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ABSTRACT

The method of Lagrange for finding extrema of functions subject to equality

constraints was published in 1788 in the famous book Mécanique Analytique. The

works of Karush, John, Kuhn and Tucker r;oncern_inq optimization subject to inequality

constraints appeared more than 150 years after that. The purpose of this paper is

to call attention to important papers, published as contributions to mechanics, con-

taining fundamental ideas concerning optimization theory. The most important works

in this respect were done primarily by Fourier, Cournot, Farkas and further by Gauss,

Ostrogradsky and Hamel.
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SIGNIFICANCE AND EXPLANATION
nis 1s a historical paper. 1t concerns the necessary conditions of
optimality for nonlinear optimization.

The solution of nonlinear programming problems is based on the neces-
sary conditions formulated for the case of equality constraints by Lagrange
in 1788 and for the case of inequality constraints by several authors
between 1939 and 1950 (Karush, John, Kuhn, Tucker). This paper tries to
complete the general historical picture by showing that, in the form of
contributions to mechanics, the basic ideas were already discovered jointly
by Fourier, Cournot and Farkas, among others.

Many referenced papers are thoroughly analyzed.

The responsibility for the wording and views exp;ggééd in this descriptive
summary lies with MRC, and not with the author of this report.
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ON THE DEVELOPMENT OF OPTIMIZATION THEORY

Andras Prékopa

1. Introduction

Farkas' famous paper of 1902 published in Grelle's Journal became a principal
reference concerning linear inequalities after the publication of the paper of Kuhn
and Tucker, "Nonlinear Programming" in 1950 [53]. In this latter paper the funda-
mental theorem on linear inequalities, Farkas' theorem, was used to derive necessary
conditions for optimality for the nonlinear programming problem. The results obtained
enabled rapid development in nonlinear optimization theory. The work of John contain~
ing similar but weaker results for optimality published in 1948, has been generally
known but it was not until a few years ago that Karush's work of 1939 became widely
known where essentially the same result was given as by Kuhn and Tucker in 1951.

In this paper we call attention to some important works done already in the last
century and before. We show that the fundamental ideas concerning the necessary
optimality conditions for nonlinear optimization subject to inequality constraints
can be found in papers primarily by Fourier, Cournot, Farkas and further by Gauss,
Ostrogradsky and Hamel.

To start to disclose the early development of optimization theory it is very

helpful to have a glance at the first two sentences in Farkas' paper [23]:

"Die naturgemasse und zugleich systematische Behandlung der analytischen
Mechanik muss das zuerst von Fourier und dann spater von Gauss formulierte
Ungleichheitsprincip der virtuellen Verschiebungen zur grundlage haben.

Die Méglichkeit einer solchen Behandlung erfordert aber gewisse Kenntnisse
uber die homogenen linearen ganzen Ungleichungen, welche bisher so zu sagen,

ganzlich gefehlt haben."

Here we see that Farkas had a definite purpose for developing the theory of
linear inequalities. He was professor of theoretical physics at the University of

Kolozsvar. We can very well assume that he himself had already applied his
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inequality theorem to the problem of mechanical equilibrium and in fact he reported
first "on the applications of the mechanical principle of Fourier" at the session of
the Hungarian Academy held on December 17, 1894. This was published later in
Hungarian [13) and in the German language [(14]. We shall analyze this paper later.
First we have to say a few words about those mechanical principles which played ah
important role in the developmeni of oplimization theory.

2. On the principles of mechanical equilibrium

The principle of virtual work was enunciated by Johann Bernoulli in 1717. It
appeared first in a book by Varignon in the same year. Let us guote Lagrange

[55/1.p.21,22]:

"Le principe des vitesses virtuelles peut etre rendu tres général de cette
maniere:

Si un systeme quelconque de tant de corps ou points que 1'on veut, tirés
chacun par des puissances quelconques, est en équilibre, et qu'on donne a
ce systbme un petit mouvement quelconque, en vertu duquel chaque point
parcoure un espace infiniment petit qui exprimera sa vitesse virtuelle, la
somme des puissances, multipliées chacune par 1'espace que le point ou elle
est appliquée parcourt suivant la direction de cette méme puissance, sera
toujours égale a zéro, en regardant comme positifs les petits espaces par-
courus dans le sens des puissances, et comme négatifs les espaces parcourus
dans un sens opposé.

Jean Bernoulli est le premier, que je sache, qui ait apercu cette grande
généralité du principe des vitesses virtuelles, et son utilité pour resoudre
les problemes de Stalique. C'est ce qu'on voit dans une de ses Lettres a
Varignon, datée de 1717, que ce dernier a placée a la téte de la Section

.

neuvieme de sa Nouvelle Mécanique, Section employée tout entiere a montrer

par différentes applications la vérité et 1'usage du principe dont il s'agit.'
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Thi principle was considered by Lagrange as an axiom of mechanics. On page 27 of the

"C'est dans cette loi que consiste ce qu'on appelle communément le
principe des vitesses virtuelles, principe reconnu depuis longtemps pour
le principe fondamental de 1'equilibre, ainsi que nous 1'avons montré
dans la Section precedente, ¢t qu'on peut, par consequenl, regarder comme

une espece d'axiome de Mecanique."

For the case of a conservative system of forces i.e. when the forces are given

as negative partial derivatives of a scalar function, the principle, first enunciated

by Courtivron, applies. Concerning this, Lagrange writes the following [55/I., p.70]:

...ce qui donne cet autre principe de Statique, que, de toutes les

situations que prend successivement le systéme, celle ou il a la plus grande
ou la plus petite force vive est aussi celle ou il le faudrait placer d'abord
pour qu'il restat en équilibre. [Voir Courtivron, les Mémoires de 1'Académie

des Sciences de 1748 et 1749.|"

Lagrange gave sufficient conditions that the potential takes it minimum. As Bertrand
remarked, his proof was incomplete and Dirichlet later gave a correct proof [10,11]
for the theorem involved. 1

The mechanical principle of Fourier was first published in 1798 in his paper
"Memoire sur la Statique". This concerns the case of inequality constraints. Farkas
remarked [14, p.458) that the declaration of the inequality principle is not the main
contribution of the paper. In fact it has the subtitle: "Contenant la démonstration
du principe des vitesses virtuelles”. This very gencral “"proof" has not been accepted
as a proof, however (see e.g. [75]), thus the main merit of the paper is still, con-
trary to Farkas' remark, the declaration of the inequality principle. We quote

page 488 of Fourier's paper |[34]):
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"Comme il arrive souvent que les points du systéme s'appuient seulement
sur les obstacles fixes, sans y étre attachés, il est évident qu’il y a des
déplacements possibles qui ne satisfont pas aux équations de condition : on
voit encore que, par ces déplacements, le moment des résultantes est
nécessairement positif, puisque la direction de ces forces doit étre
perpendiculaire aux surfaces resistantes. Ainsi la somme des moments des
forces appliquées est positive pour tous les déplacements de cette espece;
mais il est impossible que 1'on dérange un corps dur, en équilibre, de sorte
que le moment total des forces appliquées soit négatif. Au reste, si 1'on
considére les résistances comme des forces, ce qui fournit, comme on le sait,
le moyen d'estimer ces résistances, le corps peut etre regardé comme libre,

et la sommes des moments est nulle pour tous les déplacements possibles."

