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(a) a sys temat ic  overviet of possible s pl i t t  j ugs for several types of
mat rices and e igenvalue i i i  t orma t ion .

(b) app lications to nonsyilinetric l inear systems . ‘ -

(c) solution of generalized ei genvalue problems for sparse linear
systems .

The research on (a) has resulted in more ins ig ht on how to choose the
appropr iate precondi tion in g for matrices of a special st ructure . ~k,i’cover ,
sill ittings have been proposed for other problems , e.g. 3D-problem s and
periodic boundary condition problems.

‘Ilie research on (b) has not yet led to satisfactory i tera t ive  so lu t ion
ur tliods , though for special problems an a [way s converging method has been
deve loped.

‘Ilic e igenVa tue problems ment ioned urnier 1c) have been solved ~at I I’at to ri lv
wi th  Lanc:os-type al gorithms . Thcs~ probl ems were nwt in t h e  i i tv est  i gat ion
ol’ convergence p roperti es of the methods inent I oned iu de r (a) and ft 1
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Sununary. in ref. I special splittings of the matrix of a sparse linear

system were proposed . These’ sp li ttings can be combined with the conjugate
gr adie nt s me thod , whi ch results in very efficient iterative solution methods

when the  matrix is a synunetric M—matrix t ) •
The research reported in this Fina l Technical Report has been focused on

three major subjects:

(a) a systematic overview of possible splittings for several types of

matric es and eigenv alue  in fo rmat ion
(h~ applica tions to nonsynunetric linear systems

(cl solution of generalized cigenvalue problems for sparse linear

systems .

The res earch on (a)  ha s resu l ted in more insigh t on how to choose the
appropriate preconditionin g for matrices of a special structure . Moreover,

splittings have been proposed for other problems , e.g. 31)—problems and

periodic boundary condition problems.

The research on (h) has not yet led to satisfactory iterative solution

me thod s, though for special problems an always converging method has been

developed.
The eigenvalue problems mentioned under (c) have been solved satisfactorily

wi th l5anczos—tvpe algorithms . These problems were met in the investigation

of convergeuco properties of the methods mentioned under (a) and (h)

1 ) ~\ ma trix A~ (a . •~ is  an M—m atrix if a. . ‘-O for i~ j ,  A is nonsingular and

A
1
~~ O .
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I .  Sp l i t tin g  te chn i q~ues for  several types of synunetr ic matr ices

In r e f .  I the idea of incomp lete decompositions LU for arbitrary

M— matrices A was introduced. For syttunetric matrices A those

decompositions were used as preconditionings for the conjugate gradient

algorithm to solve the linear system Ax—b . In the examples given in

ref. I matri ces were considered arising from 5—point discretisation of

a self—adjoint elliptic partial differential equation on a rectangular

region.

During the period of the Grant , attention has been given to a more

systematic investigation of possible preconditionings . Front the information

that came out this investigation also precoditionings could be proposed for

other types of matrices. We mention here problems that come from p.d.e.’s

wi th periodic boundary conditions , 3D—problems and problems where the

resulting matrix has an arbitrary non—zero structure. Also research

has been done for problems where the matrix is not an 14—matrix.

This r esear ch has been repor ted br i ef l y in ref. 2 and extensively in

App endix A. As a conclusion we mention that , wi th respec t to ei ther

economy of space or the amounts of computationa l work, optima l choices for

a preconditi oning can be made for problems that come from discretisations

of ellipti c seif—adjoint p.d.e.’s.

The ei genvalue information , reported in Appendix A, demonstrates the

effects of constructing a more or less incomplete decomposition for

use as a preconditioning .

-



II. Iterative methods for nonsynunetric systems

The algorithms mentioned in section I work all fine for symmetric

positive definite linear systems but they fail to work for nonsynunetric

systems since they are based on the conjugate gradients method .

Variants of the conjugate gradients algorithm, that converge also for

certain classes of nonsyninetric systems , are proposed by Concus and

Golub {3) , Widlund [4] and others. They share the disadvantage that a
symmetric system has to be solved in each iteration step. Thus in

general these methods can not compete with the original cg—method for

syninetric matrices.

It has been investigated during the Grant—period whether incomp le te

LU—decompositions could be used to speed up the convergence of some

well—chosen method . Two different ways have been followed , each of which

seems to have promises but research is only in its very first stage.

The first way was to base iterative methods on the following spli tt ing

of a given ma trix A:

A = n(A + AT) + ((I — ci)A — cLA
T
)

= aN + N

instead of A=~ (A+A
T
)+~ (A_A

T
) which is more usual.

in Appendix B formulas are given that yield a converg ing method if A+AT

is symmetric and positive definite. it is shown in Appendix B that the

rep lacement of N by its incomp le te LLT_decomposition in general results
in faster convergence.

The other way was to follow ideas expressed by Manteuffel [5] based on

Chebychev acceleration of iterative methods for non—linear systems. It

was recognized that the use of incomplete LU—decompositions of A could be

used as a preconditioning and they gave more efficient solution methods

than for instance the use of a Fast—Poisson—Solver as a preconditioning .
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III. Generalized Eigenvalue Problems

In order to study the convergence properties of the iterative methods
mentioned in I and II it was necessary to inspect the eigenvalue

dis tribution of the respective iteration matrices.

The Lanczos—algorithm as proposed by Paige [6] has been chosen to compute

a large number of ei genvalues. in ref. 7 the numerical experiments are

described for calculating eigenvalues of BA where B and A are both

synunetric and posi tive definite.

Since also eigenvalues were required of matrices BC, where B is

symme tric positive definite and c__c T 
(antisynunetric), a variant of the

Lanczos—algorithm is proposed in Appendix C.

The often very tedious examination of the numerical results, as usually

req uired when using Lanczos—methods, has been largely overcome by an
automatic selection procedure. This research is also described in

Appendix C.

_ _ _  -~ - -~~~~~~~~~—--5 - -~~~~~---5~~~- - -~~~~- --~~~~-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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SUMMARY

This report presents incomplete decompositions for various types of

matrices as occur in the implicit discretisation ~of practical probl~ ns.
A review is given of rneth~ds for the usual f ive-point discretisation of
a self-adjoint elliptic secorKi-order partial differential equation in t~~
dimensions on a square. The matrices which occur in this type of prob1~ n
are symmetric N-matrices of very regular structure. The converger~~e behaviour
of the different decompositions for this case is d~ nDnstrated by
nunerical experiments. The report also gives decompositions for the
following type of matrices :

(i) Symmetric M-imatrices of a different structure
(ii) Symmetric positive def inite matrices
(iii) Non-symmetric positive definite matrices

KEYI~)RDS

Matrix algebra , numerical analysis , partial differential equation.
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W i t  it :\t \ •v ) , 114. \ ~ \‘ ) “ t l  , i_ ’I~ \ ,v ) .‘il  ~t t~I I. x ,v ) t K • wlit ’t’i’ K I .- : ~~~~( t ’ t ’i_ ’ t~ t t t ~’~t i  Lit’

t ’ t ’t ’ t i _ ’ T l .  :\hi_ iulè’. t he k’un~Lti’v 
i_SI< i_ ’t 1< I l k ’  li _ ’ 1t tlt 1~It’\’ i_ ’i_ ’uii I I I  i i ’ t t

a ( \ ,V~ tu (\ ,v~ ~ t~~x ,v)  ~~~u ( \ ,v~ ~~x ,v)

t~i h i _ I : ; , t i _ i t h  t~~(x ,v), t~~x ,y)~~ ~t i~ t i_~ (X ,\’) t x ,v~ ’O i _ t t~1 whet ’e -~~~ — i t ; t l i t ’

i_ ’ t t t t s I t \ t  i _ I c i t ’ t t ’~i t  1 V ’  ii t ’ t ’ 1 ’ t ’ t h i _ l i L ’ t 1 l
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U’ t i _ i  ~‘R. h ’1 i~’ ; : t t ’ ; ii _ ’ t t i t ’ t ’ ot thi ~’ t’t ’:;ul t tug

‘10 ii ’ t’t—IiIIt t~ j \  A c it  i_ ’ttl ot’ N j ; :  slicit-.’uu iii h ’ i- ~’, . 1 . ‘(‘l it ’ t ’l eunt ’ui t :; i_ it

Ilk’ i _ ti .I,~
i_ ’lItI i_ it  :\ .101’ i_ It ’tui itei _ h I~’~’ i _ t

i ,  tlIci: ;t’ cit t N t ’ t los t  t ippet ’ i _ I i . t ~~’tul  t’v
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2.1.1 
~~~~~~~~~~~~~~

‘l’he :~ i i n I i L i n t  ~i Ili _ iwcii_l ch~-L~ - hi _ ’t’ K I: ;  t i l t ’ i _ t i i __ tgciIul i_ i t  A . ‘l’hit ’ tci ::tiltir ig

i j i w it e  ~‘t’ t i_ I i t ’ t - t t  n:t ’ t hti _ _\t is liii ::~nuti In the ci. . niethed ippi 1t~ I on the

I t  i t  I’ ~x sccil ed Ny i t :. I i  - t i ’ ‘u t i I . T hj s  tici l 1 l u g  is i i i  s~ into i’ospci_’ I opt thkd , Since

t t h i n  ut:iSc:i cippto~ iiuu t ely tite cot~ I it ion ii t iml~~’i’ of K 1A u:~~ t tg  5u1 I d Ltgoiu 1
t 1

I t th~’ ~~~~ t icin L; ::c. tIed in i _ i i _ tv~inc~’ ti-ic ntnnber it  n~ciut i p1 i’at ions is
1i~ N p11’ i t t t ’~j t  ion. I t  t o t  , liii:: -~;i::h~n’ W i  I I lie II N.

2 .  1 . 2  tC~~~~~L I - )~~t 1 ~~~d R ( u~~1)

lh:ci~ thi _ ’ t u t i t u i x  K is i i i _ : t ’ t)  5o t l i i t  i t : ;  i t i _ ’ ’i _ U i j \ ’ : : i t  li _ i t t  t t c t o i ’  I~ los t h e
I t ’ :; I \‘ t~cit  t orn t:: I - l ie  t i ~ ii ’t ’i’ to i i _ t t h~U li_ U’ ~t i ’  t cit  A. This dei_\Irn~~ s i t  ion

~ ~i 
q

li-ta t ’oen i_ ’i_ ’t iS  idet’~
i_ _ h i~ utuny i_ t n t I ti_ 1rs ‘ ‘ - ‘ ‘ -

E t  i : ;  couiv~ - i u c i u i t  t o  t~ ’i to this di_\’otli1~ i5 i t l o u t  i _ i : ;  K
1 1 L1 ,l 11 1 , 1 1~~q

1
1 . t t i ! i - -

~ • 
i S  - :1 U ’~’- ‘0 t t’ I. i t i ~~t t  I. it’ it i t  oi x c i u  t 1 ~~ ~t d i  - ig itu 1 utt i t  o ix elit is t I

t i _ i th i _ ’ i l l V i t ; : c i  l i t  I ito ut o in d L t ~ ci ui _ i . I  i_ i l  1,~ 
~ 
. h i t  ecn~tun w i t h  the eiezttetits cit

A , t i : ’ : : ’  c i i  1 t u - ~- i_ io t io t ed l i v  i_I b• I l k l  ~ .11K1 1 lK i so ci t  1) Ny d .1 ,1 1 1 , 1
~~: :i_ ’ I ’ j ~’~. ~‘) .  lilt ’ t o h  1i’tjiIh’ t’~

_’Ii _ i t u i _ ’l t : : i _ I t ’O t I :  i Iv vei’i I i t ’i _ l

— _ — 1 - - - I —

ci ’ i _ I -  ci . -- t ~- i _ I ’  — i_ ’ ‘ ci.
1 1 1. t — l  i — I  i— tn i—un

— 
t i_ it ’  I 1 ,2,. . .

N.  1’ - i_ itid i_ ’ i_ ’ -

~ 1 1 1

In those i’e l i t  lou t : ;  t h e  ti ii~~ lei itted i_ ’Iej nent ;: ~u’e ‘oro . Only extra s ton~gc tot’

the elements i_ l
i 

is required . Tite t ’i_ n:ui ting hybrid conjugate grad ient method
I ; :  c.uj [t~~i li _ ’’ i~( 1 ,1) .  ‘Ilk’ u t_ h ~c1 ’s dot’ tz~~t’i_ 1 t o  i u ij j ccite thcit t here is one
non—nc- re d i t go lk I t  next to the uuu i n  i_ l ici~~iuIt I and one noui—noi ’ci dia~prul at the
outwcirt1 s i_ k ’  i _ i t  tN I-vu-id. ‘Ut is is 1CX’~(I - l ) i _ i t  Rd . I. The number cit

mull t i 1’l i t t ions t i _ i t ’  t’tt is methtxI is 1t~ N mi _ i l  t i p1 ica t iotus pet’ i tt ’ri_tti on.
‘l’tit ’ ~~OR (ut - I) u Ii _ ’counpc:: it li _ iu’i u’ ises It all dcitt ::: : i~ tot ci imitvi t iou corre~’ t ions

.tt’e ui oe , I -o i_ ted . ‘l’hu ’ SSOR(w 1) i t ;  i_ in example i_ i t  Iii ’ exterideti cl.iii :; i_ it

j uti _ - ‘:;:j~l i t t ’ i _ li _ ’i_ ’~ I I : I \ ’ :: it li _ ni : ; meui t iOtk’i_ I itt ::oi_ ’ I ti _ it t  I . ‘l’luo ntunl -iet’ i_ i t  miii I I —

p1 ici_ t I j o l t : ;  reiuti I it:~ t h e  s ut ut o ‘I: ; lot ’ li _ ’’d( I ,1), t in t i_ ’it ’ i t n ’ t v  i_ i t  s to rti~,e
h i_ i: ; t t ’t ’il  ;; tvt i_ l . l i t ’  t ht t ’ tz::i ’ i _ i l ~I 1 K  as i_ u pt ’i_ ’i_ ’ iii d i t  ion lug I tx ’hut i i p u t ’ sot ’

1 1 (11 .

_ _ _ _ _ _ _ _ _  
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(. i • i _ ’t i ~~~t 1-: .!

Ut :1’ : t I t Oj x  K
1 

I l l  h u l i l 
t .
~ ,~~ 

i_ if Un (‘l ’t ’\ ’ 1 i ’I I :  ; ; t ~~ ’t  t i _ n t  i: ’ Ci l:t t tt’; ~~ t ’~ ti~t I
t ’  A , t ’ \i_ ’e~ ’t t . ’i’ t I,A ’ 1 L I c u  ‘101:;  . i h  ~.t. ’t ’jit I. ’ t h t~ ot u t  el’i:t’:; t Il_ l i d

‘1- - i u i d i ’ .ited by the lcittt’i_ I I l u t e ;  iii t ’i~~. 3. li v ilt’I u i _ hiuug ni_ itu—:e li t’tttt ’jt’ :.

i _ n i  II K’st ’ I t nt::; ott I au~ l l~ , t i _ i ’ ex1i~~~’t t~~ ju1t 1~ \uve I It t ’ ‘W~u~~xinu te i _ h t ~~~’s u t: q~~~i : .  ~t t i _ n t .

Itt 1: , t [ ’ ;i ~~ \ 111k-i t t i _ t i  W i l t  t o o’ itt  et~ i _ i : ;

K
1 ,  ~~~~~~~ h i~ ~~

iOt ’ t ’ ll~ , is  r hi ’ i _ I u 1 u t~
j l i t  ~ t.u 1 t ’  I h~’ It tt-~ ‘t ‘:‘e i_ if l i i i ’ ui~ t iii

i _ t n t  l I t t i  O f H ~~~~~~~ c ’ t t ’i h c ’ l t t :  c it  t~ l h ~ ci .Iolli _ tc-d h’\’ ~~~~~~ I ’ , ‘ . t u ~ I i_ ’

.t ;td t h t i _ ’ : . t ’ i _ I  I’y i _ i .  ¼ : . t ’c ’ h ’i g. 14 : -
~

-
~~ element :; i , N 1, c~~, i_~~ alIt c i .

“al t Iii’ ‘ t t : [ ’ t t t  Ott t ’t ’i_ ’ l t t ’ :; ively t tot i t

~~~~~~~~~~~~~~~~~~~ i_i -
~~~~~~~~~

‘ 
_ I

t t - h  t ~1 i i :ci 1 toi’ i t —i: - t’in

~b. - ‘ - i _ i .  - t i _ i t ’  I I ,.‘ , . .. , Nt i— tue 1 — t t t i  1 u — i i t t  1

1 ’ - — i_ ’ i _ i S  I ’i i  i— - I t I

i_
i 

I
i

l’b ti ’ IK ’t l— i_ Ir-’~ jtt t~ h r ’lt ’t :tt ’ti t: : ‘tt - ~’ at  I . t ’ t\ ’ .

: ‘ t i _ ’ t~~tg~ is t ’eqitire~I t ’u’ I ltt ’t ’t ’ .- u’t’i_ tv :; i_ ’t length N. [‘lie u tuint’t’t’ cit ut ~ il  t ip i I --
i_ ’cit i ’lt: l ic-i_ ’O5; ii_ iliV t i _ ’t’ t~~ ih i i t t ’t ’i _ t t  jolt ;;tt 1 ’ it th1’ t’t’stil t it~ ’. htv bt’ii _ t ‘ t i j u g~I t t ’
t i ’ I u l i ’ t t t  ut *~thicid lCi ’i_ a 1 ,.~) it : tx~uat to III N.
In s it i t r~l’ to SiVt  i_ \ittu j i tItt sl ’ : ; h i _ ’ t t t ~’ t ’ t i _ l i t ’ ‘t t ’ t t t v ) t tit~ t ’t ’ t a t  i t e t y  sh Il l I

i _ i l  ‘~ t i  - it ~~ i_ in Ii - i_ ’i_ iii be i_ ’lfl i t t  t~~ I. ‘L~iu:; i’ I ’ - . liii: I:; cit ti_ ’t h t o t ’  t ’ x. t t u t ~ s~~ ’ ~l.t ;;s c i t  ix ~~’ouit 1it ~’t ~ ’ ili \ ’otn l\ i :; it ~u ’t i: ~t l K t  w i l t  I’~ tIeuott ~ t I’y lt ’i_ ’i_~ ¼

1.14

l~h ht ’ u t k t t t ’ t \  i: c ’i j tItI t o  A , t ’ \ c c ih t t  t ot ’ t i l t ’ t W t ’ i _ t o t t e d  i _ I i I ~’ s ’ i t t I : ;
t I ~~t i i _ ’ t t t ~ t l i t  11g . t . ‘l~~’:: ’ I K ’ l t  .‘eu~~’ t ’ t en :1’ t i t ; ;  i _ c i o t  be t i  i u u i t k t t ~~x 1 I v  t l i t t ~~~ i i t i _ ’ t u - ~’

~t II  c ’\ t ~~’~I i _ i i i g i n l t i  ~l i  1~ ¼s ~’e I L ’ , I ’) . hi t ~’ .‘ltil ~’tttS Ot t  t hit ’::t’ tIi ~t~nil0l: ; ti _ h I
1~ ’ ic i t~ot ~~’i_ t t ’i~ t . . liii: ; i iti _ ’i_~iip h’t e i _ h ’i_ ’i _ m 1~~’: ; i t  hi _ i ll w i l l  N~’ i _ ttnii _ ’tei_ t t ’y

I _ i
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- 1  :~~ t n t  1 , 1
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it -;— , i — I  ;-
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i_~ ~ -
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I ~. 
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I
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l i i i ’ ~~~i_ t i  I ; u t ~’ ‘ i
’
i

’
i~~~t I , 3 1 - : i _  i_ -

~~ - : : : ;  t n t ’::: : I t i l t : :  ~tI~ itu t 211 N ntttl t i pliei_tt l i i i ; ;

p- ’~ i t  t n ’ i I  to :-. i n t l  t ’oi _ lui t ’t ’:; i i _ n i t ’  i_- t t ’ t ’ - tv :~ i_ -i t  l en gth  N t i _ it’ the dt’i_’ont1xis it  ioui .

. 5 t i _ i _ I t. - 1 4 )

Iltil ike ant i K
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, ,  K 1 i _ I it I t’l ’:; t t i tt i :\ by t c m ’  nolt— :1~ixi di.i_gciruls
ii’

ui _ h  
- Ic . ‘ ~ . I~ ~ ‘ I i i : :  ; i _ i  ci IN . :~ ‘ , tt~.ii ill ‘it ’ t i_ ni — ‘i\ i_ i i i_ tgi _i u u i t ;  i t t  L i_n ’e

t ;~~~’t ’::S~I:’\ ’ . t he OIi _ S-’’ iii : ; i_ ti t t t t ’st’ i _ i  i . t t ’o t i I I : ;  i _ u - ’ ’ i _ k ’ u~cited by h~ dfli_ l g 1 
( F i g. 8) .

‘l i i i : ;  i u : i :::~’ I - 1 . ’ t I c -  J n t \ ’ : - i  1 i on  I: :  wr i t  t t ’~ t as
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‘l~it’ non—i_ l ’t inei_ l t ’ I~ ’;::~’t - t t  i_ll’u’ _ ‘o1~~i

h~itt • i’e:;til i r-ug lt ’Ct’.( .‘~~1e ‘I 1i1’os ’i_ ’: : :  u i ’ c t ’:;:; t a t  t ’ :; t k - n t t  2t eN mt t l t ipi i c - i_ i t  t i_ ins pet’

i t t ’u’a t l i _ n i  i u ’ ti _ t u’ t ’u~t u i t ’ .’:; :; ix  It’1 ’i _ i V S  ci t  1 ongthi N lou ’  th e  dtvomi-ot; i t  ton .
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I . i__ ~
- ;ci it  1 ti _ ’i’ Jei_ ’omros i tiorts

i e i _ v t i u i g  in this ~~ xrner , we obtain a soquoit~e of incomplete decompesitions

~
, K , it K

1 ~~~~, etc . From this  wo see that the number of
— , _)~~~~ b , —

ui3ul-zei u i_ fi Jgi _) iLL LtJ grews rapidly and thus the an~~unt of mi_ork . However ,
I~’t’ fltos t practical probleirts the tw diagonals next to those of the
previous decomposition cause the nujo r improv~~ent . In this way K (3 , 5)

K u_ LI , u - i )  etc . , t c i~~.’ t i i c i’ w i th - i the corresçond ing ICCG methods ICCG( 3 ,5) ,
Ii ’i_ ’c,(q,u~) etc., are developed .

U p to now we have always added coinp i c t o  d iagor~ils in the decoinpesition
pr~’ccss. ‘Ilie diagonals, however , contain their non-~ere entries only in a
l ’ I O S K i _ L : ; , ’ struc t ure (sc i_ -’ i’i f.. 9) .  In perticuli_ir , this  implies tha t in our

a complete choleski f~tct o: ’ isat ion is equ ivalent to “incomplete

i_ lOCO tTçeS i t ion” w i t h  Th:— 2 ex t  t~~t “diagonals”

2 .2  l’ive—ro int discretisd t ion for ’ l’t0l-i~alis wi th  periodic boundary conditions

‘the l ineai’ equations in this sect ion 1ris~’ in the SCIIt1C way as the linear -

t ions lit sect 1011 .‘.l , except that  a perictlic boundary cond i t ion holds in
i _ i t Lot ~ t one direc t ion. In the examples Wi_ ’ have i’i_ ’-;ti’ictc’d ourselves to a
periodic boundary condition in the x—d irection. This boundary condition gives
rise to addit ional element-s in the nu t -r ix  A , as indicated in Fig. 10. These
extra elements are denoted by 

~~~~~

. Since i is the row index , only 
~~~
, 

~m+1’
are non—~er~~. Again A is an M-nutrix.

2.2.1  ICCG(111)

In con1~ in with the non—periodic case in 2. 1.1 an incomplete decomposition
can he constnicted in cases where the upper trianguldr factor has the
same sporsity structuri_ as the upper triangular part of A. This decompo-
sition is written as

K 1 1  ~~~~~ 
D1 1  ~~~ i

— 
;~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~ -~~~~~

‘ 
- - - -~~~~~~~~~
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.
~~

Tb,.’ ~- 1i _ -:~-c-n ts of L 1
1
1 and D1 ~ 

can N ?  calculated from

5 

~~ — l 2 -
= d . = a .  — N .  d .  — (3 . d. — c .  d.

1 i i i—i i~i i—m+l i—m+1 i—rn i—rn

i:l.2 ,. ..N

b. h .  c . c .  13.
1 1 1 1 1 1

Non-defined elements are zero . Note that the ten-n 
~i

2
m+i di_m+i � 0 only

i t  i:m, 2m , 3m The resulting ICCG(l ,1) process again takes
approximately 16N multiplications per iteration.

.~.2 . 2  ICCG( 1~ 2)

The matrix K11 of 2.2.1 has elements as indicated in Fig. 11. To annihilate
th :~c- elements in L , non-zero elements are requ ired in these places . These
elements are denoted as shown in Fig. 12 by ã~ , ~~~ Cp ~~ ej~ 

~~., 
~~~

tN ’ i_ - i  c - I n c - i t t :: of ~~~ by d
~
. ‘they can he calculated from

- 2  - 2a. d. = i _ i .  -b. d. —e. d. -c. d.
1 1 i i—i i—i i—m+l i—m+l i—rn i—rn

— 2 —
- 

~~~~~~~~~ 

d~~ 1 (only for i m+l , 2m+1, 3m+1,--)
i=1,2 ,3 ..  .N

— 2  —
— ‘

~
‘
i—un+2 

di_m+ 2 ~~i—m+ 1 dj_m+i (only for i m , 2m—--—)

b . = b .  -C. d. e.
1 1 i—m+l i~rn+l i—m+l

C .  = C.
1 1

= -C. cJ . ~.1 ~—:i i— i ~ic-1

~~i-m+2 
di_m +2 ‘ni_m+ 2 ~~j -m+l ~

1i-m+1 13i-m+l i m , 2m---

~~~~— i d j —~ ~i—l i 2 , m+2 , 2m+2,———
= 13i ~~ i—1 a j _ 1 ~i—1 i 1 , rn+l, 2m+1 .———

Note that b , b ,-— and e , ,——— are non—zero .
m 2m 1 m+1

The resulting ICCG process takes 18N multiplications per iteration and

rt’quires roug)ily three arrays of length N for the incomplete decomposition.
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3 lC~~t .j21)~~eriodic

Pt- t IK\v:p le t & ’  !e~’c m pt)S i t  i c - t i  oX 2. 2. 1 ~k~~s 1k it  haVe d per’i ~ structure.

