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INTRODUCTION

There are many situations in which the predom inant need is to match two
ou tp uts  as accura te l y as poss ible, so that by subtract ion a zero output
is achieved . As an example , consider a sp lit -be am transducer , in which ,
when the two hal ves are opposite phase an important feature is the depth
of the null In this situat ion a small m i smatch produces a dispropor-
tionate effec t upon the nul l If we refer levels to that produced by
add ing the two outputs it ~s easi ly shown that ~as compared with the
theo retica l -“ dB for exact matching), a 1 dB mi smatch q~ves a -26 dBnull , a 2 dB m ismatch a - ‘9 dL3 null • a 3 dB m ismatch a — 15 dB nu l l.

latch inq is thus c r 1 t i ca l  
* but th is may he a time _ consu m ing and expensive

process This paper compares var ious methods for at ta ining the best
matching that 1 s , at the same time , mo re econom ical n t ‘tu e and cost
t h a n  high quality contro l or select ’on , by tak ing advan taqe of the tact
that we are usuall y dea ling with arrays of elements number~rig from the
order of tens to (exceptiona l l y) hundreds

The aim , therefore , is to match the means ot two samp les taken from a
statis tical popu latio n or in other words ‘how can two teams A and B be
chosen so that they are as well matched as poss ible ?’ There are various
methods of doing this:

1) Ran dom: T he sam p les are picked at random from the give n dis-
tribution.

2) Selection: One item is taken at random from the population.
Items are then si~ cessive i y picked un til one is found that has the same
weig ht as the first Item chosen and subsequentl y the t•irst i tem is put
In A and the second in B. This is repeated unt il the samp l es are of
the desired size . This method g ives am p les with the sau te tota l we ight.



3) Matc hing Sums: The samp l es A and B are picked so that the total
weight of the i tems in A and i tems ‘n B are equal .

4) Best Match ing : If the samp l es A and B are to be of N/2 items
each , a samp l e of N i tems ‘s chosen at randolfl . These are then d iv ided
into A and B so that the we ’g hts ( ‘ nd iv i dua l or tota l) are as we l l

• matched as poss ’ble

5) Rankin g : A samp ’e o~ N iteull s is taken at random . These are
then ordere d and the samp les A and B are chosen f rom these tak ing into
account th is ordering .

6) Linear Proyraniiiiny The probl em may be turned into a linear
program whereby the funct ion to m’n im i ze is the difference of the total
weights v (A 1 -B~) and the constra’nts w 1ll depend on the particular
problem .

Methods 2 and 3 ohv’ous l y give the best match but are wasteful , since
many items have to be picked and then discarded before comp l eting the
sam ples . They a 1 so requ~re man y measu reme nt s , since each i tem has to be
g iven a we ight and then these wei ghts have to be com pared . Method 4
does not g 4 ve such good resu lts as 2 and 3 but is not wasteful  and
Invo i ves less measur ements Method 5 requ ires less nteasurements than 2 ,
3 , and 4 and a lthough resu 1ts a re not so good can produce a def in i te
~n’provement on 1~ In cer ta in  cases onemay not be ab1 e to ass ign to
each item a weig ht , al though us ’ng some cri te r ion , they can be ordered .
In situations such as these , methods 2, 3. 4, an d 6 cannot be used ,
leav ’ng onl y random and rank ing methods. When suff cient data is
ava il able method 6 may seem a good approach , but ‘n fact this may not be
so (See Appendi x E

This study compares two ranking methods with the randoni method for two
par ticu l ar parent pcpulat ’ons , Rec tangu lar and Gaussian. The two ranking
methods considered are :

