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FOREWORD

This interim report describes work performed at the Columbus Aircraft

Division of Rockwell International during the period from 1 June 1977 to

28 February 1978. This work was supported by the Office of Naval

Research , under Contrac t N00014-77-C-0271. The Scientific Officer for

the project was Dr. R. E. Whitehead. It is the first phase of an effor t
to develop a computer program for predicting the V/STOL performance of
thrust augmenting ejector aircraft.

The resul ts presented here owe much to the contributions of other

members of the technical staff , in particular J. K. McCullough and

J. H. DeHart. We would like to thank all of them for their valuable
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ABSTRACT

A me thod has been developed for calculating the static performance

of thrust augmenting ejectors by matching a viscous solution for the

flow through th~ ejec tor to an inviscid solution for the flow outside

the ejector. In effect , the ejector shroud is considered to be “flying”

in the secondary velocity field induced by the entrainment of the
p rimary je ts. A two-dimensiona l analysis utilizing a turbulence

kinet ic energy model for the inner, jet mixing solution and potential
flow singulari t ies for the outer , induced flow is described. This

approach offers the advantage of including external influences on the

f l ow throug h the ejector. Comparisons with data are presented for an

ejector having a single central nozzle and Coanda jets on the walls,

The accuracy of the matched solution is found to be especially sensitive

to the jet flap effect of the flow just downstream of the ejector exit.
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INTRODUCTION

The U. S. Navy is devel op ing several categories of V/STOL aircraft

[or U~ .C with smaller carriers , as a more economical means of maintain-

in~ sea control. Ejector thrust augmentation offers a solution to many

of the problems that arise in the design of such V/STOL aircraft. A

t h r u - .t  augment ing .  e j e c t o r  is a pneumat i c  device throug h which a la rge

mass  of a i r  drawn f rom the a tmosp here is pumped by the en t r a i n m e n t  of a

p r i m a r y  j e t , as shown in F igure  1. The en t ra ined  air  is acce l e r a t ed  by

th e t u r b u l e n t  mix ing  of the two s t reams w i t h i n  the e j e c t o r .  By Newton ’s

l.i s~ ,f action and reaction , a force which is equal and opposite to the

r~ o t : i r n t u r n  change of the acc e le ra ted flu id is expe r ienced by the ejector .

Thus , significant increases in the thrust of turbojet and turbofan

eng ines can be obtained by diverting the exhaust flow throug h an ejector

pump. 

.:.. 

Figure 1. Entrainment by the Prima ry Je t Induces a Seco ndary Flow

1
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Sinc e ejec tors can be des igned to deflect as well as augment the
eng ine thrust , they can be used to g ive an a i rcraf t having a basic
thrust to weight ratio less than one the direct jet lift necessary for

vertical takeoffs and landings. In e f fec t, the a i rc ra f t  is g iven a
var iable bypass propulsion system: mass flow and thrust are augmented

by passing the f low thr ough an ejector for vertical flight , and reduced
by exhausting the flow through a conventional nozzle for horizontal

fli ght . When the ejector is integrated with the wing to produce a lift-

propu l s ion  sys tem , separa te reaction jets are not required for control

during hover; control forces are generated by differential action of the

ejec tors. In add it ion , the ejector wing has good transition and STOL

pe rfo rmance , because the exhaust flow acts like a jet flap to increase

the circulation lift of the wing.

Al thoug h consideration of the ejector for aircraft thrust augmenta-
tion began more than thir ty years ago ,0-) developmen t has been largely
by experiment. However , analytic methods are necessary for concep tual
studies and to reduce test requirements. In order to calculate ejector

pe rformance wi thout solving the full Navier-Stokes equations , some
approximations must be made . The analyses that have been developed are

broadly based on von Karman ’s now classical approach ,(2) which u ti l izes
streamwise integration of the governing equations. If the ejector is

relative Ly long and the d i f fuse r  ang le is small , gradients of the normal
s t ress  and the varia t ion of pressure across the flow can be neglec ted.

rhis reduces the governing elliptic equations to a parabolic set which

can be solved by marching through the ejector in the streamwise direc-

tion . The solu tion is obtained by iterating on the inlet velocity until

the exhaust pressure matches the atmospheric pressure outside the ejector.

A method inco rporat ing a mixing length model fo r the tur bu lence was

developed by G i lber t and H i l l (s) for  a simp le ejector having a single

L
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pr imary jet , while DeJoode and Patankar~
4
~ employed a two-equation

m o t el  f o r  the turbulenc e in an ejector with hypertnix ing~
5’6~ and Coanda

1 e t S .

Even though the elliptic boundary value problem can thus be trans-

formed to an initial value problem which is more easily solved , the

ba sic e l l i ptic charac ter of the flow field is unchanged. This means

t ha t  the re are cases for  which the classical  momentum theories predic t
the wrong performance , or do not yield a solution , at all. For instance ,

as the walls of the ejector shroud are removed to infinity, the predicted
augmentation ratio does not reduce to unity, as i t mus t in the limi t of
an isolated turbulent jet. Also , when the ejector is short or the dif-

fuser ang le is large , the exhaust pressure is less than atmospheric
pressure . This pressure difference is supported by the momentum of the

exhaust jet , while the jet momentum depends in turn on the pressure dif-

ference . Thus, the exhaust pressure becomes a floating boundary condi-

tio n , and a un ique  solu tion to the ini tial value problem cannot be
ob tained by classical methods.

The purp ose of this paper is to present an ejector analysis not sub-

( S t  to these limitations. The primary elli ptic effects are inc luded

by iterating between a parabolic solution for the flow through the ejec-

tor and an elliptic solution for the flow outside the ejector . Thi s
Lechnique is similar to that used in coup ling a solution for the dis-

p l a cement thickn ess of a wing boundary layer to a solu t ion for  the
xL rn:d flow. A parabolic solution for the turbulent mixing within

the t~~r’ctor was developed according to classical momentum theories.

