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DIGITAL SIGNAL INTERPOLATION USING MATRIX

TECHNIQUES AND THE WHITTAKE R CARDINAL FUNCTION

Joseph C. Wheeler , Ph .D.

Department of Electrical Engineering

and Computer Science

The University of New Mexico, 1977

ABSTRACT

The inf ini te  Whittaker summation and Shannon ’ s

sampling theorem both use the weighted sum of sinc functions

(the “Cardinal ” function) in the interpolation algorithm .

When the number of original samples is approximately equal

to twice the product of duration CT ) and bandwidth (W) , and

when it is desired to increase the n umber of samples by

powers of 2, the interpolation process can be written as a

matrix equation . It is shown that when the original

sample set is periodic , the matrix elements converge to

simple cosecant and cotangent functions. ~~~~~—~~~~~~‘ ~~~~~~~~~

The “Whittaker ” matrix developed for either the 2TW

transient or the periodic sample sets can be manipulated into

a real symmetric matrix format. It is shown that a unitary

equivalence transformation on the periodic matrix imple-

mented via the Fast Fourier Transform (FFT) and an orthogonal

similarity transformation on the symmetric matrix are really
* 

equivalent algorithms. It is also shown that by suitably

modifying the transient Whittaker matrix , an orthogonal

vi



similarity transformation is possible which can significantly

reduce the number of computations necessary to interpolate

a data set. When “a-priori” knowledge about a data set is

not available, but it is desired to fit a specific curve to

the data, it is shown that the eigenvectors of the modified

matrix are a unique orthogonal basis for the space which

includes the data set; linear combinations of the basis

vectors can then be made using a technique called the Eigen—

Filter , Cross-Correlation Algorithm to indicate how well the

combination works. Numerous examples are given which show

that this algorithm can provide a better interpolation than

Fourier techniques.

Matrix norms and condition numbers are used to bound

truncation errors , computer round-off errors, and errors due

to the curve fitting algorithm. It is also shown that when

“noisy ” data is interpolated , the noise-to-signal ratio of

the 4.nterpolants can be magnified by the interpolating

~ matrix condition number .

An extensive computer program which implements the

algorithms is described. Numerous signals are processed

and the results presented in plots and tabular form. The

work is ended with an entire chapter suggesting areas for

follow—on work.
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CHAPTER I

INTRODUCTION

Interpolation is a well established branch of mathe-

matics. For the engineer , however , the tools to implement

interpolation are sometimes lacking; we try to get along with

simple, linear approximations because of the low cost and

ease of implementation . Because today ’s mass data acquisition

systems dictate minimum sampling rates , these “straight line ”

approximations are often inadequate. It is our purpose, then,

to offer an alternative. We present algorithms which can be

implemented on big or small computers , as well as in hardware;

but, as opposed to linear “approximations ,” our algorithms

are “exact” when the original phenomenon and its sample set

satisfy certain requirements.

• Generally, interpolating algorithms are concerned with

f itting an IINth ,, degree polynomial through a set of equally

or unequally spaced sample points from some continuous

process. It is well known theoretically, that N + 1 sample

points can be connected by the curves which plot all poly-

nomials of degree N or greater. E. T. Whittaker set about

finding out if any one of all the functions that can be made

to fit a data set had any distinguishing properties-- “a

function of royal blood whose distinguished properties set

it apart from its bourgeois brethern . ” The well known

cardinal function (sum of weighted sinc functions) resulted

__________________ _____ __________ _____ _____________ 
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from his work and has the property that it contains no

frequencies higher than twice the sampling frequency . In

more recent years, the independent but equivalent Shannon

sampling theorem was developed and is the basis for much of

today ’s communication work . This theory also derives the

sum of weighted sinc functions , but as the consequence of

an ideal f i l ter  acting on a sequence of data samples from a

band—limited signal .

Our approach to interpolation is to formulate the sum

of weighted sinc functions into a matrix-vector product.

We show that the matrix with elements formed from the

Whittaker cardinal function can be written as a symmetric

matrix with many useful properties. These properties are

what we exploit. The rationale for this approach is that

matrices are physical entities; any manipulation of these

arrays is directly translatable to computer language or

hardware.

1.1 Organization of Work

The remainder of our work is divided into several

chapters wherein various aspects of the interpolation problem

are discussed. Each chapter is complete in that any

derivations begin and end there; the Appendix is reserved

for the various computer programs rather than more detailed

- derivations which this author can better handle in the main

text . Syntbology is sometimes complicated , so a list 
of2



symbols is provided at the beginning of this dissertation to

aid the reader.

We begin in Chapter II by reviewing the mathematical

process of interpolation in terms of the digital filter.

The engineering “band-limited” function is introduced and

subsequently, its sampled data version is generated by first

sampling with a sequence of delta functions, and then with a

more realistic sequence of rectangular waveforms. It is this

sample data set that we wish to interpolate. We show that if

the samples are passed through an appropriate low-pass

digital filter, the resulting continuous waveform is a re-

constructed version of the original function . Practically,

a more dense data set rather than a continuous function is

the object of the interpolation scheme. Two finite inter-

polation schemes are discussed : Interpolation by the Discrete

Fourier Transform, and a time domain convolution of the

truncated Whittaker cardinal function and the sample data

set.

In Chapter III, we present an historical review of

interpolation involving the weighted sum of sinc functions.

We present the work of E. T. Whittaker [36] wherein he

developed the famous cardinal function, and we follow

through with the work of his son , J. M. Whittaker (3 7 ] ,  who

showed what types of sample sets generate the cardinal

function. The communications sampling theorem developed

independently from Whittaker is discussed again but now from

- ~—----- I- 
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the point of view of how it relates to Whittaker. We

present brief reviews of several important papers by

Hartley [14], Nyquist (21), and Shannon [30] which emphasize

the importance of how many samples are needed to generate the

cardinal function.

The original effort in this dissertation begins with

Chapter IV wherein we select one of many possible inter-

polation intervals and formulate the interpolating equations

as products of matrices and sample data vectors. The choice

of the “mid-point” interpolation interval and square inter-

polating matrix may seem arbitrary, but we show later that

once this problem is mastered , the number of samples can be

successively doubled by recursively applying the mid—point

algorithm. We also introduce the concepts of periodic and

transient matrix operations; i.e., we develop a special

matrix to implement the mid—point algorithm for band-limited ,

periodic, time domain signals, and develop a separate trun-

cated matrix for band limited , time domain transients. The

two forms of the Whittaker matrix are “massaged” until they

are symmetric and the matrix elements can be expressed in a

closed form trigonometric expression for the periodic case,

or as a sequence of terms from a truncated infinite series

for the transient case.

In Chapter V we show that a matrix expression for a

periodic convolution process has very special properties [13], j
(15]. Specifically , the matrix is circulant and can be

4
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‘decomposed into the product of a complex unitary matrix with

a matrix of complex eigenvalues, followed by a product with

the complex conjugate transpose of the unitary matrix. The

eigenvalues are determined from the Fourier Transform of

one of the rows of the circulant matrix, and the elements of

the unitary matrices are themselves samples from the Fourier

kernel. We explore this decomposition for the periodic

Whittaker matrix in cyclic form; we derive closed form ex-

pressions for the matrix eigenvalues and prove the surprising

result that the even ordered periodic Whittaker matrix is

singular. We conclude the chapter by describing an inter-

polation algorithm which uses the Fast Fourier Transform

(FFT).

Both the periodic and transient Whittaker matrices in

real symmetric form are orthogonally similar to a diagonal

matrix of rea l eigenvalues. In Chapter VI we describe a

computer technique based on the Francis QR [9], [20] algorithm

to generate the orthogonal matrices of eigenvectors and the

diagonal matrix of eigenvalues. We then show that this de-

composition can be viewed as a discrete cross-correlation

process, and if certain properties are known to be present

in the sample set, significant savings can be achieved over

straightforward implementation of the matrix products.

The purpose of Chapter VII is to present error bounds

for the interpolation algorithms. Four types of errors are

5 —
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discussed: series truncation errors, errors due to noi sy

data , machine round off errors, and errors caused by the

Eigen-Filter, Cross-Correlation algorithm described in

Chapter VI. The benefits of casting the interpolation

problem as a matrix process become evident in this chapter

when we discuss the error bounds in terms of matrix norms

and condition numbers .

In Chapter VIII we present the results of our work in

the form of plots and graphs of the outputs from the various

algorithms. We show that the major algorithms as programmed

in the Appendix do work and are practical. We also summarize

our goals and findings as a conclusion to our work.

Chapter IX is a special chapter wherein we outline

other problems associated with interpolation. First , because

of the mid-point interpolation scheme and square interpolating

matrix , N - 1 interpolants are actually computed and one

extrapolant is produced . If the interpolants themselves are

interpolated, N - 2 of the original N points are returned and

two extrapolants produced . Can this process be continued?

The inverse interpolation problem is also discussed . In

particular, given the interpolants, how do we compute the

original data vector? This problem is not straightforward

when the periodic Whittaker matrix is even ordered; i .e . ,

the matrix is singular . We als’D outline a fast  way for

computing the derivative of th~ original sample set. This

6
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can be accomplished for the periodic case via a decomposition

of a modified Whittaker matrix implemented with the FFT.

Finally, we discuss a recursive algorithm which would allow

interpolating intervals other than the mid point to be

approached.

The final parts of the dissertation are a compendium

of computer programs in the Appendix, and a Bibliography .

7
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CHAPTER II

ENGINEERING APPROACH TO INTERPOLATION

In Section 1 of this chapter, we discuss two popular

sampling functions used on continuous waveforms: first, we

present the idealized impulse train used for theoretical

work and then we develop the realistic rectangular pulse

function . We introduce the dual frequency — time relation-

ships of these functions, arid in Section 2 we apply the

sampling functions to engineering “band-limited ” signals to

produce the sample data set. Next, we show the periodic

nature of the Fourier spectrum of this sample data set, and

then we prove that when such a spectrum is filtered with an

ideal low—pass filter, the original continuous time domain

signal is returned.

When a continuous signal is not needed from the sample

set , then a more dense data set may be the object of an

interpolation scheme. Sections 3 and 4 are two approaches

to this problem. Ii~ Section 3 we present the Discrete

Fourier Transform (DFT) interpolator-—basically, a frequency

domain technique, and in Section 4 we present a time domain

convolution approach to interpolation .

The material in this chapter is covered in numerous

texthooks and papers . It is presented here for the sake of

completeness in discussing the interpolation problem.

Particulary useful references for the f i rs t  two sections

8



are books by Stanley [31, Chapter 3] and Brigham [3, Chapter

6]. In particular , we follow Stanley ’s lucid development of

the sampling functions in Section 1 and use Brigham ’s

pictorial approach to the sampling theorem and reconstruction

in Sections 2 and 3. Oppenheim ’s book [23, Chapter 3,

problem 21) and the papers by Schaefer [27, pp. 692-702],

Urkowitz [35, pp. 146—154], Oetken [22, pp. 301—309],

Crochiere [6, pp. 444-456], and Rabiner [26, pp. 457-4641

provided the motivation for Section 3. Steam ’s book [321

provided an overall reference for sampling and reconstruction

and was particularly important because it was the text for

two of this author ’s signal processing courses at the

University of New Mexico.

2.1 Sampling Functions

The well known complex Fourier series representation

for a periodic function is expressed by Stanley [31, p. 38]

., -nmt
-

x~~(t )  = 

m=~~co
0m~~ 

(2-1)

where T 
~~~~2 - • T

c = I x (t ) e  ~ dt ( 2 — 2 )m T
2

The period T is the interval over which the function completes

one cycle of its periodicity, and the cm are the complex

9

-
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Fourier coefficients of the waveform. The distinction

between x~~(t) and x(t) is that x(t) is one cycle of a

periodic train of cycles , i.e.,

x~~(t )  = 

k=-~ 

- kT) (2-3)

with

~~~~(t) -
~~~ ~ t 

~x (t )  = (2—4)

I t I >~ •

Parallel to the Fourier series representation of a

signal is its Fourier transform

•2lTft
X(f) = fx ( t ) e  ~ dt ( 2 — 5 )

with
.2 i i f t

x ( t )  = df (2—6)

X(f) is known as the Fourier spectrum of x(t). Of

particular interest here, is that when x (t) is a pulse

( x ( t )  = 0, I t I  >~~~) the Fourier coefficients of the periodic

extension of x(t), x~ (t)1 are simply given by

X ()~~
- - 

C = T (2-7)

10
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One sampling function widely used in theoretical work

is the ideal infinite impulse train consisting of unit delta

functions at intervals of T5 extending to ±~~ . For such a

waveform, we can write symbolically

= 

k!_ o 
— kT 5) ( 2 — 8 )

Such a sampling function, being periodic , has a Fourier

series expansion. From equation 2-6 we write for a single

delta function
T

•2ir ft
X ( f )  = f d(t)e 3 dt = 1 (2—9)

T
2

• then from equation 2-7

• = 
x ( f )  

= ~~~~~~ (2—10)

and substituting in equation 2-1

o~~(t) = 

~~~

— 

m~~_co~~ 

~ (2— 11)

The Fourier spectrum of equation 2-1]. itself is given by

m
• 2i r (f  — —)t

~~~~~ -cx~c m~~_co~~~~ 
~ at (2-12)

which is well known (3,  p. 221

11
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= 

~~~~~~ m~~_co~~~~ 

— 
~~~~ (2—13)

In other words , the spectrum of a periodic impulse sampling

train is itself a periodic impulse train.

In the real world , the ideal impulse train cannot be

generated . However , the rectangular pulse train can be

realized . Proceeding as we did for the impulse train , we

write (using symbolic notation)

JL!~
)=  

k~ -°° 
~~J~~~~jT - kT 5) (2-14)

Then , for a single pulse

2-irft
sinc(f) = f jj~~j,t) e~~ 

dt (2—15)

— 
sin1Tfc~ir f ct (2—16 )

The Fourier coefficients become

sin (~~~~)
c = ______!— (2-17)m T irmas -c)

- 
and the Fourier series is

~ sin (~~~ ) .2!~~• _J L1;)= Tg m Lco (2L~~~) 
e~ 

T5 (2-18)

12 
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The Fourier spectrum of 2-18 is then found as

sin (~-~~ ) mT
• m 1 s -J Tsinc (~ —) = 5 ~~~

— e s dt
s —

~~~ s m=—~ ( —f-—)

s (2—19)

• rim
~ sin (—~—

sinc (~ —) = ~~~
— 

~~ ã(f — 
~~

—) ( 2 — 2 0 )
S s m=—~ (—~-—) s

S

Again, the spectrum of the rectangular pulse train is the

ideal periodic impulse train but amplitude modulated by the

sinx/x function.

This process of postulating a sampling function,

• writing its Fourier series expansion , and finding the

• spectrum, could be carried out for most any sampling wave-

form. In any case, we should arrive at the form for the

Fourier series and spectrum

2!i~~
x~~(t )  = 

~~~
-. X X ( ~ — ) e~ 

T~ (2-21)

where
T

.2irft
X (~~— )  = X ( f ) I m = f x (t ) e~~ dtlfl;

( 2 — 2 2 )

and

X~~( f )  = 

~s m=- 
- (123)



These important properties of sampling functions (equations 21

and 23) are used in the next section .

2.2 Generating the Sample Data Set

One of the fundamental properties of spectral analysis

is the duality of time domain multiplication and frequency

(spectral) domain convolution ; i.e.,

h(t) . g(t) ~~~ H(f)*G(f) = f H(u)G(f - u)du (2—24)

where “
~~~~~~~~~~

“ implies two-way equivalence or duality . This

property allows us to determine the effects of sampling a

continuous time domain signal g(t) by multiplying by a

sampling function of the form of• equation 2-21

gLt) . x~ (t) = ~~~
— ~~~g(t)X (~ —)e

3 T5 (2-25 )

But, from 2—23 and 2-24 , this is equivalent to the convolution

~:
G p

_u
~~~

=
~~~ L:~’~ ~~~~~~~~~~~~~~~~~~~~ 

(2-26)

= 
~~~~~ mLo~~~~~~ 

- 
~~~~

•) (2-27 )

Simply stated , the spectrum of the sampled waveform is the

periodic extension of the spectrum of the original continuous

• waveform, repeated at intervals of ~~~
— , m u  = 0, 1, ... ~~~.

These ideas are summarized in Figure 2-1 where we show an

14



g(t) (a) G(f)

*
c5~(t) (b) L~I(f)

f t  1~
.._t t t f t t f t i f t ~~t~~tt ~~ 

“

~~~ I ..

TT TT t 8 •.j 0 ±
T T T T

II II

g(k~ ) Cc) G(f)*L~(f)

T
&~~I i ~ I~ I i .~IT 2 1 2 2 T 2 

_____________  ______________

-2T 1-T 1 O j T l 2 T t  ~~~~~~~~~~~~~ ~~~~~~~~~~~ 1 f
• 1 T T T  T T  T T  T

4—
4 Figure 2-1

Sampling with the Infinite Impulse Irain
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infinite cosine wave sampled by the ideal impulse train .

The left side of the figure shows the time domain operations.

The concept of “band-limitedness ” is naturally intro-

duced in Figure 2-2 (a) where we observe that G(f) is no

longer zero for I f  I 
~ ~B 

The solid curve for Ga(f)~ in

Figure 2-2c shows that because G(f) is not band-limited,

Ga(f) is the sum of the original spectrum G(f ) plus the

“tails ” from all the shifted versions of G(f). This

phenomenon , of course , is given the name “aliasing.”

Real signals begin and end in finite time and real

sampling schemes are of finite duration . These concepts are

introduced with the example shown in Figure 2-3. Suppose we

theoretically sample this g(t) with an ideal impulse train

and then convert to a “pseudo” real world digital process

by following the sampling with a rectangular window function.

The resulting sample data set is shown i~ Figure 2-3(e), and

can be expressed as

g(kT5).w(t) = ~~~ (g(t)~~~(t - kT5)]J
’Ljt+-~~) 

(2-28)

N-i
= Z g(t)~~S (t — kT ) ( 2 — 2 9 )
k=0 $

which has the equivalent Fourier amplitude spectrum shown
- in Figure 2-3(e) 4-4

16



g(t) (a) G (f)

4 _
T 0 -f 0 f f
2 2 

- 8

*

Op(t) (b)
4

I 4..t • 1•~ 
•

~~~_ I _ _ _ _ _ _ _ _ _ _

.1 ..I 0 I. T t 0 &.
2 4 4 2 T T T

II 
. 

