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evalua t in g both models were collec ted from a sing le computer si mula ti on

program as described in chapter llI. A. 3 . Features of the reliabi l ity

testing procedure computer simu l ation such as phase planned test time

PTT. determination and assi gnmen t of one-half a failure in those in-

stances when no failures occurred during a tes t phase were in affect

for th e eva l uation of both the failure rate models. Also , the same

twenty-ei gh t l ambda sets (failure rate sets) g iven in tables 3 .1 and

3.2 and the same number of simulation rep l ications (NS I MS 100) were

utilized for both mode l evaluations.

4. Computer Simulation Data Manipu lat ion

The continuous instantaneous failure rate reliability growth

mode l of equation 3 .37 may be written as

a (~ -a.)b .(TT.) ’ . (3 .38)

As noted in equation 3.16 an estimate of the unknown , underlying instan-

taneous fa i lure rate of a component for any g i ven test phase of a reli-

ability testing procedure corrected for p lanned tes t time bias is g i ven

by

a 
1
_ 2NT. 

• (3 .3~
)

for i — 1 , 2, 3, ... , K where I. is the total test time accumulated

for the number of components NT
~ 

tested during the phase and F
~ 

is

the number of componen t fail u res occurr i ng dur i ng the phase.

If the logari thm i c transforma ti on is app lied to equation 3.38 ,

then

In \~~ 
a ln (l—a .)b . - a .ln TT. . (3.40)
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To obtain the ordinary least squares regressior~ es timates for a~ and

b. the data pa i rs (l n 
‘
~~~~, l n IT

1
) are emp loyed from the results of the

rel iab i Ii tv testing procedure computer simulation . Let

V . — In \ .

X . — In TI.
I I

• -
~

- 

~~~~~ 
V . , and

j—l

v~ x .
I I 

~~~~~ J
i— I

for i • 1 , 2 . 3, ... , K . Then equation 3.40 becomes

V . — In b .(l-a . ’I - a.X . (3.41)
I I I I I

for i — I . 2 , 3 K. 8y the der ivation presented in A ppendix A the

ordinar ’. least squares regression estimates for the instantaneous failure

rate mode l parameters a . and b. are

- 

~~~

.

— 
J•l — 1 and (3.42)

x 1 ~~~ 

- 

~~~~~~

jal j—l

- _L. exp 
~~ 

(3.43)

I

for i — 1, 3, 4 l~. Note that as with the cumulative failure rate

mode l the reqress ion requ i res at a minimum observation s on the results
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of two test phases ; thus , mode l parameter estimates are made for the

second thru the K
th 

test phase . The instantaneous failure rate estimate

g i ven by equation 3.39 was used for the first phase of testin g ; i .e.,

,._ ~ 2N1
1 

F
1

‘I1 
— ‘1 

— I + ZNT
1

As the instantaneous fa ilure rate mode l parameter estimate s were

obtained , they were applied to the model in equation 3.38 to obtain model

determined estimates for the instantaneous fa i lure rate rt’ l i a b i l i t ~

status at the end of each phase of te~ t i n ~J; i.e.,

— (l-~~.)~
’.(TT .) I

I. I I

for • 1 . 3, ~ K. ~~~~~~ the simulation index r ~~ le ft mp H-

cit ~, r — 1 , 2 . 3 NS I MS — lOO~~.

Upcrn completion of a ll computer simulati on s ~NS IMS — ~~~ for

each specified l ambda set , pe r formance s t a tis t ic ’ were ~omputed is

MS INS

‘I. 
— NS I MS E ~T . r

r— l 
-

/ NSIMS
a! I ~~ 2

S.D..—~ • VNS I MS I ~~~~~~ I, - . and

‘ i r—l i ,r I

“I.
— 

I 
~ ~~~~~

I.

~‘r .

for i — I . 2 , 3 K. Als o , in order to eva l uate the t~~re~~ s t i n q

performance of the in stantaneous failure rate model the same method ot
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computing an estimate of the total accumulated tes t time for a one tes t

phase In the future failure rate estimate utilized for the cumulative

failure rate mode l in equation 3 .31 was utili zed for the instantaneous

failure rate model forecasts. Hence ,

,
~~ 

....~ -a.
F\
T 

— (l- ’~~)b .(TT.~~1 ) where (3.49)

- IT
1 
+ (NT

1÷1 
x Pii~~ 1

) (3 .50)

for i — 2 , 3, 4, ... , K. Note again that forecasts were made for tes t

phases 3 thru K as was the case wi th the cumulative failure rate model.

Forecast statistics were then computed as

NSI MS

F\
1 

— 
NS I MS E F\

1 
r 

‘ (3.~~l)

r— l

NS I MS

S•D•R
~T NS I MS- l E 

~~~
T

i r  
T~~ 

and (3.52)

S’D.~~r
~ T

a 
~ 100 ( 3 . 5 3 )

~~T .

for i — 3, 4, 5 ,  . . . , K.

5. Mode l Performance

a. Accuracy Performance

Fi gures 3.42 thru 3.77 depict the accuracy performance of

the continuous instantaneous failure rate reli a b i l i t y  growth mode l for

selec ted tes ts per phase NT . cases of the l ambda sets l i sted in tables

3 .1 and 3.2. In each graph the specified underlying instantaneous

ii
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failu re rate from table 3 .1 or 3.2 ( , sol id line) , the mean

model determIned instantaneous fai lure rate from equation 3.46
ii

(
~ 

, c ircles), and the mean model forecast instantaneous failure rate

FA T from equation 3 .51 (x , crosses) are all p lotted against the mean

total accumulated test time IT. from equation 3.29 for each phase of

the specified reliab i l i t y  testing p rocedure of the acquisition cycle.

While the specified underlying instantaneous failure rate is p lotted as

a smoo th , continuous line for purposes of contrast , it should be noted

from both fi gures 3 .1 and 3.2 and the test ing procedure desi gn that the

specified underl y ing instantaneous failure rate is actually a step func-

tion in shape with discontinu ities occurring at the end of each test

phase .

Examining fi gure 3 .47 for example at a mean total accumulated

tes t time of approximately 205.0 test time units the specified instanta-

neous failure rate is O .~ O . the mean mode l determined instantaneous

failure rate is approx i matel y 0.24 , and the mean mode l forecast instanta-

neous failure rate is approx i mately 0.19. As noted on the graph the

accuracy performance p lotted is for the l ambda set 6, 16 test phase , 20

tests per phase rel i a b i l i t y  testing procedure simulation . Since the

point exam i ned is for the las t test phase C i a K — 16) , table 3.1 shows

that for l ambda set 6, test phase 16 the specified instantaneous failure

rate is 0.30 as expected .

The instantaneous failure rate model frequently y ielded mean

forecas t fail u re ra tes that were “off- the-scale ” of the accuracy perfor-

mance graphs ; i .e., mean forecas t failure rates greater than 1.0. These

off-the-scale mean estimates ranged from failure rates only ~li ght lv

greater than 1.0 to mean estimated failure rates of magnitudes in excess
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of 106. The extreme values occurred only for the first forecast and

occas i onall y f~ r the second forecas t (test phases 3 and 4). Regardless

of the magnitude of these off-the-scale forecast failure rates , a l l

points of magnitude greater than 1.0 were plotted at 1.0.

Fi gures 3.42 thru 3.46 and 3.60 thru 3.6.~+ display the instan-

taneous failure rate model’ s performance for the “nice ” underl y ing fa il-

ure rate progress paths. The mode l , while discerning the shape of

these “nice ” underl y ing failure rate patterns , is consistentl y optimistic

in both determinin g the current failu re rate status and forecasting the

next test phase fa i l u re ra te , especially in the case of the longer six-

teen phase reliability testing procedures . The mode l perform s more

accurately for the more volatile six test phase procedures (figures 3.60

thru 3.64) than for the protracted sixteen tes t phase procedures (fi gures

3.42 thru 3.46). In fact mean determined failure rate performance is

excel lent for the shorter six test phase cases. Forecasting accuracy

typ ically is off—the—scale for the first test phase improving rap idl y

by the th i rd or fourth tes t phase. Once stabilized , the mean forecast

failure rate generall y is biased optimisticall y as expec ted from the

method utilized to produce forecasts (equations 3.49 an d 3.50).

In f i gures 3.1e7, 3.48, and 3.65 thru 3.67 accuracy of the

ins tantaneous failure rate mode l is displayed for essentially linear

underlying failure rate progress paths. Again , mean determined failure

ra te performance shows that the model detects the linear shape of the

progress path with reasonable accuracy but provides consistently opti-

m i sti c estimates of the underlying instantaneous failure rate. Fot ecast-

ing accuracy , while Consisten t in the sixteen test phase procedures , i s

very poor being only around 5O*-60~ of the magnitude of the under lying
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instantaneous failure rate for the majority of the test phases until

the f ina l one or two phases. For the six phase procedures forecasting

performance is extremel y erratic as can be seen in figures 3.65 thru

3.67. In fact forecasti ng performance actuall y degrades as more test

information becomes available in the case of l ambda set MOD6; i.e. , as

the number of tests per phase increases from five to twenty (NT . 5

vs. NI. — 20, fi gure 3.65 vs. 3.66). Also , figure 3.67 is for a twenty

tests per phase (NI . ~ 20) procedure ; and therefore , in keep ing with the

Convention established for presenting accuracy performance graphs this

fi gure shows the best performance of the instantaneous failure rate

mode l for 1an~ da set MOD7. The five and ten tests per phase performance

for l ambda set MOD7 were worse than the performance shown in fi gure 3.67.