For the ellip t ical f low ou tside the ejec tor , a solution based on
Bev i laqua ’s lif ting surface theory~~~

) was developed . Briefly , the aug-

mentin~ force is related to the Lift on a wing, and the circulation is
determined as a function of the jet 

entrainment.3
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A two-dimensional anal ysis u t i l i z i n g  a turbulence k ine t ic  energy
model for the inner , viscid solution and vortex la t t ice  me thods for
the outer inviscid solution is described. Results are presented for

an ejector having a single center nozzle and jets on the walls,

but other configurations can be analyzed with the same approach. In

the next section an outline of ejector theory is presented to introduce

the mathematical models used in this analysis. The solution algori thms
— and the me thod of it eration are desc r ibed in the following sections.

The predic tions of this new model are compared with classical solutions

and experimental data in the final section.

4 
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PRINCIPLE OF THRUST AUGMENTATION

( irculation Thrust

A l t h o u g h e jec to r  th rus t  augmentation may seem to u t i l i z e  a new princi-

1de of l i f t genera tion , it actually involve s no more than a novel appli-
cation of the f a m i l i a r  c i rcu la t ion  theorem of aerodynamic lif t. An

isolated jet induces an essentially lateral flow of entrained air , as

sketched in Figure 2. However , the dis tributions of pressure and vel-

ocity in the flow entrained by the jet are altered by the presence of a

sh roud. A circulation which redirects the entrained flow through the ejec-

tor is gcnerated around each of the shroud sections , as shown in Fi gure 3.
Th e shroud can therefore  be considered to be “f ly ing” in the veloc ity

f ie ld of the f l ow entrained by the je t , and it experiences a force

ana l ogous to the lif t developed on a wing fixed in a moving stream .

mp Up

m S

(rn .,, + r~~~~ Urn

Fig ure 2. Streamlines of the Flow Induced by a Free Jet

5
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1/ 1/ :1
Fi gu re 3. A Circulat ion Redirects the Flow throug h the Ejec tor

According to this lifting surface theory ,~
7
~ the thrus t augmen tation 4~’

can be defined as the ratio of the primary jet thrust T plus the “lif t”

on the shroud F to the isentropic thrust of the primary mass

= 
T +  

~ (1)

The thrust augmentation results from the fact that the interactiD n -J
between the flow induced by the entrainment of the jet and the vorticity

bound in the sections of the shroud generates a pair of equal and

opposite forces. The origin of these forces can be understood by a
considera tion of the interaction between a sink of strength Q, which

repre sents a sec t ion of the je t, and a vortex of strength r , which
represents a segment of the vortex sheet in the shroud. These singu-

larities are a distance r apart , as shown in Figure 4. At the vortex ,

6
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Figure 4. Mu tuall y Induced Forces on a Sink-Vortex Pair

the sink induces a velocity of magnitude Q/2’rr, directed along r. The
vortex therefore experiences a force prQ/2ir r , perpendicular to r. At

the sink , the vortex induces a velocity of magnitude F/2,rr, perpendicu-

lar to r, The sink therefore experiences a force pQF/2irr, also perpen-

dicular to r , hu t opposite to the force on the vortex. The net effect

of t he  interactions between all the sinks and vortices is a force which

increases the thrust of the jet , and an equal but oppos ite reaction on

t h~ shroud .

The f orce on the shroud can be recognized as the vor tex force g iven

by the Kutta-Joukowski theorem for airfoil lift. This force appears in

the pr essure distribution on the surface of the shroud , primarily as a
loading edge suc ti on . However , the thrus t on the je t sinks may no t be

~ami1iar. This forc e is conceptually similar to the ram drag that

dew lops on an aircraft engine inlet , bu t i t must  be remembered tha t the

7
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sink/vortex interact ion , as described , is only valid in irro ta tiona l
flows. The fluid entrained into the jet becomes rotationa l, so
that an understanding of how this force actually developes require s

consideration of the jet  mixing pr ocess .

Jet Thr u st Augmentat ion

The mix ing p rocess is basical ly an inelastic collision between the
je t and the surround ing f lu id . As such , jet mixing is governed by the
same laws of momentum and energy conservation as simp le coll isions
between discrete particles. In free jet  mixing , the momentum f lux  is
conse rved and there is a corresponding loss of kinetic energy to turbu-
lence and heat. However, the circulation accelerates the entrained flow

en tering the ejec tor and , according to Bernoulli’s equation , the pres-
sure drops. Inside the ejector , before mixing , the velocit ies in the
primary and secondary flows are given approximate ly by

* 2 2AP 1”2
= (U i, + — ~

.—) (2 )

* ThP ‘/2
U5 = (3)

in which i~P is the pressure drop induced by the circulation. Momentum

is conserved during the mixing process itself , so that

* * *dip Up + dis U S (die + 1h5) Um (4)

The mixed stream decelerates as it leaves the low pressure region , and
i ts  f ina l  veloc ity is

