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t e c h n i c a l  R ep o r t  78089

R e c e i v e d  f or  p r i n t  in g  8 Augus t  1978

COS MOS ‘~h2 ( I  ‘ 4 7 1—  I 06A) : ORB IT I)ETE RMINATION AND AN ALYSIS

b y

Doreen N .  ( . Wa l ker

Suninary

~ Cosmos 462 ( I  ~) 7  1 — l O b A )  was l a un c h e d  on 3 December 197 1 into an or b i  t I n c l i n e d
a t  6 5. 75 0 to the  e q ua t o r , w i t h  a p e r i gee h e i g h t  of 230 km and apogee hei gh t  of
1 800 km. The s a t e l l i t e  r emain ed in  o r b i t  f o r  40 m o n t h s  and decayed on 4 A p r i l  19 7 5 .
O r b i t  al par~une t ers  have been do t e r m in e d  a t  85 ep ochs , using the RAE orbit r e f i n e -
ment  program , PROP , w i t h  6635 r a d a r  and optical observations , including 197 f rom
t h e  I-hew it t c ame ras. The ave ra ge  Standard devia tioll in e c c e n t r i c i t y  and inc 1 in—
a t i o n  co r r e sponded  t o  a p o s i t ion a l a ccu r a c y  of abou t  100 m. In a d d i t i o n , orbits
of s i m i l a r  a c c u r acy  w ere  d e t e r m i n e d  d a i l y  fo r  the l a s t  I S  days of the l i f e , from
2000 NORAI) o b s e r v i t  i o n s .

D u r i n g  i t s  s low decay , the o r b i t  passed  t h r o u g h  14 : 1 , 2 9 : 2  and 15 : 1
r~~scn a L i c es  w i t h  the  E a r t h ’ s gray i t~i t  i ona l  f i e l d .  The v a r i a t i o n s  in m c i  m a t  ion
and e c ce n tr i  c i t  v i t  t hese  resonances  have been ana l ysed in d e t a i l  to e v a l u a t e
l umped g e o p o t e n t i a l  h a r m on i c  c e l l  i c i en t s  of ot -der  14 , 29 and 15.  ~

The v a r i a  t ion  of m c i  m a t  ion b etween  resonances  has been ana lysed  to o b t a i n
four va lues  of the ave r age  a t m o s p h e r i c  t o t  j t  ion  rate A at  hei ghts  of 200—250 km
in 1 0 7 2 — 1 9 7 5 .  T h e  v a l u e s  of  A show ,i seasona l  dependence , be ing  greater  in
w i n t e r  t h a n  in summe r , and the  av e r a g e  r o t a t i o n  r a t e  is lower than  in the  1960s ,
he j i g  n e a r  I .0 r ev/day . Ana ly s i s  of  th e  I nd i n a t i o n  in the las t  15 days  of the
s a t e l l i t e ’s l i f e  i n d i c a t e s  a weak w e s t — t o — e a s t  wind a t  hi gh l a t i t u d e  (54—62 °N ) .

The variation of per i gee hei ght has been anal y sed to ob tain 24 val ues o f
d e n s i t y  s c a l e  h ei g h t H , in c l uding e i gh t in the  last 15 days. Comparison with
v a l i t s f r o m  c~f f i ’A ~~~~~ shows a bi as d i f f er en ce of oni y 1% and tins d i f f e r en c e  of
I O Z ;  so ~‘1k~1 ~~~~~~ prov ides  a good app rox ima t ion  to the values of H in 1972— 197 5 .

D e p a r t m e n t a l  E e l c r c i i ’ c :  ~p i t e  ) ) 5
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~~~~~~~~~~Cosmos .462 entcred o r b i t  on 3 D ecLmb er 197 1 and was one of a pair of satel

lit es launched by the Russians to test hi gh—speed interception ’ ~~~
. Cosmos 462

was the hunter satellite and exp loded after passing the target satellite , Cosmos

459 . This exp losion occurred 3.5 hours after launch and the largest piece of the

satellite remaining in orbit was desi gnated 1971— 10 6A.

After this experiment , 1971—106A had an orbital period of about lOS minutes ,

perigee height 230 kin, apogee height 1800 km and inclination , i , 65.7°; the

satellite remained in orbit for 40 months , without further disturbance ,and de cayed

naturally on 1975 April 4.9O~~.

Early in its lifetime , 197I— 106A was selected for hi gh—pri ority observing

by the Bri tish optical and radar tracking stations , including the Hewitt cameras

at Malvern and Edinburgh; 1971— 10 6A was in an orbit which would be useful for

determining the atmospheric rotational speed from the decrease in orbital inclin-

ation, and air densi ty at heights near 200 km could be evaluated from its decay

rate. U

The orbit of 197 1—106A has been determined from all available observations
5 .  . 6

with the aid of the RAE orbit refinement program PROP , in the PROP6 version , at

85 epochs du ring its 40—month life. In addition IS dail y orbi ts at the end of
the life were determined from NORAI) observations. This Report describes the orbit

determinations , and the analyses of variations in the orbital parameters. The

changes in inclination and eccentricity at 14:1 , 29:2 and 15: 1 resonances have

been analysed to determine lumped geopotential coefficients of order 14 , 29 and

15. (There was no detectable perturbation at 31:2 resonance.) The values of

inclination between the resonances have been analysed to determine the atmospheric
rotation rate at heights near 200 km. The accurate values of perigee hei ght
obtained , which have already been used in evaluating the air density

7
, have been

analysed to determine the atmospheric density scale height. The residuals of the

observations have been used to assess the accuracy of each observing station .

2 THE OBSERVATIONS

The orbit of I971— IO 6A has been determined at 85 epochs from 6635 observa-

tions. A breakdown of the number and type of observations used on each of the

85 runs is given in Table i on page 4.

The observations can be divided into six groups (see Table I), the mos t

089 accurate being those from the Hewitt cameras at Malvern (M) and Edinburgh (E).

These observations , which were available on 43 transits , 29 from Malvern and 14

I.. .- _ _ _ _ _ _ _ _ _  
- —- - - - - - —

~~~~~
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from Edinburg h, usua l ly  have an accuracy of 2 seconds of arc in position and

I millisecond in time.

Table I

Sources of the observations used in each run

Source of observations
Run

Total
No. Hewitt Cape . British US

Visual Finland
camera kinetheodolite radar Navy

I I OE 4 I I  29 54
1 6 5 38 49
3 15M 4 1 31 87
4 4 35 47 86
5 SE ,4M 2 37 6 26 80
6 IM 39 IS  55
7 2 20 15 39 76
8 28 30 58
9 46 25 71

JO SM 10 36 51
1) 2 1 47 68
12 2 34 36
13 10 56 66 r
14 13 76 89
15 IS 5 46 66
16 35 36 7 1
17 5E ,7M 43 40 95
18 35 34 29 98
19 4E 23 56 5 88
20 2 3 34 39
2 1 I OE 14 53 77
22 I S  35 50
23 43 45 3 9 1
24 IOM 26 17 40 18 II I
25 b E  7 38 29 84
26 5M 5 38 25 73
27 3 46 33 82
28 5M ,SE 9 50 32 10l
29 12 18 36 24 90
30 15E ,ISM 2 51 lb 2 3 104
31 SM 41 12 18 76
32 26 44 18 16 104
33 SM 5 40 17 67
34 9 34 22 65
35 6 9 2 1 28 64
36 SM 17 20 22 64
37 6M 8 9 18 21 62
38 I OM 3 46 33 92
39 14 14 30 18 76
40 SE 3 17 26 5J
4 1 6 10 10 35 61
42 6 33 22 6 1 089
43 1!  16 2 7 4 78
44 lb 7 24 25 3 105

- — -- ~~~~~~~~~~~~~
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l ab  I ,  I ~~~~ I t i t l e d )

Sttu~ c t obs, rva t ions
Run —_______________ _________ ______ _________

No.  H e w i t t  C.tpe , . Brit ish i’~ 
Total

‘
~ i s t i a l Finland

camer.i kinctheod4 ’I i t t  r a d ar  Navy

SM 32 30 31 98
40  8 30 40 3 1 118
SO 4 48 41 93
51 7 44 32 83
52 4 b 28 23 3 64
53 44 24 l b  9 93
S4 1 l b  36 28 I l  94
55 SM 21  30 39 I S  110
56 24 36 35 95
57 35 43 78
58 1 3 39 35 87
5° IOM 1 3 36 36 95
6( 1 2 13 50 32 97
b I  SM 24 48 4 1  118

SM 12  36 24 77 U
63 48 42 34 124
64 9 54 32 95
65 31 33 64
66 4 42 27 73
67 1 0 44 33 87
68 15 50 33 108
ho I I  40 34 85
70 2 10 48 31 91
Il 2 3 58 30 93
72 6 6 44 2 3  70
73 1 3 42 28 83
74 4 44 2’) 77
75 4 51 17 73
l b  1 56 18 70
77 .

~ 5 66 25 IOU
78 2 52 20 74

• 79 56 21 77
80 4 50 17 7 1
81 .~ 36 24 62
81 34 10 44
83  28 17 45
84 8 13 2 1
85 41 I t) 51

T o t a l  I ° 7  l I t ,  I 30 ,  I I  1552 120 6635

F = obse ry.i t ions  made by Edinburg h Ilewi t I camera

M = ob ser va  t i ens made by Mat ye ru Ilewi t t cjmc ra

- 
ir~ ~~
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I l i t  , ib st  i v  at . ioixs i i i  t l i t  second group, ma&l e by t lit k i u i  I i t i ’tle I i  e i t  t l i e

South  At rican As t ronotnica 1 Obse rvatorv , have an accuracy et I nx i nut e ot l i e

t h e s e  obseivat ions are v e r y  valuabl e beca u s t C t h e y  can great I y improve the o r b i t a l

accuracy , e special lv the  values of ecccr .t r i c i t y , as they are made in t h e  s o u t h e r n

hemisp here , whereas nor t h e r n — h em i  sp here  ob s t ’rva t . ion s  ar e  predoin i ilailt

The t h i r d  group consists ot v i s u a l  t l t s t r v a t  ions  made by v o l u t i t  ecr obs e r v e r s

r ep o r t i n g  to the  Rad io  and Space Research Stat ion (now A pp l e t on  L a b o r a t o r y )

Sloug h , and to the Moon watch  1)iv is ion el tile Smi th s o n i  an A s t r o p h y s i c a l  Obse rv a—

t o ry . These v i s u a l  obse rva t i ons  usua l  lv have a c c u r a c ie s  be tween  I and 4 m i n u t e s

of arc. This group accounted  f o r  about  2O ’~ el the t o t a l  number of o b s e r v a t i o n s

a v a i l a b l e .

rhe f o u r t h  group of o b s e r v a t ion s  art t hose  made b y Br i t  ish radar stations.

About 8(1 eb se r v a t  ions were made by the rada r t r acke r  at RRE , Malv ert~, intl t h e  j e s t ,

around 1250 , by the radar t r a c k e r s  at RAF , I’vl ing dales.

The I it th group c o n s i s t s  of I’ S Navy observations , supp i i od by th e US Naval

Research lab ~ rat erv . Sorn~ 2550 observa t  ions were  iva i l a b l e  w i t h  a t o p o c e n t r i c

a c c u r a c y  ot about 1 minut es of arc. T h e  f in a l  g r oup  el 120 observat ions come s

from the  t he’odot i t e  at J o k i o in t ’n , F i n l an d , w i th  a cc u ra ci e s  of abou t 5 mi n ut e s

ot arc.

3 rU E ORBI IS OBTAINE D ANI ) THE O b S E R V A t I O N A l  ACCURA C Y

( • J  The o r b i t s

O r b i t s  were d e t er m i n e d  it  $5 e pot hs f a i r l y  evenl y spaced over the sa te  11 I t t ’’ s

l i t  e , and t h e  o r b i t a l  elements at  each epoch arc listed in Table I on pages 5—3 I

w i t h  the  s t anda rd  dev i a t ion s  be low each v a l u e . The epoch f o r  each o r b i t  is at

00 hours en the  day i net ic at e d .  In t h e  PROPO model  0 
t he  mean anomaly  N is

f i t t e d  by .i polynomial el t he  to rm

N ~~ + N t + N , + ~i .3 t + M t ’ ÷ M~, t ( I )

where t i s  the  t ime  measured f r o m  epoch and the number of M—coe tt ic ient s used

depends on t he’ d ra g .  For a h i g h — d r a g  orb i t  l i ke  t h a t  of I 0] I — I Ot~,\ , t ~~~ number of

eec I t  ic ient s t o  be used is found by t r i t I  and e r ro r . Best r e s u l t s  were e ’l’t a m e d

u sing  M U to  M 5 , the f u l l  c otnp I eme n t of cot ’ 1 f i c i cu t s  a 11 owed in the PRO P mode I

[or 32 ot the  85 o r b i t s ;  3 3  o r b it s  r equ i r ed  N to N ; lb o r b i t s  N t o  N

and the r e m a i n i n g  4 needed on l y  eec f i l e  i c ut  s N 0 to N , 

.-
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r, s , C I ‘I ’O . i ; I C !  .~ I ‘~~O , in tl ‘!l t I I I I I I . I  i t  ‘~ l i ’  ‘i l’t I ~) , 1 ‘ sO . - i .’ 1t3 ’ .1111th i.’ , ‘0 .
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Fi g 2 shows the values of i i t c l i n a t i uh i , i , f rom Tab l e ’  2 (and T a b l e  4~
These val ues of inclination are irregular , and before any mean ingful conclusions

can be dr awn from the variation of inclination , the values must be c l e a r e d  of a l l

perturbations (Sec sections 5 and 6). However , the p c r tu r b l n g  t i t f e c t s  of t u e

14th— and 15th—order resonances are discernible in the observational values , at

d ates centred on MJD 41659 and 42302 respectivel y.

The accuracy of othe r orbital parameters is much as expected. M o st  ut the

values of ri ght ascension of the node , L’~ , have standard deviations of 0.001
0

or 0.002°, genera l ly  s l i ghtly higher than the sd in the inclination . In the

fi rst half of the life , the argument of perigee , , is accurate to 0.01
0
, but

as usual the sd tend s to vary as e 
I and incr eases consid er ab ly  towards the

end of the life as e -
~ 0

The variation of si for 1971— 106A is much slower than for most satellites ,

because the inclination is quite close to the critical value of 63.40, for which

= 0 . Fi g 3 shows the values of from Table 2: the argument of peri gee

decreases by about ~ ° per day , and peri gee does not quite comp lete 2 revol utions
during the 40 months of the satellite ’s life.

Nearly all the values of N
1 , are accurate to better than I par t in io 6,

and consequently nearly all the values of semi major axis , a , have standard
devia tions of between I and 3 m .

The values of M2 , which provide a direct measure of the air drag
7
, are

mostly accurate to better than ~%: they are p lotted in Fig 4 and have been f u l l y
utilized and discussed in Ref 7.

3.2 Accuracy of the observations

The orbit refinement program proceeds by rejecting observations which do

not fit well (weighted residuals “3c): a total of 5449 observations out of the

ori ginal 6635 were accepted in the final orbits .

The residuals of the observations have been obtained using the ORES computer

program 9 
and sent to the observers. The accuracies of selected observing stations ,

with five or more observations accepted in the orbit determination , are listed in

Table 3 , page 9 , along with the number of accepted observations. ‘rho US Navy
observations f rom station 29 are geocentric , and if they we’re given in the sam e

form as the other (topocentric) observations , their angular rms residuals would

increase by a factor of about five . The total rms residuals in Table 3 are much

as expected: 0.04 minutes of arc for the Hewitt cameras; 1.3 minutes of arc for

- ~~~~~ -‘ ~~~~~~~~~~~~~~~ 
_ ‘_
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2 ‘t S N a V Y  I I I . .  I I . ~ 2 . 0  2 . 8
(~~ Navy 101 1 . 5  1 . 5  2 . 1

.. L b  N,IV \ 0 1 . t -i I .
5 h ’ S  No v  y 1 5 ~. 1 . 7  1 .6 2 . 3
6 I’S Na~’~ 18’~ 1. 8  1. 8  2 . 5

.70 t~S Nav y 1275 0.6 Q~~( 0.4

Londer:uel I. ~ I .~ 2 .0

4 1 4  U . 1 r e ’ to ~~~1 3 . 2  h . .i 4 . 7
725 Buchares t ,

‘ +. 1~ 5 .2 7. ~
I I  ~ M i  sk e le  10 3. 3 2 .  4
I ~~l’ I Jok Ic  j i l c f l  ( 0 0  3 . 7  3 .0  4 .7

~~~ Faruham 35 2 . 1 1.0
231 ,13 Na]vern 106 11 .03 Q~ t33 0.04

~~~~ I t  camera
7 10’s Ms I “t ’: r .lsI I r  7 ~ I . 3 . . 0 2 . 5
.7..Os l : ih  u n  7 2. 2 2 . 7 3.5

~ I ~ lIeu m e n  ,ia th I 4 .0 .
~ . 2 5 .5

. + I ~~I ‘rr~~~ad~~’ 35 2 . 5 2 . 7  3 . 7
~421,1 Wi I h~’~~sr .ie . 7 2 7  2 . 2  2.2 3.