a. Al ternate Ranking

Having taken a samp le of N ‘tems from the parent popu lat ion these are
ordered

~~~ .~~ • •5~ X
N

(N is even and indicates the tota 1 num ber of items chosen such that each
samp le A and B contains N/2 items.)
Starting from x , d ivide into the two samp les accord ing to the rule

A B A  B A B

If ~ represents the difference of the sum of the weights of the ,tents
1n A arid the sum of the weig hts of those ‘n B then , for any rule based on
rankin g,

N

~ 
‘t r 

x , whe re ~ 
1

r = l

Here 
‘
~ r 

r odd (samp l e A )

— l r even (sample B).

2
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Repeat as for the a lternate method but d iv ide  into the two samp les according
to the rule

A B B A A B B A

For N
= 

~ x ,r r

where

1 if r~~~Oor 1 mod 4

if r~~~2or 3 mod 4

Method b ~s expected to qive better results than a. In fact , in the
al ternate method , for every pa i r AB the larger one goes in B and
hence the sum of the B s  is always greater than the sum of the A’ s . To
compensate for th i s , in every other pa i r the order AB is inverted to
give AB BA AB BA . . . With this uuiethod the pair AB puts the larger
numbe r iii B while the pa i r BA put the larger one in A * t hus
reducing the ditf erence between the sum of the A ’s and the sum of the
B’ s.

1 METHOD

The pr ob J em was approached both ana l yti cal ly and nume ri call y. Because
the anal ytic method proved difficult the numerica l approach was used
both to check results and to obta i n them where ana l yticall y i t was
impossible.

1 1 Auia~y t ic So l ution

For each parent populat ion cons idered , the requirenuent is to estin iate the
mean value •\ and the var iance about the or ’g in •Y where .~ has
already been defined ‘n the Introduction . Considering a generic population
of probab ility distribu tion p(x ) and denot ing • the cumulat ive integra l

xt p(x) dx by r (x
~~
) and 1 - Pt •~~~~~ p(x) dx

the follow ing genera 1 ex press ions are obtained (see Appendices A and B)

N ~ ~r~ 1 
Q
N-r

N~ 
~ ~r ~ ~ (r-l) (N- r) dy (Eq. 1)

(P P ( y )~ p = p (yJJ

- ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ .~~~~11



r-l N-s
N- ’ N p 

~ 
(P - ~~

?~
2 Nv 2 +2N ! ~ : 

~r ~5 ~ yp dy f zp
~

dz Z Y Y Z
r=l S~r+l -~~ _~~ (r— l )! (N-r)! (s-r-l)!

(Eq . 2)

(P y = p(y) ; 
~z 

= p ( z ) )

= Variance about the origin of the parent population.

1 .1 .1 Rectangular Distribution

Consider the rectangula r distribution

( ) - ( 1 xe[O, lJ
~l X - 

o elsewhere

The population has a mean of a and the variance about the origin is

V 2 f  x 2 p(x) dx = 1
o

Al so
x

P(x) = I p(x) dx x for xe[O , 1]

Q ( x ) = i - x

The lim its ~ are re placed by 1 an d 0. Equations (1) and (2) become

r-l N— r
— 

N 
~ 

y (l - y)
N! 

r=~ ~ 
‘
~r ~ (r-i)! (N-rfl 

dy

— N N — i  N 1 y 
~
r
~

l ,1 ~N— s~ Z\s—r— l
= ~~. + 2N ! ~ L ‘

~r 
y5 I y dy I z dz ‘ 

‘
~~~
‘
‘ ‘~~

‘ /
r=l S=r+i 0 0 (r-i)! (N-r)! (s-r—l)

a. Alternate choice

r-l( . l)

r- i N-r
— N I (_y ) (l~y)
A A N ! ~ I y dy .

r=l 0 (r-l) ! (N—r )~

4
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The summation is now a binom ial , so

N-i
- N J  y (l-2y ) dy

0

Integrat ing by parts and taking account of the fact  that N is even ,

-N
2 ( N+ l )

For the variance
N—s s — r — l

N N-l N 1 
~~ r-l ( l-y) (y -z )

= — + 2N ’ z : ( 1 ) r 
•
~~~ 

y dy 
~ 

z d z  z
A 3 rrl S=r+l ( r - 1) ! ( N - r ) ! ( s - r - l )

but 
( 1 ) r+s ( 1 ) r-s ( 1 ) 2s 

= ( 1 ) r-s 
= ( 1 ) r~s~ l

N— s s- r- lN-l N ‘1 “
• = - 2N ’ •

‘ ydy •
~~~ z d z  : ~ z r_ l  _ Y /  ~z— y ,

A 3 0 0 r=l S=r+l ( r — l ) (N —r ) ( s — r — l ) ~

The double summation is a niult inomial equal to

1 (z + ( l-y )  + ( z - y ) ) ~~
2

(N-2 )

• - 2N(N-l ) f~ y dy .
•

0

~ z dz (2z-2y+l ) N 2

Integrating by parts for both integrals,

= 
N

A 4( N+ l)

Using the se expressions for ~ and T~ the var i a nce about the mean ~ is

~~~~ 

-
~~~~~~~~ N 

- 
N2 

= 
N

~A A A 4(N +l ) 4 (N + l ) 2  4(N + l)~

~~~~~~ 
j~. . ~~~~~~~~~~~~~~~~~~~~~~~~~~

.—~~~ . ~~~~~~~~~~~~~~~~~~ - . ----Th-—--~~~~-- _. — --- -.--- - —- . w — -~
- . -

~~

2.3 The Frequency Distr ibut ions of ~/N/2

Fi gu’es 3 to 8 give an i dea of the frequency distr ibut ions of t~f N/2
I e the frequency d is t r ibut ion of the d if fe rence of the samp le mean s