*2 2L~P \ 112
Um (U m “

~~~ )

The ra t io  of the f ina l  momentum , (dip + ih~ )Um, to the initial momentum ,

dipU p, may be evaluated by subs t i tu t ing  in turn for Urn s then U~~ and

8
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I it i . d ly for U and U~ . Performing the substitutions y ields for  thi s
r:(t t o

~~ ~~~~~~~~~~ 2M (H 2 + u ) ’~
2 

- H (6 )

in which M is the mass flux ratio , M = dig/dip, and H is the r a t i o  of the
sta tic pressure drop to the initial kinetic energy , H = L~Pf1/2pUp

2.

If the pressure drop i s negl igibl y small , H<<l and the solution

reduce s to the case of f ree  j e t  mixing . Momentum is conserved , ~ = 1.

On the other hand if the pressure drop is rela tively large , H>>l and

the momen tum ratio simp l i f i e s  to

= ( 1 + M)~
2 

(7)

so that the thrust increases with the entrainment ratio. The dependence

of ~ on intermediate values of H is sketched in Figure 5.

3.0 -

2.C 

~ii
1.0 

,
,, M = 1

0 0.5 1.0 1.5 2.0

H

F i ~~t i r e  5 . Jet  Thrus t  Augmentat ion as a Funct ion of Entrainment and
Pres sur e Drop

9 
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Thus, ejector thrust augmentation is generated by the turbulent mix-

ing of the primary jet and secondary stream in a region of reduced

pressure. The increase in thrust that results when the mixed flow

returns to ambient pressure appears as a reaction force on the ejector

shroud. Although these forces are related to the mutually induced

forces on a vortex and sink in irrotational flow, the flow through the

ejector actually includes regions of interacting irrotational and turbu-
lent fluid , subject to lateral straining, and streamwise curvature , with

variations of temperature and density . In the following section a
method of calculating these forces in a real fluid will be developed

f rom the princip les outlined in this section.

10
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INV ISCID , OUTER SOLUTION

Jet Sink Distribution

The Navier-Stokes equations for steady fluid motion are elli ptic ,

which means that the domain of influence of a point disturbance is the

entire flow volume. That is, pressure and stress gradients transmit

the effect of local disturbances to every other point in the flow; thus ,

the flow through the ejector depends on boundary conditions outside the

ejector as well as within the shroud . The basis of the present analysis

is the separation of the flow field into two regions: the region of

viscous mixing within the ejector and the inviscid region around it.

Significant elliptic effects ~~e tr ansmitted through the press ure field

of the external flow , while the turbulent mixing is accurately calcu-

lated for the internal flow. Short of solving the full Navier-Stokes

equations , matching the solutions in these reg ions is the only way to

pred ict ejector performance. Since i t reduces the requirements for
c omputer t ime and storage , the matching procedure has some advantage

over the full solution.

The circulation generated around each section of the ejector shroud

will he calculated by solving a system of equations which specify that

the shroud must be a streamline of the flow induced by the entrainment

of the jets . For this calculation , the strengths of the sinks which

represent each jet are considered to be known. These streng ths are

determined from the turbulent mixing of the jets computed in the vis-

cous solution during the previous iteration .

The entrainment of the central jet is represented i~y a series of

overlapping , triangular sink distributions on the axis of the ejector ,

as shown in Figure 6, Each distribution is identified by the index of

i t s  ~~ntra l point , where the streng th of the sink is qj; every pane l is

11
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Figu re 6 . Triangular Sink Panels on the Axis of the Ejector

the same length, 2s. ~n incompressible flow, the horizontal and 
verti-

cal components of velocity induced at an arbitrary point P(x, y) by

such a distribution are given by:

u (x ,y)  = ~ J’ 2L4 (1  ± ~) dE (8)

j

v(x ,y) = c~ f —~~~~~~~~~ (1 ± ~ ) dE (9)

in which ~ is a coordinate on the path of integration over the panel ,

and r is the distance [(x _~ ) 2 + y2]
11’2
. The p lus sign (+) is used for

the rising side of the triang le, from -s to the center , and the minus

sign (-) for the falling side , from the center to 4-s. The in tegra tion

of these expressions is given in Appendix I.

12 
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The surface of the ejector shroud is repr€sented by m source panels

of different lengths , 1j, and uniform strength , ~~ 
as shown in Figure

1 . Because a sing le sheet of sinks cannot provide the jump in entrain-

ment necessary to model the presence of a wall jet on the inner surface

of the shroud only, both the inner and outer surfaces must be represented

by source/sink panels. The horizontal and vertical components of veloc-

ity induced at an arbitrary point by a uniform source distribution are

g iven by:

u(x ,y) = q .  I —
~~~

-—— dE (10)) J  2,rr2

J

v(x ,y)  = q• J’ ~~~ d~ (11)
-~ 2’rr2

3

~ i~~ur~ 7. Un iform Source/Sink Panels on the Surface of the Shroud

13
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These expressions are also integrated in Appendix I. The velocity com-

ponents induced at each point in the flow are obtained by adding up

the contributions of every panel.

Shroud Vorticity Distribution

A vortex lattice method was used to determine the circulation density

of the shroud . The continuous vorticity distribution is replaced by n

discrete vortices of strength r~, located at x3, the quarter chord of

the panels shown in Figure 8. It was found that better results were

obtained if the vortex sheet is placed on the inner surface of the

shroud , rather than on the mean camber line. All the flow singularities

which represen t the shroud geometry and jet effects must induce the

known entrainment (inflow) velocities on the surface of the shroud.

However, the source/sink distribution on each surface already satisfies

this boundary condition. Therefore , the resultant of the velocities

induced by all the other singularities must be tangent to the inner

Figure 8. Discrete Vortex Lattice on the Inner Surface of the Shroud

14



~urface of the shroud ; that is , the normal veloci ty induced by the
vor tex shee t mus t be equal  bu t opposi te to the no rmal veloci ty induced
by the central jet and opposite wall jet.

l’he vortex strengths are determined by sa tisf ying this  boundary
condition at n points which correspond to the three quarter chord

station on each panel. In calcula t ing the veloc i ty induced by the
vortex sheets , it is convenient to simultaneously conside r the inf l u e nce
of each vortex and its image on the opposite side of the ejector. The
hor izontal and vertical components of ve locity induced at a point

P(x 1, y~ ) by the vortex pair of strength I’j at the points P(x~~ Yj ) and
P(x~~, -y1 ) are

u(xi, y~
) = (yj 

- 
- 

Yj + 
Y i )  

~~ 
(12)

2irr1~ ZlTri ,_j

v(x
~ , Yi) (xi 

-x~ + 
x1 - 

xi ) 
~~. (13)

