘rient i t i~’u
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S 
of the dipole source. Thus, the tilt angle of both the vertical and the

horizontal dipoles observed in the plane of the di pole should approach to

the wave tilt of a TM—wave, while the other approaches to the wave tilt

of a TE—wave.

I

’ 

As shown in figure 10, the change in the magnitude of the power flux

along the slab surface for the three dipole arrangements as a function of

observation distance also differs significantly. In the case of a horizon-

tal dipole, a minimum and then a maximum are observed as one moves away in

the plane of the dipole. The tip occurs at 0.45 or for an observation

angle of 77 , 5 0
, However , no such tip is observed in the other two arrange—

ments. To examine the occurrence of this tip in detail, included in

figure 12 is the magnitude of the power flux versus observation distance for

several slab thicknesses, including h
1 = 0 which corresponds exactly to the

case of a homogenous earth in the absence of the slab. It is shown in

this case, the tip occurs at 0.65. As the slab thickness increases

the location of the tip moves toward the source until h
1
=- 03m ; thereafter ,

a second tip emerges. Figures 13 and 14 show the change in the magnitude

of the power flux for the other two dipole arrangements. However , no S

drastic change in the magnitude of the power Flux is observed as one moves

away on the slab surface in these cases.
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SECTION Vt

CONCLUSION

In this report a numerical program is devised which computes all

components of the electromagnetic field simultaneously by integrating an

array of functions along the real axis in the complex a-plane. Increased

efficiency is obtained with the incorporation of the quasi-static and

asymptotic approximations. The inclusion of a root finder in the program

also makes it possible to integrate efficiently for the case when a pole is

close to the path of integration . It should be noted , however, for the

typical parameters we have studied, the poles were sufficiently away from the

real axis so that no particular effort is needed. In principle , we can also

extend the method to treat the case involving more than one pole.

The computer program is also capable of finding the field for a semi-

infinite half-space problem. In this case, the slab width h
1 

will be

either zero or infinity. However, if quasi-static approximation is used , the

the case where h 1 approaches infinity should be chosen. The reason for

this restriction is that the approximations we have used k.ssume a finite h1

so that beyond a certain value of ct
0 

analytical expression for the integral S

can be obtained .
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APPENDIX A

QUASI-STATIC APPROXIMATIONS OF and V.~~

In this appendix, the analytical expression for 42), t= l ,2 given

in (50) is der ived.

:~ -y b

4
2) f [F~ (a) - F~q (ct)le ° J

0
(c&p)adct (A- i)

a0
Now , if we use the choice of a

0 to be large such that tanhly
1
H
1~ ~

- l ,

then the express ions for N
0 and K

0 in (8) and (9) will reduce to

and y
1/n~, respectively. Therefore V~

2
~ and ~~~ can be written as

22n -~~b~~~~ f ~ 

1 
- ] e 0 J (ap) oda (A-2)

a 1o ~l (n+ 1)y0 1 0

and

v~
2
~ y

1 
- e

_b
ob 

~~~~~~~~~~~~~~~~~~~~~ 

(A-3)

By expanding in the inverse power of y
0, 

V~ , Q = 1,2 can be

approximated to the following form:

= c~v = 1,2 (A-4)

where
~ ‘feb _ 3 -,v = fe J (ct~)ay [1+o (y ) i. ... (1-5)

The constants C
1 and C., are given by

= -2n~/ (n~ +

and 2
C, = (n 1 

— 1)/4

Thus if we just keep the leading terms of(A-5)and the assumption that

~t >> 1 then
0

65

S 
~~~~~~~~~~~~~~~~~~ —~- ---_ _



r~~~~
-
~~

- — —

~ 
~~~~~~~~~~~~~~~ ~~ 

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —---5-5- -- S

S 55 ~~~~~~~~~~~~~~~~~~ _~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ -
I.--

v f e~~~ J (ap)~~
a

The above integral can be evaluated by taking the derivatives with respect

to ~ and then splitting up the integral into two parts; one has the limit

of 0 to infinity and the other from 0 to a
0.

F = _ {fe~~
bJj1ap)~~ - ]°e~~

b
J1~aP) da

The first integral can be found exactly fGradshteyn and Ryzhik (ref. 15)]

1e~~X 3 (ax) d = 
~/2 + 8

2 
-

v x ~~~ (A— 6)

R e v > 0 , Rea > l Im ~~

therefore

f ~~~ J1
(c~p) ~~ (R-b)p

4 
= p (R+b)~~

However ,the second integral has been evaluated approximately by using

Taylor expansion of two variables b and p around b, p = 0

+ 0(R2)

After substituting the values of the first and second term in (A-6), we can

integrate back with restect to p which will lead to

V = -R + b ~n(R+b) 
0 ~2 

- C(b)

where C(b) is a function of b only and is given by

b) 
S

- C = b - b ~~n2b + 0

Here E2 is the exponential integral of order 2 and is given by [ Abramowit:

and Stegun (ref. 16)),

I 
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-a b (-1)~~(a ~)n
E,(a b) = e + y (a

0
b) + a b  Zn(a b) + c t b  

~nal

- 
- where y is Euler ’s constant 0.3772.

Since R << 1, terms of the order R or greater will be ignored.

Also , it should be noted that we have assumed that ab and a0
p are

small compared to the leading terms that are of the order R 1. Thus V

can be written in a simpler for-in as

-a b0
V = -R + + tn(a /2)) ÷ 

e 
+ b ~n(b + R) (A-7)

0 a0

The substituion of (A-7) into (A.-4) then gives the analytical expression

for the correction terms V~
2) 

, Q. = 1,2 as indicated in (50).
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APPENDIX B

QUASI-STATIC APPROXiMATiONS OF ~~~~ ~~~ and

In this appendix, approximate solutions for ~~~ , (j =1 ,2 and 3) is

obtained as R approaches zero. As in appendix A , we assume that a
0 

is

large compared to H1 so that tanhly 1H1I 1 can be used . However, the

product of a
0
R is still assumed to be small compared tol as R~~O. The

leading term v~’~ in (54) is written here as

B3cos ~ ~~~~
. J d b  re

o jcap)ay
_l
da (B- i)

The integral with respect to a is known as G~ , = e /R 1,. If we

now spl it up the integration over b into two parts , one runs from 0 to

and the other from 0 to b, the first integral then reduces to the Hankel

function form 1~. H p) .  However , for the second integral , Taylor

expansion of G1, will be used since R1, is very smal l .  Af ter in tegra ting

the first three terms of the expansions, it is easy to show that V~
’
~ can

be given as

vP~ ~ B3cos ~ ~ ~~~~~ u~~~ (P + ~~~~
. 

~
. 

~~
. sinh~~ (b/p)} (8-2)

it should be noted that in obtaining the above result the differentiation

with respect to p is applied after the integration over b is performed .

Expression for V~
’
~ can be further simplified if we replace -he Hankel

function by its small argument expansion to yield

- B
3 P cos P C[R(R+b)]~~ - 0.5 Zn (R+b) - 

~(Y - 
_ lTi/2 - ~n 2)) (B-3)

where y= ~).5772 is Euler ’s constant .

The second term from (54~ that needs to be evaluated analytically

is ~~~ and is given by
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~~~ B3 cos ~ ~~~~

- f [ ~~~~~

__ 
- -~!~.]e ° J ( a q)a~~ (B-4)

Again, the integral can be divided into two parts, one runs from 0 to a0
and the other from a to ~ and approximation techniques similar- to the

ones given in appendix A can be applied here. It should be noted that

the outcome of the integration should be independent of a
0

. Now V~
2
~ can

be written as

~~
2) = + (B-5)

where
a0

and 

V~~ = B~ cos ~ 

~ 1~ ~~~ 
- _LIe

bo
b
J (ap)ada (B-6) 

S

= B~ (n~ - 1)1 cos 4 (B-7)

i = ~ f ~~~~ J (ap) ada 
2 

...L f ~
_
~o

b
J ( ~p)~~~

a0 (‘r0i1) a0

(B-a)

~2) 1 1 2In writing V~2 above, we have replaced (—.y-- - 
~
-

~
-—) by [(n1 - l) / (y

0y1~~
] .

~
11 Yo

Then , we have used the assumption that a0 is large so that y1 would be

replaced by y0. Thus, the differentiation of I with respect to b is

known as - , where V is given by (A-5) and known explicitly in (A-7) .

Hence, can be written as

~ 
p 

~ -

Integrating the above expression to get the value of I as

I a 
~[p 

sinh~~(b/p) +b~~(R + b)~~ - K(p)} (8-9)

.
~
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and the integration constant K(p) is determined from the condition at

b = 0

K (0) = J J1 (c*p) a
2

a0

J j~~ a~~ ~~
a0 

a

It is then not difficult to show that K(p) satisfies the first order

differential equation

~K K I cia
+ 

~a 
J (ap)-~- 

-

~~~

The integral on the right side of the differential equation can be replaced

by a two term expansion, ignoring the series terms which are of the order

or greater [Abramowitz (ref.l6) page 481, Eq.ll.1.20]. Thus the

differential equation reduces to the follow ing form

+ ~~
- = - y- 2.n (a p/ 2)

which has a known solution of the form

K(p) = - ~~
.. [y + 2.n(a/2) - - ~~~~ p

where y here is Euler’s constant. The substitution of the above val’ze of

K(p) into (B-9) and then the value of I into (B-7) will give ~~~ as

7

(2~ 
(n

1
—l ) -.1
2 

p 8
3 

cos ~ (2~n(b+R) -I. b (R+b) + (y - - tn 2 + Qn cc ) ]  (8-10)

Clearly, the result we have obtained for is dependent on a~ , and this

t erm should cancel Out with the contribution from up to the order of
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R2 . Since b and o are both small , a two variable Taylor expansion

around b , p = 0 gives approximate expression of V~~ and is given by

~~ B
1 p

cos 
~~ f

a
~cc

3(-~~ - Llda (B- il)

0 Yl YO

The evaluation of the integral can be readily carried out, provided the

integration path is understood as being indented into the lower half-plane

at c c z l .
2 2

S 

V~~ = - ~B3 cos p 2 ( 0 1  ) + (n~ - l)Zn (a~ - 1)
a0 1

- n~ tn n~ + 1ri(n~ 
- l)} (B-12) 

- - 
-

Thus, with the assumption that cc0>> In 1! 
we finally have the resultant

expression in the form of

2 25 5~ (n -1) n . 
S

V31 
= ~ B3 p cos 

~ 
[- Zn a0 + 

2 Zn n 1 - 1~~j (B 13)
(n
1 

— 1)

Substitution of the expressions for ~~~ in (B-13) and ~~~ in (8-10)

into (B-5) now yields the result

(1) 
fl
l~~ -1

V
3 

= 
2 

83 p cos ~ (tn(b+R) + b(R + b)

+ (y - - ~i/2 - Zn 2) + 
2 

Zn n1} (B-14)
- 1)

which is then independent of the parameter a0 
that we somewhat arbitrarily

. have chosen.

The last integral that needs to be evaluatedis V~’~in (54). Since cc0

is large such that tanhIy1
H
1 j 1 , then N0 and K0 will be replaced

by y
1 

and y1/n~ , respectively. Thus, V~~ can be written here as
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L
- 
.1

3 r~~ 
2(n~~-1) (n~~~l) .