Figures 3.L~9 thru 3.52 and 3.69 thru 3 .17 portra y the in-

stantaneous failure rate model’ s accuracy 7erformance for pe rmanent1~

stagnated rel i a b i l i t y  status cases. The mos t vivid con t rast for these

cases is between situations in wh i ch failur e rate stagnates at a hi gh

va l ue (\. — 0.70; fi gures 3.49 , 3.68, and 3.69) versus stagnation at a

low rate (\. a 0.05; fi gures 3.52 and 3.71). When the underl y ing failure

rate stagnates at a hi gh value , the instantaneous model’ s mean determ i ned

failure rate estimates are very err atic (\. 0.70 ; fi gures 3.49 and

3.68) and the mean forecast estimat es are virtuall y useless from a magni-

tude consideration being , even once s tab i l i zed , approx i matel y 40%-50%

of the magn i tude of the true underl y ing instantaneous failure rates.

Mote that fi gure 3.49 is for a “bes t case” situation of NT . 20. Fore-

casts at best give an indication of stagnation when the stagnation occurs

at a hi gh true underl y ing va l ue . In the case of l ambda set MOD8 deter-

mined estimated failure rate improves si gnificant l y when more testing
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is pe r formed; i.e., figure 3.69 versus f i gure 3.68 (NT. — 20 vs. NI. — 5).

On the other hand , when the true underl y ing fail ure rate stagnates at a

low point , both the model’ s determ i ned and forecast accuracy performance

appear to be exc~ l l e:i t ( \ .  0.05, fi gures 3 .S2 nd 3. ’l , NI. — 5~ .

• Fi gures 3.50 , 3 .51 , and 3.70 show for an intermed iate stagna tion level

(\
~ 

— 0.30) how determined and forecast t a i l u r e  rate performance of the

instantaneous model transitions from poor to excellent.

The contrast between the underl y ing failure rate permanent

stagnation cases points Out a general performance characteristic of the

instantaneous failure rate model. Because the mode l p roduces consistent

optimisticall y biased determined and forecast failure rate estimates , as

the true underlying failure rate progress path approaches low failure

rates the model’ s accuracy performance improves si gnifi c antl y by .~ ces-

si ty since the estimates become “sandw i ched” between the low true under-

l y ing failure rate and 0.0. This “clos ing of the brackets ” effect may

also produce favorable variabilit y performance for the mn ’,tantaneous

failure rate mode l .

Fi gures 3.53 , 3.54, 3.72 . and 3. “3 present the accurac~ per-

forrnance of the instantaneous fa i lure rate mode l ii the case of true

re l i a b i l i t y  status progress interrupted h~ a period of stagnation . OnI’i

“best case” (NT. — 20) gra phs are shown . The model ’ s mean determ i ned

instantaneous failure rate performance is fair for these cases and con-

tinues to exhibit consistent optimistic b ias. Mean forecast failure

rates general lv are indicative of the under l y ing failure rate path trend

only and are significantl y off the mark in forec.~st ing instantaneous

failure rate magnitude . The “kick-down ” in the nean forecast r ’f the

fai lure rate for the fi rst phase after the peri od ~f stagnation in fi gure
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3.53 (test phase II at approx i matel y 130.0 tota l accumulated test time

un its) is more pronounced in the five arid ten tests per phase (NT . — 5,

10) cases for l ambda sets II ~nd 12.

For ~H tu~~ ;ons of temporar~ rd i -ab i I ~s status degradati on

f igures 3.55 thru 3.59 and 3.’4 thru 3~ 7~ reveal that in these ‘‘worst

situation ’’ .~ases the instantaneous failure model pertorms surpr i~~m n~ l~

w e ll in discern i ng the shape of the true underl y ing failure rate path ,

especiall y for the twenty test s ~mer phase Drocedures (NT . — 20; fi gu res

3.57, 3.59 , 3.75, and 3.’7). During the peri od of failure rate degrada-

tion , the instantaneous model tends to produce de te rmined failure rate

estimates that Overstate the degree of degradation . Th i s is esoeci a 1l~

true in the “least data ” cases (NT . — 5, fi gures 3.55 and 3.5~~ of the

ixteen phase t e stin i procedur es. This characteri stic i5 not as .‘ ro -

nounced for the si ~c t e s t  phase nrocedures ~NT. - c , f i. ~ure’, ~~~. ~~~ and

3.76). The model’ s mean forecast instantaneous fai lure ra tc~ estimates

remain optimistic through out the periods ~f degradation . but retie ct t’ie

shape of the true underl y ing failure rate orogress pat’~ ~ it n ver\ credible

fidelit y . The fi gure series 3.55 thru 3.S” indicates h~~~ nean determ i ned

failure rate estimating oer ormance improves with additiona l te sting

(NT . — 5, tO , and 20) while mean forecast failure rate estim ating per for-

mance is very stable after the third forecast for all test per phase

sizes . Again , note in fi gures 3.59 and 3.77 that when the true instanta-

neous failure rate ha-i decreased to a small magn i tude (test phase 16~ ,

the instantaneous model ’s determ i ned and forecast failure rate accurac ’,

disp lays si gnifican t improvement.

b . V a r i a b i l i t~ kPreci ~~ion ) Performance

The var i a b i l i t y  performance of the continuous instant aneous

fai lure rate mode l is presented in tables 3 .15 thru . n .  Entri es i i
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these tables are the pe rcenta ge s tandard errors as computed in equations

3 .48 and 3 .53 . From fi gure 3.47 the mean model determined instantaneous

fai l ure rate was read as 0.24 for the sixteenth test phase of the l ambda

set 6 , 16 test phase , 20 tests per phase re l i a b i l i t y  testing procedure .

• In table 3. 1 7 the percentage standard error corresponding to the sixteenth

test phase of the l ambda set 6, NT. 20 simu lations is 2~~.. By equation

• 3.48 the standard deviation of the instantaneous failure rate model’ s

• determined instan taneous failure rate for this phase is then

P.S.E.? x i~
lv 16 2 x O.2S.D. AT 100 

= 0.0576 . (3 .55)
16 100

A quick examination of tab l es 3 .15 thru 3.26 reveals that the

goa l of 30~ percen tage standard error of failure rate estimates util i z e d

in evaluating the variabi l ity performance of the cumulative failure rate

reliability growth mode l (chapter lII .A. 5 .b.) w i l l  be too restrictive for

eva l uating the instantaneous fai lure rate model s variabi l ity performance.

Also , unlike the variability performance of the cumulative failure ra te

mode l wh i ch almos t un i form l y improved as test phases of the testing pro-

cedu re were comple ted , variability performance of the instantaneous mode l

oscillates for many l ambda sets. For example , keep ing in mind that mode l

va riability performance beg ins w i t h  the percentage standard errors re-

corded for phase 2, the instantaneous model’ s variability performance for

l ambda set I , five tests per phase , determined failure rate in table 3 .15

i mp roves s teadi l y from 76~ in phase 2 to 38~ in phase 11 . in phase 12

the model ’ s va ria b i l i t y  performance jumps up to 4l~~, improves back to

32

~ 

by phase 14 , and final l y , climbs to 35% for the las t test phase .

phase 16.
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This oscillation in the variability performance of the in-

stantaneous failure rate mode l means that even if a reasonable percent-

age standard error benchmark is selected , determining the first phase

for wh i ch variability performance on all l ambda s e t s  i s  -.-~i t h in the goa l

does no t guarantee the performance goa l w i l l  be satisfied for all subse-

quent test phases of the acquisition cycle.

Tables 3.15, 3.16 , and 3 .17 disp lay the instantaneou s failure

ra te reliab i l i t y  growth model’ s variability performance for determined

ins tantaneous failure rate estimates for the sixteen test phase proce-

dur es. If a percentage standard error goa l of 40~ is set , the goal is

never ach ie ved fo r NT . 5 or NT . = 10 (tables 3 .15 and 3.16), but is

achieved for NT . = 20 (table 3.17) -on test phases 5 7, 8, 14 , and 16.

Again , the oscillating character of the instantaneous model ’s varia b i l i t y

performance is disp l ayed by this method of examination . Tables 3 .18 ,

3.19, and 3.20 show that in the case of the contracted six test phase

procedures the instantaneous failure rate model’ s variability performance

for determined instantaneous failure rate fails to attain the 40% goa l

for all simulated tests per phase specifications; i.e., NT . = 5. 10 , and

20.

In both the sixteen and six test phase re l i a b i l i t y  te sting

p rocedures de termined fa i l u re ra te es ti ma tes g i ven by the instantaneous

model were least accurate for l ambda set 8 and P1008. See figures 3.1+9,

3.68, and 3.69. Also , the model’ s accuracy performance for these l ambda

sets was the only case in wh i ch no definite bias trend was evident. The

instantaneous failure rate model’ s variabi l i t y  performance for determ ined

instantaneous failure rate estimates is almost un i forml y the worst for

lam bda sets 8 and MOOS as evidenced in  tables 3 .15 thru 3.20. This was

11+2
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to be ex pec ted based on the model ’ s accuracy performance for these pa r-

ticular specified underl ying instantaneous failure rate paths.