27rrij 2lrri ,_j -~

2 1/2in which ~~~ = [(xi - x~~)
2 + (y

~ - y~~~~) I is the distance between

points . Thus, the contribution to the velocity normal to panel-i by

both vortex sheets is

V~ ~~ 
(b jj cos - 

~~~ 
sin c~~) r~ (14)

3

j fl which the inf luence  coef f i c ien ts, ajj and ~~~ have the form given

in Equations (12) and (13), and x 1~ is the angle of panel-i relative to

the eiector axis. Similarly, the normal velocity induced by the central
jet and the opposite wall jet is

V 5 = ~~ (d 1~ cos — c
11 sin a 1) q

~ 
(15)

3
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in which the range of the index j  is over both jets , so tha t the

inf luence  coeff ic ients are given by Equations (8) and (9) or Equa t ions
( 10) and (11), as appropriate. As pr eviously noted , the sink streng ths
are known , having been determined by the solution of the turbulent mix-

ing problem in the previous iteration.

Since the resultant of the normal velocities induced by the jet and

vortex sheet must be zero, V~ is set equal but opposite to V~ at each

control point ,

-V 5. = 
~~ 1) (16)

The summation convention for repeated indices is intended to app ly.

Thus , this expression represents a set of simultaneous algebraic equa-

tions for the F
3
. The influence coefficients , ~~~ 

have the form given

in Equation (14). This equation was solved for the rj by triangulariza-
tion of the coefficient matrix.

16 
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P I

VISCOUS , INNER SOLUTION

Governing Eq’iations

The entrainment which represents the effect of the jets is calculated

from a solution for the turbulent mixing within the ejector. It is

possible to calculate the rate of entrainment without solving the com-

p lete three-dimensiona l mixing problem , by taking advantage of the flow

geome try . S ince there is a primary direction of flow (through the

ejector) it is assumed that the thin shear layer approximation can be

app lied. This reduces the governing elliptic equations to a parabolic

set. The effect of a disturbance is confined to regions downstream of

t he  d i s turbance , and so the equations can be solved by marching throug h

the ejector in the streamwise direction. This results in considerable

savings in computer storage and time compared to a solution of the

el l i p tic mixing problem.

The two-dimensional flow in an ejector cross section is governed by

the continuity equation and the strearnwise momentum equation . The thin

shear layer approximation means that the gradients of the normal stress

are negli gible , and the pressure P is cons tant in each p lane normal to

the direction of flow. Thus, only shear stresses cau sed by velocity

gradients across the flow are significant. An addi tional assumption

that the fluid density p is uniform was also made . Under tnese assump-

tions , the equation for the conservation of mass and momentum through

the ejector become:

Cont inui t y:  P -~ = 0 (17)

~~r dP
Momentum: pu ~~

— = 1~ 
- ( 18)

17
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Here , u is the time averaged veloc ity in the streamwise direction , and

r is the turbulent shear stress. Laminar stresses are assumed to be

neg li gible.

In order to provide accurate calculations of the turbulent stresses

in each region of the flow (initial and developed sections of the free

jet, inner and outer layers of the wall jet, and the merged region) the

advanced two equation turbulence model of Launder and Spalding~
8
~ was

used for turbulence closure. This model employs differential equations

for the turbulence kinetic energy and its rate of dissipation ; the eddy

viscosity at each point is calculated from these quantities . This

approach has previously been used in more complex jet flows by DeJoode

and Patankar,14) where it yielded sat isfactory resul ts .

According to the usual eddy viscosity assumption , the turbulent

stress is first expressed in terms of a turbulent viscosity ~~~~ and the

veloci ty gradient in the cross stream direction:

(19)

The two-equation turbulence model developed by Launder and Spa1ding~
8
~

gives the turbulent viscosity in terms of two parameters , for which two

differential equations are solved. The expression for turbulent vis-

cosi ty is:
c~ p k2

E 
(20)

where cp is a con stan t, k is the kinetic energy of turbulence , and E

is the rate of its dissipation . In two—dimensional parabolic flows ,

the governing equations for k and e are:

= 

~~ ~)+ c - pE (21)

~ ‘~~ t aE~~Pu~~~ 
~

—
~~~

--
~~

--)+ (c 1G 
- c 2 p E) j~ (2 2 )

18 
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The quantity C is the rate of generation of k by the a c t i o n  of the

v ( - l o c l t y  gradient and i s  expressed as:

G = 
~~~ (~~

) 
2 

(23)

Th is turbulence model involves five empirical constants. According

to the recommendation of Launder and Spa1ding~
8
~ the following values

of the constants are appropriate for ordinary jets:

c~ c1 c2 ~k

0.09 1. 44 1. 92 1.0 1. 3

The effect of hypermixing~
5
~
6) can be simulated by increasing the value

of c 1~ by a fac tor of 5 to 6 in the central  jet .

Method of Solu tion

The procedure used to solve the governing equations is very similar

to the method devised by Patankar and Spalding .~~~ The equations are

transformed from a Cartesian coordinate system (x,y) to a (x ,w) system

where w is a dimensionless stream function defined as:

= , (24)
~‘total

where d~, = pudy and ~&total is the total mass flow rate in the computa-

t i nal domain. The method emp loys a finite-difference marching proced-

ure; from known conditions at an upstream cross section , x, the flow

fi eld at the downstream cross section, x + ~x , is computed.  This
marching process is continued until the domain of interest is covered.

The in i t i a l  condi t ions  are determined from the velocities induced in

the ejec tor inl et by the vorticity distribution obtained in the outer

solution on the previous iteration. The finite—difference equations

~re formed by integrating the differential equations over a small

control volume surrounding each grid point. The resulting non-linear

19
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equations are li nea rized by using upstream values of the flow variables

to evaluate coefficients involving cross stream convection and diffusion .

The equations are solved by the use of the tn -diagonal matrix algorithm .

The procedure emp loyed for evaluation of the unknown pressure grad-
ient that appears in the momentum equation requires special mention. A

technique developed by Sparrow, et ai(10) is used to determine the

correct value of dP/dx. Briefly, a non-linear equation for dP/dx is

derived by combining the momentum equation with the constraint that the

value of dP/dx must result in values of u which satisfy the requirements

of continuity. This equation is solved by an iteration algorithm that

is an adaptation of the Newton-Raphson procedure. The convergence is

fast and the procedure eliminates the arbitrariness and the resultant

inaccuracy of the technique originally developed by Patankar and

Spalding .

Jet Entrainment Rate

The jet entrainment is derived from the solution for the turbulent

mixing within the ejector. In principle, the entrainment can be

obtained by integrating the jet velocity profiles, and finding the

difference in mass flux between successive stations. However, practical

difficulties in defining the jet boundaries introduce considerable error

in calculating the mass flux, and this procedure cannot be used at all

beyond the point where the jets merge. For these reasons a method was

developed for  detenuining the entrainment indirectly, from the pressure
rise wi-thin the ejector.

The connection between the entrainment rate and the pressure rise is

i l lus tra ted in Fi gure 9 , which shows the spreading of a sing le jet in a

straight duct. As the jet spreads, fluid is entrained into the primary

stream and the velocity of the secondary stream is corresponding ly

20
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Fi~~ure 9. Spreading of a Turbulent Jet in a Duct

reduc ed . According to Bernoulli ’s equation , the static pressure in the

- & c ü n d a r y  stream rises. The boundary of the jet continuously adjus ts
to equalize the pressure across the duc t while providing the necessary

t ntrainment. Mixing continues downstream of the point where the jet

has —p rcad to the walls , and the pressure rises accordingly. The
static pressure can be re lated to an equivalent secondary ve locity in

t h i s  reg ion. Th i s  v e l o c i t y  is shown in Figure 9.

The entrainment of the jet between two successive stations can there-

f o r e  be c a l c u l a t e d  as the  q ua n t i t y  of f l u i d  tha t  must  be removed from

~hc o (condary str ( am to produce the observed pressur e rise :

= p ( 2 I p~~. 1 / P )
h 1’2 

A . 1  - p (2
~
P 1/p)

”2A
~ 

(25)
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in which Bernoulli ’ s equation is u sed to express the secondary velocity
in terms of the local static pressure difference , AP~ 

= - Pi. For

the general case , the cross sectional area of the duc t , A~ , may vary
from station to station. If there is more than one jet within the duct ,

as in the present configuration , the total entrainment is apportioned

between the jets according to the relative spreading rates.

The sink strengths that will represent the effect of the jets in

the inviscid calcu lation are dete rmined f rom the entrainmen t of each

jet. An entrainment velocity , Ve, is derived from the mass entrained

between successive stations, dt~, according to the definition ,

V = 
~‘e/ 

p A x (26 )

in which Ax is the distance between stations.  For the central jet , the

strengths of the are determined by setting the veloc ity induced at

the midpoint of each triangular distribution equal to the entrainment

veloc ity at that point , it is shown in Appendix Ii that q
~ 

= 2V e at

each control point.

The strength s of the qj for the wall jets on the surface of the ejector

shroud are determined by simultaneously satisf y ing the known entrainment

(in flow) boundary condition due to the wall je t  on the inner sur face of the

shroud , and the cond ition of zero flow through the outer surface.  By
a transforma tion of coo rdinates , Equations (10) and (11) are used to
calculate the normal component of velocity , V , induced by the j-th

source distribution at the midpoint of the i-th panel. In Appendix II,

the velocity induced at the midpoint of panel-i by the source distribu-

tion on panel-i is shown to be V 1 = q~/2. The contribution of every

pane l , including panel-i , is added at each control point. The normal

ve locity componen t at each cont rol poin t is given by the summation ,

= ~~ (v j j  cos 0ij — Uij  sin Ojj)

3

in which is the ang le between the normals to panels i and j .

22
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The induced  veloc i ty is set equal  to the r~~ u i red  ent ra inment  ve loc i t y
V~ at each control point , y ielding a set of m s imu ltaneous al gebraic

~. ( 1tt a t i O f l s  f o r  the q
~~,

Vei = B1~ q
~

in which the influence coefficients give the velocity induced at the

point i by a sou rce of uni t s treng th on panel j .  This matrix equation

is solved for the qj by triangularization of the coefficient matrix ,

B1 1 . The solu tion y ields sinks (negative sources) on the inner surface

o f the shroud and posi tive sources on the outer surface of the shroud.

Sinc he reaction to the thrust of the mixed stream appears in the

pressure distributio n on the surface of the shroud , the whole e f f e c t of
the turbulent mixing is represented by the strength of these sinks.

The velocities induced by the sinks determine the strength of the vortex

