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tBSTRACT

The m o t h - c ,  o r  L -r ~ c fo r  f ir c i in g  ex t rema of f u nct io ns  sub ject  to equal i t- ;

cor,stra r i ts  was ptrb j , ct ,e i in  1788 i n  the famous book M~ can ique  A n a ly t  ique . The

works cr1  Y~, r r c , h , John , Kuh n cr r d  Tucker  concern ing  op t imiza t i on  subj e c t  to i n e q u a l i t y

constraints appeared more t l,r , 150 yea r s  a f t e r  t h a t .  The purpose of th is  paper is

to call uttention to important r rv -rc , published d:-; c o n t r i b u tion s  to mechanics , con-

taining f ur rds rn ~ n t - a 1  ideuc concerning uJ .tlmization theory. The most important works

in this r e sp e c t were done primarily by Fourier , Cournot, Farkas and f urther by Gaus s,

‘~crrogradsky arid Harriel .
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- ;~ i F I ( 1 F ~~- }- :  Al t, ExPLA NATIr ,N

‘ F r i  : i s  a h i  c t r , r I  c i  d r r - r  . It  concerns  the n e c ( s r ;a r y  c o n d i t i o n s  of

-n  ~ ~~ 1 ‘ , f or c c i i j r / - a r  r , i t imization .

‘P ’ r I u t i o n  f n on l i n e a r  ~ r oqransning problems is l a u d on the  r , ’-ceu—

c a r /  c- , r , r i i t i r , r - , f o r m u la t e d  f c , r  the case of e q u a l i t y  c o n s t r a i n t s  by L agr a n ge

11 1’/ ’Or an d fo r  t i r ’- case of ineq ua l i ty cons tra in ts by severa l  au thor s

b e tw i ” - :  Vj3’i and 195(1 (Karush , John , Kuhn , Tucker). This paper tries to

c /n J- i - c ’ - t h e  qeneral historical 1 c t r , r e  by showing that , in t he  form of

cor~ r c b - , t  rue - , t~ r n - - c ar i - s , the basic ideas were already Oiscnvernd jointly

1 /  F u i r i r , ‘ .r c / u t  and Farkas, among others,

Many refr .- r e n c ” l J a p ru are thorough l y  a n a l y z ed.

The responsibility for the wording and views expressed in this di’r. r’ri~~tiv i-

st~tunary lies with MPC , and not with the author of this report.
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( , i4  Tlll-1 DE’VEI I , l’MEN’l 01- d i  T I-F T ZAT I ON TI H- .’ ’ ?

Andr~ s I’r~ keF a

1. 1 i t r u T u t r u ,

I~arka:1 ’ famous l a i r of 1902 published in Gr e l l e ’ s J ou r n a l  became a i - r i r c c i a l

r e f e r , ’r , e - e :once rnj n q  l i n e a r  i n e q u a l i t i e s  a f t e r  the p u b l i c a t i o n  of the paper  of Fui r,

and Tucker , “Nonlinear Progranrrning ” in 1950 I s i ) . In this latter paper the fur,da—

mental theorem on linear inequalities , Farkas ’ theor em , was used to de r ive  necessary

c-,,nditjonc, for optimality for the nonlinear progrartuning problem. The results obtained

enab le d rap id development in nonlinear optimization theory. The work of John contain—

i n’j similar but weaker results for outimality published in 1948, ha s been qener a l l y

known l,ut it was not until a few years ago that Karush’s work of 1933 became widely

known where essentially the same result was given as by Kuhn and Tucker in 1951.

In this paper we call attention to some important works done already in the last

century and before. We show that the fundamental ideas concerning the necessary

u; tirnality conditions for nonlinear optimization subject to inequality constraints

can be fc,’,,,d in papers primarily by Fourier , Courno t, Parkas and further by Gauss ,

Ostrogradsky and Hamel.

To start to disclose the early development of optimization theory it is very

helpful to have a glance at the first two sentences in Farkas ’ paper (231 :

“Die n;tt ,r ;,,n,r:cr und zugleich systematische Behandlung der analytischen

Mechanik muss ‘I . , : .  zu”rr;t von Fourier und dann sp~ ter von Gauss fo rmu l i er te

Unqlc’ichheitsprinci p der virtuellen Verschiebungen zur grundlage haben.

Irit’ M&jlichkeit einer soichen Behandlung erfordert aber gevisse Kenntnisse

uber die homoqenen linearen ganzen Ungleichungen , welche bisher so zu sagen ,

q~nzlich gefehit haben.”

Here we see that Parkas had a definite purpose for developing the theory of

linear inequalities. He was professor of theoretical physics at the University of

Kolozsvh. We can very well assume that he himself had already applied his

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.
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i n e q u a l i t y  theorem to the  p rob l em of mechan ica l  equ i I i h r i u m  and in f a c t  hr r epor ted

f i r s t  “ on ti , ’ a p pl ic i t io n s  - 1  l i i  mechan ica l  p r i n c ip l e  of F o u r ier ” a t  the sess ion  of

the H u n ga r i an  Academy held on December 2 7 , 1894. This was publ ished later in

Hungarian I I I )  and in the ‘,‘ - rrnar, language 141 . We shall analyze this paper later.

Firs t wi have to say a few words about those mechanical principles which played an

important role in th t  Ic ~~ lo 1,ae,,L uf up L i I I I i h a L i u I ,  theory.

2. On the principles of mechanical equilibrium

The p r i n ciple of virtual work was enunciated by Johann Bernoulli in 1717. It

appeared first in a book by Varignon in the same year. Let us quote Lagrange

t55/I.p. 21, 22)

“ I.e ririnci pe des vjtesses vjrtuelles peut être rendu tr’es g~ n~ ra 1 de cette

maniere:

Si on sys t~rme quelconque do tant do corps ou points que l’on veut , tir.~s

chacun par des puie sances quelconques, ea t en ~quil ibre, et cju’on donne ~

cc syst~rme on petit mouvement quelconque , en vertu duquel chaque point

parcoure on espace infinimon t petit qui exprimera sa vjtesse virtuelle , la

somlne des puissances, multipli~ es chacune par l’espace que le point o1 elle

est appliqu~e parcourt suivant la direction de cette même puissance, ser-a

toujours  ~qale ~ z~ ro, en regardant conune positifs les petits espaces par-

courus dans le sens des puissances , et co~rine n~qati f s  los espaces par courus

dana on sens oppos~~.

Jean Bernoulli eat le premier , que je sache. qui alt apercu cette grande

g~n~ ralit~ du principe des vitesses virtuelles, et son utili t~ pour resoudre

les probl~mes de St,,Lique. C’est ce qu on voit dans one de ses Lattres ~

Varignon , dat~ e de 1717, quo ce dernier a placêo ~ la tête de la Section

neuvi~ me de Ca Nouvelle Mêcariique , 
Section ernploy~e tout enti~ re ~ inontrer

par diff~ rentes applications la vêrit~ et l ’usage do principe dont ii g’aqit. ”
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1; I ~~!,‘ ~1 v~., ‘ - - , , - : i i , - , ’  I I~’/ 1 .1 9 1  - ‘  I,’ I ’  - I -  . i ! 1 X 1 ’ .I fl ‘ — I  c c - -  l i i i ‘ ‘ I i  I - ‘ ‘ - I ’ -  Y —/ c i I t , , -

c c ’ ,;,, k s- . , - j i ’ , :

‘‘ ‘ ‘ ‘- 1  - lan e ,  ‘_ ‘ : t t ’ -  lcai ‘Ion c ’ , r ,u i  .te cc qu ’ori appel le  ,‘ ,mni,u,,’~nT r . -n , t  le

-~~ ‘“ ‘1 “ - ‘il _-s or  t e , , c , e c  ‘)r ito ’’ !  1’- , , T i r i n C i , ’ reconnu depuis  longtemp s pour

- r r  n c , - ~- foiid.irn’ ,,fal FIr, 1 ‘e q u il i b r e , a in s i  que noon 1’ avons m o n t rr

- I r e - ;  1, - - - l i o n  ~-r ’  I ’ - F ; t c , - t  ‘ -pi ’ui. p -ut , ~~~ ,.U I IS e ’4U1/LI L I , e g a r c l ~- r  ,-,,mrn’-

rn ‘ - ‘ - c  - ‘-c  d’axiome dcc t’lecanique.”

‘ r n  tt, ’ - ’:ac;e of a conservative system of forces i.e. when the fore ’,; are  g i v e n

a - • negative - , i rt ,c l derivatives of a scalar function , the pr incip le , first enunciated

I~y ‘ c,~~r t  ,vr’ n, , ap p i  c ’c . ‘ oni ’- ’ r n i nq  t h i s , Lagrange wri tes  the f o l l o w i n g  I - / I . ,  p.70) 

gui  - l o o n ’- c t  ,iutr - principe de Statique , que , do toutes Ins

s it u a ti on s -ps ’ ~irend sce- ’-n ;sivcment  Ia système , celia o~i 11 a Ia p lus  qrande

‘ >~~ La p l i .  - - l i  i i -  f o r ’ - ~’ y r /n .t  aussi  ci l i v  ou i i  le f audra i t  placer d’ abord

I.our qu ’ i l  ~~
, c . , ~ en ‘ 4 u j l i b r r - . (Voir Courtivron , le.s M~moir es de l ’ Acad~mie

h - c ;  Set -n ’- ’- - - c l -  1748 ‘ - I  1 749,)”

La’Tr,,n,’J gave sufficient conditions n I a n  tie’ potential takes it minimum. As Bertrand

re m i r k ’ ’l , his proof was incompietO and Dirichlet later gave a correct proof il f , ,l l )

for the theorem invol ved.

