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Influence of Elasticity on the Lifting Force of a Wing
B. S. Berkovs ’kiy

A deformeble lifting eurfece preeente interei~t fron the
point of view of coneideretion of rigidity of conetructior. /1/
end of the obt~ ir ~ing of controlled eerodyn~m1c cher terii-~~i”e .

Ir the pepe r  there ir ~rveetig~.ted the probl em of etetic
eerohydroeleeticity. The gener~i equet ior i  of e lifting eurfece
in en ideel incompree~ibl e urire~tricted flow te exernined . The
el~etic—deformeb1 e eurfece le etudied under the e~eumotion e of
the hs~h eepect-rrtio ring theory . There le obt~ ined en integro—
differenth~l equ~tion of the eleetic wing . The eolution of t~ i~
equetion yielde the reletionehip for the lift coefficien t of
the undef ormed ~ ir~g end for the funct ion  of the ef’ eat of el.~ e—
ticity.

I. Let uc exprrrtne the eteedy—rt~te motion of e deformebl e
lifting eurfece S with the vel ocity V0 in en ide~l irc rrpr c~eeible
unreetricted fluid et the ~rnel i local englee ~ (~~ ).  We ehell in-
troduce the right—hrnded eyetem of ocordinetee XYZ. The X-.~xie
ie directed to~~~ right in the direction of motion , the Z—exie
ie directed vertic~11y upw~ i~d.

In the generel cece in teririe of the eccelerr-tion poten—
tiel the boundery velue rrobl em for the lifting eurfece ie for-.

mulste~ re follow e /2/:

= 0 Q E Q, O~ = F (qj q, q1 ES. ~~~- — 0~,. = 0 q E L. (1)

where Q , q, q1 ere nointe of the ere ce R3 ,QER3\S. F(q1) le the
function of the ~hppe of the eurf ece , L le  the tt ei~ 1.~c,~ edge ,
q = q(g , y~, ~~), q1 = o1(x ,y,z).

In the ecee of e t h i n  eurfece the ecceleretion poteri—
tiel. le defined ee the potentiel. of e double l~yer:

e=

where r = l” ~ — ~?±&~~~~~~ )2 ± f r~~~~~~~~~

~ 

~~~~~~~~~~~~~~ _ _  ~i
____

~ -



- —~~~ -—S-——-’. ~ 
, -~w..- ~~~~~ nrm? ,’” ~~~~~

‘ ‘ 

“~~~~~~~ 
- -

I~oving on to the velocity ~otentiel in e line~r formuletion ,
we eh~11 define the letter on the be~ ie of the coupling equetion
8 = — — V 0ç~:

= — ‘
~ 

(q) S -~~~~~ 

-~- d~cds

end w i t h  the eld of the boundery con dition (1) we ehell obtein
the integrel. equetiori of the problem

_ _ _  
(2)

Here f~(q1) je the derivetive of the function of the ehepe of the
eurfece .

In the ceee of e deformed lifting eurfece , eeeuming the
dieplecemente ere emell , we eet

1(q1) 10(q1) + 11 (q1),

where f0(q1) le the function of the shepe of the undeforrned
lifting surfece ; f1(q1) le the e~g ~ue to l o F d .

V/e ehell define deformetion e et the point with the coerdi—
netee x, y, z from the b e d  et the point~~~ e r eeu lt  of l in e e r i t y
55 /3/

fi (x,y)=$S C(x .y.
~
,r P (

~
,
~

Ud
~
d11.

where C(x ,y,~~,~~) le r biv~ r i F t e  funct ion of t~ie effect thE t is
the seg et the point wit~ the coordinetes x,y re e result of the
ectior of the unit force epnlied et the noint ~. ti, p ( q ~=A~~(q), A0 == Q V~.

‘[hen the rc.ieral C~i~u t~on of the deformed surfece will heve
the form

1 a ç (‘ y (q) ~ — 
V (x TT .~

)’ tS~.~~~~
)_ ds =

V0 1 J 02 (q 1) + Ao~~$C x ( X . Y.~ . Ti) . V( ~ . 11) d~dTl] . (3)

- 
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The enel.ytic end numericel solution of the obteinied biveriete
integrel equetion (3) present cert~in difficulties. It is there-
fore ‘reesoneble , limiting the shepep in the plene, to cerr y ou t
the preliminery inveetigetion s under eseumptione of the theory
of h~~J~

- ) )o~~- , end erb it rery —esn e ct—r et io  wings .

2. Let us examine the c~se of e it.~JI’- eepect -retio wing.
Towe rd this end we shell cerry out e number of trr.~nsformetione;
we in t rn duce  th~ well—kn own epr r ox imet i  on V(x _~~) 2 +(y ‘2

~~Jy— t~I
end we set y~~,1 y(~) y ~~ for the ceee of e rect~”~~l’r wing wi th

the system of c”ordinetes situeted in the center of the piene
S~, of the projection of S on the pisne XOY. A~ e result of this
we obtain the integrodifferentiel ~quetion of the elastic wing
with ree~ect to ci rcu l~tiori r o~) = l  ?( ~h ’(Y) ~~

, essuming thet

Ny)= 2
~
cLa Vo[ a o _