she t and the pressures on the shroud. Conversely,  the requiremen t tha t

the total vorticity must satisfy the Ku tta condi tion de termines the ra te
of entrainment by controlling the initial velocity of the secondary

stream. The actual strength of the sinks and the magnitude of the cir-

cul ation are determined by i tera tion be tween the turbulen t and inviscid

~olutions , as de scribed in the nex t sec t ion.

23
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SOLUTION MATCHING PROCEDURE

Method of Iteration

The inner and outer routine s are incorporated into a sing le compu ter
program which yields a matched solution by itera t ing be tween the ra te
of entrainment by the jets and the circulation around the shroud. For

a simp le ejec tor having a sing le primary jet , the me thod of iteration

is rela t ive ly straightforward. The sequence is outlined in the following :

1. An assumption is made for  the magnitude of the secondary veloc ity

at the inlet of the ejector.

2. The entrainment of the jet is computed from this initial condi-

t ion by marching through the ejector with the turbulent mixing routine.

3. The equivalent sink strengths within the ejector are calculated

from the pressure gradient. Downstream of the ejector exit , it is

specified that the sink strengths decay as in a free jet; that is , as

4. The vortic ity dis tribution is computed with the inviscid routine ,

by requiring that the shroud be a streamline of the flow induced by the

sink dis tribution .

5. The velocity induced at the ejector inlet by al l  the s inks and
vo rt ices is calculated and compa red to the ini tial guess.

If these agree , the solutions are matched. Otherwise , steps 2 throug h
5 are repeated until convergence is achieved , or the rou tines break down
due , for example , to flow sepa ration f rom the inner surf aces of the shroud .

Since such elector configurations separate at typ ically low inlet  and
d i f f u ser area ra tios , without producing signif ican t augmenta tion , these

are of limi ted interest. When wall jets are added to prevent separation ,

the maximum augmentation increases , but a new flow phenomenom complicates

24
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th :il culation procedure . Curvature of the jet sheet leaving the

trailing edge of the flap , as shown in Figure 10, suppor ts a low pres-

tire region behind the c~ ec tor. More l and Lissaman~~~~ pointed out the

similarit y of this action to that of the jet flap , and descr ibed the

phenomenon as a ‘
~je t flap diffuser . ’

Because the pressure difference is supported by the mome n tum of the

‘ tu~ t j e t , wh ile the jet momentum depends in turn on the pressures at

th ejec tor exit , anothe r calculation is required to determine the

int l t j t - n - t  of the jet flap diffuser. Triis influence was determined using

in app roach developed from the classical jet flap theory of spence .(12)

Itie p ressure difference across the trailing jet sheet is related to the

strength of an equivalent vortex sheet ,

p uY - P  (29)

I
I

’

I i ~:ur 10 . í~urvaLure of the Trailing Jet Balances the Pressure Differenc e

25
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so that the basic mathematical problem become s finding a vorticity d is-

tribution which makes the jet sheet a streamline of the flow. Since the

pre ssure d i f fe rence  is balanced by inertia forces due to curvature of

the je t shee t, as shown in Figure 10, the radius of jet curvature , R,

is given by

(30 )

in which J is the thrust of the wall jet at the ejector exit. To a

first approximation, both the jet thrust and radius of curvature can

be assumed constant.

These two additional boundary conditions for the shape and strength

of the je t f l a p  diffuser are satisfied as part of the iteration to match

the inner and outer so lu t ions .  The calculat ion sequence in this case is
similar to that outlined previously:

1. An assump tion is made for the secondary velocity at the ejector

inlet.

2 . The turbulent mixing routine is used to compute the development

of the in terna l f low up to the ejec tor exi t.

3. The curvature of the jet sheet which defines the boundary of the

je t f l a p  diffuser is calculated according to Equation (30) from the ex it

pressu re and wall jet thrust.

4. Considering this jet sheet to represent a solid boundary , compu-

tation of the turbulent mixing is continued through the jet flap diffuser .

5. The equivalent sink strengths are determined within the ejector

and jet flap diffuser.

6. The vorticity dis tr ibu tion on both the shroud and je t f l a p  dif-
fuser are compu ted with the inviscid routine.

7. The veloc ity induced at the ejector inlet by all the sinks and

vortices is calculated and compared to the initial guess. Ste ps 2

throug h 7 are repeated until these agree.

26
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In this calculation the length of the jet flap di f fuser is def i ned

to be the po int where the  jet sheets become parallel to each other and

the axis of the ejector . When the i tera tion converges and the solu ti ons
are matched , the pressure  wi th in the ejec tor reaches a tmosp heric pres-
sure at this point. In effect , the Kutta condition for the vorticity

distribution is satisfied at the end of the jet flap d i f f u s e r , rather

than at the trailing edge of the ejector shroud. In general , this

approx imation gives good results. However , if the je ts do not merge
until far downstream of the ejector exit , Marsters~~~~ ha s ob served
th at the jets can curve back toward the axis and the pressures within

the jet flap diffuser can actually rise above atmospheric pres sure.

Furthe r development of the method will be required in order to obtain

a solution in such cases.

Evaluation of the Thrust Augmentation

[‘he thrust of the ejector is equal to the sum of the initial jet

thr ust p lus the force on the shroud . In pri ncip le , it can be evaluated

either by integra t ing the thrust of the mixed flow at the ejector exit ,

or by finding the resultant of the pressure and shear stresses on the

—u rface of the shroud. In practice , in tegra t ing the st ream thrus t is
- c1-i ~~ive1 y easy to do , wh i le a large numbe r of panels and an additional

ca lculation of the skin friction are required to evaluate the force on

shroud . However , becau se the pressure distribution is needed to estimate

surface loads and hinge moments , both calculations are performed.

The stream thrust is evaluated at the exit of the ejector. Althoug h

any station in the jet wake should give the same re sul t , the somewha t

- i rtificial treatment of the flow in the jet flap diffu ser led to selec-

tion of the exit p lane fo r this  ca lcu la tion . The thrust of the ejector

is Jven by

T = ~~~~u
2dy - (

~~a 
- Pe)Ae (31)
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in which 
~e 

and Ae are the static pressure and area at the exit.
Because the flow velocities are constant over a small control volume