2 4 . 1 M a l v e r n  4 1 ’s~l 1 . 7 1 . 7  2.4
. 7 4 1 ( 3  S ’vc~ ,~~ ’ I 4 1 .8 1 . 5  2 . 3
,‘ s 1 7  W a r r i n g t on 7 3 .9  4 . 7  6 . 1
2~~O2 Sudburv  s .0 5.8 8 .3
2 5 1 3  I 2 o l c t i , , ’ s t e r  ‘ 4 .9 1 0 . 1  1 1 . 2
. 7 ’C , ’5 ~‘\ 1d e r s I i o t  ‘ 7 1 .7 1.6 2.3
253 .4 E d i n b u r g h 51 0 .03 0 .02  0.04

H e w i t t  c a me r a
2519 Dvtnchiur ch 7 1 . 3  1.8 2.3
2~~I~~~I 1 4 1 i ” i l  ihi 22 1 .6 .7 .2 2.7
2’~7 7  C~~pc $11 O . C 1 1. 0  1 .3

ki u,. theodol i t s ’
‘ O h ,  A k r o t i r i  40 3 . 1  5 . 0

‘s I ~~5 Or en i n g e n  13 2 . 6  2 . 3  3 . 5
4 1 3 0  t’tcnekamp 8 3 . 7  4 . s 5 . 7
S~’° : Adc l a i d c  I S  ‘ .2  3 . 1  3 .8

5— J_________ _ _ _ _  _ _ _ _  _ _ _ _ _
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15 h.’OR UhF F 1 U ’ l ’F l ’ N ,-\ ‘t S  I I I  ! ORI ~ h l l ’ t ’A\ ’

At c F  t h e , ’ orb i t .i l Jo! erilt i is’, i ‘115 2’. s~,’ t  i l , )t ’~i i i ’  S t ’ s I i ~‘ I t  I W t  i t ’ s’oIii I~I s t  s d  , .1

tu rl t i e r  21, 1O~~ 5 ’t’~.’.-rv a t i~~n~ I S C I ~ p rs~vi Js ’eh i~ n . i s s i ~. ’n ’.’d .i nI c s ’ I i t  r i l m i i i i ~ ‘. t ’ i S.s ’i  ~

et  Hit ’ N o r t h  .‘~.‘n~’ r i e . i i i  A i r  ~5 ’t ens,,’ t’otmnatid I N O R A I ) )  Space ’ :~~‘ t  ect ion .i s! l’ i - , i ek i 15

S~~~’ t e ’m , S1’.\ I t ,\ I ’S) t~ ’r t h e ’ l a s t  “i 2 iv s se t o r e  de ’ 4 ’ ,iv . W i t h  t h i s ’ . i i , , l  01 t h i c t ~e

ohsorv .it i o n s  i t  h i ss  b e ’ ’. ’ti p o ssibl e ’ i s ’ t i e ’  t t 1 111 i St 5 i ’b i t s  ‘ I t  li e ’ end ot  t ile ~ sste ’l I i t o ’

l i t  e mor e  . i . 5 ’ i i r . i t  c l v  md . it  c i~~ S~~1 i u t e r v , i I  5 1111111 his l’ t ’c i t  p5~5 5 1 l u l  ‘ il l t h e  p .1st

F t  t t e’ e ’fl t u r t  hi ~’r csrb i t  s s.c r~’ d o l e ’ n i l ti ed a t  I i i  l v  j u t s ’ t ’v.s l s I’ F ell I ~~~~‘ i M a t c h

2 1  .0 • I~~s i ng t h~ sc \oF~A: ~~~~ i v o  I , ’ i i .  1 oct t l i t ’ n W i  ii O t h e r ’  s ’h s e t ’ v a t  I O i l S  ‘I ’ t ’1’ I Oil S l v

used is 5 ’r - ,-.5 1—55 ,‘t  ‘I ’ sl’ l , ,’ 2. ih i e ’ , ‘i ’ ’h i  t i i  el,,’me’ti t s .ir,,’ list e,’,,I i i i  L ib l e  •s of l

page . 42  , v i  th the st .ind.ird d~’ v i  Lit i Oi lS be 1 os. e . I e  ii v i i  lie ’ . As b e t  or e  , t h e  c

or  each orbt t i s  at  00 h o u r s  ‘.‘n t 1i5 ’ ,t iv  I :t ~ 1 i c a t o 5 i  . In  I I of these I S  Ol ’ I ’i  I S ,

o n ly  t he  co,,’ f f i t ’ ie s n t  s N 3 ,  N 
1 

and N , w or e ’ re ’qu  i r ed i n  r h ~.’ ps~ 1 viiom i a l  f t ’z  I i ie • . l i l

.incma I y , e~;I1a t jon I, I ‘I . i t t  i ~. i s i i t i u su a  I , bee .1U Sc ’ the f u l l  so t  of ,,‘oc t’ f Ic  i cut. s i s

cenera  l i v  needed t’e ,ht ’ Jo5 ’ 5’s’ (as i n  1’ab Ic  2 ‘I : 110 Fe , his ’s.’e ’v e r  , t h i~’ oh s , ,  rv .i t i t in s  f or

C - I s  1 orb  it C X  t t’tid o ’s or no more  ban ‘ .
~ lion i’s , so t h,i t t 0. 5 and t erm s i n

j ud t h av e  much  le s s e f t ’ s’et  t h a n  when  I I ss b r  t h e  orbits s ’t ‘t a b l e 2 .

F or ex amp le ’ , i t  the set ot coo t t is ’ic nts Ill ot’l ’ i S.. of l’,ible 2 wore corr ’et , th is’

v a l  110 of N t 
• (= 0.05 t ~ you Id b5’ -.0 .00 f o r  1 < 1~. ‘ . So th is’ I c l’Ifl w o u l d  no t

he s i g n  i t i c a n t  f o r  t l ie  O i l s’ — st ,i\ orbi  t , and SI ws ’ii Id  ilot he iieeded . Tl1 ’ values

o t ~‘ , i and N t mom I .ib Ic ‘e 11,14’ ’.’ he Oil .id~i ss~I at  this ’ t’itd o f ’ 1” i ~s I , .7 siid ~
respect ively.

1 b ’  i . i s t  t h r e e  o r b i t s  i n  ‘table 2 1 , o r h i t s  S I , S-s . i i’~~ S” ’
~ are virtuall y

independent oh the correspond i u~ o rb  i t s  i n  l’ai’ 1’.’ 1 ,0mb i t s 1- ’ , 3 .l1l,,l N ‘I , be e-an s,,’

th i s ’ l a t t e r  o r b i t s  i n c l u d e  ,,‘i’t lV a f e ’s.’ oh t i l t ’ or i 5 i t l L i I o b s e r v a t i o ns , w h i c h  .it’ t’

~ r e . i t  I outwe ighed by the lat’Cs’ numh,,’r ot NI IR,\i1 o h ’ s e r v i t  i~~’t i s . So it i s  i n t e r e s t -

ing to compare thc ci OIIls ’tl t s . ‘ ‘ 
“ i s based ( ‘ I I  0514- hl oh ’ s~’i ’va I ions spre’ael

over 5 .~ days , 5itid requir e’s ii I six M— coot ’ t’i ci,,’nt s , so t h a t  10 pa r . imt ’t t ’r s ar e

be i t i g  d o t e ’ mm i ned from iLl obse ’ FV .11 j055 . ‘I’hii s in i ~ i t t  a l m o s t  be c a l l  o~1 a r~’5’ i pt’ I or

u nr e l  i a b i  l i t  v . Tite,’ corre ’sponsi i ng Ot1s ’~~d S v  o r b i t  , I” , u i  i i i  75 o h ’ s c i v . i t  i on s  .t i t , , I

oni v 1 1 , N
1 

and N , , s hou l d  ho much  inc’ F e ’ me i i  ab l e  . Compar  s on show s t h a t

lie ‘s~i in c s o h  e , C atid SI , i n  orb it S a t o i tit ’ Ot i S  1 S t  s’ll t w i t  Ii t 110 Se ’ 01 011’  I t  1”

b u t  t h~ vs  lu t ’ s ot  • , h~ and N
1 

are w i t it i n  t he  comb i nod sd . S~’ o i’b it S

emerges  from the colnp.il ’isou s u rp r i s i n g l y  w e l l .  5 ’ ’f ~~~5’ i s  ba sed  oti o i i l v  I t ’  obs , ,’r —

v a t  ions spread over 2.  ci days , and i’ os lu  i re  s I is’ ,,’ SI —cee,’ 11 i c i  e’ii t S , St’ t 1 1 , 1 1  ~

m e t e r s  a r e  b e i n g  d et e r m i n e d  f r o m  It, obss ’rv i t ioii ~~. l’his tn i e~l it  500111 l i k o l ~’ to  b~’

d i s . i s t ro u s , and it i s  t iot s u r p r i s i n g  t h a t  t u e  sd i n  i n , ,- i  i n s t  t en  i s  t i l e ’ l a m e st

____ -‘



.C:i~~I~ ,t t il e - ‘)  ‘ ‘ i ’ b i t ~~ . L , : i i l l , s F  l S ~ - tl S I L 5 ’  ‘ ‘ ‘re L1L , C s r a t ’,’ 11112 15,01’s r l ’ l i a ~~h’ o rbit

J shows t h a t , ~l t h t u i i ~’, i~ t i l e  4 - 5 1 0 - I S  sib i ass N , d i t i’~’r si 5 i i i t  i ’ _ L i l i t I 7 , , t i~ ’~

v a l u e s  f ~~~, 
-
, ~~ tsd “I , ~~~~~~ e O S - I 5 i , ,’ I’J  . So O F t - I t  5

/~ , t IIOU C II pOte’n~~

t i , tl j v sis 1s t _ r o l l s , i s  i~~r ’ s ’ ’~ h i i n i , , .  o’ ‘ ‘ isis.  3 ’  obs e rv atio ns and eo ’.’ - s r s .

.‘ . 5 d.~’~’s h~~: . r ~ de ’ ’ o v :  s i x N— ~~~ ’ l i s ’ l , l l t S  are i i e” U o U  at:s SI~ i s  c’: . , o p t i o n a l l y
t , I Y t ’ e ~~~~ sI ~ ’5 / d s {\  ) . A l l  , , , t t y t i c a l  ~,I : I ) 1 L  Ieiers:Ina tjoit ;‘rogratihs uroa~ dos’.~
i t decas’ hs ’~~~u~~s ’ t i l e  ~ic ’t ’L urb.1t ioiis bit.’~,c’rie’ u n l i i : i i t ,eu , so ‘ c i i i  85 m u s t  iile ’ s ’i 1,,5 b s y

be louk,,’o si -i s. i. t hi sos1’ i c i  o t t .  1 , ’mi ’a r Soil  ‘s-: i Hi t ’n i t N shows some si a ni  f iCant

J i b  I e r s ’t ~c , ’s , ~‘5~i 1  e i(,~ s - u i  of t h i s ’  - .4 0 : 4  i S - ’ l I i l : i t i u i l  j~~~~2 f i v e ’  t i n es  on eccentricity,

s i t  good hh. ’ r - o m e l l t  .it ’. , a n d  ( , , ‘ SI 1 . So , a l t h o u g h the l a s t  L t t l ’ ee o r b it s  of

j b l e  2 ‘ Se t , , ’  . 1 1 1  O e I t ’ f l t i  :1114’ bnu  I, t i i r u u g t t  I 4 C k  of obs~~r v a t io n s  ,1nd proximity to

d e c . s %  ) , i! n.’~ emerh ’.’ ren ,i ; ’ ’ , s i i l  v s.d I f r o m  t hi , , ’  L e st  of c o n l p u i r i s o n  s.’ith t i e  (more

S s iC Ut ’ , l r . C)  o t t e — 4 , i ; o r b i t s .

L’s av~~rag~ t Ile standara u ev l a t i~~tj ~ on :) r b i t , ,  83—85 of Table 2 are about

t h r e e  t imes l a r i t e r  L t . ~~il o n  t h i s .- c~’rrcsponJ i r~g one — d ay  o r b i t s .  The aecci  acy of the

,Jl c~~~U,,, , ’ l ) I ’ L) i t s  is Sul’-es.Ila t e l  Icr t t ~~s :i ‘ h o s e  of t u e  m a i n  o r b i t s  wi  th ou t H e w i t t

-‘ .es i-a ob- . r’5’,sti ot5o , tiio’;g h S e t  so ~o , 7  as tue  o r b i ts  o i t h  H e w i t t  cai.,~~r o 1•

obst’r’,’,,i: ions.