The moment of the forces P,Q,R,...actina on a mechanical system is defined as
the sum of scalar products
(1) Pép + O8q + Rér + ...
where 6ép,é6q,8r are variations of the displacements. In a small neighborhood of
the point describing the state of the system these variations - roughly speaking -
do not violate the constraints. The Bernoulli principle declares (1) to be equal

to zero, while the Fourier principle declares (1) to be less than or equal to zero

in case of equilibrium. Fourier was using the "fluxion" (as it turns out from other

parts of his paper) instead of the moment (1), these two being negatives of each other.

This explains why Fourier in his principle required (1) to be nonnegative.

If a potential V exists, i.e. if we have

v v v
P _3p' Q ~3q, R 3’

where the derivatives on the right hand sides denote vectors, then the requirement

that (1) be less than or equal to zero takes the form:

v v v
(2) Ssﬁp + Sadq + 5;6r + ce0 > 0.
“ije
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On the left hand side we have a total differential. A correct mathematical proof -
according to our present standard - cannot be found in Fourier's work, We know, on
the other hand, that (2) cannot be derived as a necessary condition that V takes its
minimum, without a constraint qualification. Fourier remarked that in case his
principle reduces to (2), we can find the equilibrium state by minimizing (!) the
function V.

In 1829 Gauss [38] again enunciated the inequality principle without mentioning
Fourier. Gauss seems to have observed the necessity of a constraint qualification.
He added a footnote to the enunciation of the inequality principle where he required

the constraints to be of special type. We quote Gauss [38, p.234]:

"Nach dem Princip der virtuellen Geschwindigkeiten erfordert dies
Gleichgewicht, dass die Summe der Producte aus je drei Factoren, nemlich
jeder der Massen m, m', m" u.s.w., den Linien cb, c¢'b', ¢"b" u.s.w., und
irgend welchen auf letztere resp. projicirten, vermdge der Bedingungen des
Systems méglichen Beweqgungen jener Punkte, immer = O sei, wie man es gewdhnlich

ausspricht, oder richtiger, dass jene Summe niemals positiv werden kénne."
Footnote:

"Der gewohnliche Ausdruck setzt stillschweigend solche Bedingungen voraus,
dass die jeder méglichen Bewequng entgegengesetzte gleichfalls méglich sei,
wie z. B., dass ein Punkt auf einer bestimmten Flache zu bleiben gendthigt, dass
die Entfernung zweier Punkte von einander unverdnderlich sei u. dergl. Allein
dies ist eine unnothige und der Natur nicht immer angemessene Beschrankung.
Die Oberfldche eines undurchdringlichen K&rpers zwingt einen auf ihr
befindlichen materiellen Punct nicht, auf ihr zu bleiben, sondern verwehrt

ihm bloss das Austreten auf die Eine Seite; ein gespannter, nicht ausdehnbarer

\

.
\

Abnahme der Entfernung unmoéglich u. s. w. Warum wollten wir also das Gesetz der \

aber biegsamer Faden zwischen zwei Punkten macht nur die Zunahme, nicht die
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virtuellen Geschwindigkeiten nicht lieber gleich anfangs so ausdrucken, dass es

alle Falle umfasst?"

This requires - according to the interpretation of the author of this paper - that
the point where the equilibrium is reached should be either an interior point of the
set determined by the constraints or a point at which only one of the constraints is
active.

In the year 1834 at a session of the "Académie Impériale des Sciences de
Saxnt-Pétetsbourq", Ostrogradsky also enunciated the inequality principle. Voss
remarks [75, p.74] that "daher heisst in Russland das Prinzip von Fourier auch wohl
das von Ostrogradsky." It is interesting to read what Ostrogradsky wrote about the

inequality principle:

"Il est tres surprenant de voir que dans la nouvelle édition de la Mécanique
analytique, édition publiée a 1'époque ou 1'on connaissait déja toute 1'étendue
du principe des vitesses virtuelles, Lagrange non seulement n'a fait aucun usage
de 1'observation, que dans 1'équilibre des forces le moment total pouvait acquérir
une valeur negative, mais qu'il 1'a en quelque sorte ecartée quand elle s’est
présentée comme d'elle meme, dans la démonstration qu‘il a donnée du principe des
vitesses virtuelles; cependant, faute d'y avoir eu égard, ce grand géométre a
incompletement énuméré les déplacemens possibles dans la plupart des questions
de la premiere partie de la Mécanique analytique, et il est facile de reconnaitre
que les déplacemens qu'il a négligé de considérer, ne sont empechés par aucune
condition, en sorte que, toutes les équations qu'il a établies pour 1'équilibre
étant satisfaites, 1’équilibre cependant pourrait n'avoir pas lieu.

Nous nous proposons, dans ce mémoire, d'exposer 1'analyse relative a 1'emploi
du principe des vitesses virtuelles considéré dans toute sa généralité et de com-
pléter la solution de plusieurs questions traitées dans la premiére partie de la

Mécanique analytique.”

“Gu
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Lacranges's method of multipliers was published in the first volume of .'~‘.r-'.‘an1'§,\f;
Analytique (p. 77-79) as a tool to find the equilibrium of a mechanical system using
Bernoulli's principle. The validity of the method was proved by Lagrange entirely on
an algebraic basis. (This ingenious method was unable to attract mathematics students
and teachers for a long time. The method of presentation used nowadays by many
instructors 1is to prove first the necessary condition in case of inequality constraints,
give a geometric meaning to this and then refer to the case of equality constraints.
This can make the students more enthusiastic toward this theory). We shall see in
Sections 4-7 what happened to Fourier's principle. Now we devote a few pages to

Farkas' theorem.

