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I NTROD UCE ~IO N
The l i s t ’ of I l i i t l i I i iUil l  me an—square error ( M M  SI ’ t f i l t e r ing  f o r  predic t ion , e s t imat ion

and sn-t ooth ing has grown in i~ol 1tIIa rit ~ d u r i n g  the  last I’ew years.  To a large degree th i s
interest  may he a t t r i b u t e d  to the  corresponding g rowth  in the  areas of rea l—time comput ing
hardware and s of t w a r e . T h e  degree of soplt is t icat io n reached in these areas has made it t ’easi-
hk to construct  dedicated har d svare component ry  or in terac t ive ’  sol’tware algorit l iiis capable
of imp l emen t ing  MM SE f i l t e r ing .

As or iginal ly  developed 1w Wiener , I the theore t ica l  techniques  of M M SE f i l t e r ing  p er—
nut ted us to salve a n a l y t i c a l l y  f o r  the  l inear  f i l ter  impulse response. Th is would min imize
tile mean—squared error b etween the  f i l te r ’s ou tpu t  signal and a desired signal.  We have co n-
siderable t’reedom iii choosing th is  desired signal:  the specific app l icat ion de termines  i ts  choice.

One possi b il i ty enab les us to use the ou tpu t  of a l inear  f i l t e r  and to predict t he  f u t u r e
values ot ’ a t ime series when we kn ow i t s  Present and past values. The opt im al  f i l te r  impulse
response (w h i c h  min imizes  the  mean sq uare of the  error b e tw een  the  f i l ter  ou tpu t  and tile
selected t ime series va lue )  appears ( i n  the  cont inuous  case ) as the  solut ion to a Fredh olm
integral equat ion  of the first k ind .  Solution strategies fo r  th i s  equat ion  have been developed
(
~v a number  ot’ aut h o r s ’3’4 b r  several signal and noise s i tua t ions .  For the case of discre te
da ta , the  solut ion t’or the opt imal  L— le ngt h f i l ter  c o e f f i c i e n t s  appears as the  solution vector.
w~~. to ti le w e l l - k n o w n  discrete Wi en er— Hop f ma t r ix  equat ion:

R h = P ~~. ( I )

In  Equat ion  I , R is the  L X L autocorrela t ion matr ix  of the input  t ime serie s , h is the  L X I
vector of ’ tile opt imal  weight cOe ft ic i eontS ( t h e  discrete impulse response of tile f i l t e r )  and
is the L X I autocorre fa t ion vector wi th  autocorre lation elements

( 2 )

L —  1 )

where ~ is the  predict ion dis tan ce in sampling intervals.
l’he ma in  d i f f i c u l t y  in solving Equa t ion  I is the estimation of t h e  t rue autocorrelat ion

l , I ~!s , ~~~~~ t . or the  t i m e  series under  examina t ion .  This in itself is an area of act ive current
re search. In  ac tua l  systems , we are given a f ’in i te  amount  of data I’rom which to est imate the
a c tu a l  lag v a lue s .  This introduces some degree of unc er ta in ty .  This work examines  the theo-
r et cal  ease of assuming the autocorrelat ion lags known exactly and develops an ana ly t ica l
so lt i t io t i  to E q u a t i o n  I . Solut ions  d eveloped for th is  ideal cast’ are u sefu l  t’or comparison w i t h
U L t  ual p rocessl lr s  which  approx imate  solutions to h from f in i te  segments of noisy da ta ,
.~~lt l t i  nigh t h i s  is a n a t u r a l  app l ica t ion  of the analysis  in th is  paper , we wi l l  confine the  present
work to e x a m i n i n g  the  pro p ert ies of the theoret ical  solut ions to Equat ion  I

The speci lic case to he examined is tha t  ol’ h and l imi ted  ( BL ) signals corrupted by
II lwpass  noise . Au examp l e’ is th e  signal generat io n by a Gaussian random process of a band -
l imi t ed  signal and the noise charac te r i s t i cs  of the  media exh i b i t  the fami l ia r  I F’’ l’r equenc~



r ~~~~~~~ 
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absorption. All anal yt ical  t e chnique ’  known as t h e  method of unde te rmined  c o e l f i c i e n t s  is
applied toward the solut ion of Equat ion I fo r  th i s  case. Early theoret ical  work done b y
Zadeh and Ragazz in i devised this method for  cont inuous  systems. ~l’he met i lod was
adapted to the discrete case by Kru t ’ko 5 and Solodovt i ikov, t

