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1. Introduction

Observations of intense perpendicular dc electric fields up to

• about one V/rn, reported by Burch et al (1976), Wescott et al., (1976)

and Mozer et al. (1977) have opened a new era in auroral research.

These electric fields are confined in a l ayer of a few tens of kilometers

in latitudinal thickness and may well be magnetically connected to

discrete auroral forms (Davis, 1978). The electric fields are in pairs ,

pointing towards each other, and are predominantly perpendicular to the

magnetic field lines. There are still two possibilities in the distribution

of the field—aligned component of the electric field. One is that the

parallel electric field of order 1 mV/rn is distributed over a distance

of a few thousand kilometers , and the other is that the total potential

drop is confined in a relatively short distance, say, less than 100 km.

in an attempt to understand the origin of this electric field

distribution , one has at least two choices:

(i) The parallel electric field along the field lines , either

distributed or localized , is the prim~ry field and the pair of

perpendicular electric field components (of magnitude 1 V/rn)

arises as a consequence of particular boundary conditions.

(ii) The pair of perpendicular electric fields is the primary field

and the para llel electric field component arises as a consequence

of particular boundary conditions.

It may be said that most of the ideas proposed so far on the origin

of the electric field for the acceleration of auroral particles bel ong

naturally to the first group. The double layer model proposed by Block
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(1972, 1975), Alfv4n (1977) and F*lthammar (1977), Is an example.

Lennartsson (1976) consIdered magnetic mirroring of downflowing hot

el ectrons as a cause øf the para l lel electric fiel d. Kan (1975) and Kan
and Akasofu (1976) considered an electric field which is associated with

a plasma flow i nto a converging magnetic field configuration. Various

instabilities have also been suggested to produce a potential drop along

field lines (kindel and kennel , 1971; Papadopou los , 1977; Hudson et aL,
1978).

The purpose of this paper is to explore the second possibility . In

particular we shall show that a pair of the intense electric fields is

Inherent to the current sheet and that the parallel electric field

component along auroral field lines is a natural consequence of magnetosphere-

ionosphere coupling via the auroral sheet current.

The physical mechanism for this inherent electric field of a current

sheet can be understood as follows. Consider a high-a plasma (
~ =

plasma pressure/magnetic pressure) in which electrons carry an electric

curren t a long a conve~gent external magnetic field. The Ions are in

thermal motion but are assumed to carry no current for simplicity . The

magnetic force due to the current is acting only on the current-carrying

electrons . Thus , the electron gas is confined by the self—magnetic
field via the so-called ‘current pinch.’ The ion gas Is free from the

current pinch and , therefore, tends to undergo thermal expansion in the

high—a plasma region. As the ion gas expands, charge separation takes

place because the electron gas is magnetically confined and cannot

follow the ion motion. The electric field resulting from the charge

separation tends to limi t the extent of the Ion gas expansion. When the

4
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current sheet reaches dynamic equilibrium , the electron gas is confined

by the self-magnetic force whil e the ion gas is confined mainly by the
• electric force. Note that the electric field will be directed towards

the center plane of the current sheet as long as the electrons are the

dominant current carrier. The net force density is zero everywhere

• throughout the current sheet. For convenience , this type of current

sheet equilibrium will hereafter be called non-neutral current sheet

equilibrium. The same physical argument can be made to a current sheet

in which the ion gas is carrying a fraction of the current. As l ong as

the magnetic force is insufficient for confining the ion gas, the current

sheet will be non—neutral. A quantitative formulation of the non-

neutral current sheet equilibria Is given in the next section in which

we show that the observed pair of electric fields is an inherent property

of the non—neutral current sheet. In this connection , it should be

mentioned that Swift (1976) presented a V-shaped equipotential model in

which the total potential difference is assumed given rather than self-

determined. Moreover, the width of the model is restricted to a few ion

gyroradius due to the combined use of the guiding center approximation

and the quasi-neutral approximation. In the present paper , the total

potential difference and several other crucial quantities of the sheet

current are self-consistently determined.