3. The theorem of Farkas on linear inequalities

Gyula Farkas was born in Sarosd, Hungary, in 1847 and died in Pestszentldrinc,
Hungary, in 1930. First he studied law at the University of Budapest and music at the
same time until he decided to study mathematics and physics at the Faculty of Philosophy.
He received a high school teacher's diploma in 1876. He became a professor of theo- {
retical physics at the University of Kolozsvar in 1887 and held this position until J

1

1915. He was active in organization too, holding the positions of dean of his faculty ‘
and of rector of the university for some time. In 1895 he was elected a corresponding |
member and in 1914 an ordinary member of the Hungarian Academy of Sciences. Due to
increasing eye disease he decided to retire from his professorship and moved to |
Pestszentldrine in 1915. As a young man he wrote several studies in numerical analysis,
differential equations, elliptic functions and music theory. His most important
scientific contributions are those concerning the mechanical principle of Fourier, the
theory of linear inequalities and various problems of thermodynamics. Commemorating
him in 1974, the Janos Bolyai Mathematical Society founded a Farkas prize to honor
young mathematicians for their scientific contribution to applied mathematics. For

further information concerning the life and work of Farkas see [32,23,65,66,73].

=




Farkas' 1902 paper [23] is generally referred to concerning the fundamental
theorem on homogeneous linear inequalities. 1In what follows we shall write vectors
in column form and the transp.ie will be denoted by a prime.

Let gl,...qM,q denote m-component vectors and form the following homogeneous

linear inequalities:

(3..1) qi'x 20,8 = R,...,M,
(3.2) g'x > 0.
If (3.2) holds for every x for which all inequalities in (3.1) hold, then we say

that the inequality (3.2) is a consequence of the system of inequalities (3.1).
Farkas' theorem is the following.
Theorem 3.1. The inequality (3.2) is a consequence of the inequalities (3.1)

if and only if there exist nonnegative numbers A_,...,A\ such that

Lf M

Farkas published this theorem first in 1895 [13,14]. However, that proof con-
tains a gap. He gave the first good proof in 1896 in the paper [15] published in
the Hungarian lanquaje. Essentially the same paper appeared in German in 1899 [(17].
Following this first proof, he gave a simple proof and published it in German [19].
This latter proof is included in his best known Crelle's Journal paper [23).

Very likely Farkas never recognized that it is nct at all easy to complete his
first proof. 1In a paper [29) which appeared in 1918 he wrote that there are six
proofs for this theorem. He referred to the works of Minkowski [60) and Haar (42]
to three proofs mentioned above and to a proof given in his university lecture notes
(not available to the author of this pape¢.). His last paper on linear inequalities
[31) appeared in 1926 (a short paper on some geometrical aspects of his theorem).

It is instructive to see what kind of error he made. We shall quote from [14).

-




First he shows that we may suppose, that there are as many linearly independent
inequalities in the system (of which one consequence is considered) as the number of
variables. Then he represents the coefficient vector of the consequence inequality
as a linear combination of the other coefficient vectors. tllow, if, for the sake of

simplicity, the first n inequalities are linearly independent, then we can express

the multinliers belonging to these in terms of the others in the following manner

X = + A # T X + .
it If) Il n+l 2 n+2
3 A, = + K.\ + K_)
il Ry = Kl 2 n+2
e
n

Yarkas continues to write [14, p. 270]:

"Nur dann ist es unméglich, dass alle A-Grdssen zugleich nicht-negative
Werte erhalten kénnen, wenn in (8) ((3.4) in this paper, A.P.) wenigstens eine
rechte Seite- oder eine Summe von nicht-negativen vielfachen der rechten Se:i.n
die doppelte Beschaffenheit aufweist, dass ihr erstes Glied Negativ ist, und

die Coéfficienten ihrer Ubrigen Glieder entweder negativ sind, oder héchstens

verschwinden (da durch Eliminationen positiver Glieder mittels entsprechender
negativen, aus einem mit positiven ) durchaus unerfillbarem Teile von (5)
((3.2 in this paper, A.P.) nach und nach aequivalente Teil-Systeme erhalten
werden kénnen). In diesem Falle hat aber (4) ((3.1) in this paper, A.P.) schon
Auflésungen, durch welche (5) ((3.2) in this paper, A.P.) nicht befriedigt wird.
Sei es namlich, dass diese doppelte Eigenschaft der rechten Seite der ersten
Gleichung in (8) ((3.4 in this paper, A.P.) zukommt, dass also

< 0; 0 )
I,<0; I, 20, I, ;

Farkas anticipated the procedure applied in the dual simplex method. We know,
however, that cycling is possible there [2]. By the application of the lexicographic
dual method [57) (a short presentation is given in [70]) we can correct the proof.

Let us summarize the whole corrected proof briefly.

9=

%

.\‘k o




Proof of Farkas' theorem. First we remark that if we apply a linear transforma-~

tion y = Bx, where B 1is a nonsingular square matrix, in the inequalities (3.1),
(3.2), then the new (3.2) inequality will be a consequence of the new (3.1) system.
Furthermore, proving Farkas' theorem for the new inequalities, we see that (3.3) is

A

satisfied with the same nonnegative multipliers )1,... "

Let us assume first that the system (3.1) contains as many linearly independent
relations as the number of variables. Consider the linear programming problem:

minimi 0. + ... + 0
inimize ( 1 M)

subject to

p SIS > PR ST

M

v

Starting from any basis and applying the lexicographic dual method, at the

end we reach a system of the form (3.4) where either IO > 0, KO > 0,... or there
exists a row, where on the right hand side the first term is negative and all variables
there have positive or zero coefficients. The second case cannot occur. In fact the
lexicographic dual method guarantees that the column vectors of (3.4) are

obtained from the vectors ql,...,qM,g by a nonsingular linear transformation, thus

the system of linear inequalities (in the variables yl,...,yn):

v
[}

N
v

<
v .
o

(3.6) n

has the consequence

e .
(3.7 Iy, * Ky, 29

=1l
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Now, if e.g. we had I( CO oo R OB 0 T S0 e then the vector of components
)

yl Ly yz B L yn = 0 would satisfy (3.6) and would not satisfy (3.7).
If in (3.1) we have h(<M) linearly independent relations and (for the sake
of simplicity) ql,...,qh are linearly independent, then we choose n-component

vectors d.,...,4 so that B = (ql,...,q

1 =h d ,...,dn ) be a nonsingular matrix

T ~-h
and apply the transformation y = Bx for the incgualities in (3.1) and (3.2). Then

(3.1) will depend only on Y. ,...Y¥

1 h and since the inequality in (3.2) is a consequence

of the former ones, e & will have zero coefficients also there. Now we can
n

Yh+1

forget about and apply the above reasoning to the system of variables

Ypppreser¥y
yl,...,yh. At the end we can reestablish yh+1""’Yn everywhere with zero coefficients
and reach the original inequalities by setting vy = Bx.

