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ABSTRACT

N,

"

The infinite Whittaker summation and Shannon's
sampling theorem both use the weighted sum of sinc functions
(the "Cardinal" function) in the interpolation algorithm.
When the number of original samples is approximately equal
to twice the product of duration (T) and bandwidth (W), and
when it is desired to increase the number of samples by
powers of 2, the interpolation process can be written as a
matrix equation. It is shown that when the original
sample set is periodic, the matrix elements converge to
simple cosecant and cotangent functions. - hb‘{ e
The "Whittaker" matrix developed for either the 2TW
transient or the periodic sample sets can be manipulated into
a real symmetric matrix format. It is shown that a unitary
equivalence transformation on the periodic matrix imple-
mented via the Fast Fourier Transform (FFT) and an orthogonal
similarity transformation on the symmetric matrix are really
equivalent algorithms. It is also shown that by suitably

modifying the transient Whittaker matrix, an orthogonal
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similarity transformation is possible which can significantly
reduce the number of computations necessary to interpolate

a data set. When "a-priori" knowledge about a data set is
not available, but it is desired to fit a specific curve to
the data, it is shown that the eigenvectors of the modified
matrix are a unique orthogonal basis for the space which
includes the data set; linear combinations of the basis
vectors can then be made using a technique called the Eigen-
Filter, Cross-Correlation Algorithm to indicate how well the
combination works. Numerous examples are given which show
that this algorithm can provide a better interpolation than
Fourier techniques.

Matrix norms and condition numbers are used to bound
truncation errors, computer round-off errors, and errors due
to the curve fitting algorithm. It is also shown that when
"noisy" data is interpolated, the noise-to-signal ratio of
the interpolants can be magnified by the interpolating
“matrix condition number.
=~ An extensive computer program which implements the
algorithms is described. Numerous signals are processed
and the results presented in plots and tabular form. The
work is ended with an entire chapter suggesting areas for
follow-on work.
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CHAPTER I

INTRODUCTION

Interpolation is a well established branch of mathe-
matics. For the engineer, however, the tools to implement
interpolation are sometimes lacking; we try to get along with
simple, linear approximations because of the low cost and
ease of implementation. Because today's mass data acquisition
systems dictate minimum sampling rates, these "straight line"
approximations are often inadequate. It is our purpose, then,
to offer an alternative. We present algorithms which can be
implemented on big or small computers, as well as in hardware;
but, as opposed to linear "approximations," our algorithms
are "exact" when the original phenomenon and its sample set
satisfy certain requirements.

Generally, interpolating algorithms are concerned with

th., degree polynomial through a set of equally

fitting an "N
or unegqually spaced sample points from some continuous
process. It is well known theoretically, that N + 1 sample
points can be connected by the curves which plot all poly-
nomials of degree N or greater. E. T. Whittaker set about
finding out if any one of all the functions that can be made
to fit a data set had any distinguishing properties--"a
function of royal blood whose distinguished properties set

it apart from its bourgeois brethern." The well known

cardinal function (sum of weighted sinc functions) resulted

‘ R T e
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from his work and has the property that it contains no
frequencies higher than twice the sampling frequency. 1In
more recent years, the independent but equivalent Shannon
sampling theorem was developed and is the basis for much of
today's communication work. This theory also derives the
sum of weighted sinc functions, but as the consequence of
an ideal filter acting on a sequence of data samples from a
band-limited signal.

Our approach to interpolation is to formulate the sum
of weighted sinc functions into a matrix-vector product.
We show that the matrix with elements formed from the
Whittaker cardinal function can be written as a symmetric
matrix with many useful properties. These properties are
what we exploit. The rationale for this approach is that
matrices are physical entities; any manipulation of these
arrays is directly translatable to computer language or

hardware.

1.1 Organization of Work

The remainder of our work is divided into several
chapters wherein various aspects of the interpolation problem
are discussed. Each chapter is complete in that any
derivations begin and end there; the Appendix is reserved
for the various computer programs rather than more detailed
derivations which this author can better handle in the main

text. Symbology is sometimes complicated, so a list of

piRRaE

|
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symbols is provided at the beginning of this dissertation to
aid the reader.

We begin in Chapter II by reviewing the mathematical
process of interpolation in terms of the digital filter.

The engineering "band-limited" function is introduced and
subsequently, its sampled data version is generated by first
sampling with a sequence of delta functions, and then with a
more realistic sequence of rectangular waveforms. It is this
sample data set that we wish to interpolate. We show that if
the samples are passed through an appropriate low-pass
digital filter, the resulting continuous waveform is a re-
constructed version of the original function. Practically,

a more dense data set rather than a continuous function is
the object of the interpolation scheme. Two finite inter-
polation schemes are discussed: Interpolation by the Discrete
Fourier Transform, and a time domain convolution of the
truncated Whittaker cardinal function and the sample data
set.

In Chapter III, we present an historical review of
interpolation involving the weighted sum of sinc functions.
We present the work of E. T. Whittaker [36] wherein he
developed the famous cardinal function, and we follow
through with the work of his son, J. M. Whittaker ([37], who
showed what types of sample sets generate the cardinal
function. The communications sampling theorem developed
independently from Whittaker is discussed again but now from

3




the point of view of how it relates to Whittaker. We

present brief reviews of several important papers by

Hartley [14], Nyquist [21], and Shannon [30] which emphasize
the importance of how many samples are needed to generate the
cardinal function.

The original effort in this dissertation begins with
Chapter IV wherein we select one of many possible inter-
polation intervals and formulate the interpolating equations
as products of matrices and sample data vectors. The choice
of the "mid~point" interpolation interval and square inter-
polating matrix may seem arbitrary, but we show later that
once this problem is mastered, the number of samples can be
successively doubled by recursively applying the mid-point
algorithm. We also introduce the concepts of periodic and
transient matrix operations; i.e., we develop a special
matrix to implement the mid-point algorithm for band-limited,
periodic, time domain signals, and develop a separate trun-
cated matrix for band limited, time domain transients. The
two forms of the Whittaker matrix are "massaged" until they
are symmetric and the matrix elements can be expressed in a
closed form trigonometric expression for the periodic case,
or as a sequence of terms from a truncated infinite series
for the transient case.

In Chapter V we show that a matrix expression for a

periodic convolution process has very special properties [13],

5
£

[15]. Specifically, the matrix is circulant and can be

4
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‘decomposed into the product of a complex unitary matrix with
a matrix of complex eigenvalues, followed by a product with
the complex conjugate transpose of the unitary matrix. The
eigenvalues are determined from the Fourier Transform of

one of the rows of the circulant matrix, and the elements of
the unitary matrices are themselves samples from the Fourier
kernel. We explore this decomposition for the periodic
Whittaker matrix in cyclic form; we derive closed form ex-
pressions for the matrix eigenvalues and prove the surprising
result that the even ordered periodic ﬁhittaker matrix is
singular. We conclude the chapter by describing an inter-
polation algorithm which uses the Fast Fourier Transform
(FFT) .

Both the periodic and transient Whittaker matrices in
real symmetric form are orthogonally similar to a diagonal
matrix of real eigenvalues. In Chapter VI we describe a
computer technique based on the Francis QR [9], [20] algorithm
to generate the orthogonal matrices of eigenvectors and the
diagonal matrix of eigenvalues. We then show that this de-
composition can be viewed as a discrete cross-correlation
process, and if certain properties are known to be present
in the sample set, significant savings can be achieved over
straightforward implementation of the matrix products.

The purpose of Chapter VII is to present error bounds

for the interpolation algorithms. Four types of errors are




discussed: series truncation errors, errors due to noisy
data, machine round off errors, and errors caused by the
Eigen-Filter, Cross-Correlation algorithm described in
Chapter VI. The benefits of casting the interpolation
problem as a matrix process become evident in this chapter
when we discuss the error bounds in terms of matrix norms
and condition numbers.

In Chapter VIII we present the results of our work in
the form of plots and graphs of the outputs from the various
algorithms. We show that the major algorithms as programmed
in the Appendix do work and are practical. We also summarize
our goals and findings as a conclusion to our work.

Chapter IX is a special chapter wherein we outline
other problems associated with interpolation. First, because
of the mid-point interpolation scheme and square interpolating
matrix, N - 1 interpolants are actually computed and one
extrapolant is produced. If the interpolants themselves are
interpolated, N - 2 of the original N points are returned and
two extrapolants produced. Can this process be continued?
The inverse interpolation problem is also discussed. 1In
particular, given the interpolants, how do we compute the
original data vector? This problem is not straightforward
when the periodic Whittaker matrix is even ordered; i.e.,
the matrix is singular. We alsn» outline a fast way for

computing the derivative of the¢ original sample set. This




can be accomplished for the periodic case via a decomposition
of a modified Whittaker matrix implemented with the FFT.
Finally, we discuss a recursive algorithm which would allow
interpolating intervals other than the mid point to be
approached.

The final parts of the dissertation are a compendium 1

of computer programs in the Appendix, and a Bibliography.
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CHAPTER II

ENGINEERING APPROACH TO INTERPOLATION

In Section 1 of this chapter, we discuss two popular

sampling functions used on continuous waveforms: first, we

present the idealized impulse train used for theoretical

work and then we develop the realistic rectangular pulse

function. We introduce the dual frequency - time relation-

ships of these functions, and in Section 2 we apply the

sampling functions to engineering "band~limited" signals to

produce the sample data set. Next, we show the periodic

nature of the Fourier spectrum of this sample data set, and
then we prove that when such a spectrum is filtered with an

ideal low-pass filter, the original continuous time domain

signal is returned.

When a continuous signal is not needed from the sample

set, then a more dense data set may be the object of an

interpolation scheme. Sections 3 and 4 are two approaches

to this problem. In Section 3 we present the Discrete
Fourier Transform (DFT) interpolator--basically, a freguency
domain technique, and in Section 4 we present a time domain
convolution approach to interpolation.

The material in this chapter is covered in numerous

textbooks and papers. It is presented here for the sake of

completeness in discussing the interpolation problem.

Particulary useful references for the first two sections fé
o
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are books by Stanley [31, Chapter 3] and Brigham [3, Chapter
6]1. In particular, we follow Stanley's lucid development of
the sampling functions in Section 1 and use Brigham's
pictorial approach to the sampling theorem and reconstruction
in Sections 2 and 3. Oppenheim's book [23, Chapter 3,
problem 21] and the papers by Schaefer [27, pp. 692-702],
Urkowitz [35, pp. 146-154], Oetken [22, pp. 301-309],
Crochiere [6, pp. 444-456], and Rabiner [26, pp. 457-464])
provided the motivation for Section 3. Stearn's book [32]
provided an overall reference for sampling and reconstruction
and was particularly important because it was the text for
two of this author's signal processing courses at the

University of New Mexico.

2.1 Sampling Functions

The well known complex Fourier series representation

for a periodic function is expressed by Stanley [31, p. 38]

Tmt
e ™
x_ (t) = c_e (2-1)
where T LTt
g g
Sy * F [ x(t)e dt (2-2)
&
g ]

The period T is the interval over which the function completes

one cycle of its periodicity, and the ¢, are the complex
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Fourier coefficients of the waveform. The distinction
between xp(t) and x(t) is that x(t) is one cycle of a

periodic train of cycles, i.e.,

[sJ]

x, () = ] x(t - kT) (2-3)
with
T < < T
x(t) = (2-4)
o
0 !tl >'2-

Parallel to the Fourier series representation of a

signal is its Fourier transform

21ft
X(f)

- 00

with
seNEt

x(t)

- 00

X(f) is known as the Fourier spectrum of x(t). Of

particular interest here, is that when x(t) is a pulse

(x(t) = 0, |t| >%) the Fourier coefficients of the periodic

extension of x(t), xp(t), are simply given by

fx(t)e 3 at (2-5)

[x(£)e? af (2-6)

X ()
®m T T (2=7)
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One sampling function widely used in theoretical work
is the ideal infinite impulse train consisting of unit delta
functions at intervals of Ts extending to ft». For such a

waveform, we can write symbolically

oo

§_(t) = §(t - kT 2-8
p kZ-w ( s) ( )
Such a sampling function, being periodic, has a Fourier

series expansion. From equation 2-6 we write for a single

delta function

T
2 _genft
X(£) = [ s(t)e”d at = 1 (2-9)
I
then from equation 2-7
x(£f) 1
c_ = = — (2-10)
m Ts Ts

8, (8) -z § g B (2=11)

The Fourier spectrum of equation 2-11 itself is given by

o © _.2m(f - Bt
[+ 1 &3 Ts' gt (2-12)

-0 g Mm==-w

A(E)

which is well known [3, p. 22]
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A(E)

1 o m
T—s- E S(f - F;) (2-13)

- Q0

m

In other words, the spectrum of a periodic impulse sampling
train is itself a periodic impulse train.

In the real world, the ideal impulse train cannot be
generated. However, the rectangular pulse train can be
realized. Proceeding as we did for the impulse train, we
write (using symbolic notation)

S
_j:l_(;)= kz_m af 1.~ k2 (2-14)

Then, for a single pulse

o 1 21ft
sinc(f) = ! alal (t) e J dt (2-15)
- Q0
_ sinnfa
) mfo (2-16)
The Fourier coefficients become
sin(l-rln,l-,g
o Rl Y -
m = T Tmo. Csdrs
s (ﬁf—)
s
and the Fourier series is
"~ sin(ﬂ%2 2‘rrmt
1 s y G
Jlw=5 ] ———— e s (2-18)
o o Ts m=qn(w$a)
s
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The Fourier spectrum of 2-18 is then found as

. m™mo
% » 8in(=5=) Su(E - By
: m i 1L s =il T
sinc (T—) = T Z i e e s 4t
S =® g m==o (T)
s (2-19)
» Sin(cgo)
; B, 2 s _m “
SlnC(;IT-) =T e S(f T—) (2-20)
s S m=-® (—T—) s
S

Again, the spectrum of the rectangular pulse train is the
ideal periodic impulse train but amplitude modulated by the
sinx/x function.

This process of postulating a sampling function,
writing its Fourier series expansion, and finding the
spectrum, could be carried out for most any sampling wave-
form. 1In any case, we should arrive at the form for the

Fourier series and spectrum

& mmt
ags T m. 3 7 "
xp(t) =5 Z X(z)e s (2-21)
S M==x S
where
T
It m 2 _j2nft
X(T—) = X(f) e [ x(t)e dtL &
S =T Y =T
s 2 s
X (2~22)
¢ and
T T
e m_ - Sl =
X, () = 3 I X(E)e(t - 5 (2-23)
S M==x S S
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These important properties of sampling functions (equations 21

and 23) are used in the next section.

2.2 Generating the Sample Data Set

One of the fundamental properties of spectral analysis
is the duality of time domain multiplication and frequency

(spectral) domain convolution; i.e.,

[+ -]

h(t) - g(t) = H(f)*G(f) = [ H(u)G(f - u)du (2-24)

where "<" implies two~way equivalence or duality. This
property allows us to determine the effects of sampling a
continuous time domain signal g(t) by multiplying by a

sampling function of the form of-equation 2-21

mmt

I gox@el Ts (2-25)

ll—'

git) - xp(t) =

L=

But, from 2-23 and 2-24, this is eguivalent to the convolution

[ wx (f-wan=1— [ 6w [ xG)s(E-F-wdu (2-26)
~c P s - m=-° s s
- g of x®Eye(f - By (2-27)
TS m=-=o TS |1‘S

Simply stated, the spectrum of the sampled waveform is the
periodic extension of the spectrum of the original continuous
waveform, repeated at intervals of %—, [l =8, Ly cns W

s

These ideas are summarized in Figure 2-1 where we show an
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Figure 2-1

Sampling with the Infinite Impulse Train
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infinite cosine wave sampled by the ideal impulse train.
The left side of the figure shows the time domain operations.

The concept of "band-limitedness" is naturally intro-
duced in Figure 2-2(a) where we observe that G(f) is no
longer zero for |[f| 2 £,. The solid curve for G, (f) in
Figure 2-2c shows that because G(f) is not band-limited,
Ga(f) is the sum of the original spectrum G(f) plus the
"tails" from all the shifted versions of G(f). This
phenomenon, of course, is given the name "aliasing."

Real signals begin and end in finite time and real
sampling schemes are of finite duration. These concepts are
introduced with the example shown in Figure 2-3. Suppose we
theoretically sample this g(t) with an ideal impulse train
and then convert to a "pseudo" real world digital process
by following the sampling with a rectangular window function.

The resulting sample data set is shown i: Figure 2-3(e), and

can be expressed as

-]

Ts (2-28)
I [g(e)-s(t ~ xT)1_[o Lit+>)
s

k==x

g(kTs)-w(t)

N-1

2 g(t) "8, (t - kT_) (2-29)
=0

which has the equivalent Fourier amplitude spectrum shown

in Figure 2-3(e)
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Real World Sampling
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sin(anTs)
FENT )| (2-30)
S

- i
(6o (E)*H () | = |5~

Any sampling function could have been used in place of the
ideal impulse train. The effects on Figure 2-3 would be
that the amplitude of the repeated, modified, spectrum in
2-3(e) would vary as the amplitude of the modulating function
in equation 2-27.

The intent of an interpolation scheme is to reconstruct
the original waveform from the sample set. Obviously, if
we multiply the spectrum in Figure 2-1(c) by the ideal low-

pass filter response

By
F(f) = 4 J4/T| (f) (2-31)

we get back G(f) in Figure 2-1(a). This process is
equivalent to passing g(kTS) through the ideal low-pass
filter which returns g(t), the original, infinite duration
time domain signal.

The problem is not quite so simple in the case of
Figure 2-2(c) where multiplication of the spectrum by the
ideal low-pass filter response returns a corrupted version
of G(£). The equivalent time domain process of passing the
finite length data set through the ideal filter returns a
corrupted version of g(t). To overcome this problem, we

must increase the sampling rate to conform with the sampling

19




theorem--samples must be taken at a rate at least twice
the highest frequency in g(t), or at least a rate such that
aliasing is negligible.

In the case of Figure 2-3(e), multiplication of the
spectrum by the ideal filter response would have to be
followed by a deconvolution process to remove the effects
of the windowing operation. Alternatively, we might try
and choose windows which have negligible effects on Ga(f).
Then the ideal filter essentially returns the original

function.