To ~~-~a i n  ‘i K w i t h  a 1~~ ’i~~~ic structhre we

K (L  + D ~) I) (L T 
+ D L )

p p p p p p

2h~. n- ’r i xlic structure ot the rri~trix N is given in Fig. 13. P. is a
d :w’,oiu I na t i ’  i x . The elt’in~ ‘nt s ot and P have to satisfy :

b
~ c~ ~‘i tcr i 1 , 2 ,--N (2 . 2 .3 . 1)

i_ i. = i .  a .  — h .  d .  —c . d . . -1 i i—I t—I i—rn i—rn lot- iz2 , 3 ,—— , m, im’-?, m+3,—— ,Lm ,2Tnt .- ,
,N ( ‘

— — —1 — 2 —  —

a-  d.  a .  —
~~~~. d.  - — c .  i _ i .  . 

‘t i i i+m— L i— rn r—m Ic : -  .izl , m+l, 2~ +l ,—— , N—n:i’ 1 ( 

The c~su:o t No calculated sti’a igh t I c :~-: u-’dty ,  s ince in the sec ond t c t - n u L i _ i
d
~+,, i 

is present. We can calculate the::: by su~ st  i t i xt ing  ( :‘ .2 .-3 .3 )  i n t o  (2 .  .‘ .3 .  2 )

tot’ the i-tex t i , and continu ing iii this way , we find quadrat ic e~’~Il~~t tons to:~
the ~~~~ For d~~ we choose the in’~ est r~o - t  , sint ’.’ th i s  i ’ h oj s ’t ’ ‘‘estil t : -  Ut

situl ler elements b.  à~ ~~. in the erpot’ matr ix K —A . Ve now g ive t h e
1 i 1  1—m— 1 p

derivation for the tornula for d .  The d~~ Can Nt - compoted in a simi lar
way. We rewrite (2 . 2 .3 .3 )  as

— —1 — 
-d = w — v .  d (~~. 2 .3 . 4 )1 1 i m

and 2 . 2 . 3 . 2  as

d 1 = w . - v~ i=2 , ---rn ( 2 .2 . 3 . S )

From induction it follows that:

S P~ 
+ q j d~ .d. = for 1= 1 , 2 , — —— ,rn

I r • + s. -

1 i m

The ceett ici ent s p., q
~ 
and s~ satisfy p1 1 = 0 r1 w1 s~ = —V 1

u’~ q~~ 1 s~ ‘-
~+i = w~÷1 r1 

—v
1~1 t~ ‘i_ -:~~~~~~~

This leads to the quadratic equation in d1,, wi th - i  kr~ wn coeeficic’nts 
~m ’

r - and sin

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
—

~~  
-- - - --—- - 

—
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s - ~~~+ (r -ci~~) a -p  0

from which the largest root can be calculated .

2 . 3  ~cven-potht discretisations of ellipt ic p.d .e. ‘ S in three dimensions

sev~’n-po int discretisation for equation (2. 1.1) in three dimensions
leads in a similar way to a matrix with seven non-zero diagonals. The
structure of this matrix A is shown in Fig. l~ . The elements of the upper
tl ’iangUlar curt of A are denoted by a~ , b1, c~ and ~~~ where i is counted
t’o~~’..’ise. If n , rn , k are the number of gridpoints in the x ,y,z directions,
respect ivel y,  thc - cir~k’r of the matrix and the sizes of the blocks are

x in x ~~, n x in arid n .

2 .3.1 
~~~~~~~~~~~ 

-

In conron with the 2—D case the IC~G (1,1,1) factorisation is the one
where the upper tr iangular factor has the same non-zero structure as the
uricot’ triangular curt of A. Again this decomposition is written as
K111 = L1 1 1D1 1 1L~~11, where L i i i  is an upper triangular matrix
and D

1 ~ 
a diaiprul matrix equal to the inverse of the main diagonal of

L I 1 1 . The elements of L i 1 1  are denoted by 
~~~ i’j ,  

~~ 
arid arid the

elements of D1 1 1 by d ..  These elements are given by the recurrency, ,  - :i.
relations:

a = d ~~~~~a ~~2 ~ _~~ 2 ~ _ ;2  ~j  I i i—i i~—l i—n i—n i—Thn i—mn
for i=1,2 ,--- ,n x m x k

b . b. c. :C .
1 1 1 1 1 1

Non-defined elements should be replaced by zeros . It can easily be seen
that for major problems where the diagonals cannot be stored all together
j r. core , the d1 can be calculated by taking successively only ports of the
order of n x m in core .

The resulting hybrid conjugate gradient method requires 20 N
multiplications per iteration. 

— — — — 
— 

~~~~~~~~~2 - __-~ ~~~~~~~~~~ — - - — ---- - -— - --- —-- 
-
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2 . -~ . .
‘ i2 t her dect-’inrics it ions tot’ 3—i)

Tht~ nutrix K1 1 1  I , ~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~ 

ci the prev ious section is a

iu~r ’~ equa l to A , e\~’ept b r SiX dLi~~iruls , ~1~; shown in Fig . 15 as dotted

t e s. We LThta in the n~ xt  ~ti\’c:upos i t ion Nv includ ing non— .~ero entries on

these ‘. ixies in L and . The elements of L 1 are dei -cted by a1, b1, c~~, c.

t . ,  and I i . ,  as shown in Fig . 16 , and can be calculated from:

~~~ -~~~ 
- _ 

~i-i ~~~~~ -net ~~~i-n ~i-n ~ i-~suen ~~~~~~~

-i ~~~~~~~ :~ .
t— ti -~”t  t—r , n + 1.  i—ti:: 1— IE

~~~ ~~~~~ 
‘~i - t + l h i~~n e t  

-
~~i-it-~~i l  i~~t1O~ 

t l . i : n + l

C i _ t  d i_ i  b i_ i  ~ i-nu:+n d j~~t~~en ~~~~~~~
i:1,.. .

- ¼~~- t ! d
1. 1 1 — :t ui+n 1— ~ .t t in - i — - n in

-: - - - - - e j -  ~~~-
I t — n~ 1 -n i l  i — n i t  1—n t — t i  i— n

f . = — e - J- h-
1 t — l ~ i — t  t— 1~

t i —

Six . u’:’avs of I engt it N art ’ requ ired to st o~’e t he ncn—~cro d ia~ona is ct L 1 .

The result irig lCt ’~ method requires 2 t N  mult ipl icat ions per iteration.
Unfortun~te1y , if we proceed iii this manner the iumber of dL~~oru1s

in the subsequent dt~~ uipos it ions w i l l  increase rap idly . For instance, the
nex t decomposition has 1.’ rion—~ ero d ia~’.crial in i t s  upper triangular port .
‘ t’h-t c resulting ICCt~ method takes 36 N mul t ipl ications per i te~’at lOll.

2 . t~ ~l—nutl ’  ices an s ir~ from t~ ive—r oint d iscre t i sat ions on i~~~~ u1~u’ re~ iot:s

So fat ’ we have ~nlv considered discretisat ions cii square reg ions . We are

now going to cvninent on reg ions w i t h  int errul houn.iaries ( no—flow

hout-~Unies ci’ d it ferent lv shaped r’et~ions . For cen~’en i ent ’e i t  w i  1 1 be
assumed tha t the reg ion Ct ’tt:; i it t :; et :~1ktl squart’s.

An interiul boui-idary is reflected Nv sc~m~’ extl\t ~-ei ’cs in the nut nix , but
the matrix reni-~ins a syni~~tn i c  N— matr ix , thus incomplete decomposit ions
1’~l11 No nsti’ucted as l et  ore . An uiterr~il l~)uTidat ’y iinp l irs that there it ;  no

-.-,--- -.- - -  - - .-~~~~~ _h~ j~ 
-
~
--—-

~~~~~ 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘..
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-
~~ i -~n (no t ~o1-.) between ~~ m t s  on d~~ferent sides of the

h-~’~nd- u~v. This p~v~pertv is preserved in each of the above—ment ioned decompo—

s :t i cns.  This is in contrast with Stone ’s SIP method , where the use of the
i~ -n-a t ion  paraineter may cause a connection through a no-flow boundary.
:‘re~;:larly sIuped regions can be extended in an obv ious way to square

regions ~‘ith an interru l boundary at the point of the original real boundary .
T’he l inear system arising from this extended region cart be treated as

~~-fonc , bear i n~ in n’irid that the extended parts do not require
icnai. work .

~ ~ .n-~:t r - ~-~
- w h an irregular non-zero structure

~-r~-a~nices with an irregular non—zero structure arise , for instance ,
tn~ n SLTr~~ t ir ;ite-elcment methods on irregular meshes11 and pipeline net—

12

Wc ;~~it L ’ the r~a t t ’ i x  A as A = U + D + U where L , U are strictly lower

and upper triangular , respectively, and D the d iagonal of A. If we omit
all L ’~1U: : : i ~ U~ elimination corrections on off—diagonal elements (see section 1~) ,
tt ~ ’n the i ncc ;nrtcte decomposit ion is given by K~ = (L + D0

) D 1 (D
0 + 

U ) .

i ;  dot erininod by the relation that the dia~~nal of K0—A , which is

c~j sal to the diagorul of + diag(LD
0
1U) —D , is zero.

If the natrix is symmetric , this decomposit ion cart be combined with

the conjugate grudient method. For non—symmetric matrices see

section 14

3. AL~ ORITF~1S EDR S~~METRIC FOSITIVE DEFINITE M TRICES

If the matrix is not an N-matrix , the construction of an incomplete
ccccr nesi ion may fai l , because of the occurrence of non—positive diagonal

~b u l t  positive diagonal elements are also undesiriable, beoause of

stabi l i ty pn ’blt ’ms .

Three d i f ferent strategies which seem to overeome this problem have

currently been proposed :



-- ~~- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ r - i1 -

~ i l  If a -~~ iagcr~a I element of ~css than a prescribed positive value

encountered dur ing the construct ion of the incomplete LLT

cco~ p os  * t ion then some already compited off-d iagonal elements

in the corresponding column of L L are set: to zero .

i i ’) Th e’ diagonal element can be enlarged if necessary by add ing a

s uf fi c i en t  ant)urtt to the original element5.

‘. i i i’~ ;:e can a~. so add al to the matrix6 . If c~ is large enough , the signalled
problems will not occur .

4. A:~~~~~~ F~~1~ R~F-~ N t ~Y~~- i ~<i ’ FOSITIV E DEFIN ITE ~tATRICES

L the  :u~ r i x  j~: not;—s~~i~~’e t n i c , the -n an incomplete W decomposition K
‘~ ‘:~~ ; ~-;~~ t~ -J i n a s i l ’ ; i  lan way as Josor I Ned previously for the

~- -oe ~t - ~. c nut ntct-s. inc e s~i~unt ’try an~i posit iv~’—definiteness are both

~‘e~4u~:’oJ t~ -~
- the ccii~ ug~i te  gr~:diont al gorithm , the CG algorithm can be

c~~p 1

T rn—i
A b K T A x A 1

K K 1h

Thi s  L ect - ithm requ ires twice as much t~ ’rk per iterat ion as the

rx’es~~’nd ing symmetric case and the upper tx’urd for the number of
i t  era t ~cns i ncreases by a factor of t1~.o.

5. Ni~ fl~~I CAL E (FUUNENTS

To obtain an impression of the convergence behaviour of different

incomplete decomposit ions , we have for the ICCG-methods introduced in
sect ion  2 .1:

( i) ~-crn~xi red the convergence results
( i i )  calculated the eigenvalue distribut ion of the preconditioned

im i t r i c e t ;  1< A.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -

~~~~~~~-~~- 
j
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2h~- ~~~ e5 t tn’ ~I’l ~-::-c were
i)  t~robler 1. The S -e- 1~c i n t  discretisation of the Fkoisson equation &i~0

~vev 3 x ’~1, O’~y’~l with t~~sr~iary conditions 0 for x 0 and x 1,
0 tht’ y 1 and u = 1 for y 0. A un iform rectangular mesh was chosen,

with ~x 1/31 and t~y 1/31 , which resulted in a l inear system of 992
equat ions . The solution ct this equation is known to be u (x ,y) = 1 ar~
-ia initial start ing vector for the iterative schemes a vector was chosen

tn - i i i  enu’ies r rndcr between 0 anI 1. This was done to prevent co-
incidental fas t ccrn’erc~ence.

ii) £roblem 2. This Thban has been taken from Varga7. Equation (2.1. 1)
holds for R , where R is the square region Osx , ys2.l  as shown below

~~1.0 

-
3 •1 

0

0 10 7.0 2.~
z

On the boundary ot  R , the boundary con d i t ions  are -~~-~~ 0. Further ,
D(x ,y) 0 over R and the functions A , B and C are given by

Region A(x ,y) B(x ,y) C(x ,y)

1 1.0 1.0 0.02

2 2.0 2.0 0.03
3 3.0 3.0 0.05

A uniform rectangular niesh was chosen with 0.05 mesh spacing, so that a
system of l8~49 linear equations resulted . The solution of the system is known

be u = 0. A vector s h n i 1~u - to the one in problem I was chosen as a
starting vector.

In Tables 1 and 2 t N -  ca :ivcrgcnce i’~- s u l t s  are l isted . In both tables we
can conclude i r o n  t h e  1 t ’ ;t -d unn thd lCCG (l~3) is almost optimal .
S ince the rora-.-r ’nce N -h ~v icur ~i~-penis on the cigenvalue distribution,
w~ ore the -on l I t  ion nur- N~ -r - and - - us er I ~g play an important role,
a number ot tn~- lowest and Nichest cigenvalues have been calculated .

- —- r~~~~~~~~~~~~ -~~~~~~ 
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The eigenvalues are all divided by A
T~~~ 

for the matrix of problem 1,

preconditioned with several inoomplete decomposit ions b~ oause an
upper bound for the convergence of the conjugate gradient method is
given by ( /El1 ) / (1~~ 1) , where c ~~~~~~~~~~ The distrib.ition of these
scaled eigenvalues has been plotted in Figs. 17-21.

1~

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~ J
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Iterative methods for a class of nonsyuunetric

sys tems of linear equa tions , based on spli tting—off

a synmietric part.

by

H.A. van der Vors t.
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I t e r a t i ve method s  f o r  a c1as~ of non—symmetric oystems

of lin ear equations~ ba sed on splitting — off a symmetric

-dart.

Henk A. van der Vorst

1. Introduction.

In recent papers Conous & Golub /1/ and Wid lund /2/

discuss conjugate gradient like iterative methods for

the iterative solution of real non—symmetric algebraic

equations.

A x ~~~ b (1.1)

These methods are based on the splitting of the matrix
A in a symmetric and a skew—symmetric part

A .~~~~(A +A T
)+~~~ (A _ A T

) 
- 

(1.2)

and the requ irements  are that  ~ (A + AT) is positive

definite. In this pap er a class of splittings of the

matrix A is considered and the influence of the special

choice of these splittings on the convergence of a

simple related iterative method is discus sed .

A combination of these splittings and the incomplete

choleski factorization , described by Meijerink & van der
Vor3t /4/, has been treated in more detail. Simple

numerical  exper iments , showing the var ious  e f f e c ts  are
demonstra ted . Methods for acceleration, such as those
based on Manteuffe l ’s ideas /3/, are not considered here ,

although they might be very effective , since the elgen-.

values of the occ-urring iteration—matrices are located

in the complex plane on straight lines parallel to the
Y—axio .

~~~~ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~ ~~~~~~~~~ ~~~~~~~~~ 1~~~~~~~~ : -
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. Sp~U t t t n ~ — o f f  a s y m n e t ric  p a rt,

Throughout this pape r we t h ink  ~JØIL-~4~p~i
’, of matric es that

arise in the fiv e—poi nt discret isa tien of elliptic partial

differential equations , that have t ’euent tal , i.e. not

removable , first order differential terms. Let us

for simpli cit y t h i n k  of the eq u a t i o n
L\ IA 4 0 (7 .1)

( i n  this case however , the f i r s t—or der term is eas i ly
removed , if is  some -~ *~~ continuous function) .

Por the tn .ttrices A , arising in this way , i t  fo l  lo ws tha t
A + A

’1 
is a symmetric N—mat rix , and thus po~ itivt’ definite

(5~~ t’ Varga /1) 1) .
Very s imple  sp l i t t i n gs  tha t take advantage of this are

splitting I A . ~(A A T) i ’(A A
T) (:~.2)

and V

a~~~i t t ing 11 A (A + A
T
) —

r.e t us now conside r  a s I cnp 1 u baa Ic I to rat I V.. me thod , that
a r i ses  f rom the sp l i t t i n g  A N — N

H x~~~1 — b + N ( .~.4)
This loads for splitting I and i i  rt~;p. te

- L _ ~~~~~1) 
~ (:~.‘~)

and -

( ( p 1
) (‘~~ ~~~~~~ (7.6’

for  the sol u t ion  of (1.1).
i f  the r e sp ec t i ve  e rr o r vec t o rs  and are d e f i n ed
by

- - and - - (7.7~

x Is the solution of Ax b , then we have the

r e lat i ons  — -

- - ( ~ • ~~ ~~~(f i 
_~ ) ‘ \ \ , ,

- - - - -

~~~~~ fl1 ) • (
~ ~

- - - ---- - :~~ ~~ T-JI~L~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~
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The exp le~ sions (7.3) and (2.9) lead to a first obser—
- P -vatton. If A — A is small , we have that splitting I

results In a rather fast converging method , whereas in

splitting II the convergence behaviour is limited by a

factor ~. In this case one migh t expect splitting I to be
T f’~’~~- -

the most efficient one. The assump tion A — A Is ~~~ )

unreasonable , since from (7 .1) the matrix A — A
T 

arises

from the first order term , and thus we have A — AT — 0(h)
compared to A -4-

One might however put the question what happens it’ A — AT

t e not very small ?

Prom matrix theory it is known tha t  all the el genval ues A
T — 1 T~of (A+A ) (A—A / ~ ro purely imaginary and let us

d e f i n e  as the m a x i m um  absolute vaIu~ of these eigen—

v~ 1uos . Then f o r  sp li t t i n g  I , A~ i s a measure the speed

of converg ence , while for snlittin~ II the convergence 
V

factor behaves like ~ Thus we conclude that  for

~ ~~~ , splitting I leads to a divergent process ,

while splitting II still yields a converging process.

More explicitl y, it follows that for ~~~~ , splitting

11 will be the faster one. Therefore the question arises

whether  the convergence can be influenced by other splittings

of the matrix A.

Consider now the fo l lowing  class of spl i t t ings

~ ~~~~ 
(2 .10)

whore ~ 4 
0 is an arbitrary real constant, The splitting

(~~.io) results in the iterative method

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2 .11)

And , fo r  -
~~ , we have

- - l ( ~~ 
~
Iy I(

~~ ~~ ~ (2 ,1?)

The eige ’nv~’. 1 u e a  of  the  mat r ix

(~~t ~~~~~~~~~~~~~~ 
-

-~ 
_fl —

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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are related to the purely imaginary t’igenvalues A~ of
r _ 1  P

(A +A ’)~ (A—A )
- - ~

% .  I — (-~ 13I~~~ z-~ 2.x ~i -

For it follow s that the choice

t~ ~~~~~~~~~~~ (7.14)

leads to the expre~ aion

(2 .15)

whore ~ -

F’rom (2 • 1 5~ 
i t f o l l o w s  t 1~ t t we ~ay exp ect convergence

always , if 
~~~~~~ 

‘
~
-
~‘rt , since I • It follows imme-

diately from (L14) that if A~ AT, we have ‘~or t~ ~ , since

• This agrees w i t h  our earlier observation that the
s - s l i t t Ing  1 ( 7 . 7 ) ,  w h i c h  resul is t ’r cm -

~ ~ , Is optimal for

almost symmetric matrices . The splitting II (2 .3) results
fro m ( : .io) if we choose ~~~~~

- I 
, and this choice is opti—

:nal if I

The next- observation Is that for systems that arise from

problems Uk-’ (2.1), we have in general \~~~~~: O(~~ , where
h is a measure for the gridsize over which is discretised .

From the definition of o(~~ , it follows that ~~~~~~~ : O(~’ ~
This Indicates that the proper choice of O

~ort 
yields

considerabl y faster convergence of the corresponding

iterative method (2.11). The last observation is that the

eigenvalues ~~ are all situated on the straight line X . ~~— L
in symmetric positions to the X—axis. One could use this

fact in order to follow Manteuffel’s ideaa for acceleration

of the iterative method (2.11). 

~~~~~ ——‘- -
~~~~~~~~
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~. Outer an-I inner Ite ra tions .

In each step of the  itera tive method (2, 11 ) a linear

sy s tem of the  form

(3.1)

has to be so lved .

Such a s tep  w i l l  be cal led an outer  i t e r a t i o n  step.  If the
lIru~ar system (c .i~~, arising in each outer iteration step,

Is solved by an i t ”r a t iv e  n:t’thod , then the st eps of thi s
method  will be me$~~~~~~ ~~rInner iteration steps.

In this secti~-n we will consider iterative methode , for

solving (3.1), tha t ar .’ based on regular splittings /5/
- L - . R 

- ( c ,7)

For these regular splittlngs,holds k ‘~~ø and

and moreover, if ~ o

L ~ (~) t d  
~~ ( 3 . 3)

One migh t follow different strategies in the outer—inner—

iteration process, the most extrernal strategies are consi-

dered hero in some detail .

Strate~~ 1. The equation (.i~ is solved at each outer—itera—

tionstep accurately, that Is, with an accuracy

less than or equal to the desired accuracy in the

final solution of Ax—b.

Strate~~~~~ Only one ste p of th~ Inneriteration process to

solv e (3.1) is performed at each outer—iteration

step.

It migh t be expected that strategy 2 leads to an increase in

the number of outer—iterations , needed to reach a certain

accuracy, as compared to stra tegy 1 , From a practical point

of ~‘iew howeve r, It is Interesting to investi gate whethe r the

total number of inneriterations decreases.

- 
- -~----~~~11~LJiW~~ -~ ~_J ~~T - 

~~~~~~~
—-—— -____
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i t  t he  nume sat cx ~e r i  men t s soc ten -~ 
) it  ~~~ i’bet ’ rved

tha t s t ca tcgy  .‘ was the  t ’ e ap e st  one • It was even ebservthi

th~t t 5t  ra t- -‘gv 7 ne eded :i ~~~ t im e s 1 e s out er I te ra tions , w h i c h

is somehow tn coit t rast w i t h  the cerise’-va tionlaw of trouble ,

This af fo~’ t w Ii be no rt, or 1 e :; S e x p1 at  nod here for the oase

• Per  a nero general otto ice of t~~ ~ o , the effects
c.in be •‘xpluIne ~t :;ilnhla rL~ .