The mechanical princfl’le of Fourier was first published in 1798 in his paper

“Memoirn ‘;ur Ia Statique”. This concerns the case of inequality constraints. Parkas

r nm arkr ’l 14, .4581 that the declaration of the inequality principle is not the main

cr,ntribution of the paper. In f a c t  it has the subtitle: “Contenant la demonstration

du I r i r c i  p ‘Ii :; V i t ’ - ’,sr -’; vi rt ue l J r ” ; ’ , This very general  “proof”  has not hi nt  accepted

as a proof , however (see e.g.  (75)), thus the main mer i t  of the paper is s t i l l , con-

trary to Parkas ’ remark , the declaration of the inequality principle. We quote

page 488 of Four ier ’s paper ( 14 ) :

— 3—
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“Corr uf le ii arrive so’,vont go ’ Ins poin,t:~ du s-/st’lrnr- s~ appti1 ent seu lnm ’ ,r , t

sur les obstacloc; fix’s , san c~~’/ etre a t t ach ’ ’ , I 1 est ~ v i 3 s r i t  ‘lu ’ i i  -f a rT’. --;

d~ placements possibles gui rn satisfont pas aux ~guations de condi t ion  : on

vol t encore ‘)ue , par ces d~ p lacements, le moment des r~ sul tant es est

n~cessairemen t posi ti f , pui sque la direction de ces forces doit I tre

porpendiculaire aux ‘,r r f a c es  resis tantes .  Ain si  Ia sonune des moments  des

forces appliqu~ i’:; est p o s i t i v e  ~‘our tous lee d~ placements de cette espêcn ;

m a i s  £1 ‘c u t  impossible quo l’on d~ range un corps dur , en ~q u il i bre , ‘In sorte

que Ic moment total des forces app liqu~es soit n~ga ti f . Au reste, Si Pon

considêre les rp sistances conyne des forces, ce qui fournit, comme on le sai t,

le moyen r-l ’nst imer ces r~ sistances , le corps peut ~tre regard~ connme libre ,

et la sonmnes des moments est nulle pour tous les d~ placements possibles.”

The moment of the forces P ,Q, R , ,. .u , - l ino - ,r , a nn - ’:hani ’- .-:I s yc t”m is d e f i n ed  as

the sum of scalar products

( 1) P 6p + Q’~q ’t R 5r ~~~~...

where ~~~~~~~~ are variations of the displacements. In a small neighborhood of

the point describing the state of the system these variations — roughly speaking —
do not vio la te  the constraints. The Bernoull i  p r inc ip le  declares (1)  to he equal

to zero , while the Fourier principle declares (1) to be less than or equal to zero

in case of e q u i l i b r i u m .  Fourier was using the “ f l u x i o n ” (as it torte-; out  from other

;‘ar t : ;  of h i s  paper) instead of the moment ( 1) , t i,”; ’ two being negatives of each ‘,tier.

T hi s ’ ’ccp lain s  why Four i er  in his principle required (1) to be nonnegative.

If a potential V exists, i.e. if we have

~~~~~~~ Q.. ...~! ~~~~~~~

where the derivatives on the right hand sides denote vectors, then the requirement

that (1) be less than or equal to zero takes the form :

(2) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ >0 .

-4—
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Or, t I ’ -  l e f t  l and s ide w ic I , c /~ a t o t’, ) ‘In f f c r ’ - nt r a l  . I, ‘ o r r r - ’:~ r’ a t c . er ’,,, t- i’s., 1 ~~n’’.’-~ —

I i  nq to our present  s tandard — cannot  b’ fr ,ur,d in Four i ‘-r ’s wur~~. 5’- ‘r ow , or ,

the other hand , that (2) ‘- a n , r , r , t  be ‘let i ‘i ,d i; a r,nc’,s’,,r i f  corel , or, that ‘I t -iV ‘ - - - 1 I ’ ,

m i n i m u m , w i t h o u t  a c o n s t r a i n t  q u a l i f i c a t i o n .  Fourier  r , r m a r k e r l  tha t  in case h i , ;

p r i n c i p l e  reduces to (2), we can f i n d  the e q u i l i b r i u m  ‘;t a t ’  by m i n i m i z i n g  (~~) rh ’

f u n c t i o n  ‘I.

In l~l29 Gauss ( rcr ) again enunciated the i n e q u a l i t y  p r i n c ip l e  wi thou t  m e n t i o n i n g

Fourier . ‘,auc;s seems to have observed the necessity of a constraint qualification .

8cc added a footnote to the enunciation of the inequality princi ple where he required

t h •  constraints to be of special type, We quote Gauss I c 5., p .23~ ):

Flu ,h ‘1cm Princip dot virtuellen Geschwindigkei ten er f o r d e r t d ies

Gleichqewi cht , dass die Stinme der Producte aus je drei Factoren , nemlict,

jeder dor Massen m , m ’ , rn ’ u.s.w., den Linien cb, c ’b’ , c”b” u.s.w., und

i rgerr ’i welchen auf l et z te r e  resp. pr oii ’ : i r t ”r , , vernr6ge ‘icr Bedingungen des

Systems rn&jlichen Bewegungen jener Punkte , iminer = 0 sei, wie man es qew&rnlich

auccpricht , oder r ich tiger , dass jene Srnivne niemals positiv werden k’5’r,r,e. ”

Footnote :

“ tie r gewô’)’rnliche Ausdruck ‘;r ,tzt  s t i l  l ’ ;c :h w~-iqen , ’i  solche Bedingungen voraus ,

i, ’ , die j n ’I r , r  moglichen Bewr- ’j unq ent r ~n g en g e si c t z t e  g l e i c h f a ll s  nrô’g l lc h  sei

wie z. H., ri, r, ;  em Punkt auf einer bestimnrten Flâche zu bleiben genc~thiqt , ‘Ta - ,

die  E n t fe r n u n q  zweier Purikte von einander unver~nderli ch sei u. derql. Allein

‘I i ’s  ist e i n n ’ ,r ,r , ~
’ t h i ’ t r -  und der Watur nicht inTner angemessene fleschrà’nkunq.

Dir ~ ‘,hr, rf1~~,h, cm os undurchdringlichen K5rpers zwinqt c’inen auf ihr

befi r,’ilr ’;hen rnateriellen Punct nicht , auf ihr zu bleiben , sondern ‘,r- rwehrt

ihm bloc ’;  das Au~ treten auf die Eir,e Seite; em gespannter , ni’-h t au s ’i r ’hn ,ba r ’- r

aber biegsamer Paden zwischen zwei Punkten macht nut ‘Ii’- 7 .unahmrc. nicht d l , -

Abnahme ‘icr Entfernunq unm6ql ich u. s. w. Warum well t - n wit a i so  -las  ‘;“sc’t z ‘br

—5 —
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vrr tueilc-n ;-:; ‘;hwir,-l,-(k’-it ”r, nic:ht liccber gleici-, an fanqs so ausdr&ken , dass es

al l e F~~ll e ui- c a - - ’ .~”

Thi s re’lur ic-s — accor-l iriq to t h e  , r t ’ - r ~’r ” t a t io n  of tb author of this paper — that

(F, - point Whore the ‘c’~u iIi b r jiim is reached should be either an in,terior point of the

‘;‘-t ‘le tc~rm in, rs ’i  by the cons tra i nt - c or a point at w h i c h  only  one of the cons t r a in t s  is

i - - t i ’ ,,- .

In the year 1834 at a session of the “Acad~mie Imp~ r ia l e  des Sci ences de

,Ln,t— P ti-rsbo,,r’i ” , Ostrogradsky also enunciated the inequality principle. Voss

r”mar k’-. (75 , p.74) that “d~her heisst in Russland das Prinzip von Fourier auch wohl

‘ r i :  von (- .troqradsky .” It is interesting to read what Ostrogradsky wrote about the

,r,e’)ctalitj princi ple:

“ 11 eat tr~ s surprenan t de volt quo dane Ia nouvelle ~di tion do la M~ canique

anal’Jtiquc, ed ition publiee ~ l’epoque o’u l’on connaissai t dej~ toute l ètendue

du princ ipe des vitesses virtuelles, Lagrange non seulement n ’a f a i t aucun usage

de (‘obse rvation , qua dens l’~~quilibre des forces le moment total pouvait acquerir

Un” valour n~qative , r na is  qu ’il  l’ a en quelque sorte ecartee quand elle s’est

(.r r sr’nten cortune d’el le  meme , dans Ia demonstration qu ’il a donrtCe du principe des

Vitesses vi rtuelles; cependant , f a u te d’ y avoir eu ègard , ce grand qèomètre a

inconnp l ’etement ènn,nnCrè les deplacemens possibles dans la plupart des questions

de la prem i~ere partie de la Mecanique analytique , et ii est facile de reconnaltre

que les d~ pla cemens qu ’il a negliqe do considerer , ne sont empêchès par aucune

condi tion, en sor te que , toutes les equations qu ’il a établies pour l’équilibre

etant satisfaites, 1’~ quilibre cependant pourrait n ’avoir pas lieu.

Woos nous proposons , dans ce inemoire , d’ exposer l’analyse relative ~ l’emploi

du r.rincmpe des vi tesses virtuelles considèrè dans toute sa généralitè at de corn—

plater la solution de plusieurs questions traitèes dans la prem i~~re par t ie  de La

Mc~caf l i ’~’a ’ analyti qu” .

-6-
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0- , ’ - c-,. ’ .~. f c- , F t i - l i e , : .  ‘c-i - -. 1-uhlisF .’-’l in thc  I l r s ’ ’;e l it;’. r, f -Fec , , , , i ’;~~,-

,C d 1 ~~~~ • .‘ -  ~- .  77—79) ‘ ;  a Fc ,o i to f i r - I  t r e  e - ; - , r l , b r i u r  of  a m ’s cr ,un i ’;a l  syster ’— ;s irig

c - - n r c ~ l l~ ‘ s pr i nc i r . l e .  Th’- v a l id i t y  of  tr, ’- me t , ;o ’I  was proved by La-,r--i n’c’- ’,nt ir e l y  on

- i i  I ’ - Cr a i c  b c - i s .  (T h is  l c ;g en i o ’, r ;  m ot h ~~d was unab le  to a t t r a c t  niathecrutics students

a i d  to  i c- i  , f u r  a lorec time. The m e th o d  of r,res’ntatlen used nowa’ia-/’; by many

— Is to ~.rovo f i r s t  the nec i - su a ry  c o nd i t io n  in case of ine-4 iulit y constra,rts,

‘~ ‘J’ a ‘(COSetriC meaning to this and then refer to the case of e ’xua l i r .y c o nst r a i n ts .

T h is  -car ,  m a k e  the s tuden t s  more e n t h u s i a s t i c  toward th is  t heo ry ) .  We sha l l  see in

t ionci  4-7 wh a t  happened  to Four ie r ’ s p r i n c i p l e .  Now we devote a few pages to

I - i r k u s ’ tr,eorCn.

3. The theorem- of Farkas on linear inequalities

;- /-il a Fa rkas was born in Serosd , Hungary, in 1847 and died in Pestszentl6rinc ,

Hungary, in I9r ; . F i r s t he studied law at the Un ive r s i t y  of Budapest and m u s i c  a t  the

came t ine- - ;r,til he decided to s tudy  mathemat ics  and physics at the Faculty of Philosophy.

iC r eceived  a hi gh school teacher ’s diploma in 1876. He becainie a professor  of thee—

n e t i c a l  p hy s i c s  at the lJniversi t’~ of Kolozsv~ r in 1887 and hel d th i s  p o s i tio n  u n t i l

1 /15 .  Nc’ was a c t i ve  in o rgan i za t i on  too , h o l d i n g  the pos i t ions  of dean of h i s  f a c u l t y

of rector of  the university for some t ime . In 1896 he was e lected a corresponding

cn ’- mb’ r an d in 1914 an o rd inary  member of the Hungar i an  Academy of Sciences . Due t i ,

in c r e a s i n q  a-/ s disease he decided to r e t i r e  from his  professorship an d moved to

Pe- ,t :,z’ntl,~,
’rinc in l’tlS . As a young man he wrote several studies in numerical analysis ,

riiff c .r ,-r ,tial equations , ellip tic functions and music theory . His most important

~ c i ’ - r . t ; f t . c  contributions are those concerning the mechanical principle of Fourier , the

theor-1 of l inear inequalities and various problems of thermodynamics. Commemorating

him in 1 974, the J~ nos Bolyai Mathematical 
Society founded a Farkas prize to honor

young rcutr,’-nna’i cians for their scientific contribution to applied mathematics. For

f~~r Ichp’r i r, i r im n n a t i ’, n ‘- ‘,n’-r’rr,ir,’r the lii’, and work of Farkas see 132 , 33 ,65,611, 731 .
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Far kas ‘ 1902 ~~~~ t 1231 is get, , rally ref’ rred to d d ) f l i~1~ m l  r, ’( I 1; ’; f un ’larn ’-  r , t u  1

theorem on homogeneous linear ir,ernialitie s . In what  fo l lows  we s h a l l  w r i t ’ s  ‘j ne tur ’c

in column form and the transj .- ~e will be denoted by a prime .

Let g
1
, . .  

