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A theory is presented for the noise radiated by incompressible
boundary-layer transition that occurs on an infinite, rigid

flat plate. It is hypothesized that it is the intermittency

of the boundary-layer flow within the transition zone that is
dominant in noise production. Using Lighthill's analogy, it

is shown that dipole, quadrupole, and octupole sources are
generated. Under the assumption of low Mach number flow, the
power spectral density per unit spanwise width of transition
for the radiated acoustic pressure is derived for the dipole
contribution (which is acoustically more efficient than the other
sources by a factor inversely proportional to the Mach number
squared). The spectral shape corresponds to one obtained by
passing white noise through a realizable bandpass filter. The
low-frequency cutoff scales with the burst frequency associated
with turbulent spot formation, and the high-frequency cutoff
scales inversely with the time required for the wall shear
stress to change from/a/laminar value to a turbulent value at

a given point of local laminar flow breakdown. As one example,
the theory is used to predict the noise radiated by an under-
water buoyant body for which there are experimental data. The
comparison is found to be very good at low frequencies, and
reasonably good at the high-frequency end of the spectrum.
However, if the acoustic energy generated by the fully-developed
turbulent flow over the body is added to the energy generated by
the transition zone, then the entire predicted spectrum agrees
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NOMENCLATURE
Defined through eq. (39)
a constant, 4.185
Defined through eq. (39)
a constant, 2.544
velocity of sound in the acoustic medium
diameter of body
frequency integral given by eq. (50)
power spectrum for the acoustic pressure
Emmons' source-rate density function
the ideal indicator function
a more realistic indicator function
frequency depression factor
spanwise integral length scale associated with bursts
Mach number
expected number of turbulence bursts per unit time
acoustic pressure (also p')
time correlation function of I at given X
standard deviation of I at given Xy
spanwise spatial correlation function of I
same as R,Rl,R3, but for i
transition Reynolds number
unit Reynolds number
Reynolds number based on X
Reynolds number based on Ax
Reynolds number based on O

observation point coordinate
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S surface area of hydro/acoustic source region

. s Laplace transform variable
'E sample time
t time
ti rise time for wall shear stress to change state
Tij Lighthill's stress tensor
uc convection velocity of turbulence bursts
uy fluid velocities (i=1,2,3)
up laminar boundary layer velocity profile
uy leading-edge velocity of turbulence burst
u, free-stream velocity
U turbulent boundary layer velocity profile
u trailing-edge velocity of turbulence burst
u, friction velocity
\ volume of hydro/acoustic source region

4 ik volume of hydro-acoustic image source region
Vo amplitude of {
X, Cartesian coordinates (i=1,2,3)
;i non-dimensional form of Xy
X the value of x, at the beginning of intermittent flow
Ax streamwise extent of intermittent flow
a one-half the apex angle of wedge formed by the locus of a
turbulence burst as it convects downstream

Y the intermittency factor
A the retarded time delay T - «El/uC
dij Kronecker delta function
€ a small quantity

ni,ii,¢i variables of integration

0 viscous sub-layer thickness

L i — T —— '
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0 aspect angle

K free-stream convection wavenumber

A defined by eq. (29)

Vv kinematic viscosity

o] fluid mass density

p" fluctuating mass density

(of the difference Tp = Ty

oij viscous stress tensor

o* defined by eq. (45)

T time delay

To fluctuating wall shear stress, 012|x2=0

T laminar boundary-layer value of wall shear stress
T turbulent boundary-layer value of wall shear stress
w radian frequency

Special notation

(:) implies time derivative

S implies expectation value
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I. INTRODUCTION
By contrast with the number of papers devoted to the investigation
of noise radiated by a region of fully-developed turbulence, only a few

have addressed the sound field generated by the laminar-to-turbulent

transition zone [1 - 4]. Ffowcs - Williams [1] discusses the transition

zone noise in terms of the initial formation of turbulence spots. The
elegant analysis of a three-dimensional disturbance gruwing in accordance
with the equations of linear stability theory by Brooke Benjamin [5]

was incorporated into Lighthill's theory [6] for the radiating component
of flow noise. A quadrupole source was assumed and it was thus shown
that sound radiation would occur essentially only when the wall was of
pressure release type. For an assumed rigid surface the imaging effect
transforms the quadrupoles into much less efficient octupole radiators.
Furthermore, even for the soft surface, the analysis shows that it is
only at the very beginning of spot formation where sound is generated.
Farther downstream the spot grows exponentially, but the sound pressure
is found to decrease exponentially with time. Of course it could be
argued that the linear stability model breaks down as a spot develops which
may account for this conclusion. Ffowcs - Williams points out that the
theory may be applicable only if sound is truly generated in the early
stages of instability, but late enough such that the asymptotic theory of

Brooke Benjamin is established, while at the same time the spot amplitude

is still small.
Dolgova [4] considered the planar flow over a rigid surface and

analyzed the sound radiated by only the Tollmien - Schlichting wave growth.
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in linear stability models he let a pressure wave grow exponentially
in the direction of flow, and then applied Fourier and Hankel transforms
to obtain an expression for the sound pressure and directivity function.
At low frequencies the pattern is dipole while at higher frequencies the
main lobe tilts to the downstream direction, gets sharper, and develops
several side lobes. The resulting expression for the sound pressure,
however, shows no Mach number dependence.