2.3 DFT Interpolation

Implied in all the derivations thus far is the
"continuous" nature of time and frequency. But this is not
quite satisfactory to explain data manipulation on a
computer--we need a completely digital (discrete) version
of the dual, frequency-time relationship of discrete data
sets. This we provide by extending Figure 2-3(e).

First, sample the spectrum in Figure 2-3(e) (repeated
in Figure 2-4(a)) with an infinite}impulse train with
pulses spaced l/NTs apart. The equivalent time domain
process is convolution with another impulse train, and the

overall results are two discrete periodic sequences.

This process can be written as follows:

N-1
g(kT ) *w(t) = ] g(t)s(t - kT

s) (2-32)
k=0
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© N-1 S2mEt

G_(E)*W(f) =/ ¥ g(t)8(t - kT )e™J dt (2-33)
a Sa hen s
N-1 _§2MEKT
= ] g(kr)e™? (2-34)
k=0
Evaluate at f = ﬁ%_ and we have the periodic Discrete
s

Fourier Transform (DFT) shown in Figure 2-4(c). Now we

write for the fundamental period
(2~35)
2Trkm

g (kT )e™’ W R Vs W

N-1

Cn

I
k=0

We can also write the Fourier series for the periodic time

derain sample set using equations 2-1 and 2-7

[g(kT) "w(t)I*a(e) = [ el W (2-36)
m=-o g
Then, the fundamental period is
5 ek jzn%?
g =55 i G, e v B =Wy X sy =1 {(2=37)
s m=0

Equations 2-35 and 2-37 are a Discrete Fourier
Transform pair except for the constant %— in equation 2-37.
(S
This can be seen by substituting 2-35 into 2-37 (without

the %—).
s
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= i =7 N ] N . 0y
gp N m£0 {kgogke } e (2-38)
N-1 N-1 21L1£:P£‘
== J ] ge? = (2-39)
B ke mee X
m= -
1 N-1
m=

The interpolation problem requires that we increase
N in the above equations. To increase N by a factor of

2, we proceed as follows: Define a new sequence

=
[

2k (2-41)
2 k=0,1, ... N~1
0 & =2k +1

Then, equation 2-35 becomes

s oN-1 -.2n§$ (2-42)
Ff.= § f.e° e BB L cees W~ 1
m 2=0 2
: Rk _’4n§g (2-43)
Fo= [ £,e7) AR 1y ceey W =1
=0
e kgogke , =0, I, sis;, 30 = 1

which has twice as many spectral samples as does ém' Now
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multiply Fm by the ideal symbolic filter function which

3N

zeroes coefficients from g to = and has gain 2, and take

the inverse DFT of the product

mim
2N-1 .2
ety & = 2 g 2N
£, = 2N I P ——E;L——E;L— m €
i a8
N
=1 T 2m
o % 2z E ej2 N » 2 2N l~ j2"§$
W g 2N ] Fpe
m=%N+l

Let r = 2N - m in the second summation; then,
N
—1 Tim mxr
2 L 2—== 1 2=
e =oad 2R & v == 28
£f = N Z Fme + N ZFZN-re
2 mn=0
r=§-l
2
From equation 2-44
- =~*=~
“2N-r Fr F-r
Then,
N N
—1- mim =—1
2 J 20 ~ _sTim
£, = 1 )) o B % ) F *e ITN
m=0 m=1
Finally,
l\1--1. mh
i | ¢ Nm
- = P a - -
fz N ! N Fme 7 ik 0 Lz svss 2N 1
—-(5-1)
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(2-46)

(2-47)

(2-48)

(2-49)

(2-50)
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Thus, midpoint interpolation is achieved by computing
a modified inverse DFT as prescribed by equation 2-50. The
zeroing of spectral coefficients used to arrive at equation
2-50 is equivalent to multiplying the periodic spectrum
Fm by the spectrum of the sampled version of an ideal lowpass
filter.

As an example, consider the sample set generated by a

periodic sine wave,

Tk

g, = sin2%t , k=0, 1, 2, 3 (2-51)
Then,
222 6=
- 3 X -3 4 _s 4
Fo= 1 sin2Tf=o0+e +0 - e (2-52)

™
"j (2m-l)§

BinE, M= 0y Ly ey T (2-53)

2e 5

Now, using equation 2-50

(2-54)
T Tim
2 ML= 1 ’ _j(Zm-l)E . mm 4 Bl g o
L= e sin>- e ’ =0, 1, ...,
m=-1
35 e & B
= % {=ad 2 2 9% 454+ a7% I3 (2-55)
M
- = 2
£, = % (3777 - 3e77 )= 51n2%r, L o0, Ly vosy 7
(2-56)
25
e M —




[ —

which is clearly the interpolated version of the original

sample set.

2.4 Interpolation by th2 Whittaker Rule

We discussed in section 2 that by passing the sample
set through an ideal low-pass filter we could reconstruct a
version of the original continuous waveform. The proof of
this assertion is as follows: The fundamental spectrum is
obtained from Figure 2-1(c) by multiplying by equation

2-31
T
G(E) = [G(E)*a(f)] * |4/T| e (2-57)

This is equivalent to the time domain convolution

g(t) = [ [ guws(u-kr) SBI (=W gy
-0 k=~ _E(t = u)
T

m
g(kT)sin‘l_T-(t - kT)

k=-o 8t - k) (2-59)

oo

l
~

Thus, g(t) is reconstructed as a weighted sum of sinc

functions with the samples of g(t) themselves serving as the

weights.

Similarly, for Figure 2-3, we obtain

T
&ue) = te (nswiny) 8 [ (2-60)
]
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where a(f) is a corrupted version of G(f). This is equivalent

to
oy sin%ét - u)
g(t) = [ ]} g(u)é(u-kT) — du  (2-61)
- k=0 T(t = u)
S
S 1T
sin=—(t - kT.)
) o1 T s
g(t) = ) g (kT) = (2-62)
k=0 T-(t - xT)
s S

Clearly &(t) can differ from g(t) depending on how "poorly"
&(f) approximates G(f). As discussed before, this problem
can be overcome by choosing w(t) such that the convolution
of W(f) and Ga(f) essentially returns Ga(f). This means
that G_(f)*W(f) in the fundamental region ([f] < 5%—) is
essentially the same as G(f). Then, when Ga(f)*W(f? is
multiplied by the ideal filter function, the resulting é(f)

is also essentially the same as G(f), and equation 2-62 gives
a "good" approximation to g(t).

The function expressed by equation 2-59 is formally
known as the Whittaker cardinal function after E. T. Whittaker
(1873 to 1956), the English scholar. Whittaker arrived at
the interpolating properties of this function quite inde-
pendently of the sampling theorem development used here.
Equation 2-59 and its time limited version equation 2-62 are

really the beginning point for the remaining work in this

dissertation.
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CHAPTER III
AN HISTORICAL REVIEW OF INTERPOLATING WITH

THE WEIGHTED SUM OF SINC FUNCTIONS

In the first section of this chapter we briefly review
polynomial interpolation and discuss the guestions
E. T. Whittaker asked in arriving at his cardinal interpo-
lating function. First, we show that polynomial interpo-
lation can be a viable scheme for fitting a continuous curve
to a set of data; then, we extend the forms of polynomials
to include those generated by finite difference equations.
While studying the Newton difference form, Whittaker was
bothered by the fact that more than one function could have
the same finite difference table. He subsequently proved
that the cardinal function is the lowest frequency function
which passes through all the data points used to generate
the differences. We also review the work of Whittaker's son,
J. M. Whittaker, who extended the theory of the cardinal
function by specifying conditions under which it converges.
In Section 2, we discuss the digital sampling theorem from
the point of view of how it relates to Whittaker's theory.
Particulary important is that when the number of samples
available for interpolation exceeds the product of signal
bandwidth and its duration, the cardinal function and the
signal which generated the samples are one and the same.

Finally, in Section 3 we hint at how sample sets might be
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manipulated outside the region of interest in order to assure

convergence of the cardinal function inside the interval.

3.1 The Whittaker Cardinal Function

The literature is replete with the theme of polynomial
interpolation on data sets. The ease with which polynomials
are generated and the simple form of their derivatives and
integrals are no doubt fundamental reasons for the popularity.
It is no surprise, then, that the cardinal function for
interpolation evolved during Whittaker's study of polynomial
interpolation.

To provide a brief introduction to polynomial inter-
polation, consider the difference y(x) - p(x), where y(x) is

the given function and p(x) is an Nth

degree polynomial to
be used to approximate y(x). The central idea in inter-

polation is to keep this difference small. Now suppose the
polynomial takes on the same values as y(x) at the tabular
points X = Xo, Xl, Heony XN. We can anticipate a result for

the difference of the form [8, p. 100]

N
y(x) - p(x) = R{x - xo)(x - xl)...(x - xN) = RI(x)

(3-1)

which is identically zero for x = X i =® 0y ds seep N
At any nontabular point xj in the interval x0 < Xj < Xy and
X. # Xi’ we do not expect this difference to be zero; but, if

J
we define
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N
F(xj) = y(xj) - p(xj) - RH(xj) (3-2)

with
yv(x.) - p(x.)
R= —2 J (3-3)
N
H(xj)

we can force F(xj) to be zero. Now F(x) has at least N + 2
zeroes. By Rolle's theorem ([l11, pp. 61-62](28, p. 12], F'(x)
is guaranteed N + 1 zeroes between the N + 2 zeroes of F(x)
while F"(x) is guaranteed N zeroes between those of F'(x).
Repeatedly applying this theorem to equation 3-2, we find
that F(N+l)(x) has at least 1 zero in the interval from X

to xy, say at x = €. Then, using the fact that the "N + lst"

derivative of p(x) is zero, we can write

P g 20 = y®™ Vg - rw s 11 -0)
and
(N+1)
. g -
R = T (3-5)

Substituting in equation 3-1 and simplifying

N
y P ey e

y(xj) — p(xj) =

Since xj is any non-tabular point and since equation 3-6 is

true at the tabular points, we replace x. with x and write

N,
]
! N
" (N+’l )
| y(x) - p(x) = Lol (3-7) .
3
i
30 P
2
{
: = T




The behavior of equation 3-7 is difficult to analyze.
However, it can be shown [41], p. 123] that if y(x) is an entire
function, (expandible in a power series which converges for all
x) then the sequence of interpolating polynomials pN(x) with
N =3, 4, ..., defined on the interval a £ x £ b, converges
uniformly to y(x) on the interval. For other types of functions
we can say that if some bound for y(N+l)(£) is known, then
equation 3-7 may provide a useful bound on the error.

There are numerous forms for the interpolating poly-
nomial p(x). One widely used with equally spaced data is

the Newton Difference Formula (28, p. 35]

1. (N) N
Pg = ¥, + Khy, + %TK(z)Azyo FENY ETK( )a y, (3-8

where the special notation x (1) is defined as

k) 2 k(K- (K -2)...(K -1+ 1) (3-9)

th

and Al denotes the .1 finite difference

A¥y = ¥y = ¥y

>
=
o
|

= A(AYO) = AYl = Ayo b 7 2yl = Yo (3-10)

Clearly equation 3-8 is true for K = 0; for K =1,
e ® ¥ * Ayo “Yo*THh "% "Xy (3-11)
2

for K =
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o 228 o
Py = (¥g + 2087y) + gydy, = (29

~ ¥p) * ¥y <

2y) * Y5 = ¥y

(3-12)

and inductively we can show the values of pg are cotabular

with Yg+

We also note that K is not restricted to integer

values, thus Px is defined at nontabular points.

It was equation 3-8 that perplexed Whittaker [36, p. 181].

He noted that other functions have the same difference

table as y(x)

X Y Ay Azy ATy
a-20 y_ ¥ : E
2 Ay_2 Azy =

a~-w y_l by _ -2 A3Y_
1 AzY 2 A

a Yo By, - A3

2 Y,
a+w Yy A Yo .
oy :
a+2w Y, s

"...for we can form a new function by
analytic function which vanishes for
a- w, ... of the argument, and this

precisely the same difference table a

4 (3-13)

adding to y(x) any
the values a, a + g,
new function will have

s y(x)." He called all

such analytic functions "the cotabular set" and pointed out

that they were all equdl at the tabul

not equal at nontabular points.
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there is no reason why p(x) in equation 3-8 should represent
y(x) in preference to any other function in the cotabular
set. Whittaker then asked two questions: (1) "Which one
of the functions of the cotabular set is represented by the
expansion?" (equation 3-8); (2) "Given any one function
belonging to the cotabular set, is it possible to construct
...that function.i. which is represented by the expansion?"
In answer to his questions, Whittaker derived

It
sin—(x - a - nw)

C(x) = )] f(a + nw w“ (3-14)
n=- U(X - a - nw)

as "a function which is cotabular with the given function
y(x), but which has no periodic constituents of periods less
than 2w." He presented a lengthy proof which shows that
C(x) is the limit of Px given in equation 3-8 as N goes to

© [36, pp. 190-192]. The f(a + nw), n =0, %1, ..., are
samples from any function f£(x) in the cotabular set. The
fact that C(x) is generated from any one of these functions
led Whittaker to call C(x) an invariant function - the
simplest function belonging to the set. He defined C(x) as
the cardinal function.

Professor Whittaker's son, J. M. Whittaker, made some
important extensions to his father's work. Lacking in the
original work was a definitive statement of under what
conditions C(x) should reasonably be expected to converge.

As pointed out by J. M. Whittaker [37], his father said that
33
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"when C(x) is analyzed into periodic constituents by Fourier's
Integral Theorem, all constituents of periods less than 2u
are absent;" his father then proceeded to produce an example
which converged but which could not be analyzed by Fourier's
Theorem.

J. M. Whittaker's results are contained in his theorem:
DEE {fn} is a sequence of real numbers such that the sum of
2

fn over all N is convergent, then the cardinal series is

absolutely convergent and its sum is of the form

1
C(x) = [ {¢(t)cosmxt + Y(t)sinmxt}dt (3-15) *
0

where ¢ and y are each square integrable on [0, 1]." Here,
the set {fn} is the same as implied in equation 3-14 except
we choose a = 0 and w = 1.

Whittaker's proof is fairly straightforward. He notes
that due to the Riesz-Fisher Theorem, there are functions ¢

and ¢, and a convergent, square summable sequence {fn} such

that
i 2
J {o(t) = ¢_(t)}%dt + 0 (3-16)
0 P
and
. 2
J {w(e) - wp(t)} dt »~ 0 (3-17)
0

as p + » when

% ¢ PR
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£q ¢+ E (£, + £_,)cosmnt (3-18)

®_(t)
P n=1

§ (£, + £_ )sinmnt (3-19)

v _(t)
P n=1

We can show that by multiplying ¢p(t) and wp(t) by cosine

and sine respectively and integrating on [0, 1] we have

l i : .
fo¢p(t)costhdt = f0~';;- t 3 ngl (fn+£ﬂ?[ e ]
(3-20)
and
flw (t)sinmxtdt = & ?'(f +¢ ) inmx-n) _ sinw(x+n),
oP 2.2, n"-n"" m(x-n) T(x+n)
(3=21)
Then
1 1 ‘
fo¢p(t)costhdt +j0wp(t)sinﬂxtdt o E_prSI??;x— n?)
(3-22)

Equation 3-22 is the truncated version of the cardinal
function. Then, form the difference between equations

3-15 and 3-22
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] ’
| f (¢(t)cosmxt +yY(t)sinmxt)dt - E £ ginmix ~ n)
I 0 n=-p ° (¢ = n)

1 1L
[ {o(t) - ¢p(t)}cosnntdt -
0

{w(t) - v_(t)}sinmntdt
0 p

IA

1 1
Lf foces - ¢p(t)}2dt11/2 + of Gutey - wp(t>}2at11/2
0 0

(3-24)

which approaches zero uniformly as p + <. Thus,

J. M. Whittaker proved that when a sequence of samples is
square summable, equations 3~14 and 3-15 converge to the
same function.

Actually, much additional work has been and is being
done which extends the cardinal function to ever increasing
classes of functions. One early work was by J. M. Whittaker
himself [38] wherein he places some additional restrictions
on sample sets of arbitrary functions to gain convergence of
the cardinal series. More current work is covered by McNamee
[19] where the equivalence of the communication sampling
theorem and Whittaker's theory is recognized and interpreted
in modern linear algebra terminology. Our purpose, though,
is not to exhaustively review the cardinal function. Rather,

we have shown that it is logical to pursue interpolation using

the Whittaker theory.
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3.2 The Sampling Theorem Approach

Interpolation with the cardinal function is not
exclusively in the domain of the mathematicians. Early
investigators such as Shannon [29], derive the weighted sum
of sinc functions completely independently. Shannon, for
instance, (page 627) while discussing certain continuous
statistical functions which can be transmitted over a
communication system, writes an expansion for such functions
as

sinmw (2Wx-n)
T (2Wx-n) (3-25)

o

£(x) = [ £z
n=-w

He declares that "If the function f(x) is limited to the band

from 0 to W cycles per second, it is completely determined

by giving its ordinates at a series of discrete points

spaced %ﬁ seconds apart..." He notes that f(x) is represented

as a sum of orthogonal functions with the samples fn represent-

ing the coordinates in an infinite dimensional function space.

Furthermore, "...if £(x) is substantially limited to a period

T (1.e,, fn =0, n>Nand N = I7§W

coordinates are non-zero in the function space. Thus,

= 2TW) then only 2TW

functions limited to a band W and duration T correspond to
points in a space of 2TW dimensions." Again we have
Whittaker's theorem, but with a different interpretation;

while Whittaker found the lowest frequency analytic function
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C(x) cotabular with samples from any f(x) in the cotabular
set at the tabular points, Shannon proves [30] that the
cardinal function and f(x) are the same because band-limited-
ness and sample spacing criteria are met.

The real importance of Shannon's theorem and what
makes it so distinctive from Whittaker is the information
measure of "2TW." Work earlier than Shannon's by Lord Kelvin,
Hartley, and Nyquist all sought or proposed similar quanti-
fiers for the information content of signals. Modern communi-
cation theory is based on this important concept; i.e.,
we must send and detect - as a minimum - these 2TW coordinates
of a signal space in order to reconstruct (interpolate) the
original signal.