Per u t ra tt*~ y 7 t follows t’io  is • 7 ‘t t h a t.
V ~~~ ~~ t1 ’~~ ~ ( s .41

f w~ ::C F~ -. K — (A  + A ’~ arni h 1 -. x
1 

— x , the n
w e h av e

tx. . t~~ 
k - (ç) 

~~
‘ 

~~~~~~~~~~~~

or , mo re co n v e n i e n t l y

• [ -
~ 

( ~\ - k ‘
(~~\ ~ ( c  • I

W~’ now as:; isin’ , i n  a very  rough and n ot  -
~~ reel se w ay tha t

I 

( 3 .7)
.t n3 f rom ( ‘i • we hay o h I

~-~~ua t ion ( 
~ • 

t~ c an now be row r I t t o n  in

• H- -’ ~~~ 1 ~(ç~~
- 1 ) (0  O ’

~~\~~~; ( 
~~~

For th~ o i g e n v a lu e s  ~~ of the  m a t r i x  (
~

- ~~i - ~~ )~~t ) ~*l
I 
~

we have tha t
I ~,t\ \~~ ( c .~’)

For strategy 1 , we have i~~ , and thus • It may be
ti~ peo ted that strategy 7 needs less ou tert tera tions If

, where ~~ ,

Lot the re forc’ \ ho defined ~as *M~~ the solut b i t  of

~~~~ ~~

..
‘ 

~
. 

‘
~ 

( ~. to)
From simple calculat ions , It follows that

-\ ~~ 
‘

~~~~~ - -
~~~

- (~~.ii )
~

At ;  in  general ~ w i l l  be very near to - 1 , we have X~ •
( I

o xp I a ins somehow t tia t In s t ro Logy 7 on I e s it t’rat ions .1 ro

neco usa  ry i t’ • how e vu r , I~ t- shou ld be ~ t ru ns od ~~~~~~ , tha
for  A ,,, .. , a t ra tegy 1 r i t i e d  u eu Lu r I. t o  stu t t en s  i nIued , but
eft~ n far mere i :iuo r ttt’r.u tt on;; .

- - - - -- A



~.. ~ume r~~~al ~ x r e r im u rY,~~

~he m3tr~ oes ~~ the experiments can be consIdered as to
-. 
~~I th~ five—scint ~~~~cr e t i~ a tion  of the par t ia l

differential equation

_~~~Lt .  ~~~~~~~ , ~4. 1)

wh er e  ~~~ is 7 iscre ti sed  by a central  ~ i~’t’~ renc -3 formula .

~he equat ion ~4 . i )  is giv-~n ove r a rectangular region , and

u is equal to a given function along the boundaries .  The

matrix arising thu s, has the struc ture

~~~~~~~~~~~~~\
\\~~\ (4 . 2)

\
‘-•~\

\N”
\

\

The elements of the diagonals are denoted by a~~, b 1, c~~, d 1
and e1, where I is counted rowwiee. As a regular splitting for

A+AT we chooeej the incomplete decomposition that arises in the

ICCG(3).-method /4/ . In both the examples , (4.1) has been die—

cretised over a rectangular grid with .0 meshpotnts in the

x—dir ection as wel l  as in the y—d ir ect ion.  This yielded a

matrix A of order 900 and with hal f ba n dwith 30 .

-- — -

I_r~s — ————~~~~~ ‘- - .
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Example 1, In the firs t example we demonstrate some of the

effects ~~~~ . Therefore ~~ , the constant in

differential equation (4.1) has been chosen such, that the

non—zero values of the elements in (4.2) were:

= — 1 • , b . — 1.25, c~ 4. , d .  = — .75 , e~ — 1 .

In table I the results for different strategies are listed.

The number of o u ter i t e r at i on s  and the total  numbe r of inner—

iterations to reach ~ certain precision are represented.

The pr”cision was estimated by ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ , where X .. j~
the i— tb element of the outeriterationvector x . • Fro m

‘3
r at ’i er roug h ca l c u l a t ions  i t  fo l lowed  that  )t~~~( the ma r , of

the absolv~+ e values  of the ei genvalues of (A+A T )~~~(A_ A T) has

n va lue of approximately 1 ,7 .

£ i~1 Ii

_ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _

10 ’ 
4 10 10 I~ 12 31

t) -t

tD
l 32. W ~2~

’ 
~~ 5(3 3j

-
~~ 

•
~~ _
‘-

~~
• 

3~ ~~~ 1L4 fl qS 4~
° 

~ 
-! 

~~~~ 
s~~- ~~2. LL L, i~~

I.)

-r -
~~ ~ I I I

io  ~ 4 b  b~- q o  ‘~~~ ~~~

-~~ c_) C—

Table I. Results for different strategies

oç
Explanation ~~ table I:

The numbers I up to VI stand for the different strategies.

The number of outerite rations is counted by A and B repre-

sents the total number of inneriterationsteps. The strategies

were : 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —— —
~

--
~~ii~~’iT I.



-.0-

1: For each outertterationst’p, the inneriteration—

process was performed in an accurate way (with a

maximum of 10 steps ’). This is strate gy 1 (cony , for

,\~~~ <_ \J~~~~

_•
~~ _

II: (~
. - i ’). The inneriterationprocess was stopped as soon a~
th~ residual was less than 1O’~ of the ini t ial  residual
at each outeriterationstep ( in It iI~ —norm ) .

I II :  ~i- ~
) The inneriterat ionproces s was stopped as soon as

the residual was less than 20~ of the initi al residual .

IV: (°~ 1 ’
~ S t r a t e g y  2.

V: (~L I
L
’) Strategy 2.

VI: y~ strategy 1. (convergence for ~~~~~ )

A few a d d i t io n a l  r emarks :  
-

1. As ~~~~~~~ it could be expected that strategy I resulted
in a convergent process and strategy VI in a divergent

process.

2. It is surp:’ising that strategy V (
~~ 

t~ ) lead s to a

convergent process.

3. The ideas in section 3 are underlined by the results of
strategies I, II , III and IV.

Examnie 2. In order to demonstrate some effects for a smaller
,,

~~~ 
, (

~ 
wa s chos en such tha t th e following values for the

nonzero elements in (4.2) resulted:

, b~~— 1.1 , o~’.4. , d~~_0.9 , ei—~~
l .

From rough computation , it was estimated that ~~~~~~ ( ~~1 ).
In table II the results are given for strategy 1 (accurate

inneriterat ion ) ~nd strategy 2 (1— step inneriteration ), both
for the choice t~ -1 in (7.11).

J~T~j ~
— -

~~~~H~~~
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- ~~~~_~~~~~i~~~L ~~~~~~~ i~1
P(t ~ ~~~~~~~

~~~~

/I0 (:1~ ~~~ 
1~~ 13

1o~~

10 ” 101 2~~

2’ ; 1 2 1  ~~L1 -~~~~

Table I I. R e s u l t s  for  examp le 7,

A numbe r of o u t e r i tcr a t i o ns .
13 — to t~t l number  ef ‘:lTIL ’riteLa tlons ,

As could be expec t e d , we see t h at  the number  of out er i t e r a t i ons
increases from stratogy I to s t r a te g y  7. ~‘ro m the o ther  side

we see tha t  the t o t a l  number of inne r i terat ions  decreases
sharply, and thus the total computing time too.

~ 

~~
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5. Final remarks.

It  was observed in practical situations that the choices

or o~~ I in the iterative method (2.11), in combi-
nation with a 1—step strategy for the inneriteration often

lead to a fair ly  e f f i c i en t  and easy t o program met hod.
Only the inneriteration based on an incomplete choleski—

Nctorization (see IccG~~~) in /4/) has been considered .

No attempts have been ~~~~ to acc elerate (2.11) , nor has ‘t ~

b ’en tried to estimate )‘~~~~~~ in or de r to choo se an opt imum
value • It should be mentioned that for strategy 1 ,

the ei genva Iues 
~~ 

of the it e ra ti orunat rix are al so situated
on a line parallel to the X—axis in the complex plane , while
in strategy 2 the eigenvalues are not situated on such

a line , but in the neighbourhood of it . -

ACKNO WLEDGEMENTS
This work was supported in part by U .S. Army Re search &
Develo pment , under Grant DA—ERO—75—G—084

6. References.

/1/ P. Concus & G.H. Colub, “A generalized conjugate gradient

method for nonsymmetrio systems of linear equations ”(to app.)

/2/ 0. Widlu nd , Tech. Rept., Courant Inst., New York (to appear)

/3/ T.A. Manteuffel , “An iterative metho d for solving noneym—

metric linear systems with dyn amic estimation of parameters”,

Ph.D. Thesis , University of Illinois, 1975.
/4/ J.A. Mei jerink !~ H.A. van der Voret , “An iterative solution

method for linear systems of which the coefficient matrix is

a symmetric M—matrix , Math , of Comp. (to appear)

/5/ R.S. Varga , “Matrix Iterative Analysis”, Prentice—H all , 1962.

- 
_ _ _ _ _ _ _ _ _ _  ~L T  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 44



— - 
~~~~~~~~~~~~~~~~~ -,---- - ‘---~~~~ - - -  - - - ~

-
~

- - ‘- .~- —-- -~~— - ---- ---- — .-- ---- ---- — - —.--
.-—--—-— ‘uI~~~~

A P P E N D I X  C

Automatic monitoring of Lanczos—schemes for symmetric

or skew— symmetric generali zed eigenvalue problems .

by

J.M . van Ka ts 
+ and H.A. van der Vors t .

+ Academic Computer Center , Ut rech t , The Netherlands.

--=-— — 1U  
_ _ _ _ _

-. - - -----—- —- —S-- ~~~~~~~~~~~~~~ 
_ ______ _~ _1____ .______ 

- —.--‘



-- ~~~~~~~~~ ~~~~~~~~~~ - -~~~~~~ -
~~ ~~~~~~

T - - —-—---- —-——- 
— -~~~~ ----— ‘~~J~-

Contents

pa ge

Introduction

1. A generalized Lanczos scheme 3

2. Monitoring the Lanczos process 10

3. EVSCAN ; an implementation of the monitoring process 13

4. Numerical experiments

4.1 The Bar—problem 16

4.2 Wilkinson ’s and W~~ 17

4.3 Patholog ically clustered eigenvalues 19

4. 4 A large full matrix 20

4 .5  A large sparse matrix - 2 1
4 .6  A generalized eigenvalue problem CBx~Ax 22

5. Notes on eigenvectors

5.1 Theoretical aspects 23

5.2 Numerical results 24

6. Conclusions 26

7. Programmature - 27

References 48

Tables 50

I_~~~~~~~~

- —-. - . - - ..

~~~~

-

~~~~~~

- -

- ,

. I 
~~~~~~~~

- 

~~~~~~~~~~~~~~~ 
— - - - ‘-



- 
—- 

- ~~~~~~~~~~~~~~~~ - - -: ‘i- — --- ----- —- - - , - - 
~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— 
~
- — -

I n t r o du c t i o n

[ s e f u l  v i r i a n t s  of the Lanczos scheme for the determination of

ei genvalues of large symmetric matrices have been developed in the

~ast few years (Paige [ t ], Golub 17) , Lew is [ 1 1 ] ) .  Symmetry of the
rnat r~~ces is e s s e n t i a l  in the Lanczos me thod . Some other eigenvalue

problems can be reduced to symmetr ic  problems a f t e r  some preliminary
work e . ~~. i f  the matrix A is skew—symmetric (Au—A ) the scheme can be

app he-! to th e  r~- l t r 1x  A , which involves twice as much computational

work (Cline 1 1 2 ) , c-.~is [II ) , P l a t z m a n  [ 1 3] ) .

Another import..rnt cliss of problems is concerned with the determination

of t i genvalues of the p roduc tm at r ix  CB where C and B are symmetric
matric es and one of them , say B , i s positive definite as we l l .  A common
w e . - to  so lve  t h i s  problem w i t h  t h e  Lanczos scheme is to construct first

i C ole ski decomposition and then to appl y the scheme to LTCL

which  h~~s ei~ en~-~i 1ues i d e n t i c a l  to those of CB (Colub [7]). Since Lanczos—
schemes are speciall y attr active for sparse matrices , a disadvantage of

this approach mi ght be a loss of sparsity in the Choleski decomposi t ion .

In section 1 of this report a generalized Lanczos scheme is proposed

that applies directl y to matrices A whether they are symmetric or

skew— symm etr ic , and to p rodu etmat r ices  CB where C is e i ther  symmetric
or skew—symmetr ic  and B is symmetric posi t ive  d e f i n i t e .
The matrices A , B and C do not have to be represented in the usual way

as two—dimensional arrays of numbers , but as rules to compute the

produc ts Ax , Bx , and Cx for  any g iven x . This allows us to take full

advantage of any sparsity structure .

Lanczos schemes yield approximations for the eigenvalues of the given

cigenvalueproblem , One of the main difficulties is how to distinguish

between good and had approximations , since both are generally present

(Pai ge 161 , P ar l et t  and Kahan [2 ] ) .  In section 2 an al gorithm is proposed

to determine the good approximations and to remove the bad ones. It

should be mentioned here that any multi plicity of an eigenvalue of the

matrix can not he detected. A multip let , if there is ones will be

represented by only one single eigenvalue ; this problem is peculiar to

Lanczos  schemes (Kahan and Parlett [2]).

L 
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I n s e ct  ion 3 an imp lem ent  a ti on ol  the ,i l gun thm of sect ion 2 is  given.

Numer ic a l  exa mp les for  the a l g o r i t h m s of both  sec t  ions I and 3 are

presented  in sect ion  4.

We d id  not consider in d e t a i l  the problem of de termi ning  of e igenvector s .

In se c t i o n  ‘
~ we summarize the main r e su l t s  of Ka ha n and P a r l e t t  121 as

w e l l  as some of our numerical results.

F or t r a n  s u b r o u t i n es  for  b oth the gener a l ized  La n ezo s scheme and the

det e c t  ion of good e i gt~nva hit’ approx i m a t i ons ar e covered in the f i n a l
se ct i o n ot th i s  r e p o r t .

~~~~~~~~~~~ 
_ _ _ _ _  
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I . A gener a  Ii ~ed Lane zos scheme

In this section we describe 1.anczos schemes that app l y to skew

symmetri c matrices or product—matrices CB , where B is symmetric

positive defin ite and C is either symmetric or skew—symmetric

t a l l  the m a t r i c e s  A , B and C w i l l  be of order n ) .  It  should be

mentioned h e re  that the cigenval ues of CB are identical to those

of BC.

Ei genv a lue  pr obl ems Cx~ ABx can be reduced to either of these

forms .
The al gorithms are cl o s e l y related to an algori thm publish ed by

Widlund U’] for the solution of non—symmetric linear systems .

The ei genva ’L ne problems of a skew symmetric matrix A can be

r e d u ced  t o  the ci g en va l t ie  p r o b 1 t~m of a symmetr ic  ma t r ix  by
s q u a r i n g  the m a t r i x :  A2 . This j~s n~ t neces~~i~y in our ~or~ulation,

-
~~ : -~~~ -~~ -- -

~~~~~ -- -- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~
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~~~~~~~~~~~~~~~~~~~~~~~ Pet i n i ti o n  o t  t h e  ~eu e r a I m : e d  Lmth- :O5 s c lmemmme

l e t A h~’ ~~t t ime f o r m  A C R , w her e  11 ~s Symmnd t r I c  1) o s i t i v e  dt’finite

and C i s  e i t h e r  svmume t i- i c  or skcw— s~’nune tr ic -

Choose an a n h i t r . i m v  v e ct o r  v
1
, with ~v 1 

,v
1
)

1~~
I , and fo r m u

1
Av

1
Rows (v . } * . } . ~~. } and (y .  I are then gener ated by

— (v~ , Av . )

w . — mm . — (‘t.V .
1 ~I J 1

/ 
•1 — I  •ttit~j + I  V~ 

- 

-- - t. as I as as ‘~ .10 •
1 see i m o f  I

-
~ I 

j ’ l

mm — As’ . —. v.
- f I 4- I ~ 4- I _i

whi - t i ’ (~~, v ) 1~—~ x , B v )  , w i t h  i~ s w u m m e t m i c and po s i t  i vo  d ’ f i m i i t - ,

~m u d  I i t  C
- 1c-’ — I i t  C - - C

S O t ’ .1 1 ~ o not 0 .‘ 
‘I

the ’ h - u s  t ~mn - , - and ‘~ - tie t jil~~~a tt - id i ~ona 1 mat i- i  x T1 t i~ mu

mu

0
mu

) Cl
mu mu

N ot ,’ I : I t iii S, ’ mn a - st  .mp ~- -

~ 
— 0 , t t n - m m  one c ami c i t  h~ i i t mm - C w i t  it a new
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Theo rem

T TWe assume that eLt her C— C (~~~I )  o r Cm—C ( T — — I )  holds and that

B is a positive definite symmetrIc matrix and A—CR , then the

generalized Lanczos scheme applied to A generates a tridiagonal

matrix T , where limit—values of the eigertvalue of T for
m m

increasing m, should be equal to some of the eigenvalues of A ,

but they may differ by a certain amount depending on the precision

of computation .

?roof

1) For C.~CT and B—I , the resul t  is well known (Paige [6], Colub [7J).

ii) For C~....C
T
and B”I the proof is as follows :

I t  is onl y necessary to establish that the generated row

lv , } is an orthono rni al row. The nr ?~of is b y induction.
~ k 1 , . .m  -

Let {v } 
— 

be an orthonormal row .k k —I , .~~~,j  
-

Then we have for  v .  the re la t ion :

Cv
3 

— ~~v~_ 1 ~~.V
j ~

where we assume that y
~~ 1+O , since in that case the recurrence

relztt~on terminates ,

~or k<)—i : -

(Cv
i 

— 
~3
J
V
J..1 

— cx
J
vj)vk)

— (v.,Cvk
)

— — (v jlY k4lvk÷1 ~ ‘ 

~k
”k—i 

+ ukVk)

— o

- 1~~~~~~ _ JLL~~~~ ~~r - -~~~
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For k—j—I :

(Y~~ 1 v34’1~
v~_ 1 ) — (Cv.,v . 1 ) —

— (Cv .,v .
1
) —

Since B . — —y . — (y.v.,v .) — — (Cv~_ 1~ v~) (Cv~ 1v~_ 1 )

it follows that ~~~~~~~~~~~~~~ — 0

For k~’j:

(y. 1 v . 1 ,v .) - (Cv.,v~) a. - 0

Finall y, we have

(v.  ,v.  ) - ~~~ (Mi . — B.v. - ct .v . , Av . - B .v . - cLv.)j+l j+1 
~
2 ~ j  j — 1  j  j  j  j  j—I j

= .-- ~L_ (u. — c z v ., u . — a .v . )2 j  j

— - 2~~ 
(w. ,w.)

Thus the row (V } - is an orthonorma l row.
k k=I ,...,j+I

- 
- -

~~~~~~ 11 . ~~~~~~~~~~~ 
- 

~~i~:
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iii) When c_cT 
and B is symmetric positi ve definite , B can be

wr i t t en  as B ,LL T , wilere L is lowertriangular.
Since the eigenva lues of CB are equal to those of LTCL, the
original Lanczos scheme migh t be applied to LTCL (wi th normal
inner—product ( , ) ) .

In this case we then have the special relation

a. — ( v . , L TCLv .)
3 3

and

u. 4 - 1 — (LTCLv . —

it follows that

TLu. = LL CLv . — B . Lv .j + l  j + I  j+l j

If we rep lace x by LT
~~, this equat ion  can be rewritten :

LL
Tii . LLT

CLL
T

~~. — ~~. LL~~~.j + l  j+l j

ii. = C B ~ . - B .  ~~~.j+1 j + 1 j -i- I

A~ . -B . ~~.j i !  j + I  j

The other Lanczos relations follow from

a. (LTCLv .,v .)
3 3 3

— (L TCLL T
~~. , L T~~.) — (Cl3~ .,S’~.)3 3 3 3

—



I

2 2 T-. T..— — (w.,w .) — (L w.,L w.)

— ~~~~~~~ —

The relations

- ii . —

3 3 3 3

and

— 
~ j+I

are obvious .

The vectors ~~~., ~~. and ~~~. pr oduce the desired result.
3 1 3

iv )  Time r e m a i n i ng  ca st - A C B , where  C”— C
1 a mid B is sy~~uet n c

positive definite , follows from the previous ones (with

T~~~I ) .  II.

R emarks

If C — C
1’
, we have c — U  for all j .

2. The above theorem allows the computation of the eigenv alues of

CII , which are equal to those of BC , without the exp licit need

for an LLT_ fac toriza tion of the matrix B . This makes the new

schemes very a t t ract ive , especi al ly if B has a spar se s t ruc ture .
However , it should be noted that eigenvector s cannot be computed

by these schemes directl y, since then an LLT_ fa etorizati on is

require d for a proper transform ation .

F.igenvectors may be computed by a Ralei gh—qtmoti t-n t itera tion

scheme [I 1, once one has a (fast) solver for systems like Bx—y .
For sparse matrices B , for which fast direct or iter ativ e

solution schemes exist , th is l~mnczcl s scheme can a l s o  he used t o r

dete rmining elgenva lue s of Cx AB x , via B ’Cx~~x. The scheme should

he app lied to CR 1 whi ch has identical cigenvalues.

- 

- -- 
.

- 
- - . — . —  .~— —~

— - —I- :- - 
- ~~~~~~~~~~~~~ — p - - - - - 

~~~~~~~~~~
— 2 ’  —



3. We should l ike to mention briefl y certain aspects of programming.

For the generalized problem the adapted scheme s (1.1) requi re

only one extra matrix—vector multipl ication and only one

additional vector to store Bc’.. Remember that B~ . can be
3

computed from

B~ — -----— B~ .
.1

4. If C is skew—symmetric (r — l) then the generated matrices T

are also skew—symmetric. Ei genvalue s of a tridiagonal skew—

symmetric matrix can be computed as follows~
the matrix iT is Hermitian and has real eigenvalues. Since in

in
the computation of the eigenva lues with Sturin—sequences , only

squares of off—diagonal elements , ~~ are involved , these

eigenva lues can be computed without any complex computation.

Once the ei genvalue s of I T t :  
-

B
2 

0 B 3

(1.3) IT in

B 0

have been computed , they should be multiplied by i so that they

represent the elgenvalues of T .

~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~ -~:- ~~~~~ 
—

~~~~~~~~~~
‘

~~~~~~
‘
~~~~~
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2. Monito ring of the Lanczos pro cess

In the single vector Lanczos processes , as described in section 1 ,

rows of mutually orthonorma l vectors are generated .

The coefficients cm ., B. const i tu te  a tridiagonal matr ix T the
3 3 in

eigenvalues of which bear some relation to those of A.

We only consider here the symmetric case (r—I ), the other one

( - r— — I )  is obvious .

cm 1 B 2

B2 a2 133

133 a3 134

(2 . 1)  T —
in -

0 13in~ I am_ I Bin

~m 0

For B—I , Tm is related to A by

(2 .2) AV — V T  + 1 3  v eT
in m m  m+l m+l in

where V is an orthonormal n*m matrix , in which the v are the

columns, and eT_ (O,O ,...O ,l ) ,  the m—th unitvector (a ~s the order

of the matrix A).

The relation of the ei genvalue—problem of T
m 

to the ei genvalue—

problem of A is discussed and demonstrated by extensive numerical

experiments reported by van Kats and van der Vorst [3].

~— ~~ 

~ —_~~~~ -_ 
-:
~ ~~~~~~~~ - —i -1 n~~ 

- ______-*t_____,_t —-

- rrJIJ$fl~ 
- - --- *~~- -~~~j~71f1JJ$ ~~~~~~~~~~~~~~~ 
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2a. The eigenvalue problem T x”Xx .