surrounding each grid poin t , in tegration of the stream thrus t involv es
a simp le summation of the thrust increment from each control volume .

The static pressure is constant across the exit. It should be noted

that even though the pressure force is negative, lowering the exhaus t

pressure , as wi th the je t flap diffuser , results in a net thrust

increase. This is because the momentum flux is increased more than

the pressure force is reduced.

The surface pressure dis tribution is determined from the tangential

velocities induced at the surface of each panel. Ac tually ,  these pres-

sures are more represen tative of the pressures at the ou ter ed ge of
the wall jets. The high curvature of the wall jets over the leading

edge of the shroud induces a signi f ican t radial pressure gradien t —

across the jet. The resulting decrease in pressure at the surface is

given by

2
dP = - drw (32)

0

in which pu~ /Rw is the inertia force which resists the turning of the
jet , and o is the jet thickness. This contribution to the surface pres-

sure has not been included in the present analysis.
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RESULTS AND DISCUSSION

( . oi~pa r i -~un w i t h  Exper iment

In i i r t h r to e v a l u a t e  the  basic lifting surfac e theory that t he  f o r c e

on the  sh roud  is r e l a t e d  to the l i f t  on a wing,  the p r e d i c t i o n  of t h i s

ana l y s i s  w i l l  hc compared  to experimental data. There are no exac t

s o l u t i o n s  f o r  the surfac . pressures or thrust augmentation ; howeve r ,

c omparisons will be made with the results of classical analyses to

determine if the primary elli ptic effects have been correctl y predict ed .

A ske tch  of the t e st  ejector is shown in Figure 11. I t  comb ines a

s i n g le c e n t r a l  nozzle with Coanda jets on the inner surface of the

-h roud. A slot in  each endwall at the ejector throat provides a

boundary layer contro l jet to prevent separation of the flow from

these s u r f a c e s . In t h i s  c o n f i g u r a t i o n , 607~ of the primary f l o w  is in

the central let , 177. goes to each of the Coanda jets , and the remaining

Ficu r e 11 . Sketch of the Experimental Ejector
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7, of Hit - p r ima ry flow is divided between the two endwall jets. TIn-

j~- c t cL has a span of 36 cm , a length of 2i cm , and has a throat 12 cm

w i t h .  The inlet area ratio is approximatel y 11 .

The test ejector is supported on four t ~~x i b 1 rods wh ich are

att ached to a suppo rt ing frame. The net thrust is measured with two

load cells installed on connecting arms be tween the frame and ejector .

High pre ssure air is supplied to the- primary jets from a sing le sour ce ,

but the rate of flow to each nozzle is measured separate l’1, with a

calibrated venturi in each of the fe~1 lines. lntern~ l screens and

baffles are used to smooth cut spanwise variations in the je velocity,

so tha t the stagnation ~ressure is mcasured with a total pre~~ ure  pr obe

in the exit of each nozz1’~. The isentrop ic referenc e thr1.~ct is cilc~-

lated as the produc t of the measured pr imary mass flow and th vdoc i~ y

defined by an isei~~ropic expanston from the measured stagnation pres-

sure to atmospheric pressure. It is es t ima ted tha t the error  in these

measurements is within ±37. of the mean.

In F igure 12 the calcula ted change in the thrus t augment a t ion ra t io
wi th the diffuser area ratio is compared to experimental values. At low

d if f u s e r  area rat ios the thrus t augmenta tion is underpr e d icted by approxi-
ma tely 67., wh ile good predic tions of the maximum augmentation are

obtained. This result is a consequence of the approach taken in calcu-

la ting the je t f l ap  ef fec t. Because the length of the jet flap d i f f u s e r
is defined by the point where the jet sheets become parallel , the jet

d i f f u s e r  leng th goes to zero as the d i f fu s e r  ang le of the duc t is

reduced. Most of the discrepancy at the low diffuser area ratios can

probably be attributed to this effect. With this perspective , the

agreement between analysis and experiment can be judged satisfactory .

It should be noted that a plane slot nozzle was installed in the test

ejector to provide a simple , two-dimensiona l jet for these comparisons.

The augmentation can be significantly increased by installing a hyper-

mixing or multi-lobe nozzle.
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1 .0 I _j__
1 .0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6

Diffuser Area Ratio

- i ~;1tr ( I !. Comparison of the  E f f e c t of Calculated and Experimental
Changes in the Diffuser Area Ratio

Ihe calculat ed jet boundaries are compared with the measured

bound ari es in Figure 13. Since the turbulence constants were not

j t l 1u s t ~-d f o r  t h i s  case , bu t der ived f r om o ther f lows , the agreement
i • - p a r t i c u l a r l y good. The p r e d i c t i o n s  of the shape and length of the

j e t  f l ap diffuser arc also satisfactory. In Figure 14 the c a l c u l a ted

veloc ity distri b utions at three stations wi thin the ejec tor are corn-

pared . Fin- pro files from the inner , viscous solution show the spread-

Ii~ -, of the je ts , as well as the reduction in secondary ve1ocitic~~.

-( the d i f f u s e r  walls are diverg ing in this case , not all the

I i — i i i ~~ - i n  s econdary  velocit y is due to entrainment; both the jet and

trii n tla ry stream decel erat e as a result of the change in cross sectional

-~ 1
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Figure 13. Comparison of Calculated (- - )  and Measured (.) Jet Spreading Rates

Fi gure 14. Comparison of Velocity Distribu tions Calculated by Vi scous
and Inviscid Solutions
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Due to t b .  assump t ion tha t the static pressures are constant at each

a x i a l  s t a t i o n , the secondary velocities in the v i s c o u s  s o l u t i o n  are

unifor m ; further , there is no transverse velocity component. The

in v i s c i d  velocity distributions , shown on the other side of the ejector ,

i nd i  ate the exten t of the  ac tua l  skewness and the magni tude  of t i e

t r a n s v e r s e  v e l o c i t i e s.  Since the j e t s  are rep laced by equivalen t sinks
in the inviscid solution , the jet profiles are not seen in this case.

The secondary v e l o c i t i e s  are g e n e r a l ly u n i f o r m  within the diffuser

section . However , the ef f ec t of the hi gh inlet curvature reduces the

~econdary mass flow through the ejector: since the inlet pressures are

ma tched , the spe ed of the in le t f low is the same in each solu t ion , but

the inc l ina t ion of the invis c id veloci ty vectors produce s a “tilt loss”

in axial mass flow. Curvature effects can be added to the viscous solu-

tion , and this will provide a better match of the mass flows. The pre-

dicted pressure rise through the ejector and the sink strengths derived

from it are shown in Fi gure 15.

0.16 