~ 
-yb

ii B3cos t$~ 
•
~~~~

• II 2 2 2 2 le ° J (aQ)adct
“ JLn ~(; + y

1
)(Y +y 1/n 1

) (n
1
+l)y

1 j 0

(B-is)

1 
(n~—1) (_

If we now approximate Y1 Y0 
+ 

~ 

, the leading term of V3
’
~ in

(B-l7) can be shown to be associated with the integral I given in (B-8) which

is evaluated in (8-9). Consequently, we have

= - c3p cos c~ (Zn(b+R) + b (R+b)~~ + (y - - Zn 2 - Z~ a0)]

(B-16)

where 2 2 2
C3 

= (3n
1 

+ 1)[(n1 
— 1)/(n ~ + 1)] /8
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APPENDIX C
PROGRAMMING PROCEDURE

A computer program was developed to find the electromagnetic field

response of at ilted dipole above a finitely conducting two layered earth

accord ing to the numerical scheme described inSection I I I , with prov ision for

the asymptotic and quasi-static calculation as explained in section IV. A flow

chart of the program is shown in figure C-I. Tite program mainly consists of

three subroutines called QSTATC, RESULT and ASMPT , each of which is capable

of calculating field components for different ranges of observations in

space. - 
S

The subroutine RESULT is used to integrate along the real axis of the

complex a-plane for a given integrand. It follows the sane steps given in

sect ion II I ,whei-etheirttegration has been split up into two different regions

as given in (34). As mentioned before, a provision is made when the location

of the pole is close to the path of integration . By drawing a circle of

influence with a radius cc = Ia -ij and centered at a , we can integrateS p p
separately the interval within this circle in order to insure good numerical

accuracy. Thus~ a~ determines how the integration path should be split up, S

for example if cc~ ~~ . 
1 then the integration will proceed exactly accord-

ing to (34). But if a5 < 1 then the path of integration will be subdivided .

Obv iously our path of integration is taken beneath the branch cut for cc

between 0 and I and the pole could have stronger influence if it is close to

or beyond the branch point at a -a 1. Usually the situation where the pole is

close to the branch point at a = 1, occurs when we have a two reg ion conducting

half-space (such as air and earth). For a typical application of a concrete

slab above a homogenous earth and for the frequency range (100 to 1000 MM:), the

poles are actually not very close to the path of integration as shown in table 3.

L
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Plane Wave Free space L Finds roots

[~~ So1ution J Green ’s of eqs. 135 ,36)
LFunction J
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________

INTEGR 1
Romberg QV3

Integration

a > l  c c < 1

GGRT]. GLESI
Second First
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eq. (34) eq. (34)
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FACTOR BEJY
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W(Z) 
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F VALUE
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F1, F~ , F3

F IND Y
Calcula tes
N ,K , etc.

0 0

Figure C-l.A flow chart of the computer program
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However , we have left these subdivision criteria in the program so that

the program can be a general purpose one. Our program without further

modification cannot handle the cases where the poles are directly on the

real axis which corresponds to lossless slab above a perfectly conducting

sheet. But in most of the cases which involve losses in both media , the

poles usually move upward away from the real axis. A root finder called

PROOT was developed which uses the poles of a lossless slab above a perfectly

conducting sheet as a basis to march toward the roots for a lossy slab and

earth. A combinat ion of bisectional and Newton ’s nethods is- used to search

the complex roots of (35) and (36). Figure C-2 is a flow chart of the 
- 

-

root finder , where the subroutine ROOT will first search

the real roots of the lossless slab above a perfectly conducting sheet; then these

roots (if any) will be used in :ROOT to search for the complex roots of a

lossy slab above a finitely conducting earth.

Except for the region nearby the pole , the two integrals in (34) a” ’

further broken up into segments where numerical integration based upon a

modified Romberg scheme is performed . Segment interva l is determined either

from the nature cycle of the Bessel functions, i .e. .~cc 2~r/~ , or from

the decay rate of the exponential function , i.e. .~cc 3/(+H0). Obv iously ,

the number of integrations and the computation tine increase when ~ and

+ H~) are either very small or very large. In such cases , the program

is then switched to the quasi-static and asymptotic routines even though the

normal integration method can be performed .

We now discuss the type of convergence criteria adopted for the

truncation of the infinite integral in (34). Judging from the expression

for the integrand as given in (30) , it is obvious that one can simply

integrate until the argument of the exponential function y
0(+H

) is large

—S
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enough , say 12 , so that the remainder of the integration wili be of the order

l0~ or smaller. However, this criterion becomes less effective for obser-

vation near the surface when ( +H ) is small. In that case, we switch the

truncation criterion to one that depends on the argument of the Bessel function

ap, where p -a k0r and r is the horizontal distance from the source to

the observation point. When ccp reaches a certain large number, say 50 or

more , we can replace the Bessel function by its asymptotic form [Abrainowitz

(ref. 16)]. Then the remainder of the integral can be evaluated analytically by

an asymp totic series . Since each term of the ser ies decreases by the factor

(ap)~~ from its previous term , we used a two term expression and estimate

the error bound. The truncation is then determined by a specified accuracy

of five digits. These remainder terms can be deduced from (30) and typically

given as follows:

T ( a
t
) = JF(a)Icos 

~ 
- P(a) sin X]da m = 0 ,l (C-l)

where x = Cap - L - 
~, 

P(a) = and at 
is the limit where

the Bessel function can be replaced by its asymptotic form. F (cc) is

given by

= (2/iictp)~ aG la)/-,-0

and G (cz) is a typical function listed in table 2. Now , if we twice perform

the integration by parts in C-i , Tm (cct ) will reduce to approximately

~~~ cos 
~0 dFT (cc

~
) - a -  

~~ 
F (cc~ ) - 2 act

— (4m
2-l) COS~(0 -3 (C-2)

• Sct 2 F (ct~
) + O(p

0 p
m~r t

)where \o (ct~ D - - T -

The result given in (C-2) will be added to the truncated integral if the

truncation was made on the Bessel function argument . The subroutine that
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handles the evaluation of T(a
~

) is called ASYMP . In the case of the

quasi-static method,we have added a third criterion for the t runcat ion of

the integration ,and that depends on a according to the method discussed

in sect ion IV-2.

As we mentioned before ,nuinerical integration of individual segment along

the real axis is performed by a modified quadrature Romberg scheme . The

subroutine that performs the integration is called INTEGR , wh ich is known to

be a fast convergent one unless there is a discontinuity in the function

within the integrated limits. INTEGR has been developed to integrate an

array of functions. Thus,all six integrations of the EM field components

in the space region can be performed at once. The usual criterion

the integration is by checking if either the absolute or relative error of

the integration has reached the needed tolerance. More specifically in

figure C-I, theintegration routine calls two functions, GLES 1 and GGRT 1,

which represent the funct ions of the f irst and second integral in

(34), respectively. SU BG gives the value of T(x) for any x as required in

(34). SUBG calls two other subroutines; One , BEJY calculates

the Bessel function J0 and J1; the other , UV computes the

values of the functions ~~~~~~ 2. = 0,1 and w = x,y,:, listed in S

table 2. Two other subroutines ,EVALUE and FINDZY ,are used in UV for the

purpose of calculating the functions F2~ct), ~ = 1,2,3, and N0, K0, etc.,

as given respectively by (29) and (8) for a single slab.

As we have noted earlier the usual method of integration becomes a

time consuming one for large R. For such a case , we switch the program to a

subroutine called AS~.IPT , based upon the asymptotic solution derived in

section IV. l .  For computing efficiently , this part of the program is further

split up into a sky-wave region and a ground-wave region. This means we use
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a two term sky-wave solution where the observation is made away from the

ground (subroutine LARGR) and a two-term ground wave solution as described

in section IV.l (subroutine FACTOR).

The subroutine QSTATC serves the purpose of finding the fields for a

very small value of R, where R = k0R1, is the normalized distance from

the dipole image to the observation point, R12 [(z + h0
) + r2J

’
~ - This

subroutine follows exactly the procedure described under section IV-2 except

Maxwell equations haveto be used first to find the electromagnetic field

components. The finite integration from 0 to for ~~~ (9 = 1,2,3) in (51)

and (55) was performed by calling the subroutine RESULT . However , analytical

expression has been used to replace the integration from a to infinity, i .e.

(~ = l ,2) in (53) and ~~~ in (58). This analytical result has been

built in subroutine CORREC which is called from RESULT automatically

when the integration has reached the upper limit a . The leading terms,

i.e., (~~=l ,2) in (52) and in (56) , are calculated in QSTATC by

calling two other subroutines , FIELD and QV3 , the first calculates

the free space Greens functions given in (24) and the second calculates the

leading term of the cross coupling f ield V3 given by (56).

Finally, we emphasize that the subroutines QSTA~C and ASMPT

are built to speed up t~he program. They are auxiliary routines to the main

program , which provide adequate approximate answers as an alternative to

the exact but time consuming results available from the subroutine RESULT.
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SUBROUTINE DIPOLE ~FPEQN,EPS R , S I G MA ,M1 ,Ho,~~,ni.PP~,fllP,N0ROOT,Ao ,1 ACC INT,TDTF LD .IFLAG)

C sUaROuTINE DIPOLE W~ S DESIGNED ~0 FINO THE ~M F~~~ LD DUE TO AN
C AW B Z T R A M Y ~ ORj LNTATED DIPOLE SO URCE ABO V E A T W o L.AY ER CONDUCT ING
C EARTH • T~ E INPUTS TO IPIE P000MAM ‘~ E~C FREQNEFREQ~ ENC’V OF OPERAT ION.
C cE PS~~) AN D (S IG M A  EA C ~I 0’ ~“ -‘IC~’ 5MOULD P~A VE 1~~. iLMENSION OF 3
ç REPHESENT1NG THE O1~ LECTR1C C O NSTANT AND C O N D UC T I V I T Y  (MMQ/ u)
C IN TP4~. TPI R~ L MEOIA A LR ,SLA B ~~GICN AND GP~(JUNO

~ Ht~~S LAB ~~~~~
C HO~~Ht LGh1  QF THE DIPOLE FPOM ~HE SL AB SURFACE .
C R~~TI~t DIST A N C E  OF TsE DIPOLE 1MA GE A B O V E  A PE~ FECTLY CONDUCTING
c GROUND TO THE O 9 S E 4 V A T ! t ~N PoI~.1. R IS Q P T ( (z . P Io ) . .a .t S R ) . .2 3
C WME RE SR~~SMALL R • IS  T MF Pk~~j~~CT I O N  OF N INIO THE X — Y  PLAN E.

- - I r TPs~~T hETA I S ~ ‘E IMA DE ANG LE (IN ~EG~EEES) ~ ?-l ICPi T~~ OBS ER V A T O N
C POINT MA J ~ES w ITH THE Z—~ xIS ~~EFEk TQ FIG—5 OF THE REPONT),
C PH~ PM1 IS TM~. OBSE~ VAT ICN ANG LE (IN U~.G PE~ S) M~~ SLN~ D IN PIE X Y

S C PLAN E .
ç THP~ TP4ETA— P~~LUE IS THE ANGLE t IN CEU’~ E ES )  Ti.pAT T~IE DIPOLE MA KE S
C w I T H  Tpt E V E R T I C A L  A X I S .  IF TH aO THE DIPOLE IS VERTICAL AND

IF  Tp1 P~ 9O ‘HEN PIE CIQOLE Is ORLZON TML.
C NOR0OT~~IS A LOGIC AL S TA T E M E N T  W HEN IT IS TR UE ND SEARCH WIL t .  BE
C MAD E FOR T HE POLES PP~ Y$IC ALL Y •SuQFACE wA V E MODES) IN THE

S C SLA B REGION A L SO ~.O CA L C ULATON OF Ti~’E SO MM ERFELD POLE W I L L
C 8€ MADE IN THE MALF..S~~ CE CAS~..IF INORUOT) IS FALSE THEN
c A S~~ RCp~ FO R POLES WILL ~E MAD E .C A O I S  THE POLE CLOSEST TO T~.t. REA L~ AALS IN THE COMPLEX AL PIA— PLANE

• IT SHOULD BE 5PECIFIEO A RB ITRARIL y IF THE ROOT FINDER iS NO’
USt. O.

C ACCIN~ EIS THE EPQCR TOLER~ MCE OF THE NUVEMI CAL INTEGRAT ION ,
C TOT FLD eA fcE Tr,E CALCULUTED ~—~ t~ES CF A LL Tr~ ~~ ~~~~~~ LC’~~ C~~~~ T~~,
C IT SHOULD BE OIM ENSIO NED AS TOTFLD(3,21. THE FIRST COLUMN

A RE THE E— FIELO COMPONENTS ( E A ’ E Y  AN D E Z ) ,  AN D THE SECOND
C COLUMN ARE Tp~E H-FIELDS (NX ,PIY AND HZ).
C IF LAG~ IS A LOGICAL STAT EMENT w~~IC~ IF l~ ~5 TR UE 004S1 $T .TIC AND
C A S Y MPTOTIC A P PR OX .  W I L L  BE LSED.  IF (IFLAG ) IS FA LSE THEN
C USUAL NuMERICAL !NT F3~~A T I ON ‘~~ T~~~D “ILL 9L PERF CR MEO ON
c THE ~O CALLED SOMWEPF ~~LD I N T E G RA L S .