The inherent electric field of the current sheet can be treated as

the upper boundary condition imposed on the acceleration region. Since

we use plasma parameters in the plasma sheet to determine the current

sheet characteristics , the upper boundary can be considered to be located

in  the plasma sheet at a few earth radii altitude . The lower boundary
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condition is determined by the ionosphere. We shall show that the

Pederson conductivity even in an undisturbed Ionosphere is high enough

to drive the Pederson current by an ionospheric electric field which is

much smaller than the inherent electric field of the auroral current

sheet. Thus, almost the entire potential difference associated with the

inherent electric field must be dropped between the plasma sheet and the

ionosphere. As a result , there will be an upward electric field along

the field lines which accelerates the current -carrying aurora l electrons.

Although the potential distribution along field lines between the

plasma sheet and the ionosphere has yet to be worked out, the proposed

theory can make several predictions, because most of the observable

effects are determined by the upper and/or ‘l ower boundary conditions ,

rather than conditions in the intermediate regions. We shall show that

those predictions are in qualitative agreement with available observations.

2. Non-neutral Current Sheet Equilibria and the Perpendicular

Electric Field

In this sect ion, a class of non-neutral current sheet equilibria

will be studied to show that a pair of electric fields pointing toward

each other is an Inherent property of a current sheet in dynamic equilibrium .

The external field lines will be assumed straight and converging

uni formly along the z axis in a rectangular Cartesian coordinate system

(x , y~, z). We now Introduce a coordinate system in which z measures

the distance along fiel d lines , and x and y are defined by the conservation

of magnetic flux , I.e.,

t 
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x = (B/B0)
½ x

y (B/B~)
½ y (1)

V It is seen that x and y are constant along a fi e ld  l ine.  For a slowly

convergent field , such as the earth’ s dipole , z z ’. From the conservation

of particle f l ux , it can be shown that the number density n of a current-

carrying species measured in the unpriined coordinate system is related

to n in the primed coordinate system by n = (B0/B)n . For convenience ,

our discussion will be carried out In the unprimed coordinate system in

which field lines are parallel to the z axis.

The current sheet will be assumed one-dimensional depending only on

the x axis. The current Is flowing along the external field lines

parallel to the z axis. The relevant constants are the Hamiltonian and

the z component of the canonical momentum given by

H m (v
~

2 
+ v~

2 + v5
2) ~q~ (x) (2)

-

~~~~~~~~ 
P
~ 

my
1 

+ (q/c)A2 (x) 
(3)

where q and m are the charge and mass of the particle , respectively,

•(x) is the electrostatic potential and A~
(x) is the z component of the

magnetic potential.

Any function of constants of the motion is a solution to the

Vlasov equation,

~1
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3z

which is th. governing equation for the dynamics of a collision less

plasma. This general result Is a statement of the Uouvi’l ’l e theorem

(e.g., Lon~~ire, 1963). As a first approximation, we choose to consider

a simple plasma model in which both the electrons and Ions are assumed

monoenergetic and say stream along the z axis. The simplicity of this

plasma model is particularly suited for illustrating the underlying

physics of the non—neutral current sheet equilibrium. Since the current

is assumed to flow entirely in the z direction, only the z component of

the canonical momentum is required to appear in the distribution function.

Thus , the distribution function for the monoenergetic plasma can be

written as

6( Z* _ v
,) (5)

where the subscript s denotes the species, and and V~ are the total
energy and the streaming speed at locations where $ and A vanish; H5 and

are given in (1) and (3) respectively. This type of monoenergetic

plasma model has been used to describe relativistic electron beam equilibria

in fusion research (e.g. Hameir and Rostoker, 1970; Kan and Lai , 1972).

Note that the external magnetic field parallel to the current can

be added to or removed from the equilibri um current sheet without any

effect on the dynamic equilibrium simply because the external field is

parallel to the current. Similarly, a uniform magnetized plasma can be
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added to the current sheet as the background p lasma w i thout affec ting

the pressure balance condition.

The number density , given by the zeroth moment of the distribution

function , can be written as

2 • 2 2 2q~~ 2c q A
a N 

J 
dVj ~~~ d ’ç 1 6(v~ + + - ) 

~ (vii + - V )

— 2 2 q~A 2 2%$ 2c
— N ~~0I d ’~~ ~~(v~ + ( V — — )  + —

S $ S

,( N~ Ext

Ix I ’ t 5 (6)

where is the location of the boundary of each species of the current

sheet and is defined by

— q •(t )

— q5A ( t )/a c) 2 
(7)

Thus, In this model the number density is constant (Na) within the l ayer

(of thickness for each species. Note that the subscript z on 4(x)

has been dropped since only the z component of the magnetic potential

appears in this model. It should also be noted that the LHS of (7) is

greater than unity for lxi and less than unity for xl >
~~~