In his important paper in 1929, Hartley [l14, p. 554]
also came to the conclusion "that the maximum rate at which
information may be transmitted over a system whose trans-
mission is limited to frequencies lying in a restricted
range, is proportional to the extent of this frequency range.
From this it follows that the total amount of information
which may be transmitted over such a system is proportional
to the product of the frequency range which it transmits by
the time during which it is available for the transmission."
This conclusion was reached argumentatively by proposing
various alternatives and rejecting them because they all

depended on psychological considerations as opposed to
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physical quantities; e.g., the number of symbols available
to a communications system should not be used as a measure
of information because if the sender and receiver read
different languages, all messages could be unintelligible.
About the same time, 1928, Nyquist [21, p. 618] also
came to a similar conclusion while studying telegraph trans-
mission theory. In an elegant hueristic argument, Nyquist
proposes that we consider an arbitrary telegraph signal made
up of any number and combination of dots and dashes (with a
dash three times as long as a dot); the amplitude of each
dot/dash is free to vary (the shape is rectangular, though)
and the message, whatever its length, is assumed to be re-
peated indefinitely so that Fourier analysis is applicable.
"The lowest frequency component has a period equal to the
period of repetition...The next component is double the
frequency...The third component is triple the frequency, and
so forth. Certain components may be lacking...while there
is always a lowest frequency, there generally is no highest..."
Next, Nyquist supposes that we transmit such a signal and one
identical to it except that each element of the new signal is
half the duration of the original. "That is to say, every-
thing happens twice as fast and the signals are repeated twice
as frequently. It will be obvious that the analysis into
sinusoidal terms (by Fourier analysis) corresponds, term for
term (with the first signal) the difference being that

corresponding terms are exactly twice the frequency." He
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next assumed that the transmission medium affected both
signals linearly (deformed each the same) and noted that
the second signal would be the exact counterpart of the first.
"Generalizing, it may be concluded that for any given deforma-
tion of the received signal, the transmitted frequency range
must be increased in direct proportion to the signaling
speed, and the effect of the system at any corresponding
frequencies must be the same. The conclusion is that the
frequency band is directly proportional to the speed." 1In
other words, when he doubled the speed he doubled the band-
width but cut the duration in half. The information content
of the signal was unchanged, i.e., T * W was constant for
either signal.

The importance of the 2TW concept to interpolation is
implicit in all our work in this dissertation. We assume
that approximately 2TW samples are available; otherwise our
interpolation schemes degenerate to the Whittaker "low
frequency" cotabular algorithm (aliasing) which is abhorrent
to digital signal processing. Perhaps more fundamental in
our work is that we also view interpolation as a transformation
or mapping of vectors in a linear vector space of 2TW
dimensions. The modern approach, then, is to use matrices

to describe these transformations (4, p. 107], [10, p. 32].
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3.3 A Modified Sampling Theorem

Practical engineering phenomena are effectively time
limited, i.e., they begin and end in finite time although
the precise instants may be difficult to isolate. A theorem
by Paley and Wiener known as the Paley-Wiener Condition [24]
implies that such functions cannot be band-limited and thus
the concept of the previous section is always violated: "A
necessary and sufficient condition for square integrable
function A(w) 2 0 (F(w) = A(w)ej¢(m)) to be the Fourier
spectrum of causal function (f(t) €= F(w)) is the convergence
of the integral "

® | 2nA(w) |

-0 1 + w2

dy < = (3-26)

As used by Papoulis [25, pp. 219 and 222], F(w) = 0, wy <w<wy
implies that A(w) is zero, and, therefore, %nA(w) is unbounded.
Thus, a causal function cannot be band-limited.

This dilemma, while troublesome, is manageable. Even
Shannon recognized this: "...if £(t) is 'substantially'
limited...then only 2TW coordinates are nonzero..." In
linear algebra terminology, if the coordinates of a function
(signal) are essentially zero along all axes of an infinite
dimensional function space except possibly in 2TW directions,
then these 2TW coordinates adequately describe the function.

A well known trick in analyzing nonperiodic transient
phenomena is to form the periodic continuation [8, p. 417]

41

P

e ———— - A...._...:_‘-.,_, i.-,-ﬁ:’——— e

§r st

2 ;\.i' ¥

L




and write a Fourier series. It is also well known that

the manner in which the function is extended can have
serious consequences on the number of terms in the Fourier
series expansion; e.g., the half cycle of a sine wave re-
peated indefinitely will have the classic full wave,
rectified sine wave expansion containing coefficients out to
o, However, the simple artifact of repeating the half cycle
odd periodically so that a complete sine wave results,
reduces the expansion to a single coefficient. As applicable
to interpolation with the cardinal function the consequences
are obvious - many more samples are required to interpolate
the rectified sine wave than required for the pure sine wave.

In his dissertation, Campbell [5] chooses samples from
finite duration functions which begin and end with first
derivative discontinuities. By forming the odd periodic
extension (flipping about the X and Y axis), Campbell derives
a special form of the Whittaker formula which capitalizes on
the reduced bandwidth of what he calls the "regionally
band-limited function."

Our approach in the next chapter does not regquire such
restrictions on the sample set. We argue that the simple
periodic extension of sample sets from practical engineering
systems is sufficient. Consider, for example, the single
pulse consisting of one cycle of a sine wave. By the éng y=
Wiener Condition, its spectrum is infinite. Therefore, we

whould not expect 2TW samples to be exactly available. The
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simple periodic extension of its sample set, however, reduces

the problem to considering two samples. But our approach is

more general; if we assume that the digital sampling and

recording system is properly designed to provide "approximately"

the 2TW coordinates for all input functions of interest, we

then have available two different techniques for interpolation;

first, the periodic extension of the sample set can be inter-~

polated as in Chapter 5; secondly, the transient sample set

itself can be interpolated as in Chapter 6,
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CHAPTER IV

WHITTAKER INTERPOLATION AS A MATRIX PROCESS

This chapter begins by formulating a matrix equation
which interpolates one point between every two data points
in a finite length sample set. The idea was struck upon
after reading Kun-Shan Lin's dissertation [l17, p. 25] wherein
he observed, in passing, some interesting properties of the
elements in such a matrix when generated from the cardinal
function. The special problem of interpolating periodic
sample sets is considered first, but we then show that when
the summation parameters in the matrix element generating
equations are varied, the partial periodic and transient
sample sets are also interpolated. When an infinitely
periodic band-limited sample set is interpolated, we show
that the matrix elements can be expressed in a closed form
by the cotangent function. We conclude the chapter by
rearranging the matrix interpolating equations into a
symmetric matrix format. The special properties of these

symmetric matrices are exploited in subsequent chapters.

4.1 The Whittaker Matrix for Mid-Point Reconstruction

Consider the problem of reconstructing points midway
between every two samples in a periodic sample set. 1In
particular, consider the vector of N interpolants generated

by a vector of M - N original data points. M is an odd
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W number of periods (windows), each N data points in length.

In matrix notation we can write

b £V - Mty (4-1)

where fN is the vector of N interpolants at intervals of

(2i - 1)T/2, i =1, 2, ...N; XN is the vector of M - N
original periodic data points at intervals of (j - 1 + rN)T,
3 =1, 27 ccep Ny £ = =M = 1)/2.5.0...(M = 1) /2; W is the

N X M * N matrix of Whittaker coefficients

we=w MD/2, 40, gM-1)/2, (4-2)
i |
where
’ W o ) LR sy B R B de B
1]
(4-3)
and
WF., = sinmli - j - rN + 1/2] _ 2 (-l)i-J-rN
ij (i -3 -zxN + 1/2] m 2(i - j - rN)+1
(4-4)

Figure 4-1 demonstrates the data format and partitioning
4 for the case of M = 3 and a periodic sine wave. Formats for
N both even and odd are shown.

Equation 4-1 can be simplified using equation 4-2 and

becomes

45

f’»m&ﬁﬁl&wmm




N=4
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ao / 3 4
1.0 "0‘4 4{ \&:

L1 1 N T R
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N=3
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/
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| B Figure 4-1

Data Format for Sine Wave
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(4-5)

For M = 3, N = 4, equation 4-5 yields
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In general, the summed periodic form of equation 4-1

can be expressed as

>t .«.n.a#}h&#?lﬁ%ﬂ. —

(4-8)

PxN
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where P is the NXN matrix with

L,

" 2 w¥
r=- (21

2
and
e
LB o
Pj 5 m M-1 (4-10)

r==(=2=) 21 -3 -rM) + 1

Figure 4-2 is a plot of this Whittaker kernel for P11 and

when M = 3 and N = 4, and for Pi1 and P31 when M = 3
th

Py

and N = 3. Using equation 4-10, the "i " interpolant is

computed as

M-1
N 2 i-j-rN
2 (-1)
£. =% ) ) e X, (4-11)
i m j=1 r=-(M-l 2(1 3, EN) L ]
2

Reversing the order of summation and substitution of

j=1i+p+ 1-rN, equation 4-11 becomes

B
2 N-i-1+rN

) ) (-1)

M-l) p=-i+rN 2i-2 (i+p+1-rN)-2rN+1
2

i=-i-p-1+rN-rN

h
"
AN

i+p+l-rN
r=-(

(4-12)
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Figure 4-2
Normalized Plot of Whittaker Kernel Scale Factor = %
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which reduces to

_g I ) L ~
T om g g 2p + 1 1+p+l-rN P

Equation 4-11 obtains from evaluating the "ith"

point
in equation 4-8, while equation 4-13 is the form for
evaluating the same point as formulated by eguation 4-1.
Although the two forms are equivalent, the number of compu-
tations is not the same. For given M and N, the bracketed
terms in equation 4-11 can be precomputed and stored; thus

N multiplications are implied to evaluate fi. Equation 4-13,
however, requires M * N multiplications for the same
computation.

Equations 4-11 and 4-13 can be used when M is an even
number of data windows if the data can be resegmented into
an odd number of windows each containing an even number of
periods of periodic data samples. However, the two important
cases are delineated by the present form of these equations:
the case where M = 1, or the transient case; and the case
where M - o, or the periodic case. Incidental to these two
important extremes are the cases where multiple cycles of

some partially periodic transient event must be interpolated.

4.2 Trigonometric Representation of Matrix Elements

Equation 4-11 can be further simplified for the periodic
interpolation problem. In his dissertation, Campbell
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[5, Appendix B] shows that the Whittaker summation con-
verges to a trigonometric form when the data is periodic

and odd symmetric about the center of each window. A
somewhat different development, assuming no special symmetry,

proceeds as follows: Let M - », and rewrite equation 4-10 as

e A=Y _a+=EN
o = 4 i (4-14)
r=-'°°(——-ﬁ—l + fﬁ) il -

If N is restricted to an even number of data points, 1

equation 4-14 is always positive and can be written-

R b 1 3
r=-o
where
L = S =5 + (4-16)
N 2N

The form of the summation in equation 4-15 can be observed

by writing a few terms around r = 0

I SRS T MR TR PR SR &
) = Rttt T Ty (4=17)
Grouping like terms,
|
- i, e i = T SrEe | " !
z I:E ® L. (£+2 + 2'_2) + (l+l . 2_1) + T (4-18) |

Establishing a common denominator for each group of terms and
simplifying
ol

Ko

o
-

-~ - —

— e i) s -



Rl B sy Seilins, gy, S (4-19)

One expansion for the cotangent of an argument [18, p. 20] is

22
m

le~— 8
(N
.—a

ok B
cctml = 7 + 5 (4-20)

k=1

)
|
=

Using equafions 4-15, 4-19, and 4-20, equation 4-14 can be ;

simplified to

o k=212 g 1
Psy ® ™R A ) B e il
r=1
or,
o 15 i
pij = N cotml (4-22)

th,

Finally, the "i interpolant can be written as the finite

length summation

N i » ¥
- (=1) Atd 4 A 4
£ £ & cotm ( N + 5 Xj (4-23)

For the case where N is an odd number of data points,

equation 4-14 alternates in sign and can be rewritten as




_ (-p i E (-1 (op) 72kl
Pij = TN L | a2k 2-2k-1
(4-24)
. B gl 1
2TN L

z 1
paaela T & g s k=g

where 2 is given by equation 4-16. Proceeding as before,

Pj is simplified to

J
e bl ke S~ o (4-25)
1] 2N
and the “ith" interpolant for N odd is
£. = ? i:lli-j [cotn(i:i + lk) = cotw(i:i O l)]X
i7 45 N 2N 4N 20 AN 2y
(4-26)

4.3 The Symmetric Whittaker Matrix

We can rewrite equation 4-8 by reversing the sequence

of interpolated points. Then,

gV = sxV (4-27)

where gN is fN written in reverse order, and S is the
symmetric matrix of summed Whittaker coefficients obtained

from equation 4-10 by replacing i with N + 1 - i
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S =l . .Jiml, 2, sune Wi 4= 1, B, uesy ¥ (4=28)

and

L2 e LR R B
i3 TTLINA -0 - L F I F3

(4-29)

For the examples in Figure 4-1, the interpolation

formulae become for N even

3 .816 -.058 -.232 1.000 | ol [-.652]
£3(= (.616) | —-058 =-.232 1.000 1.000 1f_|-.759
f2 -.232 1.000 1.000 -.232 0 .759
fl 1.000 1.000 =-.232 -.058 -1 .652
(4-30)
and for N odd,
f3 1.049 -.526 1.000 0 -.889
f2 = (.673) | =.526 1.000 1.000 .866| = 0
fl 1.000 1.000 -.526| |-.866 .889
(4-31)
The exact values are: =-.707, -.707, +.707, and +.707 for

N even; and -.886, 0, and .866 for N odd.
We can apply the same procedures to equations 4-22
and 4-25, yielding for the infinitely periodic case and

N even
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l
i
v
s = i:lli:i:i cot'rr(2N c2L - 2 +3) (4-32)
ij N 2N
and for N odd,
‘ S,: = i:lli:i [cotm (2= 2i - Col it QP et e & LEIE
| ij 2N aN 4N

(4-33)
If we expand the number of windows in Figure 4-1 to

the infinitely periodic sine wave, the interpolation

equation (using 4-32) becomes

£, L.000 =.171 =171 1.000 0 -+ 707
£4(= (.604) | -.171 -.171 1.000 1.000(| 1 (= [-.707
; £, <171 %X.000° 1.000 =.171 0 . 707
£ 1.000 1.000 ~.171 -.l7lJ =1 .707
L = - - -
(4-34)

I
|
| and using equation 4-33 becomes
j

f3 1.000 =-.500 1.000 0 -.866
f2 = (.667) { -.500 1.000 1.000 .866 | = 0
fl 1.000 1.000 -.500||-.866 .866

(4-35)

Figures 4-3 and 4-4 show the symmetric matrix of
summed Whittaker coefficients (equations 4-29 and 4-33)

for N = 9 and various choices for the number of windows;
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Figures 4-5 and 4-6 show the matrix (equations 4-29 and

4-32) for N = 16. We note that the matrix elements converge
4

rapidly as the number of windows increases.
3
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PRINT OF WHITTAKER MATRIX .
”ULT!PLIE:- 0-63;5 00 NwIND= ;
1

173 4 6 7 8 9
1 00059 =CeC67 0,077 =00091 Ooelll =0,143 00200 -0.333 1,000
2 =0:,067 0077 =0eC91 Oelll =0.183 Co20C =0¢333 1,00C 1.000
3 06077 =0.091 Colll =00143 06200 =0.333 1,000 1,000 =06333
4 -0,091 Oolll =0e143 00200 =0.333 1,000 1,000 -0.333 0.290
S Oel1l =Col43 062)0 =0e333 1,000 1,000 =0e333 0,200 -0.143
6 =00143 Ce200 =00333 1000 1.000 =Q0.333 0,200 -C.143 O.lll
7 00200 =00333 100C 16000 =04333 0,200 =0Ce143 O0.ll1 =0,09!
8 =0e333 1000 1470C =0¢333 00200 -Qe143 Celll =Ce091 0,977
9 1000 1.GJIC =0e333 00200 =0+143 0,111 =0.091 0.077 =0.067
PRINT CF WHITTAKER MATRIX
‘ MULTIPLIER= C.641E 00 NWIND= 3
173 1 2 3 4 S 6 7 8 9
1 16024 =(e367 04243 -0e198 00184 -0¢193 0e232 =Ce350 1.000
2 =06367 Ce243 =00198 0e184 =06193 (o232 -0+350 1.000 1.000
3 00243 -0.158 06194 =06193 00232 -0.35C 1.090 1009 =0.350
4 <0198 (0184 =00193 00232 =0¢350 1600 1.000 -0.350 0.232
S 0e184 =Ce193 04232 =04350 16000 14C00 =0e350 Coe232 -0.193
6 =00193 Ce232 =04350 1¢C00 1.C00 =0,350 0¢232 =Co193 0.184
7 €e232 =0e35C 1eC7C 1C00 =0e350 2232 -Cel1S3 0.188 =2,198
8 =0.3SC 14000 1e77C =04350 06232 -0e193 0.184 =C.198 0,243
9 1e0CC 1600C =0o350 06232 =0.193 Ce184 =0.198 (o243 =0.367

4-3 Symmetric Whittaker Matrix
Number of Windows = 1 and 3, N = 9
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PRINT OF WHITTAKER MATRIX
MULTIPLIER= 0,640E 20 NWIND= 9
3

173 1 2 3 S 6 7 8 9
1 06998 =Ce345 00225 -00183 0,172 -0¢184 00226 =N¢347 149220
2 =0e345 06225 =0e183 06172 =0e188 (Ce22€ =-04347 1,000 1.000
3 Ce225 =CelB83 00172 -04188 06226 -0e347 1,000 1,000 =0.347
4 =0e183 Cel72 =0e184 00226 =0¢347 1,000 1000 -0.347 0.226
S 0el72 =0e1884 00226 =0e¢347 1,000 14000 =0.347 0,226 =0.134
6 =CelBA 06226 =0¢347 1070 1,000 =Ce347 06226 =-Ce188 0.172
7 06226 =Ce347 1409C 1000 =0+347 0e22€ ~0c184 0,172 -00183
8 =0e347 1000 1,C0C =0¢347 06226 =0Ce184 0.172 =0,183 0,225
9 1e0CC 1070 =0e347 06226 =04184 Co172 -0s183 (0225 =2.345

PRINT CF WHITTAKER MATRIX
NULTIPL!E;' Ce«640E 00 NUIND=99§
L

174 1 3 6 7 8 9
1 16000 =06347 00227 =0e185 0174 =0.185 00227 =0.347 1.070
H 2 04347 00227 =0.185 Gel78 =04185 04227 -0.347 1,009 1.000
3 00227 =0e185S 061748 =0e185 06227 =0e347 1.000 1.000 =0s347
4 -0e185 00178 =0.185 06227 =04347 1,000 1.000 -0.347 0.227
S 0el78 =0e185 06227 =06347 1000 1.00C =0e347 00227 =-0.185
6 ~00185 06227 =06347 1700 14000 =0e347 0,227 =0+185 0.174
7 €e227 =Ce347 1¢02C 1e0CC =No347 04227 -04185 0e174 -0.185
8 =0e347 14000 1.€00 =0e347 00227 =0.185 0.174 -0.185 0.227
9 1400C 16000 =06347 Ce227 =0e185 041784 =-Co185 (.227 =0.347

4-4 Symmetric Whittaker Matrix,
Number of Windows = 9 and 999, N = 9
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CHAPTER V
CYCLICAL DECOMPSITION OF THE PERIODIC

WHITTAKER MATRIX

We begin this chapter by decomposing the periodic
Whittaker matrix into the product of 4 special matrices
whose operations on the data vector x can be directly imple-
mented by the Cooley-Tukey [3], [34] factorization algorithm
(FFT). The first section develops these matrices from
eigenvalue-eigenvector considerations and an equivalence
transformation. In Section 2 we rewrite the periodic
Whittaker matrix in a special cyclic form. Finite difference
equations are then‘written which express the eigenvalue-
eigenvector equations in discrete form. In Section 3 we
solve these difference equations and obtain "nice" analytical
expressions for the eigenvalues and eigenvectors. A brief
description of the algorithm for implementing interpolation
via the cyclical decomposition is presented in Section 4.