COMMON / M A~~N~~/ N ( 3 ) , p . , E P 5 R ~~3 ) , p P c ~~ , K Ø , Z h M ,TOL
COM MON ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~COMMON / MA I N a / S S ) 3 ) . E E( 3 , , Hp.i.OM
COMMON /T ’ pPt , IUIA
LOG ICAL NO ROOT , IFLAG
COMP L~.A N,A O ,J ,1A .A
COMPLE X D I , O S , S O M F L D , T O T F L D . W A V E , PZ S , PX S , PZ I , PX I
REAL ~~O. MUO
DIMENSION A ( S ) , S I G M A t 3 )
DIMENSIO N OLt3 ,2 ),~)S (3,2).SOMrLD~~~.fl,P25I3,2).PXS(3,~~)
,PZX ( 3 . 2 3  ,P A j  (3 .2 )  .,, A y E (3 .2 )  ‘T O T ~ LO
TOL S A C C I N T

PI” 3 . 141592 b53
~ s 2 .q97 93 E.O8
E P S O a d . E ~S~.~ — i 2  S N(f f l .A ,*P j * I , O E_ O~

?
E GZ I* S Q RT(M U O /E PS O )
CO N V ~~~I / i 8 o .  S

OME GA$2 . •PI*FP(QN
p(oa OMt G A / C

FB3I~O K O / 4 ./PI $ c4 s J . EGZ I .F$
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00 12 L~~1,312 N( L ) . CS ~~R T ( L P S R ( L ) . ( O . . 1 . ) • S I G M A ( L ) / O M E O A / E P S O ,
51 TMETAU TH .CONV

ZsR’GOS (PI€TA )— Ho S PO.R.S~N cT HE T A
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a.ZHeKO S RIc~~~R~~.i~t3
PRINT 8 8 . F R E Q N , I N ( L ) , E P S R ( L ) , S I G M A I L ) , L . 1 , 3 )

a 88 rORM A T (1H1 •FREQUENCY..Eq ,~~,LX .~/~ ./,LX .REFRAC TI ~ E IND ICES OF A IR ,
I 1CEMEN T AN D EARTH R€ SPEC ?tvELY./ 1X.Nt .”F9.~~,e..a.)9.4,l OX •€PSROa ’€8.

2l ,3A~ SIGMA O~~ E 1 O.3/jXoN(z. ..,.....FW.4 .1OX.€ PSR 1seE8 .j,3A ~ 5IGM A ls
3sE10 .3/,ZX•N2a•c9.4,•e iW Fq .4,jo Z .Ep5R2a.Eb.l ,3X*SIGMA2 II*E1o .3,)
PRIN T le,Z,PIO,,.s1,R,TM

14 FoR MAT (lAc ’ZSeE1O.3.21e u*,3x•OBSE RV A T IO N ~IEIG ,lT•/1 X .HO .•ELO.3, 1*- - 1.M..3X .DI POLE ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ W IDT r , ’/ A A ” R . ” € L O .
23,2X’M .3X .SOURCE TO O85E~ V A T~ ON CIS T~ NCE /1X*THE TA ~ *FS .1,LXI0EG ,
33*”ANGLE OF INCZDENCE’ ,

C P40 SEARC H FOR POLES WILL BE AVA I L A B L E  W HEN NOROO T IS TRUE ,THUS T P4E

~ PO~~ LOC ATION AD SHOULD SE SPEC IF IED .LF THESE POLES ARE FAR AW A Y
C FRO M THE REA L A XIS ,A S SI GN A N Y A RBITPA PY POLE IN THE FIRST QUADRANT- - C OF THE COMPLEX ALPHA—PLANE. THIS POLE SHOULD NOT BE. CLOSE TO THE
C PATH OF IN TEG RAT ION .

IF INOROOT ) GO 10 22

C CHEC K IF WE HA V E  A TW O— LA ’rER EARTH MOOEL,IF So CALL RROOT I

IF (p1.G1.i. (JE.O5 .QR .H .LT. 1.OE.O5)  GO TO 2b

C Z~ NOT , ~E HAVE A SINGLE LA Y ER EAR TH .NENCE W E NEED TO FIND THE
i~ SOiiM€RFELQ POLE I

iF (P4.LE.I.OE—O5) AOaN( 3) ,CSQP T (N13)W N( 3) .l.)
IF I H.G E .1 . Q E .0 5)  Ao~ N (2),CSQRT (P,(2)’N(2).l.)60 10 22

C SUBROUTINE RROOT WAS DESIGN ED T~ FINO THE SURFA CE W AVE MODES THAT
C E X IST IN * D IELECT R IC SI-Ad aBOV E A C I SS IPA T IVE EA RTH .

lo oO 23 j~~j,3
EE I I ) ’ E P S R( I )

23 SStI)U S!G M A ( I )
OMSOM EGA S Hpt.pq
CALL R R O O T ( A ,A 0  

S

C *0 WILL BE THE POLE CLOSEST TO VIE PAT ~’ OF INTEGRA TION.
C ( A )  W ILL . BE THE POLES THAT AR E FOUNC • P LA C E S W HE R E PROOT F A I L S  A
C ME SS AGE W ILL BE PRINT ED AN D THE A N B I T N A R Y  RULE (. qS , .15)  W I L L  ~E
C AS SIGNED. UP TO 5 POLES WILL BE SEAR CHEL ) WITH THE EX IST ING DI M EN SI ON
ç OF a(5). IF ~‘Q~E EXIST ,TME DIMENSICN O~ ( A )  IN DIPOLE A NO (Z E RO)
C IN RROO T SHOULD BE INC REA SED.

22 PNZPPH” CONV S THET AP ~~T HP* CO NV
C T I .C O S IT H ET A P )  S S T I Z S I N ( T M ~~T A P )
CP1 .COS (PHI) $ SP1.SIN (PhI)
CP2’CUSC2 .”PHI S SP2~~S~~N (2,.PHl)

IF (IFLAG ..E.O) GO 10 165 
—

~ THE FOLLOWING Th REE ROUTINES W I LL BE USED FOR THE EVALUATION OF
C THE SOMMERFELD INTEGH~.LS
C ( 1)  l ( UAS I— STAT I C A PPRO* .

CS2iS 1&OR~ AL~~ITtTEGRAUQN JILOSNGSS.1fl.LSRE*LSSSA X~ IS~ I NSSSTML.ScQMPLESAS ALPHA-
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C PLANE .
C (3 )  ASYMPTOT IC TECHN IQUES RiSING STEEPEST DESCENT METIIOD ) •

IF (RN.GT .5.OE— 02.OR.RN .Lr .3.OE .OJ) GO 10 165

~F (RP4.GE,3,OE.O1) GO TO 7 7

C QUASI—S TATIC AR PROX . WILL BE PERF ORM ED ,

IQI A~ 1
CALL Q STAT C IA O ,WAVE ,3,2 ,IQIA )
GO TO 33

C AS YMPTOTIC A PPRO * . W ILL BE PERFORMED

77 !01A 3
CALL A SM PT(AO ,THE TA, W AV E ,t ,2)
GO TO 33

IN HERE , .JUST REGULAR INTEGRATI O N MET HOD WILL 8€ USED TO FIND THE
•C SOMMERFELO INTEGRALS .

165 CAL)~ FIELD (DS,KO.ZMfr,RO,P7S,PXS,3,2)
C ALL FIELD (UI ,KO,ZM,RO,PZI ,MXI .3,2)
!QIA.2
CALL R E S U L T I A O , S O M F L D , 3 , 2 , I 0 1 4 )

~O 6 JJvl, 2
00 6 II”1 ,3 S

6 W A V I I I I , J , J ) 0S( I I , J , j) 0I ( I I , ,J J ) .S O M F L D( I I . 4J )
33 00 2 JJs1 ,2

00 4 11.1,3
IF (JJ.E Q .2) GO 10 56
TOTFLD (II,.)j).FA W A V E (II.JJ)
GO TO ~

56 T O T F L D( I I ,J J ) . F B • W A V E ( I I .J J )
A ~ONT INUE
2 CONTINUE

RE TURN

~ ND
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SUBROUTINE FIELD ( O , K . Z H o . ~~O ,x , v , I  .M)

C THIS SUBROUTINE EVALUATES ALL THE ELECTROMAGNET IC FIE LD COMPON EN TS
C DUE TO AN ELECTRIC V ECTOR POTENTIAL OF T$E FORM G 11.EXP(J ’ R11) ,R 11
C OR G12.Ex Pti*R 1e ),~p 12 .W HERE R 11 .SQRTc( Z—MO )~~*2.RHOo.2) AN D
C RIZSSQRTUZ .H0 **2.RHO*02 .Z.P1 O AND RHO ARE NORMALIZED TO T WE FREE
C SPACE WAVE LENGTH K(I’. THE INPUTS ARE I
C (1) K IS FREE SPACE WAVELEN GTH.
C ~~~ RO IS A RAO !A L DISTANCE.

C (3) Z(4O REPRESENTS THE NON NORMAL IZEO DISTANCE (Z—MOt OR (Z.HO).
C THE OUTPUTS A R E I
C Cl ) D REPRESENTS THE FIELD DUE TO o h OR G12.
C (2 )  A aND V REPRESENT THE FIELD DUE TO A V E R T I CA L  AN D A HO RIZ ONTAL
C DIPOLE RESPECTIVELY .

CO MMON /MAIN2,B8 ,P ,T,CT,ST
CO MP LEX G1l ,J.F ,D ,X ,y
RE A L K
DI MEN SION X13 ,2).Y13 ,2).0 (3 ,2)
,J.’Q,.1.)
R.SGRT < RO .RO .ZHO.ZNO,

A~ 1.’ (K RI
Gil. CEZP(J.KOR).A
B.A.A
X R.RO.COS( P) /R  5 Y R . RO .S IN( P)/ R
ZR. ZN 0
F.1..3.•J•A—3.’B

*(l.l). F.XR .ZR’Ghl Cl S Y (1,l). (F.*R°XR 1. J*A .9).G11SST
A (2 , 1 1*F.YR.G 1I*2 R~~C T S Y (2 , l ) a— F ’Y R O G 1 1 . X R .$ T
X(3 ,1) .—(F’ZR .ZR—1.—J .A .e).Gh1~ CT S Y(3 ,1).—F’XR”Z~ ”G11”ST
X ( l ,2 ) . ( . J~ A ) o Y R * G I l QC T S Y ( 1 . 2 ) ~~ ( O . , O . j
X ( 2 , 2 ) . (A — J ) . G h l . XR .C T  S Y c 2 , 2 )~~c J—A )~~Gl1eZ R.ST
X ( 3 ’ 2 ) . ( O . ’ O.~ S Y ( 3 ’ Z ) * ( A . J ) YR* GI I ST

DO 22 .JJ .L .2
DO 2~ 11.1,3

22 DC I I  ...i4) a~ UI .J41 “ V t ! !  ,JJ )

RETURN
END
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SUBROUTINE L A RG R ( T M ET A , F L O , I !  INN)

C ThIS SUBRO UTINE EVALUATES THE EM F IELD COMPON ENTS IN THE AIR REGION
C ASSUMI N G A PLANE W A V E  INC IDENCE ON THE AIR AND SLAB INTER ’ACE ~SKy —C WAVE ASY MPTOT IC AP~ NO Xt ’4A T ION OF THE SOMM ERF ELD INTEGPA LS ) .THE INPUT
C IS TMETA .*RCTAN(RO/(Z .H0)) .THE OUTP T IS FLO . II AND MM A~ E V ARI A B LE
C DIMENS IONS.

COMMON /MA IN ~ /N(3),H,~~(3) ,RK,xO, zHp q
COMMON /MAIN2/8 .P.TP.CT ,ST ,CP
CO MMON /ZYY,y Zc3 )
COMMO N /FUV,AL ,000,GG1 .G02
9EAL KO
COMPLEX OGO ,001$ 0G2 ,PZS ,PXSPPZI ,PXI ,YZ ,REFL1 ,PEFL2

DIMEN SION D IC3 ,2 ,0S~3,2) ,FLD U~~,MN ,PZS (3,2).PXS(3,2,l,PZ IC 3 , 2 )  5 PA 1 6 3 .2 )
J•C0e ,t.)

- ALaSIN( THETA ) S GGO..J .COSCTHEIA)
GG1.CSQRTCAL .AL .N(2) .N(Z) )
002 .CS Q RI CA L .A L —N (3 ) . NC 3 )  I
ZHaB/KO $ ROaRK/K0

CALL FINOZY

C PARALLEL POLARIZATION REFLECTION COEFFICIENT.

RIFLI . (OGO—YZ ( 1))/ (000 . ’v Z ( 1 ) )

C PERPENDICULAR POLARIZATION REFLECTION COEFFICIENT.