II
g(ki~) (c) G0(f)

/ 
—. —.

.. )
~ ~~~~~~~~~~~~ ,‘ ,_\

i — ~~~~~~~ . —  
~~~~~_/

_____________ T ~~ .~~
- — ..— 

~~~~~~~~~~~~~~~~~~~~~~~~~ N.
..1 1 0 1  I t I A. 0 i i f

2 4 4 2 T T T

- .- Figure 2-2

Aliasing 
4 -
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9(t) (a) G(f)

• *• 
5~(t) (b) t~(f)

..IfItf~ t t I ~4~44.. 
___  _ _ _ _ _ _  _ _ _ _ _ _  ____o~ i ii.. ; t 0 j . f

I I  T,

_ _ _ _ _ _ _ _  •
.. 

_ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _

0 NT~~ t j~~~~~ j  o j j  ‘I

T9 2T1 2Ts T,

•

_____
w(t) (4) W(f)

1. t ‘
~~~~~~~~2j  (N~ .j )T1 -~~~~ 1’s—

I I 
UGaW*W(f)

g(kT,)’w(t) (e)~~

,

~f\~~~
,J ~~~~

t 
~~ ~ 

f
1, 21, 2T, T1

Figure 2—3
Real World Sampling
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s in( ir fNT
m G a(f)*w(f) I = h~— 

~~~~~~~~~~~~~~~~~~~~~~~~~ I ( 2 — 3 0 )

Any sampling function could have been used in place of the

ideal impulse train. The effects on Figure 2-3 would be

that the amplitude of the repeated, modi f ied , spectrum in

2-3(e) would vary as the amplitude of the modulating function

in equation 2-27.

The intent of an interpolation scheme is to reconstruct

the original waveform from the sample set. Obviously, if

we multiply the spectrum in Figure 2-1(c) by the ideal low—

pass filter response

T
F(f) = j J~7~1.jf) (2—31)

we get back G(f) in Figure 2-1(a). This process is

equivalent to passing g(kT5) through the ideal low—pass

filter which returns g(t), the original, infinite duration

time domain signal.

The problem is not quite so simple in the case of

Figure 2-2(c) where multiplication of the spectrum by the

ideal low—pass filter response returns a corrupted version

of G(f). The equivalent time domain process of passing the

finite length data set through the ideal filter returns a

corrupted version of g(t). To overcome this problem, we

must increase the sampling rate to conform with the sampling



theorem--samples must be taken at a rate at least twice

the highest frequency in g(t), or at least a rate such that

aliasing is negligible.

In the case of Figure 2-3(e), multiplication of the

spectrum by the ideal filter response would have to be

followed by a deconvolution process to remove the effects

of the windowing operation. Alternatively, we might try

and choose windows which have negligible effects on Ga(f)~
Then the ideal filter essentially returns the original

function.

2.3 DFT Interpolation

Implied in all the derivations thus far is the

“continuous” nature of time and frequency . But this is not

• quite satisfactory to explain data manipulation on a

computer--we need a completely digital (discrete) version

of the dual, frequency-time relationship of discrete data

sets. This we provide by extending Figure 2-3(e).

First, sample the spectrum in Figure 2-3(e) (repeated

in Figure 2-4(a)) with an infinite impulse train with

pulses spaced 1/NT5 apart. The equivalent time domain

process is convolution with another impulse train, and the

overall results are two discrete periodic sequences.

This process can be written as follows:

N-i
g(kT5) c ~(t) = ~~ g(t)cS (t — kT

5
) (2—32)

k=0

20



g(kT,)~w(t) (a) G (f)*W(f)

__ JWJ
0 (N-UT, ~ ~j  0 j_ .1.

T~ 2T8 2T~ T~

*

(b)

_ _ _ _ _ _ _ _ _ _ _  _ _ _ _  _ _ _ _ _ _  I ~ 14 Ii 1411 ~..
0 NT~ o~j  L.J_.

• 1 1  NT,

I I

Qk Cc) Gm

1t 1, ltt 4. 1t~ itt4. k ~~t ‘~ o~
’

Figure 2-~

Digc-r ~te Fourier Transform Pair
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N—]. .2irft
Ga(f)*W(f) = 5 ~~ g(t)S(t — kT5)e~~ dt (2—33)

-
~~~ k=0

N-i 
- 

2-rrfkT
= ~ g(kT5)e ~ 

S (2—34)
• k=0

• Evaluate at f = and we have the periodic Discrete

Fourier Transform (DFT) shown in Figure 2-4 (c). Now we

write for the fundamental period
(2—35)

N-l
Gm ~ g(kT5)e

3 N 
, m = 0, i, ... N — 1

k= 0

We can also write the Fourier series for the periodic time

dcrain sample set using equations 2-1. and 2-7

~ G
(g(kT 5)~~w (t)]*~~(t) = 

m~-o~~~ 
e~ 

N (2—36)

Then , the fundamental period is

N-i ~~~~
= 

~~s m=O
m e~ 

N k = 0, 1, . . .,  N — 1 (2—37)

Equations 2-35 and 2-37 are a Discrete Fourier

Transform pair except for the constant ~~~
— in equation 2-37.

This can be seen by substituting 2-35 into 2-37 (without

the

22 ~-;
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N—i N—i .2~~~ .2~~~
g = ~ { ~ g~ e~~ 

N j e~ 
N - ( 2 — 3 8 )

m 0  k 0

N-i N—l 2rr (k-p)m

= ~ 
N (2—39)

m=0 k=0

N-].
=

~~~~ ~~g ~~g (2—40)
m=0~~

The interpolation problem requires that we increase

N in the above equations. To increase N by a factor of

2, we proceed as follows : Define a new sequence

(~k Z = 2k (2-4 1)

f = 
k = 0, 1, ... N - 1

(0  ~~= 2 k + l

Then , equation 2—35 becomes

2N—l ~~~~ 
(2—42)

= X fLe
a 2N, m = 0, 1, . . . ,  2N — 1

N—l 4Trkm (2—43)

F = ~ f e~~ 
2N , m = 0, 1, . . . ,  2N — 1

m k=O 2k

N—i 2!~~ 
(2—44)

• Fm 
= 

~~ 

N 
, ~ = 0, 1, . . . ,  2N - 1

k=0 -

which has twice as many spectra l samples as does Now

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~- -



multiply Fm by the ideal symbolic 
filter function which

zeroes coefficients from to and has gain 2 , and take

the inverse DFT of the product

2N-l
= è m~0~m ~ 1~ _f~i_._ m e~ 

2N 
(2-45)

N—l rr 9~m2 • 2— 2N—l -ru m

~~ m~o
Fm~~ 

2N 
+ 

~ 
i~ e~

2
~~~ 

(2-46)

m=~ N+l

Let r = 2N - m in the second summation ; then ,

2!.~~ 1 2!~~
= 

~ ~~~~ 
2N ÷ 

~ 
~~~~~~~~~ 

2N (2—47)
Z m=0 N

From equation 2-44

~2N-r 
= 

~
‘r = F (2 -48 )

Then , N N—l~ • ii9~m —1

f = 
1 2~~F e ~~W + 

1 
~~~~~~~~~~~ (2—49)

Finally ,
f-i ir k-rn ( 2 — 5 0 )

- — 

f2_ = 
N
~~~ _ (~Ll)

m 0, 1, , 2 N 1



Thus , midpoint interpolation is achieved by computing

a modified inverse DFT as prescribed by equation 2-50. The

zeroing of spectral coefficients used to arrive at equation

2-50 is equivalent to multiplying the periodic spectrum

F~ 
by the spectrum of the sampled version of an ideal lowpass

filter.

• As an example, consider the sample set generated by a

periodic sine wave ,

= sin2 i~~ , k = 0, 1, 2, 3 (2—51)

Then ,
f irm

3 -3~T
Fm = ~ sin2~~ = 0 + e + 0 - e 3 (2—52)

k=0

— 
- (2m—l)~~

= 2e sin~~— , m = 0, 1, .. ., 7 (2—53)

Now , using equation 2-50

( 2 — 5 4)
1 — 

- (2m—1)-~- rn-ri
= ~ 2e sin-y e~ , 2~ = 0, 1, . . . ,  7

-1

= -
~~~ {—e ~

3
~ e~~~

4 + 0 + e j 2  e~~~~} (2— 55 )

~~
- {j e~~T — je~T}~ sin2~~~, 2 = 0, 1, . . . ,  7

(2—56)
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• which is clearly the interpolated version of the original

sample set.

2.4 Interpolation by th~ Whittaker Rule

We discussed in section 2 that by passing the sample

set through an ideal low-pass filter we could reconstruct a

version of the original continuous waveform . The proof of

this assertion is as follows : The fundamental spectrum is

obtained from Figure 2- 1(c) by multiplying by equation

2—31

G(f) = ~~~~~~~~~~~~~~~~~~~~~~ (2-57)

This is equivalent to the time domain convolution

(2—58)

g(t) = 5 ~ g(u)~S (u—kT) 
sin T (t — u) du

-
~~~~ k - ~~ -~ - (t - U)

-It
. 4.—

= ~ g (kT) 5
~~ 

T (t  - kT)

— kT) (2—59)

Thus , g ( t )  is reconstructed as a weighted sum of sinc

functions with the samples of g (t )  themselves serving as the

weights.

Similarly, for Figure 2—3,  we obtain

- 

~ (f) = [Ga(f)*W(f)] 1 L  (2-60 )  
-

•
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1
H where G ( f )  is a corrupted version of G ( f ) .  This is equivalent

H to

~ N—l 
sin~~(t — u)

g(t) = 5 ~ g (u)6(u—kT5) ~ 
du (2—61)

- 

-~~k=0

sin~—(t - kTN—l s
g(t) = ~ g (kT ) (2—62)

k=0 1
~— (t - kT)T5 s

Clearly g(t) can differ from g(t) depending on how “poorly ”

G ( f )  approximates G ( f ) . As discussed before , this problem

can be overcome ~y choosing ~(t) such that the convolution

of W ( f )  and Ga ( f )  essentially returns Ga ( f )
~ This means

that Ga ( f )  * W( f )  in the fundamental region ( I f  I < 
~~~~

—) is
- 

essentially the same as G(f). Then, when Ga(f)*W(f) is

multiplied by the ideal f i l ter  function , the resulting G ( f )

is also essentially the same as G ( f ) ,  and equation 2-62 gives

a “good” approximation to g(t).

The function expressed by equation 2-59 is formally

known as the Whittaker cardinal function after E. T. Whittaker

(1873 to 1956), the English scholar. Whittaker arrived at

the interpolating properties of this function quite inde-

4 
pendently of the sampling theorem development used here.

d

Equation 2-59 and its time limited version equation 2—62 are

-L - really the beginning point for the remaining work in this

dissertation.

_ _ _ _ _ _ _ _  _____ - 
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CHAPTER III

AN HISTORICAL REVIEW OF INTERPOLATIN G WITH

THE WEIGHTED SUM OF SINC FUNCTIONS

In the f i rst section of this chapter we br iefly review

polynomial interpolation and discuss the questions

E. T. Whittaker asked in arriving at his cardinal interpo-

lating function. First, we show that polynomial interpo-

lation can be a viable scheme for fitting a continuous curve

to a set of data; then, we extend the forms of polynomials

to include those generated by finite difference equations.

While studying the Newton di f f e rence form , Whittaker was

bothered by the fact that more than one function could have

the same finite difference table. He subsequently proved

that the cardinal function is the lowest f requency function

• which passes through all the data points used to generate

the differences. We also review the work of Whi ttaker ’s son ,

J. M. Whittaker, who extended the theory of the cardinal

function by specifying conditions under which it converges.

4 
In Section 2, we discuss the digital sampling theorem from

the point of view of how it relates to Whit taker ’s theory .

Particulary important is that when the number of samples

• available for interpolation exceeds the product of signal

bandwidth and its duration, the cardinal function and the

signal which generated the samples are one and the same.

Finally, in Section 3 we hint at how sample sets might be

28
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manipulated outside the region of interest in order to assure

convergence of the cardinal function inside the interval .

3.1 The Whittaker Cardinal Function

The literature is replete with the theme of polynomial

interpolation on data sets. The ease with which polynomials

are generated and the simple form of their derivatives and

integrals are no doubt fundamental reasons for the populari ty.

It is no surprise, then , that the cardinal function for

interpolation evolved during Whittaker ’s study of polynomial

interpolation.

To provide a brief introduction to polynomial in ter-

polation , consider the difference y(x) - p(x), where y (x) is

the given function and p(x) is an Nth degree polynomial to

be used to approximate y(x). The central idea in inter—

• polation is to keep this difference small. Now suppose the

polynomial takes on the same values as y(x) at the tabular

points X = X 0, X1, ...
~ 

X1~. We can anticipate a result for

the difference of the form (8, p. 100]

N
y ( x )  - p (x)  = R ( x  - x0 ) ( x  - x1) . . . ( x - xN ) = R11(x)

(3—1)

which is identically zero for x = x~~, i = 0, 1, ...,  N.
At any nontabular point x~ in the interval X0 < X

3 
< and

~ X , we do not expect this difference to be zero ; but , if3.

we define

29
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N
4 F(x~ ) = y ( x ~ ) — ~ (x~ ) — RI1 (x~ ) (3—2)

with
y(x .) - p(x.)

• R =  (3—3)
N
r I (x ~~)

we can force F (x~) to be zero. Now F(x) has at least N + 2

zeroes. By Rolle’s theorem (11, pp. 61—62] (28 , p. 121, F’(x)

is guaranteed N + 1 zeroes between the N + 2 zeroes of F(x)

while F”(x) is guaranteed N zeroes between those of F’(x).

Repeatedly applying this theorem to equation 3-2, we f ind

that F(N+l) (x) has at least 1 zero in the interval from x0

to ~~~ say at x = ~. Then , using the fact that the “N + 1st”

derivative of p(x) is zero, we can write

F(N+l) (~~ ) = o = •
y (N+l) (~~) — R(N + 1)! (3—4)

• and
(N+i) (

~~
) 

3—5— (N+l)!

Substituting in equation 3-1 and simplifying

0 y (x
3
) — ~ (x~ ) = (N + ] ) ~~ 

( 3 — 6 )

p Since x~ is any non-tabular point and since equation 3-6 is
4 true at the tabular points, we replace x- with x and write

y(x) - p(x) y (N+l ) (~~~~(x) (3 7)

30
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The behavior of equation 3-7 is difficult to analyze.

However, it can be shown (41, p. 123] that if y (x) is an entire

function , (expandible in a power series which converges for all

x) then the sequence of interpolating polynomials pN (x) with

N = 3, 4, ... ,  defined on the interval a ~ x ~ b , converges

uniformly to y(x) on the interval. For other types of functions

we can say that if some bound for ~~ is known , then

equation 3-7 may provide a useful bound on the error .

There are numerous form s for the interpolating poly-

nomial p(x) . One widely used with equally spaced data is

the Newton Difference Formula (28, p. 351

- 
~K 

= 

~
‘0 + K~ y0 + ~-j-K~

2
~~

2y0 + ... ~~-K~~~~~~y 0 ( 3— 8 )

where the special notation k (i) is defined as

• ~~~ = K(K — l)(K — 2)...(K — ~ + 1) (3—9)

and denotes the ~
th finite difference

= 

~
‘l 

- y0

= ~ (~ y0) = 

~~
‘l 

- 

~~
‘O 

= — 2y1 
- y0 (3—10)

i i—l i—l
~~y0 = i ~ y1 —~~ y0

Clearly equation 3-8 is true for K = 0; for K = 1,

P1 y0 + A y 0 = y 0 + y 1 - y 0 y1 (3—il)

f o r K = 2
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p2 = ~y0 + 2~ y 0 ) + 
~~-~

2y0 = (2y1 
- y0) + y2 

- 2y1 + y0 = y2

(3—12)

and inductively we can show the values of are cotabular

with We also note that K is not restricted to integer

• values , thus is defined at nontabular points.

It was equation 3-8 that perplexed Whittaker 136 , p. 181].

He noted that other functions have the same difference

table as y(x)

2 3 4x y tiy l
~
y ~~y

a—2~ y_ -, 
~~ 2

a- y ‘
~~~-2 3U) —l ~ —i 2 -‘—2 4 (3—13)...a 30 2a+~i y1 ~~
y0

a+2U ) y 2

“ ...for we can form a new function by adding to y(x) any

analytic function which vanishes for the values a, a + w,

a - w, ... of the argument, and this new function will have

precisely the same difference table as y(x).” He called all

• such analytic functions “ the cotabular set” and pointed out

that they were all equal at the tabular points but in general

not equal at nontabular points. He noted that “a—priori

-p
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there is no reason why p(x) in equation 3-8 should represent

y (x) in preference to any other function in the cotabular

set. Whittaker then asked two questions: (1) “Which one

of the functions of the cotabular set is represented by the

expansion?” (equation 3-8); (2) “Given any one function

belonging to the cotabular set, is it possible to construct

. . . that  func t ion.. .  which is represented by the expansion?”

In answe r to his questions, Whittaker derived

sin~~(x - a - flU) )

C(x) = ~ f(a + r-~w ) ( 3— 14 )
— a — nw )

as “ a function which is cotabular with the given function

y(x), but which has no periodi c constituents of periods less

than 2U).” He pre sen ted a lengthy proof which shows that

C(x) is the limit of 
~K 

given in equation 3-8 as N goes to

(36, pp. 190—1921. The f(a + rIU)), n = 0, ±1, . ..,  are

samples from any function f(x) in the cotabular set. The

fact that C(x) is generated from any one of these functions

led Whitta]cer to call C(x) an invariant function - the

simplest function belonging to the set. He defined C(x) as

the cardinal function .

Professor Whi ttaker ’s son , J. M. Whittaker , made some

important extensions to his father ’s work . Lacking in the

original work was a definitive statement of under what

conditions C(x) should reasonably be expected to converge.

As pointed out by J. M. Whittaker [37], his father said that

S
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“when C(x) is analyzed into periodic constituents by Fourier ’s

Integral Theorem , all constituents of periods less than 2w

are absent; ” his f ather then proceeded to produce an example

which converged but which could not be analyzed by Fourier ’s

Theorem .