The ei genvalues of T are the roots of
in

(2.3) det(T — A) 0
in

If the leading k—th order prin cipa l minor o f T~ is denoted by

then the following recurrence relation holds

(2 .4 )  de t (T k 
— A )  (a.k 

— X ) d e t ( T
k I 

— A) - B
~

de t (Tk 2 
—

If we define det(T
0
—A )= l and since we have det(T

1
—X ) cm

1
— A , it fol lows

that the above relationship is exactly that of orthogonal polynomials

(2 .5 )  
~~~~ 

(cmk 
- x) 

~
‘k-1~~~ 

- 

~~
pk_ 2 (x)

It follows that the zeros of p separate the zeros of pk I
(x)

and Pk+1
()c ) in a strict sense if none of the equals zero

(Wilkinson I I ] ) .

By analogy then , if the ordened eigenvalues of T are denoted by

we have 
k

(2 .6 )
i—I 1 1

2b. Recognition of Iimitvalues

From re la t ion (2 .6 )  it follows , that the e-xtreme eigenvalues -~‘f
T , for  increasing in, converge strictly monotonically. Since

according to Paige limitvalues of the row T
~ 

are equal to eigenvalues

of the original matrix A , except for some amounts that depend on

the precision of computation , this property may be used for  an

automat ic  d e t e r m i n a t i on  of the extreme aigenvalues , Howeve r , it is

evident that limit sequences can also be recognized for internal

4



eigenvalues , since the strict separation relati onshi p (2.6)

should hold.

As soon as re la t ion ( 2 . 6 )  is v i o l a t e d , either because A~
1
~ equals

one of the or A~~
’1 ’

~, or is outside the interva l

we know that at least in the prec ision in which we are working it

is not possible to distinguish between and the respective

ei genvalue of Tk_ I . Consequently we have a lim itvalue and thus an

approximate eigenvalue of A. Since we are working in a finite

precision and the extreme eigenva lues are bounded b y the extreme

eigenvalues of A , the separation re la t ionship  (2 .6) will be violated
sooner or later.

In practice this provides us with an excellent means of recognizing

l imitvalues automat ical ly.

As soon as one case of v io l a t ion  has been encountered  one measures

how much the respective values , say b and c, differ relatively.

A value c is defined as follows -
be

(2 7) = abs (b—c)Cbc 1+ahs(bT

The maximum over all violations will be taken as t .  This ~ yields an

impression of the relative accuracy with which all the eigenvalues
T
k 

and Tk I  have been computed .

(N .B.: this is not to be confused with the accuracy of the Lanczos—

process itself).

As a rule of thumb this c is mult ip lied by n (the order of the

ori ginal matrix A) and all eigenvalues of Tk 
and Tk_ l which differ

by less than n-*c will be taken as possible lmmitvalues.

In the next section this will be stated more precisely.

1 T — 1--.-- - -f — — 
-
~~‘- ~~~—--—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~— --

- 
_ _ _  
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E \ A ~~ in j~~~h!meflt~~t tOn ~t the ~ oa it or ~ifl c~’,~~

The monitoring process is essent ially b ased on the separation

relatio nshi p, as de scribed in the previous section. This requires

the computation of all the eigenvalues of two succeeding tridiagonal

matric es Tk %  
jnd Tk.

A t the first stage ~f the pr ocess one checks to see whether the

separation rel ations h ip has been violated. It is we ll known that in

the Lanczos Pr0Ce~~ inulti p lets of eigen valttes are introduced as soon

as or th~~~-~~m - u l  I t Y  has been lost  f 3 1.

The iit xt s t ep  is t o  recognize these multipletS. Each mu lt i p let  wi l l

be r ep r c sen t~ d by one sing le ei genvalue interval , If the or ig inal

m a t r i x  A h i s  a mu i t i p let ev e n t u a l l y ,  t h i s  will  not be r ecognized.

A f t e r  th e  e i~~cnvatUeS of Tk i  
and T~ have been scanned for m u l t i p letS ,

~hc r e su l t i n g  mnu l l i p lot f r ee  rows are  compared in order to determine

those  1 i m i t v . m lu e s , wh ich r epr e sent  eigenvalues of A.

The monitoring process will be described in detail below.

S rep I:

Check whether  the e igenvalues  of Tk 
separate  the ei genvalueS

of T in a s t r i c t  sense. If some is outside
i k—i t ~ ~-

the interval V \ ~~~ ‘,X~ 
— ‘ ] then this yields a lowerb ound c ’

for  the h ighes t  at ta inable  r e l a t ive  precis ion in al l  the

eigenva lue s , and we def ine  e” max c’, where the max imum is taken

over all violati ons . If no violation has been encountered then

is taken to be 2~~ , where t is the number of dig its in

floating point arithmetic.

An upperbo und for the relative working precis ion , to 
be used

in the following steps , is estima ted by

I = n ~

where n is the order of the matrix A.

-
~~
,t 

t 
-

~~~~~~~

—‘—

~~~ ~~~~~~

. — 

~~

,- - - -

~~~~~~~~~~~~~~~~~
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Step 2:

With  the c r e s u l t i n g  f rom s tep  I , the row (X e ) and

are both scanned separatel y for  mul t i p lets.  As soon as a
multiple value has been discovered , i.e. two values  are

encountered which differ relatively by less than c, the

eigenvalue concerned is represented as an interval with the

smallest value of the multiplet as the lowerbound of the

interval and the largest one of the upperbound , If successive

eigenvalues are recognized as belonging to the same multiplet ,

this may lead to a larger value for the relative precision

( 
abs (iipperbound—lowerhound) 

)C 1+abs(low~~bound)
Step 2 is repeated with the most recent value of c as long as

C increases.

Step  3:

From stop 2 two rows of intervals result , representing

eigenvalues of Tk I  and T
k respectively . These rows are , as

far as possible , multi p let—free with respect to C.

For each interval in one row one checks to see whe the r  there

is an interval in the other row that intersects with the first

one or is at a distance of less than e relativel y. If one of

these conditions has been met , a new interval is chosen as the

span of both . The length of the new interval yields a new

value for c.

Step 3 is repeated with the most recent value of c as long as c
increases.

If 6 successive inter-r~ ls in this process are encountered

belong ing to Tk l  
or T

k for which the above condition does net

hold , then a hole in the spectrum is assumed. The value 6 has

been chosen from numerical experience and could be replaced by

any better value .

Continuing in this fashion , step 3 delivers one s in g le  r ow of

interrals , each of which may he considered to contain a limitvalue .

These limitvalues differ only from the ci genvalues of the original

matrix A with regard to the degree o~ precision in which we are computing.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~
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In some s i t u a t i o n s  it may occur that step 3 yields an interval

which contains no ei genvalue of A. However in such cases there is

an eigenvalue in the neig hbourhood of the interval . In these

s i tuat ions  it is common for the process to yield also the interval

in which the respective eigenvalue is situated; thus two very

close intervals are obtained.
In order to identify both intervals as representing the same

eigenvalue , it is advisab ly to apply only step 2 to the final row

with a sligh t l y  larger value for c (lO*c ,say).

- — —— ~~~~~~~~~~~~ 
— _, 

~~~~~~~ ~~
. - 

- - -

~~~~~~~~~~~~~~~ 
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4. Numer ica l  Experiments

Al l  the numerical  experiments have been carried out on the CDC

Cyber 73—2 8 of ACCU . The relative working precision is 48 b i t s

(about 14 decimal digits).

4.1 The Bar—problem

The bar—problem is known to cause difficulties in the determin ation

of the ei genvalues at the lower end of the spectrum ~4, 3]

The 40th  order m a t r i x i s given b y :

5 —4 1
—4 6 —4 I 0

1 —4 6 — 4 1

1 —4 6 —4 I

1 —4 6 —4

- 1 —4 5

W i th  EVSCAN the ci genvalues are determined i t t  each 10th s t ep  of

the Lanczos—process i.e. T I O k  is compared to TJfl*k_ l . In table  I
we summarize the number of different ei genvalue intervals , as

deliv ered b y EVSCAN for k=3 up to 40. ide note  t hat  when k is 29 ,

30 or 37 more th an 40 e igenvalues  are found . I f  we fo l l o w  the

adv ice and make an extra scan , as descr ibed in s e c t i o n  2 , then  in

general the number of eigenvalue intervals is not affected , except

when k i s  :‘~~~, 30 or 37 . In the l a t t e r  c ase s  t h e  f i n a l  numb er  ~~f

c igenv a lu es  was cor rec ted  Lv 40 a t  the cost of some s l i g h t l y larper

intervals. This imp lies th.tt there have  be en m i g r a t i n g  ci genv a lu es
very close  to an ei genvaluo .

~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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From t h e  expt~ r itnents i t  toll ews that all e i genv alues , including

those a t  the low er  tind ot the spe c t rum , are detected by EVSCAN at
souw at  ~t~ ;e . In  o rder  to  d o t  e rut int ’ th e ci genva lues at the lower

end one has to p e r fo rm  a number  of Lanczos s teps la rger  than the
order  of the  ma t r ix  (7() st e p s ;  o rder  is 40).

From table t it can be seen that the e s t i m a te d  c , scaled with

r e s p e c t  to  the mach i n c— ac cur a cy ,  increases slowl y . S ince  i t  is
n a t u ra l  t o  r e l a t e  the a c c u r a c y  to the order of the respec t ive
t r itl i agcIna 1 mat r i c e s  i t  can h e seen f rom the fou r th  columm of

Lab Ic 1 (t /k) that the ei genval t ie  d et er m in a t  ion w i t h  this process

is ra t h e r  stable .

-~ ~~~~~~~~~~~~ ~~ I 
anti IL ) I -

W i 1k in s ’ii F I 1 h~~s j u t  roduced two c la sses  of tridia gona l matrices
I-

W and 14I 2n-+ 1

the fine d by the r e l a t ions

ii + I — i ( i = 1 , . . . n+ fl , — n — 1 (i~ n +2 , . . . 2 n + 1 )
I~. = I ( i = 2 , . . . 2 n + l )

and 11 by th ~ r e l at  ions

a. n + I — i ( i I , . . . n + I )  
‘ 

= n + I — i (i”n+2 ,...2n+1)

I (i— ~7 ,. . .2n+1)

The rn.t t i- i c e s  W~ and 14.) have been used for on r tests •

10 1

I 9 1

I S I

I 0 1

0 
1 8 1

1 q

1 10

— —1TT~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _  .. ~4



10 I

I t) 0
I S I

14
2 1  

1 0 1

I - -- S I

0 I —
~~) I

I — 1 0

t ’ 11 ci Vt ’S the eit~t ’1Iva inca ot  and t ab l e  I l l  those ot W~ I

As c .in he s een rt’m t tb t o  1 1 some of t tie ci ~cii va I ties of I4~ I 
a It ’

t
~

ii  1 t ~
. ci o -  . l~ i t ii th e t’ rt ’ C  1 a iou iii w~ i t ~ ii s o a t o  c o i n p i lt  1115 we c.iiitio

e xpo ~ t t o  iii’ t v~~t 21 st’ p.1 i- a t  t ’ ci geuva I ties; .-i t 10.1st \ .iii ~l \

nu i gi t  I belt.ive .15 nat it i p l e t ’ I getiva I i i i ’ S

Si i i c e  t lie ~ r l or  i n  t i i t ’ 1 ;uuc -on— p t o  e 0 a I f lO I t ~ .t a en a I owl v t~ 5 t ’ 0 - t  . I ‘1

W i i i ;  b e en  chost ’ii i n  order t ~ i d~~’ t e cmi tie whi it - h i ci ~ eitv .i I ito’ ; are

t•t o c ,ul I :e~I .IS 1~ei tlt~ ~ I 0 1 not in a eve i a  I a t  a e n  o t the I ) cot ’e as

A l a o  t.e t nav gt’ I sonic t nip r t ’a S i t)il 0 t ( l i e  l)t ’i IOV 1 0U~~ ~~1 t lie 1 1110 ~‘O 1 0

p1 o c e a n  I 01 (a l utes C inn i t  p1 e e j eilva 1 ties • l i l t ’ 1110 1 i v.11 it ’ll t or tilt’

clit i  I cc o t 14 , i a sotii~’ wit it ii it 1 t’ ren C . l i i i ’ e j ~‘tiv at iii’ s of ~ - ,  I 0cc

eq li . i  1 .itid t )pp t l s  i t o  in  p h  r s • I t  i a wet I kuown t hat  t iit ’ powt’ r met hod

g i v e s  s l o w  conv ergenc e  in  ~ t i~~ii O l s e n  I I ‘) 
• Si net’ t h i’ i t ’ 5 501110

re I a i ousi t  ip  h o t  wet ’n f l i t ’ i’ow ’ nite I hod . iti ~l t lie Lotte :05 —method it  in I gh
be j u t  e t e S t  h i t ’, to .i pp i v the I .tne:c:;—puo~-ess to t h i s  m at  r ix .

14 i t  hi respect to liii ’ tUinht’ u i c ~~i t’xpe i i  mon t  s b r  W~ 1 
l i i i ’ f~~ I i  ow i n g

i v a  C I ~ itn li.ivi ’ been iii.id~’
— F’rtnn a ~ ‘ h t ’~ t liii ) ot Clii ’ r e s t i l  IS , in rt ’h Iit ’neii t e~h iii t abl e ’ 1V:i , i t

ol  lows I Iii t i n  no c .ini ’ a t  I -
, I o I t t - i i v . i  1 ti e ’ 5 .11 t di’ t eel ed . On 1 v t ~‘t

in L’ , ‘0 e i O~ ’UV.1 l i l t ’ I n C  e ’~~v.i i n  h ive beeui de t e n i l  itt ’ii • I 01 l i i  ~ itt ’ 1

v i i  i L t ’~~; u t  in t~ve1t ~ I q Oft1  “ 10 .1 re I e p r t ’se ’u t  ~‘d by cue e gi ’iiV.i I Li t ’
I a t er ~ ’ .i I . Tb i n  exit t i t a n  .ilso t l it ’ jUt ’ i~’ise il l t
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— A more serious de f e c t  is the following. Wi th almost mult ip le

eigenv alues , which are dis tinc t within our accuracy of computation

(A 19, ~ 18 and A 17 ,  A 16 ) eigenva l ue intervals are delivered which are

in bet ween both eigenva lues.  These eigenvalue intervals  d i f f e r
s ign i f i c an t l y f rom both true eigenvalues , see table Va (eigenvalue

L 

.8038 E+ 0I  and .9 2 10 E + O I )  and compare these values with
those in tab l e  II .

— Table Va—d l is t  de ta i l ed  result s  for  W
~~

.

W i th  respect to W ,1 it is observed that there are no problems in

determ ining the eigenv alues , except with respect to the speed of

convergence . For tu~ I 6 (see table IVb) no eigenvalues have been

detected automatically.

De tailed results are listed in table Via—c.

4 .3  Pa tho log ica l l y  c l u s t e r e d  ei gcnvalues

I t  is well—known that the convergence properties depend hi ghl y on
the relative clustering of the eigenvalues. Theref ore we have
constructed a matrix with a cluster of eigenval ues a t each end of
the spectrum and one single eigenvalue in between both clusters .

The matrix A chosen was a 40th order diagonal matrix with diagonal

elements: 1.001 , 1.002 , 1 .019 , 2.000 ,
3.021 , 3.022 , 3.039 , 3.040.

A f t e r 10 , 20 , 30 s teps  of the Lanczos process only the elgenvalue

2 .0 is determined aut omaticall y (no convergence at the lower and

upper end of the spec t rum) .
Aft er 40 i~anczos steps convergence was si gnal led  at both lower and

upper end of the spectrum hut the second ci genvalue of A (1 .002)
was not found . For ri’a u l t s  see t a b l e  l il a .

Af ter 45 L.-unczos steps a l l  ei genva l ues have been determined , see

table VI Ih.
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4.4 A large f ull matrix

The Lancz o s—m ethod is proposed u s u a l l y  fo r  the de te rmina t ion  of

the extreme eigenvalu es of ~iparst’ mat r i ces . We have used the Paige

sty le Lancz os al gori thm to compute some of the extreme eigenva lues

of a symmetr ic full matrix of hi gh order (n~ 519).

The m a t r i x , used in t h i s  examp le , or i g inates  from a nuc lea r  s h e l l —

model calculation 181.

In such a calcul a tion one computes the m a t r i x  e lements  of a given

on e p l u s  two—bod y interactlon Hamiltonian in a set of j—j coupled

many particl e basis—states. After diagonalis ation one obtains the

energies and the wave—functions of the systems . In the present c a se

the  bas is chosen is a p p r o x i m a t e  f o r  the descr i p t ion  of n u cl ea r

st a t e s  in 56 N . w i t h  z e r o  angu la r  ino1n~nt um and p o s i t  jVt’ pan t y .
The order  of the  m a t r i x  is 519 ; i t  c o n t a i n s  about  5S~ zero—valued

elements. No a d v a n t a g e  has  been taken of the zero values which are

distributed i n  r at h e r  an i r r egu la r  w ay .

This matrix has well separated eig eii value s (no multi p l ets) , whi ch

are d i s t r i b u t e d  over the  i n t e r v a l  (—1 60 .0 , — 180 .5) .

In general the e igenvalue  problem fo r  f u l l  symmet r i c  m a t r i ce s  is

solved by the House h o lder  method I i i .

For matrices which  canno t be stored in f a s t  co re , t h i s  process is

complicated to progranmie . Since the CP— time used is rough ly

proportional to 1/3 n
3 
(n is the order of the matrix) , the Lanc zo s—

process for the determination of the extreme ei genva lu es  i s

a d v a n t ag e o us  i f  less than 1/ 3 n i t e i - a t  i ons a rt ’ required .
Oth er practical advantages of the 1.anc:os—process in th i s  case

art’ that it is easy to restart and easy to progra nune .

In table VIE la—h the r e su l t s  are i i ; ;  ted for  40 and 60 Lauczos steps

r e spec t  i v e l v ;  iii t i i t’ latter case ti lt ’ scanning p y 0 C t ’~~ s has been

pe r f o r m e d  w i t h  a l a rge r c too ( t a b l e  V I J I c ) .
A l a r g e r  has been chosen s i n c e  the  p rocess  f o r  a large f u l l  m a t r i x

_ _ _ _ _ _ _ _  
T ’  
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is g e n e r a ll y expensive and one wants to extract as much information
as poss ib l e  f r o m  the i t e r a t i o n — s t e p s  p e r f o r m e d.  The possibility

of scanning with a larger r has not been included in EVSCAN but
could be with a minor modification.

For results see table Villa—c . For m~40, convergence at the lower

end of the spectrum is detected , for  m 6 0  convergence is detected

at both the lower and the upper  end .

4 . 5  A l a r ge  sp a r s e  m a t r i x

For the matrix used here , we have chosen the modi f i ed  Lap lace
problem as describe in 11 4 1 .

Tltu ’ m at  i-j -x A rosa  i t  s I rein live p o i n t  d i s c  ret  i sOtion of t~u 0  o ver
- - .the square region  0’~x , y~~1 . The boundary conditions are

f o r  x 0  x 1  and v= I , and u = I  f o r  v=0 .

This e q u a t i o n  was d i s cr t - t i s~~d over a r oL -t ~i n g i i l , l r  g r i d  with

meslispacings h -Qj - and h -
~~~~

. , t i tu s  y i e l d i n g  .i matrix of order

992 . For this matrix the TCCG (3) decompo sition

A = L
3

L~ +

is constructed (see [9 1) .  The eigenvalues of L
3

1 AL
3
T 

have to be

computed. They are very st ron g ly c lus t e red  around the value 1.0.
Also at the uppers ide  of the spec t rum the eigenvalue distribution
is very dense . The largest  eigenv,-ilue is 1. 17 and the smallest one

is clo se to 0 .0.

In table IX the re~ults (number of eigenvalues and scaled c) are

listed fo r  several stages of the Lanczos—process (m denotes the

number of s teps ) .
In figure 1 the following quantities are represented as a function of m :

— the total number of ei genvaliie’s , de tected by EVSCAN (x)
— the number of cigenvalues at t h e  lower end of the spectrum (0).

This number Wa S f a i r l y  w el l  repr e sented  by the parameter NT)IV
(see the descri ption of EVSCAN).

— the number of eigenvalues at the upper  end of the sp e c t r u m  (+) .

- - - 
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4.6 A generalized eigenvalue problem CBx’Xx

In order to demonstrate the applicability of the generalized

Lanczos—scheme , as desc ri bed in section 1 , the following problem

has been chosen. Some of the eigenvalues of CB will be computed ,

where B is the 5 point finite difference approximation of the.

Poisson—operator i~ over a square IOXIO grid and C is the centra l

d i f f e ren ce app rox imat ion of the ope r ato r ~j~— on the same gr id .

The matrices look l ike  th is

0 +0.1
N N, blocksize is 10

N.N

\ \ N, 
10 blocks along the

\ “ ~ 
1 diagonal : order of

~~ C is 100
—0.1 0 I

+0.1

I -oh N
‘

. 
\ \

N
I N \

\ \ ‘.

+0.1
\ \

0 .1 0

4 —1 I — i
— 1

N, I
N ~ N

“~~ \ .~~ 
N same structure

- as C.
B~~ 

—1 —1

—I I 4 —1
N .

I N

N -.

N \ —1
I N

—l —1 4

The r e s ul t s  are listed in table X for m 1 5 , 10 , 60 , where in is the

order of the tridiagonal matrix , generated in the generalized

Lanczos—scheme .

- ~~~~~~~~~~~~~~~~ - —- - ~~~~~~~~~~~~~~~~~~~~~~~ 
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S. Notes on eigenvectors

5. I Theoretical Aspects

Before we mention some results of our numerical experiments ,

relevant results of Kahan and Parlett 12]are summarized .

The results of the Paige style Lariczos scheme for a symmetric or

skew—symmetric n—th order matrix A can be written as:

TAV
k 

= V
k

T
k 
+ 

~k+r1k+1
e
k

where ~~~~~~~~~~~~~~~~~~~~~ the k—th un itvec to r ,
V
k 

is formed by the columns v. , i 1 ,. .. ,k.

For any p and normalized vector x, the quantity I ~Ax—px~ bounds

the error between p and some eigenvalue X of A. If ii is an
elgenvalue of T

k 
and y the associated elgenvector then

I - li I S. I I Ax — lix = AV
kY - PVkY I I

= !Av ky 
— V

k
T
ky I I
T

~ V e
p+

~ 
k+1 k

= 
~~k+ 1 1 k’k f

Thus the error in this computed eigenvalue is bounded by 
‘~ k+1 ’

t ime s and ~~ ~~~ 
which is the last component of the vector y,

is small , then the .bound may be sufficiently small even though

6k+1 is of moderate size s From this analysis  it follows that the

more accura te approximations to eigenvalues may be those ei genvalues

of T
k 
whose associated eigenvectors have rap idly dwindling components.



S.-’ Numerical results

Ei genvectors of the original matrix A have been computed in the

following way .

With EVSCAN eigenvalue  intervals of the f i n a l  t r i d i agona l  matr ix

have been determined . Since TSTIJRN (Eispack [101) requires

intervals , these intervals could he supplied directl y. Since an

e igenvalue of Tk could be equal to an upperbound or a lowerbound

o f an in t e rval , which  is not permitted by TSTURM , the  i n t e r v a l s

have been made s l i g h t ly  l a rge r . The c ig e n v e c tor s  of  Tk have  to be

ha ckt r an s f orm e d b y Vk to e i gt ’n ve ct or s  of A .

For p r o d u c tm a t r i ce s  an e x t ra  i i ~
T_ c 1ecompo si tion  of  t h e  m a t r i x  B

~see sec t i o n  fl is r e q u i r e d  f o r  b~i c kt r a n s f or m a t ion , t h u s  imi l i f v i ng

the  advan tages  of  t h e  g e n e ra l i z e d  I . i n c z o s — s c h em e

in t h e  expe r imen t s  we de m on s t r a t e  the b e h a v i o u r  of t h e  l a s t

components  of a normed ei genvec tor  of Tk . To t h i s  end , the m a t r i x
(see sect  ion  4)  has been chosen.

5 .2.  I For k 1 ~ no cigenvalues could be de t ect ed  a u t o m a t i c a l ly  by t~VSCAN ;

this is reflected by the b e h a v i o u r  of the las t components  of  seine

ei ge nvectors .

A Lan czos— approxi ma tion for the e i genv alu e 2.  1 1O2O ~)2 19 363 w a s :

2.11327 The last 4 components of the co rr espond ing

ei genvector of T11 are :

0.31 , —0 .35 , —0.013 , 0 .31

These components a lso indicate t h a t  no convergence had occur red .

Also f o r  k~- 13 , tl,e largest ei genva lue  of ~~ , 10. 746 i ’)4 1 8 2t ) 0 3  has

been approx ima t eti by 10. 746 194 182 ~0.’ . Ttit’ b et  t er convergence is
re f ie c ted by the it s t 4 components  of tilt’ correspendi nt . ci genvect or

of

— .00 1 (3 , — .000 1 • — .000011
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5.2.2 For k=16 , EVSCAN detected a number of eigenvalue intervals

(see section 4).

A Lanezos—approximation X for the eigenvalue 10.746194182903 was
given by the same value. The last 4 components of the corresponding

eigenvector of T16 are:

.13 E—04 .27E — 06 , .57E—09 and .59E— I 0.