REFL2R(08 0—YZ(2))/(”GO .yZ (2))

C EM FIELD DUE TO G11aEX PCI ’Rll) /Rll

CALL FIELD (OS ,K0,ZMM ,RO,PZS .PxS,!I,MM)

C (N FIELD DUE TO G12 .EXPCI*R12)/R1Z

CALL FIELDC OX,K O.ZM ,RO ,PZI.PXI ,II ,MM ,

DO 5 M.1,M$
DO S I~~I,II5 F L D f 1 . M) a PZ S ( ~~,M). RErL1 .pZ !( I ,M) .Px5 {~~,y.g).

1 ( — REFL 1.CP.REFL2.U. .C P ) ‘PX I  IsM
R (TURN
END
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SUBROUTINE RESUL T( A LPHAO ,vALU (,KK ,LL ,IQ)

C THjS SUBROUT INE CALCU LAT ES THE SOMME RFELD INTEGRALS GIVEN IN EQ.

~, (3ó ) OF THE REPO RT,H Q UEVEI( WHEN IQ.l ,THEN IT CALC ULAT E S THE
C INTEGRALS OF (51) AN D (55).
C INPUT ~ (ALP HAO) IS POLE LCCA TIOP ,t ZN COMN LEX AL PH A PLANE .
C OUTPUT ~ (VAI-uE .) ,KK AND LI- aRE VA R IABLE DIM ENSIONS.

COM MON /MAZN 1/N (3 ) ,H ,E PSRI3 ) ,RK,FK ,~ M ,TOL NN S
COM MON /MAIN2/9 ,PHI, THETAP
COMPLI.X N. aLP HA O ,VA LU E
COMPLE X SuM ,SAVE
DIMENS ION SUM( 3 ,2) ,SAV E( 3 ,2 ) ,VA LUE( KK ,LL )
EXTERNA L GLES I ,GGRTI
LOGIC AL TEST
p1—3 .141592653
NZ$2048
EC 1.0E 0b

C CR ITERIA FOR TIlE SUBDIVIS ION OF THE INTEGRATI ON.

CR o.O/ RK.EE 5 CZa3.O/(9.EE~ S CH*I.0/(Pf.EE)
FAC T1 .AM IN I (CR, C Z ,CN) - S

C CR ITERIO N FOR UPPER LIMIT TRUNC A TION 1P4 THE Q UA S I - S T A T I C  CASE
C SEE SECTION 4.2 OF THE REPORT.

EN $CABS (N (2)) S EN1.1O ,~ EN
MC!SQRT (5O. O*CPl*CH .EN EN) S CCH RA MA A 1 HC,EN1)
00 1 LJ a 1.L L
r0 1 KI.1,tclc

1 SAVE (KI,I_ I~~~(0..O.)
ACC$TOLRNS

C HEPE,WE DETERM INE T HE CIRC L E OF INFLUENCE CUE TO THE POLE MOT IO N . S

C AS DISCUSSED IN SECTION 3.

A R.REAL (AL PHA O ) S A I~ A I M A G (AL PMA O )
RRaSO M TUAR—1. ) .•2 .aI” 2)
I~ 

(A R .GT.1 . )  GO 10 33
OIF .1.—4 ..RR 5 ADQ.T,.’.’RR
oo TO 36

33 D2F •~~•’R’~ S ADOaAR.~.,.RR
36 IF (01F 15’ 15s1 6

C THE POLE HAS NO INFLUENCE ON TH( PATH OF I NTE G RATION .THUS THE
C PATH WILL 8€ SUBDIVIDED AS GIVEN BY EQ. (34 )  OF THE REPORT

15 T1 0. S ~~~~~
S GO TO 27

16 IF (DIF.LE. 1.) GO TO loS

C THE POLL IIAS AN INFLUENCE BEYOND THE BRAN CH POIN T AT ALP HA SL .

(PS1aS QRT D IF •DI F—1. ) ~ EP S2 a S U R T ( A U D.A O D 1.)
TI 0. $ 12*1.

S 11.1
EPS.LPS 1
RZ*A MI N1 ( C R ’ C Z )
IF (EPS 1.GE .RZ)  EPS.RZ

~O 10 27

C M€R(~ THE POLE HAS AN INFLUENCE IN THE REGION FOR ALPHA BETWEEN
C 0 *140 1.

105 (PSI *SQRT (1. 0IF 01F) S EPSsSQRT (A0D”A DO I .l
T1~ O. $ T2aE RS1

S It.n
EPS21~M IN1 ( € PS ,C R .C Z )

S - St
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C FIPST INTEGRATION FOR ALPHA BETWEEN 0 AND I AS GIVEN IN THE FIRST
C TER N OF t3~ ). 6ILESIERE PRE SEN TS THE FUNCTIONS TO BE INTEGRATED IN
C TM IS REGION .

27 CALL INTE GR (Ti ,T2,ACC,Nt ~GLES1 ISUM ,KK.LL,A,XREL,NUSED,TEST)
oO 3 LI.L ,t..L
oO 3 KI.l,pK

3 SAVEI K I ,L I)$SAVE (KI.L I) .(R..1.).SL M KI ,L I)
IF (TEST) PR INT 200 ,XSXR E L ,T 1 .T2, ((SUM (~~I ,L l) ,S AV E(K I ,L - I )

• I.KIsL sKK1,LI zl ,LL 1 ,~.USEo
- 7F CIJ .EQ .1) GO TO 35

IF (Il.EQ .1) GO TO 30
T1.T2 S T2 1.fl

5 ACC .TQLRNS S GO TO 27
30 NI!1124 S IF I,j.EQ.3j 00 TQ c~11 0. $ T2— EP5Z 11.2

aCC TOLRNS,3 • 0
GO TO 40

90 11.0. S T 2 E PS1 $ 11.1
00 10 40 -

45 T1 T2 S 12*EPS2
ACCSTOLR NS S 1Es2
00 10 40

35 T1 0. $ T2*T2”FACT~

C SECOND INTEGRATION IS FOR ThE REGION BEYOND THE 9RANC N POINT AT
C A LP HA a~~. G3RT L EREP RESE NT S TME FUNCTIO NS TO BE INTEGRATED.

‘0 CALL INTEGR (T2,T2,ACC .NI,60RTI ,SUW,P.~c sLL .*,xREL .NUSED,TEST)00 5 L Is 1 ,t L  -

00 5 ~~~~~~~~
S $A V E( K I , L I ) S A V E C K I , L I )  eS UN( K I,L I I

IF (TEST) PR iN T 200,X,APEL,T1 ,72,C(SUM (KI,LI).SAVE(KI,LI)
1.KI~ 1’KK),LI.1,LL),NUSED

• jF II.J.EQ.3.ANO.Ii.LQ .%) GO TO 45
ACC .TQLRNS, 3 • 0A .SQRT (1. .T~ ’T2) —
FA CT2 .A .RK

C CHECK IF THE ARGUMENT OF TIlE BESSEL FUNCTION HAD REACHED THE VALUE
S 

C OF 50’ IF So ‘USE ASYM PTOTI C AP PROX . FUR THE REGION BEYOND THIS
C PO INT AS OESCRIBED IN APPENDIX—C EQ . C 2  OF THE REPORT.

IF (FACTZ.GE.50 ,O ,AND.T2 .GE .ER5, GO TO 39

C CHECK IF WE HAVE * QUAS I—STATIC CASE .IF SO. PER FORM THE IN TEGRATION
c GiVEN IN EQ. 51 AND (55) aND ,THEN,400 THE CORRECT ION TERMS
C WH ICH REPRESENTS ANA LY T ICAL A P PROX. OF THE INT&GR. FROM A LPP’AT
C TO INFINITY AS DESCRIBED IN APPENDICES A AND B.

IF UQ.EQ.1.ANO.T2.GC.CCN GO 10 115
202 TT.8.T2

C CHEC K IF THE EXPONENTIAL FUNCTION EXP ( 9* MM A O” B) HAS REACHE D
C THE V ALUE OF EXP(— 12 g ~IF SQ . STOP ThE INTEG RA TI O N .

IF (TT.GT.12.) GO T~ 100
71.12 $ T2*T2 .FAC-r I
GO TO 40

115 CALL CORREC (A .SUM ,K,c,LL I
• oo To 110

39 CALL A$YMP (A ,SUM ,KK,LL )

110 00 7 LXaI, LL

~tO 7 KI.1,pcN
7 $ A V E ( K I , L I )S S A V E ( K t , L I )  .SUM(KI ,L I)

100 00 9 LIsI,LL
~0 9 X I a 1 o i ~

9 vALUE IK I ,L fl U SAV E (KI.L I)
200 F O RM A T  (/SA , ”ABS .,REL. E 0S.a.2(2XE13 .6 ).3X.LLa ’E13 .5 ,3X”UL ..E13,5

l,1*’SUM M A TRI * /1X ,b (2E1 3 .5.5X ,2E13 .5’),2A NUM B . OF !T ER, a I 6 /)
RE I U MN
(ND

87



T~ T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

SUBROUTINE ZNTE GR (A . B . E P S . N S T E P , F ,V A L U E , L , M . Z . A R E L T V , K . G ,

C THIS SUBROUTINE PERFORMS AN tL .M) ARRAY OF COMPLEX FUCTIONS
C INTEG R1T ION USING M ODI r IED ROM ~~ RG TECHNIQUE .
C A~ LOW E R L IM IT , q~ UP~ ER LI MIT OF THE INTEGRAT ION
C EPSERE QUIR ED TOLERANCE.
C NSTEP~ MA X. NUMBER OF ITERAT ION TO BE USED FOR PERFORMIG THE
C INTEGR A TION. 

S

C F~ A SUBROU TINE HAS AN (L ,M) ARR AY OF FUNCTIONS UN TEG PAN D S) .
C VALU E~ OUT PUT OF THE INTEG RAT ION , (L . M ) ARR AYS ~F VALU ES .
C *~ RETURNED ABSO LUTE ERROR • XRE L TV~ RETURNED RELA TIV E ERROR.
C K~ NUM 9ER OF ITER ATION USEO IN PERFORMING THE INTEGRAT ION .
C G~ LOG ICA L STATE MENT IF IT IS FALSE ,THEN ,THE INTEGRATION W AS
C PERFORMED W ITH IN THE REQUIRED TOLERANCE ((P5) AND THE ITERATION
C SIZE (NESTER) . OTE RW ISE IF IT 15 TRUE •TN(N * ,XRELT V AND K
C WIL L BE RETURNED.

COMPLEX FCNA.FCNR ,FCNX I ,T,SU M ,QXL ,QXZsVAL OE ,Q
DI MENSION SUN (3,2),FCNA(3 ,2).FCNB( 3 ,2) ,T(3 ,2) ,FC NXI(3 ,2),
10*1 (3.2) .0*2(3.2 1 .VALUE (I_ ,M ) .0(16.3.2)
LOGIC AL 0
HaG—A
CALL F(A ,FCN A ,L.M) 5 CALL F B ,FCNB ,L ,M )
00 67 NJ.1,M
DO 67 LJ~~1’L

67 TCLJSMJ)a (FCNA(L,J.MJ ,.FCNB(L ,J,MJ))aH,2 .
NA sh
14*1

1 Ka2•W 14
Ma M/2.
00 22 MJ .1,M
DO 22 LJ.1.L

22 SUM(LJ,MJ)a(O .,O.)
DO 2 1.1,14*

9 X152 ,’FLO A T( fl—l .
XAaA .X1 .H
CALL F(X A ,FCN XI ,L ,M)
00 ?4 MJ .l ,N
DO 24 LJ *l,L

24 SUM ( LJ. MJ )SSU M( LJ , MJ ). FcN * I ( L .j .NJ3
2 CO NTINUE
00 26 MJ .1,M
DO ~b LJ .l ,L
T (LJ.MJ).T CL.J ,N J1 /2..N.SUM L .J,MJ)

26 Q (N.LJ.M ,J)a (T(LJ .M.n.H .SUM(LJ ,MJ ,1 .2 .,3.
IF (P4—2 ) 10,3,3

3 F 5 4.
00 4 j.2,N

~.~•4 ,
00 27 MJal .M
DO 27 LJ.l~ L

27 0(Z ,LJ ,MJ).0 (I.1,LJ. M J) (Q (Iol ,LJ .M J )~~
Q (I,LJ , M J) 1/C F— i. )

4 CONTINUE
IF (14—3 ) 9.5,5

S X.0. S XRELTVSO .
DO 29 M,.j. 1,M
DO 29 LJ S1’ L
XREAL. *BSCREAL (Q11,LJ.MJ) 0X2 CL J ,M,J))).A8 5(REA L (QX2CL .J ,M .J)

*IMAG SABS(A D (A G (O Ci .L j ,MJF O *2 (LJ.M .J))).ABS (A !MA G (QX 2tLJ ,M ,J )
1— Q*1(LJ ,MJ) ) -

CR *CAB S ( 0 ( 1 ,LJ,MJ))
IF (CR.E Q.0.O) GO TO 33
XRIA M *X1CX R E AL ,*IMA G )/C R $ GO TO 107
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33 XRsO.O
107 ARE LTV.AMA X1( X R.X REL TV )
29 X .AMA *1 (Z.XRE &L.XIMA G)

COMPA .Z—3 .”EPS
CO NPRuXRELTV .3 .*(P$
IF (COMPA .LC.Q.O.OR.CQMPR.L(.Q.q) 11.8

B IF INST EP.K) 11.11.9
9 00 37 MJ S t ,M

DO 37 LJ ’1,L
37 Q X 1 ( L j , M J ) .QX2(LJ ,$ .J )
10 00 39 M J~ 1~ M

DO 39 L .J•1.L
39 0X2 (LJ,MJ)aQ(1,L ,j,MJl
12 N XaN*.2

14.14.1
GO TO 1

11 00 41 MJ. 1 ,M
DO ~1 LJ 1.L

‘1 VALV ((LJ ,M J1a Q(1 ,LJ ,MJ)
G.NSTEP.LT.K
RETURN
END

SUBROUTI NE GLES1(T ,GL ,I ,J)

C- HERE , WE EVA LUATE THE FIRST INTEGRAND OF EQ . (34) OF THE REPORT - S

C THE REG ION IS FOR A LP HA BETW EE N 0 AND 1.
C 1 IS THE INPU T .DUTPUT~~GG iS AN ARRAY OF (I.J) FUCTIONS .