.

The particle flux , given by the first moment of the distribution

function , can be written as

fl
1
(v~ — fv 1fd

3
~

/ g A
— ( N  (V .. _!_ ) I

$ $

(8)
lx i t5
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where is again defined by (7).

Th, self -consistent electric and magnetic fields of the current

sheet in dynamic equilibrium are given by the solutions of the Maxwell

equations with th. charge and current density described by (6) and (8),

respectively. The relevant Maxwell ’s equations can be w ritten as

2 
( -4we(N~ - N,) l x t < L

d 2
* —4w• t,ct x I ~. Lj

0

- — N(v + 
~ J xj £

~~ 
N~ (V~ - !~ ..)  

(10)

L j C Ix~

Note that has been assumed in (10) and (11) which can be expected

for a current sheet in which electrons are the main carrier of the

current. The boundary conditions for $ and A are:

— 0) - • 0) — 0
,~t i • dA
dx 

~~~~ 
— o  (11)

10
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In addition to the boundary conditions , we impose an auxiliary

condition to ensure that the electric field vanishes outside the boundary

of the current sheet, i.e. ,

0 txi > max(L , (12)

This condition requires that the net charge integrated across the current

sheet must be zero. Since the number density in (6) is constant within

the boundary of each species , the condition in (12) is equivalent to

Nt  - ‘ i tS.  ~~~ (13)

It should be emphasized that (13) ensures charge neutrality outside but

not Inside the current sheet, unless N1 = Ne and £e~ 
It can be

shown from (7) that the necessary and sufficient condition for charge

neutral solutions (i.e. charge neutrality inside and outside the current

sheet) is given by

V~
(14)

S

Thus, the current sheet is non—neutral except when the ions and the

electrons are streaming in opposite directions with their streaming

speeds satisfying the relation In (14).

The solutions to (9) and (10) for • and A are given by

11
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( 1 —  lxl~~.t,

£ N
$ — ~~~~ L (lxI - t~ 

£
5 

— 

~~~~~ 
I L

•
(l xl ‘ (15)

~ (.jjt 1) t~cIxl
2

a~~(oosi~~~)-1 ]