~~~~~~~ .-~c ij ,., ~~~~ ~~~~~~~~ .~~ nL,1nn n,.~+kn d ~ c t I ,~n



b B a ’ te rnate C bo ’ ce

~~ ‘~~; ~ e s u  S ~~ e h t a  m e d  (A ppend’ . C)

~‘ 2 ‘~ e’m 
~~~ ~B - - ~

‘. 2  odd ‘
~~ ~B 

~~ 
3

~~, i B 2

~~~~ h~~ ‘ ‘ 3 ~’~~~ db~ijt the ‘-ej~s

‘. 2 ev en ~ . (N= i I

‘
~~- 2 odd ~ ~~3~~+ 1 ),?( :.~ 1)

B

C

i’,c s a”~
1 es o * ’,/2 ~~~~‘ s a”e ~e

’
~~ ted at random slnce the va l ue of for

s’rg i e c a mp i ec ‘
~~~ 

1 
~2 and t~~e v a r i a n c e  o~ th e sa ip tm e mean is ~

‘ •

N/2 6N

~~en ~~~ ~a~’a~ce o~ 
r~~~~ ‘ e ’ ~~ 

- e 
~~
‘ ~~~ I’~~~’ ‘5

2
b’ 3’.

B~~ ~a ’  a~~:e o~ d ’ ’~~ere” e o t~d ’~S .~~ 
(~ . 2)

~~e ..es~ ’ tc a ’ e  ~i~’ ss r ’ a ’ :ed ‘n ab ’e 1 and shOwn graph ica l l y in F’gs 1 & 2

TABLE 1

R E:TA ~ G u A ~ DI sTRIB LT :ON , MEAN ,~~ V A R IA N C E  ABOU T MEAN 1 / 1 2

Method

Ra ndom 0 Ni ’2 ‘: N even
__________________ ___________ ________________ 

3 _____________________________

A 1~~ e r n a te  - 
~~~~~~~~~~~~~ ~

- -c- /
~~ 

N ev en

I
B ma lternate 0 

~~~~~~~~~~ 
I ~~~~~~~~~~~~ N e v e n , even

Bia 1 te’ ri ate - — —- — k-— ~~~ N even , odd
2 N ~ l ) ~.i ~ 2

6

- ~~ •-

~~ 

- - - - ~~~~~~~~~~~~~~~~~~

c i ’ ’  ~ r ’ ~ ‘~‘e ea 1 v a ’ 
~~ 

• he stand ard ~~~~ 3 m o n may be had by
con ’’d ence ~~~~~~~~~~~~ T h ’ S  ‘ a ”  be done us 1 ng For

t ’ - e ’ v a ’ s n ’ ”  -I ‘ eve~ o ’ con~ ’de~ce -
~~~ 95s
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x
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b) Bialternate Ranking Method

FIG. 1 VARIATION OF ~ WITH N WHERE SAMPLES ARE TAKEN
FROM A RECTANGULAR DISTRIBUTION
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1 1 2  Gauss Ian Distribution

The d i stribut ion is

p ( x )  e 
- 

(mean 0, variance 1).

No resu lts were obtained for and -

a. Alternate Choice

- r-l
- (-1)

so Eq. 1 becomes

N 
r~ l 

( - 1 ) i’-l 
~~ 

~r~l 
Q

(N~ l)~~(l~~l)  
~ 

p(y) dy

N f ’ y p(y) (1~ Q) N~l dy

Now x i~~ an odd function; the dist ribution , being norm a l is an even
function; P(-x) = Q ( x )  so P-Q is odd . Hence for N even , the
integra l is an even function and so

2N 1’ 
~ ~~

) ( p Q) N 1  dy

and th ’s  is unequal to zero

~For an appr oxini at~~n of th is integra l see Appendix 0.)

b Bial ternate Cho ice

N 1’ ’  Y 
~~~. ~ ~~~ pT’i QN-~ dy

- (r~ l ~~~
‘ (N-i’)’

Cons ider

.0 (N — i ) ’  r~- 1 N—~- - ~ p (y )  Q dy
- (~• - 1)’ (N-r)’

and wr i te  -y for y

~~~ ~~“ 
(~ -l 

y p (y) QY~ l ~N~r dy

I0 

—-—~- - - —
, _ _ _ _ _ _ _ _ _ _ _ _  

.
~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~
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put N-r — r ’ - 1

~N 
.I
~ l 

(N-l~ ! 
~ ~~~ 

~r ’ -i QN-r dy
‘‘ ( r ’ —l  ) ( N— r ’ )

i t  N 0 nod ~ ~ N— p’ ‘ + 1 “ r

Hence the two integrals are of equal magnitude but opposite sign and
SO ‘~B

C .  Random C h o i c e

The exp eL ted va lue ot •\ w i l l  obv iousl y be 0. For a normal distribution
an d a va rian ce of ~, the standard deviat ion of the avera ges of samp les
of n I tems is