The overall purpose of this chapter is to show that
the matrix interpolating equation 4-27 can be implemented
with fewer than the implied N2 operation. Implicit in the
chapter is the new interpretation of the workings of an
ideal digital filter; i.e., although we never invoke the
sampling theorem or discrete filter theory, we arrive at an

equivalent algorithm.
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5.1 Equivalence Transform

The eigenvalues Ai and eigenvectors vt of equation 4-8 4

are found from the matrix equation

pvt Aivl, v'#0,i=0,1, ..., N-1 (5-1)

The diagonal matrix A of all eigenvalues and the corresponding

[ b oN-1
matrix V.= [v |V :---: v ] of all eigenvectors also
solve equation 5-1
PV = VA (5-2) *

Now the symmetric Whittaker matrix equation 4-27 was developed
from P by premultiplying with a permutation matrix T which
interchanges the first and last rows, second and next-to-

last rows, and so on

TPV = TVA (5-3)
and with
S = TP (5-4)
we have
SV = TVA (5=5)

where the elements of S are given by equations 4-32 and 4-33.

If V is non-singular, we can rewrite equation 5-5 as

1

S = TVAV™ (5-6)

and the symmetric interpolating equation 4-27 becomes

e " Rhe e ol L e PRy




g = vV ix (5=7)

Equation 5-6 is recognizable as an equivalence trans-
formation; i.e., S and A are equivalent [39, p. 18]. Our
.Objective in this chapter is to show that elements of V and
V-l are simply samples from the Fourier kernel, and that
the Ai are related to the discrete Fourier Transform of
elements of S; the entire eguation 5-7 can be implemented
as a DFT of x followed by N multiplications by the Ai’
followed by another DFT. To accomplish this, we first
develop a "cyclical" representation for the matrix elements
of S, and following the approach of Grey [13, p. 17], we

solve the cyclical eigenvector equation for A and V.

5.2 The Cyclical Whittaker Matrix

Equations 4~32 and 4-33 can be rewritten using the

substitution
L =i+3j~2,0%i+3-25N-1 (5-8)

Then, N even

2+1
_ (-1) 2N - 1 - 2% 8
s, = N cotm ( N ) (5-9)
N odd
s, = i:llflcot (=L by . cotn (SRt
2 2N ” aN aN
(5-10) i
4
-
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o

A little trig reduces equations 5-9 and 5-10

where

For example,

and

- {=1) 1L+2e
S, = N cotm ( 5N
2
_ (-1 1 +
8, = = cscr ( 5N

8¢ 51 %2

o - S

[52] = s, S3 S,
LfN-l i i

S, = SN-Q-l’ 2 =0,
for N = 3 or 4,

T "2 2 "1

S %1 T A%3 %

So Sl SO So

64

Sy-2 Sn-1
. sN_1 sO
: s0 sl
was ey Sned
l’ ...'N"l
we have

for N even

(5=11)

(5-12)

(5-13)

(5-14)

(5=15)

" ,_,:-——’ RS o

i sk UL e
ST




P——

g % %z %4 R W
Sl S2 53 SO Sl Sl SO SO
- (5-16)
L R T B 8y Bp. By N
S S S S S S S S
g %3 o 5o
%3 %o § [ T T

The matrix equation 5-13 is of a cyclic form [13],
[15], and [16]. The system of simultaneous equations implied
by equation 5-5 with elements as shown in equation 5-13 can

be written out for a general vector v and constant A.

S V. tS. V. +S V., + ... SN-ZVN-2+SN-1VN-1 = AVN_l

b ) b Bt i SR T B 5 S
B-1¥0 %0 151" . BV a1 = Y0
(5-17)
which is equivalent to the N difference equations,
m=0, l' .och_l'
Nil mil
BV . * BpVia e o ¥ AV {5=18)
Kim K K-m © L CKUN+K-m N-m-1

5.3 Eigenvalues and Eigenvectors of the Cyclic Form

One way of finding the A and v for equation 5-18 is

- to assume forms for v and show that the resulting
1 expressions work; we assume for the elements of v i
é
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v, = P (5-19)
Substituting in equation 5-18 and simplifying

N-1 m-1

= - N ~m =

Bt stK P Sl stK = apNp ™ML (5-20)
k=m k=0

If we further assume

N

p =1 (5=-21)
we have
N-1
Aw 3 SKDK+1 (5-22)
k=0

and the general eigenvector (normalized) can be written as

T
N—
el 8% 2% e ) (5-23)

VN

Now one function which has the properties in equation 5-19

and 5-21 is [1]1, [12]

228
prim g d (5-24)
9 Then we can write for the N different eigenvalues and eigen-
vectors
L SR LAY S L
4 Ay = I sge”? sy RO 0 3y vons B> 12 (5-25)
=0
-
{ me mh (N=1) 2
- adde sl 42—t
| vt o= Jér(l, S B S M P B e |
] N 3
(5-26) :
4
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To find the matrix of all eigenvectors we use equation

5-26 and write

1 1 1 . 1
m T (N - 1)7
. 2— 4— 2
1 —e ~Ea RO 2
1
Ve =
T T (N - 1)n
VN 4Z i 4
1 e J N e i Sicie & J L
2 2
L N-1)m L N1y _jz(N - L)
5 ad N e—j N Sao &

(5-27)

which is a unitary matrix; i.e., the inner product of any

two columns is

<P, v&H = % J e g3 B (5-28)
=0
M=l __2“_(_9_%9_)5 l.p=gq
=5 1e’ = (5-29)
1

Therefore, we can write V as V*, and

A o
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[ =
i 3 1 nhe 1
2 o - 1)
1 e+:J 5 e+J = o e+] =
1 a2 8l giB = Liw
X =
v ﬁ 1 e+] N e+3 N e+] N
,N-1) Jm-1) 7 (N - 1)2q
1 +j N +j N +3 N
2 e S (S
L -
(5-30)
Finally,
S = TVAV* (5-31)

where A is the diagonal matrix of eigenvalues of P given by

equation 5-25.

We can verify that equation 5-31 is true by computing

th

the "m, n " element of S. First, expand S as
N-1
- =1 L O -
5= s = NQZ A vy (5-32)
=0
with
I (5-33)
Then for the m, nth element we write, using equations 5-8
and 5-25
& T(N = m)2 min = 1}%
s _ =8 = lyzle'jz N I Foe s sl
m,n m+n-2 Nz=0 2
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lN-l .iﬂm + ; - 1)2 N-1 _'2n(kN+ i8N0

= = J el ) Sge J (5-35)
p 2=0 K=0
3

lN_l N-1 _.zn(k = mN- n+ 2)%

=sls le ] (5-36)
s K=0 2=0

= s

Some further simplification for the lz can be made.

When N is even, equation 5-25 can be rewritten

_.2%% b Tt IUPLECE ES R LS
Ay = e J 1 sye J + e J ) s, e J (5-38)
=0 N
k=§'

let p=N - k - 1 in the second summation, and using equation

5~14

(5-39)

! g—l m(1 + 2k)2 m(1 + 2Kk) &

g, N # e+3 N )

(5-40)

n1z

— T
jN ) 2chosﬁ(l + 2k)2 (5-41)
K=0

|
o
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When N is odd, equation 5-25 becomes

m ((N=3

B R L I L 2Bk
Ay = e J ) sge J + ) s el + s, ,e 3
Lo o N-1
, e p=a w
(5-42)
| a6 oo
_ =N T(l + 2k) R R b =
= e ZOZSkcos———jg————— Fol=ml (5-43)
= 2

Substituting equations 5-11 and 5-12 for SQ, we finally have

for N even

mL

N
N 2 2 k 1 + 2k 1 + 2k
Lo = ‘(- oo A e M T -
Ay = e "2 (-1} copr (=Sl coen (="} L  (5-44)
K=0
Equation 5-44 reveals that whenever % = g, Az = 0 which means

that even ordered periodic Whittaker matrix is always

singular. When N is odd, we find

n2 ("N-3

N 2 25L+N--l
e‘J z %(-l)kcscn(15%5)cosn(l§gi)g & i:ll_ﬁ_z__
K=0
{5-45)
The FFT Algorithm
In summary, we write equation 5-7 as
g = (TV)A(V*x) (5-46)
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We see that the product V*x (using 5-30) is simply the
Discrete Fourier Transform (DFT) of the data seguence X.

Furthermore, if X = V*Xx, we can write

F = AX (5=47)

and

(TV)F (5-48)

Q
[l

which is simply an N point multiplication by the diagonal
matrix of eigenvalues with elements given by equations 5-44
and 5-45, followed by another DFT of the product. The DFT's
are implementable, of course, with the Cooley-Tukey Fast
Fourier Transform algorithm [34]. Subroutine "FFTINT" in

the Appendix implements this algorithm.
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CHAPTER VI
DECOMPOSITION OF THE REAL SYMMETRIC

{ WHITTAKER MATRIX

The cyclical decomposition of Chapter V only applies
when the Whittaker matrix S is periodic. When S is formu-
lated with the transient generating equations in Chapter 1V,
S is still symmetric but has lost its cyclical properties.
This chapter briefly reviews the orthogonal similarity trans-
formation for real symmetric matrices as a prelude to
introducing the Eigen-Filter, Cross-Correlation Algorithm
which implements transient interpolation. In Section 1 we

prove that the real symmetric matrix S is orthogonally similar

to a diagonal matrix, and that similarity implies the diagonal
matrix is the matrix of eigenvalues of S. In Section 2 we
discuss subroutine SYMEIG [20] in the Appendix which finds

the eigenvalues and eigenvectors of S using the Francis QR
Algorithm. In Section 3 we show that the similarity Erans-
formation on S can be viewed as a cross-correlation process
wherein we first measure the similarity of the eigenvectors

of S to the data vector x before the interpolation process

is begun. By only using significant correlants, the number

of operations necessary to implement g = Sx can be signifi-

cantly reduced.
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6.1 Orthogonal Transformation

We know that vectors in a linear vector space of
N = 2TW dimensions can be expressed as linear combinations

of basis vectors [10, p. 75]. We can write arbitrary vectors

x and g with respect to the basis

1

{ | )
ICSEIRERRI o (6-1)

Q = [q
|
as
o 1 2 N )
x = a;9 + a,q Rk ayd (6-2)
and
i 1 2 N s
g = blq + bzq S qu (6-3)
or, in matrix notation
X = Qa (6-4)
g = Qb (6-5)

Now, a linear transformation S which maps x to g is written

as

g = Sx (6-6)
Substituting equations 6-4 and 6-5
Qb = SQa (6-7)

b

0 1s0a (6-8)

Now define

“
5
B
%
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T = 9 ts0 (6-9)
and, after solving for S, equation 6-6 becomes
= =]
g = QTQ "x (6-10)

Equation 6-9 is a similarity transformation with the
important property that T and S have the came eigenvalues;

in other words
det(T - yI) = det(S - yI) (6-11)

When S is a symmetric matrix, we can write its

eigenvalue-eigenvector equation as

Sq~ = v;q (6-12)

where ' i=1 2, ..., N, are the eigenvalues of S and
the q1 are chosen as the associated eigenvectors. Using

inner product notation, we find

| Yi<qi' q*> = <Yiqi, q*> =<8 o', ¢*> (6-13)

L or ; '

1 v = £§2;L_3;1 (6-14)

| <9, 9>

|

} By definition of inner product, the denominator in equation

g 6-14 is real. The numerator is real because it equals its ;

| own conjugate. Therefore, the Y; are real as the quotient ;
of two real numbers is real. Now, owing to a theorem by '§
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Schur [7, p. 106], if any matrix S has only real eigenvalues,
then it is orthogonally similar to an upper triangular matrix;

that 1is,

T = QTsQ (6=15)

where T is upper triangular with diagonal elements ti equal
to the v, of S and with QTQ = QQT = I. This can be shown
by hypothesizing an eigenvector ql for the eigenvalue t and
forming the complete orthonormal set Q by Gram Schmit (or

Householder as discussed later). Then we have

1T T
q ql
o7s0, = [T | tsat isq® v isa™1 = |97 | (e disg?ie- - 15qM)
. ! ] | s | J !
NT NT
{F Lq
= g (6-16)
= | 4 ﬁ
£.qlTql | glTgq2 <=+ ¢ Sq ]
€
¥ 27 1 . =
| s, :
NT 11
Lth L

(The symbol "*" is used to indicate that the corresponding
matrix elements are not germaine to the discussion.)
We can repeat the process on 52 by finding an ortho-

normal set Q2 such that
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T [QTSQLI Vi T ;
0 Q2 0 02 0 Q2 0 S2 %? 02
- | 1
* *
t, Ty 1 p
|
0 QZSZQZ IR T R
e A R,
After N - 1 repetitions we can write
1 0 I2 0 IN_2 0
Q = Ql e e s (6"19)
0 02 0 Q3 -0 QN-l
and
= -
tl i
o
T =Q°8Q = t2 (6-20)
0 iy
= il

But when S is symmetric, QTSQ is symmetric. Therefore, T

must be diagonal. Thus
T
S = QIrQ (6-21)

where I' is the diagonal matrix of all eigenvalues of S.

Equation 6-21 is now an Orthogonal Similarity Transformation.

Finally, we can write the symmetric Whittaker interpolating

equation as
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g = Qro’x (6-22)

6.2 Francis QR Algorithm

Eigenvalues and eigenvectors for the symmetric Whittaker
matrix can in general be computed from some numerical
technique. The method adopted in our work is to make this
computation using the subroutine SYMEIG in the Appendix.

This program was developed at UNM by Dr. Cleve Moler [20,
Chapter 7] and is based on the Francis QR transformation [9] #
(Q implies orthogonal matrix and R is a right triangular
matrix). Dr. Moler's algorithm is the "Real-Symmetric"
adaptation of the more general technique, and consists of J
two fundamental steps: (1) reduction of a real-symmetric

matrix S to a tridiagonal matrix using Householder trans-

formations; (2) reduction of the tridiagonal matrix to a
diagonal matrix using the iterative Francis QR transformation.
The first step is required because the QR Algorithm would be
too expensive, in terms of computer time, to use on a

general NxN matrix S.

The first step of the algorithm (S to tridiagonal) can
be described in terms of matrix products; however, the
computer code is quite different owing to the fact that the
matrix operations simplify due to symmetries (see lines 0010

to 0068 in SYMEIG, Appendix). Given the symmetric matrix
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% =1 % -2 By
' 8. B As n-1 %o
S = - (6=23)
Sn-1 g Sy-3  Sn-3
define
. 2 2 s
9, = SIGN(sl)\/sl + s Sn-1 (6-24)
Let
- -
0
G SRR
u' s2 (6-25)
L SN-1
and
[ T, = Ul(sl + ol) = Z<u', u'> (6-26)
} Now let
f
-
1 0 +++ 0
- - __1_ 1 L} T -
E: P1 I T u'u 0 Ppy +++ Poy (6=-27)
N g s 5
"y . . .
't
| [0 Pn2 c- Py
|
| 78
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Equation 6-27 is a Householder reflection with the special

properties

1 1 (6-28)

and
(6-29)
that is, Pl is orthogonal. From section 6.1 we know

=p. T o
S, = Pl SP, (6-30)

is a similarity transformation and that 82 and S have the

same eigenvalues.

The special feature of the Householder transformation
as generated by equations 6-24 to 6-27 and as implemented

by equation 6-30 is the introduction of zeroces in the first

row and column of S

RS l £ -
so‘ cl 0 s 0O

-oll

S, = | (6=31)

0
© l G
s =3
3 [ |

.

Now, form a P2 which introduces zeroes in the first row and

) » first column of §

2
” A
] *
i
3
3
Lo
%
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(110 ol s.!
: . sOI Ol o 0
0 ll e -Ol‘ )
L Fp g b 8
S3 = ' . |
0 ‘ £
i i L_0 |
Let _;o ol
1
w = 0
L 0 o
Then
1 0 s wT
TS P g
S, =P = 2 .
3 2 22 0 PZT ks s
and
- . I~
1 0 SO wTﬁz s
S = = A
3 Al A A A
0 P2 w SZPZ P
But
7 kl
w P2 =g ["0’1 1 e 0]
and
80

F 1
N o
e e LT
L (6-32)
=b By
o
0,
(6=33)
1 0
A (6-34)
vy
|
| 15
R bl
{ A Ta ﬁ (6_35)
| Py S5F,
(6-36)




AD=AD61 030

UNCLASSIFIED

AIR FORCE INST OF TECH WRIGHT=PA)

DIGITAL SIGNAL INTERPOLATION USIN

MAY 78 J C WHEELER
AFIT=CI=78=1200

TERSON AFB OMIO F/6 9/3
6 MATRIX TECHNIQUES AND THE WH==ETC(U)




81

which is the desired tridiagonal form.