5 :C~1’d,YS1S 31” V \R [A1 i ~~~~. L’~ IN’.) N.’1TI ON A::D ECCE3-.TRICI’fl’ ::f : . ;  5 f lN .- ’
~N

Ii we accept t h e  aostkr ,intion h a t  t h e  ~ ,,~on i ’i t en t i  i l  can  be € ‘xp511’tee d i n a

double  i n f i ~~i to s~ s ics ef t e s3er , 1 1 n a i : 5 u ~’ , i u S  , ‘ luc ipe d  lia rt o n t o  coe f  f i c i c i tt s  of

a ‘si t icular ord,_ r ( ‘i i . l~~ ,iI I ‘.i i l c t i C :  ot  115 10, _~~u a l  c i e f f i  c i o n t s)  can be d e t e r m i~:e2

h O l S l i 3 S i n b  i 4 . ~ c~~- : i ’:geS  t1 , ;i~ oc cu r  , t i  Ible orb it al ci nests of: sa t~~j 1 i t c s  w a t , , h

e;’.I e r i e t l c e  r e-s -c,s~~’ s of t h at  ord .,r . ‘flee- Sate] I i t e  I 0 7 i ~~l O~ l\ was a - ’p r e c i a b l s

p e r t u r b e d  on p a s s in t ;  t h r o u g h 4 : 1 , 2 9 : 2  and I S : !  r e sonances , and the  e f f e c t s  of

til e s , r o so na n ’ ’s on t I le  o r b i t a l  i u , c  i i s , i  on asd e c e s ’n t r i c i  r ”  have h~~~y ev a l u at e d .

5 . 1  T h e u r u t i c a l  ec 1’~at i on s  f o r  : - ‘ resonance

i h e  1 o n ~~i t ud ~~”J~, r , E ’r I J o n c  gecpoteii tLa~ at an eater : or nr (r, è , “ na~ ’ be
u0

wri tten in :t,,,ri s.tl lied t o r ts as

~ 
~~~ 
(
~~
)
~S;

l
( s c s  ~:) {~~~m 

cos m~ + 
~~ m ~~~ m b

~~
N

m 
( 2 )

wh~ re r s the distance from t:’~~ E;i r t h s  centre . ~ is co—latitude , X is
089 long i tude (positive to the e a s t ) ,  u is t i l e  c’,ravitational constant for the Earth

(398601 km3
I s

2
) ,  R is the Earth ’ s equa torial radius ( 6 3 7 8 . 1  km), P~~(cos 0) is

4
— - - ‘ - .“ -e --.~ -——-.-- --- - —

— --~~~‘ ‘ - ‘. ‘
~ ,. - -‘- ‘1 a—~~ - .

~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~ _ 
‘
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the associated Legendre function of order m and degree P. , and C and S .fin
are the normalized tesseral harmonic coefficients. The normali zing factor N

10 P.m
is given by

N
2 

— 
2(29. + 1)(9. — m ) !  (3)

P.m 
— — 

(Z + m)!

The ra te of change of inclination i caused by a relevan t pair of coef-

ficien ts , C and S , near 8:n resonan ce may be wri tten
1 1 ’’2

P.m P.m

= 
fl(~~~~~

2

)(~
)

P.
Fj
~
p
G

fpq
(k cos i - m)4~ 

+1
(~ j

~~m
)ex j (

~~ 
- 

(4)

where F is Al lan ’s normalized inclination function
12
, G is a func tionPanp P.pq

of eccen tricity e for which explicit forms have been derived by Gooding ,

deno tes ‘real par t of’  and j = . The resonance angle 4 is defined by the

equation
I,

= + M) + ~ (f ~ - v) , (5)

where ca is the argument of perigee , H the mean anomal y ,  0 the rig ht

ascension of the node and v the sidereal ang le. The indices ‘y, q, k and p

in equation (3) are integers , wi th y taking the values 1 , 2 , 3 and q
the val ues 0, U ; the equation s linking P., m , k and p are 1 1

:

in = y~~~; k = yci — q; 2p = P. — k

A t B:c i resonance the r n— s u f f i x  of a relevant 
~~Qm~

S
P.m
) pair is given

uniquely by the choice of ‘y . The values of P. to be taken must be such that

P. ~ m and (P. — k) is even. The successive coefficients which arise (for given ‘~

and q ) may usefully be gathered together in a lumped form and written as
1 1

_q, k r~-t q,k_ q , k q , k
C
m 

= L1 Q~ C&m S
m 

= 
~9. 

S
P.m 

(6)

where £ increases in steps of 2 from i t s  m i n i m u m  p e r m i s s i b l e  va lu e ’  , and

the Q~~k are func tions of inclination that can be taken as constant for a parti-

cular sa telli te, and ~~~~ = .

The ra te of change of eccentricity e caused by the (, ,m) harmoni c near (lSq

B :u resonance can be written 1 ’

_____________ 
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w i t  ii t hic ~ 4’ . t i l i c  c lo t  11111  1 OIl S IS t or c e h U l  t 1011 ( c

As t he- i~ - t u i i c t i 5 ’n~~
1 

ar e  t ’t order ~~~~~~~ 
, i t  i s  u s u a l  I v  found  t h a t

‘N c
t or or b i t s  w i t  it ec ’, e ltt r i ,  i I v -. . I t lie’ c, ,q) (I ,0) terms produce t h e most

i m por t a n t  t’esc ’iisns ’c c t  I s I s on 1 he i tie’ 1 i n s t  ion . For the eccentric i t , the

i t ’ 1. i t I c’ I ” t l ’ ~ ’i 1 . 1 1 1 ’ ,’ s t  tic 1 ~‘ i ” ,~~ I . . I i i  t t ’l v s ( , ’ ’  itl e-tl h~’ I t i c ’ v , i lito of

— (k + q)e ~~~, w h i , ,  h i s  ~l s ’rcIel ’ ~ck for  q 0 , of order I or

q = I and of  order  ~e l o u  q — ‘ .7 . So for the eccentricity the s t ron g e st

c i i  c’c t s are usu ,i  l i v  caused  by t h e  ,q)  ( I  , I ‘~ and (I , — I ) term s , if “

H oWt ’ve r , t l ie -Se’ ru i c  d5 ’e not  a l w ay s  app ly and 1q 7 1 — I OhA proves to be some—

w h a t  e x c ep t  j o n i t I  , becaus s ’ t h e  joe l inst ion is quite clos e- t o  th e’ critical m d  in -

st ion (h . -I ’’) .iud t h e  var i i  t ion  sit i s l ow , t lie’ vs I uc ’ 0 ~~i be’ ing about

I). ~ dog / ~l . iv  . Co nsequent  l v  t he’ I. -i — u s) , , and (4’ + ,~i )  t e’rms in equs t ions (4’f

in t l  ( 7 ’) 1 rt ’ d i i  I I e’u It t o  St psi’s t e ; when a l l  t h r e e  are- in c  luel e’el in  I he I i t  t. il ls

he c’e)r r 0 I.i I i otis be’ twet ’n t Item t end t o be hi gh , and the re  i s a dange r t h a t  t. he

values ol t he co ot  I i e louts obt ained en. 11 have large standard deviations . So, i n

.111.11 v s i ut~ t I i ~ ’ I h i t ’ ,’ rt ’ss ’i i .llic ’ ’s , ( l it ’ pc i~~~~i b i  l i t  v s r i  sos of d r o p p i n g  situ ’ of th i c ’

t h r e e  t o  i-in s t o  improve the Sc ’ ~~J rat lc ’ii I t h e  c o e f f i c i e n t s  . ‘Iii is had to bt’ t ested

i i  .1 1 I t hi i ’ t ’~ ’ l’ t’ sou iauc  c’s , .iiiel pi ’ov oil :1 USc’ t u 1 st i-at ageni in two of th e - in .

l~or t ’ .is ’hi o f  ( l i t ’ I h r t ,’c t o  ss ’t i ~ii i~’ ’  S it iS  i i eces sai ’v  t o  c h oos e’ t h e  t inie’ I i t t  e’rva 1

ov e r  w h i c h  t lic~ , t n . i lv s i s  is to be made .  If too long a t i m e  in t er v a l  is t a k e n , the

orb it .11 ~~.I ram e- t c r  i, i .‘i o’) w i l l  not  be a p p r e c i a b l y a f fe e  ted by the  resonance ne-ar

lie t u s k  , ~nd it is b e L t  or 1 o con c ot it  r a t e ’  t i i t ’  :ina I vs is i n  the’ reg ion whe i-c’ t h e ’

v’ ir t a t  ions  .it’ o 5 ( 1  s ’s . ‘ h u e -  tl5ngt’ r of t ak log  t oo short an j O t _ c’ rva 1 is t h a  t here

c i  I I not he- t ’ i i s ’i u ’ h i  ~1 , e t  .1 pc ’ i ut  s . A ch o i ce  between t lit ’ Sc’ e’x t i-c lu e ’ s must be made

I n  ) ‘ t ’ I s ’ t i c k ’  t t It ~ V t l i l t ’ s ’t i s u sed as  a gui do , Slid a range o I v a l u e s  o I

b et  wee -u —t ’I) aie + )~ t~ ‘)(‘)t/ cl~~v is re-garde-cl as t be ou ts  ide l i m i t , but the t irne- inter-

va l i s i ’edueed i t sit  .ieloqii ; i t o number  o I’ VS I no ii r e -m a i n :  genera  1 1 y it is advisable

(~~i use-  I t  I e  1st  .7)) ti r i ’ it s

.‘ l i t  l i— o r d e r  I i :  I) t t ’ssm a i i c c’

I F’.1uiit ions I or I i  : 1 resonance

L 

‘ru e- ns.~ ~mti~ r t .mt t ernis in equ~it  ion ( ‘c ‘I t’oi’ 14 : I i, e - s o na ilce-  ~i re  t hose’ W i t  Ii

— I , l ) e - e , i l l S e -  — ~
‘ terms ,tre .issc ’cis tod w i t h  hsrtn c ’n ics  of order .78 (m =
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aizd sh o u l d  ‘. mu, - h i  ~ iti .c I I e - r  t han ~~~~ ol , ‘ t s h t ’ t  I i .  (~ i ( h 1e - t oi ’ii is c i  ( I i  = I

those w i t h  q = 0, I and — I a r e  I i ke - I y tel be t h e  tubs t impor t_ a lit , S i  l iCe’  C c’rniS

w i t h  q = + . 7  have an extra c i a c t o r .  W i t h  = I , in = = I - c an d

k — q I — q , and c ’ottc e ii tr a t ing on t e r m s w i t h  ( ,q)  = (I ,0) , (I , I )  and

c, I , — I  , ( l i t ’ i i  t [~~~~~‘~~~ I s
~ 

, I., ,) iii  equ~It  jo lt s , c s )  5I re ’ (0 , I ) , (I ,0) and (—I ,2) . W r i t _ i  t i g

~‘it1v t h e  t h t ~ ’~’ tet’m~ c’tt hi i si,q ) ( 1 ,0) , ( 1 , 1 ’ )  a nd i s I , — l ) c ’xp h i c i t l v  and t a k i ng

( I — e- ) — • tie t h i t ’s’ ret ic , cl v sri a I ion  oi i itt ’ I i u u i i  i on  g i y e- l i  l iv t ’dlu a t i Ott (4 )  may
- I I — I- i

~‘e w r i (  t e n  I c i  1 4 :  I r c ’so t ’i s l i c ’ t ’ is

I A  I,) I 0 I
= 

•
~~~~~ ~ {

~ 
(I-+ - cos i ) F

1 5 1 7 ~~S 1 ,  s i n  ‘~ + HA L O S

1 , 0 1 ,0
+ ) 

~~~~~~I4 , I4 , 7~ H4  S m n ( ’~ - ,
~

s )  - S 1 , e’o S ( ’~ -

— 1 , 2 — 1 , 2
+ — (14 — .7 cos i)F 

/ , , s i u (  + - )  — S , 
c s )~~ ¼~~ 

t u s ’ )
14 ,14 ,)’ I’4 H

+ terms i ~~~~~ 
q 

L’0S 
— 

~~~ 1 . (8)
(ci: ) ! slit

~l 
, k ~_ t i ,k

The three  pa i rs  of lumped c o e f f i c i e n t s  C and S ap p e . I r  i n g  in

equation (8) may be wri tteic in terms ci  ( t i e’ jiieI j~’i dit ,c 1 ge. ’~’& ’ t  u~ t i i l  s ’o t ’ t  I j e j e - l i t S

(c~~~~ s~~~) 
as indicated in eq u a t io n s  (6) . E x p l i c i t  l v , w i t  ii (he ~~ c’xprosse’d

s l , k
in terms ot  t u e F’ tiun ctiot is , the is ’ irs ’

0,1 
= , — 

Hi ,~z+ ,~ (R\
2 

+ 

F’~ q ,1~~~ 
f~~~~V~~~ 

, — ( d i)
H I , 1-4 ~.

. \~ / 17 ,14 ~ 
i i ) , 1-i

15 ,14 ,7 5 , 14 , 7

1 ,1) 
= - 

1 7 F 16 1 4 8  (R\
2
~ ~~~ I 8 , I 4 , ’) (R\

4
~‘ l ’ e ‘ 14 ,14 l~~F - \s) 

‘ 16 ,1 ’ ) tsi ~ , , \,. i)  
‘ 18 ,1” i (IL)’)

I ‘e , 14 , 7 1 . 4  , 1 - 4 ,7

-1 , 2 
- 

- 
- 

1 W I 6 ,4 7 (R \
2 _ 

+ ~~~~~
8,I 1 ,8f~~\ E  - (II )‘ I i  14 , 14 I I F 14 14 6 

\a) 16 ,14 
~~~~ 14 14 6 

‘ 18 , 14

and s i m i l a r l y  fo r  S , on r ep l ac ing  C by S t h r o u g hout . The ro sonauce an g l e

~ is g ive-n by e q ua t i o n  ( ‘~) w i t h  a = I .‘inti ~ = I A  .
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The most  inlport ant t e r m s i n  equa t  iou (7) , whi ch gives the ratc’ of change of

e’ccen tricity , are those wi t_ li (‘~ ,q) ( I , I )  and ( 1 ,—I ), but for consistency with

e q u a t i o n  (8) t h e  (
~ 

,q )  = (1 ,0) tertlis arc also g iven exp licitly. Th e theoretical

equat iot i  for e c c e n t r i c i t y  giv en by equation (7) may therefore be written for 1 4: 1
IA

resonance as

= 
n

(R)

l 4
~~~

(Ry (

~o~~l 
sin +

- 
1 ,0 1 ,0

— 1SF
14 sin(4’ — w) - S

14 
cos (1 - w)

— 
— I ,2

+ lI F
14 1 4 6~

C 14 s i n (4 ’  + w) — S14 cos(1’ +

+ terms in [ ) (
I
~q

I
~~?

I 
~q 

- 
~(k + q )e 2

~ 
~~~~ - ~w)~

] 

, ( 1 2 )

q,k
wher e the C 1 , and S

14 
are given by equations (9) to (II).

5.2.2 Analysis of inclination , i

Cosmos 462 passed through exac t 14th—order resonance at MJD 4 1659

(1972 December 8). The effect of this resonance on the inclination has been

analysed over a period of about two months either side of exact resonance , using

the THROE computer program developed by Cooding 15 ’~~~, which  fits the values ~f

with eq uation (4) in integrated form . During this t ime there were 27 values of

inclination available for analysis , 10 val ues from the PROP orbits in Table 2

and 17 val ues from orbits supplied by the US Navy . All values of inclination

were cleared o lunisolar and zonal harmonic perturbations using the computer

pr ogram I’R0D 16 
with one—day in tegration steps; for the orbits of Table 2 , the

J
2 

perturba tions were also removed . The US Navy values were initially given

standard deviations of 0.003
0 and the PROP val ues were g iven their quoted standard

devia tions from Table 2. Four of the PROI’ v alues had their standard deviations

incr eased to 0.0005° to allow for the neglected effect of Earth tides; one of

th e US Navy values was discarded because it was inaccurate and another , that at

MJD 4 16 1 2 , had its sd inc reased b y a factor of two .