~~~~~~~ 
denote rn—component vectors an d form the f o l l o w i ng homogeneous

l inea r  i n e q u a l i t i e s :

( 3 . 1,  g x  - 0,i = 1 M ,

(3.2) g ’x ~ . 0.

If ( I.~~) holds for every x for which all inequalities in (3.1) hold , then we say

t h a t  the i n e q u a l i t y  ( 3 . 2 )  is a consequence of the system of i nequa l i t i e s  ( 3 . 1 ) .

Farkas ’ theorem is the f o l l o w i n g .

Theorem 3.1. The inequality (3.2) is a consequence of the inequalities (3.1)

i f  and on ly  i f  there ex ist  nonnegative numbers A
l~~

..., A
M 

such that

g = A
1
g
1 

+ +

Farkas p n,iblished this theorem first in 1895 113 ,14). However , tha t p roof con-

tains a gap. He gave the first good proof in 1896 in the paper [151 published in

the Hungarian langua je. Essentially the same paper appeared in German in 1899 [171.

Following this first proof, he gave a simple proof and published it in German 1191.

This latter proof is included in his best known Crelle ’s Journal paper t23).

Very l i k e l y  Farkas neve r recognized that it is nct at all easy to complete his

f i r s t  p r o o f .  In a paper (291 which appeared in 1918 he wrote that there are six

proofs for this theorem. He referred to the works of Minkowski (60) and Haar 1421

to three proofs  mentioned above and to a proof g iven in h is  u n i v e r s i t y  l e c t u r e  notes

(not available to the author of this p a p e -) .  His last paper on l i n e a r  inequalities

131) appeared in 1926 (a short paper on some geometrical aspects of his t h e o r e m) ,

It is instructive to see what kind of error he made. We shall quote from 114 7 .
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r r - , t I ‘ - - l o w ’ . t I , , n t  wi nsa - i l , ’ , ’- , that tl , ’-r ’- ire i ,  mun,’/ l l c, ’- - , r l y  i n , !, r . , r . I ’ c. c

in’-’)’i~ i n ?  i’’c-; i t ~ t he y ’. ’ ’ - m  ( o f  wh : ‘-F, ‘~n ‘- con, - ; ’ - ’  ) u t - n ’ :r -  i ’  ‘ ‘ ,r , ’ . , ‘i ’- r , - ’I ) ,, ‘. 5’- n,’irr,h’,r of

‘,a r  l a b ) ’ - ’: . Then he c ’ - ~ . r ’ - . ’ n t : .  tb ’  ‘cot-fl ~c~ ,- r,t v t - c t - o r  of  t - b i - ’ o f l : ; , - ’, I J , .r , , - , -  1 - i - i  I , ‘

a 1 ra in  ‘- : r im h i n , . t , o n  of  tb ’  , ,t h e r  ~:,, c , f f  ~ , : i , , n , t  ‘j , , c t  low , i f , fo r  the sak’- of

s r r n ~- l , ’ ; c t y ,  tb’ f , r c t  n i n e q ua l i t i e s  are ) i r , e u r ] ’ /  i ndependen t , ( I , ’ ,,, we car ,  ‘- X ) ’ r ’- ’. ’

I , ’- m , , 1  t- c i  i - r u  h e )  - c c i , r ,g to the:;, , i n  t e rm: ,  of the other c ;  in th ’-  fo l  lowin g  m a n n , ’ - r

1 = 1  4 1 2  + J ~~~ + ...1 0 1 n + l  2 r , + 7

(~~.4) =l ( +1 ( 2 + K ~~ +2 0 1 n+ l  2 n+2

n

‘-u r k u : ,  ‘:or,t rt,u”:-; to w r i t e  ( 1 4 , p. 2 7 0 ) :

“ 1 1 - j r  ‘ l i i , , ,  r u t  ‘-s ’in,m ’~’~lj ’  I , I ; , ; - , a l l , ’  c — ( p , ~- ; - ., , c ,  z u q l r , c l ,  n i c h t — n , ’r ’~’it i ‘I’.

Wer te  ( ,rha l t ’,r i  ke’nnen i , wenn in (8)  ( ( 3 . 4 )  in t h i s  paper , A . P . )  weni gsteri s ‘sine

ri- ’ :l,t ’,  Se i t o— cider e ine  ti rnimi- von n i c h t— n e q a t i v e n  v i e l f a c h e n  ‘- I ’ m  r ecb t ’s , ,  Se - ,. rj

dj ’ c  ‘1,~j’ç’elte Heschaffenheit aufweist , dass ihr  erstes Gli ed  N eqat iv  ist , und

‘l i e  ‘:o~ ffi cienten ihrer ~~riqen Glieder entweder neqativ sind , odor hô~chstens

verschwinden (da durch Eliminationen positiver Gliedom m ittr- l :, entsprechender

ne’Jativ’ n, , aus oinenn, mit positiven ,i durchaus unerfCi~1Jh ar en T’,ile von (5)

((1.2 in thi ’; paper , A.P .) nach und nach aequivalente Teil—Systemo erhalti,r,

werd’,r, k~ nnen ). In diesem Falle hat aber (4) ((3.1) in this riaper . A.P .) schon

A ,jfl~~sunqen , durch welclie (5) ((3.2) in this paper . A .)’.) nicht befriediqt wirrl .

t i e i  es n~~n li c h , dass diese doppelte E iqen scha f t  der rechten  t i er  to ‘1c r “r i rt e n

( ; l ’ - i ’ : l , u n ’j  in  (8)  ( ( 3 . 4  in th is  paper , A. P . )  zukomt , da ss also

— 0; I
l 

0 , 12 
0 , . . . ”

F-ark ,,:, an t i c i p a t e d  the procedure applied in the dual simplex method. We know ,

however , that cyc l i ng  is possible  there (21. By the application of the lexicographic

‘Iu,, I m ’- t  l , ’,’ I (577 (a - ; l , o r t  ~ r ’-senlc~it  io n, is ‘1i v’’n in 17 1) 1)  w” can ‘‘orri ’’-t  the (iroof

• l i - f  i ;  c;ijmmarjZr, t in ’ ’  whole ‘- o m n i , ’ - t ’ - ’ i  proo f b r i e f l y .
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F’r ’, ’ f o f  ! r r k a n ’__theon - ’-c ’c . F i r s t  -c, r emark  t h a t  if we app ly  a l i nea r tr -ans f o rmn a—

tion -/ = Bx , where B is a nonsingular square matrix , in the i n e q u a l i t i e s  ( 3 . 1 ) ,

(3.2), then the new ( 3 . 2 )  i n e q u a l i t y  w i l l  be a consequence of the new (3.1) system.