~ More recently,  general
properties of ’ the discrete method were examined by Satorius and Zeidler . 7 l’iie discrete
method was the n app lied by Zeidl er CE al 8 to solving E qua t ion  1 for  the  case of mu lt ip l e
sinusoids iti uncorre lated noise and by Satorius and Ze idler 9 to tile CU5C of n l u l t ip l e  sinu-
soids in Iowpass noise. To fully examine the effects of a noni .ero bandwid th  signal 111)011 t i le
resulting opti tual  t’ilter s t ructure . the input  is l imited to one comp lex band l imi ted  signal in
lowpass noise . Motivat ion for examining t h is case’ stems f rom Reference 8, Th at work
reveals that  as long as the frequencies of tile complex exponentia l s  comprising sinusoids
are sufficiently separated , there is effectivel y no interference between each complex expo-
nential  solution. Solutions corresponding to real sinusoids then become linear superposi-
tions ot’ the complex exponent ia l  solittions ,

ANALYSIS
The matr ix  Equation I may be expanded into its L components  to become

~~~ øxx ( k ) h ( k ) xx~~ +~~~ ~~~O . l L - l .  ( 3 )

For the specifi c case of one BL signal in lowpass noise , the form of the autocorrelat ion lag
I
~ x x ( t~) becomes

~ xx~~ 
= ~~~~~~ + u~ e ’a5~~ eJ~~~S~

In  Eq etation 4,

= noise mean-square power

a; = signal mean-square power

aN . ~~ 
= correlation parameters of noise and signal , respectively

= radian center frequency (rela t ive to N v q u i st  ) of complex BL signal

Following the method Olt tli l le d in Reference 7 . we assume the general solti t ion to
Equat ion 3 t’or the case of ’ a complex BL signal in lowpass noise to he:

l i ( k ) = ~~~~ Bm z~~ + C l ~( k ) + C , ~~( k - L - l .  k 0 . I L - I ,  ( 5 )

In  Equat ion  5, the Bm, (‘I and (‘~ are complex coefficients ,  as yet undetermined : tile xiii are
damped complex exponent ia ls  of the f’orni z 11-1 = exp (p 11 ÷ jO m : and the del ta  func t ions
6) ) are due to the end effects  of the f ini te  length t ilter.

The solution strategy is to subst i tu te  Equat ion  ~ b r  the  optimal weight vector and
Equat ion  4 for the  autocorrel at ion func t ion  in to  Equa t ion  3 and solve the  set of ri’sulti uig
equations for (lie u n k n o w n s  Bm, 7 m~ 

(‘i and ( .  Applying  this  t echt i ique yields six

4



etluattoi ls  ifl Six u n k n o w n s , ss h t e i i  may t h e n  he p , i r t l l  to l le d ( ‘ L I I I  J I I u ~ l i t  t he  f o l h i s w i i u g  con-
sl’st t’I l t ’V I’eq Li i r e n u e n t  s:

I .  ‘I ’ he coe l f i c i e n t s a i  ~~~ iii t h e  r e su l t a n t  s t i h s t i t u t u t i u  i l l u l s i  he eq t i ; i I  b u ) r  I.l er~ ( I f

t u e  e q u a t i o n :

2. I h e  coe f f i c i en t s  ol ’ e ’<
~~~ and ~~~~~ mus t  s imi l : i r l y  e q u at e  ar id