Tables 3.21 thru 3.26 contain variability performance results

of the instantaneous model ’s forecast failure rates for both the sixteen

and six test phase rel i a b i l i t y  testing procedures. Percentage standard

error entries of 1 000% indicate that the actual percentage standard

errors i n these cases were greater than or equa l to 1000%. As with the

cumulative failure rate mode l , l ambd a set 7, 12 , 11+ , P1007, P10012 , and

P10011+ prov i de difficu l ty for the instantaneous model. These l ambda sets

are the ones wh i ch take the most rap id “p lunge ” to a low specified instan-

taneous failure rate of “ 16 0.0500 or “ 6 
0.0500. Again , if these

l ambda sets are not considered , then a 1+0% percentage standard error goa l

is achieved on phase 14 for NT . 5 and 10 and on phase 11 for NT. = 20

in the case of the sixteen phase reliabi l i t y  testing procedure simu la-

tions. The instantaneous model’ s varia b i l i t y  performance for forecast-

ing during six test phase cycles is very poor achieving the 40% goa l on

the last test phase of the “most data” case (NT. 20) for onl y seven of

the fourteen l ambda sets.

C. DISCRETE RELIABILIT Y GROWTH MODEL

1 . Mode l Descri ption

The discrete relia b i l i t y  growth model evaluated is of the form

R
m 

1 - 

exp + ~m) 
(3 .56 )

where Rm ~ component rel i a b i l i t y  after the m tI
~ modification of the

component
m ~ number of modifications that have been made to the component .

and
— constants that determine the change in the model estimated

component rel i a b i l i t y  as modifications to the component are
accomp l ished .
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The mod ification number n_s takes on va l ues 0, 1 , 2, - - . with m 0

des i gnating the ori g ina l version of the component. Component rel i a b i l i t y

R may be thought of as an instantaneous or modification rel i a b i l i t y  as

opposed to a cumulative or average re l i a b i l i t y  since it is the intrinsic

reliability of the m tt’4 modification version of the item rather than a

characteristic reliabi l ity for all n_s-s- I versions of the item that have

been produced. Unde r the assumption of rel i ability growth , the quantity

exp (c + 3m) in equation 3.56 is expected to increase as modifications

to the component are made which hopefull y improve its relia b i l i t y .  Hence ,

as modifications are accomp lished the fraction l /exp (ct + &n) in equation

3.56 decreases and component re l iability increases toward the maximum

reliability of LO . The model is considered discrete since the sing le

independent or control variable m , modification number , is discrete as

opposed to a continuous variable such as total accumulated test time .

A mathematica l anal ysis of the discrete reliability g rowth model

H is given in reference I. Other Monte Carlo simulation eva l uations and

comparisons of the discrete model are contained in references 5 and 9.

2. Reliability Testing Procedure

For the discrete reliability growth model the appropria te reli-

ability testing procedure of a system acquisition cycle is one in wh i ch

mod ifications to an i tem are made as a specified number of failures of

the i tem are observed during the testing procedure. The modifications

of the i tem are made to improve rel i a b i l i t y  and hopefull y result in such

imp rovement. Modifications are i ndexed by m with a total of NTM modi-

fications being considered during an acquisition cycle; Le. , rn 0, 1 ,

2 , 3, , . .  , NTM . The total number of item failures that are observed

duri ng testing of the m tl’S modification vers i on of an i tem before the i tem
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is modified again is denoted by NTF The total number of item fail-

ures NTFm i 5 specified before re l i a b i l i t y  testing is conducted and may

be varied from modification to modification . During testing of each
-I

modificatio n version of an i tem , an under l y ing, inherent r e l i a b i l i t y

that is unknown to the project managers/contractors is present in the

i tem . The underl y ing modification r e l i a b i l i t y  of the m
tI
~ modification

vers ion of the component is denoted as R -m

J Between each failure of the m
tl
~ modification version of an item

a number of tests of the item are conducted wh i ch are denoted as NT ,;
m ,j

i.e, , the number of tests run on the m
th 

modification version of the

item between the (~ _ 1) th 
failure and the ~

th 
fa ilure , NT

m j  
includes

the J
th 

fai lure So , NTm I  is the number of tests performed thru the

first observed failure of the item when the underl ying modification rel i-

ab ility is R - NT , is the number of tests performed from the firs t

failure thru the second failure of the item while the underl y ing modifi-

cation re l i a b i l i t y  remains R and so on. After NTF failures of the
m m

item under tes t are observed , a modification i s accom p lished and the

underl y ing modification r e l i a b i l i t y  of the component changes to

Therefore , the failure number index j runs from 1 to NTF for eachm

modification m ‘ i.e., NT , NT , . ,  NT \ll NT - arem , l m ,2 m ,NTF m , jm
random varia b l es and cannot be specified beforehand. This is quite dif-

ferent from the testing procedure for the continuous re l i a b i l i t y  growth

models evaluated where the -iumber of tests per test phase were specified

prior to any testing being performed.

Figure 3 .78 is a schematic diagram of the discrete model r - l i -

ability testing procedure. The total number of modifications NIM and

the total number of failures pe rmitted before modification NTF are
11
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specified prior to testing . The number of tes ts performed between fail-

u res NT - for each modification version of the item under test consti-
H m ,j

tute the data collected from the r e l i a b i l i t y  testing procedure . A5 with

the continuous r e l i a b i l i t \  ~rowth models t~1e ‘iost saHent feature of t h~,

computer simulation of the discrete model re l i a b i l i t y  testing procedure

is that the analyst al- so specifies the under Ling modi f i ca t ion r e l i a b i l t~

R that is effective for each modification vers i on of the i tem , Thus an

accurate assessment of the accuracy of the model can be made because the-

R values are known ,
m

3. Rel i a b i l i t y  Testing Procedure Compute r S1I ’_ s u lat ion

a. Summary

The rel i a b i l i t y  testing procedure appropri ate to th~ ~
4 is cre tt

r e l i a b i l i t y  growth model was simulated on the Naval Post~ raduate S~~oc’l

W , R. Church Computer Center ’ s IBM 36O/6~ System u t i l i ~~inc standar d corn-

puter simulation techniques . R e l i a b i l i t y  testing procedure design para-

me ters NTM and NTF m ~ere specified along with various ur _ sder l- ing mod i-

fication r e l i a b i l i t y  sets . Tests of components were then simulated ~ ith

componen t success or failure being determined for each test based on the

appropriate underl y ing modifica tion r e l i a h i l i t \  R . Number of te—t s

be tween failures ~IT - data were collected as each ‘roc~’dure s i- ” ul ati c ’n

was accomp lished . Si m u l a t i o n s  of r e l i a b i l i ty t e s t i n g  ~rc-cedures for eac h

specified modification re l ia b i l i t y  set were rep licated one-hundred times

in order to assess the discrete r e l i a b i l i t y  growth model s v a r i a b i l i t \

perfo rmance .

After the r e l i a b i l i t y  testin q procedure simulations were corn—

p let ed , discrete r e l i a b i l i t y  qrowth mode l estimates ~ f the under l y ing ~iod i-

ficat ion r e l i a b i l i t y  of the component were’ produced based on the —i mu lat ed
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tes t data by computations ut i l i z i n g  ordin ar y least squares regression

techn i ques to estimate the model parameters ‘t and 3 . Mean and

variability statistics of the mode l r e l i a b i l i t y  estimates were then com-

puted to pe rmit performance evaluation of the discrete r e l i a b i l i t y

growth model .

b. Deta il Descri ption

The computer simulation of the r e l i a b i l i t y  testing procedure

appropriate to the discrete re l i a b i l i t y  growth model was initiated by —

reading in the following reli a b i l i t y  testin g procedure desi gn specifi-

cat ions: NTh, the total number of modifications to be made for the

acquisition cycle under consideration ; NTF , the total number of failures

of the m
th 

modification version of the item to be observed until the

(m+l )th modification is made ; R , the ur _ s der l \- in q , intrinsic modification

r e l i a b i l i t y  of the ~th modification version of the item ; ar_sd NS I MS . the

• number of times the specified r e l i a b i l i t y  testing procedure was to he

simulated. For this thesis NS IMS was dl ~y3YS sp e cified as one-hundred

simulations.