Natural transition is characterized by essentially three distinct,
flow regimes. In the early stages of instability, the laminar boundary
layer becomes disturbed in a linear, wavelike manner. It is here where
the theory of Dolgova [4] is applicable. Farther downstream, these
linear disturbances become more non-linear and three dimensional. The
analysis of Ref. [l] appears to be applicable in this regime, but breaks
down rapidly as turbulent bursts begin to form. Within this third flow
regime, where the boundary layer intermittently alternates between laminar
and turbulent, is where no fundamental flow noise theory has yet been
developed. We hypothesize that this region of intermittent boundary-layer
flow may give rise to intense sound radiation [2,3]. We know from elemen-
tary boundary-layer theory that the mean velocity gradients and profiles
are quite different between laminar and turbulent flow over surfaces.

In intermittent flow, we would expect that the wall shear stress (and other
viscous stresses) and the mean boundary layer velocities, beth parallel

and normal to the surface, undergo gross fluctuations in time. According
to Lighthill's analogy [6], fluctuating velocities give rise to quadrupole

noise sources, while fluctuating wall shear stresses give rise to dipole

sources [7]. At very low Mach numbers, M, this latter source would be
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expected to dominate the noise field. This is deduced from the fact

that the acoustic efficiency of dipole sources is of the order M3, while
that of quadrupole sources is of order MS, viz., Ross [8]. From noise
measurements the author made [3] on an axisymmetric body with flush-
mounted hydrophones placed in and around the transition zone, the variation
is spectral level with velocity seemed to imply a dipole - type of source.

In this paper we will approach analytically the problem of noise
generated by intermittent boundary-layer flow as it occurs in natural
transition on a flat plate. We will assume the plate to be infinite in
extent and to be acoustically rigid. We will further assume incompressible
hydrodynamics describe the transiticnal process. Our goal is to derive
an expression for the radiated noise spectrum. This spectrum, because of
our infinite extent assumption, will be derived in terms of the sound
pressure radiated per unit spanwise width of transition. Under the
assumptions that the acoustic wavelength is large, and that the boundary
layer is thin relative to a given local radius of curvature, this theory
should have direct application to axisymmetric bodies and hydrofoils. One
would simply multiply the predicted spectrum by the circumference of the
body at the transition point (or the span of the hydrofoil at this point)
to get the overall acoustic spectrum.

As examples of the analysis, we will compute the radiated noise
spectra corresponding to the experimental conditions of Ref.s [2] and [3],
compare them with the experimental data, and discuss the correlation in
terms of transitional flow noise and fully-developed turbulent flow noise
contributions. The theory presented here, for the noise radiated by
boundary-layer transition, suggests the critical hydrodynamic parameters

that govern this noise.

i
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IT. ANALYSIS
Consider the uniform flow over a flat plate. If a laminar boundary
layer begins to form at the origin of our Cartesian coordinate system,

and if the flow direction is in the x,-direction, then the flow will

1
ultimately become non-linearly unstable at the downstream line xl=xo

(see Fig. 1). There is then a short distance, Ax, over which turbulent
"bursts'" occur. Along x; = x5+ Ax, the flow becomes fully turbulent

while for Xy < X the flow is assumed completely laminar. In the analysis
to follow, we will treat Axdx3dx2 as our source volume.

The equation that describes the sound radiation from fluid-dynamic

sources is the well-known Lighthill equation [6]:

2 2 2
2' = czaa g' - 2Ty . 1)
3t = B, 9%

where p' is the fluctuating density, t is time, c is the sound

velocity in the medium surrounding the source region, and Tij is

Lighthill's stress tensor given by:

2
= = 1_At
T, puiuj a,. + (p'-p'c )6ij’ (2)

ij ij
where p 1is the mean density.
Composing this tensor is puiuj, the fluctuating Reynolds stress
tensor; oij’ the fluctuating viscous shear stress tensor; and (p'-p'cz),
a term that relates to heat conduction or non-linearity. For hydrodynamic

flows, this last term is zero which means that the fluctuating density is

related to the fluctuating pressure by

p=pc' (3)
From this point on, we will drop the prime from the fluctuating quantities,

and solve eq. (1) for the acoustic pressure through use of eq. (3).
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A. T,.. for Boundary-Layer Transition

ij

Within the region X0 < X < X + Ax, the flow intermittently
changes from laminar to turbulent regimes. A typical turbulence burst
is shown schematically in Fig. 2. A burst will grow as it convects down-
stream at a mean convection velocity, u,. The locus of a typical burst
forms a wedge of apex angle 20. Emmons [9] first observed o to be on
the order of 9.6° for flat plate flows. This was reconfirmed later by
Schubauer and Klebanoff [10], although it should be pointed out that
Farabee, et.al. [11] found propagation angles significantly greater than
this.