The remaining 26 values of inclination were fitted with equation (8) using
j \c1 ,k

TH R OE , “~ wi th (~~,q)  = (1 ,0 ) ,  (1 , 1)  and ( 1 , — I ) .  h ’ht c ’ c o e t i  i c i cu t s  I~C,S)14 in

089 equation (8) were undete rmined in this fitrit -i g , ;
‘
~~

‘ the standard deviations are

of the same order as the values of the coefficients. This was to he expec t ed

~ 
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I ’ t ’ s ’~ I i l 5 t ’ c i i  t hi t ’ ~~ ‘i’ t ’ e h at b u s  tue -it t j o t i e s I  c ’S t  I i c r ( S t ’ c t  l s ) l l  i . I) ,t i sl hit ’d’SUSs ’ t ht’tt ’

were only .‘ t ’ v a t ties l ’e- i  ng I itt e-d , scat’ eel v t h oug h t o  .i I I OW .1 ~~s ’c ’ ch  dc i t ’ t n t i  i i i  I i on

s i t  the BCV e-l i  t ’oe- i  I i t ’ i e ’tit S ( ( l u ’ s i x  harmon i1’ Os i e - I I i s ’ i t ’ll  i ‘ , t i i cl  t lie i til t i al V S i d l e ’

ot  i nc  I inst jo l t ’)

Sc ’ t he vs 1 t i e -u ’  W e - t e’ t li e-it t i t _ t e d  c i t  Ii ‘, • q ) (I , (1) ti i tl v . ‘l’lie values ci

I umpech harmon i c ’S oh ’ ( .1 i li t ’ s1 We’ I’ t ’

(1 1 0 I
‘ I I ’i

10 - = t ’ ’ ~i , 10 S (13)
I -, I

w i t h  — I .66 (~ is .is def in e-el iii se - s t isi t i  ) ‘) . A t u r t l i o r  run , w i t h  (
~ , s~~) (1 ,0’)

and (2 .0) , o t i o i ’ed no adv an t  age : I lit ’ is -’ • st ) 5 5 ’ S ’ I t i c  t e l l  t s we ’re- utid e Ce- i-in i ned ~itid

increase-cl s i  i g li t  i v . liii ’ v , t h t i ~’s si t t h e -  s ’os ’ t  I 15 ’ l en t  ~ - i n  equal ion ( I  (“I ~l t s ’ SJt i s —

f . i s ’t o r v  in that tlie~ prov ide ~in stc ’ c’e-pt~~b lt ’ l i t  ( i tig . bu t  they inc ludc ’ the c i  t e s t s

s it  the negle~’t ed (1 ,1 ) au th (1 ,—I ) t t ’ rllis . ~‘.ihues sit  i n d i v i d u a l  h - c t h i — o r d o r  so ot  —

V 
0.1 0,1

I s ’ I e’ f lt  S r e c e n t  I v obt si  t ied m d  jest oc h t l i s t  l i t ’ va hil e - u ; s i t C and S , fo r
5) 5) 

I- c
I ~) 7 I — I is)u,.A shoci Id be s l i i ’ t s ’x i l n a t  e l v  ~ ‘- 10 and — ‘ ‘ 10 . ‘l ’huose v s  I t i e ’S .i l ’O s i t

tic Saute o t ’d e ’ r . iS t h i s ’~~e- i t t  esiuS t ion (I 1 ‘) but di I’ t t I  su I I’ t el ott t 1 y t o suggi ’s C t his

t h e  abs orp t i o u  s i t  t he  (1 , 1’)  t u sh (1 , 1) (et ’flis does ,lI i c ’ s ’ t  the value ’s obtai ned .

• I
Next t be vat ’ ta t  ton si t iu is ’l ins t ion iv 5 ’n b us i tig thi s ’ vs I tIe -S 10

~ ntl 10 S — — 2 ”  is iS s a t  cii 1st ~‘s I us I ~g ‘UIi ROI ’ . I t  wa s  t siunch C his  t C l ie ’ i’a 1 - 1 s t  ion

i~~ inc ii oat ion was ext rome- I v sins 11 , 0ev e’ t ’ iiiore - C ha n 4(1 .0008’ ‘I’iio (I , 0) t o i-mS

we re thc’t’e t  o r~’ di~ s’si’eheei .insh t he values c i i  inc h in st  ion I’ i t t e ’tl c i  C l i  
~~ ~s~

’1 = (1 , 1 ’ )

~tu ~h i~I ,—I) . ‘the r e - s t i l t s  were t , t i r h v  ss(isi,is ’ts ’ rv , w i t h  = I .~~ suid standard

d v i  at i ~‘iis about 4 sit t hit ’ vs t u e - s  o I C lit ’ s ot’ i t ’ j s ’ louts

f lex t ~“0 m t  t o  be cons  i tie t ’e’ sl ts ’ ,IS t h e’ poe ib  i i it V I hi .i I ( , s~ ( I  , -
i ‘) .ind

(I ,—2) t ’rlns m i gh t  h~ vc an appu oc’iab Le -  et  t oct. v a l u e s  s i t , 

~
)
~
‘ _)

~~

‘ • I

we re ~‘a 1 cut ate’d using t he vs hues o I ifle! iv  i t h u s  1 I - ct hi— eit’sho l’ t’s ’c ’ I I 5 ’ l en t  s t u-situ

Ref I- c , and the- vari at ion si t m c i  I n s t  j o l t  due’ to  ( lie! ( )  , s( ’) ( i ,~ ’ ’1 , i n s h  ( I  , .‘‘)

term s c’s s cal cci i at_cd us i its ‘l’}IR0l’~ . ‘I ’hi es~’ t ‘ i tue pi ’ s ’t h l i s ’ o~I an i 1 i 1 ’ us ’ s ’ i a b l e  e h i . t i i g e  i i i

inc I in s t  ion  at  I’ d ’ Soui.ttico , about 0 . 0 ( 3 1 ,
0

. The- raw vs 1 t ~~’ of jilt ’ I j u l 5 1  i o n  wo t ’ t ’ I here--

ore mod i f it’d b~’ sub t rae’ t i tug t lie ot  I o ct  s i t th i s ’  ( I  , _‘‘h .uncl I, I , — . 7  t o  i tus . i s  ~‘. i vt ’n b

(hi i s c. i  I ci i i ~,it  ion .un~I a new f it t  I tig sit ( ,ui ) ( I , I ) •tiitl I, I , — I to flitS is’ .l S IliSel d’

is ! 54 

- ________ _______ -  - a...j._. _— - -
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1’hit ’ ‘s’~ i i u s S ,s L i t  51, i i i ,  ,i ist ’ l ’ c ’

I ,t) — 
I ,~~~

to t ’
1 

= — 0)0 215 ~~ 5 I :I = h i  I ” iS

( I  -
~ 

)
— I ‘ —Isi ,,,  • ‘

I O C , = 10 1  ~ s17 , l O S , = -cI2 ‘ 1521- ~ 1 +

with I .48. T h e  l i t  ting is quite g~~’d , t he s’urve being shown as a f u l l  l i n t ’

in Fi g 5.

‘f lue v a l u e s  (14) are not etitirs,-l y sat isfactory because of t h e i r  large

standard d eviation s , whi ch stem from th ~ stro ng correlations between coefficients —

_ i ,P —1 ,2
for exam p l e the correlation betwecti C

V 
and S 14 is —0.953. So a better

ccliii Is~~ is l ike l y  i s ’ i c  1~s~s e j l~ Ii~ I i’ s ’lll I l ls ’ e e ’eul t , i i i s ’ sitte h’i t of m c i  in ;uti c’n S i t s ]

ec centricity using the Sl, ’tR! - ,:4 
H 

computer program . This will be discussed after

the a n a ly s i s  of the  v a l u e s  of s’c cc!ritri c,’ it v

5.2. 3 An al ysis of eccentr icity, C

The e f f ~ ’ct  of I tie I.: I r e -s o na t ic e  ci ,  tin,’ oc centr icily oh  the orbit of

1 9 7 1 — I  06A has he-en analysed ov er  t h e  s.i ,t’e’ perIod as t I to i n c l i n a t i o n , ‘
,‘ about two

mont h s e i t h e r  s ide  of e’X ac t r eso i~auc c , us I u~g the S h u t ’ 27 orbits. The US Navy

values core ’  s’Jveu starid,ird devi ut i o n s  s i t  1 .00008 and t h e ’ PRO!’ v a l u e s  were g iven

the standard d e v i a t i o n s  quoted  i i i  ‘l’sb l e 2 .  ] ‘] ir 5 ’ t ’ of the PROI’ v a l u e s  of os ’c0fl~

t r ic it y had the ii ’ st anda rd  tie -v i a I i s i t S  i ic rt, S S C ’ s t t o  0.000008 to  s 1 1 oc’ I or the

ne-g lee  ted of les t of E a r t h  t i de s , and t i t i ’ U S N a v y  V a l u e  d r o p p e d  from t u e inc 1 in—

ation anal ysis because of l ia c s ’u lriuc ~ was a] so omit ted htc’rc , for the same reason .

A l l  v a lues of t ’c’ c e n tr i ci t , v were cli ’ i ted of tu tu solar au id .‘onal harmonic pertur-

bati ons using the I’ROI)~~ computer pr ogram as w i t h  t h e  i n c l i n a t i o n  v a l u e s .

A f t e r  the first T1(ROE fitting, with equation (12) but  o m i t t i t i g  (‘~ ,q) = (1 , 0)

terms , it was apparent that the ’ U S N a v y  v a l u e s  s i t  c ’cct ’n t r i s ’i t -v  s u f f e r e d  a b i a s

relative I ci t h e  PROP vs l ut e - s . ‘fit j s mi  eri~i t oh ]s~’ t e s’e- ui IS Nii~’ V and I’ROP values o I e

has arisen previous ly
17

, and was attrib e it s ’d to an in ’onsistency i n restoring the

odd— ion s  1 harmonic’ perturbation to I h~ ’ L’S Navy values . Since the perturbat ion t o

e is of the form K s i n  s , where K is i i  constant , t h e  s in ip le ’st pr oced eu re for

correcting the bias is to subtr ac ’t an ex p r e s s i o n  s it  t h i s  f o r m  I rom the value - s of

o , this ’ value of K being chose’n emp ii i s’s I I v t o  uui in m i  ee the bias . Here t he

quantity 0.0001 ~ s in  ~~ was subtracted f ron e tch oh t h e  I ’S N . iv v  v a l u e s  of

- 
___

_ _ _ _ _ _ _  
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The first T}-IROE run after making this modification showed that the first

PROP val ue o f e , at MJD 41592 , fit ted badly and its sd was increased by a

fac t_or of •IO . The resulting THROE run for (‘),q) = (1 ,1 ), (1 ,— I) gave i 1 .5

and values of the coefficients with standard deviations not much smaller than

the values. Next the effects of tile terms (‘~ , q )  = (1 ,2), (1 ,— 2 )  were cal culated

using values of the individual  coe f f i c i en ts f rom Ref 14. The variation in
due to these terms was appreciable , abou t 0.00003 , so the values of e were

cleared of this perturbation , and refi tted with THROE. The resulting values of

the coefficients were:

9
l~~0 9_ 1 ,0

10 C 14 = — 139 ± 247 , 10 S14 = 6 7 8  ‘ 2 2 6

( I S )
— 1 ,2 —1 ,2

I0’C 14 = — 733 ‘
~ 154 , l0

~
S 14 = —271 165

wi th c = 1.50 . In this fitting the density scale height H was taken as 42 km ,

the value appropriat e for a height ~H above perigee. (Values of 44 and 46 kin were

also tried , but were less sati sfactory.) The fittin g is quite good , the curve

being shown as a full line in Fi g 6, but the standard deviations of the values are

too large to be regarded as satisfactory, again beca use of the hi gh correla t ion
1 ,0 —1 ,2

be tween coefficients — for example the correlation between S~ , and C 14 is

0.955. Therefore a simultaneous fitting with i is required and is discussed in

the following section.

5.2.4 Inclinatio n and eccentricit y fitted simultaneousl y

The values of inclination and eccentricity fitted separately by THROE were
next fitted simultaneously using the computer program SINRES 

1 1 , This program

combines the results from a number of THROE runs and produces a single set of

coefficients to fit the data . The program allows a choice of weighting, so that

the contributing THROE runs can be given more or less weigh t according to thei r
accuracy of f i t , indicated by the value of c

Here the final THROE runs for i and c were combined and no weighting

factor was applied because c was 1.5 in both contributing THROE runs . The

SIMRES f i t t i n g s  are shown in Fi gs S and 6 by broke n lines si’s,! the  values s i t  t h e

coefficien ts given by SIMRES are :

08s)

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — —‘  - U  
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I t )  C 1 = I ?  ‘ - i ’~ , I i )  

~ I 
— - — I L 7 ~’ L i

- 
( I t i )

-
‘ 

, 2
10 is ’ , = — 1St ’  ‘ I t ’  , h uh S = 50 41

I - i  I

The standard devi a t ions of t hu t ’ values in ( I b i s  a re  cons iderab l y sina i lt , ’r t h a n

in (1 ~)  or (IS), and the’ values should also be more ’ r e l i a b l e -  because -  t h e  number

si t
’ values being f i t t e d  is doubled. This conclusion is conf i rmed liv Fi gs 5 a i t t l  I’ ,

which  5110w that, fo r both i at’td i, th~ SIMR E S I i  t t i r u g looks j u s t  as good as —

or p e rh aps be t  t e’ r than — t h e ’ m d  iv idua  1 f i t  i i  t ugs  . T h e  va I us’ 5 ( I  h )  d i f f e r I rs ”n

the c o r r e s p o n d i n g  v . t l u e s  iii t,, 1~ ~nt1 (I 5) by between (1 , 5  and 3.2 times t h e ’ su m

oh the standard dcvi ,i t jot’i~ . lIs,’ iiieh iv idtu a 1 di f feri’nce’s for t’achi tOe I I ic i s n  I

expressed as multi p les of t h is ’ sum of the stand ard deviations , arc is follows :

I ,O I ,O —I ,2 —1 ,2
I’ S - C , S

I I- -
~ I .

~ I

i I .5 ‘ .5 2 . 5 1 . 8

c 0 . 5  3 . 1  3 . 2  1 .6

1 ,0 —1 ,2
From t h i s  table i t  mi ght  be cxpt ’ c It ’d t hat t u e values ci 

14 
.iuld 

~~I 
w o u l d

be- more re-I iab le t i t a n  the sit h e r  two .