-

so

~
,

N

Here ~ = ,~
, st andard dev i ~ t ion of the diffe rence of the sample

means 4 -

N

1 ..2 Num eric al So lu t i on

The so] U t ~Ofl wa~ based on a Monte Carlo method . For the  rectanqul ~~d is t r ibut ion ~i random-nu nibe,- generator w~is used to generate uni forml v-
di st r i  buted random numbers u 1 in the  r,inqe UI e[O , I] using the
form ula

u 1 f ract ion a l  part of [(n u 1 1 r

For the gaussian distr ibut ion this was modi fied to generate pairs of
norma l random deviates with mean 0 and va riance 1 using method 3 on
p. 953 of Ref .  1 In eac h case , between 20 and 30 groups of N random
num bers were generated. For the random selection each group was sp i l t
i n t o  two , g ivi n g  the two samples A and B w i th  N , 2 num bers In each. The
samp le iiieans of A and B were ca lcu l a ted and then the d iff erence ~f
these iiieans. Fin a lly the average and standard deviat ion of these

11
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differences was found . For the ranking methods the groups of numbers were
ordered and the n divided into the samples A and B , f i r s t  u s i ng the a lternate
ran king method and secondly using the blalternate ranking method . As for
the random selection , the differences of the sample means were calculated
and then the average and standard deviations of these. Tables 2 & 3 indI-
cate the results obtained.

TABL E 2

RESULTS OBTAINED FOR A RECTANGULAR DISTRIBUTION
MEAN ‘,

~~ VARIANCE 1/1 2

METHOD N MEAN STAND ARD DEVIATION

Random 4 -0.02 0.25
Alternate -0,22 0,10

Bialternate 0.01 0.14

Random 6 -0.01 0.29

Alternate -0.16 0.06
Bial ter nate -0.04 0.07

Random 20 -2 .25 ~ l0~~ 0.10
Al ternate -0.04 0.02

Bialtern ate 2.45 1O~ 0.02

TABLE 3

RESULTS OBTAINED FOR A GAUSSIAN DISTRIBUTION
MEAN 0, VARIANCE 1

METHOD N MEAN STANDARD DEVIAT I ON

Random 4 0,06 0.61

Al ternate -0.50 0,35

Bialternate 0.01 0.33

Random 8 -0.11 0,49

Alterna te  -0.32 0.12
Bialternate 0.01 0.14

Random 20 0.03 0.33

Al ternate -0.14 0.05

Blalterna te -0.01 0.05

12



Fi gures 3 to 8 were drawn from the numerical data obtained . For each one
a frequency table of the difference of the sample means for a gi ven N was
constructed and this was then used to construct the histogram ,

2 DISCUSSION

2.1 Comparison of Analytical and Numerical Results

Comparing the numerical and analyti cal data it must be remembered what has
been calculated -in each case. Analytically, calling A the difference of
the sum of the weights of i tems in A and weights of i tems in B = -

expressions for

= f ’
~~ ~ p(s) dLi (mean)

and

= ~~2 p(A) dA (variance about origin)

have been found .

• Numerically, taking the two samples A and B, (X1 - X2)/N/2 was calculated
and th is was repeated for the 20 to 30 sets of samples . Finall y the mean
and standard deviation of these was calculated:

mean

standard / ~ 2 /
deviation 2

and these are the values that we are investigating I.e. the parameters of
the distribution of the difference of the sample means.

Consider the rectangular distribution , mean J~, variance about the mean 1/12.
From Table 1 we should expect to obtain the results given in Table 4 and
this Is consistent with the numerical results obta ined (Table 2). Numerical
results obtained for the means relative to the gaussian distribution also
compare favourably with analytical results. In fact, from Table 3, the
means for the random and bial ternate methods are near zero, as they should be.
From Appendix D, an approximation for 

~~ 
In the alternate method is

-1T/4

N >c 0.928
ii 2 8

Evaluating for N = 4, N = 8 and N = 20 we obtain 1.49, 1.84, 2.34 respectI-
vely, which give means of 0.75, 0.46 and 0.23.

13
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5

2.3 The Frequency Distributions of A/N/2

Fi gures 3 to 8 give an i dea of the frequency distr ibutions of ~/ N/2i .e .  the frequency d is t r ibu t ion of the difference of the sample means
for var 1ous values of N (:. in the alternat e ranking method is take n
t o be pos it iv e) and they w i l l  be of the types shown in Fig 9.

a ) Random b) Al ternate c) Bialternate d) Bialternate

• !\ A 

j

~~~~~~~

ven )

!