I‘_o‘
1l
B,lw= | 0 (6-37)
0
Then
— I n e I 5]
s
0 l-Ol [0 SR so cl | 0 e 0
LR T B (1) _
a; : o, s, : Fo B s
S R P e
. 2 2 2 . : 3
& e
£ 8 A ' 1
(6-38)
i after a total of N - 2 applications of Householder
T T
PN_2 Pl SPl hets PN-Z
= =
sO —01 0
P 2y _
%% T2 %% (6-39)
(2)
-0 s -0
= 2 4 3 =
Sy-2
Tt i
(N=2) (N-2)
SN-4 SN-3
(N=2) (N=2)
0 SN-3 B2
L o




The second major step of SYMEIG (tridiagonal to

diagonal via Francis QR) operates iteratively on equation

6-39. As with the first step, we describe the algorithm

with matrix products although the actual implementation is

ditferent (see lines 0069 to 0110 in SYMEIG). The basic

idea is to let Al =

Sy-o Where S

N-2 is as given in equation

6-39; then, factor Al into the product of an orthogonal

matrix Ql and a right triangular matrix Rl' Next, reverse

the products and form A2 = RlQl and then factor again.

Continuing, we

oy
let

A9
and

3
and E

By

and finally,

Bys1

Now,solving for Ry in equation 6-43 and substituting in

equation 6-44

write the following sequence

= R

235 (6-40)
R191 = QR (6-41)
RpQy = Q3R; (6-42)

k-1%-1 = %Rk (6-43)
= ROy (6-44)

$35
Brr1 = YA

(6-45)
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In other words, equation 6-45 is again a similarity trans-
formation. The theory of the QR Algorithm is that as

k = » the off diagonal elements of Ak+l tend to zero; i.e.
Ak+1 tends to diagonal form when Al is tridiagonal. The
factorizations to QkRk are actually implemented by House-

houlder transformations just as we used in going to tri-

diagonal form; that is, we first zero below diagonal elements

in Ak by N - 2 applications of Householder transformations

- T o &
PN_2 . Pl Ak = Rk (6-46)
then form
ol o 5
Qk = (PN_2 e Pl) (6-47)
and since
Ak = QkRk (6-48)

we have

- = pT T -
Boay " RO = Poovee PylePy oo By o (6-49)

The iterations are necessary because even though R, has
all zeroes below the diagonal, when Rka is formed to
complete the similarity transform, Ak+1 again becomes tri-
diagonal. In the final form, Ak+l is diagonal to working

precision on the machine. The products of all Qi and Pi

are orthogonal so we conclude with the orthogonal similarity
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transformation
r=A .. =0Q7s0 (6-50)
k+1

where T is the diagonal matrix of eigenvalues and Q is the
accumulated products of Householder transformations. We
note that Q is also the matrix of eigenvectors.

As described, the QR algorithm may converge slowly or
not at all. However, it can be shown [40], that by modifying

Al to il = Al - 0I where 0 is a root of the lower 2 x 2 sub-

matrix of Al' and then decomposing ﬁl as described by
equations 6-40 to 6-45, that convergence is always assured.
Experience has shown that this simple "shift" generally
produces convergence at the average rate of only one or two
iterations per eigenvalue. This shift modification is
implemented in lines 0083 to 0087 in subroutine SYMEIG.
Figures 6-1 through 6-4 show the results of applying SYMEIG

to the Whittaker matrices shown in Figures 4-1 through 4-4.

6.3 The Eigenfilter Cross-~Correlation Algorithm

If we solve equation 4-29 (element generating equation
for the transient symmetric Whittaker matrix) for

[ and s. for i =2, ..., N, we find

S1,n’ i,N-i+2
these minor diagonal and minor subdiagonal elements all

i,N=-i+l1l’
equal to 2/m. Then, the symmetric matrix interpolating

equation can be modified to

g=8x = (5 - D)x + Dx = §x + Dx (6-51)
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WD dag

Bk

B

|

PRINT CF EIGENVALUES.
MULTIPLIER= 04.1S7E 01 N:INDS é

173 1
1 0.421

2
L8548

3
0990

-0+999

PRINT CF EIGENVECTORS.
00 N:INDS ;

N
[N

1
1.0CC
~0.482

0363
~0e3C9
Ce.28C
-04266
0e.262
-0.271
03923

ORNONLWN =~

MULTIPLIER=
2

Ce756
-0.C23
-0.138

Ge222
-0.285

Q.347
-0.422

Q0e%31
=-Ce 735

0.737€

3
=Qe453
=0e512

CsS34
=0e.461
0e358
-0.228
0.051
0.228
-0e922

-0+.230
-0.763

PRINT OF EIGENVALUES.

173 1
1 -0.99C

2
1.02C

=J.961

4
Ce959

PRINT OF EIGENVECTORS.

N
(S

Q0+S53s
=-0.07a
=-Cel126

0265
-0e379

0.481
-0+580

0.684
-0e812

OONORPUN -

6-1 Eigenvalues and Eigenvectors of Symmetric

Matrix, Number of Windows

MULTIPLIER= C
1 2

CeS16
=Ce €92
Qe%8a
-0.491
Cea01
-Qs3CS
Cel94
=0.057
=CeslaC

672

Ne324
Ce7833
-N,43C
Oe014
Ce306
-0.5)4
0.528
=-0e225
=Ce796

-0.965
=0.204
0.439
-0.451
00353
=-0e176
-0.065
0.373
-0e739

85

=-1.000

0.037
04463
N.814
0.017
=04 163
0.278
=04 509
-0e 754
-0.182

MULTIPLIER= 0.16§E 01 NWIND= 3

S
=GeS61

E 00 NWIND= 3
L S

0.,0S8
0.5S60
Q. 860
=-0.C25
=-Ne176
0.315
-0.496
-0,848
-0.2487

6
-1.,000

NNeASPO=D

6
~C.961

AOMN=Am®m~

7
1.000

7
Ce101
0.689
C.258

~0e467
CeS572
04009
~0e328
0e7C6
0375

7
Q961

7
~Cel143
-0e657
-GeS33

Ce332
CeS594
0.546
-0.086
-0e756
-0e372

-]
1.00C

8
Q0.007
0.199
00723
0.586

=-0.222

0.0S6

8
0961

5
N.126
06496
C.323
Ce253
1,000
0« 640
Cel15C
C«509
0.3048

=1 and 3, N =

9
1.0920

9
=-0.018
=0.160
=-0.138

Qe¢443
0972
Q0e?773
0.388
-0es211
-0.074

9
0.961

9

s

N e el AN N - S 12

oy
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PRINT OF EIGFNVALUES.

MULTIPLIER=2 001S3E 01 NWIND= 9
173 1 3 4 S 6 7 8 9
1 06995 =06996 1900 =1.000 =1¢C00 =1.000 1.000 1.C00 1,090

PRINT CF EIGENVECTORS.
MULTIPLIE:S 0-7835 00 N:INDS g

173 1 6 i 8 9
1 06751 CedSS 2854 00288 =0.059 0026 G207 0,033 =-Q0.012
2 =0e554 =0.08S 00133 0649 =0.506 0e116 04743 =-0.C28 0,191
3 06517 =CeC94 =0e355 =00392 =2¢723 =0+200 0.2%58 -C.378 0.551
4 ~0e842 04227 0390 00055 04028 -0.801 =04390 -0.,008 0.665
S 0e361 =Ce335 =04298 Ce270 00143 -0.297 0e214 1,000 0,269
6 =0e270 00428 00138 =00459 =0e259 06732 ~0a122 CeS564 Q.458 i
7 00164 =Coe11 06077 06429 06404 00550 =0.236 -0,358 0.779
8 =0eC33 0589 -0e338 =04146 0.736 =CeN43 0.688 -0,199 0.3N
9 =0e144 =Ceb673 06621 =0.694 00236 -0.082 04477 0,037 0,008

PRINT CF ELIGENVALUES.
MULTIPLIER= Co156E 01 NWIND=SSS

173 1 2 3 4 S 6 7 8 9
1 =160C0 =100 =1000 =100 1000 100 1000 1,000 1.000

PRINTY CF EIGENVECTORSe.
HULT(PLIER! 0.895E 00 N:XND:OQ;

173 1 (] 7 8 9
1 =0.410 CoZQA Golle =0e013 16000 =Q2¢103 0.037 C.058 0,040
2 04077 Coe623 06353 =0e109 =0e154 =0,379 04464 -0,473 =-0.322
3 002884 06377 =0e387 06423 0176 24267 =0e544 -0,472 -0,261
4 =0e187 =0e121 06258 Ce543 =0+128 -0,6C2 -0.308 0,324 -0.364
S 06218 =0e113 9¢391 00190 00135 0636 Ce249 0,300 =0.565 4
6 =0e254 (€229 =Ne714 -0e361 =06091 =Ce139 0075 0394 =0.543
7 06278 -0e128 06340 =0.697 06108 =0e221 =04653 =0.C39 =0.24S
8 =06619 =Ce%54 =06030 <0058 =0,€077 063198 0.016 ~C.644 =0.342
9 Ceb17 =06516 =0e326 00073 0e3S55 =0e413 0373 =Co159 =0.145

6-2 Eigenvalues and Eigenvectors of Symmetric
Matrix, Number of Windows = 9 and 999, N = 9
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where

AN

(6-52)

Now Dx is a simple linear interpolating scheme and can be

implemented as a scaled sum of adjacent elements in x.

Also, S remains symmetric and therefore remains orthogonally

similar to a diagonal matrix of eigenvalues; then

T

g = 8fa"x + Dx (6-53)
The similarity transformation can be implemented as
~ AAAT N A AT P
g =QlQ"x = Z quj<q3, x> (6-54)
i=1

where the inner product notation inside the summation

indicates that <q3, x> is a scalar quantity. If we let
p. = <§J, x> (6-55)

J

equation 6~54 is implemented as
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We know

<, §$¥>=1,3=1, ..., N (6-57)

and if we normalize equation 6-53 to

N :

- s oal 3 HE &)
2 jzl §04% Tt o fe=ip)
with
23
20 S X> =
oy = G el

we restrict the range of Sj to f1.

Now aj is simply the cross-correlation coefficient of

vectors QJ and x. It expresses the similarity (Bj = 1)

or dissimilarity of &j and x (Sj = 0). Our purpose is that
if the eigenvector &k and the data vector x are similar,

then Bk will be large; if &l, &2’ Sk ak-l and

§k+l, Seley &N and x are dissimilar, all of the Bi will be

small; then, equation 6-58 can be implemented approximately

as
— -‘ -Ak- — -
91 q; N
92 Mg 2 5 =1 " *y-2
o 1= YePx | - tTx, ¢ (6-60)
Ak
| I dy By T %4

In general, g = Sx requires N2 multiplications and N2 additions

to implement. However, equation 6-60 only requires N

F
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multiplications (assuming Sk and §k are premultiplied
together and x is properly scaled) and 2N additions. 3N
operations versus 2N2 is very significant when N is large.
We can interpret equation 6-60 as the sum of two
interpolating schemes. The first part is curve fitting in
a space of N dimensions; i.e., when Bk is large, we say
the data vector x and the eigenvector qk are very similar.
Then, a part of the interpolated vector g consists of the

weighted version of the "kth

" eigenvector, ?kﬁkﬁk. The
second part of g is given by the linear interpolating
scheme which consists of the scaled sum of adjacent data
points, Dx.

Figures 6~5 and 6-6 are prints of the modified transient
Whittaker matrices and the resulting eigenvalues and eigen-
vectors when N = 9 and 16, respectively. Figures 6-7 through
6-10 are plots of the eigenvectors when N = 16. Subroutine

"INTERP" in the Appendix implements the Eigen-Filter, Cross-

Correlation interpolating algorithm.
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PRINT CF MODIFIED MATRIX,
oe N:lNDs 9

NULTIPLXEg= C«637E

173 1 3 S 6 7 9
1 0089 =CeCH7 Co277 =0.091 Oelll =Celd3 0270 -0.333 00
2 =Ce067 0Q.077 =0.091 Oelll =0,143 0200 ~0+333 0.0 0.0
3 C0.077 =-C,091 Oell1l =-0,143 06200 -0333 0.0 0.0 -D¢333
4 =CeC91 Oe111 =-0e143 0.20C =-0,333 0.0 0.0 -0.333 0.290
S Celll =-0.143 Ce200 =-Ce333 0.0 0.0 ~0e333 0,200 ~0e143
6 =-0.143 0220 =-0.333 0.0 C.0 ~0e332 0,200 =-C,.143 Oe111
7 06200 =0,3233 Ce0 0.0 -0,333 00200 ~Cel143 C.111 =-0.091
8 =0333 0.0 fe0 -0e333 06207 -0e142 0Oel111 =-0,091 0.077
9 0.0 0.0 =0e333 06200 =0.143 Oe.111 =0,091 0,077 =0.067
PRINT OF EIGENVALUES.
MULTIPLIER= C.982E 00 NWIND= o
174 1 2 3 4 S 6 7 8 9
1 )e956 —-1,00C 0eS73 0e324 04129 =-0,218 ~0.466 -0.,411 -0.006
PRINT CF EIGENVECTCRS.
! MULTIPLIER= N.626E 00 NWIND= 9
173 1 2 3 q S 6 7 8 9
1 0el130 =CeS09 0Ne913 06177 =1,000 NeSSE 06391 0.227 0.043
2 =0.4C1 Ced€2 -0.623 00817 =00212 Co589 Ce130 Q. 368 2867
3 2.779 -0.213 0.387 NeS8S 0708 o354 -0.847 0.499 0.04a48
4 -0.887 -0.179 De384 Ced90 0e 563 =0.235 0.522 0e726 =-0.539
S 0786 D,.%64 =0e382 06234 -0.589 -0,518 0,202 fe774 =QeS3a
6 =0e385 ~0.812 ~0e214 06279 =06403 =0.69C ~0.654 0,648 06559
7 =-N.058 Ce838 N,654 =-2,891 0Ve237 04070 0.056 0,646 Ve 563
8 Ce377 =0,643 =0e726 ~0e537 0374 De6S51 0e624 0.528 =-0,074
9 =CeS546 0285 =Ce244 =06e337 =0e397 0N0e745 ~2.839 0,232 -0.328
6-5 Modified Transient Matrix,
Number of Windows = 0, N = 9
=3
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CHAPTER VII

ERRORS

The relative ease in deriving error bounds for matrix
equations was one of our motivating factors in developing
the Whittaker matrix process. We begin this chapter by
briefly reviewing vector and matrix norms and condition
numbers, and then use these concepts in deriving various
error bounds in Sections 2 through 5. In Section 2 we
derive two expressions which describe the effects of the
truncated Whittaker matrix on the interpolated data. First,
we bound the error caused by the truncation and then present
a formula which predicts the sensitivity of the interpolants
to data outside the interpolating interval. 1In Section 3
we develop an expression for the noise-to-signal ratio of
the interpolated data. We show simply that this ratio is
the magnified noise-to-signal ratio of the original data.
The magnification factor is shown to be the condition number
of the Whittaker matrix. We discuss the effects of the
computer hardware on the interpolants in Section 4. By
assuming the worst possible computer roundoff errors, we
show that interpolation with the Whittaker matrices is
relatively immune to roundoff problems. In the final
section, we derive error expressions for the Eigen-Filter,

Cross~Correlation Algorithm described in Chapter VI.
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7.1 Norms and Condition Numbers

The norm of a vector, signified by |[|-||, is a
functional from vectors to non-negative reals which

satisfies the following properties [33, p. 163]

lixl} > 0 (7-1)
lIx|] =0, x=0 (7-2)
Llasd] = | A | x]] (7-3)
l= + ] £ Vi=zll + |yl (7-4)

As used in this chapter, we define the Holder, or "p", norms

as (33, p. 166]

N 1/
Hxl1, = (_21|xi|p) B lzpse= (7-5)
1=
Then,
N
Hxlly = .lexll (7-6)
- 1=
N 1/2
2
x|, = (,lexil ) (7-7)
1=
Hxl e = 5% 1%, | (7-8)

Given any vector norm, the subordinate matrix norm is

defined as [39, p. 56]

99




||S|| MAX HSXII

—— (7‘9)
[lx[[=1 ¥

In addition to the properties in equations 7-1 through 7-4

(replace x with S), matrix norms satisfy the following

[Isx|| = sl |lx]| (7-10)

which follows from equation 7-9.
Some specific norms have additional useful properties.
If S is symmetric and Q is orthogonal (i.e., QTQ = QQT = I)

we have [33, p. 308]

l1sH, =llere™ 11, = JITI], = |vpayl (7-11)

where the Y; are eigenvalues of S, and T is the diagonal
matrix of all eigenvalues. We also have the "Frobenius"
norm [33, p. 173] which can be defined for a real symmetric

matrix as

s B R e
s8ll. = { &% 3 = 1569 (7-12)
F { % ij k kk

where

7= sTs = (qro¥)T(oroT) = ar2q” (7-13)
Then

2
} Bo. = 3y (7-14)
k kk { i
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and we have the useful results

/2

sV v |

1
2
18113 = Igael < 1811p = (rd <

(7-15)

The condition number of a matrix is defined [33, p. 190]

as the product of the norms of the matrix and its inverse

k () = |Is] ], HS'al (716}

When S is symmetric and p = 2, we have using equation 7-11

Y
ky(s) = |72 (7-17)
T
min
We note that large kz(s) implies Vi > 0. In other words,

"poor" or a large condition is predicated on "closeness" to
singularity. Also, when 52 = I, we have kz(s) =1, Thus,
involutory or orthogonal matrices are "perfectly" conditioned
with respect to the 2 norm.

In the remainder of this chapter we drop the subscript
p from our derivations. Unless otherwise indicated, we will

always restrict our discussion to forms involving the "2"

norm.