In t ile’ re -ce -nt i’v~ulua t ion s i t  i nch I~~’ j d i t a l  I 4 t l i — s ’t ’ s l s ’r huarmoui ic s in t ite’ gcsr

p o t e n t i a l  14 
t h e  1 unipod hi.Irms ’n i 5 ’ v i  lues in equation ( 1 0)  were u~~c’d i n  l i i i’ so lu Ll

I ,O _ — 1  . 2
or harmonics sit order I i  and eve -u i  do gu t ’s’. It car; I ound t hat the  C

1 
and S

v a l u e s  in equa l i o n  (It’ ) made’ a use ’ lu 1 cont  r ibu t  i on t o  t ito Sel l cit  i o n , v I e ’ 1 d iu~g

S wei ghted residuals of 0.04 and 0.71 res p e ct ivel~ in the - f i v e — ~ oet ficient solution
I • isl — I

quoted in Tab le  7 s i t ’ R e f  I~~. h ’h i c 
I ‘ and is ’ value ’s in equation (1(i ) , hoc’ ’-

eV e-  r , did i t s ’  t it so w e - I l  and to ii’ s tatid ~uz’j s i t ’v i i  t ions we it increased liv I St tors

oh S and 10 r s ’Spe c t ive I y : e V s ’i t  t hen , t lie’ ci’ i g l u t  e’d i s ’ s i shui ~~1 s I or I his ’ Sc ’ t We 1 i ’ s ’t ’ I —

l i e i c ul l s  in  tile I i ye ~ t’siC I lie ie i l  I sd ut sin quote ’d i n  Table 7 oh Ref 14 are — l . 17
1 ,0

.‘nid H J 4  respc’s’t u~ clv . I r i s  t ’ s i t t l  i n n s  t h e  i n t h i e ’ t t  l o u t  is lus t the values of t
~14

inch S
I ,~ t t  (‘qui t t ion (I t ’)  S 10 h i s ’  i i ’ s i  i a b l e ’ t t i , i u u  t he o t her  t co.

5. 1 2~~: 2 re’ sonauico

089 ‘the s h i n es ’ s i n  i u ~~l i n s t  ion i n t l  t’ s ’ s ’(’iit F L  c i t  V a t  20 :2  r i ’S ouat lce  are

to  be only ~ is  l i i - ’ ’ i s  5 1  l~ : 1  rs’sotulnc - i ’ , bt ’s’auso 11w values sit’ the  C n r c

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~
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l i k e l y t o  b~ o n ly  * as large , and the resoulancs’ is f a s t e r  because - cM IS

twice as large. So the chances of successful anal ysis are poorer. However , the

anal y sis needs to be mad e to assess the overall change in i at resonance.

5.3 .1 Equations for 29:2 resonance

The mos t important terms in equation (4) for 2~l :2 resonance are those with

I and q 0, I and —I. The ~ = 2 term s are’ asscciated w ith -i harmonics of order

58 (m = ‘
~ ~) ,  which sh ould be much s m a l ler  t itan those of order 29; and terms with

q = ~2 have an extra e factor.

For the 2~~:2 res onance wit h - i ‘, = I , m = ‘ 2~
) and k ‘b i  — q = 2 — q ,  50

that the affixes (q,k) in equation (6) a r e  ~0 , 2 ) ,  ( 1 , 1) and (—I ,3) when q = 0 ,

1 and —1 resp ‘:tively. Writi ng only the t h r e e  t e r m s  w i t h  (~ ,q) = (1 ,0) ,  ( 1 ,1)

and (1 ,—I ) exp li citly, th e theoretical vari at ion s i t inclination give n by

equation (4) may be written for 2 0 : 2  resem ant ’e 
1 , 18 as

= 
~ (

~

)

29~~ 
(29 - 2 cos 

~~~ 3O , 2q , I,J~~~s ~~~~~ ~ + 

0 , 2 
t ’ t ’ S

— 
I , I I , I

+ 16 e ( 2 9  - cos i ) F lS1 2l) 1 3~
t ’ l ) Si n (~ - ~) - S

29 
cos (~ 

— w)

- 
-1 , 3 - l , 3

+ 12 e ( 2 9  — 3 co s i )F 29 19 13 C 29 s in ( ~’ + w) — S29 cos(~ + w)

+ te rms in 
~~~~~~ 

(~
-
~ 

- qo)~~ . ( 1 7 )

_q, k _q, k
The three pairs of lumped coefficients C

m 
and S

m 
appearing in

equation( 17) may be writ ten in terms of the individual geop oten tial coeffici ents

~~ 
as indicated in equa tions (6) . Exp licitly, with the Q~~

k expressed

— q , k 18
in term s of the F functions , the C are

in

0,2 
= 

— 
— 

29 15 (R\
2... 

+ 

1
~34 29 16 —29 30 ,29 ~ \aJ 32 , 29 ~ \aJ 

‘34 ,29 (18)
30 , 29 , 14 30 , 29 , 14

1 ,1 
- - 

17F
31 29 15 

+ 

18F
33 29 1 6 f~\4

E - 1929 
— 

29 ,29 I6F ka/ 31 ,29 IbF ka) 33 , 29 ‘

29 ,29 ,14 29 ,29,14
08(1

and
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— I , i 1 1 1
1I ’t i I R~~~ 

1
~~

1 H~~~) I 5  R 4 -
~~~2 ( i  = is , ,) 15( - 

(a) 31 ,29 
+ (4 1:

3 3 2 5)  
— . (20

U 20 ,251 ,13 ‘
~ 29 ,25),13

and simi larlv for S , on r e -p i n i c ’ i ng C by S th roug h o u t .  T h e  resonance  ang le

is civ en by equation (5) wi th = 2 and t- = 2~
) .

For ti-ic 2(1 :2 l’ess ’i l au lcc  , t h e  t h e o r e t i c a l  v a r i a t i o n  of e c c e n t r i c i t y  g iven by
/_q,k _q,k\

e q u a t i o n  ( 7 )  m a y  be w r i t t e n  in terms of the same ,s ) as
18

= 
~~~~~~~ e~~

)
~ 3O 25) 14(

~~:L

2 
S i n  ~ + 

~~
;

2 
co: 

~~

— 
I , I I , I

— 1 oF 2 51 , 2~~, I 4 2 k )  sin(~ — ~) — S,9 cos(~ — w)

- 
-I , 3 — 1 , 3

+ I 2F 
2 5 ) , 2 k) , I 3~ ~ 25l s in  ( + s i )  — S29 Cos (~ + ~)

+ terms in 
{q  

- ~(k + q )e 2} ~~~~~~~ 

~~~ 
- q~~)]~~ . (21)

Three term s .irc given exp l ic i t ly in equation (21), those with (y,q) = ( 1 ,0 ) ,

(I .1) and ( 1 , — I ) .  The m a i n  terms are expected to be those with (‘~ ,q) (1 ,1)

and (I ,- -I ) but the t
~~,q) = (1 ,0) term is a ls o g iven exp licitly for c o n s i s t e n c y

w i t h  equa t ion  ( 1 7 ) .

S . 3 . 2  Anal y s i s  of i n c l i n a t i o n,  i

The inclination of Cosmos 402 was analysed at the t ime of 2t1 :2 resonance’,

using 2 1 values of inc l ination , seven values being from the PROP orbits in

Table 2 and 14 values from orbits supplied by the US Navy . The analysis extended

to nearly two months either sid e - of exat’t 2~~:2  resonance , wi l i c i t  occurred at

MJI) 42012 (I t t ~’ 1 November 2 6) . A l l  v a l u e s  of inclination were cleared of ii ni—

solar and zonal harmonic perturbations using tile PROD
16 

program wi th one—da y

integration steps and , for  the  seven v a l u e s  from Table 2 , the J ,, ,, p e r t u r b a t i on .

The I’S Navy values were given standard deviations of 0.003
0 

and the PROP values

wer e g iven their quoted standard deviations in Table 2.

O8~ 
The 2 1 values of in clination were then fitted with equation ( 17 )  using

q,k
THR OE , :‘ ‘ w i t h  (~ ,q )  = (1 ,0), (1 ,1 ) and ( 1 ,—I ). All the (~,~)29 coeffi cients
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i i i  os~u,tt i5’n is I ,‘ c i t  t ’ t u u i , h t ’t  t i  m u  tied in t h u  is I i t  I ‘ , t n u t  I l i t . I m l  sl id u ’ s - ve a l t h i t

the I’S N tis ’ s v . u i n u t ’ nn wt ’i’ ( ’ ~ l I t o 5 ’ l , ui ’ e~’: di scr s ’pants ’ t s r  s ’l ’ t h i s  b i n s !  h is’ s ’ l’ s i n

1 2  1 5 1  20 ‘ ‘ ‘I c’tutisl i ’m ’ s’\’ 1 ot i s  l v  ‘ ‘ ,tui d ,tt s sh ut ’ t o  s l i t I s i t u ,  en’ mu ~I cI t u t u I i s ’i i  tn i l i e ’ l ’~’ ~‘t , i V

s i h i t s .  lht’ s h i l l  u c t u h t v  is ~tv ’ ’mJ c sI (‘V n r , i b n m u c ~ t i s s ’ s ’ u n s t ~~u u l ( )  oiuip i m i c . u h  s ’hi uu igt ’ ~ii

t lie- (‘S Navy v~i lu s ’s i ntl here t lucy \s’ s ’ h  ,‘ a l l ii ~I nu ~’~’ h by 11 0i ’,,~ . ‘h’i u~’ ~t amid ,ut’ 5h

sh t , ’V iat is ’Inr’ . O tt ‘I ts ’ i’Rthl ’ V S  I ris s i t i f l s  I juS t ion , ~ut ‘1, 11 ’ ‘ s ~
‘
~~ ) I S , mit! t int ’ US N,is’ ’, , ~i t

MIt ) ,2 ; ’n i ; 1 , cc i’s’ iitct’ s’ass’~l b~ a tact s ’i ’ ‘‘I ti c ’ t’. this ’ pt ’ogm’ .it warn t htc ’n rt ’—t ’ uit , ~‘uut

c c  t i t  s tunic I at t’s’r.u I t s  — a 1 1 ss’Vs ’uu ~‘sie i t  I C  i ot t  I 5 ;~s- m o uutth~ t c’ tin ti ie -~I , as WS5 t ’ X l ’ t ’ t ’ I s d

h,’t’s’aisuso sit the s ’ s’t ’ i ch at tout s ttit’t l t  b s ’uu c’ti t ’ . tt ’ 1 to t’ i~50O cs ’s ’ t i 0 i t  s I )  and i l  so h ’c ’ s’ n t t i s e ’

I lie- u~ ’ c’s ’ i’ s ’ s l i l l  v 21 v.u I tie ’ s be- is i i s ~ I itt s’~

I ’h5’ is’ a ltit’~ w,’i ’,’ t lien I i t t i ’d w i t h  i s ’  • q ) = , 0 s’n Iv • (‘ t s  ant sc ,i t I lu i s

r e’ss ’ u n . I n , ’ t ’ o — S. Os ~ ansI t his’ i’,’ I s i t  e t ‘is ’ i, I • I ‘is ~iuls i  i~ 1 • — 1  t e t i tus  s hi ~’uu 1 ti no t, iisis,’o ss ’

much ot t Os ’ t . l’lie’ vs I tie s sib a m e d  were

2 
~ 
0. 2

I is ) 1 ,
~~ 

— ~~ 2 .~ • 1 ( 1  S 
~~ 

— 1. ’ 2 ‘ • is 2 .’

wi t ii — 0. m i S s i . l’hese v a l u e s  c’s ’ i s ’ sit, t .hu t i c S i t  e m  t his ’ N , t i  I ut ’s ou t the ‘n li i Is

had been s’tta ult od I, se ’ e Se ’ s’ I ion  S . I . 1) , l I t , ’ I i~ i ’~~! s n u t  is ’ s i 5  ~ h i s ’i. ’ ? t  ur n a lii i I I i no

j ul F i g 7. The va lue -s in s ’ s l n u s  I t o u r  - ‘ , ‘ ) s h u o u u  I d  l’s in  S c ’ 1 ii i t1 t In ’ n i  U m s ’ i n  s h t ~t e r t i l iu t

ing t he- i i i t!  iv ijual s s ~ , t  t’ i s , ’ ce - it t s s i t _ ‘ t i 1  ii s i r  ~l or’ , i L ~s i s ’Vs ’ t l

Eve-n l uonuehi the - utunu e- t i c ’ al vs hues s i t  t tue 1 unmi pe’s! Itni r umion i s’s is .s ’ t s ’ i n s ’ I ~ .i I I  1 e’ u t —

l i i i  V . ts ’ s ’ i s u t ’ . i t  c , t h u , ,  t i t t  it ig  is uu~ e- ( i i  I iii sIu, ’is~ i t ic , t lu st c, iiot~
, c ur s .t u i  c ’Vc ’I’ .i 11  5 i 5 ’

s’ t 0.1St’ s it  0. ~~~~~ iii  l’~~~ is ~~~ I ht t ’ s’ui ~~h t 2 ~i :2 I’ t ’ r ’s 1i t , I I I s ’ t ’ i n t l  n p t s ’V i sI l  ne t ’nsh psi i n t s  I sir

t hi s ’ s t l a l v s i s  s it  ,I t l n s i5~i it s ’ m i s , ’ t o t  i t  i t ,’tl t S t ’ t ’ S s s ’t i t ’ll 5)

1~ I :\ui,i l~’s us s i t  c s ’ s ’ s’t i t  m i s ’  u, t V  ,

The s’tt  cot of t hith 2s 1 : ~
‘ m , ’s , ’ nu.tu u s ’,’ c ’n t his ’ es ’s ’ c ’n t u i s ,’ i t  V \s . n r ~ ,u t i , i t s’ s ’ ,l u s in g

is’ .i I Lie’S c i t  t ’ ~ rom [lit ’ S, i i f l s ’ 2 I s ’F t ’u  t s • s\ i 1 v s  t t m O r : , ‘ ¶ ~‘ is,’O i’ s’ s’ 1 c ’ ,u s ’S s it  inn i —

s~’i ,ir  it - i d .‘ s im - i . i  1 lua r met t i e  ps ’ r t  t i t h ’ ,i I L o’is us t i n ’, l ’Ru ’h ’ 
h t ~ l’hit ’ h’ROl’ \‘ .i I t ie ’S wet c given

t h e  st at d ar d  dcv i . i t  ions  qus’tt ’~l in  I ’ ,ibit ’ 2 .uuid the US \ , i s  s i s ’ i l u u s ’s cot e e ivc ’ni

SL. i t l d l u t d  dcv j i t t i on s  sit 0.is~is~is)i~S . 11w’ ~h onus i i  is S s ’ , u i e’ l i t ’ t eiit is,’.ts I .ikcu ’u is .,‘ bun .

Al t er  t hue I u u ’s t  ‘I’I (Ris )E ’ I i t t mug wit ii e ’ c juu .L t  t s ’u t  .‘ I ‘P , “i ‘ u, i t  hi  ‘u . s
~ 

‘
~ I 5 11

(I , I ,utid (I * — 1 )  , i t  was . ica i t t  nlp~’.lt’ e ’m m C I hi.i t h t i ’ i S  N , i i s ’  is is i l  i t t ’S s i t  0 s u i t  I ot • ‘~ !

~u bias re -hat j v t ’ I s ’ I h-it’ 1’RiSh’ is’.ujtie -s . 1’it i us b i t s  s , n ’ ~ t s ’ I ’ t t ’s ’ t e~l .t s  p r ~’~’ u 5 ’ t i r ;  i s

Sect  t Ot )  5 . 2 .  1) by subtt’ ,i5 ’t i s o  s u m  o x j ’ r t ’ S s t s ’fl s it  t hut ’ ls ’t’nm K si tu , . cl i e n t ’ K i n .

,i csi t l S t , i u i t  s’h i t ’ S t ’t i enip t r ’ i s ’ i l  Iv t t ’ m i t t  t i n t  .‘,‘ t h is ’ b i , i n ’  .umnt l tabe ’n hot ,’ i n ; h ),iS m s b iS .

the -  subsequent  THROF t’ i t t i m u 0  w i t h  is~ .~~~‘P — t 1  , t~~’i . ~ l .i~~ sl ush is i  , ‘ ‘ l ’P v u t ’lds ’d

—
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n l u t s t c 1 s ’ t ’ l~t i u s ’~ I talus ’s s it  t his’ s ’ s’ s ’ t l  i5 ’i c uu n s .tutd they a l s o  1usd I i i g ht cou ’ t’ o l , u I  i ou i s :  ~ t

was o b v i o u s ly  not p s i s s ib i c  to dot s’ t ’ m i m ne ’ ss ’ve - u u c o e f f i c i e n t s  t’ r onu 2 1  ~‘s h t u e ’s .

In t i l e ’ s, ’ s ’ r u i ss ’ sit
’ t h i s ’ h i t t i n g  of i, • a sou r s ’ s’ of e r r o r  i n  t I l e ’  t e - s’ i u n i q u e ’ i cr

usiutg t h e  ‘I ’HROE program be ams’ 5ip ; a m s ’uu t T h e  c o r r ec t  is ’s ii i  s,’c c c u u t n i c i t  t o  t i  I~~w

f si t ’ t ho s’I’ t’e-c t s i t at r:u5isIrhs ’r n~’ S tao bc t c’s ’ s ’n si lls’ orbit and the n e x t  is cal cu I at ed

~~ ‘ruRoF: using thus ’ va lue - of N , for the- first of t h e two orbits , w h ich is

,tssuuned to app ly over tlue - time iuts’rval betc’ccmn them . However , i t  i s  nei l cs ’ n m s ’ct

t o  assum e t h a t  the v a l u e  of N , for the first orbit remains valid over t h e  t i m s ’

i r n t c r v a l  b e t w e e n  tile- two orbits , often se-veti days: for tue PROP orbits t u e v a l u e -

sit N , usual lv app i ions s’vs ’r abou t  t h t r s ’s ’ d a s  e’ j  th ie - r s isl e- of epocii , atld f o r  t l u s ’
(‘S Navy s ir i ’ i t s  for approx imate-tv five- days before epoch . So t he -  techni que hither-

to r u s ~~o cans m o d i f i e d , and t 1 e -  v a l u e  sit N , ,ut t h e  ut hi epoch was t aken  as

~M ) — tM ) ~ / 2 I t  — t . ‘l’hi i~ ensures that t h e integrated effect ofI n+l I n / ~~n + l  ii,

air drag between epoch t and epoch t
~~~1 