~~~~~~~PIume 

1.0
.

U-

x /Chord

Fi gure 15 . Predic ted Static Pressure Gradient arid Equivalen t Sink Strengths
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Prediction of Elliptic Effects

According to classical momentum theories ,~~
2 ’~~’

4
~ the thrust augmenta-

tion ratio increases monotonically with ejector inlet area ratio. In

the l imit of very large inlet area ratios, the augmen ta tion approache s

1’ = 2.0, with no diffusion. With diffusion , corresponding ly larger

values of augmentation are predicted. This is because the parabolic

f low assumption constrains the secondary f low to be a lway s pa ra l le l  to

the ejector axis. The lifting surface theory (7)  correctly predicts that

the augmentation ratio approaches unity in this limit , as it must for

an isolated turbulent jet. But, as the inlet area ratio approaches

unity in the opposite limit , an unrealistic increase in the augrnenta-

tion is predicted. This is because the effect of the circulation

velocities in reducing the rate of entrainment are neglected.

Because it represents a merging of these two theories , the present

interaction analysis has the correct behavior in both limits. Figure

16 shows the predicted variation of the thrust  augmentation rat io as a

1 I I± ! I J
~~~~~~~~~

Inlet Area Rati o

Figure 16 . Predicted Ef fec t  of Inlet Area Ratio
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function of inlet area ratio , f or a cons tan t d i f fu s e r  area ra tio of 1.8.
The length of the shroud was kept constant , so that the ejector becomes

relativel y long at low inlet area ratios. In this case the pa rabolic

I low app roxima t ion is val id , and the augmen tat ion  is seen to ini t ia l l y
increase with the inlet area ratio. This is as predic ted by the

momentum theories. As the sides of the shroud are moved farther apart ,

the s treng th and inf luence of the circulation is diminished , and the
augmentation begins to decrease. This is according to the lifting

surface theory . Thus, the correct behavior has been predicted in each

limi t.
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CONCLUSIONS

A viscous/inviscid interaction analysis has been used to extend

classical momentum theories of ejector thrust augmentation. The

primary elliptic effects have been included by iterating between a

parabol ic  so lu tion for  the f low through the ejector and an e l l ip tic
solution for the f low outside the ejector.  Br ie f l y ,  a calc u lat ion of

the ra te of entrainmen t by the turbulen t je ts is used to determine the
eq uivalent sink strengths. The requirement that the ejector shroud :~
must be a streamline of the flow induced by these sinks is then used

to evaluate the circulation generated around the shroud. The influence

of the circulation is included in the next iteration for the rate of

entrainment. Comparison of the calculated thrust augmentati’on with

experimental data establishes confidence in the ability to predict the

comp lex ejector flowfield with this approach . In addition , greater

understanding of the principle of ejector thrust augmentation is obtained

from the analysis.

The present analysis can be improved by including compressibili ty

and je t tempera ture e f fec t s , and by refining the representation of the
flow singularities . More importantly, curvature effects should be

added to both the turbulence equations and the mean flow equations in

the viscous solution , and additional development of the jet flap dif-

fuser scheme should be undertaken.
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APPENDIX I

ELEMENTARY SINK DISTRIBUTIONS

In thi s Appendix the me thods of potential flow theory are used to

de rive expressions for the velocity induced by elementary sink dis-

tr ibutions. This derivation is based on the Douglas method of Hess

and Smith.(14) Conside r a d i f f e r e nt ial elemen t of a sink dis tr ibu t ion
located at the point P(E ,O) and having leng th d~~, as shown in the
sketch. The streng th of the sink element is qd~. In incompressible
f l o w , the magnitude of the veloc ity induced by the d i f f e r en tial sink
at a point  P(x ,y)  is

V = q dU 2 i ~r (1)

1/2
in which r is the distance [(x - + y 2

] . The velocity vector is

direc ted along r, toward s the sink. The horizontal and vertical com-

ponents of the velocity are given by

u = v cos ~ = .a~1 
(x - 

( 2 )27rr r

v = V s i n O = ~~~~~~~~ (3)27rr r

~~~~~

,,
,/

P(x

~

Y)
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The components of the velocity induced at the point  P(-x ,y)  by a
s ink panel are dete rmined by int egr at ing the cont r ibut ions  of a l l  the F
elements that make up the panel. For a sink distribution of constant

streng th pe r uni t length qj, the horizontal component of velocity is

g iven by:
S

u = ~~~ ~~ 
( x - ~~~)d~

2”~ J (x - ~)2 + y2a

integration of this expression yields

1/2 s
u = ~~~~~~ ln[(x - E) 2 + ~2] L
u = —~~~ ln1~ - 

~)2 t_i!1112
27r L x2 +y 2 J

Similarly, the vertical component of velocity is given by

S

v - ~~-~. ~ 
yd~— 2’i ) (x — E) 2 + y2

and int egration y ie lds

-l ~~- x  
~

v =
2~~tan 

( )

v = ~~.t tan_ 1 ( s~ 
) 

(6)21r x2 - sx +y 2

For a triangular sink distribution , varying from qj at x = 0

to zero at x = ±s, the horizontal and vertical components of velocity

are given by

u = 
qj[J~~~~ 

(1 + ~~~~ +J 2 ~ 
- 

-~~- -~~~~ - 1 _~~~~~~~~~
_
~~~~~~~~

_
~~~~~~~~

_
~~_
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v = q.ff~~~~~ (1 + ~ )dE + I Y (1 --J gj 2~rr 5 j  2ir r
L -s o 

-
~~~

integration of these expressions y ields

u = ~~~
{
~~[tan

1 

~ + :~ + y2 
)+  tan ’( x2 -~~~~~~ + y2 

)]
+ + l)ln(~~ 

+ s)2 + ~~2~~ /2 
+ - l)ln(--~~ 

)2 + 2~~
2
~

c x2 +y 2 S x2 +~~2

and

v ~~~{(~~
+ l )  tan ’( x2+:~~÷y2)+(~ - U tan~~ (~~2 ;y ± y 2)

- 4in ((x 
x2~~~y2 

~
2 

~ 

‘/2 
In ((x 

x2 ±y 2 
~~2 

) 

1/2] 

~ (8)

By suitable transformation of coordinates , these expressions can be
used to calculate the velocity induced by any panel at any other point
in the f i e l d .
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APPEND IX II

SINK ENTRAINMENT VELOCITIES

In thi s Appendix the velocities at the midpoint of each sink pane l
are derived in orde r to relate the sink st reng th to the entrainmen t

velocity. For a sink distribution having constant strength , qj, over
the interval  from -s to s , the vertical componen t of ve loci ty is g iven
by

v-~~.t I yd~ (I)— 2h1 J (x- fl2 +y 2

integration of this expression gives

v = ~~ tan_l( 
2sy 

) 

( 2 )2~r

Approaching the mid point of this panel, first in the limit as x —
~ 0 ,

then along the centerline as y -+ 0 y ields

v (0,0) =~~ 1 (3 )

Thus , the sink strength per unit length is given by twice the entrain-
men t veloci ty qj = 2V e.

For a triangular sink distribution which varies from qj at its center

to ze ro at each end , the vertical component of velocity is given by
Equation (8) of Appendix I. Approaching the midpoint of the panel as

before, first in the limi t as x -+ 0, yields,

v (0,y) = ~~ 
[
~~~~(s

2~~ Y2
)+ 2 tan~~ (f)] (4)

along the centerline. Then , as y —
~ 0,

v (O ,O) =~~t (5)

Thus , the strength of the sink is given by twice the entrainment

veloc ity, q3 2Ve, in this case also.
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