3. flie coe f f l c i e l l t s  (If ~ ~~~ + ~~~ and e t t
~ 

+ ~~~ Ii l Lt S t  also equa te

(~o I i l i t l o l l  I leads to a complex q u a d r a t  iL eI.h t l a t i o l l  svi i ich na~ he solved f o r  t h y ’ corn —
ple .\ ex p on eu t i a l s  / 1 audI ‘2- (‘ond i l  ions 2 and 3 iiive a ~et of f o u r  e q u a t i o n s  in the  r e m a i n i n g
thu r  u t u k n own s  ( B~ B2 . ( 1  , ‘

~~ 
‘I ’h us the u n k n o w n  parameters  ( I f  i’ . i u a t i on ~ m a y  he

b ound :ind the re sul t ing opt in ’ial weight  vector  de t e rmined  -

A p p l y i n g  c o n d i t i o n  I g i S  es t i le  f o l l o w i n g  equa t ion

:1 I
U
\ f -, 

~~~~~~ 
N 

- 
I - / ~n NL ‘I~~ lii

I 
- - 1=0 ( H )

‘~ V — 1rn e
”
~~ ~~~~~ 1 — Z ni eas _ J W

sj

svhich a l ter a f ew  oper at ions leads to

sinh a N (i — 2 cosh u~ e jW s ~ ÷ ej 2 Ws)
+ e~~~s sinh a5( zj j  — 2  cosh aN z~~ + I )  = 0. ( 7 )

Equa t ion  Al 7 in the Appendix  shows tha t  t i l l s  is e q u i v a l e n t  to t i l e  cond i t i on

( 5 )

where N z )  is the  7—tl on la i li  polynomial  represent ing the  numera to r  of the power spectral
densi ty 5x x (~~

) given by

N z
S~~ ( Z ( j5~~( Z 

~~~~~~~~ ‘ ( 9 )

In  Equat ion ~~~. D (z )  represents  tile d e n o m i n a t o r  z -po hyno rn ia l . Øxx (~~
) is the alt tocorr el ation

f u n c t i o n  f’rou-i Equa t ion  4 and Z 
~~
‘ } signit ’ies the  z—trans t ’orni operat ion.  Equation S states

t h a t  the ~~~ re located at the zeroes of ’ tile i npu t  spectral density . For the case of one BL
complex l ine  the  zeroes are given by the  pair ~7 I Z2 } wilich are reciproca l to the uni t  circle
on the ’  t req ( i e l i c V  rad ml 0 i

i 1 = e ”P ei 0 I  ( I O a )

i 2 e P eJ 0 l . ( 10 1) )

In  Eq u a t io n  10 . p is a measure of t he  closeness of ’ the  zero to the  uni t  circle and f o r  the
prese nt case , p > a5.

App ly ing  the  con Si s i eI leV condi t ions  2 and 3 . we obta in  t he  fol lowing set of equations:

~~ 
I 1 + B ~~[ 

I 
1~~~~ 1 =~~~ ‘N~~

—
~~l t’0~5J “ L 1 _ t 2 ’°N]

5

IL, ,, ~~~~~~ , .~~~~~~~~~~ :. ~~~~~~~~~~~~~~~~~
_