If we denote ~ as the backtransfortned eigenvector of 141, then we
( l w ~~ — 

~~~have — ~~~~~~~~~~ = - 35E—10
I!~II 2

In this case EVSCAN yields an eigertvalue interval which does not

contain an eigenvalue of 141 (though there is one close by).

The eigenvalue 7.003952209528 was approximated by: 7.003952209098.

In this case the last 4 components of the eigenv-eceor of T
16 are :

.21 E— 0 1 , .89E—03 , .48E—05 and .15E—05.

l l w ~~ — 11 2Finally We have = .86E—06 .
I l x i  1 2

T T ~~
_-- - 

- -
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6. Conclusions

As far as accuracy and efficiency are concerned the generalized

Lanczos—scheine applied to skew—symmetric matrices is more attractive

than the original Lanezos—schetne applied to the squared matrix , with

respect to both accuracy and efficiency.

For product—matrices it should be preferred because it needs no LL
T_

decomposition. However special care has to be taken if eigenvectors

are desired.

One of the main difficulties in using Lanczos—schemes is the

monitoring of the results. This difficulty has been largely

overcome by the monitoring process , described in this report.

However it should be stressed that the problem of determining whether

an eigenvalue of the orig inal matrix is single or not has not

been solved.

—-
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Subrouti nes , in F o r t r a n  IV . at- c av a i l a b l e  of imp lementations of the

Paige—s tvle Lanc:os and of the generalized Lanczos—schemes . These

subrc’ut in e s , LSVLAN and GEN LAN , as well as the subroutine EVSCAN are

i n c l u d e d  in the  p r o g r a m l i b r a r y  ACCULIB of the  Academic Computer

C e n t r e  U t r e c h t .

In t h i s  sec t  ion  d o c u me n t a t i o n  and l i s t i n g s  are  g iven.  This

d o c u m e n t at i o n  c o n t a i n s  a comple t e  examp le of use .

C ••..~~• 

C H E A O I N 7~J~~~~7
C • e

C SU-V~o U T I 4 ~ L~~V L A 1 ( N , IFI~~ST ,i- , S T R T ,r j , 4 X , S A V E Q , U, ’)~~,A LPHA, P E T A ,
C L C G I C ~ .L S T P ’
C O I- IE NS ta~ UI I ‘I) ,C~ ( tf l  , tJ (HI , A L D I 4 A (-I ) ,OETA (‘4)
C EX 1E5 .~~L A X , S A V E C
c
C ~‘u~~~a:;~
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C TO T~~A ~~ O - ~~t A SY’ i E1~~Ic ‘ A T ’ I x  A T O  T R F ) I A G O N A ( .  FO RM r , BY ORIHO GCN A L
C T-~4 . - p - c ~-: 11’ TI - ~~ LA :!~U— ’- T o O 3 .
C T H ~ F A r - : : . .~ i-; N~~T TO ii~ G Z ~~EN E X ~~L I C I T L V .
C ~: I~;E ~~v E L ’ E s  ~lF  I ~.~~ ‘ R C \  ‘ A T e  THE E :~~~ N V A L U E S  OF A .
C AS EA C H Si. -~ - IF ~~~~~~~ ~~~C C E S S  ‘~~~~1S A ‘ t A T t ~I X — V C C T 3 R
C IULT LI A 1  ~ ‘,.  T - 4 1 S  F - ~ ’c:~~s IS CNLV SUITAtLE FOR S0ARS ~ H A T ~~I CE S .
~ 
...... 

C t~4~’UT—PA.R -l .~~1-f ~S
C • e • s .sø p * .. * • .. ** .. .
c N — i l t E ~~ -‘ . T e E  3~~C~~~ O~ T~t: A T~~IX 4.
C X F ! c S T — I u T L  -~ N .  T H E  F 1s~;r C O L t i~~ OF T H E  M A T R I X  1, W H I C H  H A S  TC BE
C C O F ~IJrEO C~4 TH IS C A L L  OF L S V L 4 N .
C O~i I~~i T I A L  - ‘ i LL IF I I~~T S’ OI ILO !3 1.
C IF ISV L A P s  IS R E S T A ~~T i J  ( 3 E  I N ? t J T —~~4 R A ? - I E T E q  R ES T S T )
C IF I~’- ,T S H C I j . n E- )u A L IC THE L A S T  COLWu s—N ’J~~3ER OF T IN
C TPi ~ ‘-i V I C IJS CA L L  DLU S 1.
C H — l H T E c - ~~-~. TH~ T c i A L  N~J~~1E-~ CF COL ’J INS OF T TO RE CO~~PUTEO
C C THE HU~~~. ~ ~~ COL U~~N~ IN E A R L I E R  CALLS A R E  I NC L U C E C I .
C R C S T R T  — L O G I C A L .
C RESf l I T Z . F A I S E .  I I N I T I A L  C A L L  FC~ A NEW FcO i LE~~.
C R E ; T R T ~~ . T ~~U~~. I I I C A T E S  A R E S T A R T  A F T C c  A DREV~~~ljS
C C A L L  CF T HE SA~~E D R C n L E I .
C Qi — DI.-ICNS OM 1 1( H ) .  I~ ~~ S T R T ~~.~~A L S ~:. i A A ~~ITRA PY STA R TING V E C T C R
C EJ ~ T’I~ L 4N i ~ :C-~ PR OCE SS. P s o t  N E C E S S A R I L Y  OF NOCH 1.
C IF REsT- ~T:.TRU :. S r)j(’I) SHO U LD H A V E  THE S A N E  V A L U E S  AS C N
C E X I T  O F 1HZ P R : v I O L I S CA L L  ( A L S O  C U T D U T _ D A R A H E T E s f l .
C A X  — S U B R O U T i~~:. A X ( V ,iY ,N) -

C aI E H S I C N  Y( ’I) , AY(N)
C T HIS Us:~~—s u P P L I i ]  SUnR O ’JT INE CE L Iv E R S  FCR A
C G I V E . H V C T OR Y THE V E C T C R A Y , THA T R E S U L T S  F R O M
C .)ULT~~~L Y I H ~ THE ‘ A I - ~IX A WIT H 1HE VECTOR Y.
C V SHOL L E1  ‘ 4 CT nt —i - :sTROYEC W I T H I N  A X .
C SAVEQ — S U O I O U T P o  Si’J C ( l , N)
C DI. t P J S I C N  ~(‘j)
C THIS C~~E - ’-- SU~~~L C 1 SU~~~OU T INC, WH ICH C A N  -11 L S C O
C TO S T O ~~ TH E COU P IMS ‘3 CF THE C R T H O G O H A L  T R A N S —
C FO~~~ A 1 t O ’ I  ~~A T R I l , ro~ U S C  IM C C M D UT I U ;  THE
C E IE- E~~V E C T C H S  O’ A .
c ir  EIGN ’4 V : C T O ~~ ~~~~~ N-~l T : E sr p r c .  T H IS  SU~~Q C U T T p , E
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C I~I 1 t t A L I l ~ ~~.
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C ~~~~~~~~~~~~~
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C ..I. e...............
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C FOR T H E  CJ. I~~UT A T I L ) N OF E~~T R E M O  E I G ~~N V A L L E S  OF L~ - F C E
C S P A R S E  ~ A T R I E S ” ,
C 1 q76 , A CC I , TR3.

C II) E X G E N V A L t L S OF THE T R I C I A ~~O N A L  ;I A T R I X  I CA N  CIt COMP UT E D DY
C IMT IL1
C R A T 3 (
C B I S E C T
C ALL C CH TA1’~L O I N  ~ IS1 ICK C THI S P A C N A E .E IS IN ( iT - ~ECHT A V A I L A 9 I E
C AS L I 1RA -~Y ON P:; 4’. II F~~L~~t L I~~- A R A L I;EPcA .IO~~LACCU ) .
C III) L S V L A N  IS  SEN T IN 1Y J . L E W I S  (CC ‘ U T i  ~ sct ~~N cE OEP A’~T~- & N f l
C S TA N F C R D , U.S. A. .
c •e,.es.ee5..,..s~~~.,

C E X A ~~PL F OF USE
C
C
C IN T HU F O L L 3~ I s ~ ~‘~~O ~~ I It. L $~~c~~,c— SI~~PS A R~ ‘~ ~‘O”’EO ON A 0114
C OROE~ ~ A T R I~ ( 4 - l I C H  IS  ~~P.C~~N A S  T H N A T R I X  W E A ,  OF W ) L h ~1 ’ SiN ) .
C (IGENVALUES OP T H~ ~A T - I X -~ , t e  A~’0 CO °IITEO ilY ~ V SCA N . U s IN ;
C IIIL RESULTS OF L S V L A 1 ’.
C
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C P ( Z A ’ ~ L N C Z J S ( C U T ? U T )
C DI o E~~G IO N  13 ( 2 i . ) , 1 1 ( 2 1 ) , U ( ~~t ) , AL~~H A ( i 6 ) , e E T A ( 1 6 )
C LOG I C AL F E S T - ~T
C E X T E ~~’ 1IL s l ~~L S , S 4 V E O
C O I H EI I S I O P  T I E ( 1 b ,E) ,r c i ( j 6 , 2 )
C L O G I C A L  L C O , U ° ,C IV
C N 2 1
C I F I -~~ T = 1
C
C R E S T R T ~~. FA L S : .
C NS EE0~~ .1~~7 7 7
C C A L L  R A N S ~~T ( t S E O )
C 00 10 I~~1, I
C 10 Q 1( I) R A N F ( S E D )
C
C C A L L  L S V L A N ( N ,  I~~I ; S T , H , R E S T R T , O 1 , W 2 j ~~L S , S A V E O , U . O C
C + , A L P H A , 3 E T A )
C
C rIT~~j~
C
C C A L L  E V S C A N (  ~, ‘I , . -P T ,  A L~~HA .  E E T A  , N EV , L O W , I J P , O t v ,
C + NC 1V , T K , T ~(j , IE R , E PS)
C
C IF (I R -~.HE.D ) STOP “E RR OR IN E IG E N V A L U E C C N P U T A T I O H ”
C
C I F C L O W )  FS INT  lth~0
C I F (U7 )  P A I I T  1310
C I F ( D I V)  P R I 1 IT  i.I20,N-J IV
C P R I N T  1U~~J , - I E V
C
C C IF r,:v E 1 J A L S  110 E1 - ~ ES V T L J E  I HT E RV A L S  H A V E  T EEN D E T E C T E D .
C C L S V L A ~ ~~P OU LO SE E~~~T A I T E-D Foc  FURTHER D E T E C T I O N , W I T H  1HZ
C C OI;IEIISIJ NE OF A L P H A , -IE T A ,  1K A ’43 TK I P R O P E R L Y  A D J U S T E D .
C
C IF ( N tV . E C . 3 )  GOlD 70
C
C 0 ô~
C 6C PRINT I JHJ , I ,T K( I,1) ,T K( I , 2)
C
C 7.j C O N T INU E
C
C 1000 FO~~H 4T I’ C O N V ER G E NC E  A T  L C WE R  S IDE  ~~ )

C i~~10 FO Ro I t L ’  CONVER G EN CE A T  UF~~ZR S lO E ~ ,/)
C 1020 FOR I E T ( ’  ‘ , 13 , ’ I N T E RV A L S  A T  LO WER ENO •)
C 1u33 FO~~. 1 A T ( ~ ‘ ,/ / , ‘ ,I3,~ I N T E R V A L S  A RE F O U N D  ~~ i,
C + - N I LO W E R R O U N D  U PPE PCI CUND ,/3
C j6’ 0 FO~~NA T (~ ‘,13 , ,2 (E20.i3 ,~ ‘))
C E N D
C
C SU ERO tJT INcT SA V E C ( G , N)
C OI .1ENSIJ N ‘ 3 ( 4 )
C
C C NO EIc- N-/ C T O R S  ARE CO~~PUT EO, SO WE DO NOT STORE
C C THE O R T H O G O - IA L  T R 4 N S F O R - A T I O N — ~~A T R IX .
C
C RETUR N
C END
C
C SU-O R O U T I N E  W 2 I ~~L S ( X , A X , N)
C DI.~E N S I O N  X ( - ~

) ,A X ( N )
C -
C C N A T R I ~ IS T A S E N  F R O - I  W I L K I N S O N  (THE A L G E O R A I C  EIGE NVA LU E PROT1E ~~)
C C A N 3  I C A L L E D  ~~~~~
C
C C 10 1. 0
C C I R 1 0
C C 0 ~ ~ 1 0

C C • - • . ~ - ~~~ ~~~~~~~~~~~
C C ~~ ~~~~~ - -

C C 1 8 j  U ~~II~ 
r Af l  ~~ ~~ ~~ ~~~

C C .3 1 g I
C C ~ 1 10

- ~~~~~- - — —--—--- ~ - - ‘ 
d
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C 
THIS PA GE IS BEE T QUALITY PP~ CII CA~I~

C A X ( ~~) = 1~~’X ( i . ) + X ( 2 )  ~~
O
~~ O?1 1~~~ I S1 ~~~T0 DDC -~~~~~~~

C DO 10 1 2 , E 3

C A X ( I ) ~~ X ( I — j ) + I A R S ( E i — I ) ~~ ( ( I ) + X C I 4 1 )
C co~~T INU:
C I.X ( 2 i . ) 

~ X (~~~ ) •1O’X (21 )
C RE T U~~’1
C E N D
C
C
C THE OUTPU T OF THIS P R C G R A iI IS S

C
C

C coN v E c c :N cE ~T L C W E R  SIDE
C CONVER G ENCE A T  UcPER S lO E
C
C 2 I NT E R V A L S  A T  L O W E R  END
C
C
C 6 I N T E R V A L S  A R ~ FOU’~C -

C NR LOW EP.3OUNG UPPERBOU ND
C
C 1. — .i~ 2 1 E 2 2 1_ ~~E ’3 1  — .i~ 25N~+:52211qE~ O 1
C 2 .2538O~~~17~.R 73 1+ .3 .2S38ti 53i7Dq ~ 6E ’OO
C 3 • 73 03~~522 O~~~22:+O1 .7 C0395220 ~~2~ E+O1
C 1~ . 8 J3 ~~~~~~~.1 237 6 . + i.I~ .8 j 1~~~ I 1 22 3 76 E ~~~~ t 1

C 5 .92136~~8E- 1,7337EG31 .9213E,786~-.7337E+01
C 6 • i O7~~b~~9~~ , 82 9 J E + J E •~~ 07 L .&19 L.i~~2 9 0 E 4 O 2
C
C
C PIETH OO
C
C BASED ON THE PA IGE STYLE IANCZOS PROCESS D E S C R I B E D  IN S

C LEWIS J., THESIS (TO A P ~~:AR ).
C V A N  KIT S  J. 5 1. , I j AN  DER V O R S T  H. .-.,  NU’ IERICAL E~~~ ENI ’~ENTS OF
C THE P A I G E — S T Y L E  L A ’ I C Z C S  ‘-E T IICC F C R  THE C C F PU T A T IC N  CF

C EXTRE t-IE EIGE~~V 4LUE S CF L A N G E  S P A R S E  r IAT R ICES ”,
C 197ô, ACCU T ’R3 .

C V AN K A T S  J. 1. , h A I l  ‘3 ER V O R S T  I-) . 1 , AU TO’~AT IC ?~ CU I T O R I N G  CF

C LANCZO : ~C~iE~~ES FOR S Y -H E T R IC  A N D  S K E W — S Y M N E T R I C

C GEN E RA L I Z E D  E I G E N V A L U E  PR C B L E ~~S, 1 7 7 , AC C U  TR7 .

~U13 ~O’JTI- J~ LSVLOJ~(N, F I~~5T , • , ~ TST~~T, Qi,  A X , S~~V E Q ,  U, (~~t ) ,

~ AL~~’4o , :3:1.1 )
C Si 3~~3(ii : JE  TC CA ~ -~Y - ‘ 3 ’ J T  L 4 N C Z O S  ~~~~~JC SS FO~~~ A SV - 1ET~~IC  ~‘ EA L  MA T R IX
C I;l~~JTi .1 ~ T H E  S I Z E  OF T H E  .- I A T - R I X
C F I ~~ S T  TH~ F I - ~ ST COLW- N IC  :3~ 3O~~ PIJ T E C  JN THIS CA ll ~ O THEC T N T  S U U - J L T i N ~ ~~~ It-. I T I A I C- ILL, F I SST W i l l  ~ E 1)
C I T~-i E  I..X I.1U :~ NL~~E-:~ -O F COLL~~NS CF THE O~~C C E c S ~C ~3EC C Oi I I J T C

c —‘~jsrcr ~~> ~ L( ~) C, t C11 ‘/ARI ~.EL: r \cIc A rr I .40 whlETf-4 =Q WE A RE
C : 5 T A ~~T I N C -  ~~~C I  A ~~~E~~ioU~ P A R T I A L
C T — U D I Ai ,O~~~~ O LI Z AT I T h  Q~ STA~~TINC , A ~. - T W  O N E .
C ‘)

~~. ~~> T H J  F I . -5 5 T  CO~J~ • 1  O~ 1, A AL V E C T O R ,  N O T  A S S U~~E~C T O  ~3 : CF i C ~~-~ 1~C .IX ~~> A S J1ROII TIN iL TO ~~~~~~ OUT TH~ -4 - I T P T X — V E C T O P
C -~UL TI PL I:AT IC~~. I J FUT TO AX IS A ‘~Eñ L V ECTOR ,
C o u rP u r  SNO JL £ T3~~ A ~~~~~ A L  ~ECT’ .
C ; . I f - : Q  ~~> A J ’3~~3U T  I~:. ~ I - l I C -4 s~~v~~s T~4~ COLU f~sS Gt~N~~RA T E C 3V
C TIlE L - l L 7 C~ A L GO~ rT H  — , F OP S  I SE  IN  CO -1 f l iT I~~ ’G
C ~ t r ~~~~, E C T C R - ; .  IF E I ~~~~E~~~~ V t T C T~~

1-
~~ S A ~~~~ N O T  ~~~~~~~~~~~

C r - I IS S U - 1 - ? C L T I ’ 4 : I-lIST STILL  i-~ 
( IPCL Tt T fl ——I T NT

l O T  A C T U A L L Y  DC A N Y T L f l~~’~,.

_ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~ *, — 
—,~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ - ~~Aj I
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C ~C~~~T~~ I : > .~ ~~ AL V :CT~)A CF L EN GT H N
C Ci ~~> -~ • ‘ E - A L ‘ / T C TC ~ 

(iF t.:THC,TH ‘-I

C I~~ t T ’ I E — ~ U ~~~~~~~ fl N~ ‘2 ~ -T IN T I A L I ? .f l
C TH.-, 20 lT ~~-~I S  -)~ Ot ,  33 A N )  U WILL EE OTST~~O Yt1
C 3U1 ~J2~ A L - ’ H l  ~ TN: -irAG c~~AL C~ T~~4~~ T~~I O I A G 3 N A L  ‘ A T R I X  W I-~~CH IS
C -~~

)
~JG l LY  S I ILA -J A ,

C R T 0  T I E ‘ l ~~~~~~i A G C N A L -i~~ TN~ TP.I O IA G C NA L  9 A T - ~ !X
C 4 L~~H-\ .i\ C i~~ T A  A~~ A L ~I E C T , 1 R S .

C
C P R t ) ~~~~:,5 IS~~~~~)I  

T -
~~~j 5  5 U 1~~- 1) U T I t ’  I~~°LE~-TNT ~ A FINED V E R S I O N  CF THE

C ~A - . _ — TYL .  LA IC ’  I S  ~~ O C ~~~~S~ 3

C ——
: - ,~~~~S 2 R  ~~, , F I R 5 T
LE;:C~~L 

-
~~~~ ;r ~ o

EXT -~~4~~L ,I(, A V T 3
~~~~~ 1~~c - i ) ,  ~~ C ) )
-2 .J~L l V ~ )

~~~ . - \L ’ HA (  ‘) , - O E T A  ( )

C 
~J-I L Lr~: ,F , LA L PHA , L 1 T A

~T:A L T~~~LC’J
I~~T~~ ;:-~ ;, <

C 
C I-’4 C I i ~~E -J ’ ~~~~~T 3 I J A N T I T I E
C SLifl-. I S  T I E  p. E LA r I~~: T~~ J N C A T ICN LE1J L CF S I N G L E  PR E C I SI O N

L.T.. ~~‘S Lc ~ I i .~. :— ~~-+/
C 

F N : ST - ~ T GC TO ~D
C
C I T ‘. L I A T I 2) N 2

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C s T : P  .. : J5J~~ i A L t ’ 1  ii. T O  U N I T  L :NST 9

~~~~~~~~~~~~~~~~~~~ V V t ~~~~P( 1 :, ~~~. , I 1, 1 , f
~~,

T )

I~ (LT ~~~P .~~-).~~.~~) SQ IC U
LT~~~P ~ .J /SS- ~T (LT :IP)
i i -2) _ J ~~~~~~

L. ( I )  ~~j . CI ) ~ LT~~:)~
~~ SDNTINU P

C C-) ~ J TE ‘L

~~J C A L L  SA J E C ( L . , ‘I)
C A L L  AX N. i , II , .j

~
LA L - ’HA
2 )0 Si

‘ J ( I — LALP’-4 A~~C 1 (I)
J C 1 ) - ~l i I ‘ Ju L

C F 1~~~ JS ~~~ I~~~ .Y~ ir~~;.1TtvE L~.NCZOs PRCCESS, SINCE BETA ~ AV 1~C V T- - ~Y S A L L ,  W E ~~ C — ~T F I Q c , O N A L i Z E  0 ?  ~ ITH S E S P~~CT TO ~)1 IN ORD ER
C TO A V ) L J  LOSS OF ~ L C T  ‘3~ C1~ O~~T H C G O N A L I T Y  RIGHT O F F.

Di ~2

~~ i) 1( 1 ) — LT.: - ’ ’c i( t )
-+3 2 J N T N U -~

C P104 - l - ) - ~ t A L l 7  =
L 3 L T A ~~~ VV I~~” (l ,i,!J,j, N ,T)
L-1~~T A ~ C-~ r (L- J:r-l )
L7~ IP £ .O/L 1~~T
)O ;j  i~~~, i 

T~ IS PAGE~~ ~~~~ ~~~~~~
3J (t) 1 1 (1)

t J ( I ) ’ L r i ~~u ,
J ~0i’i

CA LL -; i ‘jj (11, 1)

-- 

- - - - -
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C C J I ~~~~~~II L  I~~r r t 4 L  - I L ’ l A  A ’ ) - )  C1~~~T \ .
LA ~ ‘-l ~~~~~ ~~~~~~~~~~ -~~~ - • -~~ 

_
~~~~~~~~--

I T A  (_ ) L )_ T A

,J E S

C
C -

~ I 1 -~ I [ N
C
C TN : i J , ;~~ ~-j ~~r i~~’i -~T~S T c ~~2i  fl . J ~~~~ ), A L ’ ~4A , T T A  A N O
C —

~~A ’ ’ -I A i  T~~
! - V  L -

~ A T  T H~~~ E N J  C F  ~~ H L A ST  E AL L.  L-~~~ A IS
C ;T- ) I j j  T) N~I -~ ; T — )

3~
L ~~~~
C- I L L  ; )v

~~C ( Ii, 1)
C
C L)~ CA ~- -~Y ) 1T L A \ & 1 fl ‘— ~E)C E~~S F O R  ~ 

3 , - , • • •,

C
C F ) ~ .-~ 

- ‘ T .) ~~— j

C < C.) -
~~L T ~~ 

5 1 1 C C-  .~~~.) I I ;  C OL t I  J S  QF  C - R E C IQ G O N AL  ~ 4 T ~~rx  1) >

~~ F ( < . - ; T , ~~) ~ C T O  :1u
C C )  ~U i ~ T J I C I  ; -)L0’i ) ~~~~~~~~ c i ~~ : c rt c  C F N ; \ T  V C T Q - ~

L T r - 1P
C AL L  A X  ( ~ , U, .i

~
L A L - ’ - I - S  ~s ’J i ’ 1

~~~~
( I J , E , 1 I , 1, ~~ .- , T )

- )  ) l.i t L

1 ( 1 )  ~J ( i )  — L A L  I -) ’ L ( I)  — L I f T A ’ t ) ( T )
1 C ~P-4T I Ci.

C “J ( i-~~ - I Lt , ’ :T N: ( T  V E C T - ) - R

Li~ T A  ~ 1 ( L  I O T A )
F (L~~~T~I.LT.~~ ’ LCN ) LP cT A
L T :  ~ .u/L ~ET-)
It~ T .i ( — s ) L I T  r ,~
lii I S  I :~~~, ‘)

1 3 ( 1 )
Ii. ( I) J ( I )  ‘ LT t  I I ~

-U C PIT 1 - 1 1 ) 2

I F  (‘~. LT .t- ) C A L L  S A V L - ) ( G 1 ,  N)

~.o i - c  :~
1. LI -~~~T S  ‘ 1

E ‘i-i

C
C HEADING 7iJ518
C
C SUB ROUTI NE G E N L A N ( N , IF I R S T , r ,RE STR T ,O 1 , C X , B X , S A V E ) , U , U W ,
C Q3 , ALP HA ,C~~T A ,A N T I )
C Lo~;ICAL T— ~T ,A ? ~T I
C D I D E N - ; I O N  )~~ ( I )  ,C~~(N) .U (N) ,A L i ’ H A ( .~) , f l C T A ( i - ’) ,t P W ( P )

C E XT 1  ~~ NA L  C X,  D X , S A V L ~~1

C 
,.... *...,. *.. .. ....

C PIj,~~ OSf
C
C TO G C N E ~~ A T E  A T C X i ) I 4 ~. C N A L  - I A T R ~~~ I DV I’ll L A N C ? O S  PROCESS FO~ A
C IAT R X ~~~-I , WIL I.~E C IS UN . T Nt R sV E T -.IC O- -~ ‘;~~~~

- W — S Y N ’ E I - U C AM)
C fl I~ ‘ Y - 1 IE I’~IC PCS IT I h —  L Y P-lI fE.
C T H E : t A T - ~ t L  S -t  AN D C N~~~ J lOT 10 -1 H Iv : N  ITX PL IC I T L Y .
C I1.~~ IVALIJE -~ OP I A I’ t ’k  C X I  A l E  THE E l I  PJVA L IL . S ( 1 c
C AS EA CH S T ~~’ W T H .  L A P I C ? C  P W C C I  S N E iS  ~ H A 1~ t x — V E C T O R
C NULT I”L ICA T I , T N ZS P’~ JC SS IS V R’Y  A T T R A C T  I V :  I OI~ S ’ A ~ ’S:
C MA tR I C~

L - 
—— -- 

_ :::‘:m ~ - 
— 

~~~~~~~~~~~~~~~~~~~~~~~~~ - .  - -
~~~~~~~
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TRIS PAG F I SI 3 E ST QUA LrTY ,,
~~ CTI~~~~

C I N P UT — PA R A : , ET E - ~ZS - ?1-
~~~~~~2t ~~ ‘t : - 5 ~~~ -j o .- 2

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~

C N • INT EG E R . T H E  O R C E R  OF T H E  )~~A T R I C E S  C A N D  B.