J. M. Whittaker ’s results are contained in his theorem:

“If {f ~ } is a sequence of real numbers such that the sum of

over all N is convergent, then the cardinal series is

absolutely convergent and its sum is of the form

1
C(x) = f (~~(t)cos-Trxt + ip(t ) s in -r rxt }dt  (3—15 )

0

where $ and lj~ are each square integrable on ( 0, 1].” Here,

the set {f ~ } is the same as implied in equation 3-14 except

we c h o o s e a =O a n d w = l .

Whittaker ’s proof is fairly straightforward . He notes

that due to the Riesz-Fisher Theorem , there are function s

• and ~~~ , and a convergent, square suxnmable sequence 
~~~~ 

such

that

1

f {q(t) — 
~ (t)}2dt -

~ 0 ( 3— 1 6 )

0

and

1
f {~p(t) — i4 (t)}2dt -~ 0 ( 3— 1 7 )

0

as p -‘-~~~when
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= + 

n=l~~~ 

+ f _~~)cosirnt ( 3—18 )

and

= ~~ (f~ + f~~ )siniTnt (3—19)

We can show that by multiplying ~~(t) and ~~
i
~~~~~(t )  by cosine

and sine respectively and integrating on [0, 1] we have

5 (t)cosiixtdt = ~~ 
sinirx 

+ (f +f )[sinir(x-n)÷slnhr(x+n)]
0 p 0 irx 2 n=1 n -n ir (x-n) ir (x+n)

(3—2 0)

and

f~~~~(t)sinirxtdt = 2 1 n n  3 (n ) 
- 

sin-n-(x+n)
1

• (3—21)

Then

J
0

ct~~(t)cos Trxtdt +5 
0

rL~~(t)sin-JTxtdt =

(3—22)

Equation 3-22 is the truncated version of the cardinal

function. Then, form the difference between equations
- 3— 15 and 3—22
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-

f (~~(t)cosirxt +~~(t)sinirxt)dt - 

n~_p~
n n

~~

- 1 1
= 5 1~~(t) — 

~~ (t)}cosirntdt — 5 {i4~(t) — r~ (t)}sinirntdt
0 p 0 p

1 1

~ [5 {~~(t) — 
~ ( t ) } 2dt] 1”2 + [5 (rj’(t) — ~p (t)}2dt]~

”2
0 p 0 p

(3—24)

which approaches zero uniformly as p -~- 
~~. Thus ,

J. M. Whittaker proved that when a sequence of samples is

square suimnable, equations 3-14 and 3-15 converge to the

same function .

Actually, much additional work has been and is being

done which extends the cardinal function to ever increasing

classes of functions. One early work was by J. M. Whittaker

himself [38] wherein he places some additional restrictions

on sample sets of arbitrary functions to gain convergence of

the cardinal series. More current work is covered by McNamee

(19] where the equivalence of the communication sampling

theorem and Whit taker ’s theory is recognized and interpreted

in modern linear algebra terminology . Our purpose, though,

• is not to exhaustively review the cardinal function . Rather,

we have shown that it is logical to pursue interpolation using

the Whittaker theory .
36
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3.2 The Sampling Theorem Approach

Interpolation with the cardinal function is not

exclusively in the domain of the mathematicians. Early

investigators such as Shannon [29], derive the weighted sum

of sinc functions completely independently. Shannon , for

instance, (page 627) while discussing certain continuous

statis tical func tions which can be transmi tted over a

communic ation sys tem, wri tes an expans ion for such func tions

as

sin-rr (2Wx— n )
f(x) = 

n~
_
~~~~
& rr(2Wx—n) (3—25)

He declares that “If the function f(x) is limited to the band

from 0 to W cycles per second , it is completely determined

by giving its ordinates at a series of discrete points

spaced seconds apart...” He notes that f(x) is represented

as a sum of orthogonal functions with the samples f~ represent-

ing the coordinates in an infinite dimensional function space.

Furthermore, “...if f(x) is substantially limited to a period

T (i.e., f~ = 0, n > N and N = 1/2W = 2TW) then only 2TW

coordinates are non—zero in the function space. Thus,

func tion s limi ted to a band W and duration T corres pond to

poin ts in a space of 2TW dimension s. ” Again we have

Whittaker ’s theorem , but wi th a differen t interpre tation ;

whil e Whittaker found the lowest fre quency analy tic func tion

37
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C ( x )  co tabular with samples from any f ( x )  in the cotabular

set at the tabular points , Shannon proves [301 that the

cardinal function and f(x) are the same because band-limited-

ness and sample spacing criteria are met.

The real importance of Shannon ’s theorem and what

makes it so distinctive from Whittaker is the information

measure of “2TW .” Work earlier than Shannon ’ s by Lord Kelvin ,

Hartley , and Nyquis t all sought or propos ed similar quanti-

f iers for the inform ation con tent of signal s. Modern commun i-

cation theory is based on this important concept; i.e.,

we must send and detect - as a minimum - these 2TW coordinates

of a signal space in order to reconstruct (interpolate) the

ori ginal signal.

In his important paper in 1929 , Hartley [14 , p. 554]

also came to the conclusion “that the maximum rate at whic h

informa tion may be transmitted over a system whose tran s-

mission is limited to frequencies lying in a restricted

range, is proportional to the extent of this frequency range.

From this it follows that the total amoun t of information

which may be transmitted over such a system is proportional

to the produc t of the frequency range which it transmits by

the time during which it is available for the transmission .”

This conclusion was reached argumentatively by proposing

various alternatives and rejecting them because they all

depended on psycholo gical consi derations as oppos ed to

38 —
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physical quantities; e . g . ,  the n umber of symbols available

to a communications system should not be used as a measure

of information because if the sender and receiver read

different  languages , all messages could be unintelligible.

About the same time , 1928 , Nyquist  [21 , p. 618] also

came to a similar conclusion while studying telegraph tran s-

mission theory . In an elegant hueristic argument, Nyquist

proposes that we consider an arbitrary telegraph signal made

up of any number and combination of dots and dashes (with a

dash three times as long as a dot) ; the amplitude of each

dot/dash is free to vary (the shape is rectangular, though )

and the message, wha tever its length , is assumed to be re-

peated indefinitely so that Fourier analysis is applicable.

“T he lowes t fre quency componen t has a perio d equal to the

period of repetition.. .The next component is double the

frequency . . .The third component is triple the frequency , and

so forth . Certain components may be lacking . . .w hile there

is always a lowest frequency, there generally is no highest. .. “

Next, Nyquist supposes that we transmit such a signal and one

identical to it except that each element of the new signal is

half the duration of the original . “That is to say , every-

thin g happens twice as fast and the signal s are repea ted twice

as frequently. It will be obvious that the analysis into

sinusoidal terms (by Fourier analysis) corresponds , term for

term (with the f i rs t  signal ) the difference being that

corresponding terms are exactly twice the frequency . ” He
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nex t assumed that the transmission medium affec ted both

signals linearly (deformed each the same) and noted that

the second signal would be the exact counterpart of the first.

“ Gener alizin g , it may be concluded that for any given deforma-

tion of the received signal , the transmitted frequency range

must be increased in direct proportion to the signaling

speed, and the effec t of the sys tem at any corr esponding

fre quencies must be the same. The conclusion is that the

frequency band is directly proportional to the speed.” In

other words, when he doubled the speed he doubled the band-

width but cut the duration in ha l f .  The information content

of the signal was unchanged, i.e., T W was con stant for

either signal .

- 
The importance of the 2TW concept to interpolation is

implicit in all our work in this dissertation . We assume

• that approximately 2TW samples are available; otherwise our

interpola tion sc hemes degenera te to the Whittaker “low

frequency ” cotabular algorithm (aliasing) which is abhorrent

to digital signal processing . Perhaps more fundamental in

our work is that we also v iew interpola tion as a transforma tion

or mapping of vectors in a linear vector space of 2TW

dimensions. The modern approach , then , is to use matrices

• to describe these transformations (4, p. 107], (10, p. 32].
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3 .3 A Modified Sampling Theorem

Practical engineering phenomena are effectively time

limited, i.e., they begin and end in f inite time although

the precise instants may be difficult to isolate. A theorem

by Paley and Wiener known as the Paley-Wiener Condition (24]

implies that such functions cannot be band-limited and thus

the concept of the previous section is always violated : “A

necessary and sufficient condition for square integrable

function A(U)) ~ 0 (F(w) = A ( w ) e~ ) to be the Fourier

spectrum of causal function (f(t) -~~‘F (w)) is the convergence

of the integral

~~~1 2 
dU) < ( 3 — 2 6 )

-
~~~ 1 + ~~

As used by Papoulis [25, 
~
p. 219 and 222], F (~~) = 0, w~ <w<w 2

implies that A(w) is zero, and, therefore , ZnA (w) is unbounded.

Thus , a causal function cannot be band-limited.

This dilemma, while troublesome, is manageable. Even

Shannon recognized this: “ . . . i f  f ( t )  is ‘ substantially’

limited...then only 2TW coordinates are nonzero.. . “ In

linear algebra terminology , if the coordinates of a function

(signal) are essentially zero along all axes of an infinite

dimensional function space except possibly in 2TW directions,

• then these 2TW coordinates adequately describe the function .

A well known trick in analyzing nonperiodic transient

phenomena is to form the periodic continuation (8 ,  p. 417]
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and write a Fourier series. It is also well known that

the manner in which the function is extended can have

serious consequences on the number of terms in the Fourier

series expansion ; e. g ., the half cycle of a sine wave re—

peated indefinitely will have the classic fu l l  wave,

rectified sine wave expansion containing coefficients out to

~~~~. However , the simple artifact of repeating the half cycle

odd periodically so that a complete sine wave results,

reduces the expansion to a single coeff icient. As applicable

to interpolation with the cardinal function the consequences

are obvious — many more samples are required to interpolate

the rectified sine wave than required for the pure sine wave.

In his dissertation, Campbell [5) chooses samples from

finite duration functions which begin and end with f irst

derivative discontinuities. By forming the odd periodic

• extension (flipping about the X and Y axis), Campbell derives

a special form of the Whittaker formula which capitalizes on

the reduced bandwidth of what he calls the “regionally

band-limited function .”

Our approach in the next chapter does not require such

restrictions on the sample set. We argue that the simple

periodic extension of sample sets from practical engineering

systems is sufficient. Consider, for example , the single
IO’,/e y

l

pulse consisting of one cycle of a sine wave. By the Paulêy—

Wiener Condition , its spectrum is infinite. Therefore, we

whould not expect 2TW samples to be exactly available. The
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simple periodic extension of its sample set, however, reduces

the problem to considering two samples. But our approach is

more general; if we assume that the digital sampling and

recording system is properly designed to provide “approximately ”

the 2TW coordinates for all input fun ctions of in terest, we

then have available two different techniques for interpolation ;

first, the periodic extension of the sample set ca~n be inter-

polated as in Chapter 5; secondly , the transient sample set

itself can be interpolated as in Chapter 6.
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CHAPTER IV

WHITTAKER INTERPOLATION AS A MATRIX PROCESS

This chapter begins by formulating a matrix equation

which interpolates one point between every two data points

in a finite length sample set. The idea was struck upon

after reading Kun-Shan Lin ’s dissertation [17 , p. 25] wherein

he observed, in passing, some in teresting properties of the

elements in such a matrix when generated from the cardinal

function. The special problem of interpolating periodic

sample sets is considered first, but we then show that when

the summation parameters in the matrix element generating

equations are varied, the partial periodic and transient

sample sets are also interpolated . When an inf initely

periodic band-limited sample set is interpolated , we show

that the matrix elements can be expressed in a closed form

by the cotangent function. We conclude the chapter by

rearranging the matrix interpolating equations into a

symmetric matrix for-mat. The special properties of these

symmetric matrices are exploited in subsequent chapters.

4.1 The Whittaker Matrix for Mid-Point Reconstruction

Consider the problem of reconstructing points midway

between every two samples in a periodic sample set. In

I 
• particular, consider the vector of N interpolants generated

by a vector of M • N original data points. M is an odd
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number of periods (windows), each N data points in length.

In matrix notation we can write

fN = w3(M.N (4-1)

where fN is the vector of N interpolants at intervals of

- (2i - l)T/2, i = 1, 2, .. .N; xM~~ is the vector of M N

original periodic data points at intervals of (j  
- 1 + rN ) T ,

j = 1, 2, .. . ,  N, r = —(M — l)/2...0... (M — l)/2; W is the

N x M N matrix of Whittaker coefficients

= (W~~~~~~
”2 : ~~

° : . . . ~~~~~~~~~~~~~ (4—2)
I I

where

• wr = [w~~~] i = 1, 2, • . .,  N; j = 1, 2, ..., N

(4—3)

and

r 
= 

sin7r[i  — — rN + 1/2) 
= 

2 _______________
~i j  rr [i — j  — rN + 1/21 ir 2(i — j  — rN)+l

(4—4)

Figure 4-1 demonstrates the data format and partitioning

• for the case of M = 3 and a periodic sine wave . Formats for

N both even and odd are shown .

• Equation 4-1 can be simplified using equation 4-2 and

becomes

1dP~ 
I
4
I~~~~~~~~

. •
-
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N~~4

r e — I  r*O ra l

1.0 -

P~( ~~ M 7f1 ‘tf2
_I /

‘ 
/ /

-I.0 - 
f~~7~X4 4 X4

I I I I I I  I I I
-4T -31 -2~ -T 0 T 2T 3T 4T 5T 6T IT BT

• N.3

rs_ I  r * O  r= I

• 10 

~ iox2 ~4\x2
/ \

/ / /

~fa lkfa X 1 ~f2
/ / /
/ \ / /

- x3”j~f3

-3T -2T -T 0 1 21 31 4T 5T 61

• Figure 4-1

Data Format for Sine Wave -
- --4
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M-l
2

fN = t . . .w~
- w° w1...i xN 

= wrxN
• M-l

xN r=-(-.r-)

• ( 4 — 5 )

For M = 3, N = 4, equation 4-5 yields
_

~~ l_# +1+4 H-h -4+4f~ X~

~~~~~~~~ ~~~l-4 +‘4 4-4± X 2

~~ 
LJ~1 4-i4 -4+1+4 X3 (4-6)

~~~~~ frLI ~~4~1 ~+l~1 X4

and for M = 3, N = 3,

~~~~~~~~~~~~~~~~

f2 
a 

~~~ -4+i+4 4-i_4 X2 (4-7)

!3. :+r+1 4-4-4 +l+4• 
X3

• In general, the summed periodic form of equation 4-1

can be expressed as

fN = ~3(N (4—8)
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where P is the NXN matrix with

M-1
2

= (
~~~ • )  = (4—9)

and

(
~j~

)
— 

2 1 i— j—rN
— 

~ r=— (~~ -~) 2(i — j — rN) + i (4—10)

Figure 4-2 is a plot of this Whittaker kernel for p11 and

p41 when M = 3 and N = 4 , and for p11 and p31 when M = 3

and N = 3. Using equation 4-10, the ,,
~

th ,, interpolant is

computed as

M-l

• = 

~ j~~ (M~l) 
2 ( i - j - r N ) + 1 (4-11)

Reversing the order of summation and substitution of

j = i + p ÷ 1 - rN, equation 4-11 becomes

M- 1
N-i- l+rN - -

f = a V (_1) 1 L P 1+rN rN 
~

r=- (~~
1) p=-i+rN 

2i-2 (i+p+l-rN)-2rN+l i+p+l rN
• 2

(4—12)

-

~~ 

- 
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N~~4

“ I ’ l l’ ,
-41-3r -2T -T 0 1 2T 3T 4T 5T 6T iT 8T

N.3 
231

— - Figure 4-2

Normalized Plot of Whi ttaker Kernel Scale Factor =
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which reduces to

— 2 
~ ~ 

(—1) X (4 13i — 2p ÷ 1 i+p+l-rN -

Equation 4-li obtains from evaluating the I~~~~~~th JI point

in equation 4-8, while equation 4—13 is the form for

evaluating the same point as formulated by equation 4-1.

Although the two forms are equivalent, the number of compu-

tations is not the same. For given M and N , the bracketed

terms in equation 4-11 can be precomputed and stored; thus

N mul tiplications are implied to evaluate f~ . Equation 4-13,

however , requires N N multiplications for the same

computation .

- Equations 4-il and 4-13 can be used when N is an even

number of data windows if the data can be resegmented into

an odd number of windows each con taining an even number of

periods of periodic data samples . However , the two important

cases are delineated by the present form of these equations:

the case where M = 1, or the transient case; and the case

where M ~ ~~~~, or the periodic case . Incidental to these two

important extremes are the cases where multiple cycles of

some partially periodic transient event must be interpolated .

4.2 Trigonometric Representation of Matrix Elements

Equation 4-11 can be fur ther simplified for the periodic

interpolation problem . In his dissertation , Campbell
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[5, Appendix B] shows that the Whittaker summation con-

verges to a trigonometric form when the data is periodic

and odd symmetric about the center of each window. A

somewhat d i f fe ren t  development , assuming no special symmetry ,

proceeds as follows: Let M -
~~ ~~~~, and rewrite equation 4-10 as

i-j -rN
— 

(—1) V (—1) 4—14
~ij 

— irN r=~~ (~ ~ + -i--) - rN 2N

If N is restricted to an even number of data points,

equation 4-14 is always positive and can be wri t ten

— 
(1) -J 1 (4—15)

~ij -uN 
~~~~~~~~~~

where

= 
(i — j~ + (4 —16 )