~~~~~~

odd )

FIG . 9 1 ARiC~,’T 1U! LLA TJ ~ ,\ RECTANGULAR

Alternate b) and Bialternate d) show a displaced mean. From Hg 1
both these tend to 0 for N , in b) as 1/N and i n  d) as 1/N 2

a) Random b) Alternate c) Bialternate

FIG . 10 PARENT POPULATION GAUSSIAN

These shows the advantages of the b~a1ternate rank ing method It gives
a distribution closely centred about a mean that is either 0 or almost
zero. Taking into consideration the numer ical results for N = 20 , i f
the parent population is gaussian the bia lternate ranking method gives
a standard deviation of 0.05. Samples of 1600 items would have to be
taken In order to have such a result using the random method

Figure 2a shows that when the parent populat ion is rectangula r ~~2

increases linearly. This means a standard deviation that decreases as
1/ / ‘

~~~
‘
. Figure 2b shows that in the alternate ranking process the

standard dev~a t lo n  -
~ 0 as N -

~ as 1/N while Fi gs. 2c & d show
that in the bia lternate method the standard deviation ÷ 0 as 1/N TW
which are much more desirable results.

Not having theoretical results for the standard deviation in the case of
a Gaussian parent population , it i s difficult to say what wil l happen
when N is large.
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APPE NDIX A

I 

, CA LCULA T ION OF ~ FOR A POPULATION OF PROBABILI TY DISTRIBUTION p(x )

Con 4de r a ( upulat ion of probabil i ty  d is t r ibut ion p ( x ) .  Take N samples
of values x 1 ~~~ . ... x N. The probabi l i ty  that one of these l ies  between
X r and X r + ux ~ is p(x r)  dX r and therefore the chance that the f i rst
item is at x~ , the second at x etc - - is p ( x .  ) p(x .) - p(X N ) dx 1 - dx N
But there a re N~ permutations of the Nx ’ s so that the probability of a
random samp le of N hav ing these values is

N’ p~x~~ p(x 2) - 
~~~N ’) dx~ dx N

Ordering the random sample x 1 • X
N - 1 To calculate \

: x - must be ‘ntegrated over a l l  va 1 ues of x subject to cond~t ion 1
r=~ r r

N
= N’ f i  • I p(x~) - - p( X

N
) 

, 
~~ “ r dx~ . dx N

Choose the order of integration for the term ‘
~~
,, X r as (dx 1 dx 2 -

dX r_ i ) (dx~~1 dX r+ 2 . dx N) dx ,. an d so

— N +n”
= N.1 

~ I 1 rJr~,,X ,. x r ) dX r
r=l

where

X 1
~~~~ ,: , 

p(X r
_ 1 ) dX r_ l f_i: P(X r_ 2 ) dx r 2  . . . .  f~~ p(x 1)  dx~

and

= 

~~ 
P(Xr+l ) dx r+i ;:r+1 

P(Xr+2 ) dx r+2 ‘XN l  ~~~~ 
dx N
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— •

f 
I

( r  ~1’ )

I’ ‘ 0 0  f

1 :  j p(x t ) d~ 1 Pt, x :) =—~~~- resu lt true for r 2

qenera l l y dSsuil1e

- c iI ~

~~ — 1
- ~~ ~ 

) U( ~ )- 
.
~~, I  S S

J - — -

s’~l ...~~. S

S 
( x ~~~~~

] 5  - ~S-  1 ’ )  P( x )  N \ )
S
~~

r P(x 5 ) dx
( 5  1 ) ’  ..

l ’ ( x  )
-- - ~~~ ~ P~x P~~

1 (x ) dx
( s - I ) ’  (~~~ 1) ‘ s

SP ( x  ‘I5 1  
- (~~- l )  ~

( c - i )

• 
~~~

—4’sI

I” (~

so by i nduction true for ~
) 1  s

,
~ 

- 
— —~ ~~~~ —~~ - -~~~.. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Lema 2
Q
N_ r

(X)
3 =

I’ (N— s- )

F’ roo f

x~4 
N dx N ~~

‘N l )  
•_~~~~~ lemma true for r = N-i

Assume

QN S (x )
3 = 

S

(N -s ) ’

N-sQ (x
= I’(x ) dx

S (N-s )~ 
S

N-s+1Q (x ~) , Q(x ) 
NS 

- — --~ -~ N-s ) Q ~~ (x  ) P(x ) dx
(N - s)~ ‘s -i (N-s )~ 

S S S

Q ( x . ) N s÷l QN S (
_______ - ( N - s )  P ( x .) S

( N - s )  S (N-s’)~

N-s+ lQ (x 5 1  )
____________ - ( N-s )  ~

(N-s )~ 
S•~

N= s+lQ(x 
~(N-s+ l) 3 =

S ( N-s )~

N-s~- 1Q ( x 5 1 )
~~ J

(N - s+ l )

Appl ying the l eilinias

— 
N +~ P~~

1 (x ,) QN
~

t
( x )