In reference to the elevation view of Fig. 2, we see that at a
given point on the xl-axis, the mean velocity profile and the wall
shear stress will undergo gross fluctuations in time as bursts are swept
by. We will assume that these fluctuations are much larger than the
velocity and shear stress fluctuations that occur within a burst itself

?' or within the fully-developed turbulent boundary layer that occurs at

N

X, > X, + Ax. For example, the wall shear stress under a turbulent

; 1 0
boundary layer can be calculated from [12]:

9 ~-1/5
TT(xl) = 0.0288pu0 (uoxl/\)) ’ (4)

while at some other instant of time, when the boundary layer is

laminar at Xyt
-1/2

i (%)

TL(xl) = 0.3320vu0(vx1/u

where Vv 1is the kinematic viscosity. Thus, as the flow regime alter-

nates between laminar and turbulent, we might expect fluctuations in the
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wall shear stress on the order of

o(x,) T,.~T 25

- (i») z : Eina 11.53(Re, ) e (6)

gl T 1
where Rex = uoxll V 1is the local value of length Reynolds number.

1
Typically, Re_ = 3 x 106, so 0(x,) = 0.91,.(x,). On the other hand,
X 0 >0

under a fully-developed turbulent boundary layer, the magnitude of the

fluctuating wall shear stress relative to T,, (as deduced from the measure-

iR
ments of Lu and Willmarth [13])is of order 0.1l. Thus, our assumption
regarding the magnitude of the wall shear stress fluctuations during
bursting flow seems justified. Similar arguments can be set down for

the fluctuations in mean velocity.

Consequently, eq. (2) for Tij may be written

Tij = puiuj - To(xi,t) y (7

where
To(xi,t) =g

[ L ossa, Ki3£12) (8)
12 X, = 0 ij

which is the fluctuating wall shear stress due to the creation and
convection of turbulence bursts. If we further assume (because of

the slow rate at which a burst spreads laterally) that the mean
velocity fluctuation in the x3-direction is small compared to uy and

Uy, then Tij will have only three dominant components in addition to

To(xl,t).
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We have not yet been explicit regarding the time dependence of TO’

u,, and u,. It will prove expedient to first solve eq. (1) subject to

1

our assumed form of Tij and the appropriate acoustic boundary conditions.

B. Formal Solution

The solution to eq. (1) for flow over arbitrary surfaces was first
constructed by Curle [14]. Powell [15] showed that when the surface is
rigid and planar, one could consider a new extended flow field obtained
by reflection of the original one in the plane X, = 0, as illustrated

in Fig. 3(a). Using Powell's result, we find

2 p 32 uiuj 1 3 0
= \ = —_— - — ——— —_—
péE Y = e pinE) = 0 axiaxj T N = 5% Bx Gy . AN

v+
where the integrands are functions of the retarded time variable (t-r/c)
and primes refer to the image-flow side of the plane. The radial coordinate
defining the point of observation is
r=|x-nl, (10)

where n denotes the dummy variable of integration. By making the

far-field assumption, we can let r = r' = |§1, and then noting that
1/2
| gisl . SUpaey ! s
Bxi 3xi T=|
| we let
| 8 el e 8e 3
‘ X 9%, dlx| oat" 3t ’
where t' = t ~ |x|/c. From this we obtain the identities:
S e N
o, R )

e
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. i
and f
32_— A XX, @E. , |
ox.9x, 2 2 2k 13)
L] c T ot

Equation (9) may now be rewritten in the form:

2
2
2 1. 3 2
4rrep(r,t)/p = () — u u,u,.dv
r Btz J[Z]r 1 ‘1]]/- 1-2
v A
x 2
+(——) M dv+(——) f[j; ) dv” +212 a uy 2'dv'
r
R e Ry g
+ (—;0 'g:z (u2 ) dv' + 25 (—;0 3t T,ds- (14) ’
A S :

Each of the terms composing eq. (l4) represent a hydrodynamically -

generated acoustic source. The direction cosine preceeding each integral
tells us the order and orientation of each of these sources. We see that
the first and fourth terms have a c0326 directivity characteristic (see
Fig. 1 for definition of 8), indicating that they are longitudinal quad-
rupoles with axes parallel to the surface. These two sources, one being
in the image flow combine constructively to form a single longitudinal
quadrupole of twice the strength of one alone. The second and fifth terms
represent lateral quadrupoles because of the cross-term products and

directivity function sin 6 cos 6. However, when combining a lateral

quadrupole with its image, a less efficient octupole results. We can

safely neglect those source terms involving u; U, and ul'uz' under

our low Mach number assumption. The third and sixth terms also represent

longitudinal quadrupoles, but because (x2/r)2 = sinze their axes are

D ———




-16- July 28, 1978
GCL:jrp

perpendicular to the surface; when combined, complete cancellation occurs.
The last term of'eq. (14) includes the image contribution and describes
a dipole source with axis parallel to the surface, Figure 3(b) illustrates
in an elementary manner the combination of these various sources.

Our solution to eq. (1) thus reduces to the sum of a volume integral
describing longitudinal quadrupoles and a surface integral describing

dipoles, i.e.,

p(r,t) = REoS 9 2 g ter/eyavin))
ZWrc
%’;ﬁ% %t To(ni,t-r/c)ds(ni). (15)

S

As pointed out in the INTRODUCTION, we can expect the dipole contribution

of eq. (15) to be of the order M_2 more efficient than the quadrupole

contribution. As a first approximation, we would like to accept this

supposition, and examine in detail

2mrec ot Ty, t-r/e)ds(n,), (16)

when M << 1.