A .  A
0 

(Q~
) sixth ( )  sixth + oo$fr(t) oosh 

H t
•

(lx i — L )  (16)
— + A~

)cosh d~ 
• + A~ ~~Ixf t~

Ii’
C3 lxi + C4 t~~c z~

where

A 
~~~~~~~~~~~~ (17)

0 (.N5/a~c) + (.N~/~~o)
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(18)

(a c2/4w.~ti )
d .— - -

• (1, + ( a N ~/a. N )F
(19)

• R~C
2

/4w N~.~
(20)

The cons tants C3 and C4 can be evaluated by matching the slope and the

magnitude of A at x = 2~. Since the expressions for C3 and C4 are not

required In (7) for determ ining the loca ti on of the boun dary , they will

not be given explicitly here.

The self-consistent elect ric and magnet ic fields of the equilibrium

curren t sheet ar e given by

(1- j~~) x

— -4wsN x (±t - x) £~cIxt $.t~

0 t~cIzi (21)

siTt h ( ’ ~-) IxH.L5

A d £ ( lx i  — £~) I. ( lx i — t )
a .—~ ~~ 

((i) sinh cosh + cosh (~~
— ) cm li

(A + A~ ) c )xJ — t )
- 

d~ 
sixth d~ 

£~
( lx i .‘~.t j

£~~ ~xi (22)

13
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where the “ +“ and ~~~~ signs in r and ~ are for x > 0 and x < 0, respectiv ely,

and x and ~ are unit vectors. The magnitude of the electric fi•ld is

maximum at x = and is given by

a • 4 w , m u — — ~9 t
mix • $ •

Now the only quantities to be determined are and 2,~ which specify

the electron and Ion boundaries of th. current sheet as defined by (7),
i.e. ,

+ .$(L )

~ 2 2 (34)
2

a
•

V
• 

(1 + sA (t )/~~cV ]

c — e$(& )
2 2 (25)

kajVt (3. — .A(L~)fa3.cV~1 3
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These two simultaneous equations can be eas ily solved ~i~~~ri~ eI

introducing the following dimensionless va ri bles :

A * a ~~~~ D

V
S * 2V~~ • • C • c 5/m5c (26)

where

2
C — C i  +½ m V

$ ‘I 5 $

2 ~~~ 2 2c13
— 

41Ie~N 
V05 

— 
m (2?)

Equations (24) and (25) can be rewritten, in terms of these dimens ionless

variables , as (‘1

1 + V * 2 
+ ( c* / ~~* )  •*(() 

— 1 (28)

[v5* + (c~~/c.!. 
)(c!~.5/2~A*(L~ )I 

2

15
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1 + V,~*
2 —

(v~* — (w~ /x1
) ’

~ (c*4~~/2)
’1

A * ( t~~) ]  
• 1. (29)

The two unknowns in (28) and (29) are £~ and £ ,~. From (13) and (23), it
Is possible to express the unknown £,

~ 
in terms of Emax. This is desirable

because E15,~ is a quantity of primary interest while Is not. The

other unknown is also of practical Interest since it gives the half-

width of the current sheet.

Figure 1 shows the numerical solutions of (28) and (29) as functions

of the electron streaming speed in un its of the electron “thermal”

speed. Figures 2 and 3 display the solutions as functions of the ion

and electron “thermal’1 energies , respectively.
Note that the number density , N9, in Figures 1 to 3 is the density

of the current-carrying electron which is less than the total electron

number density , Nt, in the presence of the background plasma.

The results shown in Figures 1 to 3 can be used to determine the

width of the current sheet and the maximum electric field of the current

sheet at any location provided the local plasma parameters of the current-

carrying electron are known. The electron flux associated wi th the

auroral field-aligned current is well known (Arnoldy , 1974; Anderson and
Vondrak, 1975; Iljinia and Potemr~, 1978). However , the current velocity
and the number density of the current-carrying electron are much less

certain, especially at altitud es beyond a few thousand km.

16
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Observations indicate that the field-aligned current at the aurora l

al ti tude (
~
. 100 kin) is typically in the range of 

~“a 
= 2 x io 6 A/rn2

(i. ~~ el/cm
2/sec) to 

~“a 
= 2 x 1O~ A/m2 (

~
. 1010 el /cm2/sec). If we take

1010 el/cm2/sec, the corresponding electron flux in the plasma sheet

Is given by

~~ ~“a 
• x 10 ~ 3.3 x 10 el/cm /sec (30)

a 3 * 1 0
Assuming the current-carrying electrons are injected by a current source

at the electron thermal speed, the number density of the injected electron

in the plasma sheet is

N = j ,, /v 0 ~ 3 x 10~ cni3ep p e

which is much smaller than the total number density (~. 1 cm 3) in the

plasma sheet.

At 1 RE alti tude , the number density of the current-carrying electron

is scaled by

Ne U RE ) Nep 1 
(32~

Assuming the proton thermal energy 
~~ 

= 5 keV and the electron =

0.5 keV , t e 
and Emax can be found from Figure 1; they are given by 

~ ~ 
12 km

and Emax ~ 0.98 V/rn. These predictions of the mode l are in reasonable

agreement with observations reported by Mozer et al . (1977).

A general property of the solutions shown in FIgures 1 to 3 is that