After specification data were read into the computer , unif orr~

(0.1) random variates were drawn in sequence correspondin g to component

tests starting for the modification 0 type component; i.e., uniform

random variates were drawn in sequence and indexed as U - - for m — 0,
m ,j  , I

1 , 2, .
~~~~~~~, 

NTM ; j — 1 , 2, 3,~~~.. NTF ; and i — 1 , 2 , 3, ... starting

with the Ui_s 1 1 test.
Id ,

Each un i form variate was then compared with the appropriate

underl ying modification r e l i a b i l i t y  R to determ i ne f a success or aIn

failure occurred during the test. The number of tests NT and the

number of failures accumulated NF data —were recorded after each simu-
11

lated test such that
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NT . — NT - + 1 (NT - incremented by one test) , and (3.57)
-
‘ m ,j m ,j m ,j

NF i f  U . . — R ( success )
m m ,J , I In

NF — (3 .5 8 )

NF + 1 i f  U . - ~
- R (failure)m m ,j, t = mm’

for m — 0, 1 , 2 , ... , NTM ; j 1 , 2 , 3, ... , NTF ; and i — 1 , 2, 3,

- If the test was a success , then the simulation proceeded to the next

test. If the test was a failure , then the number of failures accumulated

NF was compared to the total number of failures until modification

NTF to determine if a modification was appropriate. If NF
m was less

than NTF , testing continued for the g i ven modification and number of

tests were then counted until the next failure ; i.e. , NT - - If NF
m ,J +l rn

was equa l to NTF , then a modification of the i tem under test was simu-

lated and tes ting continued for the nex t modification ; i.e.. NE and
m+l

NT being tallied next.m+l , I

Testing in this sequence was simulated until NFNTM was equa l

to NTF NTM wh i ch signalled the term i nation of a g iven rel i a b i l i t y  test-

ing procedure computer simula tion . The simulation resulted in the number

of tests until a failure NT - data bein g recorded for m = 0. 1 2 , ... ,m ,j

NTM and j — 1 , 2, 3, ... , NTF - These data constituted the total data

ga thered from a sing le computer simulation of the discrete mode l reli-

ability testing procedure for a sing le specified underl ying modification

reliability progress path ; i.e. , a spec ified set of re l i a b i l i t i e s  wh i ch

shall henceforth be referred to as a re l i a b i l i t y  set. The re l i a b i l i t y

testing procedure was then rep licated one-hundred times (r = 1 . 2 , 3 

NSI MS — 100) such that reli a b i l i t y  testing procedure re sults data were

ac tual l y i ndexed as NT - . Since ten rel i a b i l i t y  sets were utilizedm ,j ,r
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for evaluating the discrete reliability growth mode l with three different

total number of failures until modification NTF specified for each
m

reliability set , 3000 rel iability testing procedures were simulated for

the discrete re l i a b i l i t y  g rowth model evaluation .

Li . Computer Simulation Data Manipulation

The discrete re l i a b i l i t y  growth mode l of equation 3.56 is proposed

as a model of the unknown , underl y ing modification reliability R in-

tr in sic to a componen t as it proceeds thru ~ system acquis ition cycle.

It is a gainst th is true r e l i a b i l i ty R that the model’ s performance was

measured . -

Equation 3.56 may be g iven in the form

R
m 

= I - exp (-ci - Sm) or (3.59)

exp C-cL - Sm) = I - Re_s ( 3 .60 )

for m = 0, 1 , 2 , ... , NTM . The logarithmic transfo rmation of equati~ n

3.60 yields

(~ 
+ 5m). a -ln( l - R ). (3.6l~J m J

for m a 0, 1 , 2, ... , NTM and j — 1 , 2 , 3, ... . NTFm

An unbiased estimator of the quantit y ~ + ~Sm is g i ven in

reference I as

0.0 if NT - = I (first test was failure)

+ (3.62)

1 ~~~~~~~~~~~~~ ... + i f  NT
2 3 MT - 

- 1 rn ,j
m , j

for m 0 , 1 , 2, .. , NTM and j a 1 , 2, 3, ,, . . NTF -
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By equation 3,61

a ( -
~ 
+ --

~
m)
~~~ 

(3.63 )

for rn = 0 , 1 , 2 , . - .  , NTM and j = 1 , 2 , 3, . . .  , NTF - From t his

relation an average estimate may be computed as

__________ NT F
In

_ l n( I_ R
m
)
m 
= 

~~ + 5m) = NTF + I3
~~m - (3.6L4 )

In -j=l

Letting

Y = - lr _ s (l-R )
m m m

then erruation 3,61 may be written as

=~~~~ + (3.65)

for m 0, 1 , 2, . .  , NTM wh i ch is of the form Y = :~ + 3X. A pp lying

ordinary least squares regression estimates as g iven in reference 6. the

~ and S estimates are
m Ii

— In

( i - ) v .
,.-,.~. i=0 -

= and (3.b6)

E C i  -

i—U

_ -

= - ~ in (3 67)
m in
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for m — I , 2, 3, ... , NTM where

— 

~~ 
and (3 .68 )

i~ 0

(3.69)

i=0

Finall y, these 1~’ and 1~’ estimates are uti l i 7 ed in the discrete re-
in m

l i a b i l i t y  model , equation 3.56 , to produce the model estimates of the

unknown , underly ing modification r e l i a b i l i t y . These estima tes are g iven

by

exp (~~~~~+~~~~~~ 

(3.70)

for m 1 , 2 , 3, ... , NTM . Note than since the regression procedure re-

qu ires a minimum of two observations , mode l r e l i a b i l i t y  estimates are pro-

duced from the first modification thru the last modifica tion (NTM). A

re l i a b i l i t y  estimate for ori g inal version of the component is derived

from equation 3.56 and 3.64 as

R = I — _________ . (3.71)

exp

A g a i n , s ince  the r e l i a b i l i t y  t e s t i n g  procedure was simu lated one-

hundred times (r — 1 , 2 , 3, - .. , NSIMS 100) for each re l i a b i l i t y  set ,

one-hundred estimates of the modification r e l i a b i l i t y  were obtained for

each mod i f i ca t i on  vers i on of the component under te s t . The mean va l ue .

s tandard dev i a ti on , and percentage standard error of these estimates
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were compu ted as

NS t MS

NSIMS ~~ 
R~~~ (3.72)

r—l

/ NSI MS

S~ D .
R _ç/MS I MS— l 

~~ ~~~~~~~~ r 
. md -

r=l

P.S.Et~’ — 
In 

x 100 (3 .’Le )

for m — 0, 1 , 2 NTM .

To examine the discrete r e l i a b i 1 i t ~- growth model’ s forec -~-- .ti n g

capability a next modification r e l i a b i l i t y  forecast was made for r’odifi-

cat ions m 2 , 3, Li. . . - , NIM . Forecasting started for the secor -~

nod i fic y~ iin -~ j r ~~e mode l parameter estimates were i~~ t a vailable u nt i l

testin g u-ide r the t rs t mod if i cat i en was com p le ted. No f~ recas t ~~ _ ss made

past modification NTM because there would be no underl y ing modification

r e l i a b i l i t y  w ith wh i ch to compare. Forecasts were made as

FR~~~1 — - 
~~~~~. ~s)

exp ( 
~t + - s ~rn+1Y~In I_n 

S

for m — 2 , 3, 4, ... , NTM . F in a l l y, forecast modification r e l i a b i l i t y

statist i cs si m i l a r  to the determined modification r e l i a b i l i t y  statistics

in equations 3 .7 2 , 3.73, and 3.74 were computed as
-- 

___ 

1 
NS IM S

FR MS I MS E FR ~~~~~ 
‘

~~-~~)

r—l
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NS I MS 
—I ‘. I
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- 

S
~
D
~~~m_t_ /N SIM S_ l 

~~~~~~~ (FR - FR r  , and (3.77)

v r— l

S.D,~~
— 

— 
x 100 (3.78)FR

FR
In

for m — 2 , 3, 4, . - . , NTM .

To evaluate the discrete reliability g rowth mode l ten reliability

sets were formed for use as th’~ specified underlying re l i a b i l i t y  p rogress

paths. These reliability sets are listed in table 3.27. All ten rd i-

abi l i t y  progress paths start at a r e l a t i v e l y  low re l i a b i l i t y  of 0.200

for the ori g inal vers i on of the component under scrutiny ; i.e., R
0 

0.200

for reliability Sets I thru 10. The paths di sp lay r e l i a b i l i t y  progress

that ranges from extremely rapid r e l i a b i l i t y  g rowth (re l i a b i l i t y  set I ;

R
0 

— 0.200 , R 1 
— 0-925) to linear growth (reli a b i l i t y  set 6; R~~ 1 

R
~ 

+

0. 150) to permanently stagnated rd ability progress (r e l i a b i l i t y  set 10;

R
0 

thru R
6 

= 0.200). Re l i a b i l i t y  progress was simulated only for compo-

nents that were modified a total of fiv e times durin g the acquisit i on

cycle; i.e., NTM — S and in — 0, I , 2 , 3, Li , 5. Each rel ia bi l itv set

progress path was simulated for three different total number of failures

until modification specifications; i.e., NTF — 1 , 3, and 5 failures

wh i ch were held cons tant from modification to modification .

5. Mode l Performance

a. Accuracy Performance

Figures 3 .79 thru 3.98 present all the cases (ten rd i a bi l  ~~

sets) of the discrete r e l i a b i l i t y  g rowth model’ s capabilit y to det- ’rm i ne

and forecast the unknown , underl y ing modification r e l i a b i l i t y  proQress
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path during a r e l i a b i l i t y  tes ting procedure for total number of failures

u n t i l  modification NTF
In 

I and 5. These graphs disp lay the “leas t data ”

and “mos t data” cases which can be contrasted for change and improvement

as the testing samp le is increased. For the NTF a 3 cases , the accu-

-~~ racy pe rformance fell un i formly between the NTF — 1 and NTF = 5 accu-

racy performance.

The graphs dep ict the specified true underl ying modification

rel iability R prog ress path C , sol i d l ine) , the mean model de ter-

mined modification reliability ‘1 from equation 3.72 for each mod ifica-

tion version of the component under test (0 , circles), and the mean

model forecast modification r e l i a b i l i ty 
~~~~~ 

from equation 3 .76 for the

second thru the final modification version of the component CX , c rosses )

plotted versus the modification number m 0, 1 , 2 , 3, 4, 5. Note that

the point p lotted for the mean mode ) determined modific ation re l i a b i l i t y

of the ori g inal version (m = 0) of the component unde r test is not mode l

determined ; rather , it is the mean value of the estimate g i ven by t~ e

est imator of equation 3 .71 . This point allows the accuracy of the reli-

abi l ity estimator utilized to be examined also.