C. Proposed Model for the Wall Shear Stress Fluctuations

We have developed the solution given by eq. (16) upon the notion

that it is the intermittency of the boundary layer within the transition
zone that creates noise. Intermittent boundary-layer flow is a situation |
where we can construct a mathematical model for the fluctuating physical

parameters of interest. This model is analogous to that which the
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experimentalist uses to distinguish time intervals when his sensor is
in irrotational fluid from those when it is in turbulent fluid. Clearly,
this is a zero-one function which we shall call the indicator function,
I(xi,t). The use of such a function to describe intermittently turbulent
flows is not new, viz., Refs. [16-18], among others. However, as will
become apparent below, we will require the space-time correlation functions
of I(xi,t), and these functions have not been so well investigated for
boundary-layer transition [19].
Typically, the indicator function at a given point, Xg» in the
source volume may be illustrated as in Fig. 4(a). This function is zero
when the flow is laminar and is unity when turbulent. Also shown in this
illustration is the first time derivative of I(xi,t) which is a random
sequence of alternating Delta functions. Because eq. (16) needs only to
be evaluated on the surface, the functional dependence of I on X, is
not required. It is reasonable to let I be statistically homogeneous
in Xq because of our infinite plane surface assumption; however, I must
necessarily be non-homogeneous in X
The non-homogeneity of I in the xl-direction is due to the fact
that the boundary layer ultimately changes from fully laminar to fully

more and more impulse functions

turbulent. As x increases beyond x

1 0

fill in the time scale. The time-average value of I(xl,t) is appropriately

called the intermittency factor, i.e.,
T

|

Y(xl) = 1im

T

T I(xl,t)dt, (17)

0

and represents the fraction of time that the flow is turbulent. This is
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a predictable function for boundary-layer transition on flat plates [9]
as well as for axisymmetric bodies [20]. Another important mean property
of I(xl,t) is the "burst frequency", N(xl). This function describes

the expected number of bursts that occur at a given point per unit time.

It too, may be predicted for most hydrodynamic flows [9, 11, 20]. Figure 5
shows, in principle, how the indicator function varies in time and space;
also shown are typical distributions of <Yy and N.

With these definitions for I(xi,t), and its mean properties, we
propose that

T ) = Db 0)) T 60 £ 200 T 6x) (18)

where i may take on the values 1 and 3. By taking the time derivative

of eq. (16) inside the integrals, we find:

oT .
s () == oGy T, (19)

where 0 was first defined in eq. (6).

At this point it is important to emphasize that eq. (18) implies
that the wall shear stress is capable of changing from a laminar value
to a turbulent value in an infinitesimally-short period of time (i's
are Delta functions). Obviously, this would seem physically impossible.
However, we do know, from oscillograph traces of the velocity and/or
pressure fluctuations that occur in transition flows, that the flow state
can change in extremely short periods of time as turbulent bursts are
created at or swept by the measuring sensor [10-12]. Equation (18),
although idealistic, may be quite adequate for estimating the low-
frequency portion of the radiated noise spectrum. The techniques developed

by Schottky [21] in his classic analysis of shot noise would seem appropriate

here.
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At the higher end of the noise spectrum, corresponding to frequencies
whose periods are comparable to the actual time required for the wall
shear stress to change from a laminar to a turbulent value (or visa versa),
we have to take account of the duration and shape of the individual pulses.
That is, we must replace the sequence of Delta functions of Fig. 4(a) with
some other sequence, E, as depicted in Fig. 4(b). The time, ti’ represents
the short lag time required for the shear stress to change from one regime
to another. According to Stratonovich [22], we can solve for the noise
spectrum using a random-point process description such as eq. (19) and
then modify the result by multiplying by a “frequency-depression factor".
This factor is nothing more than the square of the magnitude of the
Fourier transform of the individual pulse shape. The details of this
procedure will be discussed in Section II.F.

As a final point regarding eq. (18), we note that its time average
is simply:

<To(xl,t)> = [1—Y(X1)] T (%) Y(xl) TT(xl) (20)

which is identical to that suggested by Emmons [9] for the transition
region. Several experiments have verified this equation, e.g., Dhawan

and Narasimha [23].

D. Power Spectral Density of the Radiated Noise

After the substitution of eq. (19) into eq. (16), the radiated

acoustic pressure becomes:

Ax o

cosd
2Trc

p(r,t) = I(nl.n3,t-r/C) c(xo+n1) dnldn3, (21)




=20~ July 28, 1978
GCL:jrp
where the origin of our coordinate system has been displaced xo-units
downstream in order to simplify the variables in our integrals. The

power spectrum can be calculated from the Fourier integral:

(o]
G(r,w) = 4 <p(r,t) p(r,t+1)> cos wT dT, (22)
0

where <p(r,t) p(r,t+1)> 1is the autocorrelation function of p(r,t).