~~~t7_ S 
r~~L~~ +

( s ~~~ .c ~/~iI~ C~ (x . [ ) d ~dx

~~~ ~~~~~~
. t r (TI ) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

—_______ — d~. (4)

Here 2e k is the chord , 2b = 1 is the spen , C ( x ,~,) ere tt~’
derivetivee of the function of flexibility with properties enelo—
gous to the pr operties of the function of infl uence in the plene
problem /4/.

In the generel cese the longitudinal  end la teral  elastic
•zes 

- of the lifting surfece cen o~’cupy en erbitrery posi-

tion Ii, S. The position of the projection s of the leterpi elpe—
ti~ ex i e  ‘ in the mid~le of the regi on ~~ does not introduce con’—
pl1~ etior

p end the investigetlon cen be conducted by exemining
the closed system of lifting eurfecee enel.ogousl.y to the bivEsriete

3
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cese /4/. The introduction “f the longitudina l elestlo axis,

which corresponds, for exemple , to the setting of the wing on

the fueelFge, requires ~dditi~n~l oon~~ructione of the function s
of influence end in the case of e high—v spect—retio wing imposes
certain ].imitstions connected with the hypothese of plane see—

t I oflp •

Let us examine the case of the location of the leterel. d ee—

tic axis on the leading (a) or on the trailing (—a ) edges of the

wing . In this case /4/: -

x >~~ C ( x ,~ ) =  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

x <~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where ~i n H — +1 —— the ~‘etting on the leading edge ,
— —l —— the setting on the trailing edge,

EI~ is the bending stiflneer , in the general case it is variable
ecoording to the span .

If we set EI~ = con etent, after additional trfnsformetior)e

end the introduction of t ie dimensionless coordinates x = Xe ,
y = ~-b end the dimensionless circulation 

f~~~2 r hV ~, , we obtain

(4) in the form of Prsndtel’e equation
r +I _ -

~~~~~~~~~~~~~~~ ~ l ’TI (TI) d T I I  (5

L 

2~t J 
~

_‘
~

—j ’
where a~~= - — ~~2~=- - , a = a0 +a~, a4 = sign R-~L~~~-E!~

_ _  is the var iabl e
angl e of at t ack;  H = ~V~k

3l/8EI~ is the ~~rflarity parameter of

the etetica I.~y eerohydroelestic lifting surfaces, A1 ~~, 0.75, end
+1

C~~= Xj  F(~~d~ (6)

is the l i f t  coefficien t of the deformed wing . Thus ,

0,75HC~ (7)

3. V’e peek the s~ lut io r  of equ at ion  ( 5 )  in the form
4

-- . ~~~~
- ---.. 

~~
“--

~~.-
--- -

~~~~~~~~~~~ —.- . ~~~ ‘~~~~~~~~~~~~~~~~~~~~ ‘ -~



— - , _ - - -  ~ ~~~~~~~~~~~~~~~~~~~~~ , - -

~ 
(y) = aA~~ (i) . (8)

wher e  r0t,y~=Vl~
_ yt

Int roducing (8) into  (s), we obtain en equation fo r  the con ’stFnt
A 2, integr~ting which with respect to the 

span we have

2
x

A2 =— 1--- ----1- . (9)

T5king advantage of ( 7 )_ ( 9 ) ,  we obtain the equation for C :

— — -i- A2a , (10)

whese e~lution yields

cwnn ‘11’C =- — - ‘
I’, - . 0.7511

1 — s i gn R— 1---—ç

where C = 2.~e0/(l + 2/X) is the lift coefficient of the n~~—
deformediiigh—rspect—rrtio wing. ~4ctuelly, c~,=

I 
_ _ _ _  

_ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _

—._ I /f~~

\~
... .

J M - ~ 5

~~~ ‘ ~~~~~ ~
‘
~~~~~~ =z~~~ ~~~~~~~~~~~~~

3,gn ~.-f

setting ~~~~I2 A

C,~ = ~~~~~ (12)

we obteiri the function of the Influence of elasticity in the
form

5
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(13)
I— sign R

which gives in the boundary cases

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (14)

(15)

Result (14) was obtained in work /4/, ~nd result (15) phows
th~t for the examined type of wing formally when X-~0 in tIe
case sign R = —1. there exists a tendency to the absence of the
influence of elaetici~ y; when sign H = +1, the lift will be de—
ternined by the local angles of attack, the magnitudes of wh ich ,

e of the es~umptions of linearity, restrict the epolicabi—
lity of a result of type (13). To i l lust r a te  the obtained re-
sults there were carried out calculation s according to foriiule
(13) (figure), analysis of whioh shows that ela~ tieity end aspect
ratio together can significantly change the lift of the wing .
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