To illustrate those quanti ties grap hed in the accuracy per-

formance fi gures , observe on f i gure 3.83 that for the th i rd modification ,

the specified underlying reliability R
3 

was 0.90, the mean model deter-

mined modification reliability “1~ was approximately 0.86, and the mean

mode l forecast modification reliability made from the second mod i-

fication was approx i mately 0.77. Since this grap h is for re l i a b i l i t y

set 3, referring to table 3.27, the specified modification r e l i a b i l i t y

for the third modification of rel i a b i l i t y  set 3 is 0.900 as is graphed

on f igure 3.83 . Fina Hy, note on fi gure 3.83 for the unmodified ver sion

I
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- —~~~~~~

- ;- _ - 

~~~~~~~~~~~ 

-

~~~

- -

~~~

-

~~~~

- - 

~~~~~ 

__ij



— ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ‘~~“~~~~ -
_

I-- ,

of the component tested (m — 0) that the r e l i a b i l i t y  estimator of equation

3.71 produced a mean estimate of approx i mately 0.175 for the true

underlying rel i a b i l i t y  R of 0.200.

With the exception of re l i a b i l i t y  set 9 (figures 3 .95 and

3.96) the discrete mode l determ i nes the shape of the underl y ing reli a b i l i t y

progress path with very good accuracy . Forecasting accuracy , while fairly

good for the “nice ” reliability progress path sets I thru 4, disp lays

difficu l ty with the anoma l ous rel i a b i l i t y  progress paths characterized

in reliability sets 6 thru 10. The discrete mode l occasionall y produced

negative mean forecast estimates of rel i a b i l i t y . The negative mean fore-

cast reliability estimates , the magnitude of wh i ch never exceeded 0.20 ,

are p lotted as 0.0 on the accuracy performance graphs. For examp le see

fi gure 3.97 for mean forecasts at modifications 2 , 3, and 4. No negative

mean forecasts of reliability were produced when the total number of

fai lures until mod i fication was speci fied as five (r-4TF = 5); i.e., the

“mos t data ” cas e.

The discrete mode l accuracy performance graphs disp lay the

marked improvement that takes p lace both in determining and forecasting

re l i a b i l i t y  status as the specified total number of failures until modi-

fication NTF is increased from one to five wh i ch essentiall y increases
In

the test data wh i ch the model can ut i l i z e .  The improvement in accuracy

is also displayed in the NTF
In 

= 3 accuracy performance graph s which are

not presen ted . The r e l i a b i l i t y  estimator of equation 3.71 disp lays th e

same improvement in accuracy when the testing sample size is increased

as may be seen by examining the graph pairs for NTF = I and NTF — 5

at the modification in — 0 point.

Figures 3 .79 thru 3.98 reveal that the discr ete r e l i a b i l i t y

model ’ s accuracy performance for determining the underlying r e l i a b i l i t y
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is in genera l s l i g h t l y  p e s s i m i s t i c  in the instances when mean estimates

are not “on the money” as in figures 3.84 and 3.86. Except for the re-

l i a b i l i t y  sets 1 and 2 , NTF
In 
a 5 cases shown in fi gures 3.80 and 3.82,

mean mode l forecasting accuracy tends to run from sli ghtl y pessimistic

as in figure 3.90; reliability set 6, NTF = 5 to grossl y pessimistic as

in figure 3.91 ; reli a b i l i t y  set 7, NIF
In 

a I or fi gure 3.97; re l i a b i l i t y

set 10 , NTF
m 

— 1. The genera l trend evidenced by the graphs is that

the less test data available (NTFIn 1) the more pessimistic the mean

mode l estimates , determined or forecast. The same is true of the reli-

ability estima tor of equation 3.71.

Reliability set 9 wh i ch characterizes a reliability g rowth

pattern interrupted by a period of re l i a b i l i t y  degradation is the only

set with wh i ch the discrete model experiences a si gnificant prob l em .

While not detecting the full magnitude of the degradation , the model’ s

mean determined rel i a b i l i t y  estimates do disp lay the period of degrada-

tion credibly. See fi gures 3.95 and 3.96. Mowever , the model’ s mean

forecast modification reli a b i l i t y  estimates are quite contrary to the

tr ue underl y ing r e l i a b i l i t y  progress path. The si gnificant prob l em

being that the period of degradation is not forecast until the true under-

I ly ing r e l i a b i l i t y  status has recovered from the period of degradation and

is in fact disp lay ing s i gnificant r e l i a b i l i t y  g rowth. This behavior is

apparent even for the “mos t da ta” case NTF = 5 in figure 3.96. While

mode l forecasting capability suffers in the “l east data ” case for reli-

a b i l i t y set 10 , NTF 1 , the discrete model copes wi th permanent re li-

ability stagnation satisfactoril y as seen i l-i figures 3.97 and 3.98.

b. Variability (Precision) Performance

Tables 3.28 thru 3 .33 present the discrete r e l i a b i l i t y  g rowth

model ’ s variabilit y performance for determining and forecasting
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the reliability status of a component as it undergoes modification in a

- 

system acquisition cycle. Ent ries in the tab l es are percentage standard

—
~ 

errors as computed in equations 3.7~i and 3.78. For example from figure

-

~~ 
3.83 the mea n model determined reliabilit y for modificati on 3 from reli-

_ -i a b ility set 3 was found to be ‘1 0.86 ~n the NTF
3 

I case. F rom

~ table 3.28 the percentage standard error P.S.E .~.’ corresponding to t h i s
~ 3
~ 

mean mode l determined modification re l i a b i l i t y  is 20~ . There fore , by

~:! 
equation 3.71+ the standard deviation for the observed mean model deter-

~ 
mined reliability is

H P.S.E . ~~

~ 

S.D.1
3 

=

•