In general, T
<gg'> = <g(t) g(t+r)> = lim % g(t) g(t+t)de. (23)
T->c0
0

Therefore, for p(r,t):

c0326 s ]

<pp'> = Z-m <I(n;sng,t-r/c) L(¢y594,t-r/ctT)>
mrc

where for the time being, we will not show the limits of integration.
It will prove useful to change the ¢i-variables to spatial-separation

variables Ei =4, - Ny such that eq. (24) becomes:

2
o w SEES i y i X
<pp'> SRR f“fﬂ(nl,nyt r/c) I(n;+ N4, t-r/ctT) >

~o(x0+nl) 0(x0+n1+£l)dnldn3 d51d£3. (25)

If we assume i(xi,t) to be stationary in time and homogeneous in Xq3

eq. (25) may be written without any loss of generality as:

2
cos 0 : 2
<pp'> = —————-—2 2 2{[((<I(n1,0,0) I(nl4€1,53,T)>

4nr"c

'0(x0+n1) 0(x0+nl+£l) drl,dn3 d51d53 (26)

o
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The function <ii'> in this equation is the space-time correlation
function for the first time derivative of our indicator function.

= Unfortunately, this function has not been investigated in enough detail
for us to set down an explicit expression for it.

In order to continue the analysis, however, we will assume (as

Corcos [24] did for fully-developed turbulent flow) that <II'> can be
separated. The separation technique we will use, although somewhat
heuristic, is based on our physical notions of the transition process.
Let us write:

<H'> = Ry(Ey) Ry(M)) R(T-E/u), (27)

where R3(£3) represents the spanwise correlation function for the
bursts. It would seem reasonable that R3 is also a function of nl.
We develop this dependence by writing the integral of eq. (26) which

is over 53; namely,

© L3
R3d53 = dE3 = 2L3(n1), (28)
-0 -.L3
where L, is the transition-width integral scale. Chen and Thyson [20]

3

discuss a spanwise length scale in the region of transition where the
bursts begin to overlap; that is, where Ny »+ Ax. They write this scale
in the form

A= 1.5 8x tan o. (29)

Let us set L3(Ax) = A and L3(0) = 0, It would then seem that

L3(nl) = l.Snl tan o (30a)

~

nl/é for a = 9.6°. (30b)
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The second two factors of eq. (27) represent the time autocorrelation
function of I(nl,t) at a fixed point in the transition zone, nl. In

particular,

R, (NDR() = <i(n,t) 1(n ,e+)>, (31)

where A =T —El/uc accounts for the added time delay due to the

convection of a turbulent burst over the distance (n1+€l) - nl. It is
noted that this covariance is written in a form suggesting that ﬁl
is the standard deviation of I(t) at n and that R 1is the normalized

il
autocorrelation function of i at the same point. These particular
moments of I can be estimated if we assume a given probability density
function for the temporal process. Before doing this, however, let us
make use of the fact that
e 82
Mo = <SELRY>
<II —a-zz I1 (32)
such that (Stratonovich, ibid., p. 170) the power spectrum for a point
process composed of Delta functions is equivalent to wz times the
power spectrum of the same process composed of unit impulse functions.
Consequently, eq. (22), after using eq.'s (28) and (30b), can be written
as:
G(r,w) = Wwcos B " i
(r,w) 553 coswT n,0(xqg*n;) o (xytn +E,)

2T c
0

* Ry(y) R(T=£,/u ) dn;dng dE dT,  (33)

where now

R () R(A) = <I(ng,t) T(ng,t+d)>. (34)

The standard deviation for our indicator function, I(nl,t) is the

intermittency factor, Y(nl), since by eq. (17)
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T T
S . 1 7
Y(n,) = lim = I(n,,t)dt = lim = I° (. t)dE.
1 7 il T 1
T T
0 0
Thus, we let
Rl(nl) = Y(nl). (35)

In regards to R(A), we let the random sequence of impulse functions that

make up our indicator function be Poisson distributed. We select this
distribution because it is a discrete distribution (which it necessarily

must be) for a number of events (turbulent bursts) that all happen at

random times with an average of N events per unit time (our burst frequency).
Indeed, the experimental investigation of turbulence bursts by DeMetz, et.al.
[25] does suggest a Poisson process. Under this assumption, the classical
correlation function for a random telegraph signal may be used (see Rice [26])
for R(A), i.e.,

R@a) = NP IB]

(36)
Differentation of eq. (33) with respect to X4 gives the power

spectrum of the acoustic pressure radiated per unit spanwise width of

transition. We find:

Ax Ax-n
2 26 ;
e gy ) olegtml  § oxghn3e,)
3 2mr ¢ J
0 =
g |
oo
% exp[-2N(T-€l/uC)] coswtdT dgldnl’ (37)
0

where the integral in braces is immediately recognized as the Laplace

transform of coswTt. Because

Xi[cosz] = 28 5 s
s +w
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with s = 2N(nl), eq. (37) reduces to:

Ax Ax-nl

36(r,w) _ wlcos’0 Wty S Gty +5; Jemp (285, /u, )

n,o(x,+n,)y(n,)
9%, TTzrzcz il 1 [4N2(nl) 4 w2]

(=]

We would like to simplify this double-integral solution another

step farther by assuming that 0(=TT-TL) is only weakly dependent on its
argument. In particular, through a Taylor series expansion of eq.'s (4)

and (5), it can be shown that

-1/5 -1/2
olxgte) = Ax, (1 - 5%) - Bx, (1= % e, (39)
0 0
where 2 -1/5
A= 0.0288pu0 Reu 5
1/2
B = O.332p\)uOReu »

with
Re = uo/v, which is the unit Reynolds number.