CO MPLEX G.GL• DIMENSI ON GL II ,J1. G (3 ,2)
*.50R711.—T .T)
CALL SUBG (A.G ,I,J)
00 10 N a 1 ,J
QO ~0 MSl ,t

10 GLC M ,N )sG(M ,N 1
R(TURN
(ND

SUBROUT INE OGRTI(T ,GG ,!,J)

C THIS SUBROUTI NE EV4LUA ?(S THE SECOND INTEGRAND OF EQ. (34) OF THE
C REPORT. THIS REGION IS FOR ALPHA GRE AT ER THAN 1.
C T IS IHE INPUT •OUTPUIBGO 1S AN ARRAY OF cI..n FUCTION S ,

COMPLEX 0,00
DINENSI~ N 0G (I,J) ,G(3 ,2) S

X.SQRTtI,.T.T ,
CALL SUBO(X,G ,I ,J)
00 10 N u 1~ J
00 10 M.I , X

10 GG (14 ,N1 .G (M ,N)
RETURN
END
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SUBROUTINE SUB G (AL P HA. 3 ,tt.JJ )

S C HERE , W( CALCULATES TM! FUNCT IONS G TV EP+ IN EQ. (30) OF THE REPORT.
C IN UT~ AL PHA • OU TRU T~ 0 IS A N A R R A Y  OF II .J J FUCT ION S.

COMMON /MA IN I ,N(3 ) ,H,EP S (3),RKQ
COM MON /MA IN2 ,B
DIMENSION BESS,.1 2 )  ,B! SSYc2 ,Y (3 .2).Z63 ,2) .G (!I’JJ)
COMPLE X N,CA,GAMAO ,Y ,Z,JO .JL.G
A .ALPMA
IF (A—is O) 10,20 .30

10 GAMAO. (O.,.l.).50RT(1._X.x) S 00 TO ~020 GAMAO .(O .,0 .) S GO TO 40
30 GAMA0. SQRT (Z .x~ 1.,
‘0 RAa* .RKO

CXUCE X PC .GAMAO .B)

C A CALL WILL GE MADE TO SUBROUTINE (UV) TO EVALUATE THE FUN CT IONS
C LISTED IN TABLE—2 OF THE REPORT.

CALL UV (X .GAM AO,Y ,Z .ZI ,j,J)

q, THE OTHER CALL WILt. BE MADE TO BEJY TO EVALUAT E THE BESSEL
C FU~ T !ONS JO AND ,J1

CALL GEJY (RA .BESS J ,BESS Y.2 .0)
JO .8(SS.J (1) S J1.8(55J(2)
DO 22 JMs1,.J j
DO 22 XM *1 ,II

22 0(IM,JM)sCX$ (y (Iu.JM).J0.Z(IM,JM).~J1,RETURN
END

SUBROUTI NE UV (ALPHA ,00,u ,V, IJ ,!K)

C SUBROUTINE U V CALCU LATES THE FUNCTZONS LISTED IN TABLE—2 .INPUT S AR E )
C (1) AL PHA ,WPIICH IS RE A L St ’~CE THE INTEG R ATION IS ALO PJG THE REAL—
C AX IS IN TH( COMPLEX A L PHA—P LANE.
C (2) G0.SQRT (CAL PMA ) .? 1) .HERE GO IS COMPLEX AND THE CHO ICE OF
C THE BRANC H CUT IS 0o ..J.SQRT (1—(ALPMA) ..2) FOR A LP HA(1 .
C THE OUT PUTS A RE 3
C (1) U AND V REPRESENT THE VA LUES OF THE LEFT AND THE R IGHT COLUMN S S

C OF TABLE— 2 RESPECTIVELY. I.) AND ~~ AR E VARI A BLE D IMENS IONS.

CO MMON /MA IN I ,N (3 ) ,H .EPSP(3) ,RKO
CO MMON /MA IN2 ,5 ,P ,T ,CT .ST,CP ,SP ,CP2 ,5p2
CO MMON ,FINO,,F(3,
CO MMON /FUV /A .GAMA O. G1 ,02
CO MPLEX N ,00,Gi ,02,GAMA O
CO MP LEX F,FG ,U,V
DI MENSIO N U (3 ,2) .V(3.2)
A . AL PHA
OAMA O.GO
31.CSQRT(A °A—N (2).N (2))
G2 .CSQRTCA ~ A—N (3 .N 3H
RKURKQ
A2 .A.A -

S
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C FI ND THE VALUES OF (GO*Fj).160 .F21 AN D CG0~ F31 .WM ERE F1 ,F2 AN D F3
C ARE GIVEN ZN EQ . (29) Or THE REPORT .

CALL FVA LU E

FGSF t2)—GO SF (3 )

U( 1.1) . ( F(2)— FG.A2 .C D.CP,~~ST

U (2,1).—A2.FG.Sp2.ST,2.

V~2,1).A~~ FG$SP2*ST/RK.GO*F (1) ‘SP.CT)U(3 ,1 1a42 .F(t) ‘CT
V (3 .11.A ’(GO~ FQ— ; 3n°CP.ST
0(1 .2 1 .—A2 .r ~3j ‘SP2~5T/?.V (1.2)sA•(F(3)ISp2 .ST ,pK~ F (1)*5 p.CT)
0(2,2) a( —GQ .~ ( 2) .A2*F (3 )  SCP*CP)$ST
V (2~ 21SA ’(—F(3)°CP2’ST/RK4F (1)’CP*CT )
U (3 .2~ * (0 . ~0~ )
V (3 ,2)3A*F(2).Sp.$I

RETURN
END

• SUBROUTINE FV ALUE

C THIS SUBROUTINE E V A L U A T E S  DIFFERENT TYPES OF FUNCTIONS DEPENDING
C ON THE VA LUE OF (I) IN THE COMMON BLOCK IT YP E . ( I)  DETERM INE THES C FOLLO WI NG CASE S

• C (1) IF Id .  THEN .1? CALCULATES THE QUASI—STATIC FUNCTIONS LISTED
C IN EQ. 1~~i ) AND (55) OF THE REPORT.
C (2) FOR 1.2, FVALUE CALCULATES (0O•F1),fGO*F2) AND IGO*F3) WHERE
C F1,F2, A ND F3 AR ! GIVEN IN (2R) OF THE REPORT AND
C 0O.SQRT ((ALPHA) ..2~ 1.)C (3) W HEN I~ 3. (F VALU E) CALCULATES F1,F2 AN D F3 AN D THEY W ILL BE
C USED IN THE ASYM PTOTIC FORM FOR THE Eli FIELD COMPONENTS,
C THE OUTPUT OF THIS SUBR OUT IN E IS THE COM MON BLOC K /FINOF/ .
C THE INPuTS ARE THRU THE FOLLOWING COMMON BLOCKS

- C ,MAINZ/ N (3) AND E~ SR(3) a RE THE REF RAC TI V E ZNOICE S AND REL AT IVE
C DIELECTRIC CONST ANTS OF THE THREE MEDIA,
C /FUV / (A) * (ALPHA ) , C G O ) . ( G A M M A O ) . (Gi)s( G AM M AI) ,(02). (GAMP4A 2I.
C p~ IS THE NORMALIZED SLAB W IDTH .
C - /7YY/ 2y~ 1) ~(Kl) ) • ZY)2) .INO ) , ZY~3).1/wl A S GIVE N IN EQ~ (SSA) •S

C (9) AND (11) OF THE REPORT.

CO MM ON /MAXN 1 ,N (3),H.EpS q( 31
COMMON /FINOF,r 3
COMMON /FUV/A ,00.G1.02
COMt~ON / Z Y Y / Z Y 3
COMMON /TYPE/I
COMPLEX F,ZY,LAMOA 1 .LAHOA2
COMPLEX N,00,G1,02,E1,E2
CALL FINOZY
E1.N 2~~ N Z  S E2~ N (3) .N (3)

• LAMOA2SI ./E2 .1./E1
LAMPAIpLAMQA2 .Zy,3,..1 ..i..IE1
FU).2.’GO/tGO.ZYU)
F 2).2. • GO / ( G O .Z v ( 2 H

• 
F(3)aLAM0A 1 .(F(2,~~F (1),,(Zy(2)~~Zy( 1 ) )
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IF (I—2) 10.20.3 0

10 F (l) 5F(1)—2..(1/(EL.1.)
F (2) .F (2)—i .

RETUR N

30 F(1). 2./ GO .ZrU))
F(Z~~ 2.’(GO .ZY (2) )
F( 3 ) . L A H DA 1 . ( F (2 ) F ( 1 1  , , ( Z Y ( 2 ) Z V ( 1 ) )

20 RETURN
END

SUBROUT INE FI NOZY

C THIS SUBROUTI NE CALCULATES THE VALUES OF K0.NO , AND i /W i  AS GIVE N IN
C ( 8 ) . ( 9) AN D ( 11 )  OF THE REPORT • THE OUTPUT IS THRU THE COMMON
d BLOCK /ZYY/ - 

-

COMMON /MAINI,N(3),H.(P5 (3)
COMMON /FUV/A,00,G1,G2
COMMON / Z Y Y / Z Y ( 3 ,
COMPLEX N .GO .01,02 ,Z2 ,y2 ,Z.Zv ,T,E1 ,E2 .CT,OE NY.OENZ
E1s~~(2).~~t2 ) S (23N 13) *N (3 )
Z~~(0..1.) 0i S T Z•P4
yZ.02 S Z2~~y2/ E~2Z I .A IMAG( 2 . *T
IF (ABS (ZI).GE.o O.O) GO TO 10
CTUCSIN (T)’CCOS(T)
DENYSZ.Y2eC1 S DENZ.Z,E1.ZZ.CT
ZY(3).Z’Z/(E1.OENZ.DENy.O.5’31..CCOS(2..T)fl

20 Z Y ( 1 s ( Z / E 1 ) ø (Z 2 — Z • C T / E 1 ) / O E N Z
Z’r (2) .Z• (Y2— Z . CT )  /OENY
RETURN

10 Z Y ( 3 ) . ( O . , 0 . 3  s CTa O. .1.,
DENY.z.Y2.CT S DENZzZ/E1.22.CT
c~O TO 20
END
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SUBROUTI NE 8EJy (X,$J.By,M,N)
DIMENSION BJ~2~ ,RY(2)

C BEJY CALCULATES THE BESSEL FUNCTIONS JO,,J1,YO AND Y1,INPUTS A RE I
C (1) A WH ICH IS THE ARGUMEN T OF TN~~~BESSEL FUNCTIONS.
C (2) N 4140 N DETERMINES WH ICH TYPE OF BESSEL FUNCTIONS IS NEEDED,

- . C EXAMPLE WH EN (M,N1. (i,O) JO W ILL 9! CA LCULATED.
C THE OUTPUTS ARE 8.) AND BY REPRESENTING BESSEL 4140 NEUMANN FUNCTION
C RESPECT IVELY.