Thus we have proved Farkas' theorem. We have also proved

Theorem 3.2. If (3.2) is not a consequence of the system (3.1), then there is a
linear transformation y = Bx with nonsinqular square matrix B such that for at
least one i, the variable Y has negative coefficient in the new inequality (3.2)
and has nonneqgative coefficients in the new system (3.1).

The proof given by Farkas in [15) for his theorem can be summarized as follows.
First we observe, that if we use a transformation v = Bx, where B 1is a nonsingular
square matrix, then, proving the theorem for the obtained inequalities with the variable
v, we also prove it for the original inequalities (the X factors can be taken the same
in both cases). Let x € Rn and, using induction, assume that the theorem is true for
every positive integer smaller than n. For n = 1 the assertion holds trivially. We

may assume that g # 0 (otherwise the assertion is trivial). Introduce the nonsingular

transformation: v1 = E'E'Vz = xz,...,vn = xn, or in compact form: v = Bx. Then
v > 0 is a consequence of the inequalities hi! = giB-lx 2 0pevertily = g&B-lg 2 0.

In these inequalities there must be at least one, in which v has positive coefficient,

because otherwise v > 0 would not be a consequence. If the first k of these

inequalities have that property, then already the inequalities

>
hnv1 SRR hlnvn Ll

(3.8) - —mmmee

R
hknv

v

n
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have the consequence v. > 0. Consider the following inequalities in the n - 1

variables v o 7§

PLARETA AL

(9T - T T e e e e e e
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-
|

o

At least one of them must be identically zero, because otherwise we could find such

VoreserVoo for which all inequalities in (3.9) were strictly positive but then

v, > 0 would not be a consequence of the system of inequalities (3.8). Now we use
Farkas' theorem for the case of n - 1. Starting from (3.9), we assume that the
first relation is identically zero. Then

(3.10) Boo® = con = Hpv 20

is a consequence of (3.9), thus there exist nonnegative numbers u such that

1,—--;Uk

Wiy # WMhyy * Bilag v i U won,

Setting )k*l o sen ¥ )M = 0, the assertion follows for the case of n and thus the

proof is complete.

4. Necessary condition for the equilibrium.

We consider a mechanical system the state of which is described by the vector
x € R which is subject to the following constraints:
(4.1) qi(x) 20, i=1,...,m,
Denote by xl""'xn the components of the forces acting on the system and suppose

that at X* equilibrium is reached. Then by Fourier's principle “he inequality

(4.2) X.0x. + .c. +X8x 20
I & n aA™

is satisfied, where 6x1,...,6xn are variations of the coordinates xl....,xn i.e.

small quantities with the property that the vector of components
Sl .
o +
(4.3) s R Tolskass Bt

~12-
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satisfies approximately (4.1). In what follows we shall use general terms but there
are not very restrictive mathematical conditions under which our statements can be

made exact.

The inactive constraints in (4.1) i.e. those for which we have strict inequality
at the point x*, do not restrict small changes in the coordinates. Thus to see
what are the conditions on small changes we only have to consider the constraints
active at x*. Let us assume that these are the first M constraints. Then, writing

dx1 instead of le, the Fourier principle requires that

(4.4) X.dx. + ... X dx <0
) s N e

and the increments are subject to the inequalities.

* *
ag, (x) 3g, (x )
(4.5) —a;l—-dxl { R +—ax;—dxn;0,l = 1,c000M.

Now we can forget about the order of magnitude of the quantities dxl,...,dxn satisfy-
ing the above inequalities. In fact if dxl,...,dxn satisfy a homogeneous linear
inequality, then the same holds for tdxl,...,tdxn where t 1is any nonnegative
constant.

Let X denote the vector of components xl""'xn' We shall write it in a row
form and also accept the convention used in many textbooks that the gradients are row
vectors.

If x* is an equilibrium point, then, using Fourier's principle, we find that the
linear inequality (4.4) is a consequence of the system of linear inequalities (4.5),
hence by Farkas' theorem, there exist nonnegative numbers ll,...,XM such that

* *
(4.6) X + A]_Vgl(x ) I R AMVgM(x ) =0

If the system of forces is conservative, i.e. there exists a function V(x) so that

at every point of the state space we have

CA e
(4.7) Xi = -3;.,1 = L, eeeplly
i
then (4.4) becomes
(4.8) EX AX. ¥ .o # EX dx_ > 0.

X
n
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Here on the left hand side we have a total differential. Having a potential, we can
start from (4.8), by applying Courtivron's principle, stating that if a mechanical
system is in stable equilibrium, then the potential has a local minimum and observing
that (except for pathological cases) the total differential is nonnegative at the
minimum point of the function. ‘

We can ask: who were the persons - if any - who inferred the eguation (4.6)
from the inequality principle for the mechanical equilibrium? To answer this question
we can start by analyzing the papers referenced by Farkas in his Crelle's Journal
paper (23], and it is also advisable to have a look at the volumes of Enzyklopadie
der Mathematischen Wissenschaften published at the beginning of this century. In the
four volumes written on mechanics there are two papers where theories of statics and
dynamics under inequality constraints are mentioned. The authors of these two papers
are Voss [75) and Stackel [71). By Farkas and these two about thirty books and papers
are referenced. Some of them are unfortunately not available to the author of this
paper, but Farkas, Voss and Stackel together very likely give a good picture about the

history of the subject. Voss writes (75, p.74]:

"Auf diesen von Ligrange nicht berilicksichtigten Fall hat unabhsngiq von
Fourier erst wieder Gauss dann Ostrogradsky hingewiesen...daher heisst in
Russland das Prinzip von Fourier auch wohl das von Ostrogradsky. In Frankieich
ist Fourier's Prinzip nicht so unbeachtet geblieben; A. A. Cournot entwickelt

schon in 1827 die gleichungen von Ostrogradsky;"

One paper by Ostrogradsky is also referenced by Farkas; this paper is (67].
Stackel mentions [68) too.