The maximum value which € assumes is Ax, the streamwise extent of the
transition zone. For incompressible boundary-layer transition, Ax can
be estimated from the following emperical relationship [20,23] between

the Reynolds number based on the transition point, X and that based on

Ax:
2/3

Re = 60Ret " (40)

Ax
This relation can be rewritten in the form

=1/3

Ax Emax
= 60Ret

0 *0

)

dg,dn,. (1
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In connection with the discussion following eq. (6), we would expect
the first term (the turbulent wall shear stress) of eq. (39) to dominate,

so that
-1/5 -1/3

O(XO s Emax) x Axo a - 12Ret )

1]

o(xo). (41)

This approximation implies that if the boundary layer were completely

laminar or completely turbulent over the distance Ax, then the mean value of
the wall shear stress changes insignificantly over this streamwise distance. It
is analogous to the parallel-flow assumption commonly used in analyses

related to fully-developed turbulent boundary-layer flow.

Integration of eq. (38) over gl can now be performed; we find:

2 2. 2 b
w cos“B o (x.)u n.y(n,)
agir’w) % e e "jff‘%?'{exP[ZN(AX'”l)/“c]
3 21 ¢ (4N"+Hw™)
0
- exp[-Zan/uC]}dnl. 42)

E. Intermittency and Burst Frequency Distributions

In order to perform the final integration of eq. (42), we need the
intermittency and burst frequency distributions for transition on a flat
plate. Emmons [9] first discussed these distributions and developed a
probabilistic model to predict them. He assumed the existence of a

source-rate density function, g(x t), which specifies the rate of

0’0’

production of turbulent point-source bursts per unit area on the surface

at position x, = x

R

3 = zo, and time to. In his example, Emmons

assumed g(x to be constant; however, a later investigation

O’ZO’tO)
by Narasimha [27] which made use of the data of Ref. [10], showed that
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g(xo,zo,to) is more accurately described by a Delta function. 1In
particular, g(xl) = nG(xl—xO), where n is defined as the number of
sources per unit length per unit time along the line X; = X4

Farabee, et. al. [11] showed that for this assumed form of g:

Y(nl) = l-exp(-O*nnlz/uO), (43)
aud N(ny) = ntan(or.)nlexp(-o*nnlzluo), (44)
where o = (Ul-ut)uotana/(ucut). (45)

These equations depend upon the characteristic leading and trailing edge

velocities of a turbulent burst (Fig. 2), and upon n. The investigators
of Ref. [11] performed detailed measurements of the intermittent boundary
layer on a flat flat and fit eqs. (43) and (44) to their data. The

resulting expressions are as follows:

Y(;l) = 1-exp[-4.185§12], (46)
AR NGE.) = 1.272 -2 % exp[-4.185% 2] (47)
% X . Ay ¥pexpl-4.185x; ],
where = ke -
x) = (x1 xo)/Ax nI/Ax. (48)

Figure 6 show these distributions.

We non-dimensionalize the variable of integration in eq. (42)
according to eq. (48), and then use eqs. (46) and (47) for Y(;l) and
N(;i) to obtain:

(KAX)zcoszecz(x Ju (Ax)2
AG(r,k) _ 0’ ¢ B i) (49) ‘
X 2.2 2 0 .
3 2rr ¢

where K = w/uo, which is the free-stream convection wavenumber. The
frequency function, F, is given by:
u

0
F(k,—) = = -
Ye blezexp(—Zaxlz) + (KAx)2

A {xl-xlexp(-axlz)}{exp[b(ag)(xl—xlz)exp(—axlz)}exp[—b(;g)xlzexp(—axlz)]}
c ¢ dxl,

(50)
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where a = 4.185 and b = 2.544. We have been unable to integrate eq. (50)
to closed-form; however, this integral depends only upon the reduced
frequency, xAx, and the ratio of the free-stream velocity to the convection
velocity of turbulent bursts, uo/uc. Assuming uc/u0 is independent
of frequency, this ratio is known [10,11] to fall within the range
0.6 < uc/u0 < 0.8. Thus, eq. (50) can be numerically-integrated for a
few discrete value of uc/u0 and a range of KAx. We have performed
this numerical integration by Simpson's rule. The product (KAX)ZF(K,UO/UC)
is presented graphically in Fig. 7 for three typical values of uc/uo. This
function is seen to be weakly dependent on the convection velocity ratio,
rises at 12 dB/octave at low frequencies, and asymptotically approaches a
constant for reduced frequencies greater than the characteristic frequency
of turbulent bursts. When multiplied by the numerical factor given in
eq. (49), Fig. 7 represents the low-frequency radiated noise spectrum for
boundary-layer transition of unit spanwise width.