T.X.’3 ,
Y.T’T
Z.3 • 1*
IF X.GE.3. GO TO 10
GJ(i).1.— Y ’ ( 2 .2499997—y.( 1.265420 R.y.(.3 163B66—y.( . 0444479..
1Y’(.003~’4’—Y*.O0021O0) ) ) IGO TO 11

10 w~ SORT (X)AFs.79788456..Ze( .00000077.Z’( .00552740.Z’ C .00009512.Z. (.00137237
1—Z. .OO072BO5~Z..O001”76 fl)

TH(TA .x— .7853q8i6 ~ Z • ( . O 6 t 6 6 3 q 7 . Z e~ .QQ0O 3 9 54~ Z . ( .OO24257 3
1—2’) .oOO5~ i25.Z’t .00029333—2’.00013558) ) I
BJ (1 .AF•COSCTHETA) ,W

11 IF (N .GT.O GO TO 20
S IF(M ,EQ .2 GO 10 40

RETURN
20 IF(X.GE.3.) GO 10 30

• 8Y11 .2./3.1’1592654AL00 (X/2.J.9J(1)..36?466q1.yi.(.60559366..
1Y5(.743S03B4~ ye(.2S300117—y•t,34281214.y*(.O04279i6_y..0OO24846)),2))

GO TO 31
30 BY (1 )SAF SIN TME TA )/w
31 ZF(M.E Q.2) GO TO 60

RETUR N
40 Ir (X.GC.3.) GO TO SO

8J(2).0.5— ye).5624998S~ y.(.21393573—y.(.Q395a289—yef.OO4~ 331g
1.YSC ,00O31?61~~Y..Q000t109I I I )
B.) C 2) .9.) 3 2) ‘A

GO TO SL
SO AF..7q7884S6.Z*(.0OOOOI5A .Z~~(,Q16~ 9667.Zo (.QOO171Q5~ Zet .00249511
1_Z.(.0D113653_Z..00020033) ) ) ))
Tp,ET AiiX—Z.356~94a9.Z. . 12 995i2~ Z’ (.00005650—1’ .00637879
1—Z’( .00074348.2’) .00079B24—Z’,00029166) ) I
8.) (2) .AF’COS (THETA) /W

51 IF(N.EQ.21 GO TO 60
RETURN

60 IF(X.GE .3.) GO TO 70
BY (2 .2.,3,141592655x.ALOG X/2 .-ioR,j 2)— .63661g8.Y*t.2212091.Yo
i2.16B2709—Y°(1.3164827—v.(.~~123951~ Y.(.O4QO976~ Y..0O278’3 )) I

BY (2 )s BY  (2)/A
GO TO 71

70 BY(2).4F’SIN(THETA)/W
71 RETURN

END
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suBRouTINE A S Y M P f * , Z , I I , . J , J )

C THIS SUBROUTINE CA~~~Jt41~ 5 T~4E TRUNCA7~0 INTEQRAI.S FROM ALP~ AT
C TO INFINITY *5 SHOWN IN C-2 OF THE REPORT .INPUT (XI R~PRES~NTSC TIlE LOWER LIMIT OF THE INTEGRAL. (2) 1$ T~iC OUTPUT WHICH IS Tp4~C CALCULATED ANALYTICAL APPROX. .11 AND jJ ARE JUST VAR IABLE DIMENS.

COMMON /MAINI/N(3) ,H.EPS(3) iRK
COMMON /MAIN2/B
COMPLEX F,GG.FF,YY.ZZ,YX.ZX.N,GAMAO.Z,G1,G2.DYZ,DFY.OFZ.PF,RF
DIMENSION YY(3,2),2Z13,2),V*(3,2),Z*(3,2),Gl(3,2),G2(3.2),Z(II,JJ,
1.PF(3.3.2 .RF(3,3.2) ,DFY~3.2) .DFZ f3,2)FFt XX.GG,RR)aX*.SQRT(2.,(3.141592453.RR))eCEXP (.GG.g)/OG
p2.3. 141592653
GAMAO.$QRT (X.*.4.)
R*aX*RK S PP.RA—PI/4.• CALL UV (X,GA MAO,YY,ZZ.II.J,J )
Sl.SIN(PPI S CIsCOS~~P)FUFF(X .GAMAO.RA )
00 10 .1*1.44

• 00 10 1.1.11

~10 G1(I.J).(— PF(1.I.J e SI—C I/ 8.•RA~~ .RF U~~I.J) .CCI—3. *S!/ 8..RA 3 ) )
1/RK
0.1 .0~ —O4
00 3~ H.2,3

~ pO~~ O.Rp~
O*MAO.SQRT (XO*X D..1,)
CALL UV (XD,GAMAO.YX .ZX .II,JJ)
DY ZSFP f *0, GAMA O. RO)
00 37 4.2,44
00 37 1.1,11
PF (H, ,J) .DYZ.yXfI,J,

37 Rr(M,I,J).QYz.zXiI,.J,
39 CONTINUE

R2.RK.RK
00 20 4.1,44
DO 20 I~ 1,!IDFY(I,J)*( 3.*PF(1,L.,J).4,*PF(2.I.J) PF(3,t,J) )/(2.’O)
OFZ(I,.J a(—3..Rr(1,I,4).4..RF(2,I,J)—RF 3,Z.J)),(2,.D,
O2(I.J).(—CI~ 0FYihU)—$I.OFZ (IsJ))/R2

20 ZfI,J .G1(J,J ,02t1,J)
RETURN
END

Ii
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$USMOuTIN( TATC(A ~~~ OTL, .J,Iol

C Q’JA$1 $TATZC ARPRO*. wt u_ ~( t~ A~..u~~LD ZN T~~S SURROUTINE.
C ~A~~) M(RRC$ (NT$ 1~~ POL E LQ C ATIQN ~~ Tp,( COMPLEZ ALPM*~ PL~~ t.C iTO ?%_ IS Ts( OUTPUT Or ?~ tS Su~ ROuvI NC a*~ZCM ~~ T~( CALCU~.AT ED
C A RRA Y or ~Zt LD COMRONI’ IT% . ~~ A~~) JJ AR E v AR IA BLE OI M FN SZ O NS.
C Z0) ZS A SLAG AND IT S’~OuLD SC 1 1’ QuASI—STAT IC AP PROA. IS NEEDED,

COMMON /MALNt/N(3),M.I(3),R~~.~ O.ZMM
COMMON /NA(Nl,S,SMZ , 1.CT, ST
REEL ~ O
cOMP LE* N .DS ,DZ ,Rz S. Pz I,P*S .PA I,Q, T QT L , SOMeC.a0 , t 1
OZM (P 4 $ XO N D5~3,l)l QI~ 3,lL ,PZ$(3,Z).PZI (3 ,2).Pz$(3.l).p*Z (3 ,U

d u N  2) SN (2)
Z).U’I(O S R O SR ~~~~p~ o
CALL ~ItLQIO5,*0 ,Zs M ,UQ,PjS.P*$,!t.JJ)
CALL rXELD ~ DZ ,*O.j s .~~O,~~7X. P* I  . Z I . J ~J )
CALL 0 V3 ( Q , ! ! ,j J l
CALL RCSU LT (A 0 .SO M , IT , , J . j . ZQ )

00 10 ~J.1,JJ
DO 10 1.1.11

~Ø T0TL
~~!. •05 .,J) D Z t Z , J ) ~~C~ PZI l I ,J ) .P*Z L2 .J ,  . 0 I I .J ) * ST S S O MI Z , J )

P~ TURP~(NO

SUBROuTINE ~V 3 Mf ,X . J )
COMMON /MAIN %~~N(3) ,H,~~D5q(3) ,p ~COMMO N / M & I ,5,~~, T , C T , S Y , C P ,SP ,CP 2 , SP2
DIMENSION M(~ a,a, .T 1 t3 . a ) ,y z ( 3 .~~)
COMPLEX N . C , M d , T ) , T * , I~,L , ( 1,J
PLu3,~~~ S~ ZAg~ S j u ( O . .~~,)(IuN C2 ) ‘N~ 2)cs cc: / icl.L ,

~ 
0 (— .61541151— ,5.J.Pt.CLOG ( N ( 1 I  ) I

(
~~1(1— 1 .).C,2 ,

R,5Q RY CB~ S.RK.R~c )
AA aA LO3~ R.S)
R3.1.,R.•3 S RSi,1 , R’SS S
R~l.RB1.RiZ $ R Qu RR ~~/R  S R e u I z . . p . A, oR 3. RR ?

~~~~~~~~ C (R3 3. SR S. . R,(.CP) 2. .S0(  (A 0C PI ..Z.S~~
.02 ) , R )

I1(Z,2>aC . R~ RS0 ,R~ .C .02— ,~~* t 4 A . R R . ) R~c 0C PIe0Zn
‘TI 3.2) • (0. .0.)

1.1 ut~~~~~.( S.CP*CP ,R.SP4b S R)
T2 (a .  1, •—t0Spz •~ R~ •RP1) Soa R
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~Ti 1.2) .0.5e(.$P2’ ~~~~~ 

) ••i

‘Ti (3. 2) u (0 . ’ 0 , )
00 20
00 20 Z I~~1.I

20 M( ( IZ ,JJ ) .T 1 (II.JJ) ~T 2 ( I ! ’j ~~
)

RETURN
(NO
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SUSROuTIN( CORR(C . X,r.It,I.J

C TsZS SUSPOUT(~.( IS USd0 wpq (NCV (R A OUA SI ST&TIC CALCULA TION IS
C NEEDED. aFT(R Tst I C~~ *TI~)N ~AO REACsE~ .~aT A P~I L IM IT 4~.PsA0C AS DESCRIBED IN SURROUTINE (~ d5~ LT TMZS SUbROUTINE WILL R( EXCUTCO
C TO 0(1 T$( R(MA!s~Ofa Or TM( INT(3RA~ ION L~ AN APPROP.. ‘O~~’.C TM(S( AP PR OR.  w&vC U(N SMOON IN SECTION o.Z , (OS. (501 AND 5’)
C Q~ T.~t ICR~ RT.

COMMO N /NAIN1,N(3),M,(PSp(3),R~COMMON /MAIN2,S.e,T.CT,ST,CP,$P,CPZ,SS1
OIMCNS ON ~~3,2,,rL 3.a,,Tv3.a,,r3~3.2)C0M~L(* $,fl,F,J,JU.J1I,T),T2,13,p(3

$ J.(0.,1,) 5 ~I.3.Z4jS92o53I~. ((1—1.) /4 . S (I.—i.~~~)/  
(( 1.1.) “ 2

•u$QR’T B’B.Rlc’R*
S w . 1, , ( R .5 )  $ QR.SR/R
~~~~~~~~~~~~~~~~~~~~~A LuA LO3 C~~.5) S
T1U,~~)ug1.RK .cP.c1.RR

T3( 1.1) .2..~3.(B.Cp.CP,R.$P*S~~) ‘~R.5T

?j l.U.O.$.cj’SPZ’ (P.2) .91P’SI
‘T3(2,1) .— ,c3.SPie~ T. (R~ ’~ R
T L~ 3 .t)uic1.(1.,R.1*.l.,z)’E.ss (AL ,C)~~p).CyTi ~3, ) sK~ . ‘C PoST . PP

‘Tl
T l ( t ’ i ) s I Q . ’o . )
13(1.2) u.S.K3.SP2.3T. cRic .dR) ‘.2
t~
T2 2.a uica ’ IAL .C•E) .%T
t3(2.Z .—IcJ’ST.(AL.C. P.CP’CP.S’SD’SP ‘BR)
TI (3.2)s(0.. 0.
Tj (3.2) .)(ZIRK.$P.ST.BR
73 (3’ 2> . 0.’ 0.>
00 10 iN.Z ,2
00 10 IN.1,3

10 r,IN..JN)uTlIIN.JN).Tl (ZN,JN) .’T3(ZN,.JN)
RETURN
(NO
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SUBROUTINE ASMP’TIPCLE.T,E$,ZZ,J.j)

C THIS SU~POUT!NE PCPrOR’.aS TM( ASYMPTOTIC (VALUATION OF THE CM FIELD
C COMPONENTS USING STEE~ €ST QESCENT %IEI’HOO , SIcY • A V E  g P PRQX .  f $
C PVIFORMCD BY SUBROUTINE (LAMGR > AND GNQU’~O wAV E SOLUTION IS
C CALCULATED USING SUBROUTINE (FACTOR). THE INPUTS *R(
C (1) POLE WHICH IS THE ROL E LOCATION IN THE ALPHA PL ANE.
C ( 2 )  1 IS TM~ 1A WHICH IS TH~ ANGLE GIVEN B? ARCTAN RO/ Z.HO),.
C EH IS IwE RETURNED ASYMPTOTIC PXELO.II AND JJ APE VARIABLE DIMENS.