N 2N

The form of the summation in equation 4-15 can be observed

by writing a few terms around r = 0

V 1 
— 

1 1 1 1 1 4 7L L—r ~~~~~~~ 

+ 
L+]. + + £—l + £ — 2  ( 1

Grouping like terms ,

~ = ... (th- + + 
~1~T 

+ + -
~~~ (4-18)

— -

Establishing a common denominator for each group of terms and

simplifying •
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r -

= 
~2~~~~~2 

+ 

£2 _ l 2 + ( 4 — 1 9 )

One expansion for the cotangent of an argument [18, p. 20] is

cctir~ = irZ + 
~Tt 2 2 (4-20)

Using equations 4-15, 4—19, and 4-20, equation 4-14 can be

simplified to

~ij 
= 

(_ i ) i_ i

[l 
+ T 

r=1 £
2 11 (4-21)

or ,

(—1) ~~
~ij 

= 
N cot•1T9 (4-22)

Finally,  the ,,
~
th,, interpolant can be written as the finite

length summation

• = 

j~~i 
[(_~

)
i_
~cot71(i ~ + ~)] x~ (4 -2 3)

• For the case where N is an odd number of data points ,

equation 4-14 alternates in sign and can be rewritten as

I
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- 
(-1) r (-1) -2k + 

(-1) -2k_li

~~jj 
— irN k=- o L~

_ 2k £-2k-1 J
( 4 — 2 4 )

- 
(-1)~~~ ~~~ r 1 1
2irN 

~~ I z 1~. £ _ 1
k=-~ ~ 

k 
2

where 9. is given by equation 4-16. Proceeding as before ,

is simplified to

(-1) ~~~
~ij 

= 2N [cot7r 9./2 — cot71(.Q — l)/2] (4—25)

- th,, -and the i interpolant for N odd is

= 

j~ l 
~~~~~ (cot1r (~~i + ~~) 

— cot7r (~~~- + -

(4—2 6)

4.3 The Symmetric Whittaker Matrix

We can rewrite equation 4—8 by reversing the sequence

of interpolated points. Then ,

g
N 

= 5~
N 

(4-27)

where gN is fN written in reverse order , and S is the

• symmetric matrix of summed Whittaker coefficients obtained

from equation 4-10 by replacing i with N + 1 - I
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S = [s~~ ] i= 1, 2, . . . ,  N; j = 1, 2, . . ., N (4—28)

and

2 (1)N(1 — r) — (i + j) + 1
S
j

~~~ = ~~~ 2[N(l — r) — (j  + j ) )  + 3 (4—29)

For the examples in Figure 4-1, the interpolation

formulae become for N even

.816 — .058 — .232 1.000 0 — .652

= (.616) — .058 — .232 1.000 1.000 1 
= 

— .759

— .232 1.000 1.000 — .232 0 .759

f 1.000 1.000 — .232 — .058 —l .652
-~~~~ - J - -  -

( 4 — 3 0 )

and for N odd,

f3 [1.049 — .526 1.000 0 1 [_ .889~
= (.673) — .526 1.000 1.000 .866 = 0

f 1 1.000 1.000 — .526 — .866] L .889 J
(4—31)

The exact values are: -.707, - .7 07, +.707 , and +.707 for

N even; and -.886, 0, and .866 for N odd.

We can apply the same procedures to equations 4-22

and 4-25, yielding for the infinitely periodic case and

N even
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= 
(-1)’~~~~ cotlr (2N 

- 

2N 
2j +3 ) ( 4 - 3 2 )

and for N odd,

= 
(_ ]j l+J 

[cotlr (2N - 4N 
2j + 3) 

- cot~~(
2
~~~~~

3)]

(4—33 )

If we expand the number of windows in Figure 4-1 to

the infinitely periodic sine wave, the interpolation

equation (using 4-32) becomes

f4 1.000 — .171 -.171 1.000 0 — .7 07

= (.604) — .171 — .171 1.000 1.000 1 = — .707

— .171 1.000 1.000 — .171 0 .707

1.000 1.000 — .171 — .171 —l .707

(4—34)

and using equation 4—33 becomes

r~3 [1.000 — .500 1.000 r 0 
— [— .866

f f 2 = (.667) — .500 1.000 1.000 .866 = 0

[i.ooo 1.000 — .500 [—.866 [.866

(4—35)

Figures 4-3 and 4-4 show the symmetric matrix of

summed Whittaker coefficients (equations 4-29 and 4-33)

for N = 9 and various choices for the number of windows;
V
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Figures 4-5 and 4-6 show the matrix (equations 4-29 and

4—32) for N = 16. We note that the matrix elements converge

rapidly as the number of windows increases.
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PPINT OF WHITTA ICER PATP IX -
NULTIPL!8R 0.631C 00 NWI N D I

I/J 1 2 3 4 5 6 7 8 9
* 0.059 — C.C6 7 0.077 — 0.091 0.111 — 0 . 14 3  0.200 — 0 .333 1.000
2 —0.067 0.077 —0.091 0.111 —0.143 0.2CC —0.333 1.000 1.000
3 0.077 —0.09* 0.1*1 —0.143 0.200 —0 .333 1.000 1.000 —0.333
4 —0.091 0.111 —0.143 0.200 —0.333 1.000 1.000 —0.333 0.200
5 0.111 —C .143 0.230 —0.333 1.000 1.000 —0.333 0.200 —0.143
6 —0.143 C.200 —0.333 1.000 1.000 —0.333 0.200 —0 .143 0 .111
7 0.200 —0 .233 1.OOC 1.000 —0.333 0.200 —0.143 0.111 —0.09!
6 —0.333 1.000 1.OOC —0.333 0.200 — 0.143 0.111 —C .091 0.371
9 1.000 1.030 —0.333 0.200 —0.143 0 .111 —0.091 0.017 —0.067

PRINT OF WP4!T TA~~~R MA T ~~1X
MULT IPL I8R 0.641E 00 NW IND= 3

I/J 1 2 3 4 5 6 7 8 9
1 1.024 —~~.367 0.243 —0.198 0.184 —0.193 0.232 —C .350 1.000
2 —0 .367 C.243 —0.198 0.184 —0.193 0.232 —0.350 1.000 1.000
3 0.243 —0.198 0.104 —0.193 0.232 —0 .350 1.000 1.000 —0 .350
4 —0.198 0.184 —0.193 0.232 —0.350 I.CO0 1.000 —0.350 0.232
5 0.184 —C .l93 0.232 —0 .350 1.000 1 .C0O —0.350 C.232 —0.193

• 6 —0.193 0.232 —0.150 1.000 *.C00 —0 .350 0.232 —0 .193 0.184
7 0.232 —0.350 1.C 3C 1.C0O —0.350 0.232 —0 .193 0.184 —0 .198

• 8 —0.350 1.000 1.)1C —0.350 0.232 —0.1 93 0.184 —C.196 0.243
9 1.0CC 1.030 —0.350 0.212 —0.193 0.184 —0.198 (‘.243 —0.361

4-3 Symmetric Whi ttaker Matrix
Number of Windows = 1 and 3, N = 9
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PR INT OF WNITT AK ER WAT RIX
MUL flPL IER 0.840E 30 NW INO 9

I’J  1 2 3 4 5 6 7 5 9
1 0.998 —0 .345 0.2’S —0.183 0.172 — 0.154 0.226 —0 .347 1.300
2 —0.345 0.225 — 0.153 0.172 —0.184 0.228 —0.34? 1.000 1.000
3 6.225 —6.183 0.172 —0 .184 0.226 —0.347 1.000 1.000 —0.347
4 —0 .183 0.172 —0 .184 0.226 —0.341 1.000 1.000 —0.341 0.226
5 0.172 —0.184 0.226 —0.347 1.000 1.000 —0.347 0.226 —0.106
6 —0 .154 0.226 —0 .341 1.0)0 1.000 —0 .347 0.226 —0.184 0.172
7 0.226 —0.347 1.0)0 1.000 —0.347 0.22e —0.184 0.172 —0.183
8 —0.347 1.000 1.000 —0.347 0.226 —0 .154 0.172 —0.183 0.225
9 1.0CC 1.000 —0.347 0.226 —0.184 0.172 —0.183 (‘.225 —0.345

PRINT CF WHITT AKEP ~ATR 1X
MULT IPL IER C.643E 00 NW1 ND 959

I.’J 1 2 3 4 S 6 7 5 9
* 1.000 —0.347 0.227 —0.185 0.174 — 0.185 0.227 —0.347 1.030
2 -0.347 0.227 —0.185 0.174 —0.185 0.227 —0.347 1.003 1.000
3 0.227 —0 .155 0.174 —0.185 0.227 —0.347 1.000 1.00’) —0.341
4 -0.185 0.174 —0.185 0.221 —0.347 1.600 1.000 —0.347 0.227
5 0.174 —0.185 0.227 —0.347 1.000 1.000  —0.347 0.227 —0.185
6 —0.185 0 .227  — 0 . 3 4 7  1.~~ 30 1.000 — 0 . 3 4 7  0 .227  — 0 . 1 85  0 .174
7 0.227 —0.347 1.0)0 1.0CC —fl~~347 0.227 —0.185 0.174 —0 .185
8 —0.347 1.000 1.0 00 —0.347 0.227 —0.ies 0.174 —0 .185 0.227
9 1.OOC 1.000 —0.347 C.227 —0.1 85 0.174 —0.185 0.221 —0 .36?

4-4 Symmetric Whittaker Matrix,
Number of Windows = 9 and 999, N = 9

4—
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CHAPTER V

CYCLICAL DECOMPSITION OF THE PERIODIC

WHITTAKER MATRIX

We begin this chapter by decomposing the periodic

Whittaker matrix into the product of 4 special matrices

whose operations on the data vector x can be directly imple-

mented by the Cooley-Tukey [3], (34] factorization algorithm

(FFT). The first section develops these matrices from

eigenvalue—eigenvector considerations and an equivalence

transformation. In Section 2 we rewrite the periodic

Whittaker matrix in a special cyclic form. Finite difference

equation s are then wri tten which express the eigenvalue-

eigenvector equations in discrete form. In Section 3 we

solve these difference equations and obtain “nice ” analytical

expressions for the eigenvalues and eigenvectors . A brief

description of the algorithm for implementing interpolation

via the cyclical decomposition is presented in Section 4 .

The overall purpose of this chapter is to show that

the matrix interpolating equation 4-27 can be implemented

with fewer than the implied N2 operation . Implicit in the

chapter is the new interpretation of the workings of an

ideal digital f i l ter ;  i . e . ,  although we never invoke the

sampling theorem or discrete filter theory, we arrive at an

equivalent algorithm.
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5.1 Equivalence Transform

The eigenvalues X~ and eigenvectors v
1 of equation 4-8

are found from the matrix equation

Pv~ = A i vi , v~ ~ 0, i = 0, 1, • .. ,  N — 1 (5—1)

The diagonal matrix A of all eigenvalues and the corresponding
O i l ’ N—lmatrix V = [V I v I ... v ] of all eigenvectors also

solve equation 5-1

Pv = VA (5—2)

Now the symmetric Whittaker matrix equation 4-27 was developed

from P by premultiplying with a permutation matr ix T which

interchanges the first and last rows , second and next—to-

last rows , and so on

TPV = TVA (5—3)

and with

S TP (5—4)

we have

SV TVA (5—5)

where the elements of S are given by equations 4-32 and 4-33.

If V is non-singular, we can rewrite equation 5-5 as

S TVAV~~ (5 -6 )

and the symmetric interpolating equation 4-27 becomes
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g = TVAV 1X (5-7)

Equation 5—6 is recognizable as an equivalence trans-

formation; i.e., S and A are equivalent [39, p. 18]. Our

.objective in this chapter is to show that elements of V and

V 1 are simply samples from the Fourier kernel , and that

the are related to the discrete Fourier Transform of

elements of 5; the entire equation 5-7 can be implemented

as a DFT of x followed by N multiplications by the

followed by another DFT. To accomplish this, we first

develop a “cyclical” representation for the matrix elements

of S, and following the approach of Grey (13, p. 171 , we

solve the cyclical eigenvector equation for A and V.

5.2 The Cyclical Whittaker Matrix

Equations 4—32 and 4-33 can be rewritten using the

substitution

= i + j — 2, 0 � i + j  — 2 ~ N — 1 (5—8)

Then, N even

= 
(_ ] ) L+l 

~0t~~
2N 

2N 
— 22,) (5 9)

N odd

= ~~cotlr ( 2N - 22~ - cot~~(
1
4 

2L)]

(5—10)

F
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A little trig reduces equations 5-9 and 5-10 for N even

= ~~~ cot~ (
1 
2N~~~ 

(5-11)

and for N odd

5
2, 

= 
(~~~)~~ 

csc7r(1 2N~~~ 
(5—12)

The corresponding S matrix becomes

S
0 ~~~ 

S
2 

... S
N _ 2  

SN_ l

~l ~2 53 S S ~~~ SN l  S
0

S = Es 2,] = 

~2 
53 S

4 
... 

~0 ~l 
(5—13)

~0 ~1 
3N—3 SN 2

where

= 5N—2,—l ’ 2, = 0, 1, . . . ,  N — 1 (5—14- )

For example , for N = 3 or 4, we have

[S~ 
~~~~~ ~2 rso ~1 sol

~l ~2 
S
0 

= ~s1 s~ s0~ 
(5—15)

[s2 s0 s1 ~ S
0 

S
1]

and
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S
o 

S
1 

S
2 

S
3 ~0 ~l ~l ~0

S
1 ~2 

s3 S
0 

S
~ 

S
1 

S
0 

S
0

~ 2 ~ 3 ~~ 
= 

~1 ~~ ~0 ~1 
(5- 16)

• S
3 

S~ S
1 

S
2 

S
0 

S
0 

S
~ 

S
1

I — -

The matrix equation 5-13 is of a cyclic form [13],

[15], and [16]. The system of simultaneous equations implied

by equation 5—5 with elements as shown in equation 5-13 can

be written out for a general vector v and constant A .

s0v0+s1v1+s2v2 + ... 5N_2~/N_2+5N_l~/N_l = AVN 1

+ I . .  sN_1VN_2+5OVN I  =

SN_lvO+sOvl+S1V2+I.. ~N-3”N-2~~N—2~
’N-l 

=

(5—17)

which is equivalent to the N difference equation s,

m = 0 , 1, . . . , N — l ,

k~ rn
sKvK_m + 

k~~O K
” N+K-m = AVN 1  (5-18)

5.3  Eigenvalues and Eigenvectors of the Cyclic Form

One way of f inding the A and v for  equation 5-18 is

0 to assume forms for v and show that the resulting

expressions work ; we assume for the elements of v
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• K
• V

K 
= P ( 5 — 1 9 )

Substituting in equation 5-18 and simplifying

+ 0N~-m~~
’
5 ~K = A

N I.m -l (5-20)

If we fur ther assume

= 1 (5—21)

we have

N-i
A = ~ SK P ( 5— 2 2 )

k= 0

and the general eigenvector (norm alized) can be written as

1 1 N i T
= —(1, ~ ..., p ) ( 5 — 2 3 )

Now one function which has the properties in equation 5-19

and 5—21 is [1],  [12]

= e~~ 
N ( 5 — 2 4 )

Then we can wr ite for the N dif feren t eigenvalues and eigen-

vectors

N—i
• 

_ A 9, = 
~ sKe N 

, 2, 0, 1, • . . ,  N — 1 (5—25)
k= 0

• ~r 9.  (N—1) I T R ,
1 42~~~ ...,4-

~~ 
.2  N T

v —(1, e ~ , e -j , .. . , e ) , 2,=0,l,...,N—l

( 5 — 2 6)
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To f ind the matrix of all eigenvectors we use equation

5—26 and write

1 1 1 ... 1

2!.
i e~~ 

N e~~ 
N ... e 3 N

~~~~~~ 
_~ 8~ 4 (N ; l)~

2

2
(
~~~

1) h T  4(N—i)Tr 2(N 
— 1) ii-

i e~~ 
N e~~ 

N ... e~~

(5—27)

which is a unitary matrix; i.e., the inner product of any

two column s is

N-l 2~~~ 2!~-~
• <vp , ~~~~~ = ~ e~~ 

N 
~~~ 

N (5-28)
K= 0

N-i 2i~(p -g)K (1, p = q)
= ~ e~~ 

N 
= (5—29)

K 0  L°’ ~ ~
Therefore, we can wri te V 1 as V*, and

‘5’



1 1 1 .. . 1

2.! 4.! 2 (N — 1)-it

1 + j N  e+~~
N ... N

1V = i. e~~ 
N 

~~~ ~~~ .. e~~ 
N

2~~~~ ’~~~ 4(N—l)-rr 2(N 
— 1)

2
11

_
~~ 

+j  N 
~~~ 

N ... e~~ N 
-

(5—30)

Finally ,

S = TVAV~ ( 5— 31)

where A is the diagonal matrix of eigenvalues of P given by

equation 5—25.

We can verify that equation 5-31 is true by computing

the “m , nt
~~55 element of S. First, expand S as

N-i
S = [s I = -

~ ~ A 2,v
2,v2,* ( 5 — 3 2 )

£= 0
with

Tv 2, (5—33)

Then for the m , nth element we write, using equations 5-8

and 5-25

N— i 2~ 
(N — m) 2, 

. 2~ 
(n — 1) 2

5m,n 
= Sm+n_2 

= ~~~~~~~ 
N e~ 

N A 2, (5—34) t
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N—i 2rr(m + n — 1)~ N—i 2
-Tr (k + l)L

= ~ e~ 
N 

~ 
sKe 

N (5 35)
K=O

N—i N—i
= 

~~ 
S~~~ ~ e~~ 

N (5—36)
K=0 2,=O

= 5m + n - 2

Some further simplification for the A 2, can be made.