N ’ y f -
~ - x P(x ) — dx -

r~ 1 ,. r r (r-1)~ ~N- r)~

Replace Kr by v and ~ 
: P(y) , p p(y)

so
N ~~~~. 1,r-1 ~N-r

N’ ~ I Y P - ____

r i  —“  ‘ (r— i ) (N—r)~



APPEND IX B

CALCULATION OF ~~2 FOR A POPULATION OF PROBABILIT Y DISTRIBUTION p(x)

= N~ If  .. ~ 
~r~i ~r 

X r
]2 p(x 1) ... p (x~) dx 1 dxN

since y2 = 1 , expanding the squared term

N N-1 N
= N I  If  .~~~~~ 

f  [ E x~, + 2 ~ z 1r~
’ x x ]p(x1) ... p( x~~) d x l . . .d x Nr= 1 r=l s>r S r S

Cons ider these terms separate1y~ For the integra l of Zx 2 
, the same

technique as for ~ may be used leadin g to r

-~-~~ N r- l N-r
NI I E py 2 ~~ dy -

—oo r=l ( r — l ) I  (N—r)’

4,

But since the “r terms do not appear , the summation becomes a single
binomial

N l  N (N-1)~ 1 N( P + Q )  pr Q
_ r

r~ l 
( r — l ) I  (N — r ) I

whence this term becomes

N I py 2 d y  = N v 2

where v 2 is the variance about the origin of the original population.

For the secon d Integra l , integrate in the order

(dx1 dx2 . - . dX r i ) (dXr+i dxr+2 . ~~
. dx~~1 ) (dx5~1 dx5~2 ... dxN) dxr dx5

So the i ntegra l becomes
N - i N __ x~

2 Z Z N I x p(x ) dx I x p(x ) dx I J K
=1 _

~~~ S S s -~ r r r r s r s

‘i

pR~C~D1N~ P~~~ I~LA~~
25



where I’,, J~ have the mean i ngs p rev Iousl y used w hi le
x ~ 1 x +2K = I~~ p ( x 5 1 ) dx 5 1 f

~ 
p (x 5_ 2 ) dx 5 2  . 

~
“ 

p (X ~~~~~~~) dX 1

Now
X r+2Kr ,r+2 

X r 

P(X r+i ) dX r+ l 
= P ( X r+ 2 ) - P(X r )

K r+3
Kr r+3 [P ( x 2 ) - P(X r )J P(X r+2 ) dX r+2

[P(x r+2 ) - P ( x r ) ]2  r 
- 

[P(xr+3) - P(X r)]2

2 xr 2

and generall y -

s - r- 1
[P(x ) - P(X )]

Krs
( s - r - i  )

Hence the second ‘ntegral becomes

I s —r— l
N- l N +

~~~ 

. 

~~ (x )  Q~~ (x 5) [P(xs)_P(x r)]
2N ’ E Z I x p(x )dx I x p(x )dx

r = l  s r+l s s 5 ~~ r r r (ri) t (N— s)I (s— r—l)

rep lace x5 with y and x r with z so

Nr 2 + 2N1 
N~-

1 

~ f~~y Py dy f~ z Pz dz ~
r~l (z) QN 5 (~) [P(y) -

r=l s=r+l -~~ (r-i)! (N—s) (s-r-1)I
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A P P E N D I X  C

CALCULATION OF ~ AND Y WHERE PARENT POPULAT iON IS RECTANGULAR AND

THE METHOD USED IS THE BIAL TERNATE RANKING METHOD

An ex press ion for i S  g ’ven by

L ~r 
cos [“/ 4  + ( r - l )  it/2]

= ~T Re e~~
”4 e /2

~~’
_ l )

whe re Re real part of the comp 1ex expression

N Re .~~~~ Y f~
’ p(y) y e  

i~ /4 ~~~~ 
e~~~2)~~ Q()~~ 

N-r
h

r=1 -“ ( r — 1 ) ’  (N - r ) ’

but

(i  y e [ O , l]
p ( y )  =

~ O y t { O , 1]

P(y) = y ; Q(y) 1 - y

~~ T N’ Re~ 7 ~ 1
1 

y e ’
~~

4 ~~ e~~~
2 ) Il-y) dy

r 0 (r.l )’ ( N- r ) ’

N-I
N Re .~~ e~~

4 ‘~ y (l y + y e ~~~
2 ) dy

e = 1/ .  2 ( 1  + i)

N R e ( 1 * i ’ )  f ( 1 ~~~~~N-l  dy

where
- ‘  e ~— l  i _ i

p
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Integrat ing by parts

N Re( i + 1 )  
1 

- J ~ (1 ~~~) N dy
o a o

N Re ( i +~1IL1~~) 
- 

jl+ ) N+1

aN ~
2 N(N +i )  