C I F IRSI  — l t 1 T E G E -
~~. T 1 1 c  I NC E X  OF THE F I~~ST COLW N OF THE IIATRIX T, WHICH

C H A S  T O  DC C O- ~~P J T E O  ON THIS CALL OF GENLAN .
C ON I N I T I A L  CA L L  I F I RS T  S H O IJ L O  3E 1.

C IF GE N LA N IS ~ES t 4~~T E O  ( S E T  I N P U T — P A R A P E T E ~ ~EST~~T )
C IF IRST S 14 C U L O R E  E IUA L TO T HE L A S T  COL U~1 N—N U~’o ER o~ T IN
C THE P R E V I C U S  CALL ‘LUS 1..
C P1 —I NTEGER.  THE T C T A L  NU~~- 3 E R  OF COL ’ J -III S OF T TO BE COH~ UTEO
C C THE NU,IEER OF CO L U PN S  IN EA R L I E R  CALLS A R E  INC LUCE ~~1.
C REST RT — L O G I C A L .
C RESTP.T~~. F A L S C. I I N I T IA L  CALL FOR A NEW 0 RO~~LE~~.C REST ~~T= . T~~[ I .  I N D I C A T E S  A R E S T A R T  A F T E R  A PREVIOUS
C CA LL CF TH E SA ~~~ PR O-3L E” .
C Qi —DI .-JENSIJN ‘3~~(N). IF RESTRT~~.FALS . A . 9 IT RAPY NC N7 ERO S T A R T I N G
C V E C T OR FC~ TNE LANCZOS PROCESS, NOT NEC ESSA q ILY  CF NC R~ 1.
c IF R STRT~~.TRUi. 1 ‘31 (l ) SHO’JLO HAVE THE SAME VALUES AS CN
C E X I T  OF T HE ~R V I 0tJS CALL (ALSO CUTPUT—PA RAM ETER ),
C CX —SUBROUTINE CXC Y ,CY ,N1
C DIIIEN SION Y (N),CV (N)
C TH IS USE R—S U7~~LIEO SWIR OUTINE CE LIVERS FCR A
C GIVE N V EC T C  V THE VECTC.R CV . T H A T  RESULT S F F Q ~
C THE t1ULII~~L ICATION OF V ~Y THE (SY ~~~E T R I C  oc
C S K E W — S Y ’ ~ l ET ~~IC) ~IA T Q IX C.
C V SHOULD NCT BE DESTROYED WITHIN CX.
C B X  —SU BR OUTINE B X ( V ,OV ,N )
C 0I~tEI4 S ION Y (N),R Y(rl)
C T H I S  US ER—S U~~~LIE’J SU1~~C’JTINE CE L IV E RS ~ CP A
C G I V E N  V E C T O R  V THE V E C T O R  ~ V , THAT ~~~SUL 1S F RO ~
C THE .IULTI P IICA T ION O~ V ~V THE SY~~~E T R I C

C P O S I T I V E  D E F IN I T E  M A T R I X  U.

C V SHOULD PlOT DC DESTROYED W ITHIN BX.
C SA V E Q  —SUBROUTI N E SA V E c I ( . ’ 3, N) - 

-

C O LI E N S  ION  ~I (N)
C THIS U SER—SU ~~ ’LIEO SU9RO IIT INE, WHICH C A N  BE CS ED
C T O S T O R E  TH E C OLU INS ~ OF THE CRTHCCONA L T ANS-
C F O RI AT I O r I  A T R IX , FOR USE IN CO M PUTING THE
C EIGENVECTO RS OF C (Ill THIS CASE B SHOULO
C BE THE I D E NT IT Y  t J A T R I X ) .
C IF E IG E N V C C T O R S  A R E  N OT DE SIRED CR WHE N B IS
C NOT THE I D E N T I T Y  M A T R I X , THIS S UBRO UTI NE
C 1IUST S T I L L  RE SUP~~L I EO — — I T  NEEC NOT A C T U A L L Y
C DO A N Y T H I N G .
C U — DIZIEN S IO I -4  U (~~) • SC~~A T C I 4 — A i R Q A Y .
C (1W — OI N ENS IO N 1 1 4 ( N ) .  SC T C H — A ~~~-IV.
C QO — DIrIENSION ‘3~~

( N) .  IF ‘ E S T RT : . F A L S E. I ‘30 NEED NOT TO BE
C INITIAL IZED. -
C IF R E S T R T r .T R U E .  Oil SHJUVJ NA V E  THE SA M E  V A L U E S  AS CN
C E X I T  OF THE PR E V I O U S  C A L L  OF G E N L A N
C ( ALSO OU T P UT — ~~A R A - i E T E R ) .
C AL PHA — D IMENS ION A L P P I A ( ) .  IF R E S T R T = . F A L S E. 7 NO I N I T I A L I Z A T I O N
C NE C E S S A R Y .
C IF R E S T R T ~~.T RIJ . * A L P HA ( 1 )  U~ TO A L P HA (~~M) , wH EcE P’N
C ( M M . L T . N )  IS THE V A L U E  OF it IN T HE P R EV I C U S  CALL
C OF G E N L A N  FOR THE SA ~~E PROO L E~~, SHO ULD C C N T A I N
C THE V A L U E S  OF 4L P ! A A T  EX I T  OF THIS P R E V I O U S  C A L L
C ( ALSO OUT ~~U T— ~~A RA l E T E R ) .
C B E T A  —OI ~i ENSIOH ~~ T4 f r ) . ir R E S T R T = . F A L S : .  : NO I N I T I A L I Z A T I O N
C N E C E S S A R Y .
C IF R E S T R T ~~. T R t J . I B E T A  L i  U~ TO B ETA ( t - P 1 )  SHOULD C C N T A I N
C TH E V A L U E S  OF N E I l  A T  E X I T  OF TI lE ~~R E V I ( iLS CA L L .
C ( A L S O  O U T ° U T — ~’A A - ’ ~~T E R ) .
C A N T I — L O G I C A L .  IF T HE P~A T4IX C IS SKE~4— S Y.9I-ETRIC, A’JT 1 SHOULD BE 5~~T
C TO .TRUE ., IF THE -A T R I X  C IS S Y M M E T R I C  A N T I  SHOULD BE
C SET TO .FALSE ..

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C OUTPU T PA RA ic I. RG
C • • ~~~~~~~~~~~
C Qj — O I . I E N S  ION 11(5)  • O~~ C C N T A  INS  T’ l~ L A S T  CO LU .$N U $ E O  I N  THE L AN C 7 C S

c P R O ~~ -;s C F TH E CR~~~~i- -1 J A L  T~~A NS F cJ c~~A T toN  A T R I X .
C C A L S O  IN JT— ~~-i4 - l? l~ TE

_ _ _ _ _ _  
_ _ _ _ _ _ _ _  

--



- -~~~~~

THIS CAC~ 15 SEEI S~~~A L )  c
YhOM Cvii 1 k J L ~~~L-~ L1~~- LL’ L~~~ ~~~~~~~~~ -

C QO —O IHEN~ ~QN ‘3~ C ’ . )  • OJ CC~~TA IN; T Il E C fl.U,IN P’- V I O U S  TO 01 I P~ T H E
C T RA ’ 4 JR~~~T t A N  FRC ~ESS. 13 r iND ‘31 A R E  N E C E S S A R Y  F O R
C RESTA .~ T FL ~P-) S (ALSC YN- ~I ?T— PA ~~~t .ErEnC A LPHA — O I~ lEN S ION 4 L - ~’l4 C i )  • T N . O I A G O P 4 r.L OF T eIE T R I - J I A G O N A L  H A T R  IX  T ,
C WH iCH IS R O U G H L Y  S I  l ILA~~ TO C 1 .  f A L S O  I N O U T _ P A : A ~~E T Z ; ) .
C 8~~TA —D I~JENSIJN ]ETA(~- ) .  i- i : S l I ’ E ’ N I A ; S A L  ELE - - ENTS CF THE t c A T ~~I. T .
C B E T A  ( .1)  C C N T 4  I NS RE S r A C T — I N F o R ~~4 T I G N .
C IF C IS S X E U — S Y ~~ 1 E T , I C ,  T H~~Pl THE S U R O I A G C N A L  E L L f r E N T S
C A RE EQUAL JUT 0 F~~~J S I T E  IN S I G N .
C C A L S O  I N F U T — P A ’ ~A . i E T : p ~)
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C I NT ER NA L L Y  C A L L 9 S’J-JPR3G-~A~iS
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C VV IP~ (7.i -~J2~~
)

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

= C R EM A R K S

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C I) IF U IS TIlE I D E N T  IT Y I I A T I X  A N )  C IS SY~~ I E TR IC ,  THEN ISV LA N
C (7 05 17 )  SHO UL D EE PREFE~~4 :D 130T H FOR T I M E  AN D S T C R A G E  C O I I S I C E R A —
C T IONS.
C II) G E W L A N  iS S ~ C IAL LY A TT RA6 T IV E FOR T HE C E T E Q ~l I MA T I O N  OF THE
C EX r R ~~.~E L I G : N V A L U . S OF .1 S P A c S C  I~A T R I X  C O  W I T H  C A N N / O~ ~P S P A R c ~~ .
C THE E I~.E N VA L U. S CF T HE f IOIA -O ’4A L ~Ar R Ix I , I~EP ~ ES E N TC C
C BY A L P HA  ASD I E T A , F O R  INCR~~A~~ING ORI’- E R  OF T T E N D  TO THE F I X R C
C V A L UES, W H ICH C A N  IC CO NSIDE ~~~D A S  E I G C N V A L U S CF C 9 .
C FOR P~~O 1LL IS , A R  IS I N G  W I T H  T H~ O ET J R t I I N A T I O N  OF THE E I G E NV A L I E S
C WE REFER T O l
C V A N  K A T S  1.:! . ,  V A N  D IR  V O R S T  II. A .
C “ NUt1Ec ~I I C A L  E \ P -~ I :c NT ; 1F TPI  F A I l ; -  — A T V L ~ L A N C ~’ C1 S ~ E T H C ’ ~
C FOR T PC~ CO.-l~~UT i T l O N  OF EX T R E~~E EX G E N V A L U E S  OF LAR G E
C SPA RSE P A I R I C: s” ,
C 1)76, ACC U, T~~~.
C III) THOSE E I G 2 N V A L U ~~S OF T N:  T R I D I A G O N A L  ~ A T R IX 1, c E P R E S E N T E C  C
C BY TH E A~~RA V S  A L P H A  A -N C  D E T A , W H I C H  COR ~~ES POr4 D  TO E I G E N ’ ~A I U E S
C OF THE O R I G I N A L  F r Z O O U C T — N - I T R IX  C ’ - ;  C A N  DC C O ’ I P UT E D  -~Y E V S C A N
C (T J 5 I B) .

C lV) IF THE . I A T R I X  IS  S~~~~~W — S Y P ~~ J T R IC .  T H E N  T H E  E I G E N ’~ A I U E S  O ET ~~~~~’ I N EO

C BY EV S C. I N  ( 7 U 5 1~~~) SHLIULD 1E ~ ‘ J L T I ’ L I E J  DY S ’ 3 R T ( _ j ) .
C V )  G E N LA U  IS W R I T I  DY H .A .  V A N  O CR  V ORS T ( A C C U)  U T R E C H T .

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C E X A ~~~PLE OF USE
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C

C THE F C L L O W I N C .  P R O G R A : -  C O ? J P UT E S ,  W I T H  E V S C A N  (7~~5t9 ) , THE E I G E K V A L U E S
C OF A SKEW SY~W ET R I C  P A T - R IX .
C

C

C PROGRA M L N C G E ~~ (O U T P (J T I
C D I i l i . NS L Q N  C~i ( E D ) , ) 1(~~j ) , U ( E~~

) , U W ( 2 O ) ,
C ‘ A L P I I~~~~~~~~~) , f l C T A ( . 5)

C LOGICA L  R ST -~ T ,A N T I , L O W ,U ° ,D I V
C E X T ~~~~~I A L  ~ Ic W A , I C C ’~ T I , S A V E Q
C f l I : L NS I ON  T K ( E 5 . 2 ) ,T K I ( C 5 , 2)

C

C I F I R S T ~~~i

C P1~~2s
C RE ST RT ~~. F A L S C .
C A N T I ~~~. TR t J E .
C N S E E D — J3J ~~~77
C C A L L  R A N S E T ( N S E E C )
C 00 10 I~~~i ,N
C jO (~~. C I I  = R I N F  ( S E L O )
C C A N ) ? J 7 E ~~ l R A N C C , I  S T A R T V T  C T O ~C CALL C.L NL - ~N ( r 1 , r c r 4 ~;r, I , ~‘~~sr~~r, oi ,S~~ W A , T O E - N T ! ,
C S A V t  ‘3 , U , I J W , c ) 3 ,  A L P H A ,  D T A  ,A N T  I)

C

C C A LL  E V - ; C~~~N ( t , N ,P T ,A L F H 4 .-~~~~T A . N LV ,L C W ,UP , r I V,

C ‘ N 1 I V ,  T c , T ~~t , I R R , E t ’  ci

— — — 

— 

~~~~~~~~~~~~ 
-~~~~~~J~~L~~~~~I~~~~~ 

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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C IF( IERR.NE.~~) S T O P  “ ERRO R IN EIGENVA LUE CO M PUT ATION
C IF ( L O W )  ~~R I N T  13Db
C IF (LIP) P’.INT 1010
C IF CDIV ) PA I NT j0~~O ,NDIVC P R I N T  ~. 30 ,N E V
C C IF ~4EV EQUAL S U . NO E IGENVA LUE INTERVALS HAVE BEEN CETECTEG,
C C GEN LAN SHOULC BE R E S T A - R 1 E - 1 FOR FURTHER TNFO .4ATION , WITH THE
C C DI~ENSIONS OF A L PHA ,c3ET4,TK A ND TKI. PR O~~ERLV ADJUSTED .
C IF (N.V .EO .d) G O TO ~~
C 00 50 I~~.L , N V
C oil PRINT 1o’.u,I,TK(I,~J , TK (I,2)
C 70 CONTI NU E
C jDOO FORMAT C’ C O N V E R G E N C E  AT LCWER END ‘)
C ICID FCRc )AT (’ CON’I E GENCE AT U~~PER E ND  ‘I

C j~~~Q FOR;IAT( 4 ‘,13,’ I?ITE PVA LS AT LOWER t4~)
C 1u30 F O R ; I A T ( ’  ‘ ,/ / , ‘ ‘, IS, ’ I N T E R V A L S  A~~E FOUNC ,/,
C * ‘ NP L OW E P R O U NO  U P PE R B OU N O  ‘,/)
C iOkO FOR.IAT (’ ‘,13,’ ‘,Z(F2-).13,’ ‘ii

C END
C
C

C SUBROUTINE SAVEl ((3,N)
C D IM E N S I ON  C C I )

C C NO EIGErI VECTCRS ARE •REDUIPEO, SO WE DO NOT S T C R E  THE
C C ORTHOGO NA L T R A N S F O R U A T I O N  M A T R I X .
C RETUR N
C END
C
C

C S!JDRO J T I N E  S K E W A ( X , C X ,N)

C D IMENS I O N  X ( - N I , C X( N )

C C THE S U B O I AG C N A L  E L E . ’E-N T S  OF TH IS S)<EW SV1~ ET RIC ‘ATRIX A R E
C C C H O S E N  TO BE —1, THE SUPERD IA GONAL ELEJIENTS ARE .1 AND ALL
C C OTHER ELE I US A R E  3.

C CX (j) X (2)
C N~~~ N — 1
C DO 10
C 10 CX (I)zX (I4ii—X (r~~i)
C C X (N ) =— X ( N i )

C R E T U R N
C END
C

C

C SUBROUTINE IOENTI (X ,BX ,N)
C DIt1ENS IOi~ ~ (N) ,1X ( N)
C C THE TRA II SFO RPA TIOI) B IS THE IDEN T ITY ¼A T~~ IX IN THIS CA S E ,
C 00 . .U I~~1,N
C 10 FJX (I) X (I)
C R TURII
C END
C

C
C THE OUTPU T OF THIS FROG SAJ IS’

PAGE IS HEs i ~~‘ - j I C’1 C1~~ J 3j ~
C C ONV E R G E N C E  A T  t C W E R  E N D  

- L\~ -~ L I I  
~ - 

~ C

C CC UVE ~ GENCE AT UP PER END
C 20 INTERVALS AT LOWER END
C
C

C 20 INTE-~VAL S A RE FOUND
C NR L OWER1 O U NC UFPERDC UNO
C

C I — 1.977561652’.~~9-5 —1 .q77(,61652~.L.qt ~
C 2 —~~.1i1i~iE - i i ~~71 7 —1.Dt11~~5E ii57i6
C 3 —i .A O i ’ 3 ! 7 7 3 ” i . l.5 — 1 . 8 J 1 9 3 7 7 3 5~~J i.I.
C 4 1 . E ~,77iN,iE,U7 ~ 1 .L 52(i 775L.-~ó3t6
C S — i . 4 6 6 1 f l t -~.3 6 . q 3
C 6 — i . E B - J 3 ? I T E
C 7 — . q’~-~-;~~ i ;  ;q  ic~
C 8 — . 7.3J& P 2 J . +  37 27 — .7336 8~~i s ~T 3 2 7
C 9 — .I L .1-tt ,1i t 2 G  — . 50.i~ S7D12~
C 10 ~~~~~~~~~~~~~~~~~~

- • -
~~~~~~~

-- -—
~~~~ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~ 
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~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



— 36 —

C 11 . i €~~~~~ 17i~~~2 I  .t .qi.e01e7 172 i
C 12 .~~~~ J~~.13~,7 D 1 2 5
C 13 •7J3 ~~~I I~,~ 73D6 . 7 3 3 6 d 2 0 1.? i7 32 &
C • ~3993SS4D-)1 1Db •9g~~g)q qq- 3q 315
C 15 1 .246B?~~â)37I.73 1.2’e6971ôQ3717J
C 16 ~ .~.6S i ? ~. 3i 5~~2 1.L.S61337~~3o5B3
C 17 1.e5~ ’.775~.5o313 1.6~~2~.?75’.~~63 1~
C 18 1.8U.~9.~77358Jl.O 1.110193773533N3
C 19 1 .3 t t t ’ ~56 i i . 57 t5  i .D1t 1~~561I~57 i6
C 20 1 .B? 7 6G 1S5E ,~~93 1.97?661652.’ . .’)3
C
C e* * * * * *** .* * * *3 . .* * *
C MET HOD
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C THE GENZ~~ALIZEO LA PJCZCS SCHE-1E AS DESCRIBED IN’
C VAN KATS J. I., VAN OER VO RST H .A.,
C A UT O P A T I C A L  •- !O N ITO R IM G OF r,E P I E R A L I Z E O  SY1~HE T R i C
C OR S K E W S V I~~E T R I C  LA NC !CS SCH: IIES” ,
C j~977, ACCU , Ut-RECHT, TR7.

~~~ ~U -JT I-L (~~~~L~1 4 (U , IFI ST , ~, ~~~S 1 R T , Ci, ~X , I~X , S-A V EC,  U, UW ,

~ ~~~ A L P W A , h I S , AU T I)
L 3C,IC\L A,N T I ,  ~~ ST,~T
: \T ~~~ NA L ~~~~, r-x , ~~~~~~
~ .iiAL )1 ( ~1 I ,  ~ u C fl , U ( N )  , 11W ( N )  , A L P H A  (N)  • ~~~~TA (~~

i 1
-~ :A L LIE iF , LlL~~1I\ , L - 1 E T A

~~~~ ‘~~ L C - I
I NT : G ~~-~ I, K
I I T A  J : ’ -; LC’ l ~~~~~~~~~~C G E 4 L ~ \~~ L T , E lE~~~~- \ T E S  1 - I S  ~ CR T I-c E O R O i I L C T  h A T R I X  ~3X ~ - A X , I~HERE

C I~\ I’~ c v ;  iET ~~IC A N  ~ CSITIV E C:FIN~ITE, C

C AX I-S W - ftIil~~-~ ~ Y C - -~~TR1C I A N T I~~.FAL S E .
C O~ A~ITr ;v - :T~~rc I A N r I -

~ .1R1E ,

IF ( R L S T R T )  GO TI) 7~
C - ~L L  ~3’((’11, 1h4 , N)
L T ~~~IP VVIPP(L.,i,u IW , j , N , T)
IF C LT lP .~~I1. ~ . I c~:i TO :o
LIE P i~~u/~~~ -~T (LT.~~iP )
JO . J I~~~~,W

11(I) ~ic I)~~ LT :IP
l I W ( 1 )  ;JWI t )  ~ LT E i°

coNrINu:

~ 3 CA L L  S A V ~~O ( J 1 ,  1)
CALL . iX( U~~, U, ‘1)
IF (~~iIT ) GJ TO 43

VVI PP( 1J ,~~,1IW, j,F~,T)

13 ..J i~~~~~,1I

i(Ii 1( 1)  — LA L P HA ’ C i ( I )
3~~ Cc ) NTI” IUC

-‘ S . - -  \ -~~- -ON T I~~ iL~ ‘~~~‘

C A L L  1’((U, J14, ‘J) .ç I~’1

1J ‘u  I~~1~~N
1 I ( , ~~~( I ( I )  — L T ~~~i P ~~C 1 ( t )

~ J C ) -NTF- f t L
L 11-~~~A V V t P P ( ) . I ,1, tl ,3~,F% ,T )
L I3EIA

)~) ,J  I~~~~, U
- 

1 3( i i
L~.

(t) :!I( i)’LT~~,IP
JW(I ) ~JW (~~)’L T ~~~tP

‘,~~ CYJ T~~NU

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -.--. ~~~~~~~~~~~~ ~~~~~~~~~~~ 
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C- .L L  ~~A V ~~. f l (  U, 4 )

IC C A  1T I )  LA L~~’ IA ). 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

.-~ L ” - 4 - - ~ 
( ) L~~L -“IA ~~~~~~ ~~~~ i-U i:~~~. ~~~~ 

- -  -

LI _ T A

G~) I-)  ~ ..

~~J K IF ~~~~~~
- T

B~~TA (K— _ )

C4 LL  v ::Cc-U, I)

O ~~ (K.GT .,) r,C TO 1~~J
CA L L  . .x( :j :~., U, ~)
IF ( A ’ I T : )  ;j T~ Is- i
LA L’ HA %j V I~~P ( t J W , 1,U,~.,t~,T)
A L P-IAN ) LA LP H A
Ji l,j ~~~~~~11( 1)  U( I)  — L4LP~1 A G ~.(I) 

— L’3ZT~~~(fl (I)
)J CON~~I~4U

GO ~ O 12 i)
1.5 5 A L - ~~I- \N)

1)0 ~. E I~~2 , N
1( 1) ~~~J(t ) ~~~L D . T A ’ C C ( I )

1. _ j  cJN rI - 4IC

~~~~ CA L L  . 1 X ( U ,  J U , .- J )
L k T A
L I 1 E T A  ~~~ T (L1:rA)
IF CL rA.LT,~~~ ;LOU ) L 1~~1A :P~~L0N
L T ~. ; “ i..J/L3ETA

u~_ f l N )  L I C T ~~.

10 _ 3  ~~~~~~
1 5( I )  - 11( I )

~t ( I )  U ( I ) ’ - L T C . I °
) W ( I )

13~J CONT INU J
IF CK .LT .~~) C~~LL SAVE (~ (G1, N)

K =  K - j
GO T I  -;~:

1-+ O I~~ TUfl
NJ

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~
C HEADING 7051q
C * * * *4 * * * * * * * * * * *~~
C SUBROUTINE ~VSCAN(: I, N ,MT,AL PH4 , kTA ,NEV,LO W ,UP ,DIV ,NOIV,TK,
C TXI,IERR,EPS)
C DIME NSION A L PH ACfr) ,I1ETA (,1),TK (HT ,2),TKI(HT,2)
C LOGICAL LOW ,UP ,OIV
C •• •* * * * *• •~~****~~~~*
C PURPOSE - 

-

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C TO DEsTI L1~~T: A ROW CF OISJCNCT INTERvALS, EACH OF WHICH CONTAINS AT
C LE A ST ONE LIGEN VA L U E CF A GIV N TRIO IAc ,ONAL MAT RIX T, WHICH ARISES
C IN THE SING L — V E C T O R  L4NC-’OS P.~OC ESS .
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C INP UT— PAR4METE ~~
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C H _ I N T E G E R . THE OR ~~E R  OF THE TR ID IAGO NAL ~A T R I X  T .  AS G E N E R A T E D
C BY THE L A N C Z O S — P R O C E S S .
C (H IS EQUAL TO T HE NIJ~~DER OF I T E RA T I O N S  IN T HIS F R C C E S S )
C H — I NT E G E R .  T H E  OSCER OF TH E CA I G I N A L  ~A T~~IX A , ON WH ICH THE
C LA NC Z O S — F R Q C E S S  H A S  BE :M ~ ‘‘L TC D .
C I f T —IN TE ; ER. THE NU.’ - Z R  )F ROI4 S IN TH E A C T U A L  D E C L A R A T I O N  CF THE
C 

- A R R A Y S  T ic  A N D  TKI .
C A L PHA — OI t ;EN S IO N A L P HA  ( - ‘ I • T W D IAGONAL OF T HE T R I D I A G O N A L  M A T R I X  T
C AS O E L IVE i .E D DY THE L A N C ’ C S — ~~ROC ESS.  THE ELE .~- E N T S
C OF A L P H A  A R E NOT A L T E R E D .  