is c o r r e c t ly  r e p r e s e n t e d . This

5’si r r o s ’t i on  had an imI )or tau t  e f f e c t  in tile eccentricit y runs , hut no s i gn i f  i ca nt

e f f e c t  for i n c l i n a t i o n , wh ueue th ie atnuosp heric correc tions are very small; hlsict’v5’u ,

the  v a l u e s  of >1 , wc’ro changed for i , ts ’r c o n s i st en c y  b etw eeu l  t he fittings .

After chang ing t h e values of N ,, 
* 

the values  of e to b5’ fitted , when

adjusted for th i s’ effects of atmrncs p h is ’r i e ’ d rag by TI1ROF , s l , nwL ’d ve ry  l i t t l e  varia-

t i o n , all the values being witlllu 0.00015 of t i l e  va lue  0 .06900. So the  chances

s i t’ obtaining good lumped v a l u e s  of 2 5 ) t h i — e r d e ’r l larmotlic s were unpromising . Fi tting

wi thu 4. * q ) = i, I * I ‘I and ( I  , — I ) gave quite unt i e t e -rm in ed  v a l u e s  , so it was ncc~’s snirv

to fit w i t h  ( ‘~ ,q ) = (I .1) only , em’ (~~, q)  = ( 1 , — I )  onl y. These alternative - fit-

tings we- r n ’ v,,’ry similar with u ’ = I .  H .ut~ 1.  10 r e s p e c t  i vo l v , hu t  the  l a t t e r  scents

marginall y preferable because it fits the PROP v a l u e s  of eccentricity better.

The (‘y,q ) = (1 ,—I ) fitting is shown in F i g 8.

The values obtained for tiue coefficients in t h i s  ( 1 ,— I )  f i t t i n g  are
- ‘is — sI 

_ — I ,3
sisQ7 ‘ ~2S) 10 and (—463 ‘ ft3) 10 : t h e - s s  i t o  nom i na l lv  v a l u e s  of C 2 1

_ -I , 1 , I I • I
n tnd S ,~~ r 5 ’ st , i s’c t ive l v , but  t h e - v  inc luel e the o f I’ s’ i,’ t us o f C ,

~ 
and S ,

~ 
.

I * I — I , I
Ho~ ever  the r e s u l t s , even i t  the i n t e r f e r e n c e  front  C ,,5 and S,,9 is slig ht ,

~irc rio t accurate e-uiough to g ive n u m e r i c a l  va lues  u s e f u l  in d e t e r m i n i n g  i n d i v i d u a l

20th— sirder s ’ s ’,,’ff i s ’ i e n ts  . In other words , thus ’ variation in eccentric u ty over the-

region sif 29:2 resonance is too small t o  y i e l d  good values of lumped s’sit ’ f f i c i e ’n t s

because the orbit of I~~7 I— l 06A is strongly aft es’ted l iv d rag  and the effect of

is)85 resonanc e doe’s not last long s’nouugh for an .ippreci ttb l t’ change in  c to build up.

— --‘-—— - -—- - ‘-~~~~~~~~~~~~ --‘ -—-— — —
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Since the ~‘lutuugs ’ itt e’ is t O t  large enoug h to g iv e v~i I ue s cii l umped

s’oeft’icients , there was no purpose in making a S1MRES fitting ~~ i and e-

together.

5. 4 15th—order (15:1 ) resonance

5.4.1 Equations for 15 :1 resonance

As for the two preceding resonances , the most important terms in equation

,4 ) fo r  1 .5 : 1 r e sonance are l i k e l y to be those w i t h )  ‘
~
‘ = I , besnause ‘p = 2 terms

are associated with harmonics of order 30 (in = ‘~~~) ,  and should be considerably

smaller than those of order IS . Again the most important term s with ‘p I ar e

those with q 0,1 ari d —I , since q 2 terms have an extra e factor. Therefore ,

with ‘p — I , in IS and k = ‘pa — q = I — q , and concentrating on terms with

( ‘y , q )  = ( 1 ,0), (1 ,l) and (1 ,—I) , the a f f i x e s (q ,k) in equations (6) are (0,1),

(1 ,0) and (—1 ,2). So, writing only the three terms with (‘y,q) (1 ,0) , (1 ,1)

and (1 ,—I) exp li citl y, equation (4) giving the theoretical variation of inclin-

ation may be written for 15: 1 resonance
H I 3  

as

151 0,1 0 ,1
di n IR\ I . - - . -

~~ i k~) [(15 — cos i)F 15 
C f 5  sin ‘ — C 05  ‘I

17 R — 
1 ,0

+ 
~~~ (15) (;) 

F
16 ~~~~ 

~S15 
sin(~ 

- 

~
) + C 15 cos(~ 

-

+ !~~

+ terms in 
(~~~ )

q cos (
~ 

— 
q~l . (2 3 )

is q ) !  51fl J
_q , k q,k

The triree pairs of lumped coefficients C
m 

and S
m appearing in

equation (23) may be written in terms of the~ m d  it ’  i dua l gs’opo t e n t  i n t l C s ’s’ h i  i c i  t i l tS

as indica ted in equation (6). Exp l i c i t ly , with the Q~~
k expressed

— 
_q , k

in term s of the F functions , the C are
in

0,1 
- 

F 17 ,15 ,8 (R\
2

E + 

F 19 15 9 fR \
4

F -

iS  15 ,15 ~ \a) 17 ,15 ~ \,a) 
‘ I~~,I 5  ( .~

15 ,15 ,7 15 ,15 ,7

~~~~~~~~~ t~ TT L_t 
_ _ _ _ _
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= 
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- 

(
~~
)

2
~~3 8 , I 5  

+ 
(~~~~~~20 , I 5  

- . ( 25)

H 5  
= t

l b , I 5  
- 

(
~~
)

2
~~I 8 , 15 

+ ~~~20 ; 15 , 9 
(~ )~

E 2O , I 5  
- . (26 )

and similarl y for S , on rep lacing C by S throughout. The resonance angle

is g iven by equation (5) with ) a = I and C = 15 .

For the 15: 1 resonance , tile theoretical variation of eccentricity given by
/_ q,k q,k\ II ~~~equation (7) may be written in terms of the same (C ,S I as ‘ -

\ U i  f l i /

I S  0 ,1 0 ,1
= 

~
(
~
) ~ e~~15 15~~ (~ I 5  sin ~ 

- s15 cos

R — 
1 , 0 I ,O

- l 7
~~~~~~J b  1 5 8  S15 

Sjn(~ 
- ~ ) + C

15 
cos(~ 

- a)

+ I 3
~~~~~I6  1 5 7  

~~-i ,2 
si n (~ + ~ ) + 

-1 ,2 
cos(~ +

+ terms in {q - 
~(k + q)e

2
~ 

°?~ ( ‘p~ - 
~w)]~~ . (27 )

Three terms ar e given explicitly in equation (27) , those with (‘
~,q) 

= (1 ,0), (1 ,1)

and ( 1 ,— I ) . The main term s , as c’ith the previous two resonances , are expec ted to

be those with (y,q) = (1 ,1)  and (1 ,—I ) , but the (‘p,q) = (1 ,0) term is given for

consistency with equation (23).

5.4.2 Analysis of inclination , i

At the t ime of 15th—order resonance , nine PROP orbits from Table 2 and 13

US Navy orbi ts were available for analysis. The analysis covers a period of

approxim atel y two months befor .’ and one month after the date of exact 15:1 reson-

ance , MJD 42302 (1974 September 12). All values of inclination were cleared of

lunisolar and 2’’inal harmonic perturbations using the PROD
16 

program with one—day

integra tion steps; and the nine values from Table 2 were cleared of the

089 perturbation . The US Navy va lue s we re g iven standard deviations of 0.003° and

th e PROP values were g iven their quoted standard deviations in Table 2 ,
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The 22 values of inclination were fitted with equation (23) using ThROE ,
q, k

ie with (‘y’ ,q)  = (1 ,0), ( 1 ,1) and (1 ,—I). The coefficien ts (C,S) 15 in

equation (23) were undetermined in this fitting , so the values were then fitted

with just (y,q) = (1 ,0). For this fitting the US Navy value at MJD 42333 was

dropped because it was inaccurate and the M
2 

val ues on the orbi ts were changed

as for the 29:2 resonance (see section 5.3.3). The values obtained were

9_ 0~ 1 
9
0,1

10 C 15 = —3 6± 21 , 10 S 15 = 9 ± 17 , (28)

wi th c = 1.102. The fitted curve is shown as a full line in Fig 9. These values

of (C ,S)~~,~ are qui te small and consequently not well determined . Previous

evalua tions of 15th—order coefficients
2 1 

indica te that at inclinations near 65°

_0,1 _ 0,i 9
the values of both C 15 and S 15 are near zero , and of order (0 ± 20) x 10

_ 0,1
the variation of C

15 
and S 15 near 65 is not very well defined in Ref 21

because the only value available near 65
0 

— Cosmos 387 at 62.9
0 

— may not be

entirely reliable , as the data on which it is based are very limi ted . C

As the (C ,S)~~~
1 

coefficients are small for 1971—106A , it was worth fitting

the inclination values with (y,q) = (1 ,1) and (1 ,—I ) . The values ob tained were

9—I 0 9_ h ,0
10 C

1~ 
= 29 ± 83 , 10 S

15 
= 196 ± 142

(29)

9
1 ,2 —1 ,2

10 C 15 = 116 ± 124 , 10 S 15 = 145 ± 97

with c = 1.096. These results were then used with the results for eccentricity

in a SINRE S fitting (section 5.4.4).

5.4.3 Analysis of eccen tricity, e

The same 21 orbi ts used in analysing the inclination were analysed to

de termine the effect of 15:1 resonance on the eccentr icity: the [IS Navy value

at MJD 42333 was dropped again because it was inaccurate. Al l the 21 values of

e were cleared of lunisolar and zonal harmonic perturba tions using PROD 16
. The

PROP values were given the standard deviations quoted in Table 2 and the US Navy

va ues were given standard deviations of 0.00008. The density scale height was

taken as 35.5 km. 089
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I

i t,  can be seen that the- standard deviations lie-re are mu ehi  lowe r than thieus e iii

equations (29) and (30), so the combined fittin g is well wort l iwhule . The value s

in equations (31) differ fr~~ the correspond i ng values i n  equations (29) by less

th an 1 .7 times the sum of the standard deviations acid from t h e  corresponding

values in equa tions (30) by less th a n  0. ”) t imes t h e sum of the standard deviations .

The individ ual differences for each coefficient exh )ressed as multi p les of the sum

of the standard deviations are as follows :

I ,0 1 ,0 —I ,2 — I  , 2
C 15 S 15 C 15 S15

i 0 . 2  1 . 7  1 . 4  1 . 4

e 0.8 0.7 0.9 0.2

The lumped coefficients in equations (31) should be useful in a future

de termination of the individual coefficients of the 15th—order and even degree.

In a prev ious determinat ion there were no rel iabl e ’ value’s for inclinations

near 650.

6 AThIOSPHERIC ROTATION

6. I Introduction

The upp er atmosphere is rotating at approximately the same’ rate as the

Earth: therefore the aerodynamic force actin g on a satell ite has a component

perpendicul ar to the orbit , and this has the effect of reducing the in c lination ,

i , of the orbi t during the course of t h e satellite ’s life. For a hi gh—drag
sa tellite , a tmosp heric ro tation is the most important force perturbi ng i so

if the change in i is accurately measured , and othe r perturbations are removed ,

the rotation rate of the upper atmosp he re in the r eg ion near the satel lite ’ ’s

perigee can be determined , fc the zonal (west—to— ea st) wind speed near peri ge e’

can be evalua ted.

The perturbations to be removed are caused by (I) lu nisol a r gr a vitational

attraction , (2) zonal harmonics in the geopote n tia l , (3’) the J 12 tessera l
harmonic , (4) any change in i due to resonance and (5) the change in inc l ina -

tion due to meridional winds.  The values of inclination are s’lear ed of the

effects of ( I )  and (2)  using the computer program PRO D 16 
wi th  one — clay in t egra t ion

steps. The effect of per turbation (3) is removed by calculation of i t s  numerical

value for each PROP orbi t. The resonances have alread y been analysed in

sec tion 5 , and the effects of meridional winds and t’ther perturbati ons are

discussed in sec tion 6.3.
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6.2 ‘rice-cry

The change Id in the inclination of a satellite ’s orbit , due to attnosp hieri c.

rot ation , is g iven in terms of the change 
~
T
d 

in the sa te l l i te ’s orbital period ,

due to drag , by the equation
23

+ 2e’ + ~~, e~~(1 + ,y
~) 

+ 
~~~~~~~~~ + 2e cos 2w~

] ~~d

I I I I
= A sin iL l + 

~~~~~ 
(1 + c) cos 2w — 2e ( I  + cos 2w) + ‘~~

- c(~I + cos 4w)

— ce~~( 1  + cos 1~) + ~~~~ 2w~ + e
2
~
(
~ + cos 2w~

+ (1 - cos 2w) ~~~~
-

~~~~~+ 0(c 3
~ e

3
)j 

. (32)

In equation (32), whi ch app lies for an eccentricity of 0,2 or less , A is the

angular velocity of the atmosphere (about the Earth’s a x i s )  in the region near U

peri gee , divided by the Earth’s angular velocity: thus A is strictly non—

dimensional , but can conveniently be expressed in rev/day because the Earth ’s

rotation rate is 1.0 rev/day . In equation (32) the change in orbital period 
~
T
d

is expressed as a fraction of a day; the term in cos 4w , which was neglected

in Ref 23 , has been restored .