~~~~~~~ x 
100 ~ = 0.86 x 

~~~ 
= 0.172 . (3.79)

:
; I n  tables 3.28, 3.29 , and 3.30 the discrete model’ s van -

I a b i l ity performance for determining mod i fication rel i a b i l i t y  status is

-j disp layed for the specified total number of failures u~i t i l  modification

_

~ j 
cases of one , three , and f i v e  f a i l u r e s , respectivel y. Two saflent

characteristics disp layed by the resul~..s are (I) the large variab i lit y

of the estimates produced by the re l i a b i l i t y  estimator of equation 3. ’

and (2) the large variability of the re l i a b i l i t y  estimates produced by

the discrete mode l for reli a b i l i t y  set 10 , the permanentl y stagnated

r e l i a b i l i t y  case. The same d i f f icu l ty is displayed to a lesser degree

for r e l i a b i l i t y  set 7.

If r e l i a b i l i t y  set 10 is not considered , then a goa l of 4o~
percentage standard error is achieved by the d iscre te  r e l i a b i l i t y  growth

model on the f i f t h  mod i f i ca t ion  for the NTF 1 and 3 cases and on t~ e
- fourth modification for the NTF 5 cases . If r e l i a b i l i t y  set is

also dropped from consideration , the k0~ goa l is achieved on the ~i~~th
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modification for NTFm 
1 , on the th i rd mod ification for NTF a 3, and

on the second modifica tion for NTFm 
a 5• Note that the reliabi l ity

sets characterizing temporary reliability stagnation and degradation

• 
(sets 8 and 9) did not have to be taken out of cons i deration in order to

• find var iabil i ty performance at a reasonable level.

Tab l es 3.31 , 3.32, and 3 .33 presen t the discrete model’ s

variability performance in forecasting the reliability of the subsequent

modification version of the component unde r test for the NIF = 1 , 3, and

5 cases. Again , the worst variability performance occurs for reliability

sets 7 and 10. Dropp ing reliability sets 7 and 10 from consideration , a

kO% percentage standard error goa l is ach i eved only in the case of

NTF
m 

a 5 at the fourth modification . Hence , variabil ity performance of

the discrete reliability growth mode l for forecasting is not particularl y

good .

I
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IV. CONTInUOUS FAILURE RATE RELIABIL ITY
GROWTh MODELS COMPA~ 1 SON

Cod ier in reference .~ g ives a de r iva t i on  i n  which an equation .f  the

form of the continuous instantaneous fa i  lure ra te  r~’l abi Ii t’~ growth

mode l (equat Ion 3.37 )  Is obta ined b’~ d i f f e r e n t i a t i n g  the equat ion  of the

continuous cull ulati ve failure rate relia b i l i t y  growth mode l (equation

3 . 1 ) w i t h  respect to the total  accumulated test  t ime TI a f te r  subst i tu -

t i on of the cumulat ive fa i  lure rate est i mator  ~f equat ion 3. 13 . The

derivation essentiall y proceeds along the follow i ng l i ne:

~TT ii — ~TT~~ ; therefore , ¼ 14 . l )

IF ~~~~~~~ .

Now ,

— ,
~4u~r .~TT

( 1 L
~

) ) — (, l—ci )~ T T ’ ~ , and ~e .3)

3TF Ik.~. (.4 4 )

Hence Codier derives an equation

— ( l-c~~3TT ”~’ (4 .5)

and claims that the equation is the continuous instantaneous failure

rate mode l

‘I — ~1— a ) b TT~~ ; i.e .,

_ _ _ _ _ _ _ _  
- 
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equation 3.37. The implication be i ng that the cumulative mode l parameters

t and  ~ are equivalent to the instantaneous mode l parameters a and

b , respectively ; and so , once either t and .~ or a and b have

been estimated , it is unnecessary to e st imat e the other ~‘arameter pair.

The cumulative and instantaneous tai lure rate models were considered

as two unrelated models wh i ch .‘.ere proposed to mode l different aspects of

re l iability growth from the viewpoint of this thesis. The eva l uation of

the two models was conducted accord i ng ly. In orde r to investi gate the

p roposition that the cumulative and instantaneous models are related thru

equivalence of mode l parameters a hybrid cumulative failure rate mode ) was

devised that utilized the parameter estimates generated for the instanta-

neous failure rate model. Also , a h ybrid instantaneous failure rate

mode l was devised that ut il i z e d  the parameter estimates generated for

the cumulative failure rate mode l . Specifically, the r~~br i d cumulative

fai lure rate mode l is y iven by

IT 
i ,r (4 7)IT. i ,r i ,r

where 1’. and we re determ ined by the instantaneous f a i l u re  rate

mode l equations 3.~.2 and 3.
L~3. The h ybr id instantaneous failure rate

mode l is g i ven by

Ti ,r 
~ ~~~~ ~~~ 

TT. r
I
~~

r

where i’ and ? were determined ~~~~ the cum ul at iv e failure rate

mode l equations 3.21 and 3.22 after appropriate transformat ions g i ven

in chapter lll. ,\ .ZI.

I
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As cumulative and instantaneous failure rate model parameter esti-

mates were determined for each phase of each simulation for the diffe r-

ent lan~ da sets they were applied to the ~vb ri d models 3s ..ell as to

their apnro~ r iate ‘Io~.~e l s .  H ybrid ‘ode l estim ates ~ t t h e  cum ula tive anc

i~~s tan taneous  fai lure rates were recorded and the standard stati s tics

~ f cr upter I I were ~o~1lpi led.

Table ~.l contains the mean cumulative and instantaneous Jeterm i ned

fail ure rate estimate s produced b~ the hybrid models for the l ambda set

3, ten tests per phase ~NT . • 1CI ) case listed with the appr opriate under—

l~~ing r~ean test time wei ghted average cumulatke fai lure rates

(equation 3.30’) and the speci fie d underl ’. ing instantane ous fai lure rates

\.  ~tab le 3.1 ’ ). Lambda set 3 i s  one of the “nic&’ failure rate sets

for ~hi~~h ~ ~he cumu la t i v e  and ins tantaneous f a i l u re  ra te  mode k i s-

.‘ . Iayei  some of thei r ~‘.est accurac\ and v ari a bi l it ’ . 1,erformance ~s

‘igures 3.~~. ~~~~~~~~ 3.~~, and 3. -~+; and t ab les  $ . .e and 3. l~~~. E n t r i e s  of

1~~.JQ~ O for the ~‘.t’ . r d  cum ulati ’ .e i~~d~ l ican Jete rm i -’eJ cumu lati y e fail- j re

rote in t able ~..1 indi ca te that the actua l mean esti1 ~ate ..as greater than

or equa l to ~~~~~~~

The performance of the h~ b rii models disp la sed in table + .l for a

‘n ice ” l ambda s~~t i s  typi c al ~f tn~ behavior ~f th e 1~ hr id models for

all the l ambda sets , nice or anomalous. The h ybrid cumulative mode l

¼ inst antaneous model’ s estimated parameters ~uhs ti tu teJ into the cumula-

tive mode l~ ‘roduced ta i lur e rate estimates of magnitude ~i reater than

IL ~.) for the first few test o ases ~oIlowed ~“. ver~ C I ’ ~~~~~~~~~~~ estimates

~incl u d in g ne gativ e mean est imates) which d i so1a ~ed ‘c rel ati on to the

nean te st tim e w ei -~rited average cumulative r ai l u r e  rate s ‘~uei’eseil~ ~e i n~

model led . 3n the other hand the i’.t~r id H~ tantaneous i~ del ¼c u mula t ’.e
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TABLE ~.l

HYBRID 2UMULAT IVE AND INSTANTANEOUS ~A I Lj ~ E ~ATE MODEL SIMU LA TI ON RESULTS
LAMBDA SET 3: lb PMAS~ S . 12 TESTS F’HAS (

M E.\N TEST ~Y -‘.I L ~ ~Rl2
TIME CUMULATIVE IMS~ AN~A NEI)US

~UEIGH T ( D MODEL MEAN ~~~~~~~~~~~ MEA N
AVERAGE DETERM I NED SPECI~~IED
CUMULATIVE CUMUL.A T 1 V E  I T4NT .~NE2L S I~~S T A ~ E2t,:S
FAI LURE FAILURE FAI Ld R E ~A I Lj R~

PHASE RATE RATE r~A TE SATE
-I t ” .  -t ’t ’ I ’ . k  ‘~ “.‘t ’ L ’ . ’~ ”.~%’t ’t - I - ~~’t ’ t ’. .L’ t’t .L *’t ’ l  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

2.7000 2.~’~~2 2. 222

2 2.~~’23 lJ.2CI,~O ,~~ . 3~ ;~ 2. ~b2’.

3 2. 3~ 6S 10.2222 2.2~~2 2. 32~~

2. 1222

2 .  2 3’)2 12.2002 ,‘ ,, l..~ o 2 • 
~t’ ’

2. 2t’4 — 0 . 120 2. 2 .2  1

2. ISIS ~~~~~ ~,‘. lC~’0

.3 $. 1t ,2S -2 . 2 l~~1 2.2’)~~

IC’ 2. ’ 3 ’~t’ 2.2S32 2.2’t’2

-0 .22Cc ,  2 .2b

I., 2 .1 1” .. 2 .22r  2 .2t’~e4

13 2.l0~~ 2.0070 2.2~22

14 0.1004 O.2~~ l 2.OcC’2 0.1442

K 2 .0952 0 .05 ) 8  2 .2 S2 ’?

1 6 2.2~ o0 2.20~0 2 .2 ’~2C 2.~ ~~
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model’s estimated pa rameters su Ds t ituted in to the instantaneous model)

produced what appeared to be a good fa i lure rate estimate for the first

one or two phases (i 2 , 3; mode ls do not estima te for the first phase)

but quickly transit ioned to a dampened , sedate pattern of estimates wh i ch

was very unresponse i ve to even the most rad ica l v a r i a t i o n s  in the under-

l y ing instantaneous fa i lure rate progress path. A l so , the h’~hr i d in-

stantaneous model’ s failure rate estimates after the second or th i rd

phase generally exhibited increas i ng magnitude error except for crossing

situations in the cases of tempo rary stagnation or degradation of the

snecified underl y ing instantaneous failure rates.

Regarding the negative fai lure rate estimates produced by the hs brid

cumulative mode l (instantaneous model parameters in cumulative model),

the following observations on the ~arameter estimates andi ,r

of t~e continuous instantaneous failure rate mode l were made du~ ing the

1 r e l i a b i l it y  t e s t i n g  procedu re comput e r s i m u l a t i o n s .  Dur ing  the s i- nu la-

tions the mag n itude of the parameter estimate 1~ was continuall y ver y
-‘

close to 1.0 often be i ng more or less than 1.0 only in the tenth ,

eleventh , or twelfth decima l place. From the instantaneous mode l equa-

tion 4 .6 i t  can be seen that log i c a l l ’ ~ i f  the ‘
~~~~r estimate i s  ~ess

than 1.0 , the “
~
‘
7 r  estimate should be positive ; and , i f  the 

~~~r est i -

mate is greater than 1.0 , the ‘
~~~~ r estimate should be negative in order

to produce positive estimates of the instantaneous failure rate . Exactl y

s— ~ch behavior was observed during the computer simulations; as the

ma gnitude of the 
~~~~

‘ 

r estimate moved to either side of 1.0 the si gn

of the “
~~~ r estimate -.qou ld “fli p—flop ” according ly . Of course if a

negative “
~~,r 

estimate is plugged into the cumulative fai lure rate mode l

for ~ in equation ~.1 . a negative estimate of the cumulative fai lure
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rate necessarily results no matter what the sign or magnitude of the