COMMON /MAZN1,N(3),H.((3),RR,MO,ZMN
COMMON /NAZN2,S.PM! .yP
COM?LCX POL (.E14,SMR,S1,S2.DS,DI.PZS,PxS,PZI,PxI,N,G,GR,IJ,p
REAL MO
DIMENSION EH(II,JJ),3$q(3,i)
I,OS 3,z~ .OZ(3,2~ .PZS 3,2i .PZI(3,2) ,PXZ 3.2) .PXS(3,2)
I.J.(0..1.)
GP.—Z,J•CSORT (POLE’POL (—l, )

20 X.SZN (T) $ CUCOSc1)
RuSi Ri (RR.RR.S.B )
RO.RR,K0 S ZH~S/I~OPS(I,.IJ).CSQRT ( 11. .GPOC_A*POLE )OR/Z.)
CP.CABS (RI
1$ C..GE.7.S) 00 10 25 - 

-

CALL FACTOR(T.X,C,POLC .R.SNR ,II,JJ)

CALL FICLDCDS.KO.ZMM.PO,PZS.PXS.I!,J,J) p
CALL rZELO(DI.Mo.ZH.eO,pZg .pxI. IL JJ)

00 10 ~Iu1.JJ
00 10 1.1,11

10 ( P l ( I . J ) s OS ( I .J )~~OI ( X . J ) . S $ R ( 1 , J )
GO TO 30

25 CALL LARGP (T.CPI.ZI,JJ)
30 RETURN

END

SUBROUTI NE FACTOP(TT,A,00,AP,R.P4C.KK,LL )

C 114 1$ SU5RQUT!N( CALCULATES Isi ASYMPTOT IC FORM OF TWE EM ‘IELD
C IN THE A IR REGION TAMING INTO CONSIDERATION THE GROUND ~AV L
C SOLUTION.TWO T(RM APPROX. HAS BEEN USED OUT Or THE ASYMPTOTIC
C SERIES .FORWARD,CENTRAL AND ~AC~ W ARD O1F~~ QE~ CE METHOD HAS SEEN
C USED TO REPLACE ‘THE DERIVATIVES IN THE SECOND TERM,

COMMON /MAZN1,N(3),H.(13).RO
DI MENSION 8(~,j~~~ ,~ C5v~~~~,U 3,2),Vt3 .2).S0t4.3.2I.S1 4.3.2)
I ,T R 1 1 3 , 2 , , T R Z ( 3 , 2 ) , 0 S 6 3 , 2 I , 0 0 S ( 3 , 2 ) , S S ( 3 , 2 I . M L ( M M ,LL )
COMPLCX WB 1,WBZ,AG,U.V ,SO,S1.CC,TR1,TRZ,OS,00S,SS.HE
COMPLEX N,AP,J,B,G12.GP.FR,HI0.WLZ,P,rO.FZ.W,P.WI
J•(Q..1.) S PZ.3.14I~ 92653

~AP.~ EA L (A ~ .AP )
IF (RAP.LT.1.O) GO TO tY
GP..J.CSQRI AP’AP.L . 5 00 TO 34

i’T GP.CSORT (1..AD .API
34 SU (1..J) CSQR Tt tt ..0~’0O.AP’A)/Z.)

F8.1.0
AS.AIMAO(B)
IF (AS,LT. 0.0) PP.4. 0
P.P$’R’SGRT IR)
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312 uC (XP J’R)
11.0( p) ‘Fe

C .~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C W ( P ) I ( X P ( 0 . 9 I . ( R F C (— J . P )
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Seef le S

.81.w1~ i S uR2.S.lJ.w1.FP,(P.SQRT(pI)))
CPUPI.U.—J).B.2.012
0.5. O(—04
A01•TT’D $ AD2 T1 0
00 39 4.1,4
I~ (ADL,GE.1.S70 796 .OR ,A02.LE,0.O) GO TO 42
IF (M.3(.A) 30 TO ~~~A O.SIN(TT .FLOA T (M.21 .0)
10.0
00 TO SB

42 IF (A Q1 ,GE ,t .O )  GO TO 72
10.1 $ AO.$IN(TT,FLOAT (M—1).O) S GO TO IS

7~ 10.2 3 £OuSIpê(T7ePLQ*T(Me1)~ D)5$ GA5SGRTU ..AD.AQ) S GG .—J~GA
40 *.AD’RO

F.AO CEAP (J ~Z) /SQAT ccl. .GA~30.AO’AJ .2.pCALL StJY X,BES4.B(SY.Z,2)
M 1 O U S E $ J ( 1 ) . J u e ( S Y ( 1 )  $ 1411.SESJ(2).J.BESY(Z) —
FOuM1O’F S F~ sW~~ *F
CALL UV (AO,00.U,V,(M.LL)
00 2* L.1,LL
DO 22 Mu1.Mk
SO (M,gc,L) SFO’ u ( ’c ,L )

22 S1(M,K,(_)uF1.V(M,L)
39 CONTI~ uC201 CONTINUE

IF Uo.GC.l i GO TO 85
C CENTR AL DIFFERENCE

00 83 Lu1.LL
00 83 MuI, I(M

83 SS(I(’L).J00’(SO (2,M,L).S1(2,M,L))
GO TO 106

$5 IF (I0.C Q.2 Da•O
C FORWARD OR SACMWARO DIFFERENCE

00 93 L.1.LL
00 93 M.1,KM
D S ( J c . L ) u I — 3 . ’SOrhx ,L) . e .’ S 0 ( z . , c . L ) — S O ( 3 , , c , L > . 3. ’S1c 1 . I c , L )
1.4.’Sl (2’K’L)—Sl 3’K’L 1/42.40)

93 SS(k .L ) u .J ’G 0 ( S 0 ( 1 , M . L ) . S 1 ( 1 . M . L ) )
106 00 57 L.l,LL

00 bY K u l . K M
TP1(ic.L).CF.wS1.SS(M,L)
TR2(M.L uCF•wBZe(.2.eJ’Ao0$(K.L oJ.0Q.ODS(K.~~).(j/B..~..75).
15$ (PI.L) I

ST H( ( k , L ) .T R1( Ic , L ) .T R2 IM , L )
R E TU RN
(ND

~.1
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COMPLEX FUNCTION 1(Z)
C’ S C e S O S e S  S e e e e e e e ee e • e eS S Seeef le

C w 111E*P — Z .Z .ER Fc ( . I .z )
C •eeeee eeeeeSes.e ...

COMPLEX hZ,21,ZP,ZS.S3.S’,P1,P3,K,M1 .FP
l a (0 . .1 . )
*uR(A$_ (Z )  5 Y s A ~ ’4* 3~ Z (
I~ (*,OT.3,9.QR.Y.GT.3,Q) 10.100

10 ~~.Z’Z s ZS.Z’Z
IF (*.GT,6.O.OR.Y.GT.A .Qi 30 TO 5

1’ .0O2$13S94/ Z S—S. S25 3 3 , ) )
RETURN

5
RI TURN

100 P.i ,/SQRT(3.141591433)

$3s2 1 $ ~4.$3 $ Z2.Z1” i
00 120 Js1.200
Nu J—1
A2.FLOAT 2514.1) $ A2uF LOAT 2 N”2 5’N•3)
P3u$3.22 ’A 1/Al
53.P3 S PS u C A S$ ( ’3 )  

- 
-

I~ ((N/2’2).NE.N 00 10 122
$4.$4~P3 S GO TO 1*~122 S4.54.P3

124 IF (P5.LC.1.OE.O9 GO TO 226
120 CONTINUE P
Uo M S ( 1 . , 1 . )  $ K1.(1,..1.)

..CLX,(—Z.Z> .ia..iu.rR
RITU R N
(NO

99
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SUSROUTINE RROOT IZCRO,&P)

C THIS SUBROUTINE SEARCHES FOR TN( SURFACE MOQES THAT (*1575 W ITHIN
C A LOSS? DIELECTR IC SLAR A BOVE A ~INT(Lv ONOUCT!MG GRnu~ D >~~E’E(> TOC SECTIO M.3 Or T~( R!PORT).AT FIR5T,ywE PEAL ~OO ?s OP A LOSS~.CSSC OIEL (CTPIC SLAB A3OVE A •(QPECTLY CON0UCTI~ U SHECT .WILL ~~ SE ARCHED.
C THESE ROOTS ARC OF TWO TYPES OF POLARIZATION.TM ‘EVEN) AND YE toDD,
C AS GIV(N 2~ EQS (39 ) AND 4~3 OF THF REPURT.Y,.E ROOTS ARE THEN .
C PL~GGE3 ZN EQS (37) £140 3$) RESPEC TIV EL Y T0 SEARCH p0R TH( COMPLE1
C OF A LOSS? SLAB ABOVE A FINITELY C3ND(JCT NG EARTH , uP TO S ROOTS ARE
C SEARCHED AN0,Tw(N SEND ~ACM TO THE MA IN •POORAM V IA THE VAR IABLE
C (ZE RO) • IF MORE ROOTS EXISTS ,TH( DIMENSION O~ (ZERO) SHO JL~ BC
C INCREASED. THE ROOT CLOSEST TO TM( REAL AXIS IN Ts( COMPLEX ALPHA .
C PLA NE ‘ILL BE SENT THRU THE VARIA BLE CAP ) . IF THE PROGRAM FAI LS T~
C FIND ANY ROOT wITHIN A GIVEN INTER VAL AN ARB ITRARY POi E LOCATION
C (.9$,.15) WILL BE ASSIGNED FOR ALPHA. THE INPUTS ARE ?MRU ‘THE
C COMMON •LOCM ,NAINS,, SI0 3) AND (P5R(3~ REPRESENTS THEC CONDUCTIVITICS AND RELAT IVE DIELECTRIC CONSTANTS IN THE THREE MEDIA
C STARTING WITH REGIONS U) AIR. (2) SL A U AND (3 EARTH.
C HISLAS WIDTH • ONEGAC ANGULAR FR(Q. IN MAOIANS .
C OUTPUTS ARE I
C ZEROS ZEROES FOUND ,
C API THE ROOT CLOSEST 10 THE REAL AX IS IS THE COMPLEX ALPHA .PLANE.