Other parameters in equation (32) are as follows : the I are the Bessel

func tions of the first kind and imag inary argumen t , of degree n and argument

z = ae/H , where H is the atmospheric density scale height. The parameter e

takes account of atmospheric obla teness and is given by c = {c ’a (I — e) sin2i}/2H
where c ’ is the elliptici ty of the atmosphere , taken the same as that of the

Ear th , 0.00335. The fac tor F is given by /~ {l — a(l — e)w cos

where V
P 

is the satellite ’s velocity at perigee and w is the angular velocity

of the atmosphere near perigee. Usually /~ has a value between 0.95 and 1 . 05.

For 197l—lO6 A , at inclination 65.7° with peri gee hei gh t near 200 km ,

I — O.0025A

The change in inclination due to meridional winds is given by
24

089 -v-’ = cos i 

{~~ 
+ 2.} ~Ri - cos w - cos 3w + 0(0.I~~e)J~ , (~I I )
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where  K = sin i/ 4.1 + cos~ i) and ~t is the s o u t l t — t o — t t u r t h i  a tmosp h e r i c  r o t a t  i eu

rate , that is the south—to—north wind speed (nt/s) divided by rw
E 

where’ r is

the distance from Earth’s centre (m) and W
F 

is the angular velocity of the-

Ear th ( 7 2 . 7  “ 10 6 rad/s); so rw
E 

= 6580000 ‘ 72.7 ~ 10 
6 

= 478 rn /s  if per i gee

height is near 200 km.

6.3 Fi tting of theoretical curves to the i n c l i n a t i o n

The values of orbi tal  inc l ina t ion  front the 85 orbits of Table 2 and the

IS orbi ts of Table 4 have been cleared of the effects of lunisolar , zonal harmonic

and J ,,2 t esserol harmonic perturbations , and the values have been plotted as

circles in Figs I I  and 12 . The 15 values of Fig 12 can be regarded as super-

seding the last three values of Fi g 11 .

Per turbations in inclination due to Earth and ocean tides and solar radia-

tion pressure have not been taken into account . The tidal pert urbation in i
25for  Ceos I , a satellite with an orbital inclination similar to 1971—106A , amounts

to ±0.0004
0
. To allow for the neglect of this eff ect , all the- standard deviations

less than 0.0005
0 

have been increased to 0.0005
0
. The effect of solar radiation

press ure is very small: its effect on Exp lo rer 24 , a satellite in a comparable
26

orbi t but of much hig her area—to—mass ratio (which was analysed by Slowey ) ,

shows that the effect of solar radiation pressure on i for Cosmos 4 62 is l i ke ly
0

to be of order 0.0000 1

The theoretical variation of i due to atmospheri c ro ta tion and mer id ional
wi nds can be determined for a series of values of A and i~u , using a computer

program (ROTATM ) based on equations (32) and (33) .  The theoretical variation of

i was calcula ted for values of A between 0,8 and 1 .4 at intervals of 0.1 , with

p = 0 and 0 .2, every 20 days thro ughout the satellite ’s lif e until the last IS

days , when the variation of i was evaluated daily. The values of i in Figs I I

and 12 were then fitted with the best theore tical curves. Fi g 1 1 divides natur-

al l y in to four sections separated by the perturbations in inclination at 14: 1 ,

2 9 : 2  and 15 : 1  resonances . These resonances have been ana lysed in section 5 and

the change in inclination due to resonance is available for each resonance. At

the end of each resonance period the curve for atmosp heric rotation is started at

the value of i given a t the end of resonance in the resonance analysis (see

Fi gs 5, 7 and 9), wi th a tmosp heric rota tion perturbations restored . There is a

f i f t h  sect ion to be f i t t e d  with a theore t ica l  curve , for the l as t  1 5 days when

the  da i ly  o rb i t s  are avai lable  (Fi g 1 2 ) .
089
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~s Vj I  t i t  t e i t i S  iii due t u ’  t n s ’r ’i d i o t i a l  rotat ioui , si ’ut_ h—t o ’—uiorthi wi tid s,

‘i t  C ~i Z c ~ 1)s~ i t i s i t  - il i s  ~‘OS s ( st’e- equation ( I I) ) and t 1w re-fore the- e ft ee l, usual 1 y

s out s iV e t , i i i e -  ev~~l e  ot ,
~ for a I ixe-d value of p . However , the value

2 9 — 3 ”
~ it ,~ i t  ‘~ ,t t’ t e ’t, acid t’ ’5hi I ui’s,’rs Liu ’,d stud t~’s and experimental results -

~uggs ’si t that u i s  an ~i i u p t ’six m a t  clv sinusoidal v a r i a t i o n  during the course oh

• l i s ’ i i i  s; ~~i t i t  m a x i m um w i nd  towards the equat or ’ at about 02 Ii l o c a l  time and

max i m u m  ~ m d  i~ - i v I rein c~q u at  o r  at about 14 i i .  For 197 1—I ObA the variation in w

is s l ow  ~oiie c y c l e- it t  1 .8 yr approximately, see Fig 3) and th e local—time varia—

t i s ’t . ~~ , i n d i s ’ a t ed  al  tht ’ t op of Fig I I , are much faster , one cycle every 90 days

approximatel y . hi s” first four sections in Fig 1 1  are a l l  averaged in l ocal t ime ,
covering about 20)) d ay s .  The effect of p will therefore ten d to cancel out ,

utid the- t i t t i t u g s  were made w i t h  the p 0 curves. It is possible that iiic ’ mean

value of ~ is non—zero , but the effect is generally small: on the first section ,

fo r  examp le , the effect of p = 0.05 throughout would be to change i by 0.0005°.

So the values of inclination are fitted by choosing the best values of A

as suming  p 0 on tl it ’ first four sect ions .  After allowance has been made for t h e

breaks at resonance , the best fit between theory and observations for the four

sections of Fig II was obtained with values of atmosp heric rotation A of 1 .1 ,

0.9, 1 .0 and 1.0  r e s p e c t i v el y .

In o rde r  to  assess the l ike l y errors in these- values ot’ A , a rea l i s tic
estimate of t h e  l i ke l y errors in i at the be~~ nning (i 8

) and end 
~~~ 

o each

section , and , was made , and then ~~~~~ + LY F/ (I B 
— I

E
) was taken as

t h e  standard dt’via tiou in A . For the first th ree sections ci t h e curve in F i g I I

th e- errors °B ~iu t ~1 a r e e s c~ima t e d  as bei ng between 0.00050 and 0.00070, and
this gives errors in A of near 0.05 on all three sc’ctions . For the fourth

section the error in A is 0 . 0,? on the same basis . This value is so small that

other errors , hitherto neg lected , may become significant: there is a possible

error of about 0.01 from the neg lect of 0(c
3
) terms in equation (32), and possibl y

err ors appr oachi ng 0.01 from errors in the assumed atmospheric cll i piti city.

There may also he a s m a l l  e r r o r , not more titan 0.02 , from neg lect of the s’ffects

of 31 :2 resonance.

There is a possibility t h a t  t h e -  a tmosp h e r i c  winds depend on season , s~’ the

lati tude and ‘ se csc’na I bias ’ of pet ’ ~e~’ ’  m’s’ I ml i ~‘ite d bs ’ l suw thu ’ l’ tt l ’ve-  in Fi g I I

In fi t t i n g  the values of inclination in the l a s t  15 days of the life , Fi g 12 ,

the cifect of meridional winds should be- included . The season is near equinox

089 and the perigee latitude is ~ 4 — h 2 N :  i i i  t l i e - s e ’  •‘ oiid i t  i o t i s , the- j u i ’ eva i i i  tu g  ~, i  nti tt

~~~~ i r e~ I rorn north to s o u t h  oh order I Vt) rn/s a t  local t i ntes f ront  2 1 hi through 

-~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘— - ‘,
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midni ght to  05 ii , w i t h  o n l y  ve t -v  weak w i n d s t rout  I 7 _ .i I h i  l o c a l  t i f l t s ’ . ~‘ s i t  i~~c

i j i pr s ’pr late in Fi g 12 to take ~ = —0 .2 up to  M a n t I c  30 , :it td V U t l i ’ i ’ e’ , i t  t c ’r .

W i t h  these values of V , the - best l i t  is obt ained wit It A = I . I :  t h i s ’ c u r ve ’ I i t s

all the 15 v a l ue s  icc Fig 12 to w i t h i n  1 .5 sd , and , t a k i n g  i
ll 

.111th c 1 . as slightly

less than  0.00 1
0

, the  sd in A is assessed ,is (1 . 1

b .4 Results

Previous studies
33 el upp er—atmosp here :‘ona l w i n d s  h av c ’ shown t h a t  t h e  v a l u e ’

of A varies with both height and local time . Fi g 1 1  o h  R e - f  ) I gives three curves

for th e var iat ion of A with h e i gh t  , for e v e n i n g  ~, I S— 24 I i ) ,  i u t s c l ’ lt I t i e, (1)3—I 2 I i )

and average values of local t ime . A r ev i s ed  v e r s i o n  of t h c i s  diagram is g i v e - t i  as

Fi g 2 of Ref  34.