7.2 Truncation Errors

Truncation errors result when we truncate the infinite

Whittaker summation and formulate the transient Whittaker
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matrix interpolating equation

Sx

Q
]

Then

»

]
0]
Q

and

Hxll S 11s™H 1 1lgll

From equation 4-13 write

i ™ 2p + lxi+p+l

p=-i

(7-18)

{7=19])

(7-20)

(7-21)

where the superscript "N" indicates that we have truncated

the Whittaker summation to N terms. Now, suppose we inter-

polate with an N + L point scheme and formulate the

difference
p=N-1
Define
Af, = Lim |£]° - £]|

Lo

Then, using the Cauchy Schwartz inequality

2 1
Af, S % 1 |,
i T peN-i 2p + 1 1+p+ll
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= % 2l1/2| = Al /2
) (5_—I_I) X
p=N—i P p=N+l B

IN
AN

(7-24)

From section 3.1 we assume that a data set {xi, A= e N D e ey
»} must be square summable in order to use Whittaker inter-
polation. Thus, we assume the norm of the data outside our
interpolating interval is equal to some constant o times the
norm of the data vector x; i.e.,

®© 1/2 1/2

2 LB
x Sl ) x: = af |x]|]| (7-25)
p=N+1 P i=1 1t

Using this inequality and equation 7-20, we have

g, 20|

1/2
2 -1
A (o [1s™H 1 Ilg]]
p=N-1

(7-26)

Recognizing that Afi = AgN-i+l' we can state a bound for

the normalized truncation error as

o 1/2
G, . ¢ 2 1 2 -1
e, = "PN-i+l = Zq J & [Is =[]
N-i+1 ———— a 2 + 1
ELL p=N-i P
{7=27)
or
o ESP 1/2 3
< 2 1 2 ——
e. $Za () - I X ) Yo (7-28)
i ™ p=0 p=0 2p 1 min
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i-2 1/2

< 2 1 2 1
e. S %54[1.2337 ... - ] (=/—0—)°] | I (7-29)
i m p=0 2p + 1 Voo
Easily computed for N = 16, we have
< 3 k. 1/2 1 . =
e; - Tra[l.2337 0.0] 385 = 1.837a (7-30)
and
< 2 i 1/72_1  _ v
e = Fa[1.2337 1.2170] 385 = .2130 (7-31)

If, for instance, we assume a is .1, e, £ 184,

Equation 7-27 can be put in a more convenient form if

we approximate the summation with the integral

E P e S Bl i 1
p=aN-i 2P * 1 N-i  (2x + 1)2 e
(7-32)
Then, the error expression becomes
e; S Za (prts1t/? |21 (7-33)
min

For N = 16, e, S .210a which agrees with.equation 7-31.
Another factor relating to truncation error is a

sensitivity factor. First, we write equation 7-18 with

superscripts indicating the number of data points used in

the interpolation. Thus

g = sNx (7-34)
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If we add one more data point to the interpolation scheme,

we can write

AN+1 N AN+1 N
52 I 9 s 3 %
~(N+1)T N+1 (7-35)
In+1 |18 SN+1 *N+1
N+1

Subtracting gN from & and multiplying the absolute

difference by lllel we can write

AN+1 N N AN+1 -1 N
lg =g [ s e g b il Tl Hle
N+1
(7-36)
For the ith interpolant, define
N+1 N
5i==lgi : g; | s
g™ [
then
[y
R P e (7-38)
(x| |'min]
" If we use equation 4-29 for the transient case
< 32 1 Ixgep ! 1
5, S £ | | (7-39)
i T e
Then, for i = N
2 1 %l 1
§, S = — (7-40)
N T l3 ZN"‘lel !Yminl

and for N = 16, we can now state the normalized sensitivity of

the first of 16 interpolants to the change caused by adding
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one more data point

g <& 1 o T L (7-41)
16 7 29 71N 7385
B
or
l l
3yc5 087 —xN—:]—l— (7-42)
1= ||

Loosely stated, if a 17th data point is about the size of
the norm of the first 16 points used in the interpolation

(a rather horrible situation) then we should expect up to

a 6 percent change in the interpolant if we go to a 17
point scheme. However, if we assume Xq9 is only about .1
times the norm of the first 16 points (still a bad situation)
then the interpolant is relatively "insensitive" to the

th

27 point; i.e., 6 .006.

b
16

7.3 Errors Due to Noisy Data

Suppose the data vector in equation 7-20 is corrupted

with noise. We say

(g + Ag) = S(x + Ax) (7~43)

where Ax is the vector of instantaneous noise values and Ag
is the resultant change in the vector of interpolants. Now

we can write

Ag SAx (7~-44)

and
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lagll £ [Isll llax|] = vy | [lax]| (7-45)
since
=l < ™M Jlgll = =2—1lq]] (7-46)
| Tmin
we have
Hagll x| < 1Isl] [Is7Y1 Tax]] |lg]|
= k(s) ||ax]|| |lg]| (7-47)

or finally,

.LLA_g_LJ. < k(s) [1ax]] o lYmaxl | lax]]
1911 = Ymin | [*]]

(7-48)

where k(s) is given by equation 7-16.

The ratio ||Ax||/|]|x]|| is the ratio of the square root
of noise power to square root of signal power, i.e., roughly
the reciprocal signal-to-noise ratio, (S/N)-l. Thus,
equation 7-48 implies that Whittaker interpolation can
magnify the N/S ratio by k(s). For the periodic symmetric
nonsingular Whittaker matrix with N = 9, k(s) = 1, thereby
preserving N/S. For the 16 point transient interpolation,

k(s) = 2.6, which means that the interpolants have gained

less than 8.3db in noise. The value for k(s) for any
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specific transient problem can be computed by using sub-

routine SYMEIG in the Appendix.

7.4 Machine Roundoff Errors

We know, in general, that the elements of S and x
cannot be exactly represented internally in a computer. We

can express the resulting errors in g as follows

(g + Ag) = (S + AS) (x + Ax) (7-49)

where AS and Ax are now the machine errors caused by round-

off. Then
(g + Ag) = Sx + [SAx + AS(x + Ax)] (7-50)
or,
Ag = SAx + AS(x + Ax) (7-51)
Proceeding as before, since ||x|| £ ||S-l|| |lg]|, we write
[lagll =l < [Isax + astx + ax) || [Is7H] |lg]

(7-52)

and using equations 7-4 and 7-10,

1ag 11 ¢ g () (LlaxlL , Llasl] x|l , Llas|| lax]|

S ( + +

1971 =T TSI 0T ST T
(7-53)

On the IBM 360/67 using single precision arithmetic,

roundoff can be expressed as
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g, =g (1 + 68, 8] s geT? (7-54)

If we assume the worst possible case for ||Ax|| and ||AS]]

we can write

|lax]] = [1167x||= 167> [|x]| (7-55)

Also,

A

[as[| < [las|ly = 1677 [s] [ (7-56)

Using equation 7-15,

< -5 2.1/2 <« -5 =

|1as| |y £ 1672(Jv]) S 16 Vv, (7-57)

But |y . lis simply ||s]|: therefore,
l1as|| € 167°/N||s]]| (7-58)

Substituting in equation 7-53

Ilgll < %(8) {36 2 + /N 16 ° + i 16719 (7-59)
For moderate N, then, we can reasonably expect

" 7 Y &
Lsgl] ¢ y(s) vV 1675 = N T e (7-60)
||g|| Ymin

For the transient Whittaker matrix and N = 16, equation 7-60
implies that the norm of the normalized error in the inter-

polants due to roundoff is less than 10°°.
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7.5 Approximation Errors

In the Eigen-Filter, Cross-Correlation Algorithm, we

produce an approximation g* to g. If we solve the following

equation for x*,

x* = g™ lgx (7-61)

we find that x - x* is in general non-zero. Define a vector

of residuals
r=x - x* (7-62)

Then,

o g (1-63)

and multiplying both sides by S, we have
Sr = Sx - g*¥ = g - g* (7-64)

But g - g* is the error due to the approximation. Then,

define an error vector

e = Sr {7=865)

Proceeding as in previous sections

[lell £ IIsl| =]l (7-66)
Using ||x*|| 2 Ils-l]l ||g*||, we express
Ilel] |lx*]] < ||s]] 1s™Y ) 1lel] |lg*] | ;
(7-67) ¢
s
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or

Hell < gy Lzl o jYmax; [le|l

G (T "™ Tt TN i

This "nice" expression allows the norm of the normalized
error in g* to be bounded without really knowing g; i.e.,
compute g* as described in Chapter VI, use equations 7-61
and 7-62 to find x* and r; and, finally, use equation 7-68
to bound the errors in g*. For the transient Whittaker
matrix and N = 16, the norm of normalized errors due to

approximation is less than 2.6 times the norm of normalized

residuals in x.
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CHAPTER VIII

RESULTS

The Appendix is the listing of a lengthy computer
program which implements the major algorithms of this
dissertation. The program evolved over a year's work and

is somewhat elaborate as to documentation. We believe that

reading Section 1 of this chapter, wherein we briefly describe

the program, and then reading the listing comments on input
and output parameters, will enable one to run the program if
so desired. Section 2 of this chapter is basically a
compendium of results from the program and a discussion of
their significance. Ten rather difficult to interpolate
functions were used to produce the various figures in this
section. The final Section 3 is a summafy of what we set out
to do in the dissertation and our own assessment of what we

actually accomplished.

8.1 Description of Computer Program

The techniques discussed throughout the dissertation
were programmed as docummented in the Appendix. Basically,
we programmed a three step effort: on the first pass, the
transient symmetric Whittaker matrix is formed in subroutine
MATRIX, and subroutine SYMEIG is used to find the eigen-
values and eigenvectors. Subroutine SIGNAL produces N data

points from some band-limited function and subroutine INTERP
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produces a vector of interpolants by implementing the
orthogonal similarity transformation of equation 6-58. The
routine also produces a vector of correlation coefficients
per equation 6-59. Various prints and plots are produced
by subroutines PRINT and PLOT tc document the first pass.

Before the second step, one analyzes the results of
the first pass and selects eigenvectors that "strongly"
correlated with the original data vector. We considered a
correlation coefficient of .2 or greater as being significant.
These eigenvector numbers are input for the second step.
This run basically repeats the first step except that only
the selected eigenvectors are used in INTERP to produce the
vector of interpolants. Again, various prints and plots are
produced to document the second pass.

The third step is for the periodic symmetric Whittaker
matrix. Subroutine MATRIX produces this cyclical form of
the Whittaker matrix and the other subroutines follow as in
the transient case: subroutine INTERP interpolates using
the orthogonal similarity transformation, correlation co-
efficients are produced, and prints and plots are produced.
In addition, subroutine FFTINT is invoked to implement the
equivalence transformation discussed in Chapter V. Both the
INTERP and FFTINT routines are used to document that they
produce the same results (except for roundoff) although

being completely different algorithms.
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In the final runs for this dissertation, all three steps .
were run together since prior experimentation determined
which eigenvectors were to be used for the second step.
The compile and run times are documented in Figure 8-11.
In addition, the program prints a total of 2200 lines when 1
the program listing is requested, or about 1300 lines for
all three steps when only results are required. Total cards

in the program Fortran deck are about 850, including comments. i

8.2 Comparison of Relative Errors

Figures 8-1 to 8-10 depict the results of running
the program in the Appendix on 10 selected signals. (The 4
signals are shown as solid lines.) The "a" part of the
Figures are plots of the interpolants using the transient
technique of Chapter VI, and also show the correlation co-
efficients from equation 6-59. The "b" parts show plots
of the interpolants using selected eigenvectors and plots
of the interpolants from the FFT algorithm of Chapter V.
The final "c" parts of the Figures are tabular summaries of
the data used to generate the plots. The upper left table
is for the full transient interpolation scheme and the next
table is for the selected eigenvector approach. The lower
two tables are for the symmetric periodic matrix and FFT
algorithms.
The lower two tables are both included to show that 2

there is no discernible difference in the matrix and FFT
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approaches. This is because the orthogonal similarity trans-
formation on the real symmetric periodic Whittaker matrix,
and the complex unitary equivalence transformation imple-
mented via the FFT must multiply to the same matrix except
for roundoff error. When the FFT and periodic matrix
algorithms are used on a perfectly band-limited function,
Figure 8-11 shows that the norm of roundoff error, ||e|]|,
from the matrix technique is an order of magnitude greater
than for the FFT algorithm.

Figures 8-11 through 8-13 are tabular summaries of
data from Figures 8-1 through 8-10. Figure 8-11 is a
summary of the norms of the original data, the various inter-
polants and the errors, plus a listing of the program
compilation times and run times. All the data, for instance
in Figures 8-la, b, and c, were produced during one computer
run at a cost of 16.8 seconds compile time and 11.19 seconds
run time on the UNM IBM 360-67 using the standard Fortran
IV-G compiler. Figure 8-12 has scale factors applied
(listed in heading information in Figures 8-1lc to 8-10c) to
the maximum and minimum errors so absolute error comparisons
can be made. Finally, Figure 8-13 is a comparison of the
relative maximum errors in the interpolants and is the most
important of the three summaries.

Figure 8-13 also lists a percentage factor for how

much transient signal lies outside the region of interpolation;
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that is, given that each data vector x behaves inside the

region of interpolation as depicted by the solid curve in

Figures 8-la to 8-10a, how much more signal must there be

in order that x come from a band-limited process?

This

amount is expressed in Figure 8-13 as a percentage of ||x||

and is the "a" factor derived in equation 7-31 times 100.

Figure 8-13 summarizes several interesting results.

First,

and obvious,

small relative error implies small a.

In other words, if we properly sample a reasonably band-

limited phenomena and use 2TW samples in the transient

interpolation scheme,

then we should expect small errors

in the interpolants and little significant data outside

the interpolation interval.
strated in Signals 1, 2, 3, 4, 5, 8,

errors are less than .091 and energy outside the interpolation

This result is clearly demon-

and 9 where relative

interval (remember spread over infinity) is less than 43%

of the energy inside the interval.

Second, FFT (or the

equivalent symmetric periodic matrix) interpolation reduces

the relative error when:

transient
e.g., the
wave form
transient
i.e., the

offset in

phenomena
extension
in Signal
phenomena
extension

Signal 3.

(a) the periodic extension of the
forms a perfectly band-limited process;
of the single pulse of a sinusoidal

1; (b) the periodic extension of the
reduces the severity of a discontinuity;
of the half cycle sine wave plus d.c.

The Figure also shows that FFT inter-
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polation can increase the error when the phenomena begins
and ends at significantly different levels as in Signal 4.
This obtains from forcing the periodic extension and thereby
forcing the last interpolating point to be midway between

the discontinuity. Finally, and surprisingly so, the inter-
polants computed by the selected eigenvector algorithm are
generally better in the sense of smaller relative errors than
those using the full transient interpolation. This can be
seen for Signals 3, 4, 6, 8, and 9. A visual improvement is
also noticed for Signal 7 (Figure 8-7b) where the oscillatory
overshoot of full transient interpolation is significantly
reduced by the eigenfilter techniques. The maximum relative
error, though, for this example is a little larger than for
full transient interpolation. Actually, to this author,
every example used visually appears - overall - as good as

or better when using the selected eigenvector approach.

This assertation is verified by Figure 8-11 wherein the norms
of the total errors using selected eigenvectors are less

than for the transient errors for all signals except 1, 2,

and 5 and approximately equal in these three examples.

8.3 Conclusions

Our main intent for this dissertation was to describe
interpolation as a matrix process and to present algorithms
which implement the matrix techniques as an alternative to

simple linear . terpolation algorithms. Our purpose was to
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gain additional insight into what interpolation really does

to the engineering band-limited function. 4
In Chapters IV, V, and VI we did describe interpolation

in terms of the Whittaker matrix processes. We were able to

derive closed form expressions for elements of the periodic

symmetric matrix in terms of simple cosecant and cotangent

functions. 1In Chapter V we were able to show the complete

agreement of a symmetric matrix decomposition description of

interpolation and the Fast Fourier Transform (FFT) imple- i

mentation so in vogue with the engineers. In Chapter VI

we also described a new matrix algorithm for curve fitting i

via the Eigen-Filter, Cross-Correlation Algorithm. Here, ]

we showed that the correlation coefficient is the indicator

of goodness of fit of a curve to data, much akin to the way

we say a minimum sum of squared residuals is a measure of

goodness of fit of a curve in the least squares sense. 1
The new insights into interpolation are implicit in

the linear algebra interpretations of matrix transformations

on linear vector spaces. Given 2TW samples and the assur-

ances of the data gatherer that the samples are not aliased,

we can now view interpolation as a mapping of the data

vector of 2TW components into an interpolant vector of 2TW

components. Of particular importance is that by modifying

the transient Whittaker matrix as described in Chapter VI,

we can generate an orthogonal similarity transformation

e} I

which has distinct eigenvalues and a complete set of unique
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eigenvectors. Any function in the space of 2TW dimension

is then representable as a linear combination of the 2TW
basis vectors - the eigenvectors. We used 10 rather "nasty"
functions, in the Fourier sense, to demonstrate the viability
of using selected eigenvectors for interpolation. We also
showed in Chapter VII that error bounds for matrix equations
can be easily and clearly established in terms of matrix and
vector condition numbers and norms.

As an alternative to linear approximation approaches to
interpolation, we presented a whole appendix of computer
programs to implement several exact interpolation schemes.

We do not claim our code is optimum, but merely that it does
work as shown by the numerous examples in section 2 of this
chapter.

In conclusion, we point out that any finite impulse
response, nonrecursive digital filter can be formulated
either as a transient or periodic symmetric matrix process
as we have done. Possibilities for future work abound: by
replacing our subroutine MATRIX with one that generates the
appropriate matrix (or its inverse) for the problem at hand,

we can describe filtering or deconvolution (matrix inverse)

in terms of similarity transformations and matrix norms.
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PLOT OF MATRIX INTERPOLATION

MULTIPLIER= 0.100E O1 NWIND= O

EIGENVECTORS USED IN THE RECONSTRUCTION
1 2 3 4 S 6 7 8

9 1C 11 12 13 14 1S5 16
COLUMN 1 IS INTERPCLATED CATA

COLUMN 2 [S THE ERFRAR
CCLUMNS FLOTTED, e 2

=OVENONPUN=OODNCNPUWN-

.
.
.
.
)
.
.
.
1 .
1 .
1 .
1 .
1 .
1 .
1 .
1 .
1 °
1 .
2 .
2 .
22 .
23 0
24 .
2S .
26 .
27 .
28 .
29 .
30 .
31 .
32

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS PQOSITIVE

NUMBER COF PEAK=-TO=-PEAK PRINT CELLS= 27

PLOT OF CORRELATICN COEFFICIENTS
MULTIPLIER= 0.100E 01 NWIND= O
COLUMNS FLOTTED. 1.