Fur thermore , proving Farkas ’ theorem for the new i n e q u a l i ties, we see that (3.3) is

‘,a t i ’ ; fi e d  w it h  the same nonnegative multipliers

Let us assume f i r s t  tha t  the system (3.1) contains as many linearly independent

r e l a t i ons  O c  the number of variables. Consider the linear programming problem :

minimize (02
1 

+ .. . +

subj ect  to

A g + ... + l g = g ,
1 1  M M

A
l 

>_ 0 2
M ~, 0.

S t a r t i n g  f rom any  basis  and applying the lexicographic dual method , at the

end wc’ reach a system of the form (3.4) where either 1
~ 

> 0, > 0,... or there

exists a row, where on the r i g h t  hand side the f i r s t  term is nega tive and all variables

there have positive or zero coefficients. The second case cannot occur . In fact the

lexicographic dual method guarantees  tha t  the column vectors of (3.4) are

obtained from the vectors g
1 9M ’9 by a nonsingular  l inear  t r ans formation , thus

the system of linear inequalities (in the variables y
1 

y) :

> 0

y
2
.

y > 0
(3.6) n

—1
1
y
1
—K

1
y
2
— ... > 0

—1
2
y — K

2
y
2
— ... 0

has the consequence

(3.7) b y
1 

‘
~ 

K
0

y
2 

+ .. ~~ 0.

—10—
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I s ’ , i f c .~~~. w ’ - had I 1~ 0 , 1
2 

< 0, . . . , t l , ’ ’ n ,  t l , t -  v’,, t ‘‘r of  c omponents

= I , y
2 

= 5’
n 

= 0 wou ld ‘, a f i ’ .f ’/ ( 3 .6)  and would not s a t i sfy  ( 3 . 7 ) .

I f  in ( ( .1 )  wi have h ( - M )  l i n e a rly  independent  r e l a t ions  and ) f o r  the  sak ’-

c~~f simp licity) q
1 

a r -  linearly independent , then we choose n—component

vectors  d
1 

d o_ h so t h a t  B = 
~~~ 

9h ’ d
1 

dfl_ h
) be a n o n s i n q ula r  m a t r i x

and app ly  F h c  t r a ns f o rm a t ion  y — Dx for thc irrc’;u~~1it i c c r  i n  (3.1) and ( ‘i . 7) ~ Then

(3.1) will depend only on y
1
,. .

~~ 
and s ince the i n e q u a l i t y  in ( 3 . 2 )  is a con sequence

of the f o r m e r  ones , 
~
‘h+l ’”~~

’
~~n 

will have zero coefficien ts also there . Now we can

f o r g e t  about  
~h+l 

y and apply the above reasoning to the system of variables

“ 1 ~~~~~ 
At the end we can reestabl ish  

~h+l ’~~’~~’~~ 
eve rywhere w i th  zero c o e f f i c i e n t s

and reach the original inequalities by setting y = Bx.

Thus we have proved Farkas ’ theorem. We have also proved

Theorem 3.2. If (3.2) is not a consequence of the system (3.1). then there is a

Uric-i t t r a n s f o r m a t i o n  y = Bx with nonsinqular square matrix B such that for at

leas t one i, the variable y . has negative coefficient in the new inequality (3.2)

and has nonneqdtive co ef f ic ien t s  in the new system (3.1).

The proo f given by Farkas in (15] for his theorem can be summarized as follows .

FI r’,t we observe, that if we use a transformation v = Bx , whore B is a nonsingular

square matrix , then, proving the theorem for the obtained inequalities with the variable

v, we also prove it for the original inequalities (the A factors can be take;i the same

in both cases). Let x e Rn and , using induction , assume that  the theorem is t rue  for

every positive integer smaller than n. For n = 1 the assertion holds trivially. We

may assume that  g ~ 0 (otherwise the assertion is trivial) . Introduce the nonsingular

t r a n s f o rmat ion:  v
1 

= ~~‘ X , V
2 

X
2~~~ • •~~

V
n 

= x ,  or in compact form : = Bx. Then

V
1 

— 0 is a consequence of the inequal i t ies  h~ v = ~,j B
1v 0 = g~ B

1
v > 0.

In these inequal i t ies  there must be a t least one, in which v1 has posi t ive c o e f f i c i e n t,

because otherwise v
1 

> 0 would not be a consequence. If  the f i r s t  k of these

i n e q u a l i t i e s  have tha t  property, then already the inequal i t ies

h v + ... + h  v
i l l  i n n

(3 . 8)
k v + ... + h  v > 0k l l  k n n ~~

—1 1—
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have the consequence v
1 

> 0. Consider the following inequalities in the n - 1

variables v v :2 n

h v -s- . .. + h  v > 0 ,1 2 2  l n n
(3.9)

h v + ,,. + h  v >
k2 2 kn n ~

- 0..

At least one of them must be identically zero, because otherwise we could find such

v2 V .  for which all inequalities in (3.9) were strictly positive but then

v1 ~ 
0 would not be a consequence of the system of inequalities (3.8). Now we use

Farkas’ theorem for the case of n — 1. Starting from (3.9), we assume that the

first relation is identically zero. Then

(3 .10 )  ~-h v — ... — h  v > 0
122 lnn

is a consequence of (3.9) , thus there exist nonnegative numbers 
~~~~~~~~ 