When N is even , equation 5—2 5 can be rewritten

2!~& r1 2!~~& 2!! N-i 2~~!
A 9, = e~~ 

N 
~ 
sKe 

N 
+ e~~ 

N Y 
~~~~~~ 

N ( 5 — 3 8 )
K=O _N

• k 2

let p N  - k - 1 in the second summation , and using equation

5—14

~~~~~~~~ 2~~~! 2!! o _ _ _ _ _ _ _

A 2, = e~~ 
N 

~ 
ske~~ 

N 
+ e~~ 

N 
~ s~e~ 

N

(5—39)

irZ çj.-~ ~ (i + 2k) 2, ~(1 + 2k)  2,

= e 3 N 

~ K 0  
SK (e~~ 

N 
+ e~~ 

N

4 
• 

(5—40)

N
4 rr2,~~—l 11

= ~~~~~ ~ 2sKcos~~
(1 + 2 k ) Z  (5—4 1)

K=0
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When N is odd, equation 5-25 becomes

2!! (
’

Y 2~-~--~ ~i
2 

2iiip+l)~ 2ir (N—l) 9,)
A 2, = e~~ 

N 

t.
~~~

s9,e
J N 

+ ~~~~~~ 
N 

+ s~~ 1e~~ 
2N

(5—42)

= 
+ 2 k ) Z  

+ (_l)~~S
N l5  

(5 43)

Substituting equations 5-il and 5-12 for S2,, we f ina l ly  have

for N even

A 9, = e
_j N 

K=O 

2(_l)kcot~~(
l +  2k )cos~~( l + 2k)2, (5 44)

• . N
Equation 5—44 reveals that whenever 9, = ~~~~, A 9, 0 which means

that even ordered periodic Whi ttaker matrix is always

singular. When N is odd , we f ind

A 2, = e~
i
~~~~ K=0 

2 ( 1) k ( l+2k )co Tr ( l+2k ) Z  + 
(_1) 2 2 J

~5—45)

5.4  The FFT Algorithm

In summary , we write equation 5-7 as

g = (TV) A (V*x) (5—46)
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We see that the product V*x (using 5-30) is simply the

Discrete Fourier Transform (DFT) of the data sequence x.

Furthermore , if X = V*x, we can wri te

- 
F = AX (5—47)

- and

g = (TV)F (5—48)

which is simply an N point multiplication by the diagonal

matrix of eigenvaiues with elements given by equations 5-44

and 5-45, followed by another DFT of the product. The DFT ’s

are implementabie , of course, with the Cooley-Tukey Fast

Fourier Transform algorithm [34]. Subroutine “FFTINT” in

the Appendix implements this algorithm.

4
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CHAPTER VI

DECOMPOSITION OF THE REAL SYMMETRIC

WHITTAKER MATRIX

The cyclical decomposition of Chapter V oniy applies

- 

- when the Whittaker matrix S is periodic. When S is formu-

lated with the transient generating equations in Chapter IV ,

S is still symmetric but has lost its cyclical properties.

This chapter br ief ly reviews the orthogonal similarity trans-

formation for real symmetric matrices as a prelude to

introducing the Eigen-Filter, Cross-Correlation Algorithm

which implements transient interpolation . In Section 1 we

prove that the real symmetric matrix S is orthogonally similar

to a diagonal matrix , and that similarity implies the diagonal

matrix is the matrix of eigenvaiues of S. In Section 2 we

discuss subroutine SYMEIG [20 1 in the Appendix which finds

the eigenvalues and eigenvectors of S using the Francis QR

Algorithm. In Section 3 we show that the similarity trans-

formation on S can be viewed as a cross—correlation process

wherein we f irst measure the similarity of the eigenvectors

of S to the data vector x before the interpolation process

is begun. By only using significant correlants, the number

of operations necessary to implement g = Sx can be signifi-

cantly reduced.

I;- . :--
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6.1 Orthogonal Transformation

We know that vectors in a linear vector space of

N = 2TW dimensions can be expressed as linear combinations

of basis vectors [10, p. 75]. We can write arbitrary vectors

x and g with respect to the basis

Q = [q l~ q
2~ ... qN] (6—1)

as

x = a1q
1 

+ a2q
2 

+ . . .,  a~qN (6-2)

and

g = b1q
1 

+ b2q
2 

+ • . . ,  b~q
N (6-3)

or , in matrix notation

x = Qa (6-4)

g = Q b  (6-5)

Now, a linear transformation S which maps x to g is written

as

g = Sx (6—6)

Substituting equations 6—4 and 6-5

Qb SQa (6-7)
45

b = Q 1SQa (6-8)

Now define
4

73

— 
— -5- T’~ ’~~±~



T = Q 1SQ (6—9)

and, af ter solving for S, equation 6-6 becomes

g = QTQ~~ x ( 6—10 )

Equation 6-9 is a similarity transformation with the

important property that T and S have the came eigenvalues;

in other words

det (T — yl) = det(S - yl) (6—li)

When S is a symmetric matrix , we can write its

eigenvaiue—eigenvector equation as

Sq1 = (6—12)

where y
~
, i = 1, 2, • . . ,  N, are the eigenvalues of S and

the q’ are chosen as the associated eigenvectors. Using

inner product notation , we find

y. <q1, q1> = <y.q 1, q’> = <S q’, q’> (6-13)

or 

= 
<Sq1, q~ > 

(6-14)

• By definition of inner product , the denominator in equation

6—14 is real. The numerator is real because it equals its

own conjugate. Therefore, the y
~ are real as the quotient

I
of two real numbers is real. Now , owing to a theorem by

~~ 
5-

_ _
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Schur [7, p. 106], if any matrix S has only real eigenvaiues,

then it is orthogonally similar to an upper triangular matrix ;

that is,

T = QTSQ (6-15)

where T is upper triangular with diagonal elements t~ equal

to the y~ of S and with Q
TQ = QQT = I. This can be shown

by hypothesizing an eigenvector q1 for the eigenvaiue t1 and

forming the complete orthonormal set Q by Gram Schmit (or

Householder as discussed later). Then we have

qiT qlT~

Q~SQ1 = 
q2T 

(Sq1 Sq2 ~~~~~~~ sqN] = 
q2T [t1c~,Sq

2 i ...

qNT qNT
(6—16)

t q iTql I qlTsg2 
... q~~~SqN 

*

= t1g
2Tgl I = (6—17)

I s 2
N T 1 I  2

t1q q

(Th e symbol “k” is used to indicate that the corresponding

matrix elements are not germaine to the discussion.)

We can repeat the process on S2 by finding an ortho-

• normal set Q2 such that
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ri ol T ri ol ri o l R  * lri ~
T’ 

[Q15Q1] 1 3 TI I ~ I
L° ~ 2j L° Q~ j [0 Q

2j [0 S2 J O  ~ 2

- * 1  ti 
* 

*

= Lo Q~S2Q~ 

= o t 2 1 
— 

(6 18)

After N - 1 repetitions we can write

[1 01 112 0 1 1N—2 0 1
Q = Q1 I I I 3 I (6—19)

[° ~J L° Q3J -
o QN_1J

and

t1 
*

• T = QT5Q = t2 
(6—20)

0 tN

But when S is symmetric , QTSQ is symmetric. Therefore , T

must be diagonal. Thus

S = QrQ T ( 6— 21 )

where 1’ is the diagonal matrix of all eigenvalues of S.

Equation 6-2]. is now an Orthogonal Similarity Transformation .

Finally, we can write the symmetric Whittaker interpolating

equation as
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g = QFQTx (6—22)

6.2 Francis QR Algorithm

Eigenvalues and eigenvectors for the symmetric Whi ttaker

matrix can in general be computed from some numerical

technique. The method adopted in our work is to make this

computation using the subroutine SYME IG in the Appendix.

This program was developed at UNM by Dr. Cleve Moler [20,

Chapter 7] and is based on the Francis QR transformation [9 1

(Q implies orthogonal matrix and R is a right triangular

matrix). Dr. Moler ’s algorithm is the “Real—Symmetric ”

adaptation of the more general technique, and consists of

two fundamental steps: (1) reduction of a real-symmetric

matrix S to a tridiagonal matrix using Householder trans-

formations; (2) reduction of the tridiagonal matrix to a

diagonal matrix using the iterative Francis QR transformation .

The first step is required because the QR Algorithm would be

too expensive, in terms of computer time, to use on a

general NxN matrix S.

The first step of the algorithm (S to tridiagorial) can

be described in terms of matrix products; however , the

computer code is quite different owing to the fact that the

matrix operations simplify due to symmetries (see lines 0010

to 0068 in SYMEIG, Appendix). Given the symmetric matrix
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~0 ~]. ~2 
SN 2  5

N— l

s1 ~2 
~~ SN 1  S

O

S = (6 23)

• 5N—1 • 
...

define

= SIGN( s
1)Js~ 

+ s~ + ... S~~~~ ] 
(6—24)

Let

0

s1 + a1

u ’ = (6—25)

5N-l

and

= + = ~~~~~~~~~~ u ’ > (6—26)

Now let

1 0 ... 0

p
1 

= — .!.-. u t u l T 
= 0 p~2 ... ( 6 — 2 7 )

0 
~N2~~~~~~ NN

•1
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Equation 6-27 is a Householder reflection with the special

properties

= ~~T (6—28)

and

~~~~ = ~
1
~
1
T 

= I (6—29)

that is, P1 is orthogonal. From section 6.1 we know

s2 = ~
1
T5~1 (6—30)

is a similarity transformation and tha t S2 and S have the

same eigenvalues.

The special feature of the Householder trans formation

as generated by equations 6-24 to 6-27 and as implemented

by equation 6-30 is the introduction of zeroes in the first

row and column of S

— a
1 

I
= I (6—31)

—

0 1

Now, form a P2 which introduces zeroes in the first row and
• fi rst  column of s2
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.~9 : i 1~ J.° i ._ i
o i 

-
~ T 

I (6—32)I 
0 ! S2 

p
2

S3 =

I 0 !  
— —~ 

-

Let -

w = 
0 (6—33)

0

Then

= ~2 
= 

~: 
;
2TI 

~ 
w
Tj 

~: :
2] 

(6-34 )

and

53 = [
~ ~ 2

T] [ = [
~ 

- 

(6-35)

But

~
T 

= [—a1 0 ... 0] (6—36)

- and
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[_a1j (6-37)

Then

-
~~~~~~ ~~ —

~~~~~~ 

0 ... 0
— — — — 

-a1 S
2 

( l)  
~~ 2 0 0

s3 = I =

I P~~~S~ P~ 
0 S3
6

(6—38)

after a total of N - 2 applications of Householder

~N—2 
p Tsp 

~N—2

s0 —a1 U

(1)a1 ~2 
a2 (6—39)

— — a ~ (2) —a— 2 4 3 = s N—2
a3

(N—2) (N—2)

0 s~N;
2) ~4;;2

which is the desired tridiagonal form.
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The second major step of SYMEIG (tridiagonal to

diagonal via Francis QR) operates iteratively on equation

6-39 . As with the first step, we describe the algorithm

with matrix products although the actual implementation is

ditferent (see lines 0069 to 0110 in SYMEIG). The basic

idea is to let A1 = SM_2 where SN_2 is as given in equation

6-39; then, factor A1 into the product of an orthogonal

matrix Q1 and a right triangular matrix R1. Next, reverse

the products and form A2 = R1Q1 and then factor again.

Continuing, we write the following sequence

A1 
= Q1R1 (6—40)

let

A2 = R1Q1 = Q2R 2 (6-41)

and

A3 = R 2Q2 = Q3R 3 ( 6 — 4 2 )

and

Ak = Rk 1 Qk..~1 
= QkRk (6-43)

and finally,

RkQk ( 6 — 4 4 )

Now,solving for Rk in equation 6-43 and substituting in

equation 6-44

Ak+l = Q
~
AkQk (6-45)
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In other words, equation 6-45 is again a similarity trans-

formation. The theory of the QR Algorithm is that as

k the off diagonal elements of Ak+l tend to zero; i.e.,

tends to diagonal form when A1 is tridiagonal. The

factorizations to 
~k
’
~k 

are actually implemented by House-

houlder transformations just as we used in going to tn-

diagonal form; that is, we first zero below diagonal elements

in Ak by N 
- 2 applications of Householder transformations

P~ A,~ = Rk (6—46)

then form

= (pT pT~T (6-47)

and since

Ak = QkRk (6-48)

we have

Ak+l = R
kQk 

= ~~~~ ... P~AkPl ~N-2 
(6-49)

The iterations are necessary because even though Rk has

all zeroes below the diagonal, when RkQk is formed to

complete the similarity transform, Ak+l again becomes tn-

• diagonal. In the final form, Ak~~ 
is diagonal to working

precision on the machine. The products of all Q1 and

are orthogonal so we conclude with the orthogonal similarity
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trans formation

r = Ak+l = QTSQ (6-50)

where r is the diagonal matrix of eigenvalues and Q is the
accumulated products of Householder transformations. We

note that Q is also the matrix of eigerivectors.

As described, the QR algorithm may converge slowly or

not at all. However, it can be shown [40], that by modifying

A1 to = A1 
- aI where a is a root of the lower 2 x 2 sub-

matrix of A1, and then decomposing 
~~ 

as described by

equations 6-40 to 6-45, that convergence is always assured .

Experience has shown that this simple “shift” generally

produces convergence at the average rate of only one or two

iterations per eigenvalue . This shift modification is

implemented in lines 0083 to 0087 in subroutine SYMEIG.

Figures 6-1 through 6-4 show the results of applying SYMEIG

to the Whittaker matrices shown in Figures 4-1 through 4-4.

6 3  The Eigenfilter Cross—Correlation Algorithm

If we solve equation 4— 29 (element generating equation

for the transient symmetric Whittaker matrix) for

51,M’ 5i,N—i+1’ and s~~,~ _1~2 
for i = 2, ... , N, we find

these minor diagonal and minor subdiagonal elements all

equal to 2/7r. Then, the symmetric matrix interpolating

equation can be modified to

g = Sx = (S - D)x + Dx = Sx + Dx (6—51) H
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PRINT CF EIGENV ** UE5.
MULT IPI Z!R. 0.157E 01 N~~IND~ I

1/J 1 2 3 4 5 6 7 8 9
I 0.421 —c.eg* 0.990 —0.999 —1.000 —1 .000 1.000 1.000 1.030

PRINT CF EIGCNVECTOPS.
M1J1.TIPLIER* 0.737E 00 NWIN D— 1

1/J 1 2 3 4 5 6 7 a
1 1.0CC 3.756 —0.453 —0.230 0.031 —0.0 13 0.101 0.007 —0.018
2 —0.482 —0.023 —0.512 —0.763 0.463 —0.106 0.689 0.199 —0.140
3 0.363 —0.138 0.534 3.340 0.814 0.14! C.256 0.723 —0.138
4 —0.3C9 ~ .222 —0.461 0.028 0.017 0.853 —0.467 0.586 0.443
5 0.280 —0.285 0.358 —3 .301 —0.163 0.3%3 C.572 —0.222 0.972
6 —0.266 0.347 —0.228 0.4?? 0.278 —0.823 0.009 0.139 0.773
7 0.262 —0 .422 0.851 —0.528 —0 .509 —0.529 —0.328 0.812 0.39R
8 ‘.0.271 0.!31 0.228 0.335 —0.754 0.074 0.706 0.454 —0.211
9 0.303 —0.735 —0.532 0.619 —0.182 0.058 0.375 0.056 —0.074

PRINT OF CIGENVALUES.
MuL7IPLIEp~ 0.1628 01 N~~!ND 3

1/J 1 2 3 4 5 6 7 8 9
1 —0.990 1.0~ C —3 .961 0.959 —0.561 —0. 961 0.961 0.961 0.961

PRINT OF EIGENVECTORS .
MULT IPLIER C.6720 00 NW1N0~ 3

I/J 1 2 3 4 5 6 1 5 9
I 0.534 0.516 0.324 —0.965 0.058 — 0 .017 —0.143 fl .126 0.121
2 —0 .074 —0.292 C.783 —0.234 0.560 —0.108 —0.657 0.496 0.268
3 —0.126 O . 84 —0.430 0.439 0.860 0.208 —0.533 C .323 —0.557
4 0.265 — 0 . 4 9 1  0.014 —0.4 5 1 — 0.3 25  0.93! 0.332 0.253 —0 .606
5 —0.379 0.401 0.306 0.353 —0.176 0.361 0.594 1.000 0.422
6 0.481 —0.3(5 —0 .5~ 4 — 0.176 0.315 —0.877 0.546 0.640 —0.168
7 —0 .580 0.194 0.528 —0.065 —0.496 —0 .61! —0 .086 0.150 —0.950
8 o.6a4 —0.C57 —0.225 0.373 —0.8*8 0.050 —0.756 0.509 —0.020
9 —0. 812 — C . 1 4 C  —0 .796 — 0. 739 —0 .247 0 .065  — 0 . 3 7 2  0.304 0.243

6—1 Eigenvalues and Eigerivectors of Symmetric
Matrix, Number of Windows = 1 and 3, N = 9
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PRINT OF EIGFNVA LUE S .
MULTIPLIER. 0.15 E 01 NWINO . 9

I,’J 1 2 3 4 5 6 7 6 9
* 0.995 —0.996 I.~I00 —1.000 —2 .000 —1 .000 1.000 1.000 1.000

PRINT CF EIGENVECTORS.
MULTIPLIER . 0.7838 00 NIINO. 9

I/J 1 2 3 4 5 6 7 8 9
1 0.751 0.455 0.854 0.288 —0.059 0.026 0.207 0.033 —0.012
2 —0.594 —0.065 0.133 0.6*9 —0.506 0.116 0.743 —0 .C26 0.1.31
3 0.517 —C.C94 —0.355 —0.392 —0 .723 —0.200 0.258 —0.378 0.551
4 —0.442 0.227 0.350 0.355 0.028 —0.601 —0.390 —0.004 0.665
5 0.361 —C .335 —0.298 0.270 0.143 —0.297 0.214 1.000 0.269
6 —0 .270 0.428 0.138 —0.459 —0.259 0.732 0e122 0.564 0.458
7 0.164 —C. !11 0.077 0.429 0.404 0.550 —0.236 —0.358 0.739
8 —0.033 0.589 —0 .336 —0.146 0.736 -0.543 0.666 —0.199 0.33*
9 —0 .144 —C .613 0.62 1 —0.694 0.236 —0 .082 0.477 0.037 0.006

PRINT CF EIGENVALUES .
$IJLTIPLIER~ ‘.ISbE 01 NWINDsSS9

I/J 1 2 3 4 5 6 1 8 9
1 — 1 .OCO —1.0)0 —1 .000 —1 .0)0 1.000 1.000 1.000 1.000 1.030

• PRINT CF EIGENVECTORS.
MULT IPLIER* 0.8958 00 MW 1N0a999

I/J 1 2 3 4 5 6 7 6 9
1 —0.410 0.204 0.116 —0.0*3 1.000 — 0 .103 0.037 0.058 0.040
2 0.077 0.823 0.353 —0.109 —0.154 —0 .319 0.464 —0.473 —0.322

• 3 0.284 0.317 —0.381 0.423 0.176 0.267 —0.544 —0.472 —0 .261
4 —0.187 —0.121 0.258 C.643 —0.126 —0.602 —0.306 0.324 —0.364
5 0.218 — 0.113 0.391 0.100 0.135 0.636 0.249 0.300 —0.665
6 —0 .254 0.229 —0.714 —0.361 —0.091 —0 .139 0.075 0.394 —0.~~437 0.274 —0.128 0.340 —0.697 0.104 —0.221 —0.653 —0.039 —0.145
6 —0.619 —O. 54 —0.030 —0.058 —0.077 0.396 0.016 —0.644 —0.342
9 C .617 —0.516 —0.326 0.073 0.355 — 0.413 0.373 —0.159 —0 .145

6-2 Eigenvalues and Eigenvectors of Symmetric
Matrix, Number of Windows = 9 and 999, N = 9

F -
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-.

where

1

11
2 0

D = 1 1 ( 6 — 5 2 )

• l l
• 

0

Now Dx is a simple linear interpolating scheme and can be

implemented as a scaled sum of adjacent elements in x.