CLPUN=OOBNONPUN -

- s bt e s B

LEFT OF CENTER LINE [S NEGATIVE
RIGHT 1S POSITIVE

NUMBER OF PEAK=TO=-PEAK PRINT CELLS= 19

8-2a Transient Interpolation and
Correlation Coefficients - Signal 2
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PLOT OF MATRIX INTERPOLATION

MULTIPLIER= 0.101E 01 NWIND= O

EIGENVECTORS USED IN THE RECONSTRUCTICA
¢ o0 0 0 0 0 o0 o

0 011 © 0 0 0 O
COLUMN 1 IS INTERPCLATED CATA

COLUMN 2 [S THE ERRCR
COLUMNS FLOTTED, e 2

N=OO0BNOANPUN~OODNORPWN~

NN N = 0o 00 ps 00 50 4t 52 bt e

23

LEFT OF CENTER LINE IS NEGATIVE
RIGHT 1S POSITIVE

NUMBER OF PEAK=TO=PEAK PRINT CELLS= 27

PLOT CF FFT INTERPCLATICN
MULTIPLIER= 0,1C0E 01 NWIND=999
COLUMN 1 IS INTERPGLATED DATA
COLUMN 2 IS THE ERRCR

COLUMNS FLOTTED. le 2.

[
N=O0RNONPWN=OOBNONPWN=

.

.

.

.

.

.

L]

.
1 -
1 @
1 .
1 .
1 .
1 .
1 .
1 .
1 .
1 .
2 .
2 .

.
23 .
24 .
25 .
26 .
27 .
28 .
29 .
30 .
3 .
32 .

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER COF PEAK=-TO=-PEAK PRINT CELLS= 27
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8-2b Eigenfilter and FFT Interpolation - Signal 2
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PLOT OF MATRIX INTERPOLATION
MULTIPLIER= 0.102€ Q1 NwiINO= Q
EIGENVECTORS USED IN THE RECONSTRUCTICA
1 2 2 & S &6 7 8
9 10 11 12 13 14 1S 16

COLUMN 1 IS INTERPCLATED DATA
COLUMN 2 1S THE ERKCR
COLUMNS FLOTTED. le 2¢

—OOBNONPUN=OOBNONPWN-

.
.
.
.
.
L ]
-
.
.
1 .
1 .
1 .
1 .
1 o
1 .
1 .
1 .
1 . -
l B
2 .
2 .
22 .
23 .
26 . *
25 .
26 .
27 .
28 o L J
29 .
30 L] -
3l .
32 . -

LEFT OF CENTER LINE IS NEGATI VE
RIGHT 1S POSITIVE

NUMBER OF PEAK-~TQ=-PEAK PRINT CELLS= 27

PLOT OF CORRELATICA COEFFICIENTS
MULTIPLIER= 0.100E 01 NWINO= O
CCLUMNS FLOTTED, 1l

PuN-

OCVMPLWN=OVEONOWN

- o s 0 s

. LEFT OF CENTER LINE IS NEGATI VE

RIGHMT IS POSITIVE
NUMBER OF PEAK=TO~-FEAK PRINT CELLS= 19

g-3a Transient Interpolation and

Correlation Coefficients = Signal 3
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PLOT OF MATRIX INTERPOLATION

MULTIPLIER= 0.100E 01 NWIND= O

EIGENVECTORS USED IN THE RECONSTRUCTION
0 0 ¢ ¢ 0 0 o o

0o 011 0 0 0 0 O - .
COLUMN 1 IS INTERPCLATED CATA

COLUMN 2 IS THE ERKROR
! COLUMNS FLCTTED, le 2

= OOVBMNONPWN=OVDONONSWN-

NN ot e bt 4t put 50 o0 4ot Bt B0

22

N
on

00 0600000000000 000000000000000000

LEFT OF CENTER LINE IS NEGATIVE
RIGHT 1€ POSITIVE

[ NUMBER CF PEAK=TO-PEAK PRINT CELLS= 27

PLOT QF FFT INTERPCLATION
MULTIPLIER= 0.100E 01 NWIND=999
COLUMN 1 IS INTERPCLATED DATA
COLUMN 2 IS THE ERROR

COLUMNS FLOTTEDs 1e¢ 2o

1 .
2 .
3 .
4 .
S 0
6 o
7 L]
8 .
9 Ll
10 .
11 .
12 .
13 0
i :
.
16 . :
2 17 . *
18 .
19 .
20 .
21 .
22 .
23 .
24 .
2S5 .
y | 26 .
27 .
28 .
29 .
b 30 .
) . 31 .
o - 32 .

LEFT OF CENTER LINE IS NEGATIVE
4 RIGHT IS POSITIVE

NUMBER OF PEAK=TO-PEAK PRINT CELLS= 27

8-3b Eigenfilter and FFT Interpolation - Signal 3
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PLCTY CF WMATRIX INTVERPOLATICN

MULTIPLIER= 0.107E Q01 NWINOD= 0O

EIGENVECTORS USED IN THE RECONSTRUCTION
2 3 4 S 6 7 8

9 10 11 12 13 14 15 16
CCLUMN 1 IS INTERPCLATED CATA

CCLUMN 2 [S THE ERROR
COLUMNS FLOTTED. 1e 2

1 .
2 L] .
3 .
‘ L] L)
S .
6 . Q
7 .
e L]
9 Ll
10 .
11 .
12 .
13 .
14 .
1S .
16 .
17 .
18 .
19 o
20 .
21 .
22 .
23 .
24 .
2S .
26 .
27 .
28 .
29 .
30 .
31 o
32

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER CGF PEAK=TO~PEAK PRINT CELLS= 27

PLOT OF CORRELATICN COEFFICIENTS
MULTIPLIER= 0.100E O1 NWIND= 0
COLUMNS FLOTTED, 1,

- 5t e
CRPUN=OOENOVPUWN-

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER CF PEAK=TO-FEAK PRINT CELLS= 19

8-4a Transient Interpolation and

Correlation Coefficients - Signal 4
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8-4b Eigenfilter and FFT Interpolation - Signal 4

PLOT OF MATRIX INTERPOLATION
MULTIPLIER= C.103E 01 NwWINOD= O
ElgEN;ECTORS U32061N7THS RECCASTRUCTION

0 1C 11 12 0 14 15 O
COLUMN 1 IS INTERPCLATED DATA

COLUMN 2 IS THE ERRCR
CCLUMNS FLOTTED, e 2

1 .
2 [ - L
3 L]
4 .
S .
6 .
7 .
° L]
9 .
10 . +
11 °
12 0
13 .
14 °
1S °
16 .
17 .
18 .
19 o
20 .
21 0
22 .
23 .
24 o
2% .
26 .
27 -
28 e
29 .
30 0
31 .
32 - .

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER OF PEAK-TQO=PEAK PRINT CELLS= 27

PLOT OF FFT INTERPCLATICN
MULTIPLIER= 0.106E C1 NWIND=9S9
COLUMN 1 IS INTERPCLATED CATA
COLUMN 2 IS THE ERRQOR

COLUMNS PLOTTED, 1s 2o

x .
2 L]
3 .
4 .
S .
6 .
7 .
a .
9 .
10 .
11 .
12 .
13 .
14 .
1S .
16 .
17 .
18 .
19 .
20 .
2‘ L]
22 .
23 °
24 .
2S5 o
26 .
27 .
28 .
29 .
30 ®,
31 .
32 . *

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER OF PEAK=TO=FEAK PRINT CELLS= 27
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FWE YA

PLOT OF MATRIX INTERPOLATION

MULTIPLIER= 0.960€ 20 NWIND= 0

EIGENVECTORS USED IN THE RECONSTRUCTION
1 2 3 &4 S & T 8

9 10 11 12 13 14 15 16
CCLUMN 1 IS lNTERPCL;TED CATA

COLUMN 2 IS THE ERFC
CCLUMNS PLOTTED, Le 2

WRARNNNNNN RN N 0 0 0o b o 50 s bt

S 00 000000000000 0000000000000 00

Ww
N=OO0BNONPUN=OYVBNONPUN~OOENCNLWN~

LEFT OF CENTER LINE IS NEGATIVE .
RIGHT IS POSITIVE

NUMBER CF PEAK-TO-PEAK PRINT CELLS= 27

PLOT OF CORRELATICN COEFFICIENTS
MULTIPLIER= 0.100E 01 NwWIND= O
COLUMNS FLOTTEDs 1.

§

CUPUN=OCOBENORPUWN-

e s 0t s

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER OF PEAK=TO=-PEAK PRINT CELLS= 19

8-5a Transient Interpolation and
Correlation Coefficients - Signal 5
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PLOT OF MATRIX INTERPOLATICON

MULTIPLIER= 0.992E 00 NWINO= O

EIGENVECTORS USED IN THE RECONSTRUCTION
0 o0 ¢ 0 0 0 0 O

0 011 0 0 0 O O
COLUMN 1 IS INTERPCLATED CATA

COLUMN 2 [S THE ERRGR
COLUMNS FLOTTED. e 2o

‘ L]
2 .
3 L]
4 )
S .
6 .
e .
8 .
9 L]
10 .
11 .
12 .
13 .
14 . °
15 .
16 .
17 .
18 .
19 .
20 .
z’ L]
22 .
23 L
24 .
25 Ll
26 .
27 .
28 .
29 »
30 .
31 o
32

LEFT OF CENTER LINE IS NEGATIVE
RIGHT 1S POSITIVE

NUMBER CF PEAK-TO-FEAK PRINT CELLS= 27

PLOT OF FFT INTERPCLATICN
MULTIPLIER= 0,960E 00 NWIND=96G9
COLUMN 1 IS INTERPGOLATED CATA
COLUMN 2 IS THE ERROR

COLUMNS FLOTTED, le 2

1 .
2 L
3 .
4 .
S .
6 .
7 .
8 .
9 .
lo L 3
11 .
12 .
13 .
14 .
ls .
16 .
17 .
18 .
19 .
zo .
21 .
22 .
23 .
24 .
2S .
26 .
27 .
28 .
29 .
30 .
31 .
32 °

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER CF PEAK=TO=PEAK PRINT CELLS= 27

8-5b Eigenfilter and FFT Interpolation - Signal 5

133

S S -

. 3

)



G TeubTts - sswayosg

uorjerodasjur jo uostaedwod Iernqef
1v0°0- 1%3°0 2€
0°C S30°) It
900°0 321°) O€
0°0 S51°0 62
200°0-~ 232°7 82
0°0 s2£°d 22
100°0 D6E°D 92
0°0 9S¥°) S2 1v0°0~ 1¥0°0 2E
000°0~ 125°0 %2 0°0 590°) It
0°0 935°7 €2 900°0 521°) Of
100°0~ 159°0 22 0°0 S51°7 62
gte 9ieco vz 20070~ 29272 82
: b 200°0 5LL°92 O 0°0 32:c°0 22
s Haq O CEASTRENT XJO0 WOty 0°0 9%¥8°) 61 100°0 J6£°0 92
9000~ L16°) 81 0°0 9S%°) S2 119°0
PTTTITIOVEd AL ITVND 1STd ST IDV STHL 0°0 3L5°) 41 000°0 125°0 %2 o0
1v0°0 020°1 91 0°0 3935°0 €2 SE0®0
0°0 3¢5°0 S1 100°0~- 159°0 22 00
900°0~ L16°) i 9°0 T1L°I 12 210°0
0°0 3v3°0 €1 200°0 5iL°0 02 0°0
200°0 5¢L°0 2 0°0 9v8°*) 61 9€0°0
0°0 1L°0 11 900°0- 216°9 81 0°0
10C°0- 152°) O 0°0 325°0 21 vE0°0
0°0 235°7 6 1v0°0 000°1 31 0°0
000°0- 125°0 8 0°0 39.5°0 &I 000°0
0°0 935%¥°0 2 900°0- L16°) i 00
100°0 06€E°O0 9 0°0 9%3°N €1 010°0
9°0 3$2E°0 S 200°0 5iL°0 21 0°0
200°0- 292°7 ¢ 0°G 91L°) 1 v10°0
0°0 561°C € 100°0- 159°0 OF 0°0
900°0 521°*) 2 0°0 935°) 6 800°0
0°0 3539%°) 1 000°0 125°) § 6°0
4 L} rs1 0°0 3S%°) & *v0°0
100°0 06E°) 9 0°0
10-314S°0 =(3)WHON 10 30£2°0 =(9)WHON 10 3J0EZ°0_=(X)WHON 9°) 52£°) S 0000
656=0NIAN CO 3096°0 =¥IIId1iINN 200°0- 292°) v C*0
NOI11VIDI¥3ANI 144 40 LINIHd 9°0 551°1 € ©00°0
900°*) s21°*0 ¢ c*0
0°0 5%9°3 1 200°0
4 1 rs1 0°0
£20°0
10-314S°0 =(3)WHNON 10 3J0E2°0 =(D)WNON 10 3I0EZ°0_=(X)WYON 0°0
666=ON1AN 00 3C96°0 =¥3I11d117INW €10°0
NOTAVIOIYIANT XINAVW 40 ININd c*0
900°0
0°0
2

10-3€¢8°0 =(3)WHON 10 32€2°0 =(D)WHON IC 30€2
]

=ON1IAN 00 3266°0
NOTL1VIOgE3INT XIdl

10-32S¥°*D =(I)WHON 10 30£2°0 =(D9)WHON 1C 30C2°0 =(X)IWNON
]

oG-8

T -

- 110°0 2¢
£30°7 1E _
150°97 0€
681°) 62
ovZ°*) 82
Ste*) 22 1
mcn.o 92 !
ve*y) G2 .0~ . :
diveo wve g0 1E0.9 IF
L3S°*) €2 £00°0 221°0 GF
0EI°0 =22 0°0 3551°0 62
€59°9 12 100°0~ P
= 00°0~ 192°0 u2 i
- L9L°0 02 0°0 32¢°0 22
51t3°9 61 . .
000°0 06E°D 92
- 958°7 @81 0°0 9Sv°)> S2 ]
506°0 21 000°0 025°0 ¢2 <r
00J°t 91 0°0 3935°9) €2 (2]
Sy5°9 S 100°0~- 253°0 22 —
- 325°0 +1 0°0 912°) 12
s18°) €1 20C°0 5uL°) 02
- 95ty 2t 0°0 9v8°0 61
€59°> 11 900°0- L16°0 @81
L2993 21 0°0 3L5°0 L1
t3s5°*) 6 1v0°0 0092°1 91
- 115*2 8 0°0 3¢5°n S1
tev*d & 900°0- 216°0 vt
SSE*) 9 0°0 9v8°) E£1I
ste*) s 200°0 5.L°0 21t |
¥EZ*D v 0°0 312°) 11
53(*) € 100°0- 253°0 Of
- 281*) 2 0°0 335°0 6
€30%2 1 000°0 02S°) @
1 rs1 ONw omcuo i
*) =(X)WHON oon.o mwm.w m
=331 11NN 100°0- 192°3 o
VW 30 INldd 0°0 561°) €
£00°0 221°0 ¢
0°0 S90°0
2 1 rs1

=ONIAN 00 3I096°0 =H3]17411NKW
NOILVIOdNIANT X1HAVN J0 ININd




PLOT CF MATRIX INTERPOLATION

MULTIPLIER= (o) 30E Ol NWIND= O

EIGENVECTORS USED IN THE RECOMSTRUCTICA
§ 2 .3 4 8 6 7T 8

S 10 11 12 13 14 1S 16
COLUMN 1 IS INTERPOLATEO CATA

COLUMN 2 [S THE ERFCR
COLUMNS FLOTTED. 1 2

l Ll
2 . -
3 .
A . +*
] .
6 . -
7 .
8 »
9 v
10 - .
11 o .
12 +* .
13 o .
14 ¢+ .
15 - .
16 * .
17 o .
18 + L .
19 .
20 + .
21 o .
22 - [
23 v
24 »
25 .
26 . +*
27 .
28 . *
29 .
30 . -
31 .
32 . -

LEFT OF CENTER LINE [S NEGATIVE
RIGHT 1S POSITIVE

NUMBER OF PEAK=TO-PEAK PRINT CELLS= 27

PLOT OF CORRELATICN COEFFICIENTS
MULTIPLIER= C4100E Q1 NWIND= O
COLUMNS FLOTTED, 1,

- e B e e
CURPUN=OOVRBNORIWN -

LEFT OF CENTER LINE [S NEGATIVE
RIGHT 1S POSITIVE

NUMBER OF PEAK-TO-FEAK PRINT CELLS= 19

8-6a Transient Interpolation and .
Correlation Coefficients - Signal 6
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PLOT OF MATRIX INTERPOLATICN

MULTIPLIER= C.126E 01 NWIND= O

EIGENVECTORS USED IN THE RECONSTRUCTICN
o 0 0 0o S 6 0 O

¢ 0 111213 015 O
COLUMN 1 IS INTERPCLATED CATA

COLUMN 2 IS THE ERRCR
COLUMNS PLOTTED. 1s 2

~

N=~OOVONORPWN=OVONONPWN~
PN

10 - .
l L]
1 .
l L]
1 * .
1 4 .
1 * .
1 4 .
1 <] .
1 4 .
g 4 .
4 .
22 ¢ .
23 v
24 =
25 L]
26 . +
27 .
28 . .
29 .
30 . *
31 .
32 . .

LEFT OF CENTER LINE IS NEGATIVE
RIGHT 1S POSITIVE

NUMBER OF PEAK-TO-PEAK PRINT CELLS= 27

PLOT OF FFY INTERPCLATICN
MULTIPLIER= 0.128E 01 NWIND=9S9
COLUMN 1 IS INTERPCLATED CATA
COLUMN 2 IS THE ERRGCR

COLUMNS FLOTTEDs 1+ 2

1 .
2 L] ‘
3 .
. o -
5 .
6 . +*
7 .
8 -
9 v
10 - .
11 .
12 + .
13 .
14 = .
15 L .
16 - .
17 L .
18 - 3
19 .
20 * .
21 .
22 - .
23 v
24 »
28 °
26 . -
27 .
28 . -
29 °
30 . -
31 .
32 . *

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER CF PEAK=TO-FEAK PRINT CELLS= 27
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8-6b Eigenfilter and FFT Interpolation - Signal 6
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PLOT OF MATRIX [NTERPOLATION

MULTIPLIER= 0¢)28E J1 NWIND= O

EIGENVECTORS USED IN THE RECONSTRUCTICN
4 1 22 &4 'S 6 T &

9 10 11 12 13 14 1S5 16
COLUMN 1 IS INTERFPOLATED CATA

COLUMN 2 IS THE ERRCR
COLUMNS FLOTTED, 1e 2

1 .