such that

+ 1)h12 + ~2
h22 + ... + k

hk2 0,

(p
1 

+ l)h
1 

+ L~2h 20 
+ ... + hik

hkn * 0

This implies that there exist A 
l =

0,.
~~~ c A

k 
> 0 such that

+ 1
2
h21 

+ . . . + A~h~1

+ 
3

2
h

22 
+ ... s 

k~
’k2

A h  +~~~h + ... + A h  = 0 .l l n  22n k k n

‘ttin ’) ... 4 — 0, the assertion follows for the case of n and thus the

proof is complete.

4. Necessary condition for the equilibrium .

We consider a mechanical system the state of which is described by the vector

x E Rn which is subject to the following constraints:

(4.1) ‘ 0, i

Denote by X the components of the forces acting on the system and suppose

that at X~ equilibrium is reached. Then by Fourier’s principle ohe inequality

(4.2) X ~X + ... + X Sx < 0
1 1  f l n

is sati3fied , where Sx ,...,,ix are variations of the coordinates x x i .e.
1 n 1 n

small quantities with the property that the vector of components

* *x + t ~X , . . . , X + ö x
(4.3) 1 1 n n

—12—
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r- . - -

satisfies approximately (4.1). In what follows we shall use general terms bu t  the re

are not very restric tive ma thema tical conditions under whi ch our statemen ts can be

made exact.

The inactive constraints in (4.1) i.e those for which we have Strict inequality

at the point x~~, do not restr ict  small changes in the coordinates.  Thus to see

what are the conditions on small changes we only have to consider the constraints

act ive  at x~~. Let us assume that these are the first M constraints. Then, writing

dx
1 

instead of ~x1
, the Fourier principle requires that

(4.4) X dx + ... + X dx < 0
1 1 n n

and the increments are Subject to the inequalities.

* *
~g,(x ) ~g,(x

(4.5) dx + ... + 1 dx ~ 0,i = 1,. ..,M.
1 3x1 n

Now we can forget about the order of magnitude of the quantities dx
1 
,. ., dx satisfy—

jog the above inequalities. In fact if dx
1
,. .,dx satisfy a homogeneous linear

inequality, then the same holds for tdx
1 

tdx where t is any nonnegative

constant.

Let X denote the vector of components X1,. - ., X .  We shall write it in a row

form and also accept the convention used in many textbooks that the gradients are row

vectors.

*If x is an equilibrium point, then, using Fourier ’s principle, we find that the

linear inequality (4.4) is a consequence of the system of linear inequalities (4.5),

hence by Farkas’ theorem, there exist nonnegative numbers A
r
,. 
~~‘

1
M 
such that

(4.6) x + A~Vg1
(x ) + ... + A~~Vg1,~(x ) = 0

If the system of forces is conservative, ie. there exists a function V(x) so that

at every point of the state space we have

(4.7) ~~ , = ,i = 1,...
i ~x ,

1

then (4.4) becomes

‘ (4.8) dx + - - . + dx > 0.
~x 1 ~x n~~1 n
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Here on the l e f t  hand side we have a total differential. Having a potential , we can

start from (4.8), by applying Cour t iv ron ’ s p r inc ip le, s t a t ing  that  if a mechanical

system is in j table e q u i l i b r i u m, then the poten t i a l  has a local minimum and observing

that (except for pathological cases) the total differential is nonnegative at the

m i n i m u m  po in t  of the function.

We can ask: who were the persons — if  any - who inferred the equation ( 4 . 6 )

f rom the inequa l i ty  p r i n c i p l e  for the mechanical  equ i l i b r ium?  To answer th i s  question

we can start by analyzing the papers referenced by Farkas in his Crelle ’s Journal

paper (23) , and it is also advisable to have a look at the volumes of Enzyklopá~die

der Mathematischen Wissenschaften published at the beginning of this century. In the

four volumes written on mechanics there are two papers where theories of statics and

dynamics under inequality constraints are mentioned. The authors of these two papers

are Voss (75) and St~ckel 171). By Farkas and these two about thirty books and papers

are r e f e r e n c ed. Some of them are unfortunately not available to the author of this

paper, but Farkas , Voss and St~ cke1 toqether very likely qive a good picture about the

history of the subject. Voss writes (i~ , p.741:

“Auf diesen von Ligranqe nicht ber~cksichtigten Fall hat unabh
’
~nqig von

Fourier erst wieder Gauss dann Ostroqradsky hinqewiesen. . .daher heisst in

Russland das Prinzip von Fourier auch wohl das von Ostrogradsky. In Frank:oich

ist Fourier ’s Prinzip nicht so unbeachtet geblieben; A. A. Cournot entwickelt

schon in 1827 die gleichungen von Ostrogradsky;”

One paper by Ostrogradsky is also referenced by Farkas; this paper is (677.

Stâckel mentions (68) too.

Voss does not refer to Farkas but Stâ~cke1 references the papers ( 14, 161. We can

forgive that StIckel does not recognize the importance of Farkas’ work because the

subject of his paper is “Elementare Dynamik” . The work of Mayer is highly esteemed

by St~cke1:

—14—
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- i t t holonome r - ,d ’- r n~~ ’ } t  h , , ) o r , c , nn ,- r  h~- ’ 1inn ’~ur,’;’;qI’’ j r - ) , ’ ; n , q ’ - n n  k~ c n i n , - n ,  auc’h

“ - - l i e  : - ~ ,- ,- ~~-~ in,’ ; (~~~I chhe i t en a e f t  r i  - i , ;  auch k~~nn e n ,  I i i - ’)  i n’) in ’;’ ni j i lô~t z l  ich f o r t f a l  len

- , - n - r  ;~I ’ ;r z l  ich ‘or -I , -0 , ‘ I ’ - r ’ -  er - , ’-t z t  wer ’lc ,n .  Nachdem b csr ei ts  fr ~iher solche Fà~11e

i - -I c , - ) ’ -  I t worden waren , ha t , dut ch F.. Stud y angeri ’gt , A.  Mayor , vom r ausschen

~ni ezi;~e ‘l’ s klcinsten , Zwanqes ausqehend , darqelegt , wie man hier ‘lie Bewegunq

des  - - i r , k t ’ - ’ , in allen Fá~llen bestinsnen kann ,”

The exce l l en t  papers by A. Mayer re fer red  to (58 , 59) handle  dynamical  problems ,

t h e r e f o r e  are on ly  pa r t i a l l y  re levant .  However , i t  is very ins t ruc t ive  to read these

a;c- r , containing in teres ting ideas , good examples and proofs of nonnegativity of the

m u l t i p l i e r s  in special cases. Zermelo (76 )  gave an in te res t ing  proof for  more general

cases. Farkas gave the most general form of the theory in ( 2 4 ) .  Among the papers

c o n t a i n i n g  solut ion to dynamical  problems subject to inequality constraints (19)

should  also he mentioned .

F o u r i e r , Cournot and Farkas  seem to be the principal contributors to the present

form of tine necessary condition of static equilibrium . Cournot (and later Ostroqradsky)

presented the equat ions ( 4 . 6 )  in the form of a conjecture (as we may say now). Farkas

proved ( 4 . 1,) by r e ly ing  on Fourier ’ s work concerning the f i r s t  par t  of the thcr ,rc .m

(considering now conservative system of forces) where — as it is obvious today but  did

not seem n c - o e s s ar y  for those in the last century deal ing  wi th  mechanical  problems — a

cons t ra in t  q u a l i f i c a t i o n  is needed. We have to add to these that  the work of Cournot

was based to a great extent on the work of Poinsot (697.

Four ie r  and Farkas  both contributed further important ideas to optimization theory.

Let us summarize briefly their principal results in this respect.

Four i e r  — an t i c ipa ted  the fo rmula t ion  of the l inear  programming problem

(3(~/ I I .  , )‘ . )2I~’t2RI, 1 401 ;

— fo r m u l a t e d  the i n e q u a l i t y  p r inc ip l e  for the mechanica l  e q u i l i b r i u m  ( 3 4 1 ;

— initiated the parametri’ solution of homogeneous linear inequalities (35 1 .
I
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F ark a s  — provod the bas ic  theorem conce rn ing  homogeneous 1i n ~- - i r  i n e q u a l i t i e s; f ; r ~~t

in (15) ;

— gave a rigorous proof for the “dual fo rm ” of F o u r i e r ’ s m e c h a n i c a l  i r , e ’) - ,u l i t y

p r i n c i p l e  1 14 , 15) ;

— gave an e legant  pa ramet r i c  ref r c s ’~n t a t i on  for  the so lu t i ons  of homoger,cous

l i nea r  i n e q u a l i t i e s;  f i r s t  in ( 1 9 ) .

5.  The work of Cournot on the yroblem of e q u i l i b r i u m

An toine—Augustin Cournot (1801—1877) famous polyhistor , was one of the g rea te s t

m a t h e m a t i c a l  economists.  The work of h is  which  we are a n a l y z i n g  here  was done -is a

‘rin tnibution to mechanics. It is interesting to remark that in his famous book

“Recherches sur les Principes Math&natiques de la Th&rie des Richesses ’ no appl ica tion

can be found of his  previous inves t iga t ion  on the problem of mechanica l eq u i l i b r i u m.

Since th0 first publication of this book several editions have appeared e.q. (7) w i t h

the critiques of Wa l ras Bertrand and Pareto, and introduction and biographical notes

by Lu tf a l l a , f u r t h e r 181 with the notes of I rv ing  Fisher .

Courno t bec ame docteur ~s sciences in 1829 in Paris , His  thesis (5 .61 contributed

to dynam ics, where he applied his earlier result published in 1827(4). One year e a r l i e r

he published an elementary paper 131 on inequa l i t i e s ;  there is no an ticipat ion i n tha t

paper of any form of Farkas ’ theorem .

In the paper (4) that is at present most important for us, Courno t does not re f e r

to the Work of F o u r ier .  He seems to have been unaware of the enunc i a t i on  of the

i n e q u a l i t y  p r inc ip l e  by Fourier  in 1798 . Cournot rediscovered the p r i n c i p le  but also

derived the necessary conditions for the equilibrium. We quote from his short paper

(4 , p.166):

.il arrive souvent que 1e~ liaisons du systeme ne peuvent etre exprim~ies

par  d e n  ~quat ions ;  i l  r~~Sul te  de ces l i a i s o n s  des ‘- o n d it i o n s  d ’~~q u i l i b re  quo