the maximum potential difference across the current sheet Is almost

17
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equal to but slightly less than the ion “thermal” energy. This Is a

fundamental result which can be expected on the basis that the electro-

static po tential in the current sheet is generated to confine the the
ion ‘in a high-a plasma.

We have shown in this section that the observed pair of perpendicular

electric fields on aurora l field lines can be identified as the i nherent

electric field of the auroral current sheet. It may be noted here that

the proposed model is the first to relate self-consistently the auroral

electric field and the auroral sheet current. The quantitative relation-

ships shown in Figures 1 to 3 depend, to some extent , on the distribution
function. However, qualitative behaviors of these relationships are

characteristic of a non-neutral current sheet and are Independent of the

distribution function. For example , as the current velocity Ve increases ,
the width decreases and the maximum electric fiel d Emax increases.
It should be emphasized that the purpose of this paper is to point out

the characteristics of non-neutral current sheet equilibria and to

relate them to the auroral current sheet on a qualitative basis. The

simple model presented in this section is used only to illustrate the
physics of the non-neutral current sheet; its predictions should be

viewed qualitatively rather than quantitatively.

It may be noted in passing that our simple current sheet model may

be subject to the Kelvin-Helmholtz instability due to the presence of

strong velocity shear in the beam as can be seen from (8). This instability 
•

may lead to the development of observable ripples on the boundary of the

current sheet which are often associated with auroral arcs. It is ‘V

possible that our non-neutral current sheet model is also unstable to
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various types of current instabilities (Kindel and Kennel , 1971).

However , it is unlikely that any of the instabilities is capable of

disintegrating the electron sheet causing the auroral arc to break up.

3. Boundary Conditions and the Parallel Electric Field

The purpose of this section is to determine the upper and lower

boundary conditions of the auroral acceleration region. The inherent

electric field of the auroral current sheet can be treated as the upper

boundary condition imposed on the acceleration region. The lower boundary

condition can be determined as follows. We note first that E~ and

j~. in Figure 4 are related through Emax and Ve shown in Figure 1.

Because of the continuity of current, j ,, should be connected to the

ionospheric Pederson current Jr,, by ~ = j,, or J~ ~ j,,L1 where is

approximately the half-width of the current sheet in the ionosphere.

The electric field in the ionosphere E~ is determined by E~ = J~/~~ where is

the height integrated Pedersen conductivity. Thus, for a given j
~ 

the

ionosphere determines its own electric field. If E~ > E~, the potential

contour lines should be shaped like the letter V and thus an upward

parallel electric field E,, is forced to appear along field lines in the

current sheet.

For an estimate of E~ and E~, we use the same set of values considered

in the previous section , i.e. C9 5 keV, e~~ = 0.5 keV , Ve = Voe i V~
= 0 and Ne = 1 cm 3 at 1 RE. We have Le ~ 12 kin, Emax = 0.98 V/rn at 1

RE altitude , j., ~ 2 x 10
’V
~ A/rn2; note that the above value of j ,, is

within the range of observed values by rockets and satellites in connection

with discrete auroras . Assuming 1i ~ 
2e and ~ 1 mho (pre-arc) to 10
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mho (arc ) , then 2 x ~~ A/rn and E~ ~ 20 mV/rn (pre-arc) to 2 mV/rn

(arc). Thus E~ (~ 2500 mV/rn)>> E~ 
(
~ 20 mV/rn). This shows that almost

the entire potential difference associated with the inherent field of

the current sheet is dropped along the auroral field lines between the

upper and the lower boundarie s resulting In an upward directed parallel

electric field component.

It may be noted here that the presence of parallel electric field

in a coll’isionless plasma does not necessarily imp ly the presence of

anomalous resistivi ty in the sense of a local relationship between the

electric current density and the electric field (e.g. Fälthanmiar , 1977).

The double layer and the electrostatic shock solutions are examples of

parallel electric field without requiring the presence of anomalous

resistivity. In any case, the main point of this section is to show the