Also, ~ remains symmetric and therefore remains orthogonally

similar to a diagonal matrix of eigenvalues; then

g = + Dx (6-53)

The similari ty transformation can be implemented as

• 
= ~~~~~~ = ~ ~~~~~~~~ x> (6-54)

j =l J

where the inner product notation inside the summation

indicates that <gJ , x> is a scalar quantity . If we let

= <
~~~~~~1 

x> (6—55)

equation 6-54 is implemented as

• 
~1
A S

g2 A • 
. 

A

S 

= 5 + 
~2~ 2 : + • ‘

~
‘N~N 

(6—56)

Al A 2 AN
qN
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We know

<~~~~~~
, c~~~> = 1, j = 1, ..., N (6—57)

and if we normalize equation 6-53 to

g = + <~~x> 
(6—58)

with
A 

= 
<q 3 , x> ( 6 — 59)<x l x>

we restrict the range of to ±1.

Now is simply the cross-correlation coefficient of

vectors and x. It expresses the similarity (~~ 
ti)

or dissimilar ity of and x ~~ 0). Our purpose is that

• if the eigenvector ~k and the data vector x are similar ,

then will be large; if ~l, ~2, • ~~~• ,  and

~k+l ~N and x are dissimilar , all of the will be

small ; then , equation 6-58 can be implemented approximately

as

Ak
XN

g2 
A A  2 

XN 1 + X N _ 2
= 1k~k + 

~~~~~ ~~> . (6—60)

Ak
• ~~~~~~~~~ 

qN x
2
+ x

1

• In general, g = Sx requires N2 multiplications and N2 additions

to implement. However, equation 6-60 only requires N

90 
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multiplications (assuming 
~k 

and are preinultiplied

together and x is properly scaled) and 2N additions. 3N

operations versus 2N2 is very significant when N is large.
T~~~~ can interpret equation 6—60 as the sum of two

interpolating schemes. The first part is curve fitting in

a space of N dimensions ; i.e., when 
~k 

is large , we say

the data vector x and the eigenvector qk are very similar .

Then , a part of the interpolated vector g consists of the

weighted version of the ~~~~~ eigenvector , y~ p~qk. The

second part of g is given by the linear interpolating

scheme which consists of the scaled sum of adjacent data

points, Dx.

Figures 6-5 and 6—6 are prints of the modified transient

Whittaker matrices and the resulting eigenvalues and eigen—

vectors when N 9 and 16, respectively. Figures 6-7 through

6—10 are plots of the eigenvectors when N = 16. Subroutine

“ INTERP ” in the Appendix implements the Eigen-Filter , Cross-

Correlation interpolating algorithm .
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PRINT CF MODIFIED ~ ATR !X.
MULTI PLIER C.637E 00 NW !NQ . 0

1/.) 1 2 3 4 5 6 7 8 9
I 0.059 —0.C67 C.377 —0.091 0.111 — 0.1 43 0.2)0 —0.333 0.0
2 —G.067 0.077 —0 .091 0 .111 —0.143 0.200 ‘.0.333 0.0 0.0
3 0.071 —C .091 0.111 —0.143 0.200 —0 .333 0.0 0.0 —0 .333
4 C .C91 0.111 —0.143 0.200 —0.333 0.0 0.0 —0.333 0.200
5 0.111 0.143 0.230 —0.333 0.0 0.0 —0.333 0.200 0.143
6 —0.143 0.200 —0.333 0.0 0.0 —0.332 0.200 —0.143 0.111
7 0.200 —0.333 ~ .O 0.0 —0.333 0.200 —0 .143 0.111 —0.091
8 —0.333 0.0 0.0 —0.333 0.200 —0.143 0.111 —0.091 0.017
9 0.0 0.0 —0 .333 0.200 —0.143 0.111 —0 .091 0.077 —0.067

PR INT OF E 1GENVALUES .
MULTIPLIER. C .982E 00 N W INQ . 0

1/J 1 2 3 4 5 6 7 8 9
1 ).956 —1 .000 0.5)3 0.324 0.129 —0.218 —0.466 — 0.41* —0.006

PRI NT CF E IGENV€CTCR S .
MUL TIPLIE P ‘I.606E 00 NWIND. 3

1/.) 1 2 3 4 5 6 7 8 9
1 0.190 —C .509 0.913 0.117 —1.000 0.598 0.391 0.227 0.043

• 2 —O .4C1 0.482 —0.623 0.817 — 0.212 0.589 0.130 0.368 3.881
3 0.770 —0.213 0.387 0.585 0.708 0.35 4 —0.847 0.499 0.044
4 —0.881 —0.179 0.384 0.49(3 0.563 -0.235 0.522 0.126 —0.539
5 0.746 3. 64 —0 .382 0.234 —0.589 —0 .615 0.202 ~.174 —0 .534
6 —0.385 —0.812 —0.21 4 —0.219 —0.403 —0.690 —0.654 0.644 0.559

• 7 —0.058 0.838 ~.654 —3 .891 0.237 0.070 0.056 0.646 (3.563
8 0.377 —0.043 —0.726 —0.637 0.374 0.651 0.624 0.528 —0.074
9 —0 .546 0.285 —C.244 —0.337 —0.397 0.745 —1.839 0.232 —0.338

6— 5 Modified Transient Matr ix ,
Number of Windows = 0,  N = 9

‘4
1-~
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CHAPTER VI I

ERRORS

The relative ease in deriving error bounds for matrix

equations was one of our motivating factors in developing

the Whittaker matrix process. We begin this chapter by

briefly reviewing vector and matrix norms and condition

numbers , and then use these concepts in deriving various

error bounds in Sections 2 through 5. In Section 2 we

derive two expressions which describe the effects of the

truncated Whittaker matrix on the interpolated data. First,

we bound the error caused by the truncation and then present

a formula which predicts the sensitivity of the interpolants

to data outside the interpolating interval. In Section 3

we develop an expression for the noise-to—signal ratio of

the interpolated data. We show simply that this ratio is

the magnified noise-to-signal ratio of the original data.

The magnification factor is shown to be the condition number

of the Whittaker matrix. We discuss the effects of the

computer hardware on the interpolants in Section 4. By

P assuming the worst possible computer roundoff errors , we

show that interpolation with the Whittaker matrices is

relatively immune to roundoff problems. In the final

section, we derive error expressions for the Eigen-Filter,

Cross-Correlation Algorithm described in Chapter VI.

I
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7.1 Norms and Condition N umbers

The norm of a vector , signified by i i • H~ 
is a

functional from vectors to non-negative reals which

satisfies the following properties (33, p. 163]

l x i i  > 0 (7—1)

I lx i i  = 0, x 0 (7—2)

I i  )
~x1 I = I ~I i lx i i  ( 7—3 )

l ix  + ~i I I lx i i  + I i~ i I ( 7 — 4 )

As used in this chapter, we define the Holder , or 11p fl , norms

as (33, p. 166]

N
I l x i i  = ( 

~ ix~ i~
) 1”~ 1 ~ 

p ~ (7—5)
i=l

Then ,
N

i i X i i l = ~ 1X 2 1 (7—6)
i=l

N 2 1/’2
11 x l1 2 = ( 

~ 1x 11 ) ( 7 — 7 )
i=1

I lx i L = ~~~ix~jj 
(7—8 )

Given any vector norm, the subordinate matrix norm is

defined as [39, p. 56]
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I l s i l  = 
MAX I l s x l l  (7 9)

I l x i i = l  l l ~ 1 I

In addition to the properties in equations 7-1 through 7-4

(replace x with S) ,  matrix norms satisfy the following

I iSxI I I IS I lx i i  ( 7—10 )

which follows from equation 7-9 .

Some specific norms have additional useful properties.

If S is symmetric and Q is orthogonal (i.e., QTQ = QQT 
= I)

we have [33, p. 308]

HsH 2 = 1 IQr Q T
I 1 2 = J J r J J 2 = (7—11 )

where the are eigenvalues of S, and 1’ is the diagona l

matrix of all eigenvalues. We also have the “Frobenius ”

norm [33, p. 173] which can be defined for a real symmetric

matrix as

1/2 1/2
I IS I ‘ F = 

~ s? .) = (
~~tkk ) ( 7—12 )

where

T = sTs = (QrQ T ) T (Qr Q T ) = Qr 2QT (7-13)

Then

— Z tkk = (7—14)
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and we have the useful results

Ii ~~I i 2 = I l max i ~ IS ‘ ‘ F = 

~~~~~ ~
( 7—15 )

The condition number of a matrix is defined [33, p. 190]

as the product of the norms of the matrix and its inverse

k (s) = I I s i  I~ 1 lS~~ ! 1 ( 7— 16 )

When S is symmetric and p = 2, we have using equation 7-11

k 2 (s) = 
max

, (7— 17)
mm

We note that large k2(s) implies 1m
j
fl 

-
~~ 0. In other words,

“poor ” or a large condition is predicated on “closeness” to

singularity. Al so , when ~2 
= I , we have k 2 ( s)  = 1. Thus ,

involutory or orthogonal matrices are “perfectly ” conditioned

with respect to the 2 nOrm.

In the remainder of thi s chapter we drop the subscript

p from our derivations. Unless otherwise indicated , we will

always restrict our discussion to forms involving the ‘p2”

norm .

7.2 Truncation Errors

Truncation errors result when we truncate the infinite

Whittaker summation and formulate the transient Whi ttaker

101 L,
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matrix interpolating equation

g = Sx (7—18)

Then

x = S 1g (7—19)

and

I lx i i  ~ i 1s ’l (g~ (7—20)

From equation 4-13 write

~~ ~~~~~~~~~~~ (7-21)

where the superscript “N ” indicates that we have truncated

the Whittaker summation to N terms. Now, suppose we inter-

polate with an N + L point scheme and formulate the

difference

1f
N+L 

- 
N 

= 

N j 1 + L  
2 P+ 1

x~+P+l

(7—22)

Define

= Lim 1f
N+L 

- f~ I (7—23)

a’

Then , using the Cauchy Schwartz inequality

fr

~ f < 2 
~ 

1
i - it p N—i 2p + 1 i+p+1!
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I 2 1/2 1 11/2

~ L p=N—i 2p+ ~ j [p=Ll Pj 
(7-24)

From section 3.1 we assume that a data set {x., i = 1, 2, ... ,

~~ must be square surnmable in order to use Whittaker inter—

po].ation. Thus, we assume the norm of the data outside our

interpolating interval is equal to some constant ~ times the

norm of the data vector x; i.e.,

r 11/2 rN 11/2
x 2 1 ~ ~ x~~ = ctl l x i i  (7—25)

~~~ ~ L i 1  J

Using this inequality and equation 7-20, we have

• ~~i ~ ~~ [pL~j ~2p + 1)2 1 ,  s~~~( I I I~ l I

(7—26)

Recognizing that i~f~ = L~g~~~÷111 we can state a bound for

the normalized truncation error as

eN~~÷l 
= 

_ _ _ _ _ _  

~~ [p L_i ~2p + 1
)211/21 s~~~i

(7—2 7)

or
rm  i-2 11/2 1

e~ ~ 
~~~~~ [p=0 

- 

~~~~~~ ~ l~~~ 
1min (7-28)
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i—2 1/2
~ ~ c&(l.2337 ... — 

~ ~~p
1
+ ~~~ 

y ~~

. 
(7—29)

p=0 mm

Easily computed for N = 16 , we have

e1 ~ *cL(1.2337 
— o .o i ”2 

385 = 1.837cL (7—30)

and

e16 ~ ~-ct[l.2337 
— l.217O]ll

/2
~~ 85 

= .2l3c~ (7—31)

If , for instance , we assume ct is .1, e
~ ~ .184.

Equation 7—27 can be put in a more convenient form if

we approximate the summation with the integral

1 2 .  1 1

p=2N—i 2
~ 

+ ~ N—i (2x + 
2 = 4N — 4i +2

(7—32)

Then , the error expression becomes

e
~ ~ ~~ — 21

1/2 
i i

i
. I

mm n

For N = 16 , e1 ~ .210a which agrees with equation 7-31.

Another factor relating to truncation error is a

sensitivity factor. First, we write equation 7-18 with

superscripts indicating the number of data points used in

the interpolation . Thus

gN = (7..34)
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If we add one more data point to the interpolation scheme ,

we can wr ite

gN+l [
~N+1 

[ 

sN ;N+11 ~
N

[~
N+l 
[
~(N÷1)T s~

4
~ XN+1 

(7-35)

Subtracting g
N from and multiplying the absolute

difference by I I~
N

I I we can write

N N ~N+1 -l N
— g (~~~~x ( j . ~~~s C +1 l 1 1 5 I l I I ~~ ) i

(7—36)

For the 1th interpolant, def ine

~~N+1 N
~g. 

- g.
1. 

~

. (7 37)
1. ~~gN~~f

then

~ l s~~ ’ l 
IXN+1 I 

~~ (7—38)
Hx (~ 1 min I

If we use equation 4-29 for the transient case

6 < 
~~. ______ _______ 

1 7 39)
u T  3 - 2 i  l l x N l l  l~min l

Then, for i = N

~ ~3 — 2N) HXN H i ’~
’rnin l 

(7—40)

and for N = 16, we can now state the normalized sensitivity of

the first of 16 interpolants to the change caused by adding
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one more data point

~ 2 1. IXN+1 1 1 (7—41)
16 iT 29 I I x N II .385

or
1XN+1 I

~l6 
.057 N (7—42)

l i x

Loosely stated , if a 17th data point is about the size of

the norm of the first 16 points used in the interpolation

(a rather horrible situation) then we should expect up to

a 6 percent change in the interpolant if we go to a 17

point scheme. However , if we assume x17 is only about .1

times the norm of the first 16 points (still a bad situation)

then the in terpolant is relatively “insensitive ” to the

• 17th point; i.e., 616
_ .006 .

7.3 Errors Due to Noisy Data

Suppose the data vector in equation 7-20 is corrupted

with noise. We say

(g + t~g) = S(x + ~x) (7—43)

where ~x is the vector of instantaneous noi se values and £~g

is the resultant change in the vector of interpolants. Now

we can write

= S~x (7—44)

and
I.
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ii ’ ~g iI ~ I I S I 1  i I t ~x ii = lY max i Ii ~~ i I  (7—45)

since

i i x f i ~~~i I s~~I I  i i ~ i I = ~~~~1 i~ i I  (7-46)

p I min i

we have

II~g Ii l x ii ~ l i s l I  i l s ~~i l  I l ~x i i  I I~ i i

= k(s) I i~ x l I I I g l  I (7—47)

or finally,

i i ~~ i i  
~ k(s) 

i I ~ x i I  = ~max Il~ x II  (7—48)I I  i i  mm

where k(s) is given by equation 7-16.

The ratio I I~x i I / I  l x i i  is the ratio of the square root
of noise power to square root of signal power , i.e., roughly

the reciprocal signal-to-noise ratio, (S/N)~~~. Thus,

equation 7-48 implies that Whittaker interpolation can

magnify the N/S ratio by k(s). For the periodic symmetric

nonsingular Whittaker matrix with N 9, k(s) = 1, thereby

J 
preserving N/S. For the 16 point transient interpolation ,

• k(s) = 2.6, which means that the interpolants have gained

less than 8.3db in noise. The value for k(s) for any
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specif ic transient prob lem can be computed by using sub-

routine SYMEIG in the Appendix.

7.4 Machine Roundoff Errors

We know , in general , that the elements of S and x

cannot be exactly represented internally in a computer. We

can express the resulting errors in g as follows

(g + ~g) = (S + iN S )  (x + z~x) (7 49)

where ~S and ~~ are now the machine errors caused by round—

off. Then

(g + tag) = Sx + (SI~x + ~ S(x  + ax)] (7—50)

or ,

= S~ x + ~ S(x  + ~x) (7—51)

Proceeding as before, since l I x i l  ~ I i S ~~ i I  u g h , we write

i i ~~i i I I x I I  ~ Il sA x + AS(x + A x ) I I  I I s ~~l I  I I ~ I I
(7—52)

and using equations 7-4 and 7-10,

I i~gI ‘ < k(s) (I I~ xI + I l A s i  i I i x l  I + I A s I I I lA x I I
- i i x i u  , 1 S 1 ,  ~~~~ , 1 S 1 1  i u ~u i ’

4 

(7—53)

On the IBM 360/67 using single precision ari thmetic,

roundoff can be expressed as
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= g~~(l + ô~ ), 1ô~j .~~ l6~~ (7—54)

If we assume the worst possible case for I I~xI I and I I~~ I I
we can write

I l A x I  I = I 116 5
x1 = l6~~ I l x i i  (7—55)

Also,

h A sh 
~ 

I I A S II F = 16 5 II S II F (7—56)

Using equation 7—15,

I I~~l ‘F ~ 16 
5(~~ 2)1/2 ~ l6

5
~/i~l y I

But 1
~ max 1

~~~ 
simply i l S I l ;  therefore ,

i~sI I ~ l6~~ /~iI i s i I (7— 58)

Substituting in equation 7—53

~ k(s) (l6~~ + ~/ii l6~~ + \/~~l6
l0] (7 59)

For moderate N , then , we can reasonably expect

I I~gi I 
~ k(s) ~fi~ 16~~ = ,

Tmax
1~1~ l6

’
~ (7—60)II II mm

• For the transient Whittaker matrix and N = 16, equation 7—60

implies that the norm of the normalized error in the inter—

polants due to roundoff is less than 10~~~.
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7.5 Approximation Errors

In the Eigen—Filter , Cross-Correlation Algorithm , we

produce an approximation g* to g. If we solve the following

equation for x*,

= s~~g* (7—61)

we f ind that x — x* is in general non—zero. Define a vector

of residuals

r = x — x~ (7—62)

Then ,

r = x — S 1g* (7—63)

and multiplying both sides by 5, we have

Sr = S x _ g * = g _ g * (7-64)

But g — g* is the error due to the approximation . Then,

define an error vector

e = Sr (7—65)

Proceeding as in previous sections

h e l l  ~ l I s Il li r l l (7-66)

~ I Using l x*J I ~ I Is~~ I ~~~~~ we express

I l e l I I Ix * i  I I Is I ~s
1I In I I ~g*~ I

(7—67)

L ~ 110
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or

h e l l  < k’ l I n t — ~
‘max ttrll —I g* — 1S1 x* y - x *mm

This “nice” expression allows the norm of the normalized

error in g* to be bounded without really knowing g; i.e.,

compute g* as described in Chapter VI , use equations 7-61

and 7—62 to find x* and r; and , f ina l ly ,  use equation 7-68

to bound the errors in g*. For the transient Whittaker

matrix and N = 16, the norm of normalized errors due to

approximation is less than 2.6 times the norm of normalized

residuals in x.
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CHAPTER VI I I

RESULTS

The Appendix is the listing of a lengthy computer

program which implements the major algorithms of this

dissertation . The program evolved over a year ’s work and

is somewhat elaborate as to documentation . We believe that

reading Section 1 of this chapter, wherein we briefly describe

the program , and then reading the listing comments on input

and output parameters, will enable one to run the program if

so desired. Section 2 of this chapter is basically a

compendium of results from the program and a discussion of

their significance. Ten rather difficult to interpolate

functions were used to produce the various figures in this

section. The final Section 3 is a summary of what we set out

to do in the dissertation and our owrA assessment of what we

actually accomplished .