0

S1 nce N ,
~~ eve n

= N Re (1+’) - 
~~~~ N / 2  

+ 1

L a N cz 2 N( N4 1) a 2

1 - 1 - i-I-i 1 
- 2’ -

02 ‘ ‘~~~ 2 a 2 
- 

4 

- 

2

r ~ )
N/2+ 1 (i~~1 ( 1  ) N/2

N Re (l-~’’) I -
~ 

— 1 + ~~~ +
L 2N 2 N( N+ l)  2N(N ÷ ’ )

N Re{~
H) L!I

N/2 (l+,) (i-i )

L N 2N (N+1) 2N(N+~)

= 
( l ) N/2 

- _____  

( 1 ) N/2  - 1
2(N+l \ 2 ( N+ l )  2 ( N+ 1)

I f  N / 2  ~s even A 0

If N/2 ‘s odd ~ N~’

T0 find ~ 2 an exp ress - ’ on for ‘
~r ~~~~ 

must be found

‘
~ r ~~ 

= 2 cos(r/4 - s - ( r - ’ )  ii/2) cos (iT,4+ (s~1)~,2)

cosN’2 (r+s-2) ii/2) -4- cos(s-r) i’/2

cOs (s-4-r-1) ‘~/2 ‘ cos(s-~) ii/2

= Re [e~ 
2 ( s + r _ ’ ’ )  

~

.-.‘
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•1

= N/3 + N~ Re 
N
~~
l 

~ ydy j Y z d z (eI~
/2(s+ r

~
l) +e 1

~~
2
~~~~~)

r= l s=r+l

Z r~
l(l Y) N

~
s ( Y Z ) s

~
r
~
l

( r — l )  ( N — s ) ’ ( s - r — l )

Now

e 1 2 ( 5 ’ f l  
~~~~~~~ ~~~~~~~~~~ e

lit

and

e~~
’2(
~~
!
~ = e~~~

2 _ t
~~~ e 1

~
”2

N- l N 1
~~ ~ 2 = N / 3 + N Re ~ ~ 1~ y d y  f~~ zdz

r=l s=r+l

- • s— r— l
J e ( z e 1

~ ) r
~~ (l ) N S ( ( y z) e 1

~~2) +

1 (r-l) (N-s)I

4,

e 1
~~

2 Z r 1 (1~~~~)
N S (~~-~

j e iT12) s-r - 1

( r — i ) ~ (N—s) I ( s—r— l

wh ich using the mu ltinomina l theorem becomes

= N/3 + 2N(N - l) Re ~~ y d y  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
N-2

e~~’
2 (l+y(e~~~

2
~1) + z(1-e’~~

2
)) 

N-2]

= — l e ’~~
2 =
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N 3 + 2N(N~ 11 Re ydy ~ z dz 
[
~(1 sy( i i)~ z(i+1 )~~

2 
+

[l ( l ) (l )]N-2
]

Th e ~‘ ‘ s t  ~e- ’ i i  ‘ S

- 2 N( N- 1) Re y dy ~ z dz [1 +y( i- 1 ) - z (  i+l

Integr at’ng over z by parts g~ves

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
2(N l) :~ (l+ y ( i - 1 ) .~ ( i + 1 ))~~~ dz

- ( j + 1 ) N  L o  ( l + i )  ~

(N - i  IM- ’ 1 ( 1  2~~N- 
- ( N - i ’ )  [ ( 1  2 1 N 

- ( l+y (  -l ) ) N
J

The In tegrat ion over y for the f ’ r s t  te rm giv es

( N~ i 1 ( 1 - i) :
1 
y( 1 2 ’ )

N- i dy ( i  ) N+ 1
( 1 - i )  ~~~~~ - 

(N- i) ( 1 - i )  [ (- 1  ) N+i 
~1]

2N 4N(N+i )

N ~s eve n and on ’~ the real part is required t his is - (N - i )
2 ( N+ i )

The seco nd terN ~ s

2 ’ N(N- f l  .r~~y dy ~~z d z [ i + y ( ,~~l ) + z ( 1~~i~~]
N 2

Integ rat lon over z g’ v es

Ny(i~~~+1~~ [1 +y (,~ 1)]
N

~~.Integ~at ing th ’s over y and tak ing the rea l part gives

3 2 2 ( N + i )

= N,3 - 
N ~~~~~~~ 

_________

2(N~ 11 3 2 2 (N+ 1) 2 ( N+ 1 1

If N/2 ‘s even = ( N+ 1’ )

i~ N’2  i~~ odd ~~2 
~~ (Ni’ )
2
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A P P E N D I X  0