-- — ---- —- 
_i-_

~~~~
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- - - - 
~~~~~~~~ .4



-~~~~~~~ — 
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C B E T A  — C~~ 1 NS JN I. T A ( f - ) • ~ET A(~~) T~l- ~Eu ; i  L T A  (
~~— t )  C C N T A IN THE

C SUP~~~j i A I ,CNAL E1~~.i E N T S  OF T i l t  TR ! O I A G O NA L  ~A T R IX T ,
C T HE  LE:I~ . N T S  OF R~~T A  A~~E NIT A L T E R E D .
C T -~.i —DI ,; E~~SI O N  T \ l.~ r . 2 .  A S C R A T E H — A - ~~ A Y .
C • * * *~~~•* * *e* . .• ..• *

C OUT J r — p A ’ A I L T ~~Rs
C ••••~~•.••~~.•••••••
C )IEV — I N T E G ~~-~. TIl L NU’ - c ; F  ,~ OF O I F F E -~

5E NT E I G NV A L L J Z  I NT E RV A L S ,  IP
C W H I C H  C I G ~~ N V A L J ’ E S OF T~4 E O R I G I NA L  - A T R I X  A A R E  C O N T A I N - D .
C LOW — L O G I C A L .  IF 1O~ rs  ~~~~~~~ I coNv:~~;ENcE A T  rHE L C W E . ~ S I D E  O F
C TH E S ” E C T R U ~~.C IF LOW IS . F A L S E .  I NO CONV ~~~G E N C  A T  THE L OWE R S I C E .
C UP — L O G I C A L .  IF U~ IS • TRU E .  i CO I 4 v E - ~ c._ N C E  A T  THE UP~ EP SICE OF
C T HU S C T c ~ )~’ .
C IF UP IS . F A L S ~~. I NC CONV r~~GFNC E A T  T H E  U~~~ER S I D E .
C DIV ~LOGI CA L .  IF O I ’~ IS .T R J E. EV S C A i  HAS D~~T E~~t ’ IN EC NOIV ~~IG E N V A L ( j C

C INT.E -~v A L S ,  W H I C H  A~~E ~‘ E Lt E V O Ti P~~~SENT TH E N c r v
C S t A L L E S T  ErG : Nv $ L UE S OF A (I.E. A L L  NO IV SSIA L IEST

C E ID IV A L U~~ O F  A H A V E ~~ . E N  3 I 3 C O V E~~EO)

C C A U T  ION) F~~O-I TH E N A T U RE OF TH~ 1ANC~~O S — F~~C C E S S  IT IS
C C L E A R , T H A T  T H I S  P4-~A~~ETEp P A Y  Y IELD WRONG
C I N F O R M A T I O N .
C NO IV  — I N T E : ; E -

~~. SE~.. D I~~.

C 1K — C L N : P . S I J N  T K ( ’ 4 1 , C ) .  ~~~ -‘4I-~ (r~~(1,1P ,r~~(j,E’Ip .
C (TK(2,~~~),T~~~(C,C)), ... . ( J ~~ (N~~v , j) , T K ( N E v ,2 ) )
C f~ EPRES~~ N T  T UE HEy I NT E - ~ V A I . ; , W H I C H  C O N T A  IN E ! G L N V A L U E S
C O F A .
C I L R R — I N T E G E -~. L~~~~ L l R I N J I C $ T I O N .
C THE 1.LU OF I~~~-~ IS S E T - ) ‘ I A L TO AN E R R C R  CO P~P1ET ION C O E E ,
C T H~ NU- ~.l.~t. C~H~~L E T I i N  0 0 0 C  15 3.
C IF ,R) r . T H ’.’~ 3~.l t T ~ . -~A T IIN5 -‘ -:~~ -~E C r s 1 TI (li tEl- ~~~ t N E
C A N  EIC. NVA L UI :  c u s i ’.; T IlE SU ~ROU T INE I 10111 OF T c ~
C SY~~- 1ET c 5I C T R I D I A ; - J N A L  ~- IA T ~~IX T ,  IE~~ IS S E T  OUA L TO
C T HE IIIE ~ OF THE EIG~ NV A L U ~ FO~ W H I C H  THE F A I L U R E  C C C U R S
C EPS — R E A L .  A t IE i S L P R ~ FO-~ T IlE ~E 1 4 T I V E  A C C U R A C Y  IN T~~E COt~~UTE C
C EIGE JV A L UE I N T E Rv A L S ,  AS D EL IV L~~EP IN T K .
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C I NTE RNALLY C A L L ~ ;) S1J -I -~ Z i ) G R A ’ S
C • * * *ø * ~~* * * * * * *~~ **•
C IPIT Q L I  ( A  SUJ~~d iJT IN: F~~O rt T HE E I S P 4 C K — ~~A c K A l ; E 1
C P IO N D I s
C SCAN :IP

C CO U N T
C EPSSP .N

C (AL L T’LSE R O u T I N E S  A R E INCLUDED IN THIS DECK)
C t4 ITPL T ( 7 ) ~~~J)
C ~~~~~~~~~~~~~~~~~~~~~
C R EH A RK S
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C I) EVSCA N • I A Y  D C A L L E D  A F T E R  A CALL  OF L SV L  51N (70S17) OR

C G E NLA N (~~~~~~I).
C II) SO I t T I I E S  L V S C A P ’  D E L I v E R S  ~~N I ’ U E RV 4 L ,  W H I C H  C O N T A I N S  NC
C E I G E P 4 V A L U C  OF A , H.I,~:vE;  IN SUCH A C A S E ,  T H C - ~1 IS A N  E IDE NV A L U E
C IN TH E N~ I .HIdtJ~~I’OQ ) IF T H A T  IN~~~R V A L .  IN T HE SE S IT ’ J A T IC N S  IT
C IS CO P — l E N  T H.\ 1 Ill P~~)C SS V I~. L O S  ALSO T N: lUTE A V A L  IN WH IC H
C THE RES~’ E C T  ~~~~ C IGE ~4V 4 L U I  Ic S :104 T E C .  IN ORDER TO ID ENT IFY  BCTH
C I NT ERVA LS A ~~ F~~~S NUNS T HE S4~~ E I S E N V A L N E , IT IS A D V I S E D
C T O  USE THE SU 1-~C L T I~j : ~L T ~~LT ( 7 0 ” .’J) W I T H  A SL IGH1LV L A R G E R

C VALUE OF THE O U T F U T V A L L :  EPS (1~~’EPS, SA V I )

C E P S ~~13~~~~F S
C CALL ‘ ITL~~L T ( - c T . N : V , EF .T~~1
C III) FI~-3M iii N A r L I - \L C r 1ci~ L A ~I~~z o . ;_

~~s l c ss , IT F1L1014 5 T H A T
C POSS IB LY 51 IL C I C C N V  L~~~ -~~r,E NIT OIS CEV~ RE B A T  A L L .
C IF TH E O~~l S I l A L  ~A T ~~I~ A HAS A P- U L T I P L ET ,  T H A N  T H I S  ~U1T I F L I C I T Y
C IS IGNO - E ) .
C IV)  E V 3 C A N  IS W ’~I T T : P  DY J.’1. V A N  K A T -  AND H.A.  V A N  OCR V O R S T
C (ACCU )  UT~~. C I T .

rUT S ~~~~ 1 H~~,T -~~ 
-

- - , ~~s ~~EI..
~~~~~~~~~ ~ ~

- ~~~~~~ L ~ 

- T~~~~-I~~J~~- 1  ~~~~~~~~~~~ 
‘
~~~

‘ 1 T
~ P~ ET~~~~ -
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‘T~US PAGE IS BES’T QUAL I TY VRAC I1E -.LZ- .]~~
F& 14 Ju l ~ FUR~IL. :L~C- TO ~iC

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C EXAI? LE OF USE
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C
C IN THE FCLL O W I ’ .4G P R O G R A  I ió L 4 H C ? O S — S T E ’ S  ARE FER~~OR~ EC CN A 2 IT H
C ORDE R 1 - A T R I X  ( W H I - U IE K N O W N  AS TH E ~ A r R I x  W2~~. OF W I L K I N S O N ) .
C E IGEN V A LU ES OF TH E c IA T R IX  W~~j~ 4~~E CO .-~t ’iJ r EQ 1Y Ev SCA ~~, USING
C T H E RE SU L T S  OF L S V L A N .
C
C P ROG EA ,  L N C Z O S ( C U T ~~UT) 

-
C D I I E N S I O N  Q J ( ~~~),Q.,.(~~~),U (2t), A LPHA( i6 ) ,eET A(i6)
C L O G I C A L  A~~S T R T
C EXTERNA L W~~j~~LS,SAVEQ
C DI MENS IOI ’  T K ( j ~~ ,,~) , T K 1 ( j e , 2 )
C L O G I C A L  L C W ,U~~,3I V
C N 2j .
C IFISST I
C lI~~1b
C RESTRT . FA L S 1 .
C NS E E O~~~i 5 7 7 7
C C A L L  R IN S E T ( NS EE D )

C 00 10 l 1,N
C 10 CI )~~R A N F ( S E ED)
C
C CALL LSVL AN( N , IFIRST ,P4 ,RESTRT ,flj.W2IPLS, SAVE’),LJ,00
C + ,A LP HA ,B E T A )
C
C N T~ 1S
C -
C CALL E v s c A N ( , ~,r4 ,~~T , A L°HA ,~~: TA , N !v ,Lou ,tJ p ,D1v,
C + N C I V ,T K ,TK . , I E R~’,EPS)
C -

C IF (IERR. NE.O ) STOP • E R R O R  IN E I G E N V A L U E C C P P UT A T I O N ”
C
C IF (LOW) PI INT 1.]J3
C IF(UP) PRI:IT 131.]
C I F ( D I V )  P R I N T  1323 , NDIV
C PRINT 1O~~Q, ’ IEV
C 4
C C IF NEV EDIJA LS ~ N C  E IGEPIVA LUE I NT E R V A L S  H A V E  eEE N DETECTED,
C C L S V L A N  SHOULD ~ RE SYART EC FOR FURTHER (3E1ECTIQN , W ITH THE
C C OI I IENSICNS OF A L~~H A , B E T A , TK A N D T K I PRO PERLY ADJUST E D.
C
C IF ( N E V . E C . O )  GC T O 70
C
C 00 60 I~~1, NEV
C 60 PRINT j O ,~~,I, T K ( I ,1) ,TK ( I ,2)
C
C 70 CO NTINU E
C
C 1000 F O S 9 A T  C’ CO~1V ERGE NC E AT LO WER SIDE ‘I
C 1~~J~ F O R t - L A T ( ’  C O NV E R G E N C E  A T lJF~~Z R S IDE  ‘.1)
C 102J FO R . I A T ( ’  ‘ , I S, ’ I NT E c v A L S  AT L O W E R  END ‘1
C 

- 1030 FORtIAT (’ ‘.1/ ,’ ‘, I I ,’ IN T E RV A L S  A R E FOUND ‘.1,
C + NR LOWER ~3OU) D UPP!~ eCtJND’, /)
C 10~.0 F O A - t A T ( - ’  ‘.13,’ ‘.2 ( E ~~~.L 3, ’ ‘1)
C ENC
C
C SU DROUT I NE S A V E C C I . N )
C D I ~~E U S I C P .  -~~~N)

C C NO EIGENV:CTOSS A c’E COMPUTED , SO WE DO NOT STORE

C C THE O:~T I-4O G O NA L TRANSFO RIA T IOPJ—l’A TRIX .

C
C RETL1~~N

C END

L. i~~~~Tiii - 
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—L--:-~

- -  -
TUI S I A E ~

- I S b r ~-T )  - - 

—C - - ~~~ - ~~C S U 3R I I I T  IN: ..IE: ~L C •4~~, ~ ) 
FROM ~~~

C D I M E N S I O N  X (’d,Ax(d
C

C C . N A T~~I-~ Is T A K t N  Ff l  I W I L ~~t N ; 1 - ~ (TH ~ A L G E I R A IC ~ I G E N V A L U E P R O E L E ~~IC C AND IS CA L L . 3  W C1~~.C
C C 10 1 0
C C 9 1 0
C C 0 1 e i 0
C C . . .
C C . . I

C C 1. 5 1 0
C C 0 t 9 1
C C 0 1 1 0
C
C A X ( ~j z j J~~x ( ~~) + X ( ’ )
C DO 1D I~~~,2 3
C
C 10 C O N T N I E E
C AX ( .~t) :X (Z E ),131X( ’j)
C RETU RN
C EN C
C
C
C THE OUTPU T ,JF T H I S  P R C G R A  is )
C
C
C C ONV ~~~G E N C E  A~ LC ;~Es Sli:
C C C - l V E ~~~ lIJ (~ A T  U F — ’ - ~ St  ~~C
C 2 INTERvALS AT LOU~~ E N D
C
C
C 6 I N T E R V A L S  4~~E FO UN D
C NR LOW E RDO U NO U~~P E RDOU ND
C
C i — . 1 5 1 E:.~i1o:.3j — .1i2~~~~ iS E 2 i : -~ :.pj
C 2 • E53 ~~ 7-J~r’J )‘J- l  • ~ 5 ~ -~J58 i 71l g~~6 E . C Q
C S • 7~~0 3  5 2 E . ]  u-.~~~~_ .J j  •7~~) 3 E q ~:~+ :,Ei
C l • 8 J 3 I - .1~~ 2 2 3~~~~~~+ , j  . 8 3 3 3 1&.IU’El N _ f C t
C 5 . 9~~i E o ? ~3~~ ’, 7 3 J 7 E + .~ • j i ó 7~~~~#7 7 . ~3j
C 6 • 117 413 1 J E + L 2  • 1 3 7 4 - ~19’. t t 2 I Q E 4 O . ~C
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C PIET HOO
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C D ISTURBANC E OF TH I N T E E N A L  : ‘ C MOT C MY or THE £ IG ENJAL IJE S OF S U C C E S S I V E
C TR I D IA G O N A L  - IATR E. ES,  A S fl E E C R I - D~- 3  I~~I
C V A N  K4 T S 0 ,- i .,  V A N  D IR  V O~~~~) H,A .,
C AU T O~~A T I C A L  P O N I T O R I N G  cur G E N E R A L I Z E D  SV ~~W E T R IC
C OR S K E W S Y ~” T R IC L A N C ? O S  S C ’ ( EHE S~~,
C 1977 , A C C U ,  L P T R E C H T ,  1R7 .

.~~U I  ~i J l T ,E ~~~~~~~~~~~~~~ ~~~~ ~ T , ~ L~~~lA ,  ‘~~TA , ~J~~\’ , L O W , T I” , [‘IV , N 1 T V ,

1. ~‘K, IK E ,  ~~~~~~ ~~~
‘ - )

1~~ i JJ’ ~ iO~~ A L ~’-~ -~ C -
~~) 1 E.T .- C ~) , TK ( - - I , . 1 , 1¼ 1. ( i  T , )

L -. .~~~~-‘.L L C ~~, U ’ , D L V
n V  U
L C W

-~ . F,. LS -

3
I C  3 t~~. ,  I

-~~ .4  — t

• j

- 

~~~~~~~~~
‘ - ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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- TillS PAGE IS BES~I QUALITY 
t ACT1~A~L~‘~ ~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~ ‘~~~( L , i )  ~~~~E~ L C 1 l 1 ( I )
— I —  — ~~~~~~~~ ~- -

.~~~ ,

• . ~~ . —

C

C.~LL -~~~ 1~~(- ’L , Ti< , T<( i,2)~ I R ~~
)

IF ( : I ?.. .J ~ R T U R N

T~-. ( I ,.. )

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C -.LL r - ~T 1 L C. : ,  TI( ., TK ~~ (1,~~ ) ,  l 0 R~~ )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

IF ( I ~~~~~.N - . 3 )  TU ~~~1

~~~
O.~LL I O J E I S ( T K , T < t ,  ~~~~~ iP S - )

C IF 0 - 4 . . ~A~~T.S A LA - ~~ EIR V A L U E  CF EQ S ,  THIS V A L U E  SHOULD 9E IN S E~~T~~O HERE

~~o ~~ I:_ ,
= T K (I , t )

T K j ( t , ~~
)

33 -C T I~~U
1• ’  f • — -r I -— .~~~‘ , , _ ~

K

C.~LL C A N ~~°(:i T ,  K, Ki,  T K , T KI, :PS)

~.j EJ EI4U.
L~~SL) L D = E - ~~3

C.’IL L - lO INU , T :~ , T~~~~, K , Ki, :~~ 3, 20W , TJ ° , N V ,  Dlv, ~CIV )

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
IF (E PS .r;T.~T P E ~~LO 0.0 TC , - j

~~ (. ‘
~3 T.L )4) D V  . FS I L S  - .

~ -

- .~~~~~~~~~-~~!I~&~~~ l! 
~~~~~~~~~~~~~~~~~~~~~~~~ 
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IS PACF IS BEST ~UA L IT~T - 
- - - - 100DC ~~~~~~~~~~~i r i - ~~

,:~ ~~~L- J T ~ .N~~ )~~~~~~ ‘~~~( ~~~‘ T~ • I  ~~~~~ :~~~S )

~~ :.. . 1) \  rK(. - ,~~) ,
C I I i = ~~~~~~ 3~ 0 ‘3, T - i ) ~ C - 4 S C T  ~CH .1 ~ A R T )  i -

~~~ S C.~ P~NED Foc •-JLT I d E
c i: - •.~ ) E L  i~~:~~ ~ ~~~~ V 4LU~ o~ 

a:~ ~~~~ 
T.~i: ‘~~ OcEss IS RE~’EiTEO A s

C L ) 4~ -~ 
- 

~ -‘S C~- I ; C .

C - i .. ; ; L r .; I i  1.1 ) JLTI~~L~~T— I ~~
C r i - :  ~U I 3 : - ~ C~ ~ - J .~~3 j ~ 1 < - i N C  TKI .

C ~ : ;  r - t . .L-~~~~~~ ]F :~4r E- v -’.L~ 
: -  1< .

C c . ~~ 
T - L  ~. i -

~~E- ~ .C~ NT l -~~I O . L S  IN Kj  .
Ci
IlL )

=

-C -\ !..L LT ~~~~T ( . ’ , K ,  E~~S : LC ,  T K )
C ) L L  L~~’L r (  , <1, . ? C ,  TK .j~

)
.1 I A ~~ .(~~~~5 ) L 2 , . :~~3)

F ( ( - I . J E . < O L C )  • O R .  ( K I . .K~~C L D)  I GO TO I))
.. T JR ~ I

CU -I ~J IT :N: C E  • I ’ I T  C , T K , ‘K l,  K,  Ki ,  :Ps, LONER ,  U°~~ER,  J D F ,
E l - i , JJIV)

3 I I C ~~~ I 3 N  T K C  , ‘)  ,

Li; :-C~~L LC~~E R ,  J~~~ EiP~, EIS JCT
LJ~~IC~~L D I V

C C - )  1 A  ~~ I )N CF T I C  -~CY ~3 OF I~~T E . E V \ L S  G IV O IN 7-K A ND TKI.
C t~~ ~ t~~~T~~~-~~j - I L :N o J : o ) - ~ I S  C L O S E  ED A~ I N T E ~~’J4 L IN THE O T H E R  Row ,
C b A  N T-i. i -~~‘~~N OF iObH I 4 T ~~P~~A L S  IS ~E C C ~~CED IN TK.
C 0 T I E  J~~C 1J ES ~~ ~~ H AV  r IE O V E R W ~~ITTEr ~.
C LJ~L~~ IC • ~~~~~~ C - ) N ’ -I E R G ~~\ C E  A T  T HE LC~~E R  E~~D OF THE S F E C T S U ~~.
~ • 7 ~- J . I•  I N- J C~~G~~~IC~ .1 T T~~E U~~~~~R END C~ THL S P E C T ~~Li 9.
C )IV EC • I C H )L IN T~~ E S E O T ~~L - ~ IS 0 E T 0 C T E ~~.
C JJE~~ IS To~ EIL I1:~~ OF TH~ C C~~PUT 1 EI GE~~ J A L U E  I N T E RV A L S .
C J ) IV  G I V E S  T — ~~ 4 ’ )  3E~~ 0~ C I G . E N V A L U E  I N T E R V A L S  A T  THE L O W E R  E N C .

1’ J

• F A L S _ .

= . F C L S ~~.
FO L O  = ~ $ I :J 1 ( T <~.(~~,:) ,TK ( t ,  .. ) I

T JLJ ( E . — E IiN( j.j . ,F O L C ) ) ~~ FO LC
F O L O  : C L I
_ J = i .
J__ -

~~

J~~ - F  =

.0 C J r I I U :
C A L L  . ? U F - 1 ( T K ( J , 1 ) , T K ( J , 2 ) , T K I ( J 1 , j . ) ,  T K I ( J j . 2 ) I  EPS , E, F ,

— I t  ;JCT )
IF C c : s i c n  GC T o  5J

r 10L
IF ~~~~~~~~~ • O ~~. J~~.:1.1) L O W E - C .T UE.
IF CJ.  ~~~ K • O .  ii. . E~~.K1 I U~~~Ec •T R’J E
IF ( F , LE.  F L O  T. .1 T O  23
IF ( E . G T . E ) L D )  J 3 F  ~~~~~ + 1
T < C J 3 C ~~,j )

z -
_

T < (  I C T F , 2 )  C

F O L ) F

[ 2 IF ( T K ( J , 2 ) . L E . T K _ ( J L , ) )  ~~) IC ~~1

3i CU~iT I NU :

~ F (J .LE .~~
) 0.~ T i) ji~

L - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~ ~~~~~~~ r -
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TBI S PAGE IS BEST ~‘:-~LTT’f AIIIC~ II~ .

FR~ M C Ui Y Jl-U~ I ~I -i~ L 10 .ii~ C

J . JI. ‘- I.
I~~ ( J _ • G T , ~~~~) ‘ J rc_ ) 

~~:
- I C  J E  I . : :
J•. J _

~. + -~
I’ (J . .LE .~~~~

) 1,1) TO i.C
—

J I +

~ ( J . C r . \ )  ;-o r~ i:
‘O C 3 ~~E 1  J IJC

C 1~ E U C f C ~~~ C I V E L Y  ~ IISJ UNCT I t % T E R \ J A L S  A R E  ‘El , A HOLE IN TH~~ S~~ECTQ(J fr
C 13

I l l S +

I F  ( . ‘~. DT . E I ’ I  •A S J3~ ( I I I S . O . c ) )  -
~~~~~ T O 6G

CO ED

~ o J O t ! =

II’/ • T R L E .  -

~J IF (T- ~~.(J .~ ,1 ).GT .TKCJ,1)) GO TC 36
,L )  I E

~~
:~ C I NDY . (L 3~~~ -~ . 4 4 4 3 .  C,t ~QT .OIV )I) RET~Jc~
DIV

~~j r i

I N i

Su1Ro ;E:N.~ E S s ~~N ( A , I, C ,  3, E P S ,  , F , 1 I SJ C T)
LYCIC.I L O l S J C T

C t~~ T W O  I N T E R V A L S  [.4 ,31 AND [ C , J J  A c E  R E L A ’ IV E L V  CLOSE WITH E5° E CT  TO
C E~~~~, 

( E, ) GI~~~S TH E SP~~~4 OF 00TH, AND O IS J C T  IS SET TO .FA LSE .
C IF TO . Y A~~~ N d C L O S E ,  D ISJCI  IS SET T O  •T R ’J E . .