Because O(xo) is proportional to puoz, and u, is proportional
to Uy we see that the spectral level is proportional to uO5 for
constant Ax. However, eq. (40) suggests that Ax 1is inversely pro-
portional to uys SO eq. (49) predicts a uo3 velocity dependence even
though the source of noise is dipole. The reason for this unexpected
behavior is that the solution is derived in terms of the detailed hydro-
dynamics. These details result in a source area that changes with velocity.
Thus, to be consistent with less~rigorous, flow noise order of magnitude

estimates, the radiation-field pressure should be normalized by the area

of the source region, which is proportional to Ax. The mean-square value

it -
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of the sound pressure radiated per unit area would then be given by
the integration of eq. (49) over frequency divided by (Ax)z. A 5th

power velocity dependence would thus be retained.

F. Frequency-Depression Factor

As discussed briefly in Section II.C, the power spectral density
given by eq. (49) is most valid at frequencies lower than or comparable
to the burst frequency associated with turbulent spot formation. At
higher frequencies, we must take account of the actual shape and duration
of the individual pulses. We do this, by assuming a new indicator function,
E, as shown in Fig. 4(b). This function depends upon a lag time, ti’ which
represents the time it takes for the wall shear stress to change from a
laminar value to a turbulent value. We will assume that the time required
for the turbulent wall shear stress to return to a laminar value is also
given by ti. Thus, we assume a symmetrical pulse shape. With reference

to Stratonovich {22], we simply need to multiply eq. (49) by a frequency-

depression factor, given in general by:

00
2 v —jwt e
|3(w)|© = || Ie” T dt| . (51)
L -t/tg -, -1
Letting I V_.e , where V t , e.g. Skudrzyk [28], it is easy

0 0 i

to show that
2 e
|3 (iw) € = [1+@we )] . (52)

It is apparent that when eq. (49) is multiplied by eq. (52), the
spectrum will roll of at 12 dB/octave above those frequencies inversely

proportional to t The spectral shape of the radiated noise is therefore

i
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analogous to the one we obtain by passing white noise through a
realizable bandbass filter. The low-frequency cutoff is predicted
by the present theory, but the high-frequency cutoff can only be
estimated since there is very little information regarding the

magnitude of ti. We expect though, that ti would be on the order of

fractions of a millisecond, and it probably depends on the Reynolds

number, the flow velocity, and perhaps even on the kinematic viscosity.

ITI. EXAMPLES

We now consider application of the present analysis to two independent
experimental situations where boundary-layer flow noise was measured; namely,
those of Refs. [2] and [3]. Both of these experimental investigations
were performed in water at Mach numbers less than 0.02, which is of the
proper order of magnitude for our noise model. They used axisymmetric
bodies and concentrated on measuring the radiating component of flow noise
through the utilization of relatively large flush-mounted hydrophones and
distant receivers. The data of Ref. [2] were collected in a large lake
with a buoyantly-propelled vehicle equipped with a hemispherically-shaped
nose. The investigation performed by the author [3] used a blunt, flat-
faced nose body designed to operate in a large water tunnel. Calculations
performed for both headforms indicate that laminar separation is likely to
occur at the test velocities used. From hot-film anemometry studies, the
transition from laminar-to-turbulent flow was found to occur at the
predicted point of separation on the water tunnel body. Downstream of that
point, oscilloscope traces of the hot film signals indicated that turbulent
bursts did appear, but Ax was very short, and essentially constant

(Ax = 0.1D, where D = body diameter) over the range of velocities considered.
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We assume, since measurements were not reported, that the transition
zone for the hemispherical nose of Haddle and Skudrzyk's buoyant body [2]
would exhibit similar behavior, i.e., Ax = 0.1D.

Let us first apply eq. (49) to typical flow noise spectra reported
in Ref. [3]. We choose a hydrophone location that is away from both the
transition and fully-developed turbulent regions of the body. We further
restrict this location to be in a region where noise eminating from the
transition zone is minimally affected by diffraction due to the nose
curvature. Hydrophone location 6 [Lauchle, ibid., Fig. 10(a)] best meets
these criteria; it is 7.62 cm. forward of the transition point within the
laminar boundary layer. We thus set r=7.62 cm., 6=0°, and the spanwise
width of the transition zone equal to the bod  circumference.

The rise time, t;» can only be estimated. We have examined under a
microscope the oscilloscope traces of the signals from very small pinhole
microphones placed in the intermittent boundary-layer flow of a flat plate
[25]. Microphone data were selected over hot wire or film data because of
the higher frequency response. From this examination, we crudely selected
0.25 msec. as the time required for the signal characteristics to change
as a turbulent burst swept by the sensor.

With Ax=3.42 cm., uc/u0=0.7 and r, 9, and ti set at the above noted
values, the spectra predicted by eq. (49) (together with the frequency-
depression factor) for u0=7.62 and 10.67 m./sec. are compared with those
determined experimentally in Fig. 8. The correlation below about 10 kHz

appears to be good. The high-frequency portions of the measured spectra

may include contributions from additional noise sources, such as the fully-

A
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developed turbulent flow over the body, or the unsteady secondary flows
that occur at the body mounting strut junctures.