Voss does not refer to Farkas but Stackel references the papers [14,16]. We can
forgive that Stackel does not recognize the importance of Farkas' work because the
subject of his paper is "Elementare Dynamik". The work of Mayer is highly esteemed

by Stackel:
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"Statt holonomer oder nicht holonomer Bedingungsgleichungen konnen auch
Bedingungsungleichheiten auftreten; auch kénnen Bedingungen plétzlich fortfallen
oder pl&tzlich durch andere ersetzt werden. Nachdem bereits friher solche Fdlle
behandelt worden waren, hat, durch E. Study angeregt, A. Mayer, vom Gausschen
Prinzipe des kleinsten Zwanges ausgehend, dargelegt, wie man hier die Bewegung

des Punktes in allen FAllen bestimmen kann."

The excellent papers by A. Mayer referred to [58,59] handle dynamical problems,
therefore are only partially relevant. However, it is very instructive to read these
papers containing interesting ideas, good examples and proofs of nonnegativity of the
multipliers in special cases. Zermelo [(76] gave an interesting proof for more general
cases. Farkas gave the most general form of the theory in {24]. Among the papers
containing solution to dynamical problems subject to inequality constraints [39]

should also be mentioned.

Fourier, Cournot and Farkas seem to be the principal contributors to the present
form of the necessary condition of static equilibrium. Cournot (and later Ostrogradsky)
presented the equations (4.6) in the form of a conjecture (as we may say now). Farkas
proved (4.6) by relying on Fourier's work concerning the first part of the theorem
(considering now conservative system of forces) where - as it is obvious today but did
not seem necessary for those in the last century dealing with mechanical problems -~ a
constraint qualification is needed. We have to add to these that the work of Cournot
was based to a great extent on the work of Poinsot [69].

Fourier and Farkas both contributed further important ideas to optimization theory.
Let us summarize briefly their principal results in this respect.

Fourier - anticipated the formulation of the linear programming problem
[36/11., p.325-~328}, [40);
- formulated the inequality principle for the mechanical equilibrium [34];

- initiated the parametric solution of homogeneous linear inequalities [35]
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Farkas - proved the basic theorem concerning homogeneous linear inequalities; first
in {15}
- gave a rigorous proof for the "dual form" of Fourier's mechanical inequality
principle [14,15);
- gave an elegant parametric representation for the solutions of homogeneous
linear inequalities; first in [19].

5. The work of Cournot on the problem of equilibrium

Antoine-Augustin Cournot (1801-1877) famous polyhistor, was one of the greatest
mathematical economists. The work of his which we are analyzing here was done as a
contribution to mechanics. It is interesting to remark that in his famous book
"Recherches sur les Principes Mathématiques de la Théorie des Richesses" no application
can be found of his previous investigation on the problem of mechanical equilibrium.
Since the first publication of this book several editions have appeared e.q. [7) with
the critiques of Walrac Bertrand and Pareto, and introduction and biographical notes
by Lutfalla, further [8] with the notes of Irving Fisher.

Cournot became docteur es sciences in 1829 in Paris. His thesis [5,6) contributed

to dynamics, where he applied his earlier result published in 1827([4). One year earlier
he published an elementary paper [3] on inequalities; there is no anticipation in that
paper of any form of Farkas' theorem.

In the paper [4] that is at present most important for us, Cournot does not refer
to the work of Fourier. He seems to have been unaware of the enunciation of the
inequality principle by Fourier in 1798. Cournot rediscovered the principle but also
derived the necessary conditions for the equilibrium. We quote from his short paper

(4, p.166]:

“...il arrive souvent que les liaisons du systeme ne peuvent etre exprimées
par des équations; il résulte de ces liaisons des conditions d'équilibre que

1'on a toujours reqardées comme ne pouvant se déduire du principe des vitesses
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virtuelles et etant en dehors de ce principe (Mécanique de M. Poisson, tom. I,
p. 241). Notre but est ici de faire voir que, lorsque les liaisons du wysrhmﬁ
peuvent s'ex primer alqébriquement par le moyen des signes d'inégalité, le

principe des vitesses virtuelles, convenablement modifié, s'y applique encore,

et fournit, par une méthode uniforme, les conditions de l'équilibre."
On pages 167 and 168 of the same paper we read further:

“Admettons qu’un systeme soit soumis a un certain nombre de liaisons

semblables, exprimées par les inéqalités
T >0, I > 0, etec. J <€ 0, J* < 0; etc:

les signes > et < étant toujours supposés ne pas exclure le cas d'égalité.

On ne peut pas, en général, différentier une inéqalité comme une
équation, ni en déduire une relation entre les incrémens des variables; mais
lorsqu'il s'agit de la recherche des conditions d'équilibte, deux cas seulement
peuvent se présenter. Ou la situation du systeme est telle que 1'on pourrait
supprimer les liaisons, sans changer son etat, comme il arrive, si les fils qui
joignent certains de ses points ne sont pas tendus, ou si les points auxquels
certaines surfaces opposent des obstacles impénétrables, ne sont point contigus
a ces surfaces: dans ce cas 1'équilibre doit avoir lieu, indépendamment des
conditions de liaison, et il est superflu d'en tenir compte; ou bien le
systémc est placé de maniere a ce que les liaisons produisent leur effet, et
puissent diminuer le nombre des conditions nécessaires pour 1'équilibre: alors
on a pour les valeurs actuelles des coordonnées I = 0,J =0, etc., et si 1'on
fait varier ces valeurs, leurs incrémens ne seront pas entierement arbitraires;
ils devront, en vertu des conditions primitives, satisfaire aux relations:
(a) 51 > 0,61 > 0, etc. 6J < 0,67 < 0, ete.