1 ‘on a toujours r~,r;ard~-nes coma e no pouvant se d~duire du princ iju - dos vites-,’-’,
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u r t,ni, l ire et ‘-~ arn t or, ‘Ir-h~~r- . ‘1’- en pr i r ,e ipe (Mi e-ir, ‘pc ‘l M. Pen s’~r, , tom.

p. 2 4 1) ,  )J ’,t r ’-  b i t  cot  ici ‘1’- f ; i i re  voir  ‘pie , lor ;’;’ii, lee i i ai ’ n er i ’; t i n s - / s

~‘- ‘nvc n t~~~’ex primer a 1’~~b r iq uemen t par le moyan dern n gr i n ; ‘P in ngSI i t’ , 1’

p r i ne ip o  ‘l’ s vi toSS’- vi r t un l  l ’s , convenablement  mcdi f i~~, s ’ y applique er,eer’,,

‘t  f o u r ; ,  i t . par  uric m~ thod’, unj for-me, les conditions ‘In 1 ‘ nqui I ibm .”

On r-~” ; ’-’ - 167 ~nd 161i of the same paper we read f u r t h e r :

“Admettont;  qu ’un syet ~ me soit sotmtis ~ on certain nombre ne l i a i sons

semblables , exp r i m ~ es par l’,s in~ q al it ~~c

— ‘) , I ’  n , etc . 3 — (, , 3’ — , , ‘-t ~’ _

leo  si ’;n ’ r; - - ~ t a n t  tou jour s  supposes ne pas exclure le ca s d’~ ga1iti~~.

On no peut  pas , en g~ n~~ral , d i f f ~ r e n tle r  uric ineqali t e  comma or , ’-

equa t ion , r i  ‘-ri d~ ’)’n i re uric relation entre las Incr~ m’nns ‘l ’-e -j a r n a h l e s ;  mais

lor s’;n; ’ i i e ’ ag i t  do la recherche des conditions d’~~q u il i b re , deux ‘-as seulement

peuv~- n n t  s’ prr’oonter . Ou la situation du systeme est telle que l’on pourrait

snipprirner let, l ia isons , sans changer son ~tat, consne ii arrive, si les f i l s  q n i

jo igner i t , ; i r t , i i ns  ‘I’- ‘;‘ t; poin ts ne son t pas tendus , ou si les points auxquels

certaines surfaces opposent des obstacles irnp~n~trables, ne sont point contigus

ceo surf.v;’-s: dans cc cas l’~~quilibre doit avoir lieu , ind~ pendanunent des

‘rinditionti ‘1 liajsc,n , at ii est superfl’n d’en tenir compte ; ou bien le

s-/ sterno est p1aci~ d~ mani ro ~ cc quo lee liaisons produisent leur effot, et

p u i n n e o n t  d i m i n u e r  le nombro des conditions n~ cessaires pour l’~~qui1ibre : alors

on a pour les valours actuelles de~ coordonn~es I — 0 ,3 — 0, etc ., at ci l ’ on

fai t varier ccc valeurs , leurs incr~mens ne seront pas enti~~rement arbi tr a i r e s ;

ils ’l’ vront , en vertu des conditions primitives , satisfaire aux relations :

( a )  ~I > 0 , n~I > 0, etc. 6J — 0,~~J — 0, etc.

D’ailleurs, quand le systeme eSt soignis ~ des liaisons de l’esp~ce de

cellos qua noun con~ id~ rons ici , U est clair qu ’on pourrait les supprimer ,

pourvu qu ’on l u i app1iqu~t certaines forces, capables nI ’ en tenir lieu; airisi
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Ia r~ sistan :o d’ une surface pout etre rempliic~ ’ pan l’ applica tion d’ une for’:

normale ~ cetto s u r f a c e  i t  ‘l i riq ~~e dans le sons conve nable , cello ‘P un f i l

tendu , par  l ’ app l ica t ion  d’ une force  d i r i g~ e dans le sens dc la tension du f i l ,

e tc .  Soient F , F las forces dirr.ctoment appliqu&es au syst’eme , suivan t les

d i r e c t i o n s  f , f  et P , P ’ , . .. le s  forces a u x ili a i r e s  gui t iendraien t l i eu  dc

l ’ existence des obstacles , Pt- c Pr a i ,-~ni- d i r i q~~~ s 5~~i ’uant 1~~c li’jnos p,P ’.

on a u r a , en ve r t u  du principe des vitesses v i r tue l l e s, l ’6quat ion  fondannenta le

F~~f + F ’ i~f ’  + etc. + P6p + P ’~~p ’ + etc. = 0.

r)r il est ais~ do voir que tous les mouvemens virtuels , p our  lesquels

P et ~p,P’ et ~~~ etc., seraictnt de signes contraires, tendraient ~ surnionter

las obstacles que las surfaces, las fils , etc., opposeri t aux di fferens poin t s

de système , et par coris6quent sont incompatibles avec los liaisons du syst~me ,

exprirn~es par les in~qali t~ s (a). Il n ’y a de compatibles avec ces liaisons

que les mouvemens pour lesquels P et óp, P’ et 6p ’ sont de m~me signe, at pour

lesquels par cons~quent lee quantit~ s P~p, P’6p ’, etc. sont eSsentiellemerit

positives.”

The “proof” given by Cournot for his equations is only a short reference to our

imagination . When dealing with the special case of a system of points positioned on

planes parallel to the xy—plane, Cournot refers to the work of Poinsot Ic,9), first

published in 1803. In fact, for this special case Poinsot already obtained the

conditions of equilibrium . Assume for the sake of simplicity that  one body is

supported at the points A ,B ,C , D,..., by a plane parallel to the xy-plane. On

page 125 of (69) we read :

“...toutes las forces appliqu~es au système doivent se r~duire è one seule ,

perpendiculaire au plan fixe, et dont Ia valeur ne soit pas positive.

En second lieu, je die que sa direction doit rencontrer cc plan dans

I’int~ rieur du polygone form~ par lee points d’appui A ,B,C,D 
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- I )  -c  I s , 4 ) ‘ 1  ‘ , i r i n ’ , t  s -in I ’ , h i -  i,-~ ,; well known th i n h i -; ,,th ,- r w o r k - .

tn -i a r - -  fl et  l i - t e d  in the bni ,l i ’i ’; r~ap)iy of h i s  works ;cjbli:;he~t in  ( 7 ] .

w ’ , r k  - ‘l  - - t , - , ~~~ ,-,’l- ;k ~ t h - ~~~~ bIern of ec~uiljb~~ um

k I - -~ ; I iJ. a i ( -v i  ‘-h ‘ ,- t roq r , i - lsk-/  I l i ; ( n l  — SI , , )  c o n t r i b u t e d  i m p o r t a n t  r i - - n i ! ;  :- (among

- 1 - i - . )  - , m~- - i , , , n , i ’ - : . . I I -  w i  a - ; t  ; ‘ l ’ - r i t  i n  I’,iri ; and a t tended the course ; ‘,f F o u r i e r ,

- i s  I , -~ and o the r  wel i—known French mathematicians. I-jo r e t u r n e d  to I~u:-;s i a

( I t  - - i - t ~ - r - . i , , r q )  i i ,  1828. In 1830 he became an extraordinary member and in 1832 an

- ‘ n - l i  r i ,  r ,  m i-m i -n  ‘i f  t i 5  Academy of St . Petersburg.

l~~o - - a ( - ’ - r ;  of ( i ; t r o q r a d s k y  ,h ’,uld be men t ioned  concern ing  a-h ,- problem of mechanica l

• - - ; n ; l i i , r ; u r n .  f a r k a s  r t - f ’ - r ;  o n l y  to (67] (presented in 1834 before the Academy ) but the

( i , , )  i s  an improved vers ion of h i s  theory .  In the earlier paper four applications

or’- m ent i- -r ied : a.) a point that is allowed to move in one part of the space subdivided

l - y  a su r fo ’ ; ’- ;  b.) the funicular polygon; c.) the flexible file; d.) the incompressible

i i ’ ; i i i ~~i . } ‘n rth , - r p roblems are men tioned concerning dynamics.

In 1 681 Ostroqradsky refers to (what we call now) Farkas theorem as an obvious

~i i ’; ’-1 ~r~a ) ’ :  f,i ’ t and deri ves the equat ion  of e q u i l i b r i u m  (4 .6) . We reproduce here part

‘ .t  t i , , -  j~~i ’ ;~~~ 58’) and 591) of 168) :

“ : ;u;~pes~i n n , quo los quantit~ s n’is ,~~s
• ,~,s” ,,~s appartiennent non

-;‘ u l ’ - m ’ - n i t  ‘a cet i x  ‘In ; d~ placemens du systhrne , dont lee forces perdues sont

capa b ies , ma i m  encore, ‘a tous les autres d~p1acemens tant possibles quo non ,

ou pi n t ,~,t  cent ; ; ‘li’-ren~ ~s, ~,s ’, s’ , ~s cosmic t ou t— ’a— f ait  a r b i t r a i  re-s.

(l ’ , ’ i -  devon’; expnime r que los forces perdues R , R’ ,R” , R mont incapables

‘F- ;~r i ’ l i n i r -  aucun 1~p iacemen t des systèines satisfaisant aux condi tions

nSL > 0

n~ L
1 

> 0

( 15)  6L 2 - 0

6L
3
> 0

le sign ’- > n ’exclut point celui de l’~ galit~ .
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Or on sait  qu ’ un syst’ame des forces est capable do tout d~ placemont  qui

fournit, pour son moment total, one valeur  pos i t ive  at aucun de ceux gui corres- •

pondent aux valeurs n~gatives ou z~~ro du moment total .  Ainsi , pour quo los

forces perdues sojent incapables de produire aucun des d~placemens satisfaisans

aux conditions ( 15 ) ,  il f au t  que leur  moment soit néga t i f  ou zero pour  ce-s

déplacemens, c’est—è—dire ii faut que la fonction

R6scosq1 + R’ Ss ’cos~~’ + R”~ s”cos~,” + R” Ss”cosi),” + 

dans laquelle ~~~~~~~~~~~ d~signent respectivement les angles

Ri55, R ’ 4s ’,R” ,5s” ,R” ~e” at gui par consequent reprCsente le moment

des forces R,R’,R” ,R” soit negative ou zero toutes lee fois  qua

remplissent les conditions (15) .

La solution de la question gui consiste è rendre la fonction

R6scostji + R’6s’cosiji’ + R” nSs ”cost] ”  + R” ds” costjn ” + 

n&j a t ive  ou zero tou tes les fois que les fonctions de mime nature , 6L , -’~L
1,6L

2
,

sent positives ou zero , appartient a l’ algèbre la plus élérnentaire .

I l  est nécessaire, et ii suffit que R5scos* + R ’ nSs ’cos4 ’ 4- R ’SS s” cOsij ” +

8” Ss ”’ cos~~” ÷ puisse se rCduire ~ une fonction lir éaire de 6L,6L
1
,

5L
2
, ,5L

3 
avec des coéfficiens néqatifs. Ainsi il n’y a qu’è faire , quels

quo soient ~s ,6s ’ , -~s” , ós”’ 

+ 8’ s ‘ oosd,1 + R ”~~s” cos~~” + 9 ” ~ 5” cosil,,” +

— ~‘~L + 
~l

’
~~l 

+ ~ 2
nSL

2 
+ A 36L 3 

+

et ~ y ajouter la condition que les A sont tous négatifs. Ou bien , ci l’on

veut ~vit-’ -r de considCrer les ~ comma négatifs, on peut faire

Rt~scost)i + R’4s’coSrj,’ + R” nSs” cosiji ” + 8” 6s” cost))” +

— — ( l i S t  + 1
1

t5L
1 

+ A~~ iSL
2 

+ A
3

SL
3 

+ ... )

alors tous Los A seront positifs. Ii est evident, par la dernière equation,

cosine par celle qui la précède, que le moment RnSSCoSt)) + R’iSs’cosi]n ’ + R”iSS”cOS*”

+ R” iSs”cos*”’ + •... sera nCgatif ou zCro toutes leg fois que les fonctions

iSL,,SL
1
,~SL2, nSL 3 seront positives ou zero.
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En t r a n s p o r t a n t  tous los termes d’ un mime cat. , l ’~~qua t i on  n(a - 1’~~quil ihre

dew forces pendues devieridra

- ( 16) 84 scos-,, + R”,s cosn)) ’ + R”~~s” cos~n ” + R” ~s” COs~i ” +

+ l - ’,L + )-~~‘~L 1 
+ 1

2~~L2 + ~ 3~~L
3 

= 0

d i e  doit  avoir  lieu quelles que soient 6s,’Ss’,~ s” ,’~s” ,..... tan t en g r a n deur