2 . *

3 . o

. 4 . *

S . o

6 . -

7 B o

8 . *

9 . P
10 . L
11 . =
12 0 -

13 . -

14 . -
15 . =

16 »

17 ¥
18 - .

19 0
20 * .
21 .
22 * .
23 .
24 - .
2S .
26 * .
27 .
28 - .
29 .
39 - .
4 31 .
32 b4 .

LEFT OF CENTER LINE IS NEGATIVE
RIGHT 1S POSITIVE

NUMBER CF PEAK=TO=PEAK PRINT CELLS= 27

PLOT OF CORRELATICN COEFFICIENTS
MULTIPLIER= 0.100E 01 NWIND= O
COLUMNS FLOTTED. 1,

¥
ad

CUPUN=OOVBNONPWN -

-
- g et e s

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER CF PEAK-TO=FEAK PRINT CELLS= 19

1 8-7a Transient Interpolation and .
1 Correlation Coefficients - Signal 7 |
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PLOT CF NMATRIX INTERPOLATION

MULTIPLIER= O«117€E 01 NWIND= O

EIGENVECTORS USED IN THE RECONSTRUCTION
o e 0o 0 0 7 O

o
010 0 0 0 O

o o0

COLUMN 1 IS INTERPCLATED CATA

COLUMN 2 IS THE ERRQ

R
COLUNMNS FLOTTED, le

20

T®7T

1 °
2 .
3 L]
4 .
5 .
6 . +
7 .
e L]
9 Ll
10 . L4
11 .
12 .
13 .
14 .
15 .
16 -
17 4 v
18 - .
19 .
20 .
21 .
22 .
23 .
24 .
2% .
26 .
27 .
28 o
29 .
30 Ll
3' L]
32 - .

LEFT OF CENTER LINE
RIGHT IS POSITIVE

NUMBER OF PEAK=TO=-PEAK PRINT CELLS= 27

IS NEGATIVE

PLOT GF FFT INTERPCLATICN

MULTIPLIER= Q.128E O

1 NWIND=999

COLUMN 1 IS INTERPCLATED DATA
COLUMN 2 IS THE ERFOR

CCLUMNS FLOTTED, ls

20

1 .
2 .
3 .
4 . -
S .
6 .
7 .
8 . +
9 .
'o .
11 .
12 . -
13 .
14 .
15 .
16 .
17 “
18 - .
19 .
20 +* .
21 .
22 ¢ .
23 .
24 - .
25 .
26 = .
27 .
28 + 0
29 .
30 - .
31 .
32 .
LEFT CF CENTER LINE IS NEGATIVE

RIGHY IS POSITIVE

NUMBER CF PEAK~TO=FEAK PRINT CELLS= 27

8-7b Eigenfilter and FFT Interpolation - Signal 7
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PLOT OF MATRIX INTERPOLATION

MULTIPLIER= 0.525E 00 NWIND= 0

EIGENVECTORS USED IN THE RECONSTRUCTICAM
§ 2 2 4 5 6 7 8

9 10 11 12 13 14 15 16
COLUMN 1 IS INTERPOLATED CATA

COLUMN 2 IS THE ERROR
COLUMNS FLOTTED. 1s 2,

1
2 :.\~ D
3 .
4 .
S .
6 .
7 .
8 .
9 L]
’o .
11 .
lz L]
13 .
14 .
15 .
16 .
17
18 .
19 .
2° L]
21 .
22 .
23 .
24 .
2S 0
26 .
27 .
28 .
29 .
30 .
31 .
32 -

LEFT OF CENTER LINE IS NEGATIVE
RIGHT 1€ POSITIVE .

NUMBER OF PEAK~=TO-PEAK PRINT CELLS= 27

PLOY COF CORRELATICN COEFFICIENTS
MULTIPLIER= C«100€E 01 NWIND= O
COLUMNS FLOTTED, 1,

CAPUN~OVBNORPWN-

- et g s e

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER CF PEAK-TO=-PEAK PRINT CELLS= 19

8-8a Transient Interpolation and
Correlation Coefficients - Signal 8
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PLOT OF PATRIX INTERPOLATION

MULTIPLIER= 0.5S26E 00 NWIND= O

ElGENVEC;OﬂS UgED KN7fﬂ§ RECONSTRUCTICA
(-] o ]

0o ¢ 111213 ¢ 0 O
COLUMN 1 IS INTERPCLATED CATA

COLUMN 2 IS THE ERROR
COLUMNS FLOTTED, le 2

= OVDNCAPULN~OVINOCNLWN-

NN = 5o 0t 08 0o Db 00 Dt s bt

22
3

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER OF PEAK~TO-FEAK PRINT CELLS= 27

PLOT OF FFT INTERPCLATICN
MULTIPLIER= 0+526E 00 NWIND=999
COLUMN 1 IS INTERPOLATED DATA
COLUMN 2 IS THE ERFOR

CCLUMNS FLOTTEDs 1. 2

NN R R R) = 52 o po et 0t 58 0t oo bt
PUNSOVONOVPLUN~OOBNOVIPWUN-

e 0 e st o000

LEFY OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER CF PEAK-TO-FEAK PRINT CELLS= 27

8-8b Eigenfilter and FFT Interpolation - Signal 8
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PLOT OF MATRIX INTERPOLATICON
MULTIPLIER= Q4737E 00 NWIND= 0
EI?EN;EC;ORS UgED lh THE RECONSTRUCTICN

9 1¢ 11 12 13 14 15 16
COLUMN | IS INTERPOLATED DATA

CCLUMN 2 IS THE ERFROR
COLUMNS FLOTTED. e 2,

=OO®NCAPWN=OOBNONL LN~

NN ) o 5 e s 0ot e e 08 e e

wN

LEFT OF CENTER LINE IS NEGATIVE
RIGHT 1S POSITIVE

NUMBER CF PEAK=TO=-PEAK PRINT CELLS= 27

PLOT OF CORRELATICN COEFFICIENTS
MULTIPLIER= 0.,1CO0E 01 NWIND= O
COLUMNS FLOTTEDs, 1o
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3
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13 0
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LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS PQSITIVE

NUMBER OF PEAK=TQ=-FEAK PRINT CELLS= 19

8-9a Transient Interpolation and

Correlation Coefficients - Signal 9
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PLOT OF MATRIX INTERPQOLATICN

MULTIPLIER= 0+4712E 00 NWIND= O

EIGENVECTORS USED IN THE RECOMSTRUCTIGA
0O 0 ¢ 0 0 ¢ 7 =8

0 0 0 12 13 14 15 O
COLUMN 1 IS INTERPCLATED CATA

COLUMN 2 IS THE ERFRCR
COLUMNS FLOTTED, s 2
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PLOT OF FFT INTERPCLATICN
MULTIPLIER= 0+733E 00 NWIND=9S9
COLUMN 1 IS INTERPOLATED CATA
COLUMN 2 IS THE ERFOR

COLUMNS FLOTTED, s 2,

N=OOVRNORPULUN=OOBNOCRPULN~

NI R 2 0t s 0ot s 0ot 00 e e 0ot

<E\
.
LEFT OF CENTER LINE IS NEGATIVE
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NUMBER CF PEAK=TO=FEAK PRINT CELLS= 27

8-9b Eigenfilter and FFT Interpolation - Signal 9
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PLOT OF MATRIX INTERPOLATION

MULTIPLIER= 0.,102E O1 NWIND= O

EIGENVECTORS USED IN THE RECOANSTRUCTICN
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COLUMNS FLOTTED, e 2

o fe 'fi’e'*‘

/

V

= OOBNOCRPUWUN=OODONONPUWN~

NN e o s e ot e e 00 e e

22

e 40 80 0 0000000000000

stineeinsainenine a¢

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER OF PEAK-TO-FEAK PRINT CELLS= 27
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PLOT OF MATRIX I[NTERPOLATION
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PLOT OF FFT INTERPCLATICN
MULTIPLIER= 04102€ 01 NWIND=969
COLUMN 1 IS INTERPCLATED CATA
COLUMN 2 IS THE ERFROR

COLUMNS PLOTTED» 1s 2,

1 .
§ + Dad
: <
S
6 - .
7
8 .
9 y
'o . = (\0
i1 . -
12 . ¥
13 .
14 . - O
15 .
16 .
17 .
18 . -
19 .
20 .
21 .
22 . /®
23 .
L) .
23 .
.
7 .
28 .
29 .
30 .
3 *
32 .

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER OF PEAK=TO=PEAK PRINT CELLS= 27

8-10b Eigenfilter and FFT Interpolation - Signal 10
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CHAPTER IX

RECOMMENDATIONS FOR FUTURE WORK

We set out in this work to propose alternatives to
linear interpolation - these we have demonstrated in previous
chapters through the Whittaker matrix processes. We end our
effort by proposing several directions in which matrix inter-
polating techniques might be extended. As is most often the
case with a little knowledge gained, we end by asking more
questions than we answered; however, we believe the problem
areas are important and have considered each in some detail.

There are four problems that we would like to pursue:
(1) extrapolation outside the original data interval using
matrix techniques; (2) inverse interpolation for the case
when the Whittaker matrix is singular; (3) calculating the
derivative of a sample set at each sample point using matrix
techniques; (4) recursive or binary interpolation in which
the matrix equations are simplified. We formulate and discuss

these problems in the following sections.

9.1 Extrapolation Using the Transient Whittaker Matrix

Referring back to Figure 4-1, we note that when r = 0,
f4 and f3 for the two choices of N are really "extrapolated"”
points. This is inferred in the sense that these points are
outside the "original" data. We pose the guestion of what

happens when the interpolants and the extrapoclant themselves

LS3

“W,Urtlﬂﬂﬂﬂpl. i i
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are interpolated. When N = 4 in Figure 4-1, we would expect

this second interpolation to return the original data Xyr Xg

and X, plus a new extrapolated point (where Xy is located
in the Figure). Ignoring errors for the moment, we can

continue this process using equation 4-8 as follows:

Define
£0) _ (9-1)
Then,

£ = pg(0)

: (9-2)
oS I X

Where f is a vector and the bracketed superscript (i) infers

h

that the Nt element of the vector is the (ith) extrapolant.

Equation 9~2 can be rewritten in terms of the symmetric

Whittaker matrix

or,

g(i’ = Sig(o’ (9-4)

Using the orthogonal similarity transformation of Chapter VI
gP = (qreT)ig(®) (9-5)
or

g = grigTq () (9-6)

154

TR AN 0o




Thus, it seems, extrapolation could be implemented by the
programs in the Appendix upon raising the eigenvalues of S
to the appropriate power. We now show, however, that this
is unwise.

Using the approach in Chapter VII, we try to find the
original data vector from our N-times interpolated inter-

polants; i.e.,

> -Ng(n)

X =8 (9-7)

This implies that after N successive interpolations using
equation 9-6 we cannot recover x but, rather, some "nearby"
vector x*. Then, proceeding as in Section 5 of Chapter VII

we find

elm) o Ny - x¢) = ;¢ (9-8)

(N) (M) 2nd r is the residual

where e is the error vector for g

vector. Then

e(N) < N ~N ,LILLJ_= N i
fRE T g
or,
lle(N)Il < Tmax N |lx]] ¥
TERY ‘Yminl RSN (9-10)

We note that N

order of 107. Thus it seems that equation 9-6 is unsatis-

16, produces a magnification factor on the
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factory. However, if we expand g(l),

(1) (9-11)

N¥ oo z*

X

. : i
and since we know the xi, we can determine a A( ),

Ad) - : (9-12)

- *
X2 X2

where Agl must be estimated, perhaps from equation 7-31.

We can then form a corrected

G o LB | ) (313}

and continue as

¢'?) = grigtgit (9-14)

By computing the g(l)

é(i-l)

at each step in terms of the previous
, it may be possible to significantly reduce the
errors in g(N). Needed, of course, are ways to estimate

Agl and a rigorous error analysis of the performance of
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equation 9-6 using corrected data.

9.2 Inverse Interpolation

The inverse problem is simply stated as: given a
vector g of interpolants (perhaps computed by some linear
approximation scheme), how can we find the original data
vector x? If we consider the interpolants as the discrete
output from a discrete filter, we ask how do we find the
discrete input samples. From our discussions in Chapter VII
concerning errors, we know in general that computing
X = S-lg returns not x, but rather, x*, some "nearby" vector.

Suppose though, that St

does not exist. This is exactly
the problem in the periodic Whittaker matrix with even
ordered dimensions. We might ask, then, what this means in
terms of our error bounds, especially since g = Sx is a
perfectly valid way of finding g given x.

Several important results from Linear Algebra help put
this problem into perspective [10, p. 49]. First, Sx =g
has NO solution x for certain g. Also, there are non-zero
vectors x which satisfy Sx = 0. Finally, there are non-
unique solution vectors x to Sx = g.

The first of these results is the most interesting
because it implies that we can produce interpolants from
some processes which cannot possibly come from interpolating
with the Whittaker theory. 1In fact, (10, p. 48] any

vector g which is not a linear combination of the columns
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of S cannot be produced by Whittaker interpolation. This
result obtains from the well known theorem that when the
vector g is appended to the columns of S, the rank of the
resulting S must not change. If g is not a linear combination
of the columns of S, then rank § will change and thus there

is no solution of Sx = g. This all implies that even ordered
Whittaker interpolation excludes certain sample sets.

As to the last two results, we know that any vector

L
]

Q

=

(9-15)

is a solution of Sx 0 when order of S is even. This is
obvious from the form of equations 5-14 and 5-16 wherein the
sum of the column vectors of S is zero if the sign of each
column is varied by equation 9-15. Thus, for any solution
x of Sx = g, we know x + X is also a solution. The vector x
is simply the sample set from any periodic function whose
frequency is exactly equal to the Nyquist rate.

Further study is needed of the error bounds for even
ordered interpolation. The mechanics of bounding errors in
g = Sx in terms of the actual equation implementing the

matrix products is well established in numerical analysis.

Also, the numerical errors in computing x (e.g., by Gaussian

158

L et A ——T

‘mﬂhﬁuwwﬂaﬁahﬂ*




elimination) are also established. These results can be

adapted to the special forms of the Whittaker matrix equations.

9.3 Computing the Derivative

One of many possible numerical formulas for estimating
the derivative of a function using its sample set is [28,

p. 98]

%, ;
., & (9-16)

where h = % the sampling interval if samples from the mid-
point Whittaker process are to be used. Our problem here is
to outline a study of calculating the derivative at all the
sample points using some form of the above equation.

First, recognize that the periodic interpolating

equation

£ = Px (9-17)

produces a vector of interpolants at the half steps. Further-

more, if we should multiply f by a permutation matrix of the

form
Bl Ty e bty
s el
T = 0.1 0 L. D (9-18)
v B 5
TR 10
I ¥ .
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we shift all elements of £ to i - %. Then we can write

-2 (-8

X & =y h

(9-19)

which is the matrix equation for computing the derivative
at all the original data points X, -
From Chapter V, P is cyclic; then

(VAV* - TVAV*)x

2 2h

(9-20)
But T is cyclic too. From Grey [13, pp. 16-21], all cyclic
matrices have the same eigenvectors; therefore

(VAV* - VVV*VAV*)x
2h

(9=21)

P

o NLACE = ®YIVE
i 2h

(9-22)

As shown in Chapter V, equation 9-22 is implementable via
the FFT algorithm. We also know that the algorithm's

numerical problems are expressable as

| 1e]] = %naxllomaxl HES
o

& 1 L >
1] EHIA 153N (9-23)

where & is the error in the derivatives, the o; are eigen-
values of (I - V), and r is x* - x with x* computed from
the inverse of equation 9-19. We have already shown that

IAmax/Amin‘ = 1 for the periodic cas: (N = 9), so the
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stability of the derivative algorithm is

1 (9-24)

llel] _ 1 max, ||

N

We see that small h and/or eigenvalues of T close to 1
(1 - ti + 0) cause the error bound to blow up. In fact,
for the particular form of T chosen (equation 9-18) we
know that the t, are the N roots of 1. Therefore, Beaan ™ D
and equation 9-24 is unbounded.

We propose that other derivative algcrithms be in-
vestigated to find those with finite (well conditioned)

error bounds. Also, the derivative formulae should be

extended to the transient Whittaker matrix.

9.4 Recursive (Binary) Interpolation

Again, let the superscript represent the number of data
points used in an interpolation scheme. Since S is always
square, N also represents the number of interpolants pro-

duced. Then, we can form the following sequences

g = sV (9-25)
sz = T?gN + T?xN (9-26)

where 'I'1 and T2 are permutation matrices which allow gN and

xN to be added together; for example, when N = 2
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matrix equation

mNx1l

can be shown as

Nx1l

mN x mN mNxN

162

- = T
0 0 1 o] xi
o 1f |d? o of |x
2-2 = LS =
X = 0 0 5 *lag 1 ; 2 (9-27)
g X
1 6F L7 0 0 x2
2
91
Continuing,
g2N % SZNXZN = S2N(TNgN 3 TNxN) o SZN(TNSN + TN)xN
1 2 1 2
(9-28)
xN = TJZ_Ng2N + T%Nsz (9-29)
g4N e S4Nx4N = S4N(TiNgzN+T§Nx2N)
= gV (p2NG2N | 02N, (NN, Ny N (9-30)
b 2 1 2
- 11 3
gmN - SmemN - smN[ T (TiNSlN + T;N)]XN (9-31)
i=1
where m = 2, 4, 8, 16, ... The dimensions of the resulting

(9-32)

T T TR R TR D i I et AR OIS 1 -

B S UP WL A - — e — - el




All the problems attacked in this dissertation now have
analogues in the non-square system expressed by equation

9-32. One potentially fruitful approach to their solution

might be to investigate the behavior of the "singular values"

[2]1, [33] of the system using singular value decomposition

(SVD). This approach expresses

g = UZvTx (9-33)

where U and V are orthogonal matrices (different dimensions)

and ) is a non-square matrix of the form

2 2
= ¥ (9-34)

mNxXN

with the o; the square roots of the eigenvalues of (HTSTSH).
We note that for the nonsingular periodic S, N = 9, STS =1I,
and that the o, are then the square roots of the eigenvalues
of (HTH). It should be possible to formulate a Singular-

Filter, Cross-Correlation Algorithm as an analogue to the

Eigen-Filter, Cross-Correlation Algorithm of Chapter VI.
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