Table S

Val ues of atmospheric rotation rate, A , obta ined  f rom 1 9 7 1 — I I T h A

Hei ght 1.oc a 1 ‘ S e a s s i u l a  I
Date . - ,km t ime bi ,is

21 Jan — 2 Oct 1972 253 Av Winter 1.1  -t t).OS

~V Jan — 30 Sep l~~7’3 250 Av Sunnie r ~~~ 0.05

20 Jan — I -~ Ju l I ~~~~ 2 3 t )  2ev Average - I .0

24 
~~~ l~ ) 7 4  — 1 9  Mar 1975 218 2ev Av e r a ge  1.0 0.03

q Mar — 4 Apr 1975 1 UU 1) 1 — 2 1  Ii — I . 1 0. 1

The results obtained lie-re are listed in ‘l’ab h e ” S . ‘l’hic ’ ~ a l u e -~ s ’t A a t ’ s’

given for e a c h  sect ion of’ Fi g I I  and for I i  g I 2 , t s u es  t her with an es t  im at e  oh t h i s ’

height and local time at which the values app l y. The ‘ seasonal  bi as ’. as g iv e-ti

by th e latitude of peri ge e acid t ime oh ’ Ve ’~ iL ’ ( 5 s ’~ ’ F i g  1 I~ , is al so indic ated . The-

hei ght is taken as ~H above the average hie ’ri gee hei ght 3 ‘
.

The first section of the fitted curve i t i  Fi g I I  g i v e ’s ,i valu e ’ of .\ = I .1

and dur ing  near l y the who IC’ I t h i s  period t lie i~ ’ r I get’ i S e’X ps i i  et ic i rig ‘Wi ccl e ’ i

condi t ions . For the second sectioti , with \ 0.9, the pet . t e,e’e- i S  enjoying ) t ’ e -

domitiant lv ‘suu~ er ‘ cond i tions; for the t l i i  rd and four t It se’c I, 1 e’i lS , whe l’ s’ ,\ = I .t),

peri gee has average seasonal cond i tions . (Al thoug h he t h i i r d  sect i o u t  m i  seem

to have a bias towards ‘winter ’ t he  shor t  ‘ summer ’ occurs slur i ng  t lie t Itne’ c ii

grea tes t change in i . 
‘I These results scigge-s t t h a t  A may be lii ghie r i t t  v i  t i c  s ’ t ’

than in summer. Such a sc ’aset n al  dependence c I .\ has not bee -ti ~ls’ t c’c t ed b t s ’ i s ’

in the analys is  of s a t e l l i t e  o rb i t s , but measurements at spec ’i i e ’ s i t O S  b t h e ’

radar back—sc at ter method 
11 16 , 17 in d i c i t  s” that lI ce strongest w e s t — i  c ’ s t ~ t winds

r__~~~~~—--~~~ 
,,1’ ______________________________
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usuall y 0cc  I i i  in  t i e  ~~l u ,  , i s  L c ’ h S r cit 11w ~~t u i t e r .  t h u s ’ t’s~ ’ u l t s  l i s l e

he -ri d ~u up ~ or’t s ’ t h m i s  e ns I u i , , i s ’ l i

t he ’ t i r st lou t e~~ l , e c s  1 A itt J , i I , l e’ S ( 1  c~ . i V e 1’ .1i~e ’ local tiwe ) dt ’s ’ .i h I

b e -Lw th e ave-racs’ cu rve in Fi g I I ot Re - i II . hh c is Jecrca~’-e itt the- value ’ sit A.

- 18—4) )
cult a I s ~ b~ d 5 t ~~’ 5 t s ’d i i i  s i i L c i ,O ,,LI V ~,,s s~I sat, e l h i t s ’  orbits b e - t w e ’ eu I~~) 7 I  .u c~l

I~~7t , w ) u ~~:~ ~ornpareel wi th [lie- iv~ u i ~’, s s’U i\ ’ e oh R e t  3 3 , w h i c h  i s based ma i i i l v  on

re~ ul ts f r s u m  t h e  I~~ t,0s . So it see-tics pos sible that the a v e rag e  r o t a t i o n  r a t e ’ c i t

t h e  upper at : ! u s s s b u h u c ’ re ha dec re-a S e e 1  dur i u u e ,  t i l e” earl v 197 Os : fur t lie- r e V a  1 uia t i s it S

of a tmosp h i e - r i c  u~~~t at ion r a te  a r e  u i e e ’ sled before thc is tentative con clusion c cii be

tOni irmed

The value obtained for the last IS days in orbit , A = 1. 1 0.1 at a h ei gh t

of 199 km , is at a t ime close to equ inox , but it is not averaged over all local

times like the other values. The loc al time runs from 03 h throug h mid ni ght to

21 ii and there is a m i l d  bias t o w a r d s  th i s ’ evening hours because the decrease in

inclination is then more rap id. So t h e  v a l u e  mi gh t  be described as ‘averag e with

a s l i ght bias towards evening ’ , and indicates west—to—east wind s et 2 5 2~ rn / s

at an average l a t i t u d e  of 58~ N .  Results for such hi gh l a t i t u d e s  al’ s’ u nusua l  in

s a t e l l i t e  o r b i t a l  a n a l y s i s , bec au se the e l  ec t  of a tntosp h er i  e’ I o t at  IOn  b e c o m e ’s

very small as per igee approaches apex (maximum I at i iude ’t ~iid i t is not usual 1 y

possible to obtain accurate values of A . The successful results obtained here

are attributable to (a) the  l a r ge  change-  in orbital period in t h e  lust lew Jays

be fo re  d e c a y ,  and ( U )  the frequent ,ind accurate orbit s obtained w i t h  t h e ’ a i d  el

t h e -  N0R ~\D ob~~c ’ rvat ions

7 P V N S J  ‘I i  SCALE HE I G HT

7 . 1 Introduction

The- p e r i gee d i s t an c e , a (  I — e) , gr a d u a l  lv  J ecr s ’ass s unde r  t h i s ’ it i flus ’iie ’e s ’l

air d u n ’, ,  5i iisl t h e  decrease  is p r o p er t  ional  t o  the  d e n s i t y  s c al e  he ig h t  , H . Sc ’

va lue’ s oh ’ H c-an be hound front the de-c i’e ise’ in a(I — s ’i . I t  tIne odd ‘ella1

hiarnion cc and luni so 1 ir p e r t  urbu t ions  are r s ’nuev ed I ron a ( I — e’)  , u s i n g  l’RUh t 
It

the remaining variation should show a steady decrease as a re-suit of air drag

,zl ’uu e . Th e e  ‘c~~r is ’ c - ted ’ v a l u e s  oh p e r i g e e ’ distance , Q , for th e” 85 o r b i t s  oh

T a b l e  2 are p lotted as crosses in F’ig I cut  Ret 7 , si  th i  smooth cltl ’V e ’ drawn

ih r oug h the o e ” i i i t  C . i’his graph h as been reproduced lie-re as Fi g 1 1 . The v a lu e s

of a (l — e ’) for the 15 d a i l y or b i t s  before decay  ( ‘h’ able  ‘
~~) ~i t  e’ p lo t ted as

( 1 8 5 1 circ les in Fig 13 , .tnd after removal of perturbations , l t e ’ p l o t  t e- d  .04 s’ Fs ’SSe ’S c~’ i  iii

a stnoo t h cu rve  drawn through the values . The cu t v  e ’ si t Fi g I ‘
~ c.tti be” re ’g i I s l e ’ s ! as
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su perseding t h a t  oh  F ig  I I t n’otu MJI) ‘s l ’s ~) 1 onwards . ‘11c c var i a t  i c u r u el Q , i n

I”i gs 13 and l’s , sh ows ,i f a i r h~’ smooth decre,ise due to t i ce actiot i s i t air d rag .

7 1 ‘
~~‘ t lied

The- theoretical equatioti for the v a r i a t i o n  oh  Q i s~~

211 M , H ., , ., ~ 
I ,I’~ ~

= — 
3M 1 e 

— -e  + — 
~~-~—— sin ’i s-os 1w + ~~~~~~~ 

_
~) 

((3 ’)

wher e H is th e density sca le  hei ght  , H i s t h e ’  v.i 1 lie ’ of H an ~e-r i se-e- . il
l

is the value of H at a hei ght 1 . 5  H above- p e r i e ’, e’e’ , a i ic h r ’ i s t h i e ’ e l l i p t i s ’ i t v

oh the .ctmosp hce re , t a k e n  us equal to  t h e  E a r t h ’ s s’ l l  i p t i  c i  t v  , 0. liP 335 .

Equation (131 is valid for ac/H ‘I .
p

Average values of Q were calculated over a time—interv al , .\t , l on g

enoug h to ensure t h at an accuratel y measurable ’ change , AQ , i n  Q , has o c cu r r e d .

The values of -\Q/~~t serve as values ci Q in equat i on ( ~3) , and . i v e ’r , i u ’ , e’d ~‘,ilue-s

oh  , , e • a , i and ce’ S Ia over the ce r ise)’ , ‘flei i ng A t  we-re u s s ’J to s’al —

cul.it c values of H
1 from equation (34’).

For 1~~71—10 ~~ , the value of a e - f l l  e x c e  e’ s I I ;  I u’ ’uul h,itiiis ’In u ni t I

* ‘31 , 
. and 1 7 vu I ues e’t H

1 
were- ~~ i cu 1 at ‘d dur i r ig th ii s time : c hus ’v a re’

plot 5’J ,i s e’ u rc I es in  F’ i g I 5 , and t h e  t inns ’ ‘ye I’ wh i cli the-v ~irs’ avs’n’aged i

: :el i c , c t e - d . l ’hie~ e ’e r r c sp o n d i ng  a v e - r a g s  ~‘ , i I cs ’S i h e i g h t  v
1 
(= v + 1 . 5  I I )  are

I V~ ’fl at he ’ t op ‘ I F i ~‘, I S . the ’ si. .cti~l s i’d de ’~’ j a t  i s ’niC i n  t lie \‘a 1 uc  s of ~ 1 
do r iv  s ’

t’ cjttt the- i ’ S t  imated c i  i , r S  i t t  t he -  ~‘ , i h t i e ’S ‘I ‘ t~ i i  I S l u l s ’ ,  h e m  errors in Q . ‘t he

e r r o l  s due I s ” neglee ’tesi i ‘ t i u n ’  i n  ( i s ’~ i t  sma l her t h a n  t h e -  e r r o r s  in , \Q , and

,iie i ‘ , i i . ’r ee l .

After M lii ,
~~‘ •~~ ‘ u whieni t h e ’ v ,clue 01 i s ’ II  f.i! Is hu e’low I , s’ e l u i . i t  s ’ ’l  ((~~‘)

bee’o~ es u n a c c e i r a t , ’ , and the sma l 1—ecce ’ ;ut y j s ’ j t ~~ t s u n ’iun s i t t he t I ice irv ~~’ 
~~~~~~ n~is t  be

used. The t his ’ s ’ r e t  i e’ .i I e’qua t i s ’t i  t O F  H
1 

wh en ,ts ’ / H I I S fl~ ,\Q/ f
whe re — t e - .  

~ 1 
, s i ~h

f k.”) - r~~/i ~ — ~~~ - ~‘L. 1 
(35’)

Sp lt . , n  ‘ u .

\‘.clues of (~ - r~~ /h1 h e r  a s p her i c a l  at m o s p he re -  i t s ’ e’,iven i n  h i g I S  oh ’ Re -f 42 ;

and 
{~~

( z )  — 
~~~~I 1 th s i b l a t e - r i e s s  c or r e c t i o n , is given i n  l ” i e ,  I I  o h  Ref ~1. T h e

values of H 1 
a pp l y  . t t  a hei ght ‘y H ab ovs’ ‘ e ’r i gee- , w’hi e’ r s ’ ‘

~ 
i s  give-n i i i  F i g 9

e i f Ref 4 1 . Se-v etc va lues  ,‘ I H~ We ’ re’ e ’V a I ua t eel bet We ’ s ’t1 ‘ l i i ’s 3,’,~ 5t5 . t i i s l t ies’ a v , I lie’
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last tour b e i n g  d a i l y  v a l u e s .  For the se’ seven values , th e- observed value -s of e

must be corrected for the odd—harmonic oscillation , and this was done using PR OD ’
~
’.

Thes e seven val ues of H
1 

are also  p lotted as circles in Fi g IS wi th their

standard deviations . The sd is the estimated error in the value of AQ (between

I.2~ and 3.8%) arising f r om err ors in Q , toge ther with the estimated error in

reading Fi gs 18 and 22 of Ref 42 (between 2% and 6%). The errors due to neglected

terms in equation (35) should be~
2 

less than 1% , and are ignored . The correspond-

ing average values of height y 1
(= y + yH) are given at the top of Fig 15.

The values of H 1 p lo tted as crosses in Fi g 15 are the values of density

scale hei gh t obtained from the COSPAR International Reference Atmosp here l 9 7 2~~
for hei gh ts y

1 
and the appr opriate exosp heric tempera tures , T , obtained

from Ref 7.

7.3 Discussion of results

The general impression gained from study ing Fi g 15 is tha t the A.71~’~ ~~~~
values are in fairl y good agreement with the values from the orbital analysis.

This co n f i r ms the accep ted op inion that CIlIA ~~~~ represents the scale height H

a very variable p arameter , fairl y accuratel y. The average differen ce between the

obs erva t ional and CZi~’A li~”~ values in Fi g IS is about 1% , while the ntis differ-

ence is about 10% .

Thre e of the observational values in Fig 15 differ from the (L~ ,-~ values liv

more than 5 kin , those at MJD 41859—42018 (1973 June 26 — Decem be r 2) , MJD 4 2253—

42329 ( 1 9 7 4  Ju ly  25 — October 9) and MJD 42398—42438 (1974 December 17 —

197 5  January 2 6 ) .

The first of these values is low compared with that g iven b’s’ , ‘].‘u’I , probably

bee-,ii,u se t h e ” density is low over this period , relative to other years (see Fi g 14

of Ref 7). The second value , which is higher than &‘l~u’~4 , i s at a t ime when density

is fairly average (see Fig 14 of Ref 7) , though it is rising towards the end of

the- peri od ; Sc’ no reason for this high val ue can be given. The third value ,

f r om 1 97 3 December 17 to 1975 January ./h , which is also hi gher than CIlIA , is

however exp lained by the above—avera g e values of density over the whole period

(see Fig 8 of Ref 7).

The res ults also show that it is possible to obtain accurate and consistent

dail y val ues of H at the end of the satellite ’s life when good orbits are

available from numerous observations. These last few values are also in good

089 agreement with ‘Lli’,l h171.



— 
. ‘~~~~~ T ~~~~~~~~~~~~~ 

- --“ 
~~~~

- ‘ 
~~~~~~~~~~~~~~~ ‘~~~~.r, ~~~~ ‘

“—‘-— “ - “  -

It’

5 ~5,’s~ s ’ 
~~~~ I , iNS

‘l’he orb it of I 97 I — I Otu ,\ has be-en s I c ’ t e rm i tied 5c t  85 e ’ps ’c h i s  d u r  i tug i t  s .‘sO— u ’uo uu t Ic

lit e from tu b 35 eb se rv~i t ions. The ae’c u r a t e  l i e -w i t  t came ra obss ’ rv , it  i o t i s  W e ’ r e ’ U S e ’ s1

in ‘
~~. of t h e s e  Orb i  t s  , in  whie’h th e- aVs ’r ~i) ’ e ’ sd i t u  i n e - i  m a t  iou c o r r e s p o n d s  to

about 80 in in distance -; w h i l e  f o r  the  o t h e r  t u I  orbits the average sd corresponds

to about I 70 m in d i s t a n c e .  The o t h e r or b i  tu l  ; a r u l u s ’te ’rs  shn ow improved  a c c u r a c y

with the camera cbs,’rvat ions , but to .1 l e s s e r  degree. The- re-s iduals of the

observations have bc~ n sent to the su bs e ’r v e ’r s .

A fu r t h e r  2000 C’hse ‘ ; i t  l o ti s  were’ received from NPRAI) coverin g t h i s ’ la s t

I S  days of the -  s a t e l l i te ’ s l I t ’ e’ . W i t h  t h e s e ’ obse rv a t i on s , IS daily orbits We’ r e ’

determined . These orbits at the end of t i l t ’ satellite ’s l i i  e’ are more’ accu r a t e

and at closer int e rv a ls t h an has be -en p o s s i b l e  in the  p a s t  ; t h e -  .Ive’rage’ sd in

inclination corresponds to about 120 m in distatuce.

Analysis of the inclination and eccentricity at i~ s :  I , l~~:2 and 15: 1

rs’sonanccs , has y i e l d e d  lumped v a l u e s  sit ’ th ~’s ixanu uon ic c o e f f i c i e n t s  of order 1.4 ,

151 and I S .  The lumped 14th—order coeffi ’~’i ents I rouu u f i t  t iu g  i and e with

SIMRES are’ given in equation (16 ’) and have- been used in a recent evaluation of

the 1 4t h — o r d e r  harmonic~ . The analysis of the cl iumugs ’ i n  int’l m a t  ion at 11 :1

resonance yielded lumped co efficients , equa t ion  ( 2 2 ) , which should be uss’f ul

in the future in determining the individual coefficients of order 2~
). The’

variation in eccentricit y was too small t o  a n a ly s e  s u c c e s s f u l ly . The S1MRE S

fit r i n g  ot i ii, ’l iu ’ s.i t icun and eccentricit y at, 1 St h ’s ’t’ cl ci’  l’e S e ’f lj t i c e ’ Was  vei’V S i t  is—

factory. The lumped coefficients are giv e -m r in equJti oni U I )  and w i l l  he u s e f u l

in a further determination of the individual ceet’fj ciercts of 1 5 t h  circle r.

The variation of inclination between the resonatices h as he-en analysed to

obtain four values of the average atmospheric rotation rate , \ . The- results

are s~~~ arized in Table S • Because of the vet” slew movement oh ’ p er il ’,e’e” , two of

the va l ue s of A had strong season a l b ias  and t h e  r e s u l t s  sugge ’s t t h a t  A ma

be hi gher in winter than in summer . TIn s seasotia l  d i f f e r e n c e  h a s  not been d s ’ t  e’ s’

ted before from analysis of satellite - orbits, but is iii agreement wit h measure-

ments at specific sites by the radar back—sc atter method . The values oh ’ A .cre

lower than expec ted , and it seems possible that the average’ rotation r a t e ’ o f t he

upper atmosp here was lowe r during the earl y I°70s than i tt the- I ”)bOs . The daily

orbits over the last IS days of the satellite ’s life give s’s’st — t e ’ — e’ast winds of

25 25 m/s at an average latitude of S8°N . Results I’c’r such h i gh Li t itu el e , t n e ’ 1)50

unusual , bu t are possible here due to th e large chi ,tn ge ’ in orbital per iod in thi s”

_ _ _ _ _ _ _ _
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h.ist hew d.ivs be fore’ ,iecav , ~nd t h e -  t’n’equent and ac c u r a t e ’ eirb i t s  o o t a i n e - d  w i t h

the- .1 id si t ’ Si)RAI) s’b~~e F\’.i t OilS

~
‘alcus ’s of densi t\ scale he-igiit , Il

l have been determinied from analysis of

the vari ation 5 t peri gee hetg hc t . A total of 24 values was obtained durit ig the

satel lite ’s 40— month  l i t e - :  e i g h t  oh th ese - were in  the last I S  days of the life

atid the l.ist tour were dail y. The values obtained show fairly good agreement

with ~~~~~~~ d. ’ :’; the average d i f f e r e n c e  b et ween the  o b s e r v a t i o n al and s ’I RA ~~

values is about l ’ and the rms differet ice lO ’ . Only th ree observ ational values

dif fer fre~~ 
‘~ , u~4 .‘ ~

‘ by more than 5 km and reasons for two of these differences

have been suggested. The agreement shows that S ’IFI’,4 .1d ~ provides a good measu r e
of the density scale- height for the years 1972—1975 .

i180
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