~~~ pour la direct ion.  Mais il  no fau t  pas oublier d’ a jouter  ‘a l’~~qua t ion  ( 16)

los in~ gali tes

A ‘0

A
l 

> ~

( 17)  1
2 

> 0

1
3 

-‘ 0

Ostrogradsky made two errors . One consists in the declara tion wi thout

proof of the assertion of Farkas ’ theorem . (In this respect Ostrogradsky ’s authority

was so s t rong,  that  many authors took it for granted 158,59,64,751). The second error

was discovered by Study as communicated by Mayer [58, p.2251. On page 583 of 1591

Ostrogradsky i n fe r s  that  some of his inequalities should be equal to zero at the

equilibrium . This would have made it possible to determine the multipliers in the

equation of equ i l ib r ium.  He thought that those inequalities should be equal to zero

which would turn  out to be negative if we did not have the other constraints. Hame l

gave a counterexample for this in (47, p.41—421.
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7. The work of Farkas on tb, problem of equilibrium

The two papers (13,14) beir.g essentially the Sante , We choose the Sen -man vers ion [14 1

r a t h e r  than  the  Hunga r i an  for our  quota t ion .  In the introductory part of the paper we

read the f o l l o w i n g :

“ In diesem besteht das Fourier ’sche Princip. Ich werde dasselbe auch

Ungleichheits-Prinoip, hingegen dam gewô’hnl icho dam Gleichheits—Princip, nennen .

Das lotztere ist in dent e rs teren, als a l igemeinerem en tha l ten , denn in dem Falle ,

dass der Zwang durch blosse Gleichungen ausgedrai’ckt werden kann , reducirt sich

das Ungleichheits-Princip auf dam Gleichheits—Princip; némlich in dem Gleichheits—

Zwange eni tspricht am er jeden virtuellen Verr&kung auch die entgegensetzte , dann

kann aber die virtuelle Arbeit nur auf die Weise keinen positiven Wart annehmen ,

dass sie verschwindet,

So wie dam Gleichheits—Princip, ist auch dam Ungleichheits-Princip

un tb hgrioig  von den Eigenhoiten der verschiedenen Punkt-Koppelunqen , und oben

deshaib ist GALILCI al-s der Erfinder des Gleichheits—Princips anzusehen, well

die-sos Princip vor il-irs n u n  f~ir eine gewimse Zusammensetzunq und f u r  solch e, die

leicht auf diese zur&kgefiThrt werden kcThnen, aufgestellt wurde , ná’mlich von

AR I STOTELES, und nachdem Os durch eino sehr lang e Zeit in Vergessenheit  gerathen

war , von IJBALDI fii’r hebelartige Zusammensetzungen. Die Verwertung des Princips

erfordert aber selbstverstmndlich die 8er~icksichtigung -icr Ar t  und Weise dor

qegohenen Punkt—Koppelungen wonigstens dermaassen , dams auf  dem Grunde der

zuqehó’rigen Kinematik die entsprechenden Zwangs-Ausdr~ cke auf gos tell t werd en

k6nnen. Ueber diese Forderung hinaus ist die Ant sndunq des Gleichheits—Princips

meit LAGRANC,E bb s-s eine Sache der reinen Analysis und insbemondere em Problem

der Aufl6sunq von Gleichungon , welche jedemmal nach bereits auflieqenden

Verfahrunqsmethoden dargestellt werden k6nnen.

Mi t dem tinqleichheitm—Princip jst em nicht so wei t  gekommen. Von sem en

Erfinder , FOU R I E R , wurde nor scm genetischer Zusarrrtenhang mit àlteren Principien

er6~rtert. Die genze diesbezi?qliche Abhandlunq von FOURIER ist unbeachtet
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‘ - n l  L e o - n , . , n e i s - ;’~ -~sre spater s i r - i n -  das Frincip v im , rj, r;~~s w ; ’- ’i ’- r  ,-, j f i ( i - - t ~~- 1  I t ,

S r  - - 1  r,’d. r - t i a -  f ,  - I  -i ;; g n - s ~-r ~, - l e n i  i t ,  d ’s  k , r z r - r .  A u f s a tz o  (iber das P r ;  ri ’~ i~ i des

On S w - i n - , ’ -  ,. Eu p - i i n  J~~r r ~ s;,~
’m ’ r  b n f a ss te  sich no’;). -i ’- r r ; ;s i s ch t -

~ - i  t ; i n - ; - , ’ ik. - a- ‘iS-li- ’ 5 (-Jd ~ : -; Y !  sit  dent Pr i a - s i p ;  or ha t t  i d ’-ssn n, I.n i I ’r nnu r i ’) ’~ r, in / ,r i ; r i f f

- ( ‘ - r n-in - u , , ‘ a -  i~ - i t  -i her dos I-a - rri ’-; i.p n i c h t  in j ene r  qanzen  Al l’;eme in S , ’- i t  -i o f ’ pt  1, -s t

w - lcse ‘u ’-rn sejb en h ’- ; ’j - l e ’j t wer den k ann , da or n u r  d in) ,  qewis se  Y la s - ~’ ‘lea - Zwor i ’ ls—

i s i n e v’,r A ’;’~’-r , h i ’- lt , J e t . - , in Ii, lcher  di ’-  An z ah l  -(er  Zw a n q s— A - ; - , ’ir ’~’;k’~

‘ l i e - J o ,  i ’p der ’ , i r t u e l l o n  Ver ru ckung s— Componen ten  n i c ht  ‘il~e r t r i f f t ;  . iuf  -lu-se

~; ise haben s i - :h s eine  Be t a - a c  h t j r , q n n  au f  ‘-, i nn n  verhà’lt n i s sr n i - ; s ;g  ; el ir  k l o i n , a- -r ,

h u l t ; ’ ;k e i t s— R e r e i c h  beschrà~nkt . W; ~ es scheint  hat  sich -;‘ ,n , s t  S iemand m i t  der

Anw endun g des Pr ir i ,-:ips a bgogehen , unni cmi s chej nt  so-3ai- ~,,js-; . ‘ I i  ‘- ~-(e; r~ ;r, ’j von- zu

wa lte r , , dass das Princ i p ru -h f n u tz b~~r sci .  Dasselbe h a t  s’~z’;’.aq -n n or  i- m en

i’ti ,rrt ri (‘of boihehalten.”

“Si r I -laup tzweck  v o r l i g e n d e r  A r h e i t  ist zu erwe;s’n , dass m i t  e i r s -r  pas.sa ,r i de t i

M’ ,’ lj f ; ’  - a t  io n di’, Miuthode ‘b r  M u l t i p l ic a t o r e n  von LAGRANGE auch auf ‘las

F’ . ; ? L - i - ’ sc he ; - r m n c l ( .  ~1c-rtnaqen  werd~ n kann .”

I n  ‘ I.e f i r s t  - ;es t lo rn  of the paper ho deals w i th  h is  i n e q u a l i t y  ti- ’--o r’,nnr . That

; r ’~of  i s  ir . ’ ’irnp l e t a ~, however , as we pointed out .  In the second section the necessary

- ‘ , r n - l ; t  ; ‘in o f  ‘~‘) ; i  1 nba - just inn den in’I

sr,il’- ri a-l i ,, Zwanqs—Ausdrucke in die folgonden ~1bergehen:

= a-) , ~ G~ig 0 ,..
11)

~ S~iq > 0, ~T~q - 0 , .