D'ailleurs, quand le systeme est soumis a des liaisons de 1'espece de
celles que nous considérons ici, il est clair qu'on pourrait les supprimer,

pourvu qu'on lui appliquat certaines forces, capables d'en tenir lieu; ainsi
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la résistance d'une surface peut etre remplacée par 1'application d'une force
normale a cette surface et diriqée dans le sens convenable, celle d'un fil
tendu, par l'application d'une force dirigée dans le sens de la tension du fil,
etc. Soient F,F',....les forces directement appliquées au systéme, suivant les
directions f,f',....et P,P',...les forces auxiliaires qui tiendraient lieu de
1'existence des obstacles, et seraient dirigées suivant les lignes p,p'....;
on aura, en vertu du principe des vitesses virtuelles, 1'équation fondamentale
F6f + F'6f"' + etc. + P6p + P'8p* + etc. = O.
Or il est aisé de voir que tous les mouvemens virtuels, pour lesquels
P et 4p,P' et ép', etc., seraient de signes contraires, tendraient a surmonter
les obstacles que les surfaces, les fils, etc., opposent aux differens points
de systéme, et par conséquent sont incompatibles avec les liaisons du systeme,
exprimées par les inégalités (a). Il n'y a de compatibles avec ces liaisons
que les mouvemens pour lesquels P et ép,P' et dp' sont de méme signe, et pour
lesquels par conséquent les quantités Pép,P'6p', etc. sont essentiellement

positives."

The "proof" given by Cournot for his equations is only a short reference to our
imagination. When dealing with the special case of a system of points positioned on
planes parallel to the xy-plane, Cournot refers to the work of Poinsot [69], first
published in 1803. 1In fact, for this special case Poinsot already obtained the
conditions of equilibrium. Assume for the sake of simplicity that one body is
supported at the points A,B,C,D,..., by a plane parallel to the xy-plane. On

page 125 of [69] we read:

"...toutes les forces appliquées au systeme doivent se réduire a une seule,
perpendiculaire au plan fixe, et dont la valeur ne soit pas positive.
En second lieu, je dis que sa direction doit rencontrer ce plan dans

1'intérieur du polygone formé par les points d'appui A,B,C,D,...."
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rhe papers [3,4] of Cournot seem to be less well known then his other works.

They are not listed in the bibliography of his works published in [7].
6. ZIhe work of Ostrogradsky on the problem of equilibriwm

Mikhail Vasilevich Ostrogradsky (1801-1862) contributed important results (among
others) to mechanics. He was a student in Paris and attended the courses of Fourier,
Polsson, Cauchy and other well-known French mathematicians. He returned to Russia
(5t. Petersburg) in 1828. In 1830 he became an extraordinary member and in 1832 an
ordinary member of the Academy of St. Petersburg.

T™wo papers of Ostrogradsky should be mentioned concerning the problem of mechanical
equilibrium. Farkas refers only to [67] (presented in 1834 before the Academy) but the
other [6g) is an improved version of his theory. 1In the earlier paper four applications
are mentioned: a.) a point that is allowed to move in one part of the space subdivided
by a surface; b.) the funicular polygon; c.) the flexible file; d.) the incompressible
ligquid. Further problems are mentioned concerning dynamics.

In (4] Ostrogradsky refers to (what we call now) Farkas' theorem as an obvious

algebraic fact and derives the equation of equilibrium (4.6). We reproduce here part

of the pages 589 and 590 of [68]:

"Supposons que les quantités 4s,6s',8s",6s",.... appartiennent non
seulement a ceux des déplacemens du systeme, dont les forces perdues sont )
capables, mais encore, a tous les autres déplacemens tant possibles que non,
ou plutbt considérons 6s,6s',6s",68",..... comme tout-a-fait arbitraires.

Nous devons exprimer que les forces perdues R,R',R",R",.... sont incapables

de produire aucun Jéplacement des systeémes satisfaisant aux conditions i
§L >0
6L1 >0
IS w0
> 0
6L3

e

le signe > n'exclut point celui de l'éqalité.
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Or on sait qu'un systeme des forces est capable de tout déplacement qui
fournit, pour son moment total, une valeur positive et aucun de ceux qui corres-
pondent aux valeurs négatives ou zero du moment total. Ainsi, pour que les
forces perdues soient incapables de produire aucun des déplacemens satisfaisans
aux conditions (15), il faut que leur moment soit négatif ou zéro pour ces
déplacemens, c'est-a-dire il faut que la fonction

Riscosy + R'Ss’cosy’' + R"Es"cosy” + R™ £s™ cosy™ + .....
dans laquelle ¢,0',0" " 1ecen. désignent respectivement les angles
Rds,R'ss',ﬁﬁzg”,dﬁrgk"'..... et qui par conséquent représente le moment
des forces R,R',R",R"',..... soit negative ou zéro toutes les fois que
5s,6s',6s",68" ,.... remplissent les conditions (15).

La solution de la question qui consiste a rendre la fonction

Réscosy + R'Ss'cosy' + R"Gs"cosy" + R"' ds"'cosyp™ + .....
négative ou zéro toutes les fois que les fonctions de meme nature, 6L,6L1,6L2,
6L3,.... sont positives ou zéro, appartient a l'algébre la plus &lémentaire.
11 est nécessaire, et il suffit que Réscosy + R'Ss'cosy' + R"Ss"cosy" +
R 88" comp™ # ..se. puisse se réduire a une fonction linéaire de 6L,6L1,
6L2,6L],.... avec des coéfficiens négatifs. Ainsi il n'y a qu'a faire, quels
que soient §&s,46s',88",68" ,....,

Riscosy + R'és'cosy' + R"Es"cosy" + R" §s™ cosy™ + ...
= AL + Alébl ¥ A26L2 : )«36113 * o060
et 4 y ajouter la condition que les ) sont tous négatifs. Ou bien, si 1l'on
veut éviter de considérer les ) comme négatifs, on peut faire
Réscosy + R'és'cosy' + R"6s"cosy” + R™ §s"' cosy™ + .
= -(A6L + AIGLI L )‘26L2 > A36L3 % Jwie)

alors tous les ) seront positifs. Il est évident, par la derniere équation,
comme par celle qui la précede, que le moment Réscosy + R'Gs'cosy' + R"§s"cosy"