8. 1 Description of Computer Program

The techniques discussed throughout the dissertation

were programmed as docuxnmented in the Appendix. Basically,

we programmed a three step effort: on the first pass, the

transient symmetric Whittaker matrix is formed in subroutine

MATRIX , and subroutine SYMEIG is used to find the eigen-

values and eigenvectors. Subroutine SIGNAL produces N data

points from some band-limited function and subroutine INTERP

112 1
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produces a vector of interpolants by implementing the

orthogonal similarity transformation of equation 6-58. The

routine also produces a vector of correlation coefficients

per equation 6-59. Various prints and plots are produced

by subroutines PRINT and PLOT tr. document the first pass.

Before the second step , one analyzes the results of

the f i rst pass and selects eigenvectors that “strongly ”

correlated with the original data vector. We considered a

correlation coefficient of .2 or greater as being signi ficant.

These eigenvector numbers are input for the second step.

This run basically repeats the f irst step except that only

the selected eigenvectors are used in INTERP to produce the

vector of interpolants. Again, various prin ts and plots are

produced to document the second pass.

The third step is for the periodic symmetric Whittaker

matrix. Subroutine MATRIX produces this cyclical form of

the Whittaker matrix and the other subroutines follow as in

the transient case: subroutine INTERP interpolates using

the orthogonal similarity transformation , correlation co-

efficients are produced , and prints and plots are produced .

In addition , subroutine FFTINT is invoked to implement the

equivalence transformation discussed in Chapter V. Both the

• INTERP and FFTINT routines are used to document that they

produce the same results (except for roundoff ) although

being completely different algorithms.

113
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in the f inal  runs for this dissertation , all three steps

were run together since prior experimentation determined

which eigenvectors were to be used for the second step.

The compile and run times are documented in Figure 8-11.

In addition , the program prints a total of 2200 lines when

the program listing is requested , or about 1300 lines for

all three steps when only results are required. Total cards

in the program Fortran deck are about 850, including comments.

8.2 Comparison of Relative Errors

Figures 8-1 to 8-10 depict the results of running

the program in the Appendix on 10 selected signals. (The

signals are shown as solid lines.) The “a” part of the

Figures are plots of the interpolants using the transient

technique of Chapter VI , and also show the correlation co-

efficients from equation 6-59. The “b” parts show plots

of the interpolants using selected eigenvectors and plots

of the interpolants from the FFT algorithm of Chapter V.

The final “c” parts of the Figures are tabular summaries of

the data used to generate the plots. The upper left table

is for the full transient interpolation scheme and the next

table is for the selected eigenvector approach. The lower

two tables are for the symmetric periodic matrix and FFT

algorithms.

The lower two tables are both included to show that

there is no discernible difference in the matrix and FFT
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approaches. This is because the orthogonal similarity trans-

formation on the real symmetric periodic Whittaker matrix ,

and the complex unitary equivalence transformation imple-

mented via the FFT must multiply to the same matrix except

for roundoff error . When the FFT and periodic matrix

algorithms are used on a perfectly band-limited function ,

Figure 8—11 shows that the norm of roundoff error, I Ie I h~
from the matrix technique is an order of magnitude greater

than for the FFT algorithm.

Figures 8-11 through 8-13 are tabular summaries of

data from Figures 8-1 through 8—10 . Figure 8-11 is a

summary of the norms of the original data, the various inter-

polants and the errors, plus a listing of the program

compilation times and run times. All the data, for instance

in Figures 8-la, b, and c, were produced during one computer

run at a cost of 16.8 seconds compile time and 11.19 seconds

run time on the UNM IBM 360—67 using the standard Fortran

IV-G compiler. Figure 8-12 has scale factors applied

(listed in heading information in Figures 8-lc to 8-lOc) to

the maximum and minimum errors so absolute error comparisons

can be made. Finally, Figure 8-13 is a comparison of the

relative maximum error s in the interpolants and is the most

important of the three summaries.

Figure 8—13 also lists a percentage factor for how

much transient signal lies outside the region of interpolation ;
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that is, given that each data vector x behaves inside the

region of interpolation as depicted by the solid curve in

Figures 8—la to 8—l0a , how much more signal must there be

in order that x come from a band-limited process? This

amount is expressed in Figure 8-13 as a percentage of I l x i I
and is the “a” factor derived in equation 7—31 times 100.

Figure 8—13 summarizes several interesting results.

First, and obvious, small relative error implies small a.

In other words, if we properly sample a reasonably band-

limited phenomena and use 2TW samples in the transient

interpolation scheme , then we should expect small errors

in the interpolants and little signif icant data outside

the interpolation interval. This result is clearly demon-

strated in Signals 1, 2, 3, 4, 5, 8, and 9 where relative

errors are less than .091 and energy outside the interpolation

interval (remember spread over in finity) is less than 43%

of the energy inside the interval. Second , FFT (or the

equivalent symmetric periodic matrix) interpolation reduces

the relative error when : (a) the periodic extension of the

transient phenomena forms a perfectly band-limited process;

e.g., the extension of the single pulse of a sinusoidal

wave form in Signal 1; (b) the periodic extension of the

transient phenomena reduces the severity of a discontinuity ;

i.e., the extension of the half cycle sine wave plus d.c.

offset in Signal 3. The Figure also shows that FFT inter-
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polation can increase the error when the phenomena begins

and ends at significantly different levels as in Signal 4.

This obtains from forcing the periodic extension and thereby

forcing the last interpolating point to be midway between

the discontinuity . Finally, and surprisingly so, the inter-

polants computed by the selected eigenvector algorithm are

generally better in the sense of smaller relative errors than

those using the full transient interpolation . This can be

seen for Signals 3, 4, 6, 8, and 9. A visual improvement is

also noticed for Signal 7 (Figure 8-7b) where the oscillatory

overshoot of full transient interpolation is significantly

reduced by the eigenf ilter techniques. The maximum relative

error , though, for this example is a little larger than for

full transient interpolation . Actually, to this author,

every example used visually appears - overall — as good as
or better when using the selected eigenvector approach .

This assertation is verified by Figure 8-11 wherein the norms

of the total errors using selected eigenvectors are less

than for the transient error s for all signals except 1, 2,

and 5 and approximately equal in these three examples.

8.3 Conclusions

Our main intent for this dissertation was to describe

interpolation as a matrix process and to present algorithms

which implement the matrix techniques as an alternative to

simple linear ~. terpolation algorithms. Our purpose was to
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gain additional insight into what interpolation really does

to the engineering band-limited function .

In Chapters IV , V, and VI we did describe interpolation

in terms of the Whittaker matrix processes. We were able to

derive closed form expressions for elements of the periodic

symmetric matrix in terms of simple cosecant and cotangent

functions. In Chapter V we were able to show the complete

agreement of a symmetric matrix decomposition description of

interpolation and the Fast Fourier Transform (FFT) imple-

mentation so in vogue with the engineers. In Chapter VI

we also described a new matrix algorithm for curve fitting

via the Eigen-Filter , Cross-Correlation Algorithm . Here,

we showed that the correlation coefficient is the indicator

of goodness of fit of a curve to data, much akin to the way

we say a minimum sum of squared residuals is a measure of

goodness of fit of a curve in the least squares sense.

The new insights into interpolation are implicit in

the linear algebra interpretations of matrix transformations

on linear vector spaces. Given 2TW samples and the assur-

ances of the data gatherer that the samples are not aliased,

we can now view interpolation as a mapping of the data

vector of 2TW components into an interpolant vector of 2TW

components . Of particular importance is that by modifying

the transient Whittaker matrix as described in Chapter VI,

we can generate an orthogonal similarity transformation

which has distinct eigerivalues and a complete set of unique
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eigenvectors. Any function in the space of 2TW dimension

is then representable as a linear combination of the 2TW

basis vectors - the eigenvectors. We used 10 rather aa nasty !
~

functions, in the Fourier sen se, to demonstrate the viability

of using selected eigenvectors for interpolation . We also

showed in Chapter VII that error bounds for matrix equations

can be easily and clearly established in terms of matrix and

vector condition numbers and norms .

As an alternative to linear approximation approaches to

interpolation , we presented a whole appendix of computer

programs to implement several exact interpolation schemes.

We do not claim our code is optimum , but merely that it does

work as shown by the numerous examples in section 2 of this

chapter.

In conclusion , we point out that any f in ite impulse

response , nonrecursive digital filter can be formulated

either as a transient or periodic symmetric matrix process

as we have done. Possibilities for future work abound: by

replacing our subroutine MATRIX with one that generates the

appropriate matrix (or its inverse) for the problem at hand ,

we can describe filtering or deconvolution (matrix inverse)

in terms of similarity transformations and matrix norms.
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PLCT CF M A T R I X  INTERPOLATICH
MULTIPLIER - 0.1012 01 NW IND 0
E IGENVECTORS USED IN THE RECONSTRUCTION

1 2 3 4 5 6 7 8

9 10 11 12 13 14 15 16

CCLUMN 1 IS INTERPCLATED CATA
COLU MN 2 IS THE ERROR
COLUMNS PLOTTED. 1. 2.

• —
3 I —
4 .
5 I

6 . —
7 S
B
S .

10
11
12 . *
13 •
14 •
15 5

16
17
18
19 I
20
21 •
22 .
23 .
24

.
26 •
27
20 .
29
30
31
32

• LEFT OF CENTER LINE IS NEGAT I VE
RIGHT IS POSITIVE

NUMBER CF PEAK— TO—PEAK PRINT CELLS— 27

PLOT OF CORRELATION COEFFICIENTS
MULTIPLIER- 0.1002 01 NW INO 0
COLUMNS PLOTTED. 1.

LEFT OF CENTER LINE IS NEGAT I VE
RIGHT IS POSITIVE

NUMBER CF PEAK—TO—PEAK PRINT CELLS 19

8-4a Transient Interpolation and
Correlation Coefficients - Signal 4

129
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PLOT OF M A T R I X  INTERPOLATION
MULTIPLIER- 0.1032 0* NUIN O - 0
E1GENVECTORS USED IN THE RECCN STRUCTION

0 0 0 0 0 6 1 8

0 IC 11 12 0 14 15 0

COLUMN 1 IS IN TERPCLATEO DATA
COLUMN 2 15 THE ERROR
CCLUMNS PLOTTED. 1. 2.

1 5

2 • —
3 .
4 .
5 4
6 .
7 5

B .
9

10 I +
11 5

*2 .
13 .
14
15 .
16
17 .
l B
19
20 •
21 .
22 .
23
24
25 .
26 .
21
26 .
29 .
30
31 .
32 —

LEFT OF CENTER LINE IS NEGAT I VE
RIGHT IS POSITIVE

NUMBER CF PEAK—TO—PEAK PR INT CELLSK 27

PLOT OF FF7 INTERPCLATICN
MULTIPLIER- 0.1062 Cl NWINO-999
COLUMN I IS INTERPCLATEO CATA
COLUMN 2 IS THE ERROR
COLUMNS PLOTTED. 1. 2.

I 5

2 . —
3 5 

- —

4 .
5 5
6 . —
7
8
9 S

10
11
12 • 4
13
14
15 5

*6 .
11
16
19 5

20 .
21
22 .
23

• 24
25
26 •27
26 5
29 • :

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NU MBER OP PEAK—TO--PEAK PRINT CELLS— 27

8-4b Eigenfilter and FFT Interpolation - Signal 4
130
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PLOT OF M A T R I X  INTE RPOLATION
MULTIPLIER- 0.9602 00 NWINO 0
EIGENVEC 1ORS USED IN THE RECONSTRUCTION

1 2  ~ 4 5 6 1 8

9 1 0 1* 12 13 1 4 1 5 16

CCLUMN 1 15 INTERPCLATEO CATA
COLUMN 2 IS THE EPRCR
CCLU MNS PLOTTED . 1. 2.

LEFT OF CENTER L I N E  IS NEGATIVE -
RIGHT 15 POSITIVE

NUM BER CF PEAK—TO—PEAK PRINT CELLS— 27

PL OT OF CORRELATICN COEFFICIENTS
MULTIPLIER - 0.IOOE 01 NW INO 0
COLUMNS PLOTTED . 1.

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NU MBER OF PEAK—TO-PEAK PRINT CELLS 19