estimate which is substituted for ct (save a value Of
~
’
~~~r 

a co) .

Hence , it is very p lausible for the hybrid cumulative mode l to have pro-

duced nega tive estimates of cumulative failure rate.

- . I n contrast to the h ybrid cumulative model’ s erratic failure rate

estimates the hybrid instantaneous model (cumulative model parameters

in instantaneous model ) produced failure rate estimates wh i ch , af ter one

or two test phases , disp layed a “slu gg ish” g rowth patte rn and generally

increased in magnitude erro r from the underl ying instantaneous failure

rate X. be i ng modelled. This situati on is not surprising because the

cumulative mode l parameters being emp loyed in the hybrid instantaneous

mode l are parameters utilized in modelling a “smoothed” quantity , the

underly ing cumulative (average) failure rate that is collective l y charac-

teristic of all the vers i ons of an item tested thru a given point in the

acquisition cycle. As the history of the item stretches farther and

farther (total accumulated tes t time IT increases) the cumulative

failure rate of the i tem becomes increasingly insensitive to the current

ins tan taneous failure rate intrinsic to the i tem. Hence , the parame ters

of the cumulative mode l likew i se become increas i ng l y insensitive to the

current instantaneous re l i a b i l i t y  status . When these relatively stable

parameters are utilized in another model whatever its form , “smoothed”

stab l e output is reasonably expected.
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V .  [VALUATI O N SUMMAR Y AN D CONC LUSI O NS

s t hus  i s ,‘~~j n  i ied h r ’o 1 ab i 1 ~ row th nedo I - . t~~ r wh i ~h ac~ i i—

rac\ , o re c i s  ion , and robus tness  c h a r a c t c r i . t i~~’, we ro  in v e s t i g a t e d  ove r a

w Ut. v a r i e t y  ot  t rue  under 1~ i nq s~iow t h ‘at  t e l  us , ~‘.‘th ‘‘ ii i ce ’’ and anomalo us

-
~~ The eva luat ion ot a cci’ t i nuous cumu Ia t i ~ c’ ta i lure ra te  model , an ins tan ta—

ne ous f a i  lure r a t e  mode l • and d i s c r e t , ’ re l  iah i I i  t\  model was accon~p l ished

h~ computer s m l at ion c$ re 1 i ab i 1 tv  t e s t  i nq procedures that  were  appro—

pr i ate  to the r e I i a b l l i t~ g rowth model tYpes fo r  ~ sy s tem s  ‘.c - i ’ , it  ion

cyc le. Performance o~ the models both in t rack ing and pre d i c t  ing t rue

unde r k in~ rd iah i I it ~ 1~roqr i’cs pa t t e r n s  was measured f o r  mean acc utic ’ .

and v~~r iab  i I t\ ipr e ci ci on 1 ovt’ r ro~1r ’ .s s  ‘a t  t o r u s  w h i c h  i i~ I uded mos t

i tua t i en- that can ‘e ,‘ncount c red  , ‘oth good ~,nd bad. The mode ls ’ per-

to rmance c h~i r i c t er i ’ .t  i - c s  a re  s ummari .~ed in ~he t e l low inq ‘i F a ~~i ai’h’— .

A . CONTINUOuS CUMULA TIVE EA1 LUR E RATE R E L I A B I L I T Y  ~R0WT H MODEL

The cont inuous cumu la t i ve  ra i lur e rite mode l examined ~t orie ra) 1

I’ ~~ ed ye rv good to exce l  I eu t accu rat :\ ‘or crman~
- e i n t r ack i rig both ‘ii i

and anomalo us t rue under I rig cumu I at  ‘.e t a i I n i n  rate oat te rn - S . The

cumu I at  i ye mode I d id  e x h i b i t  di t i c u l t ’. in de term in i rig and t cu~’cas  t i rig

true underly in g patterns that character i re r a p i d  rd i i Ii t \  g row th

(fai lur e rate decay ) in the latter pha’.es of the s~ ste ms acqui ~ i t ie n

cycle. The Ii f f i c u l ty  was evidenced h’ nean model ,I,’termi ned . forecas t

c un-nj I at i ye t ii lur e rate es t i nj t t ’~ that Ui verged t rom the t rue under I~

Va I nec on t he pess im i -~t i c  c ide ; thus , the cumu lit iv ~’ - nod,’ 1 ‘‘ ‘v i ded ,‘- t i —

ma tec that cou I d be cons I de red a-. upper ‘,‘,,ridc on a 1 u I ”  r i t ’ , iii t h u  s

- -  

20’; 

-
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situation . The other anomalous ~ I t u a t i % .n  w i t h  •‘.hich the cumu la t i ve  model

experienced difficulty in track i ng arid predi c tin g accuracy ~-.as one of

rel i a b i l i t y  growth interrupt ed by a period or r e l i a b i l i t y  degradat ion.

The modelled cumulative failure rate path both lagged the true underl y in g

cumulat i ve failure rate path and fai led to rnfIe ~ t the full magn i tude of

the fa ilure rate degr adation. Thus dependence on the mode l in this situ-

ation could hampe r response to the degradatio n by givin g a “too l i t t l e

too late ” signa l of the prob l em . The cumulative model coped with true

underlying cumulative failure rate patterns that were perman entls stag-

nated quite adequatel y.

: 1 As the r e l i a b i l i t y  testing procedures of the acquisition cycles corn—

p leted more test phases , the cumulative mode l ’s v a r i a b i l i t ~ ~preci sion ~

1 i performance improved un i formI~ for both “nic e” and anomalous true under-

lying fai lure rate paths. Vari a bilit y percentag e standard error goals

were satisfied earlier and earlier in the ac qu i- 5it i oui ~~c I e as more

testing data was made ava i l~ b le to the mode l . T h i s  aced v ariab i Ii t~

I 
- performance prov i des a degree of confide nce in emp le~ i~~ the cumu la ti ’~e

— failure rate mode l in actua l s’.stems acqui s iti o n ‘i rqrams where the

intrinsic cumulative ‘a il ur e rate -,t atu- , i s trul y unknown .

8. CONTINUOUS InSTANTANEOUS RA ILURE RATE RELI A8I L IIY I ROWTH MODEL

The Continuous instantaneous fai lure rate mode l exam i ned , while

exhibiting the capability to track and predict the shape- of various

unknown , under lv ing instantaneous fi i lur e rate path types w i th very good

accuracy and robustness , consistentl y produced o p t i m i s t i c a l l y  biased

estimates of the instantaneous til lure rate . If ‘u • s must be accepted

in a rel jab Il i ty growth mode l , then i - i e s s  m i s t . hi as i s ,‘ re t e r r o d  t o
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o p t i m i s t i c b l a s .  Cons istent pessimistic bias pe rm i t s  manager -. to ut i l i : e

the model produced estimat es as lower bound type values and have confi-

dence that r e l i a b i l i t s  status is being observed from the “ri ght sIde of

the fence”. On the other hand cons i- ’ten tls optimi s ti c mode l produced

estim ates i mpar t a ;reat Je~~l of uncert aint y as to how bad r e l i a b i l i t s

status mi ght be and what degree of corrective action Is requir ed.

The anomalous situations in wh ich  the insta ntaneous model exper ienced

d i f f i c u lt s  in t rack ing and p r e d i c t i ng  the shape of the true f a i l u r e  rate

path were ( I )  the i n i t i a l  per iod of recovery in r e l i a b i l i t s -  growth after

a per i od ~f temporary reliahM i t s  s t agna t i on . (2 ’s permanentls stagnated

r e l i a b i l i t y  growth at high failu re rates • and 13) rd iab i 1 i ts q rowth in-

terrupted by a temporar y period of r e l i a b i H t s  degradati on . In the case

of temporar y re l i a b i l i t y  degradation the instantaneous mode l charted a

determined failure rate Oath that was an e xa g ge ra t i o n  of the u n d e r ly i n g

instantaneous fai lur e rate path . i .e. , the u’e r iods  of growth were d i s p l a y e d

opt im i s  t I ca l  I - , and the ocr od of  deg radat ion ~ as pert  ras ed to  a mag ni tude

greater than it was in t r u th .  The instantaneous model ’ s f o r ecas ts , w h i l e

accurate)s capturin g the shape of the un d e r lsin g progress path , were con-

si~~t~ n tl~ opt imisti c durin g th~ per iod of  deg radat io n .

The instantaneous mod el’ s accuracs performanc e wa s g e ne r a l ly  b e t t e r

for contracted acquisition cycles and suffered when the r e l i a h i l i t s  tes t-

ing procedure was extended to encompass a large number of test phases .

Because of the mod el’ s con~~ktent o p t i m i s t i c  bi as , accuracs- performance

improved as the true underl yi n g f a i l u r e  rate decreased thereby “sandwich-

in j ’’ the mode l estimat es between the t rue fii lu re r a t e  and 0.0. A l s o ,

the instantaneou s mode l rout in~ l s furnish ed ‘‘of f—t h e - s cale ’’ for ec a st -, for

tfie f I rc one or two ‘haces of an .acgu is it ion csc Ic .

The instantane ous mode l’s demonstrat ed caea t ’ i l its to determ i ne and

forecast the t ru e  un der ls ing r e l i a b i l i t y  sta tu s w~ s ove rs hadowed hs i t ’ .
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poor variabi l i ty perfo rmance w h i c h  ( I)  neve r achieved a reall y comfort-

- - able percentage standard error goa l un i formly for a l l failure rate pat-

terns simulated and , mo re damag ing, (2) oscilla ted as test phases of the

re l i a b i l i t y  testing procedure were accomp lished. Because of this poor

variability performance , the instantaneous fai lure rate mode l cannot be

— 
emp loyed by i t s e l f  with any degree of confidence .

- -  C. DISCRETE RELIABILITY GROWTH MODEL

The discrete r e l i a b i l i t y  growth mode l exam i ned generally disp layed

very good determined r e l i a b i l i t y  accuracy performance even for the mos t

restricted test data cases. Sligh t pessimistic bias was demonstrated for

mode l determined re l i a b i l i t y  status whi l e a greater magnitude of pessi-

mistic bias was present in mode l forecast re l i a b i l i t y . Again , pess imis-

tic bias i -s favored over optimistic bias in cha r t i ng  a r e l i a o i l i t y  prog—

ress path . The degree of pessimism in determined and forecast r e l i a b i l i t y

decreased markedl y as more test data on each modification version of an

i tem were gathered. In cases of limited test data the discrete mode l

often forecast negative estimates of r e l i a b i l i t y  for the earl y modifi-

cation versions of a component unde r test.

For the anomalous situation of temporary r e l i a b i l i t y  degradation the

discrete mode l ( 1 )  fail ed to determ i ne the full magnitude of the degrada—

t tlon arid (2 )  prov i ded re l i a b i l i t y  Status predictions that lagged the

t rue unde r l y in g reliab i li ty pa th ou tcomes s i gnificantly. In actua l test-

ing this performance characteristic would give a de l ayed si gnal of a