+ R™ 68" cosy™ + .... sera négatif ou zéro toutes les fois que les fonctions

8L,6L ,6L,,6L,,.... seront positives ou zero.
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En transportant tous les termes d'un meme coté, 1'équation de 1'équilibre
des forces perdues deviendra
(16) Réscosy + R'6s'cosy' + R"8s"cosy" + R™ 6s" cosy™ + .....
+ XML + XA 8L, + A_8L_+ X, 6L .c... =0
; Ped 2772 3773
elle doit avoir lieu quelles que soient 4s,6s',6s",4s" ,..... tant en grandeur

guc pour la direction. Mais il ne faut pas oublier d'ajouter a 1'équation (16)

les inéqalites

(17) X >0

Ostrogradsky made two errors. One consists in the declaration without
proof of the assertion of Farkas' theorem. (In this respect Ostrogradsky's authority
was so strong, that many authors took it for granted [58,59,64,75]). The second error
was discovered by Study as communicated by Mayer [58, p.225]). On page 583 of [59)
Ostrogradsky infers that some of his inequalities should be equal to zero at the
equilibrium. This would have made it possible to determine the multipliers in the
equation of equilibrium. He thought that those inequalities should be equal to zero
which would turn out to be negative if we did not have the other constraints. Hamel

gave a counterexample for this in (47, p.41-42].
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7. The work of Farkas on the problem of equilibrium

The two papers [13,14) being essentially the same, we choose the German version [14]
rather than the Hungarian for our quotation. In the introductory part of the paper we

read the following:

"In diesem besteht das Fourier'sche Princip. Ich werde dasselbe auch
Ungleichheits~Princip, hingegen das gewéhnliche das Gleichheits-Princip, nennen.
Das letztere 1st in dem ersteren, als allgemeinerem enthalten, denn in dem Falle,
dass der Zwang durch blosse Gleichungen ausgedrickt werden kann, reducirt sich
das Ungleichheits-Princip auf das Gleichheits-Princip; namlich in dem Gleichheits-
Zwange entspricht einer jeden virtuellen Verrilckung auch die entgegensetzte, dann
kann aber die virtuelle Arbeit nur auf die Weise keinen positiven Wert annehmen,
dass sie verschwindet.

So wie das Gleichheits-Princip, ist auch das Ungleichheits~Princip
unabhangig von den Eigenheiten der verschiedenen Punkt-Koppelungen, und eben
deshalb ist GALILEI als der Erfinder des Gleichheits-Princips anzusehen, weil
dieses Princip vor ihm nur fir eine gewisse Zusammensetzung und fir solche, die
leicht auf diese zurilickgefithrt werden kénnen, aufgestellt wurde, namlich von
ARISTOTELES, und nachdem es durch eine sehr lange Zeit in Vergessenheit gerathen
war, von UBALDI fir hebelartige Zusammensetzungen. Die Verwertung des Princips
erfordert aber selbstverstandlich die Berilcksichtigung der Art und Weise der
gegebenen Punkt-Koppelungen wenigstens dermaassen, dass auf dem Grunde der
zugehdrigen Kinematik die entsprechenden Zwangs-Ausdricke aufgestellt werden
kénnen. Ueber diese Forderung hinaus ist die Am 2ndung des Gleichheits-Princips
seit LAGRANGE bloss eine Sache der reinen Analysis und insbesondere ein Problem
der Aufldésung von Gleichungen, welche jedesmal nach bereits aufliegenden
Verfahrungsmethoden dargestellt werden kdnnen.

Mit dem Ungleichheits-Princip ist es nicht so weit gekommen. Von seinem
Erfinder, FOURIER, wurde nur sein genetischer Zusammenhang mit &lteren Principien

erértert. Die genze diesbeziigliche Abhandlung von FOURIER ist unbeachtet |

=33

R A
.;“"‘nr — ‘ iar Cond ‘5":‘%3‘4‘- Saa )




geblieben. Dreissig Jahre spater wurde das Princip von GAUSS wieder aufgestellt,
oder vielmehr cinfach ausgesprochen in dem kurzen Aufsatze Uber das Princip des
kleinsten Zwanges., Ein paar Jahre spdter befasste sich noch der russische
Mathematiker OSTROGKADSKY mit dem Princip; er hatte dessen Anwendungen in Angriff
genommen, e€r hat aber das Princip nicht in jener ganzen Allgemeinheit aufgefasst,
welche demselben beigelegt werden kann, da er nur eine gewisse Klasse der Zwangs-
Verhdltnisse vor Augen hielt, jene, in welcher die Anzahl der Zwangs-Ausdriicke
diejenige der virtuellen Verrickungs-Componenten nicht tbertrifft; auf diese
Welse naben sich seine Betrachtungen auf einen verhaltnissmassig sehr kleinen
Gultigkeits-Bereich beschrdnkt., Wie es scheint hat sich sonst Niemand mit der
Anwendung des Princips abgegeben, und es scheint sogar auch die Meinung vor zu
walten, dass das Princip nicht nutzbar sei. Dasselbe hat sozusagen nur einen
leeren Ruf beibehalten."

"Der Hauptzweck vorligender Arbeit ist zu erweisen, dass mit einer passenden
Modification die Methode der Multiplicatoren von LAGRANGE auch auf das

FOURIER'sche Princip lbertragen werden kann.”

In the first section of the paper he deals with his inequality theorem. That
proof 1s incomplete, however, as we pointed out. In the second section the necessary

condition of equilibrium is derived:

"...so0llen die Zwangs-Ausdriicke in die folgenden Ubergehen:

LFéq = 0, IGéq = 0,..
11)
Lséq > 0, ITéq > O,...
und die principielle Ingleichheit soll heissen
LQ6q < 0 oder -IQ8q > O. 12)

pDie Zwangs-Gleichungen sollen auch in der Form von Ungleichheiten alisgedruckt

werden, so dass das System der Zwangs-Alsdrucke erscheint wie folgt:

IFéq > 0, IG6q 2 0,...,
-LFéq > 0, =IGéq > 0,..., 13)
8éq > 0, IT8q > 0,...
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Das FOURIER'sche Princip verlangt, dass die Ungleichheit (12) von allen
Wertsystemen der 4q befriedigt wird, welche (13) befriedigen. Dies geschieht
aber nur, wie erwiesen, wenn es positive Multiplicatoren giebt, vermige deren
die Coéfficienten ¢ als lineare homogene Functionen der Coéfficienten
F,G,eeu,-F,~G,...,5,T,... dargestellt werden kénnen. Diese positiven
Multiplicatoren sollen mit o¢',p',...,¢",¥",...,2,u,... bezeichnet werden.