Vecchio and Wiley [29] developed a theory for the noise radiated
by a fully-developed turbulent boundary layer. They compared their pre-
diction with the radiated noise spectrum of Haddle and Skudrzyk's [ibid.,
Fig. 19] wooden buoyant body. This experimental spectrum was measured
about 30 m. away from the buoyant unit rising at 15.44 m./sec. Their
prediction underestimates the radiated sound for frequencies less than
about 2 kHz, but agrees quite well with the experimental levels at higher
frequencies.

As our second example, we apply the present theory for transition
zone radiated noise to this experimental situation. We let r be the

radius of a sphere whose surface area is the same as the surface area of

the body [2,29], and as in the first example, we let Ax = 0.1D, where
D is 48.26 cm. for this particular buoyant body. With ti=0'25 msec.,
our prediction is shown in Fig. 9 along with that prediction for the noise

generated by the fully-developed turbulent boundary that occurs on the

body [Vecchio and Wiley, ibid., Fig. 1]. It appears that the levels
predicted for transition fill in that portion of the spectrum where the
theory for fully-developed turbulent flow underpredicts. Indeed, if we
assume the two noise sources are uncorrelated, we can add the energies

and obtain a composite spectrum as shown in Fig. 9. This composite agrees

very well with the measured spectrum.

IV. SUMMARY AND RECOMMENDATIONS

We have presented an analysis of the radiated sound due to boundary-
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layer transition. Our principle assumptions were that the surface is
infinite in extent, planar, and rigid, that the transition process includes
a finite region intermittent flow where the boundary layer fluctuates
randomly between laminar and turbulent, and that it is this intermittent
flow that generates the noise. Through use of Lighthill's analogy, we
showed that the fluctuations between laminar and turbulent boundary-layer
flow give rise to dipole, quadrupole, and octupole noise sources. On the
basis of a very low Mach number assumption, we treated only the dipole
contribution in detail. We assumed that the flow is statistically homo-
geneous in the spanwise directions, non-homogeneous in the streamwise
direction, and stationary, but Poisson distributed in time. The power
spectral density for the acoustic pressure radiated per unit spanwise
width was derived. The level of the mean-square radiated pressure was
found to depend upon the square of the difference between the turbulent

wall shear stress and the laminar wall shear stress that would occur at the

beginning of transition, upon the square of the streamwise distance over
which turbulent bursts occur, and upon the velocity at which turbulent
bursts are convected along the surface. The spectral shape corresponds
to that obtained by passing white noise through a realizable bandpass
filter with low and high frequency cutoffs dependent upon the characteristic
frequency of turbulent spot formation and the time required for the wall
shear stress to change from a locally laminar (or turbulent) to a locally
turbulent (or laminar) value, respectively.

We compared predictions using this theory with available experimental

data and observed rather good agreement. As expected, we observed better
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agreement if the acoustic energy generated by the fully developed turbulent
motion over the given experimental vehicle was added to the acoustic energy
generated by transition. This agreement suggests that the present analysis
is applicable to axisymmetric bodies providing that the sound wavelength is
large and that the source region is small relative to the body radii of
curvature,

The analysis presented here represents a rigorous effort to include
the detailed hydrodynamics into an estimate for the sound generated by
boundary-layer transition. The resulting expression for this sound defines
two hydrodynamic parameters that critically control the level and spectrum
of the sound generated; namely, Ax and ti. As Ax becomes smaller, we find
that less noise is generated at the same value of free-stream velocity. It
is recommended that experimental investigation of this dependence be considered,
i.e., previous efforts have not included Ax as a test variable. If Ax is
verified to be a controlling parameter of the radiated noise, then various
schemes of boundary-layer control to minimize Ax, while at the same time
being inherently quiet themselves, might be proposed.

There have been no known analytical or experimental studies specifically
directed toward the determination of the time it takes for the wall shear
stress to change state. This time, ti’ plays an important role in the high-

frequency part of the noise spectrum. The larger t, is, the lower the

i

frequency at which the noise spectrum begins to roll off. We might expect

that t scales with the turbulent velocities very near and normal to the

surface; these velocities scale with the friction velocity, u,. The viscous

sub-layer thickness, O, identifies that region where Bul/ax is essentially

1

constant. Therefore, may be proportional to O/u,. As discussed by

€
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Tennekes and Lumley [30], the Reynolds number, ReO = Ou*/v, is small, falling

in the range 10-100. With u*~u0/30, we find:

2
ky 900 ReO \)/u0 . (53)

For Ree = 30, and water flow at 10 m./sec., ti is calculated to be of the
order 0.2 msec. which compares very well with our crude estimate based on
oscillograph observations. From this dimensional reasoning, it appears that

i

value for Ree during the initial stages of turbulent boundary-layer flow.

t. depends upon V and uye We need to establish, however, a more precisc i

Carefully designed experiments in both air and water, which utilize high-
frequency response sensors (pressures sensors may be best suited for this)

may provide a data base for L Equation (53) could serve as a data scaling

relation from which ReG may be deduced.
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X, = x(ﬁAx (FULLY TURB.)

TRANSITION % TB%EZ%ENT -
REGION
/ // (TYp.) J

0 x, = x . (BEGINNING OF INTERMITTENT FLOW)

1

Figure 1. Definition of the coordinates used and a schiematic ]
representation of the transition process.
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