-I S . JCT .T R U E.
J~~ S C
IF (~‘i .LE . C)  GO T O 10
I F  ( - J .G .A )  GC TO 2 t 3
I F  C A 1 S ( J - A ) / (1 .~~AD3 (O )) .LE.E’ S ) GO TO 23
~~LT I R J

. 3  IF C.Lo.e GC 10 23
IF ( A 3 S C C - f l ) / C i . +A 1 S ( C ) ) . L .EPS)  GO TO .~3

N C3~4 E I N I 4 Z
D SJCT = ,F4L3~~.
E = .~ , I I t I 1  C A , C)
F =

=

IF (
~~

P .G T . E 5) E P~ E FS S
R O T J~ ~
EN1)
SU ~ ~0t iT I 4 E IO NOIS ¶ 1K,  T K 1,  K, E P S )
O I I E N S I C J N  T K ( ~~) ,  T K ( .)
R A L  LO -4

C 1)1.;T ’ J R 1 )~~t~C E OF i C \ D T O N V  O F TIi C S U C C ? S S I ’UE R C W S  OF E I G E N V A L U E S  G I V E N  IP~
C ~~1O T K L .
C T<i. H.~.S O J E  EIGL IVA LUE I0R~ T H A N  TK ( K + i  A N D  K REsO . t .

u J p  TKL)
I4L  1K1(I)
:~ s
IF C v ~~L.L: .UPI  ;o To ~~
:Ps A 1 ( J i L — I Y ’ ) / (A I S ( V AL ) + ~~~. )

~ ) CO~~t P U l L

_ _ _ _ _ _ _ _ _  
—~~
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~J I C ~ ,c T 13ISPAGE IS BEST QUALITY PRkCT1C~~~I*
L~ I L~ 7~t)MCt)t ’~ JrJ~i~ i-i.~i~ iU L1UC __—

/ 4 L  T< .~ ( t )
T~C ( Z )

:F ( / A L . c ,:.L)~
) C~3 Tc ~ J

A E 3 ( v ~ L—Lc w ) / ( A ~~~(’flL) +1.)
:~ c:~~.;T. :o; Eps

F (V .L:i.I~~
) GO T~

) 
~~~~

~~ ~~.~e; U v A u/ (~~13 (V A L ) . 1. )
EF (

~:P.GT . E~~;) :~~s;~ c~~’~ri~~i~
‘JuL
IF ( V ~~L. G~~.’ i ’)  GO T~) ~~iu i S ( V A L U ’ ) / ( A 1 S ( ’ i 4 L ) + 3 . . )
IF N°.GT ~~. PS) L~~~S

~~~
C E ’~ IS T~~ i~~x t ’ U~ OF TH ~~14 T IV E  C I S T A r ~CE I H  CA SE OF D I S T U ~~E A N C E  CF
C r~~ j~ij T o ~~v c- rr~~~xu~~.

~~:i~ j~~i
r)

C 
3 LJ0 ~CUT t NE I.~T~) Li. ( 4 ,  0,  E , IE~~i )
I~4r EG :~ I ,  J ,  L, J, N , I I ,  ~~‘t_ , I_ ~~
~~~A L D ( ’ 4 ) , i ( N )

AL •
~~~, C, F , G, ~~~, R, 5, ~IA C H E2

C ~~~ L s T , A i s , s : G N
C TH IS  SIflRJUTIP.E I~ A T R A N S L A T I O N  OF THE A LGOL PROC ECURE t~ TCL1,
C 1J~I. ATH .  ~~~~~~~, J 7 7 — ~~33 ( .~.9~~~

) lv t~~~T IN A~~ w r L < I N s a N ,
C A3 ~‘,ODIFIEO II~ NU;~. lATH.  15, ~~~~

( 1O7~i) BY CUOR ULLE.
C HA~103OO K FO~ A :JTO .  C3~

0., V C L , I I—LI NEAR AL GE 9RA ,  2 . 1 — 24 8 ( 1~~71).
C THIS SIJ EF~O(JTI~~E FI~1J5 T I-4~ E IC • NVA L LES CF A SY ,’~HET RIC
C T .~IOIA G 3 NA L ; I4TRIX IV T HE I~~FL ICIT OL ~1ET HOC.
C 01
C N IS THE O 1)E~ OF T9 . ; A T ~~IX,
C C C~) NT A I NS THE ~) IAGO~IA L EL. ~E~~TS OF T HE If~PUT ~;ATR IX ,
C CO ;~T 4 I N S  THE S U 3 C I A G O N A L  ELE 1E~~TS CF THE INPUT ? 4 A T R I X
C IN I T S  L~~~T N — a. P O S I T I C I ’ S ,  E ( j )  IS A R f 3 I T ~~A R V ,
C O~I OUTPUT—
C C C O I T A I t J 3  T H E E I G E N ’ / A L U E S  IN A S C E N D I N G  O R D E R .  IF A N
C ~~~~~~ X I T  IS -~A C E, THE E I G E N V A L U E S  A R E  CORR ECT A ND
C ~~~~E~~E3 F O R  l :I J I CE S ~~~~~~~~~~~~~~~~ ~U T ~‘ A Y  N OT BE
C TH ._ 

~~LLL ST EIG E NVA LU E5,
C HA S ~3~~~N ! J E S T r ~ ) YE F) ,
C IE RR IS SET TO
C ZE~~O F C- ~ NC~~.1AL FETURN ,
C J IF THE J—IH EIGEN ’J~ LUE HAS t~CT BEEN
C O.E T ! I N ~~O A F T E R  30 ITZ~~AT I Or ~S.
C ‘~U~~STION S 4 :40 co :.~Et lT S S HO ULC ~3: C IR ECT E rJ  TO B. S. G A R F 3 O W ,
C 4PPLI[O lATN ~~~A T I C S  ‘ 3 IV I S LO % , 4RGO ~.PJE t~AT IO NA L  LABO RAT ORY
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1ACHE~ =

3
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S)~~T (C~ C+~..u)

~~( I , j )

C
(.1 TO )3
S FIG

~~( I + L )
C
S
G ) (: +i) .

(D (I)—G)3 S + 2 .0 C~~1P
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number of , -. number of —
— t ’ . -. I. Ck etgen— :— k e lgen— 47 ~values 40*2 values 40 *2

21 40 152. 7.2

22 40 132. 6.0
3 0 1 0.3 23 40 276. 12.0

4 24 ‘) 5. 1 1 .3 24 40 188. 7.8

5 32 ‘) 2 1 . 4. 2 25 40 156. 6.2
6 35 ‘) 20. 3.3 26 40 159 . 6.1

7 40 11 . 1 .8 27 40 287 . 10.6

8 40 44 . 5. 5 28 40 275. 9.8
9 40 33. 3. 7 29 41 ? ) 224 . 7.7
10 40 6~. 6.2 30 41 ~

) 114 . 3.8

11 40 5~~. 5. 1 31 30 .~b.’ . 8.5

1 2 40 130. 11 .0 32 40 282. 8.8
Ii 40 93. 7.2 33 40 281. 8.5

14 40 72 . 5. 1 34 40 192. 5.6

IS  40 1 1 7 . 7 .8 35 40 359. 10.2

16 40 l I b ,  7 .3 36 40 167. 4.6
17 40 61. 3.6 37 42 ~

) 388. 10.5

IS  40 183. 10. 2 38 40 346. 9 .1
19 40 205. 10.8 39 40 228. 5.8

20 40 288. 14 ./. 40 40 2 15 . 5.4

— — - ‘  --

Table I

Resul ts  o f the moni tor ing  process for the  bar problem.

t ) for k—4 ,S,b , all eigenvalues were detected at the upper end of the
spectrum.

~
‘ ) if the recommended extra scan is performed , 40 eigenvalues are

detected.

~~
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—1.1 2544 1522 )19 6.000217522256
0.2538058170974 6 .000234031583
0.9475343675298 7 .00395 17986 16
1 .78932 1 352695 7 .003952209528
2 .130209219363 8.03894 11158 13
2.96 1058884 1 86 8.03894 1122828
3.043099292579 9 .2 10678647304
3.99604820 ) 383 9 .2 10678647360
4.004354023440 10 .746)94 18290339
4.999 782477742 10.746 194 18290332
5.00024442500 1

Table II: Eigenvalue of

÷ 10.74619418290

÷ 9 .2 1067864733 1

+ 8.038941 119304

+ 7.003952002664

+ 6.000225680 184

+ 5.000008)58672

+ 4.000000205070

+ 3.000000003808

.t 2.000000000054

:!: 1.000000000000

0

Tabl e III: Eige nval ues of

—
~~~~~ ——~~~~~~~~~

- -‘- -. 
. 
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number of eps
m . epscige nvalues  2 I ~~2~~~

13 0 .ISE—1 2

16 6 .1 3E — I J 8.9

20 .8W.— 12 5,5

ISO I .  . 1 9 E — 1 0  129 .

300 1~ .16E— IO 109.

Ti b l’ IV.i : R e s u l t s  i 1  FV~ CA N .i[t ~’r in i t er a t i t ’~ns of
tht’ L.iuc ~ ‘s— scheme app l i ed  to W~

n utnber ~“f eps
tfl . CPSc i g e nv a l u es  2 )

13 0 .ISE— 12 1

16 0 .ISE—12 I

32 21 .1SE— 12 70.~
ISO 21 .3 1E—11 93.

300 2 1 . 2 9 E — I 0  I~~6.

Tab le  IVb : Resu l t s  of EVSCAN a f t e r  ni i t ” r a t  ions of
the l,a nczo s— scherne app lied to

- - ~~~~~~~~~~~~
-‘

~~~~~~~~~~~~~~~ 
- 

‘~ -.—~~~~~~~ - -‘~~~~~~~~~~~~~~~
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No lowerbound upperb ound up~ erbound—
lowerbound

I — . 11 2 5 4 4 15 2 2 1 1 9 E + O 1 — . 1 I 2 5 4 4 1 5 2 2 1 1 9 E + O 1 .135E—1 2
2 .2538058 170973E+O0 .2538 05 8 17098 1E+00 .8 15E— 12
3 .7003952209096E#O I .7003952209 100E+O I .381E—II
4 .803894 1119703E+ O 1 .803894 1119703E+0 1 . 1 1 4 E — 1 2
5 .9210678647329E+0 1 .9210678647329E+0 1 .568E—13
6 .1074619418290E#02 .10746I94I8290E+02 0.

Table Va: m ’I6

upperbound—No lowe rbound upperbound lowerbound

— . 1 1 2 5 4 4 1 S 2 2 1 1 9 E ÷ O 1 — .11 2544 1522 11 8E +0 1 . 10 4 E — I 1
2 .2 5380S8 17097 7E+00 .2538058170980E+0O .293E—12
3 .947 53436753O1E+0O .9475343675303E *00 .263E —1 2
4 .178932I352695E+O 1 .1789321352695E÷0 1 .284E—13
5 .2I3O2O9:~’19363E+O 1 .2130209219363E+0 1 .711E—1 3
6 .296 1058884 185E÷O 1 .296 1058884 185E+0 1 .1 5 6E— 12
7 .3043099292578E+0 1 .3043099292578E+O 1 .568 E — 1 3
8 .399604820 1 383E+O 1 .399604820 1 383E+O I . 1 14E— 12
9 .4004354023441E+O 1 .4004354023441E+0 I 0.
10 .4999782477742E÷0 l .4999782477742E+0 l 0.
II .5000244425001E+O 1 .5000244425001E+O 1 .853E—I3
12 .6000217522256E+0 1 .6000217522256E+O 1 .171E—1 2
13 .6000234031583E+0 I .6000234031584E+0 I .853E—13
14 .70039 5I7986 15E+0 1 .700395 17986 1 5E+0 1 .256E —1 2
IS .7003952209528E+0 1 .7003952209528E+O I .1 14E— 12
16 .803894 11158 13E+O 1 .803894 11158 13E+O 1 .568E— 13
17 .803894 1122828E+0 I .803894 1I22828E+O I . 1 1 4 E — 12
18 .92 10678647304E+0 I .9216678647304E+0 1 0.
19 .92 1067864736 0E+O ) .92 1067 8647360E+O 1 0.
20 . 10746 194 18290E+02 . 10746 194 18290E+02 . 125E— 1 I

Table Vb: ni 32

- — — — ----- - ~ii !’,.~ . ~~~~~~~~~~~~~~~~~~~~ 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,

~~~~~~....



upp erbound —No lowe rbound uppe rb oun d lowe rbound

1 — . 1 1 2 . 4 4 1 5 2 2 )  18E÷0 1 — . I i  ‘ 1 5 2 2 1 1  IE+0 I • 7 14 E — I  I
.2 5 1 8 0 . 8 1  70$Q4E+O0 . 2 S  )

~. S 1 7 I 0 I t , }~÷0O . 12 2 E — I 0
1 .947SL4 3~ 753I2EtOO .9475343b75369E+00 .S75E— Jl

1789 UI lS2h9bE+01 .1 7$’) 121 1S2700E+0 1 .442E—1 I
.2I30 0’)2lQ~62E+0 1 .21 0~ 2I91t.4E÷0 1 .2OSF.—1

6 .2% 1058884 I 84E÷0 I . 9i. I i ) S 88$4 I $t.E+0 I . I S~ F— II
7 . )i ’ ‘. ~~~~~ ‘U ’ 7 ~ E+O l . )410’iQ292S8~’iE~ t1I 794F.— I I
8 . 19Q~ 0.4 $ .‘O I 1 7 QE÷0 1 . 1~ 04820 l$.~E.O I . 4’~ IF— II

400.~ 1~ 40 I~. l ” F+O 1 .4003 1~ 402 14.~ .~F+0 I .61.01—1)
10 •4QQQ78~’.~ 7 73’)F+t)I •.~99Q 78247774 lF~ 0 1 . 3SOE— 1 I
1 ) .500~ .4,.i .’..Q’~7E~ 0I .“i . . .~25O0IE+0I .41’- E—1 I
12 . .000.’ 17 ’ ..’.’ .‘ ~‘ 211 +0 I . hO2 ~) 2 I Th :‘.‘. ~~~~~~~~~~ 44~ 1— II
I 3 . 0002 1 4 0  1” 7~ F ~) 1 .i O t) 0 2  1. 011 ‘~8 IF+0 I .61 ft—I I
14 .700 I~~~I ‘ ‘)$~ I )E+0 1 . 700 1) ~.I  798.’h 111+01 .

Is .700 ~~ ‘.‘‘0~ 50t.E+~~1 . 700 ~~‘‘‘0’)S’8F+O I .21811—1 0
.80 l$~ 4l I 1~~S05E+0 1 .80 18’)..)) I”~~I 111+01 .7t 711— l I

— ,$) 18Q . 11 ‘‘8.’ IF~-k) 1 .80 ~~~~~~ i i  .‘2$.’8114-01 .68211—Il
1$ .°2 IOi. ‘~~‘~~i298E+0 I .‘~~.‘ 101’ 5~~..7 . i 1 ’ 0 F f t )  .bI’ 1 11—I ()

• it ) 7 4 ’  I 93 1 $ 8911+02 . 10 7.~I. i ~~ 828911 +02 . 483F ..— ~

T;hl e Vc: rn” I SO

uppe rbou nd—1 owe’rbound uppo rbound
lowerbound

I — .11 .‘~ ..4I S 2 2 1  1’~E+0 1 — . 1 1 2 5 4 4  15.’2 10611+01 . U8F—I0
2 . 538055170Q0I11÷OO •25.180581710.41E+OO .1 .0111—10

9~~7514 1675327E+0O .9.75 I43~ 75466E÷0O .1 I~~E—1 O
4 . I 78’~ 121 1S2690E+0 I . 1 789 lfl 15270211+0 1 • 1 2t’E— 10
5 .2130209219 I.2E+0 1 .21 10.’09219372E+0 1 .95811—Il
6 . 2% 1058884 1 ~~E+0 I . ‘)b 1058884)8 ‘11+0 1 • S 1011—10
7 . l ) 10 99 2 9 2577F .+0l . 304 109929259 IE+0 I • I 1911—10
8 . 1~ ’1 .04 $ .‘O 1 17211+01 • 3’~ ‘~c’0. $201 38411+0 I . Ii .‘F.— 10

.6003 15302.133411+01 .4004 153(3 .’ 344111+01 .68511— 11
10 .4’)99 78 4 7 7 7 1 7 1 1 + 0 i  .4~~ Q 7 8 2 4 7 7 7 4 S E + 0 1  .8. .7 F — I I
11 . S0002444~’3~

Q 111+0 1 . 5000 3342S00 111+ 0 )  .80 IF— I 1
12 .60002 I 762224611+ 0) .6000.’ 1 7 6 2 2 . ’ 5 611+0 ) . 1 0 1 1 1 — I O
I I .( .0002 330 I 57011+0 1 .6000.’ 14031 S$ 311+0 1 . I 1211—1 0
$4 . 700 l’)~ 1 79 ~ ‘0 711+0 I • 700 1’) ~ I ~‘ . )$ .  1 411 +0 1 . 7 3 711 — Ii
I ’ -. .700 195.’ 20’~S0 

)‘  +01 • 700 ‘.‘20~~S.’ ’ F + 0 I  .20 111—1 0
lb .8018~ 4I I 1579811+01 .80 1$’)., 1 1 1 5 8 1  ( 11+ 01 . I .. ’)l1 — I0
I 7 .803894)1 278)411+0) .80 ($93 II .‘.~$78E+() I . I ~~F~— 10
18 .~~2 I067St’

.’.7.’~
1O11+(1 I .Q2 lt). 7$’4735Q11+01 .6’~7F—I0

19 • l O 7 . 4 h I ~~., 1S28SF+ 02 . 1074’I’)41$.’S$F402 7”.(’i).—~ 1

Table Vd: m~ 100

Fi g&’nvaltie interval determined by EV~ t’.:\N at t .‘r m l.an~’.os iterations

app lied to

-
~~~~~~~
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No lowerhound (a) upperbound (b) b—a

I — .1 07461941829011+02 — . I074619418290E+02 .248E—II
2 — .92 1067864733211+01 — .9210678647332E+0 1 .227E—12
3 — .80389411I9305E ÷OI — .803894111930511÷01 .11 411— 12
4 — .7003952002662E+O I — .7003952002662E+O 1 .256E—12
5 — .6000225680184E ÷OI — .6000225680 )83E÷0 1 .142E—I2
6 — .5000008158671E÷OI — .5000008$5867 1 E÷O I .227E—I2
7 — .4000000205070E+O I — .4000000205070E÷0 1 .227E—I2
8 — . 3000000003307E+O I — .3000000003806E+O I .384E—I2
9 ‘-.2000000000054E÷0l — .2000000000054E+O I .185E—I2

10 —
• I000000000000E+0I — .9999999999998E÷00 •298E—12

I I  .753160418383911—12 .1089622219482E—II .336E—12
12 . I00000000000IE+O I . I00000000000IE+O I .39111—12
13 •2000000000053E+OI .2000000000053E÷Ol .284E—12
14 . 3000000003807E+0I .3000000003807E+O l •568E—I3
15 •4OOQOOO’~O5O68E+0 I .4000000205068E+O l .568E—I3
16 .5000008I5867IE+0 I .5000008I5867IE+O I .199E—12
17 .6000225680I8IE+0 1 .600022568018211+01 .171E—1 2

•7O10~52OO761,JE+O 1 .700395200266111+01 .142E—I2
19 .803894111930111+0 1 .803894111930111+0 1 0.
20 •~~2IO678647327E+O I •9210678647327E ÷O1 .568E—I3
2) .10746I94I8290E÷02 .107461941829011+02 . .2IOE—1I

Table Via: in=32

No lowerbound (a) upperbound (b) b—a

I —
• I0746I9418290E+02 — .107461941828911+02 •144E—I0

2 — .92I0678647332E+0 1 — .92106786473I9E+01 .131E—l0
3 — .8038941119305E÷O 1 — .803894111929 1 11+01 .138E—I0
4 — .700395200266211+01 — .700395200265311+01 .90111—11
5 — .6000225680I84E÷01 — .600022568017611+01 •782E—I1
6 — .5000008I58671E+O I — .500000815866211+01 .892E—J 1
7 — .4000000205070E÷O I — .400000020506011+01 .955E—11
8 — .3000000003808E+01 — .300000000379911+01 .904E—1I
9 — .200000000005511+01 — .2000000000046E+O1 .918E—I1

10 — . 1000000000002E+01 — .999999999992411+01 .952E—11
II — .1337897763203E—Il •4887256470544E—11 .623E—II
12 .9999999999981E +O0 . 100000000000211+01 .352E—11
13 .2000000000050E+OI .2000000000054E÷01 •355E-11
14 .3000000003803E+O I .300000000380611+0 1 .3I5E—1 I
15 .400000020S063E+O1 .400000020506711+01 .406E—1 I
1 6 .5000008I58665E+O I .5000008 158667E÷O 1 .2 2 2 E — I I
17 .6000225680 1 76E+0 1 •60002 256 80182E+0 1 .585 11— 11
18 .700395200265411+0! .700395200266011+01 •560E—1 1
19 .803894111929211+0 1 .8038941I19314E+O i .22111—10
20 .92 106786473 1 SE+0 1 .92 106786473 19 11+01 .38 1 E— 1 I
21 .10746194I8288E+02 .107461941828911+02 ,995E—II

Table Vib : m~ I50

— ——.—-~~~~— . ~~~~~~~~~~ :~~
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No lowe rbound (a) upperbound (b) b—a

I — • I074619418290E÷02 — . 10746 I94 I 8287E +02 .335E—I 0
2 — .92 1067864733 1E+0 1 ~ .92I06786473 02E+0 1 .290E—I0
3 — .803894I1I9305E+0 1 — .803894I II9280E +0 1 .254 11—10
4 — .7003952002662 11+01 — .7003952002643E+O I . I 96E —1 0
5 — .6000225680 I 84E÷O I — .6000225680158E+0 1 .26 1E— 10
6 — .500000815867IE+O I — .500000815865 1 E+O I .20611—10
7 — . 4000000205070E+0 1 — .400000020493 IE+0 I . 14011—09
8 — .3000000003809E+0 1 — .3000000003788E+0 1 .207E— I 0
9 — .2000000000057E+0 l — .2000000000036E+0 1 •208E— l0

10 — . 1000000000004E+0I — .9999999999878E+00 .160E—I0
II — .3882333782009E—iI •1472361028863E—I0 •186E—I0
12 .9999999999943E+00 .1000000000003E+0 1 .855E—1I
13 .2000000000046E+01 .200000000005311+0 I .726E-I I
14 .300000000379811+01 . 3000000003806E+0l • 800E— II
15 .400000020499211+01 .400000020506311+01 .710E—I0
16 .5000008158657E+0 I .5000008158664E+0 l .648E— I 1
17 .6000225680167E+0 1 .600022568018711+01 .202E—10
18 .7003952002645E÷0 1 •7003952002653E+0 1 •82IE— 1 I
19 .8038941 119280E+0 I .803894111929011+01 . IO5E—1 0
20 .92 10678647299E +0 1 .92J067864730 8E+01 .87311— 11
21 ,I0746194I8286E+01 ,10746I9418288E+02 . .143E —I O

Table VIc: m 300

Eigenvalue intervals determined by EVSCAN af ter in Lanczos iterations
applied to W .
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Ceneral information:

— order of the matrix n— 519.

- the matrix was available on a di skfil e , no attempts have been

made to optimize the matrix—vector multiplications required

for LSVLAN .
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number of eps itumber of eps
ci genvalues 992a2~~~ 

ei genv~alues 992~ 2~~~

30 6 6.7 220 56 16 .

40 8 2. 7 230 59 16 .

50 10 2.9 240 62 19 .

60 14 2.0 250 64 13.

70 20 2.8 260 65 15 .

80 71 7.4 270 67 I l .
90 26 6.:’ 280 68 I S .
100 28 (.3 290 68 18.

ItO 30 6.4 300 73 20.
Ut) (2 ‘ .0 310 /7 . ‘0.

130 36 II. 320 77 II .

140 37 8.4 310 77 1
) 116 . ‘)

150 38 6. 9 340 78 19 .
160 41 9.4 350 81 1’) .

170 46 12 .5 360 85 10 .
180 46 7.6 370 87 14 .

190 49 4.9 380 87 20.

200 56 16. 390 88 17.

210 56 I3• 400 89 ‘) 96. ‘)

Table IX

Results of EVSCA N a f t e r  in l ,an cz o s—it era t ion s  app l ied to the ‘)9 2 — th
order matrix described in section 4.5

1 ) Results after second scan with 5*eps
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lowerbo und upperbou nd

— .23836 /2694904E÷0O —
• 238367269490 IE+0O

.2383672694900E÷00 • 2383672694904E+0O

Table Xa: m I 5

lowerbound upperbound

— .2383672694904 11+00 — • 2383672694904E+00
— • 147690071687411+00 — . 1476900716874E+00
— .137385768637911+00 —

• I 37385768637911+00
• 1373857686379 14÷00 . I 373857686 37911+00
.14769007I6874E+00 . 1476900716874E+00
• 7i8 3t~726949O3E÷00 .238367269490311÷00

Table Xb: m~30 . I’

lowerbound upperbound

— .2383672694903 11+00 — .2383672694903E ÷00
— .14769007 16874E +O0 —

• 14769007 I6874E+00
— • 1373857686379E+00 — • 137385768637811+00
— • I05571057252IE+00 — • I0557I057252IE+00
— . 1017762399231E+00 — .10)776239923111+00
— .809883237301 2E—O I — .80988323730 1 211—01
— .80I4875412532E—0 l — .80148754I253IE—0 1
— .760859759844011—01 — .7608597598440E—0 I
.760859759843411—0 1 . 7608597598435E—O I
.801487541252611—01 .801487541252611—01
• 8098832 373009E—0 1 . 8098832373009E—01
• 101776239923011+00 • 101776239923011+00
10557 10572520E+00 .105571057252011+00

• 1373857686378E+00 . )373857686378E’t-00
• 147690071687311+00 . 147690071687311+00
.238367269490211+00 • 2383672694904E+00

Table Xc: m~60

Eigenvalue intervals delivered by EVSCAN after in Lanczos—
iterations app li ed to the product matrix described in 4.6.

Note : The values in the table above should be multi plied by
i( SQRT(-I)) so that they represent eigenvalues of A .
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