AN APPROXIMA TION OF ~ WHERE THE ALTERNATE R ANKING METHOD
IS USED A ND THE PARENT POPULAT ION IS GAUSSI A N

The integral to approximate is

= 2N 
~~~ (p(y)) 

(p_Q) N_ l dy

y2

= 2 N 0 y ~~~~ e 2
(2p l ) N 1 d

This was done both numericall y and theo re t ica l ly .  The numerical  approxi-
mation was obtained using the generalized Simpson Rule and results were

N 2 A = 1.13

N = 4  ~~= l .47

For the  theore t i cal  a p p r o x i m a t i o n  use p~ 
933 of Ref. 1 4’

P( x ) — 2 + 2 (1 -e 
¶ 

) 2

So ~ 

= N ~~ I~~ y e~~
2!2(1~e 

~~)
N l/2 

dy

change the variab le e -ii = t

so ydy = - ~~
-- 

~~~~~

4 t

Hence
= N ~ I~~ ~~~~~~~~~~~~~ dt

and this integral is equal to the beta function

B(~ , !~~~) = r(~ -) r(~~~
1-) (p. 258 of Ref. 1).
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At th is po’nt the tabulated F values can be used or e lse a further approx 1 -
mat lon using Sterling ’ s formule (p. 257 of Ref. 1)

l g (r(~jJ-) ) N/2 lg (~t1) J~! + ~~
- ig 2r 

12 ~~u ~ (N+lr

1 g ( r (~~ + 
2 

+ 
~~~ 

(
~ + 

~
) lg (N+l~~/2) - - + ig 2u

1 1
+ +
12 (N+1+~/2) 0(N 3)

2

Hence
N+ 1r ( — ~-—) 1~ ~- i g (N.tL) - (

~ 
+ 

~
) .~,~~N +itii/2 .~

2 2 2 4  2
L~~~~~~~~ J

iT/2 +
4 6(N-4-l)(N+l+T/4 N

Now write N = u + ~, where ~ ‘s a constant to be determined . The reason
for this is that , as wil l be seen , by suitab l y choosin g ~ , the l ogarithms V
may be expanded to give the best ava il ab ’ e accurac y, Reta inin g onl y term s
of the order of 1/N

r N+’

l g1 
~ 

- ~t1 ig u+’y +i 
- 

u+~+i~/2 i g u+’y+l+u/2

I .~~N+l +~
T 2 2 2 2 4

L~ 2 4

= ~~~~ [i g + i g (1+ 
~~~~~~~~)1 

- ~ +y+T/2 [i g U 
~ ~~ 

(lf~
+l+T /2 )1 +

2 L  2 u j  2 L 2 
~ J 4

Expand ing the lg ( 1+ .. ) terms for large enough u

= ~ l g ~ + (~fl_) [~-~J~ - 
(~+1)2 +

4 2 2 L u  2u 2 u 3 J

- 
(u+y+-ir/2) 1~~T/2 

- 
(y+1+ir/2)2~ o( —]—)1 +

2 L u 2u 2 u 3 J  4

= - IL lg u/2 + l/4u (-irf - p 2 / 4 )  
4 ~~~

_

~~~
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So the term in 1 /u is identically zero if ‘
~ 

= - -TT/4 so that N = u-ii/4
and th e lg tertn becomes -‘n/4 l g (N/2 + ir/8) i.e.

~~~~~~~~~~

IN+l ~~ \ 
\~ 8

~ +

So

N/2 ~~~~ F (~~/ 4 )  (N/2 +

a l so  
~( l+-- / 4)  = r /4  F(~ / 4 )

and

= 0.928

= N/2 ~~~~ ~ 4/~ ~ 0.928 x (N/ 2 + ~ /8)
T/4

= N / 2/ ~~ ~ 0 .928 x (N/ 2 + ~/8)~~~
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APPENDIX E

A COMMEN T ON LINEAR PROGRAMMING

It has alread y been said that linear programming cannot be used when onl y
ran king data are avai l able; but even if there are sufficient data the
techn ique may not produce satisfactory results. First of all , the solut i on
may not be unique and so a criterion has to be found for selecting the best
of the optima l solut ions. Secondl y, the l inear program minimizes the
d i fference of the means of the two samples , but t hi s may be at the cos t of
an even spread of the items in the two samples i e.

With a 1 inear program the fol l owing optima l solut ion is found

001 0.30
0.01 0-37
0.02 0.40
0.04 044
O 84 0 5l
0.89 0 .56
0.93 0.57
0,99 0.58

( sam ples taken from a rectangular distribution
• mean 2 , var iance about mean 1/12)

The difference of the means is 0 but sample A contains small values
and large ones wh il e B conta ins al l 1 ntermed ’ate values The ranking
methods assured a mo re even spread of values in the samples although the
mean may not be 0 , but genera ll y speaking this situat ion is more
desirable .
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