Man muss haben
v Om (! =@M £ (Y S U)C F e F AE EPUT + uus

Nun Kénnen aber die Differenzen ¢' ~ ¢",0' - ¢",... auch negative Werte
annehmen, folglich wird das FOURIER'sche Princip von jenen Q-Werten erfiillt,
welche durch Gleichungen wie

Q+YF + YG + ... + XS + yT + ... = 0, 14)
sich bestimmen lassen, WO ¢, ¢,...,2,h,... in dem Ausdrucke einer jeden (-Grdsse
dieselben Werte haben und dabei sind ¢,),... an sich ganz willkirlich, ),u,...
aber willkirliche nichtnegative Quantitdten. Umgekehrt, aus dem Systeme (14) folgt
mittels des Systems (11) die principielle Ungleichheit (12) durch ein leicht zu

erkennendes Verfahren."

In a further section of the paper "the two main types of application" are
presented: a.) the equilibrium equation for tangential solid bodies; b.) the
equilibrium equation for non-solid bodies.

B. On the constraint qualification

The "constraint qualification" is of fundamental importance not only from the point
of view of nonlinear optimization but from the point of view of mechanics too. Soon
we shall see why.

In the beginning of this century the axiomatic foundation of the mathematical and
physical sciences became an important activity. In his famous paper {49] Hilbert urges
mathematicians to axiomatize two "physical disciplines": probability theory and

mechanics. The paper of Hamel (46] of 1909 is the first serious attempt in the
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direction of the axiomatic foundation of the classical mechanics. The Fourier
inequality principle is unfortunately not included. An improved version of his
axiomatics is contained in his paper [47] which appeared in 1927. There the inequality
principle of Fourier is already mentioned as one of the axioms: Axiom IT 2k on page 17.
On page 33 concerning "Das Energieprinzip”, Axiom II 5c¢f declares denoting by U
the potential, that 46U > 0 1is a necessary condition of the equilibrium. Hamel had to
establish consistency between the twn axioms and this could only be done by a "constraint
qualification;" in fact we find it in Axiom I7 Scy, on page 33. It requires that
to every mass particle there correspond a scalar function u such that the following
equality holds:
(6.1) 5U = LdmVudbr,
where dm denotes the mass and r the state of a particle. If instead of (6.1)
we require
(6.2) U = VUG,
where r denotes the state of the whole system of particles, then we obtain
essentially the Kuhn-Tucker constraint qualification. (6.2) implies (6.1) because
we can generate the u functions for the purpose of satisfying (6.1) in such a way
that in U we subsequently fix all variables except for those belonging to one
particle.

Unfortunately Hamel was unaware of the existence of Farkas' theorem. Even in
his Theoretische Mechanik (first published in 1949) this theorem is not referred to,
though part of the pages 69-70, 517-518 are devoted to the Fourier inequality
principle. There we also see that hic "constraint qualification" is not exactly

derived and his reasoning concerning the Fourier principle is more heuristic.

9. Miscellaneous remarks concerning linear inequalities

Farkas' most important results concerning the Fourier principle and the theory

of linear inequalities are summarized in his papers [13,14,23).
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The parametric representation of the solutions of linear inequalities was
initiated by Fourier [35]). Minkowski gave the representation of all solutions using
extremal rays [60]. In the parametric representation given by Farkas [19,23], the
generation of the rays the convex combinations of which constitute all solutions of

the linear inequalities is particularly simple. Writing 2z ceerZ instead of

1
dxl,...,dxn in (4.5) and (4.6), we can represent all solutions of (4.5) in a para-
metric form, insert it into (4.4) and if the number of variables and the active con-
straints in (4.5) is not large, we can solve the equilibrium problem in some cases.
For this we have to know which are the active constraints in (4.5). This method was
advised by Farkas [19]. The application of the Farkas parametric representation
technique for linear programming is perhaps best done as in the paper by Uzawa [74]
He completes one inequality to equality (if necessary), eliminates the right hand
side non-zero constants from the other constraints, inserts the parametric form of
the solutions of these into the remaining equality and the objective function and
finds the optimal solution.

The papers [21,22) published in Hungarian and German, respectively, have the
same content. Farkas gave further mechanical application of his theorem on linear
inequalities. This concern the decomposition of the fcrces of reaction in a
mechanical system into shocks and others satisfying the negatives of the constraints
given for the displacements (Voss mentions in [75, p.75] that this kind of distinction
between the forces is attributed to Painlevé). The excerpted mathematical results of
the paper is reproduced in [23]. The book [20] published in Hungarian does not con-
tain new results as compared to his earlier papers and to the paper [23].

Between 1902 and 1917 Farkas did not publish on linear inequalities. In 1917,
after Haar generalized Farkas' theorem for the inhomogeneous case, Farkas returned
to the area and published further papers ([28,29,31] on systems of linear inequalities.

The papers [25,26,27,30) are also partially relevant; [(30] is the German version of

(25].
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Haar wrote three papers on linear inequalities [42,43,44). The first two are
essentially the Hungarian and German versions of the same paper. He gave the following
generalization for Farkas' theorem (we shall use the notation of Section 3).

Theorem 6.1. If the linear inequality
(6.1) g'x 2 b
is a consequence of the linear inequalities
(6.2) iz > Bi,d =1,y

i i
i.e. every x satisfying (6.2) also satisfies (6.1), then there exist nonnegative

n
constants A, such that for every x € R we have

l,...,XM

(6.3) g'x - b=

[ - B< 3

'x - )
1Xi(qix bi) + .

i
This is the same statement referred to by Kuhn and Tucker in a footnote supplied to
von Neumann's manuscript [61]. This concerns the duality theorem of linear programming
proved by Gale, Kuhn and Tucker [37].

Haar remarked [42,44], that the theory of linear inequalities was developed by
Farkas and Minkowski. The famous book of Minkowski [60] contains results also on
linear inequalities (pages 39-45 in both editions). He considered a finite system
of homogeneous linear inequalities from two points of view: to represent them in a
parametric form and to discover those which are superfluous i.e. can be omitted
without changing the set of solutions. This latter probiem led him to prove a theorem
closely related to Farkas' theorem mentioned in Section 3. For the sake of complete-
ness we present here the exact statement of Minkowski's theorem.

We assume that in the system (3.1) the number of linearly independent relations
equals n, the number of components of x. This does not restrict the generality,
as Minkowski remarked. An x is said to be an extremal ray of the cone (3.1) if

x is not the sum of two nonzero vectors which satisfy (3.1) and neither of them is

a constant multiple of the other.
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Theorem 6.2. Out of the linear forms gix >20,i=1,...,M those which are
m - 1 linearly independent extremal solutions have the property that each of them
is essential and all other forms can be expressed as their linear combinations with
nonnegative weights.

For further references to early papers on linear inequalities see [(9].
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