,i~i~) ~u ;~ I~r i n c - i p i e l 1 n  rt n g l ei ch h e it  s oi l  he lm -san

0 Odor — 196q — 0. 12)

Di’- Zwanqs—Gleichunqen sollen auch in der Form von Unqb e ichhe it en  a cisqedruckt

werden , so dams das System der Zwanqs—A~isdrucke erscheint wie folgt:

> 0 , J~(-;.’~ > 0 

-EP’~q ,~~, 0 , — IG 6q > 0 13)

J S ~.q 5 , lT~q 0 , . . .
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I),i ; FOU R IER’  ;n d i e  Pr in’;;)’ verlanqt , a-lass die iJnq I ( r i s h l i ’ -  i t  ( 1 2 )  vt ,r ,  all ’- ,

W o r t - .y ot ~~rnon dci- 
~~~~ 

h’-f rni- ’b ’4t win , w el’:ha-- ( 1 3 )  l i i - f r i a - d i ’~n~n i . D i r - s - p~~.c f i i . - ) , t

olw - i  n i l i r , w i n  erwiesen , wenn em pos i t ive  M u i t i p l i c a t o ren  ‘ç ; e h t  , -i’- rm”~
’-p- ’I n - a - - u,

‘l i e ‘‘i” - ’f f i ’ : i cn t e n  ç a l -s l i n e a r e  horraoqene F u n c t i o n e n  d’-r ‘‘,/‘ff i ’ i l - ri ’,- ; ,

1 , ’ , . . . ,  —F ,—S ,..., S,T,... dar’jestellt werden k&inen. S i n e

Mu ir  i p i  ; ‘ - a t ’,r ’-n  sol len  m it  ‘p ’ , n)i ’ ~~“ , n), ” ,p ,  . . . li~- z e i r ; f i n i i , t  W , , r ’ ( ’ - r , .

Man m ’;- ; s  hab en

— 9 —  (‘i’ — ~~“ ) F  + (q’ ’ — ~“) G  + ... 4- ~S + a-nT *

Nun P~5nnen aher die Diffonenzen ,p ’ — 
~~~~~~~~~~ 

— p ” ,... auch neqative W ’-rt .’-

ann ehmen , folqlich wird dam FOURIER’sche Princip von jenen 9—W erton erf ui lt ,

wc I ch~- durch Gleichunqen wie

9 + ~ F + + ... + 15 -t iT + . .. = 0, 14)

sia- ;h bestirenen lassen , wo ~, ,J,n , . . .,  1 ,ii , , . .  in dem Ausdrucke einen jea-h-n ~-5r”,
’,,~ ’-

‘bj e s, ,lbr rn Werte haben und dabei sind ~ ,d1,... an sich qanz wilik urlich , , I , , . . .

aber wi1lk~irliche nichtnegative Quantitâ~ten. Umqekehr t , aus dem Sy’,ta•mo (14) 1’.)’;’

mi tt - l mi des Systems (11) die principiello linqleichheit (12) durch “in ( ‘ - n h ’  z,i

erkennendes Ver fahren.”

In a fur ther sOction of the paper “the two main types of application ” are

i.r’- a-r,t ’ ’l- -r, ) thc’ equilibrium equation for tangential solid bodies; b.) the

~-‘ p n i 1  ;bnium equation for nia-i n—sa - i li n I bodies .

ii . Sr t he  constraint qualification

The “constraint qualification” is of fundamental importance not only from the point

of  v i ew  of nonlinear optimization but from the point of view of mechanics too. ~Soon

we shall see why.

In the beginning of this century the axiomatic foundation of the mathematical and

physicai mia- ; i a’n’;r,s became an important activity. In his famous paper (491 HUbert urges

, 
— m a t h e m a t i c ian s  to axiomatize two “physical disciplines”: probability theory and

mechanics. The paper of fl aine l (4f,~ of 1909 is the first serious attempt in the
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‘I i  r est  ion  of t he  a x i o mat i c  f o u n d a t i o n  of the c I ,iss  i cal  mechan i ‘on . The Four i ’-r

inc-quality principle is unfortunately not included. An improved ve r s ion  of h i ;

. ixj om ,it i ’;  is conta ined  in h i - s  paper ( 4 7 1  wh ich  appeared in 1927 . There t h e  i n e q u a l i t y

pr i nci p le  of F o u r i e r  is a l r eady  ment ioned as one of the axioms:  Axiom I I  2k on page 17 .

Sri page 33 conce rn ing  “Das En er q i ep r i n z i p ” , Axiom I I  5c~ d~~clar ’- s  d e n o t i n g  by U

the p o t e n t ia l , t h a t  ‘si) > 0 is a necessary condit ion of the e q u i l i b r i u m. Hainel had to

establish consistency between the two axioms and this  could only be done by a “constr a i n t

- p i a t i f ; ’ a t i o n ; ” in f a c t  we f i n d  i t  in Axiom I I  5 c ( ,  on peg’- 33. It r e q u i re s  t h a t

t~~, ev ery  mass p a r t i c l e  there correspon d a sca la r  f u n ct ion u such tha t the fo l lowing

c - q u a l i t y  holds :

1’.. 1) =

wi- n a - r e  din denotes the mass and r the state of a par t ic le .  If  instead of (6 .1 )

Wi- - nequi re

(6. 2)  n’IU = VU~~r ,

where r denotes the state of the whole system of particles , then we obtain

essentially the Kuhn-Tucker constraint qualification. (6.2) implies (6.1) because

we can generate the u functions for the purpose of satisfying (6.1) in such a way

that in U we subsequently fix all variables except for those belonging to one

part i c le.

Unfortunately Hamel was unaware of the existence of Farkas ’ theorem . Even in

his Theoratische Mechanik (first published in 1949) this theorem is not referred to,

though part of the pages 69—70, 517-518 are devoted to the Fourier inequality

principle. There we also see that hi~ “constraint qualification ” is not exac tly

derived and his reasoninq concarning the Fourier principle is more heuristic.

9. Miscellaneous remarks concernin~ linear ineq~aa1ities

Farkas ’ most important results concerning the Fourier principle and the theory

of linear inequalities are susriarized in his papers E l  ,14 ,23).
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The parametric representation of the solutions of linear inequalities was

initiated by Fourier [351. Minkowski gave the representation of all solutions using

extremal rays [601 . In the parametric representation given by Farkas 119 ,231 , the

generation of the rays the convex combinations of which constitute all solutions of

the linear inequalities is particularly simple. Writing z
1 

z
n 

instead of

dx
1 

dX
n 

in (4.5) and (4.6), we can represent all solutions of (4.5) in a para-

metric form , insert it into (4.4) and if the number of variables and the active con-

straints ii-, (4.5) is not large , we can solve the equilibrium problem in monte cases.

For this we have to know which are the active constraints in (4.5). This method was

advised by Farkas 1 191 . The application of the Farkas parametric representation

technique for linear prog ramming is perhaps best done as in the pape r by tjzawa 1 741

He completes one inequality to equality ( i f  necessary) , eliminates the right hand

side non—zero cons tant-s  from the other constraints, inserts the parametric form of

the solutions of these into the remaining equality and the objective function and

finds the optimal solution.

The papers [21 ,22) published in Hungarian and German , respectively , have the

same content. Farkas gave further mechanical application of his theorem on linear

inequalities. This concern the decomposition of the forces of reaction in a

mechanical system into shocks and others satisfying the negatives of the constraints

given for the displacements (Voss mentions in [75, p.751 that this kind of distinction

between the forces is at tr ibuted to Painlev~ ) .  The excerpted mathematical results of

the paper is reproduced in [231 . The book [20] published in Hungarian does not con-

tain new results as compared to his earlier papers and to the paper (231.

Between 1902 and 1917 Farkas did not publish on linear inequalities. In 1917,

a f t e r  Haar general ized Farkas ’ theorem for the inhomogeneous case , Farkas returned

to the area and published further papers 128,29,311 on systems of linear inequalities.

The papers (25, 26 ,27 ,301 are also partially relevant; (301 is the German version of

(251.
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Haar wrote three papers on linear i u n , - ’n u a l i t i e s  ( 4 2 , 4 3 , 4 4 ) .  The f i r s t  two are

essentially the H u n g a r i a n  and German vers ions  of the same paper .  I-Ic gave the following

generalization for Farkas ’ theorem (we shall use the notation of Section 3).

Theorem 6 . 1.  If  the l i nea r  i nequa l i t y

16.1)  g ’ x 2’ b

is a consequence of the l inear  inequal i ties

( 6 . 2 )  g~~x > b . ,i = 1 M
1 —

~

i . e .  every x s a t i s f y i n g  ( 6 . 2 )  also s a t i s f i e s  ( 6 . 1 ) ,  then there exist nonnegative

cons tants  
~
, A

l 
1

M such that for every x C R0 we have

( 6 . 3 )  q ’x — b = 
~ 

A .(g~x - b .) + ~~.

This is the same statement re fe r red  to by Kuhn and Tucker in a footnote  supplied to

von Neumann ’s manuscript [611 . This concerns the duality theorem of linear progranining

proved by Gale , Kuh n and Tucker [ 3 7 ) .

Haar remarked [4 2 , 44 ] , that  the theory of linear inequalities was developed by

Farkas and Minkowski .  The famous boo k of Minkowsk i  ( ( i n )  c o n t a i n s  r e su l t s  also on

linear inequalities (pages 39—45 in both editions). He cons,-1,-r .- -l a finite system

of homogeneous linear inequalities from two points of view : t ’ n  rn-p ros .- nt them in a

parametric form and to discover those which are superfluo’ s i.e. can be omitted

without  changing the set of solutions. This l a t t e r  problem led h im to prove a theorem

closely related to Farkas’ theorem mentioned in Section 3. For the sake of complete-

ness we present here the exact statement of Minkowski’s theorem .

We assume that in the system (3.1) the number of linearly independent relations

equals n, the number of components of x. This does not restrict the generality ,

as Minkowski remarked. An x is said to be an extrenaal ray of the cone (3.1) if

x is not the sum of two nonzero vectors which satisfy (3.1) and neither of them is

a constant multiple of the other.

— 2 7 —

_



Theorem 6.2. Out of the linear forms g’x > 0 , i = 1 H those which are

m - 1 linearly independent extremal solutions have the property that each of them

is essential and all other forms can be expressed as their linear combinations with

nonnegative weights.

For further references to early papers on linear inequalities see [91.
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