COMMON /NAIN3/$IG (3),EPSRC3),H,QMEGA
DIMENSION ZERO (S)
COMPLEX ZCRO.ZZ,AP
LOGIC AL 0
EXTERNAL FZ,FY PPI.3.141S92453
F j u , i O S Q R T ( ( P S R ( 2 ) e l . )
ZN.ZNT (2.’F2/PXI ‘1
11.15
XSFLQAT(ZN),2. S YSFLOAT (1N/2 )
IF cX.EQ.Y) GO TO 53

42 TL.FLOAT (INSI,.P1/2..l.0C—0$
TT2ur~ QAT (Ipi).PI/Z,—I .oE.OS
TZ.AM !N1 CFZ,TTZp
PRIN~ 45

45 FORMAT 1X. •ROOT OF TM TYPE MOQ (Se/)
CALL ROO1(TI,Tz,ry,X2, 100. 1.0C 05. 100. .0)
IF (0) ~O TQ lOS
RALPMA.SQRTCEP5R (2I.(1S*1/p,/,4)
PRINT 75,X1 .RALPWA
IMs2
CALL ZROO’(IM,Xl.ZZ.G)
IF (0) 00 TO 4
Z(RO IN).ZZ S Go TO 101

4 PRINT 79,ZZ -

ZERO IN) . .93..15
105 PRINT 7*.IN
101 £N.XM.I

~ (XN,L (.0) 00 tO 13
55 T1.FLOAT (15e1).Pt,Z..I,0(eOS

t?iurLOAt(IN).PI,2,~ 1,OE.O5T2.AMIN1 (Fa,TT2)
PRINT 49

49 FORMAT (1X..ROO1 OF TE TYPE MODES.I)
CALL ROOT (71 ,TZ.FX.*) ,100’1.0I—0~ ,10O. .3)
IF (G) ~O TO 107
MA (PMA.SQRTCEPSRI2) •*1’*l~ H/P4)
PRINT 73,*Z ,RALPWA
IM.I
CALL ZROOT (IM .X1.ZZ,G)
IF (0) 00 TO 4
ZLROUN,.ZZ $ 30 TO 109

$ PR NT 79,11

• 1
100
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ZERO I ZN). .95, ,i~~,
107 PRINT 72,IN
tOP ZN.1N—l ~ Go to 62
73 FORMAT (1X,03AMAL H1u ’C13.S,3X’ALP1IA REAL..E13.S//)
72 FORMAT (1X..REGION’13.SX.ilO REAL ROOTS HAV E BEEN FOtiNQ’/)
79 FORMAT (1X’MO ROOTS ARE BEING FOUND QR IT DIDN’T CONVERGC’,lX
I’Z.’2 2XC13.3, /)

13 IF (1I.LC.1) GO TO 9
AA .A !MA3 (ZERO(1))
DO 12 1.2,11
AI.AIMAG (ZERO C I)
IF (AA.LL.A ~~ GO TO 1*
I MuI  S AA .A I

12 CONTINUE
APuZEROIIIc) S oo To 16

9 AP.~ERO(~~)
16 RETURN

(NO

P

‘-1
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SUBROUTINE ROOT (A.5,r,X.JMAZ.C,(L,3)

C TsZS SUIROU TINC USES tM( BISECTION METHOD TO SOLVE FOR ONE 300
C ROOT OF F(X) • 0 ON THE t~~TER~ AL fA,5). THE FuNCTION PAS SE D
C THROUGH F MUST SE OCCLAREO EXTERNAL ZN AL.  CALLING PROG RAM S . C IS
C INTERVAL OF UNCE R TA INTY 0*SIPE~ FOR T~.t ROOT. ANfl M~i%t P~ SMALL ER
C THAN THE STARTING INTERVAL, w • 8.4, IsE NUMP(.4 OF SISE~~flONS IS
C QETERMINCO BY NMAX • LN (W/C),LN(2). A FTER BISECTING . TW ( ‘UNCYION
C VALUE IS CO MPA RED TO Cl. IF A~ S(F(XØ1 I ‘ El THEN THE ‘UBROCJ’TtNC
C PRINTS) OZSCONTINUITY ~~ A u LO . A RANDOM SEARCH OCCURING ,~M A Z
C TIMES 1$ uSd3 TO LOOK FOP A CHANGE OF SIGN Zr Sl3NIc(A~~ .C SI3N(F (I1).
C DISCONTINUITY At X u , £ RANDOM SEARCH OCCURING JMA* TIMES IS
C USED TO LOOM FOR A CHANGE OF SIGN IF SIGNCF AI • S?GN(I(B)).
C £ PLOT OPTION IS AVAI LAB LE THROUGH LNTR , POINT PLOT
C THAT WILL PLOT THE FUNCTION F ON THI I5TIRVAL IA ,B ) AT JM A A
C EQUALLY SPACED POINTS, WHEN USING THE PLOT ENTRY . JMAX MUST SC
C S 100. AND THE FOLLOW ING SU~ RO UT!NCS ARE NECD(0 MPXNYN , ~PRINT ,C AND KSCI2O.

LOGICAL 0
REAL LNa
DIMENSION Y(3)

C Qu (STIOP4, DOES FA )  • 0.

Y1uF4A)
ZF(Y1 .NE.O.I 0010 10

GOTO •0

C OuESTI0s DOES Fce~ • 0.

10 YZuF (S)
IF(Y2.NC.0.) 0010 20

GOTO SO

C GUESTION ARE THE SIGNS ~F F (A) AND F(S) DIFFERENT.

20 ZL.SIGNU..Y1
I2.SIGNU..Y2I.e_A
IFU1 ,NE ,I2 GOTO 60

C SEARCH FOR £ CHANGE IN SIGN.

00 30 ,J.1.JNAX
A uA .RANF (0.)SW
I3 aSIGN (1.,F X) )
IF(13 .NE.I1) GOTO 30
(N.J

30 CONTINUE
PRINT 40 •

~0 FOR NATUR’NO CHANGE OF SIGN FOUNO’/)G.,JM.(Q.JNAA
RETURN

30 l.A

C DETER MINE NUMBER OF RISECTZOSS

60 LN2’O.6931471$1
NMAXsALOG (W/E, /L52’ 1.
YI2 .Z1)uA

1CL~
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C 1(015 BISECTION

DO TO Nu 1,NMAZ
£‘(Y(1)’Y(3) )/2.
Y3.F(*)
IF (?S.EO.O.) 0010 80
3.SIGNI1..Y3

~o Y 2.13 aA
$0 IF (ABS (F1X)).LE.E1) ~OTO $5

C CONVERGENCE TO A DISCONTINUITY

PRINT S2&
$2 FORNAtUZ*DISCONTINUITY AT * • ‘(12.4/)

GuAIScF (A)).GT.Et
RETURN

C CONVERGENCE TO A ROOT

55 PRINT 90,X
90 FOPMATU*.ONC 000 ROOT AT P. • (12.4/)

Gu AB%cF(Z ).~ T.E~
RETURN

(NO

P

FUNCTION F*(Z)

C EQ. (40) ,SECTI0N 3 OF THE REPORI. YE (000> TYPE ROOTS WiLL BE

C SEARCHED.

COMMON /HAIN3,’$(3),E(3),H
FX.Z’TAN Z)’SQRT (((2) —1 .)’p4 w—Z’z)
RETURN
END

FUNCTION FY(Z)

C EQ . 39 .SECTION 3 OF THE REPORT. TM (EVEN) TYPE ROOTS WI LL BE
C SEARCHED.

COMMON /MAIN3/S (3) ,E13) ,M
(I.E (2 )
F?. (Z~(1 )‘TANtZ)—SQRTC $E1 1 .).H’1$—Z’Z)
RETURN
(ND

103 
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SUBROUTINE ZAOOTCIT,X,Z,000

C THIS SUBRO UTINE WILL SEARCH fOR THE CO MP LEX ROOT OF £ LOSS? SLA e
C A B OV E  I FIN ITELY C~~.~ UCT!~~ EAR TH. R’Y ~5~~’~3 THE ~~~~~ ROO T F~~~~~o
C TH( SUSROuTINE ROOT) £ND SENT THRU T’E ~A PI ABLC ( X I  TØ THIS PR O G R A M
C FROM THE S~JBRO UTIN€ ~QO3Ti • A CO MPLEX 33T •!LL BE ~~~~~~~~ FOR
C THE S ITU AT IO N ~F A LOSSY SLAB A~ Ovt GROur~.3 • ThE VAR IAB LE l IT )
C OETER MZ~.t IF THE ROOT IS IN THE TM OR IC CA? A G ( ~PZ ES,  Z S T’~E
C RETURNED COMP LEX ROOT . c300 )  IS A LOGICAL STAT E M EN T , f F  IT is TR UEC ~.O COMPLEX ROOT IS FOUND O~ PROB A8ELY FA ~~LEC r~ CO NVERGE T O A ROOT.
C OTHERWISE. COGG> IS FALSE AND ,THUS. £ COMPLEX ROOT 1’ rOtJP ~~.

COMMON /ZZZZ /N( 3 )  .M.FRS R(3)
COMMON /M2153,$(3J .Ec3 ,H$,OMEGA
COMPLE X N,C*,C (NTR,ZERQ,Z,CY .ALpMA
EXTE RNA L CX ,CY
DIMENSIO N SIGNA lS,
LOGIC AL GG,000

1392653
£~~0.4.iS4L—1ZFRE QN.CMESA/2./pI
P4.HH
DO 99 ij.1,3
SIGM& JJ).St .jJ)

99 EPSRCJJ).((JJ)
00 12 jsl ,3

12 N(J).CS~ RT(EPSR (J) .(O..t. > SSIGM AI.1)/OMC.GA IEPSOI
CENTR.X
IF UT .tO.2~ GO TO I i i
CALL C R O O T ( C X . C C N T R . Z E R O , TT ,00 )
I F 33; GO TO Sb
GO TO 90

115 CALL CROOT (CY .CC4TR.ZEQ .TT,GG)
IF (GO ) GO tO 66

90 PR INT S8,FQ(Q N,(~i~~j ) ..J.1.3 )
5$ FORMAT (1X, ’FRtQ,..ClI.3,20X’NO.”Y.3.’..J’F9,4/.

120X5N1.•F7, 3, . .J S F P.4 /  ,20X. M2 .5F7. 3,’..Fp../I)
ALP . A.CSORT (eZERO.ZERO,H,P$.N12)SP’l)2))
PRINT l8,ALPMA

1$ FORM AT (tX,.ALPHA .SE1S.5, ..J’(13.3/)
109 Z.ALPMA

000.TT.GT.1.O(—S
RETURN

66 Z.CSQRT(.ZERO.ZCRO,$/H.5 2).N Z))
PRINT bl ,2.TT

67 FORMAT (1X.’IT FAILED TO CONVEROE .,4X.Z(RO..El3.S,..J.E13,5,
14A’TES1.’E13.5/I
000 Tt.GT.l.0E5
RETURN
(NO

104
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SUBROUT INE CPOOT CF,ZO.ROOT.TEST .G

C IN THIS SUBROUTI\E A N~ W TQNS METHOD PLUS A HALVING TECHN OUE ZLL
C SE uSED TO SEARCH FOR COMPLEX ROOTS.

COM MON /PRXM(,OCF
COM PLEX CF.OCF
COMPLEX ROOT ,,,Dr ,ZO,Z1,Z Qt
LOGIC AL 0
•t.0
1.0
FSCF (20 , s OF.OCF
TESTO.CASS ~~~
iF (TESTO.GT .I.QE.O5, ~O TO 25
TE%T1.TESTO ~ GO TO 100

23 ZZ.ZO—F,OF
30 F.CF(Z1) S DF.OCF

T(ST1.CASS(,) S Zoi.L1—Z0 S 20.21
IF (TESTI.LE,1.0E—O3) GO TO 100
IF (J.GE.3O) GO TO 100

IF (TEST1.LE.TESTO) GO TO 25
CAB .CABS (201 1
I~ (C A$.LE.1.OE.05 GO 10 100
Z1aZO.ZO1,2, 5 I~~I•1IF (Z.GE.~ 0) GO TO 100
GO TO 30

100 ROOT’ZO
T(STsICST1
G.TCST.GT,1 .Ot—O5
RETURN
(P40

COMPLEX FUNCTION CX (Z)

C EQ. (35) ,SECTION 3 Or THE REPORT.

COMMON /PR!ME,DCX
COMMON /ZZZZ/N(3),H,EP5R(J)
COMPLEX OC X
COMPLEX N,Z,EI,E2,GN2,u,H,N
COM P LE X Go.G2,040,00?,Cs,CC,0Z
H2.M’H $ E1.N(2 ’N 2( S E2.N (3 .M 3

MNaE2.P4 2
G O sCS QR T (U—142)
02.CSORT(U.PIN)
CS’CSZN (Z) $ CC.CCOS (Z1

~~~~~~~~~ S DG2..i,G2
G Z.G O ’G2/Z— ~
C*.OZ.CS/CC.GO.G2
DCX.GZ/CC/CC. (000’02/Z.002’G0/2—GO’02,Z/Z 1 • •CS/CC.DG O•OG2

END

105
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COMPL(* FUNCTION CY(Z)

C EQ. (37) ,SECTIO N 3 OF THE REPORT .

COMMON /PRIME/DCY
COMMON /2222,N 3> .M,(P SR ( 3 )
COMPLEX DCV
COMPLEX N.Z,E1,E?,052.U.ZZ,NN
COMPLEX GO,G2.000,002,CS.CC,OZ
H2.H’$ S E 1 N 2~~N~~~) S EZ.N13)NC3

MN.(2.H2
GO.CSQRt (U—H2 )
G2.CSQRT (U—MN )

67 ZZ.Z’El S 0N2.02/EZ
CS.CSIN(Z) S CCRcCOS Z)
OGO~’—Z/GO S 0G2.—2,G2
GZ.0O.GN2,ZZ—ZZ
CY.GZ.CS/CC ‘GO ‘052
DCYa(.G0’GNZ,ZZ/Z. (000’GNZ’GO’DG2,E2)/ZZ 1./E1)’CS/CC

1 .GZ/CC/CC.000.DG2,U
REtURN
END

P
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