~~~~~ situation that required corrective act ion . Also , gathering additional

test data failed to remedy this deficiency in the discrete model’ s per-

fo rmance .

:08
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Variability performance of the discrete mode l , whil e generally good ,

revealed d if ficulty w it h the permanently stagnated r e l i a b i l i t y  case and

the case of rap idly increasing re l i a b i l i t y  during the lat te r modifica-

tion vers ions of an i tem . Variability performance improved un i formly for

all progress path characterizations as more modifications of the i tem be-

ing tested were accomp lished. A lso , v a r i a b i l i t y  goals w ere  s a t i s f i e d

earlier in the acquisition cycle as more complete testing was accomp lished

on each modification version of the i tem . This nic e behavior of the dis-

crete mode l lends confidence to its utilization ; and therefore , the dis-

crete mode l is preferred to the continuous instantaneous failure rate

mode l for obtain ing a measure of the curren t or “instantaneous ” reli-

abi l i t y  status of an i tem proceeding thru an acqui sition cycle.

D. GEI4ERA L OBSERVATIONS

For de te rmin ing  current r e l i a b i l i t y  s ta tus  i t  may be suggest ed that

rathe r than emp loying the re l i a b i l i t y  growth models , why not u t i l i z e  the

point estimators of re l i a b i l i t y  s ta tus  which we re used to prov i de data

to the models? Although the performance of the point es t imato rs  appro-

p r ia t e  to each refla b i l i t y  growth mode l were only observed at one point

for each mode l in the r e l i a b i l i t y  testing procedure simulations (first

phase of t es t i ng  or mod 0 vers ion of a component ) , at that point the

est ima tors d i sp layed  ve ry poor v a r i a b i l i t y  performanc e upon wh i ch the

r e l i a b i l i t y  growth models improved rap idl y and s i gn i f i can t ly wh ich tends

to negate any confidence in u t i l i z i n g  the point estimators based on their

good accuracy performance.

In retros pect the performance characteristics demonstrated by the

rel i a b i l i t y  g rowth models exam i ned suggest that as a mode l is emp l oyed

the estimated re l i a b i l i t y  progress path it produces be compared with the

209
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appropriate mode l accuracy performance graph s in chapter II I . If the

estimated re l i a b i l i t y  progress path corresponds to a case for which the

computer simulation performance results show the model’ s performance

was good , then confidence can be p laced in the estimated p ro gr e s s  oa t h .

On the other hand i f  the es t ima ted  path corresponds to one of the

anoma lous cases where s i m u l a t i o n  r e s u l t s  revealed a Jet icienc s in the

mode l’ s performance , then the s imulat ion per formanc e r e s u l t s  at leas t

g ive  an ind i cat ion of wh ich  d i r e c t i o n  the true unde r l s i ng  r e l i a b i l i t s

progress path l i e - s .

F ina l ly ,  although use of the cont inuous ins t a nta ne ous f a i l u r e  ra te

r e l i a b i l i t y  growth mode l i -s questionabl e , s i n c e  t h e  t e s t  data re; i red

for the instantaneous mode l is identical to the data cc! lect ~’d t o r  the

continuous cumulative fa i lure rate model , app l i c a~~i on ot the  i n - .ta n ta-

neous model s imu l taneous l y  w i t h  the cumula t i v e  -i~ dc t  u t il i : inq  the method

descr ibed in the preceding paragraph mdv pru~- id e  so ’nt ’ ins i gh t to the

shape of the true under ly ing  instantaneous f a i l u r e  proq re~’s path from

the instantaneous model. But the compar ison :‘e r f o r m e d  b e tw een  t h e  two

continuous failure rate -~odeIs d e fi n i tels indicates that the cumul a tive

failure rate and instantaneous f a i  lure rate model s ’ parameters not be

interchanged based on the i r  hy pothet ica l equiva lence .

~
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APPENDIX A

Derivation of Ordinary Least Squares Regression Estimates of the
Continuous Instantaneous Failure Rate Re l i a b i l i t y  G rowth Mode l Parameters

The continuous instantaneous fa ilure rate mode l r e l i a b i l i t y  growth

model as g iven in equation 3 . 37  may be written as

~ b (l-a)TT. 
a 

• (A.l)

Taking the logarithmic transformation of this equation yields

in \.  — i n  b( l-a) - a in T T .  . (A.2 )

Let n

— 1

ln

X .  in IT.

- __Y , andn

There fore ,

— In b ( l — a )  - aX. (A .3)

- -I t

k 21 1

~
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The resi dua l error for regression is

- 

~~~ 
-?~ - V .  - [ ln  b t l- j ) . (.A .~ 4 )

The goa l of the reg ress ion  is to 1 ,n im ~~~ the Sum of t~~~
. r e i ~iual e r ro rs

squared; i .e . .

m m 
~~~~~ ~~~~~ 

- ~~~ (~~.- l n b~~l -a )  + a X . J .

i A . 5 )

Taking partial deriva tives of equation A.5 with respect to b and a

then equatin g the ~ur t i a l s  to 0 ~ ie Id~ the fo l l ow ing  two equatio n s in
‘

I

two unknowns:

~~ .~

- -I n bU-j )  + aX .~ b (l-a) k l - a ~) 
a 3

-1 2~ 
‘.

- (2  ~V . - ln b~~l-a~ + ax.~~ - s a1~~
b ’~~~~~ 

3

S i m p l i f i c a t i o n  of 1 I ~ and ~~ v i e l d  n sequence:

I ’ )

E - In b 1l - a )  ÷ a \ j  — 0 . and

1n b~~l -a )  
~ ~~~~ ~~~~a) + - 0 . Then .

(l” ’t — ~~~ln b ( l — a )  - EaX.

( 2’’ ’
~

E ~l-a ) ~ i ~ ~~ ~~~~ 
In b1 l - a )  + I n  b~~l-a~ -

_____ - EJX. . Fi r ial l s .

U
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- n In b( l-a )  - a X~ , and

(2”’) (1—a) ~~ + EV .X. (1-a) 
in b( 1—a) + (in b(l-a)) Ex .

(1—a) E’~ 
- a ~~ x . 2

Equation (1”’) may be man i pu l a ted such tha t

(I”) In b ( i -a )  — E’ + ~. ~~x. a + a~ or

(I”” ) b(t-a) = exp (
~ + a~ ) .

F i nall y , the estimate for b is

b a 
cl-I.) exp 

(
~ + ~~ . - (A.6)

Subst i tut ing equation A.6 into (2” ’)  y i e l d s

(2” ) (1-a) ~~ 
+ EY . X .  ( I-a)  In(~~

P
(~~ a~ 

a~ ) (1 -a ) )  +

a)~~ ( I -a ) ]  EX. - ( I-a)  Ex~ 
- a

Clear ing the logarithms in (2”) arid transpos ing leaves

(2”’) 
(~la ) 

(
~ + a~) + + a~) EX. - 

f l-a) EX. - a Ex. 2 -

(1-a) ~~ - E~ 
X.

- 
- 

Expand ing (2”’) yields

(2 *) 
(I-a) ~

‘ + (i-a) 
X + V EX . + aX EX. - (1-a) Ex~ 

-

a EX. - 

(1—a) E~- — EY .  x.

21 3
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S u b s t i t u t i n g  and c lear ing  terms in (2 ’~) leaves

S 
~2~~

) 
( 1-a) E~m + E~ ~ a~ Ex ~ - ~l- a) 

-

a - ____ -

Solving for a in ~~~

(:-~
-
~

) 
~~~ E — — Ev~

x
~ - ~ 

X
~ 

or

— 

Ev~
x - 

~~ E~ .—
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