necessity of field-al igned potential drop due to the boundary condition

on E, in the ionosphere regardless how the potential drop is maintained.

The question of whether the parallel electric field is maintained primarily

by the anomalous resistivity or the double layer or the electrostatic

shock remains somewhat controversial at present. A discussion of this

topic can be fouiid in F~lthanmiar (1977) and Shawhen et al., (1978).

4. Prediction of the Model and Some Supporting Observations

The proposed theory can make several predictions even in its early
development stage. This is because most of the observable effects are

determined by the upper and/or lower boundary conditions , rather than

conditions in the intermediate regions.
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(i) The theory predicts that the maximum electric field (Emax)

and the width of the current sheet (2.I~) are anti-correlated.

Although the predicted relation could directly be determined

by a future study of satellite data, it has been known that

the brightness of an auroral arc is anti-correlated with its

width. Maggs and Davis (1968) found on the basis of the TV

study that all types of auroral arcs exhibit a strong tendency

to become thinner as their brightness increases. We may

consider this observation to be an indirect support of the

prediction.

(ii) The theory predicts that the peak energy of auroral electron

flux increases toward the equatorial boundary of the oval of

discrete auroras.

This prediction is based on the fact that Emax is propor-

tional to the thermal energy of protons in the plasma sheet.

It has been shown by Hones (1972) that the average energy of

protons in the plasma sheet decreases significantly from the

midplane of the plasma sheet to the boundary. On the basis of

a geometrical consideration of the magnetic configuration , we

would expect that the peak energy of auroral electrons increases

toward the equatorial boundary of the oval. Bureb (1968) and

McDiarmid et al. (1975) have already shown this tendency by

their direct measurements of auroral electrons. Eather (1969)

showed the same tendency on the basis of their photometric

study of auroral emissions .
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5. Concl usion

(1) We have identified the pair of the perpendicular electric

fields with the inherent electric field of the auroral current

sheet .

(ii) We have shown that almost the entire potential difference

associ ated with the i nherent electric field of the current

sheet is dropped along the auroral field lines between the

upper (the plasma sheet) and lower (the ionosphere) boundaries.

As a result , there should be an upward electric field in the

auroral current sheet.

(iii) The maximum intensity of the pair of the electric fields and

the width of the auroral current sheet are self-consistently

determined by providing only the intensity of the field-

al igned density and the thermal energy of electrons and protons

in the plasma sheet.

(iv) A few predicted relationships among the current sheet parameters

have direct or indirect observational supports.

(v) Above all , we feel that the proposed theory self-consistently

relates , for the first time , the auroral electric field and

the auroral sheet current.
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Fi gure Camtlons

Figure 1 The half width of the current sheet (t e) and the maximum

perpendicular electric field of the current sheet (Emax)

are p lotted as functions of the electro n stream i ng speed

(Vi) for • 5 keV , ,.~~ 
• 0.5 keV and V 1 • 0. Note that

N1 is the electron number density of the current sheet.

Figure 2 The ha l f  widt h of the current sheet (t a) and the maximum

perpendicular electric fiel d of the current sheet (Emax )

are plotted as functions of the ion ‘ thermal’ energy

(e.~1 ) for e~~) • 0.5 keV, V,, • v0~ and V 1 = 0. Note that

N. Is the electron number density of the current sheet.

FI gure 3 The half width of the current sheet (.t1) an d the maximum

perpendicular electric field of the current sheet (Emax)

are plott.d as functions of th. electron ‘ thermal ’ energy

(a~,) for • 5 keV , V~ • v01 
and V 1 • 0. Note that

N1 is the electron number density of the current sheet.

FIgure 4 A schematic diagram illustrating the relative location of

the upper boundary condition (E ), the lower boundary

condition (E~) and the distribution of E,, along field

lines in the current sheet.
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