8-5a Transient Interpolation and
Correlation Coefficients - Signal 5

- ~~~~~ -~~~~~~.__ - -  
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PLOT OF MATRIX INTERPOLATION
MULT IPLIER - 0.992E 00 NWINO2 0
BIGENVECTORS USED IN THE RECON STRUCTION

0 0 0 0 0 0 0 0

0 0 11 0 0 0 0 0

COLUMN I IS INTERPCLATED CATA
COLUMN 2 IS THE ERR OR
COLUMNS PLOTTED. 1. 2.

.
3 . -
4
5
6 .
1 I

a
9 •

• 10
I L
12 .
23
14 I —

15 5

16 .
17
28
19
20
21
22
23
24 • 4
25
26 .
27
26 .
29 .
30 .4
3*
32

LEFT OF CENTER LINE IS NEGATIVE
RIG HT 15 POSITIVE

NUMBER CF PEAK—TO—PEAK PR INT CELLS— 21

PL OT OF FF7 INTERP CLATIC N
MULTIPLIER - 0.9602 00 NUIND SS9
COLUMN I IS INTERPOLATED CATA
COLUMN 2 IS THE ERROR
COLU MNS PLOTTED. I. 2.

I I

2 .
3 I

4 5

5 .
6 .
7
8 I

9 I

10
11
*2
13 .
14 .
15 •
16
37 5

lB
19
20
21 •
22 .
23 •
24
25 I

26 •
27 •
26 •
29 •
30
31 •
32 — •

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITiVE $
NU MBER CF PEAK—TO-PEAK PRINT CELLS. 27

8-Sb Eigenfilter and FFT Interpolation - Signal 5
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PLOT OP M A T R I X  INTERPOLATION
MULTIPLIER- G.1302 01 NMINO - 0
E IGEP4V ECTOPS USE D IN THE RECON STRU C TICN

1 2 3 4 5 6 7 8

9 RU 11 12 13 14 *5 16

COLUMN 1 IS INTERPOLATED DATA
COLUMN 2 IS TIlE £PRCR
COLU MNS PLOTTED. 1. 2.

• 

10
9

~ :
13
14 4 .
15 -

16 * .
17
18 + .
19 ‘
20 4 •
21 .
2 2 —  .

LEFT OF CENTER LINE IS NEGATIVE
RIGHT 1$ POSITIVE

NU MBER OF PEAK—TO—P EAK PRINT CELLS 21

PLOT OF CORRELATION COEFFICIENTS
MIjI.TIPLIER * 0.1032 01 N W IN O  0
COLUMNS PLOTTED. 1.

LEFT OF CENTER LINE (S NEGAT IVE
RIGHT IS POSITIVE

- 
~I 

• NU MBER CF PEAK—TO-PEAK PR INT CELLS 19

4
8-6a Transient Interpolation and

Correlation Coefficients - Signal 6
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PLOT OF M ATRIX INTERPOLAT ICN
ML.1.TIPL.IEa* 0.1262 01 NW INO . 0
EIGENVECTORS USED IN THE RECONSTRUCTIC N

O 0 0 0 5 6 0 0

o o *1 12 13 0 15 0

COLUMN I IS
COLUMN 2 IS THE ERRCR
COLUMNS PLOTTED. 1. 2.

1 I

2 . *

4 • 
j3 •

1 0 —
II •12 • 4
13 •
14 * •
15 •16 * • I)
11 •16 —

19 • ‘I
20 • 4
21 •
2 2 +  •23

25 .
24

26 • 4
27
26 • *~~29 •30 •
32 • *
31

LEFT OF CENTER L INE IS NEGATIV E
RIGHt IS POSITIVE

NUMBER OF PEAK—TO-PEAK PRINT CELLS— 27

PLOT OF FF7 INTERPCLATZCN
MULTIPLIER— 0.1262 01 NWIP4D— 9c 9
COLUMN I IS INTERPCLATEO CA tA
COLUMN 2 IS THE ERROR
COLUMNS PLOTTED , 1. 2.

2 I

3 I
4 I

5 I
6
1 I

8 *
9

1 0 —  I

11
12 + .
13
14 * .
15
16 — .
17 .
I. * . S
19
20 4 •
2*
2 2 —  .
23
26 *

• 25

27 •
26 • 

~~*

_

26 • —
29 •
30 .

• - 31
32 . 4

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIV E
NuMBER CF PEAK—TO—PEAK PRINT C&t..Sa 21

I ‘ -

8—6b Eigenfilter  and FFT Interpolation - Signal 6
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PLOT OF M A T R I X  INTERPOLATION
MULTIPLIER - 0.1262 31 NWINO 0
E IGENVECTORS USE3 IN THE RECOP.STRUCTICN

1 2 3 4 5 6 7 8

9 10 11 12 13 16 15 16

COLUMN 1 IS INTERPOLATED CATA
COLUMN 2 IS THE ER-CR
COLUMNS PLOTTED. 1. 2.

2 .
3 . -

4 . 4
5 5 -

6 • —
7 . -

8 .
9 I -

10 •
11 • -

12 •
13 • -

14 • —

15
16 *
11
1 8 —  .
19
20 * •
2* - .
22 * •
23 - .
24 — •
25 -

26 + . -

27 -

28 — .
29
3 0 —  •

• 31
32 * •

• LEFT OF CENTER LINE IS N E G A T I V E
RIGHT II POSITIVE

NUMBER CF PEAK—TO—PEAK PRINT CELLS . 21

PLOT OF CORRELA TICN COEFFICIENTS
MULTIPLIER - 0.1002 01 NW1N0 0
COLUMNS PLOTTED. 1.

1 .4

p i1~LEFT OF CEN TER LINE IS NEGATIVE
RIGHT IS POSITIVE

NU$6ER CF PEAK—TO-PEAK PRINT C~~~LS 19

8-7a Transient Interpolation and
Correlation Coefficients — Signal 7
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PLOT CF M A T R I X  INTERPOLATION
MULTIPLIERS 0.1*12 01 NW IND* 0
ERGENVECTOPS USED iN THE RECO~.STRUCTlON
0 0 0 0 0 0 7 0

0 10 0 0 0 0 0 0

COLUMN 1 IS ZN TERPCLATED CATA
COLUMN 2 IS THE ERROR
COLUMNS PLOTTED. 1. 2,

1 .
2 . —
3 .
4 . S
S I

6 • +
7 I

8 I

9 I

10 •
*3 .
12
13 .
14 . —
15 •
16 —

*1
1 8 —  •
19
20
21
22
23
24 s
25 .
26
27
28 •
29 .
30 .
31
32 * ~

LEFT OF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER OF PEAK—TO-PEAK PR INT CELLS— 27

PLOT OF FF7 !NTERPCLATICN
MULTIPLIER- O.128E 01 NW 1 N D 999
COLUMN 1 IS !NTERPCLATED DATA
COLUMN 2 IS THE ERROR
CCLUMNS PLOTTED. 1. 2.

I
2 . —
3
4 5 —
5
6 . *
7
B . 4
9

10 I *
11
12 . —
*3
14 . 4
15 I

16 *

_ _ 

~iE-

1? - _____________________
1 8 —
*9
20 +
2 1 -

22 4
23 -

24 —

• 25
• . 26 S

27 - .
28 4
29
3 0 —  •

• ~ . • 31 -
32 *

LEFT CF CENTER LINE IS NEGATIVE
RIGHT IS POSITIVE

NUMBER CF PEAK—TO-PEAK PRINT CELLS— 21

8-7b Eigenfilter and FFT Interpolation - Signal 7
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PLOT OF MATRIX INTERPOLATION
MULTIPLIER . 0.5262 00 1-W IND . 0
EIGENVECTORS USED IN THE RECOIIeSTRLJC TICP.

1 2 3 4 5 6 1 8

9 10 11 12 13 1 4 *5 16

COLUMN 1 IS INTERPOLATED CATA
COLUMN 2 15 THE ERROR
COLUMNS PLOTTED. 1. 2.

LEFT OF CENTER L I N E  IS N E G A T I V E
RIGHT 15 POSITIVE -

NUMOER OF PEAK—TO -PEAK PRINT CELLSZ 27

PLOT OF CORRELATION COE*FICIENTS
MULTIPLIER. 0.1002 01 NW I N D  0
COLU MNS PLOTTED, 1.

1
2
3

LEFT OF CENTER LINE 15 NEGATIVE
RIGHT IS POSITIVE

NURSE R C~ PEAK—TO—PEAK PRINT CELLs. 19

8-Ba Transient Interpolation and
Correlation Coefficients - Signal 8
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PLOT OF M A T R I X  INTERPOLATION
MULTIPLIER- 0.526E 00 1-WINO . 0
EIGENVECTORS USED IN THE RECONSTRUCTION

0 0 0 0 0 07 0

0 C 11 12 13 C 0 0

COLUMN 1 IS IMTERPCLATEO CATA
COLUMN 2 IS THE ERROR
COLUMN S PLOTTED. 1. 2.

1
2 I •

3 5

4 .
5 I +
6 . +

• 9
10 .
*1
12 I

13
14 I

15 S

16
17
18 •
19
20
21
22
23 .
24
25
26
21 •
2a I

29 .
30
31
32

LEFT OF CENTER LINE IS NEGATIV E
RIGHT IS POSITIVE

S NUMBER OF PEAK—TO—PEAK PR INT CELLS . 27

PLOT OF PFT INTERPCI.ATION
MULTIPLIER- O.526E 00
COLUMN 1 IS INTERPOLATED DATA
COLUM N 2 IS THE ERROR
COLUMN S PLOTTED. 1. 2.

S

3 .
4 I

S
6 • *
7
S S
9

10 I

11
12 I

£3 I

14
IS I

16
I?
16
19
20
21
22
23 .
24
25
26
27
26 •
29 •
30

•~ 31
5 ~~~5 32 . .

LEFT OF CENTER LIN E IS NEGATIVE
RIGHT IS POSITIVE

NURSER OF PEAK—TO-PEAK PRINT CELLS— 27 -;
8—8b Eigenfilter and FFT Interpolation - Signa l 8
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PLOT OF M A T R I X  INTER POLATION
MI.JLTIPL IER 0.7372 .30 1-WIND s 0
EIGENVECTO RS USED ~S. THE RECON STRUCT ICN

1 2 3 4 5 6 70

9 11. Il 12 13 14 15 16

COLUMN I 15 INTERPOLATED CATA
CCLUMN 2 IS TIlE ERROR
COLUMNS FLOTTED. 1. 2.

LEFT OF CENTER L I N E  IS N E GA T I V E
RIGHT IS POSITIVE

NU MBER CF PEAK—TO—PEAK PRINT CELLS— 27

PLOT OF CQPPELA TIOI11 COEFFICIENTS
MULTIPLIER. 0 .LCOE 01 1-WIN D. 0
COLUMNS PLOTTED. 1.

2 S
3
4

10

LEFT OF CENTER LINE  IS NEGATIVE
RIOIIT IS POSITIVE

NU MBER OF PEAK—TO—PEAK PRINT CELLS 19

8—9a Transient Interpolation and
Correlation Coeff icients - Signal 9

-
-5- : 

~~~~~~~~~~~~~~~~~~~~~~~~~ - - 5  S S ~~ I~~~~ 

-
- 

--



PLOT OF MATRIX INTERPOLATION
MULTIPLIER- 0.712E 00 NWIND . 0
EIGENVECTORS USED IN THE RECO P-STRUCT ION

0 0 0 0 0 0  1 0

0 0  0 1 2 13 14 15 0

COLUMN I IS INTERPCLATED CATA
COLU MN 2 IS THE ERRCR
COLUMNS PLOTTED. ii 2.

1
2
3

S
6
1
8
9

10
1*
12
13
14
15
£6
17
18
19
20
21
22
23
24
25
26
27

‘ I

28 *
29
30
31
32 *

LEFT OF CENTER LINE 1$ NEGATI VE
RIGHT IS POSITIVE

NUMBER CF PEAK—TO—PEAK PRINT CELLS— 27

PLOT OF FFT INTERPCLA TICN
MULT IPLIER— 0.7332 00 1-111-05999
COLUMN 1 IS INTERPOLATED CATA
COLUMN 2 IS THE ERROR
COLUMNS PLOTTED. 1. 2.

2
3
4
5
6
7
B
9

10
11
12
*3
14
15
16
11
18
19
20
2*
22
23

2 6)  

*

24
25

2?
28
29

31
30

— 32
LEFT OF CENTER LINE IS NEGAT I VE
RIGHT IS POSITIVE

1-UMBER CF PEAK—TO -PEAK PRINT CELLS. 27

B-9b Eigenfilter and FFT Interpolation - Signal 9
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CHAPTER IX

RECOMMENDATIONS FOR FUTURE WORK

We set out in this work to propose alternatives to

linear interpolation — these we have demonstrated in previous

chapters through the Whittaker matrix processes. We end our

effor t by proposing several directions in which matrix inter-

polating techniques might be extended. As is most often the

case with a little knowledge gained, we end by asking more

questions than we answered; however , we believe the problem

areas are important and have considered each in some detail.

There are four prob lems that we would like to pursue:

(1) extrapolation outside the original data interval using

matrix techniques ; (2) inverse interpolation for the case

when the Whittaker matrix is singular ; (3) calculating the

derivative of a sample set at each sample point using matrix

techniques ; (4) recursive or b inary interpolation in which

the matrix equations are simplified . We formulate and discuss

these problems in the following sections.

9.1 Extrapolation Using the Transient Whittaker Matrix

Referring back to Figure 4-1, we note that when r = 0,

f and f for the two choices of N are really “extrapolated ”4 3

points. This is inferred in the sense that these points are

outside the “orig ina l”  data. We pose the question of what

happens when the interpolants and the extrapolant themselves
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--

are interpolated. When N = 4 in Figure 4-1, we would expect

this second interpolation to return the original data x2, x3

and x4 plus a new extrapolated point (where x1 is located

in the Figure). Ignoring errors for the moment, we can

continue this process using equation 4-8 as follows:

Define

= x (9—1)

Then,

f(l) = pf(O)

(9—2)

f
( SL ) 

= ~~ i.f ( O )

Where f is a vector and the bracketed superscript (i) infers

that the Nth element of the vector is the (.th ) extrapolant.

Equation 9-2 can be rewritten in terms of the symmetric

Whittaker matrix

g (N~~+l) = f
( :L )  (9...3)

or ,

g (~~) 
= s’g~

0
~ (9—4)

Using the orthogonal similarity transformation of Chapter VI

~ (QrQ
T)~ g

(O) (9 5)

or

g(U = Qr1QTg(O) - (9—6)
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Thus , it seems , extrapolation could be implemented by the

programs in the Appendix upon raising the eigenvalues of S

to the appropriate power. We now show, however, that this

is unwise.

Using the appro ach in Chapter VII , we try to find the

original data vector from our N-times interpolated inter-

polants; i.e.,

x = s~~g~~~ (9—7)

This implies that after N successive interpolations using

equation 9—6 we cannot recover x but, rather , some “nearby ”

vector x*. Then , proceeding as in Section 5 of Chapter VII

we find

e~~~ = sN (x — x*) = S~r (9—8)

where e~~~ is the error vector for g~~~ and r is the residual

vector. Then

H e <
~~ ISN I I S ~

N I I HrH [k(S)]N HrH

Hg H (9—9)

or ,

H e~~~ I I < ~‘max
N 

li n E —

j 1g
N)

1~ ~min Hx II

- - We note that N = 16, produces a magnification factor on the

order of ~~~~ Thus it seems that equation 9-6 is unsatis-
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factory . However, if we expand g (l),

g1

x*N

g(l) x~~1 ( 9— 11)

x~

and since we know the x1, we can determine a

7 ~g1

/ xN xN

= 
(1 

(9—12)

where ~g1 must be estimated, perhaps from equation 7-31.

We can then form a corrected

~ (1) = g (l) ~ (l) (9—13)

and continue as

g(2) = Qr2QT~~U (9—14)

By computing the g (IJ at each step in terms of the previous

~~~~~~~ it may be possible to significantly reduce the

errors in g~~~ . Needed, of course, are ways to estimate

and a rigorous error analysis of the performance of
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equation 9—6 using corrected data.

9.2 Inverse Interpolation

The inverse problem is simply stated as: given a

vector g of interpolants (perhaps computed by some linear

approximation scheme), how can we find the original data

vector x? If we consider the interpolants as the discrete

output from a discrete filter, we ask how do we find the

discrete input samples. From our discussions in Chapter VII

concerning errors, we know in general that computing

x = S 1g returns not x, but rather , x*, some “nearby ” vector.

Suppose though, that S 1 does not exist. This is exactly

the problem in the periodic Whittaker matrix with even

ordered dimensions. We might ask, then, what this means in

terms of our error bounds, especially since g = Sx is a

perfectly valid way of finding g given x.

Several important results from Linear Algebra help put

this problem into perspective (10, p. 49]. First, Sx = g

has NO solution x for certain g. Also, there are non-zero

vectors x which satisfy Sx = 0. Finally, there are non-

unique solution vectors x to Sx = g.

The first of these results is the most interesting

because it implies that we can produce interpolants from

some processes which cannot possibly come from interpolating

with the Whittaker theory. In fact, [10 , p. 48] any

vector g which is not a linear combination of the columns
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of S cannot be produced by Whittaker interpolation . This

result obtains from the well known theorem that when the

vector g is appended to the columns of S, the rank of the

resulting S must not change. If g is not a linear combination

of the columns of S, then rank ~ will change and thus there

is no solution of Sx = g. This all implies that even ordered

Whittaker interpolation excludes certain sample sets.

As to the last two results, we know that any vector

/1

1 ( 9— 1 5 )

is a solution of Sx = 0 when order of S is even. This is

obvious from the form of equations 5-14 and 5-16 wherein the

sum of the column vectors of S is zero if the sign of each

column is varied by equation 9-15. Thus, for any solution

x of Sx = g, we know x + ~ is also a solution . The vector x

is simply the sample set from any periodic function whose

frequency is exactly equal to the Nyquist rate.

Further study is needed of the error bounds for even

ordered interpolation . The mechanics of bounding errors in

g = Sx in terms of the actual equation implementing the

matrix products is well established in numerical analysis.

Also, the numerical errors in computing x (e.g., by Gaussian
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elimination) are also established . These results can be

adapted to the special forms of the Whittaker matrix equations.

9.3 Computing the Derivative

One of many possible numerical formulas for estimating

the derivative of a function using its sample set is [28,

p. 98]

x. -x .i-hx. — (9—16)1 2h

where h = ~
. the sampling interval if samples from the mid-

point Whittaker process are to be used. Our problem here is

to outline a study of calculating the derivative at all the

sample points using some form of the above equation.

First, recognize that the periodic interpolating S

equation S

f = Px (9—17)

produces a vector of interpolants at the half steps . Further-

more, if we should multiply f by a permutation matrix of the

form

:; : :
T = 0 1 0 . 0 ( 9— 1 8 )

0

_ _ _ _ _ _ _ _ _ _ _  - - 
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we shift all elements of f to i - ~~~ I Then we can write

f — Tf 
— 

(P - TP)
2h 

— 

2h x (9—19)

which is the matrix equation for computing the derivative

at all the original data points x..

From Chapter V, P is cyclic; then

(VAV* - TVAV*) -

But T is cyclic too. From Grey [13, pp. 16-21], all cyclic

matrices have the same eigerivectors; therefore

(VAV * — VVV*VAV* )
X 2h x (9—21)

— V [ A ( I  — V ) ]V *  
— -

As shown in Chapter V, equation 9-22 is implementable via

the FFT algorithm. We also know that the algorithm ’s

numerical problems are expressable as

Hel l ~ .j .. i \ n a x i ,
omax

i l I r l i  (9—23)
1*1 I 2h 

mm ~min I X I I

where è is the error in the derivatives, the are eigen-
I 

values of (I - V ) ,  and r is x~ - x with x~ computed from
the inverse of equation 9-19. We have already shown that

knax/’Amin l = 1 for the periodic cas~ (N = 9), so the
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I
stability of the derivative algorithm is

I el I 
= I 

max
i I r~ I (9—24)

H*H 2h c~ j fl

We see that small h and/or eigenvalues of T close to 1

(1 - t~ 
-
~ 0)  cause the error bound to blow up. In fact,

for the particular form of T chosen (equation 9-18) we

know that the t1 are the N roots of 1. Therefore, 0min = 0

and equation 9-24 is unbounded .

We propose that other derivative a1gc~ ithms be in-

vestigated to find those with finite (well conditioned)

error bounds. Also, the derivative formulae should be

extended to the transient Whittaker matrix.

9.4 Recursive (Binary) Interpolation

Again, let the superscript represent the number of data

points used in an interpolation scheme. Since S is always

square, N also represents the number of interpolants pro-

duced. Then, we can form the following sequences

N N Ng = S x  (9—25)

~
2N 

= T~g
N + T~ XN ( 9—26)

-
I Nwhere T1 and T2 are permutation matrices which allow g and

. - to be added together; for example, when N = 2
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r - -

= [
~ 

+ [:~] = (9-27)

Continuing,

g2N = s2N~
2N 

= s2N (T~ gN + T~ xt
~) = S

2N (T~~S
N + T~~)x N

(9—28)

4N 2N 2N 2N 2Nx = T
1

g + T 2 x (9—29)

4N 4N 4N 4N 2N 2N 2N 2Ng = S  x = S  (T1 g +T2 x

- 

. 

= S4N T~~
NS2N 

+ T~~
N ) ( T ~~S

N 
+ T~ )x

N (9-30)

gmN 
= 5mN

~
t
~~ = SmN ( l l ( T~~~S~

N + T~~~) ] x N (9-31)

where m = 2, 4, 8, 16, ... The dimen sions of the resulting

matrix equation can be shown as

= s [~J (9-32)

U _ _ _  LI Nxl
mNxj . mN x mN mNxN
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All the problems attacked in this dissertation now have

analogues in the non—square system expressed by equation

9-32. One potentially fruitful approach to their solution

might be to investigate the behavior of the “singular values ”

[2], [33] of the system using singular value decomposition

(SVD). This approach expresses

g tj~ vTx (9-33)

where U and V are orthogonal matrices (different dimensions)

and ~ is a non—square matrix of the form

v a2
0 ~~

.
.

0 
mNxN

with the a. the square roots of the eigenvalues ~f

We note that for the nonsingular periodic S, N = 9 , sTs = I ,

and that the a~ are then the square roots of the eigenvalues

of (~ Tfl )1 It should be possible to formulate a Singular-

Filter , Cross-Correlation Algorithm as an analogue to the

~:~~ n-Filter , Cross-Correlation Algorithm of Chapter VI.
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