~~~~~-- -~~~~~~~~-— ‘



_ zL e~~NL _ ,L~~aNL

B 1 
I + B )  - +(‘~~e~~N~~~ 

l ) _ o  ( l i b )
— z 1 ~“~ N — I — z2  e”~N —

B 1 1 - 1 + B , I  - 1 
~~~ 

e( s + J W s~~ ( H e)
LI — z 1 eas _ iw

s] L’ .z i  eas _ J c .~sJ

_ z L e( s j w s) L1 _ , L e( _ a s _j w s) L1
B 1 . 1 +B ~ 

- 
- I ~~~~~~ e 5 +j W 5 ) ( L -  l

I —z 1 e
’ s ”JW s] — I ~~~~~~~~~~~ ] — 

( l i d )

= 0.

The sub stitt .t t ions t’rom Equat ion 10 are ti ler )  used in Eq u a t i o n s  I I fro m which  the
unknown coefficients may be determined and the solution for the  weight  vec tor  becomes

h ( k )  = B 1 e pk ej O l k  ÷ B2 epk ejO l k  + 
~ I 5(k) + 

~ 2 5(k - L + I ) ,

k = 0 , I L — I .  ( 1 2 )

ASYMPTOT IC PROPERT IES

Equa t ion  1 2, with B 1. B2 . C 1 ,  ( 2  } determined from Equat ions  I I . gives the gen-
eral solution for the  weight vector f’or arb i t rary  f i l ter  length L . signal b a n d w i d t h  parameter
a5 and noise bandwidth  parameter  a~~. However. more insight in to  the propertie s of the
opt imal  impulse response may be gleaned b y considering a few asympto t i c  propertie s of ’ t h e
gene ral solution.

LARGE FILTER LENGTH , L

First . consider t h e  f o rm of the  impulse  response as the  f i l t e r  length  L becomes larger
and larger ( L 00 in the l i m i t ) .  N o t e  t i - ta t  the  te rm ePk present in E q u a t i o n  1 2 is unbounded
for  increasing k For L unbounded . this wi l l  cause an unbounded  solut 1(111 f o r  t h e weight
sector . Thus , if we consider the case of long f i l t e r  length 1. ) L 00 in the  l i m i t ) ,  t h e  coef f i -
cients B’ niust he e( lUaI ident ica l ly  to /ero to give a stable so lu t ion  for Ii ) k ) . \ V it l i  th is  sin - i—
p l i t y ing  assumption . t h e Eq u a t i o n s  I I  a and I I c become

B 1 1 ~ l+(’ 1 = e
_ 0 N~ ( 1 3:t )

[I -z~ caN]

B 1 F I 
. 1 +~~~. =~

(— a 5 +Iw 5 (
~

[i — z 1 e’~s ”J(” sj I
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which may it y ’ ) I s y ’~i for  B and ( to give:

B = ~~~~~~~~~~~ eJ H l  ~e°~ P eJ~
0 l — w 5 ) 1 I c  — e ’~~~ sH ( l 4 . i )

N - ~ e~0 — e~~ P e~
0 I —

C ~~~~~~~~~~~ 

( L  - e°s ~~ ei~0 l  — w5) 1 I e -~N~ _ e (_ a s + j
~~sH 

( 1 4 h )— 

y,° N P eJ0 I _ e n s p ej ( O l w5 )

N i a k i u g  (lie approx imat i on  B’ 0 in Equa t ion  l i l t  gives the  fo l l owing  expressi on f o r  ( 2 :

L-pL ,j O ILl
C~~~ e ’° N I  I -  (IS )-

But l ’or the  long l ’i l t ~ r length  ease ft ~ 4/ in . the  f a c t o r  ~~~~ asv n lp t ot i ca l ly  approaches zero
and thus  ~

‘2 vanis h es.
Ut e re to re . fo r  the  case of very long f i l t e r  l eng th  t i l e  o p t i m a l  w e i g h t  sec t  or red net ’s to

the following approx ima t ion

i l ( k ) ~~~B 1 e Mk ej O l k +( ’ 1 5 ( k )  k 0  L -  l : L ~~~~ . ( 1 6 )

Tile weight  vector  given 1w E q u a t i o n  1( 1 has tv ~ o par ts :  a daml)ed complex ex p one n —
ial osc i l la t ing  at t ile freq uency of (lie spectral  zero of the  i n p u t  l ) r oL ’ess . and a n in Pulse of

streng th 
~

‘ 1 e x i s t i n g  in the  first  weight  I’ he damped e x p o n e n t i a l  t l ecavs away  f r o m  t h e
l) eginning of the  f i l te r  w i t h  an envelope d e t e r m i n e d  by the value of ’ p . the  ze r o— d am p in g
parameter.  For very small M . th e  osci l la tor  f u n c t i o n  is almost a pure s inu soida l  term : fo r
larger p (lie solut ion decays to zero qu ick ly .  The impulse (‘ 1 5 ( k )  g i se s  a va lue  C1 to t h e  ir st
k = 0) weight  only  Phys ica l ly .  the  H L signal may be though t  ol’ as causing the da mped

exponential  p ort ion of ’ h ( k) ,  whi le  the Iowpass h O i s t ’ con t r ibu tes  t he  impulse  wi t  Ii m a g n i t u d e
C 1 5 ( k ) ,

Once the  impulse respon se h( k ) has i)een derived , t i - i c  t r a n s f e r  f u n c t i o n  H ( j w  ( of the
optimal filter may be determined by taking ti - i c z—tra nsf orn i  of h (k  ) and eva lua t ing  around the
un i t  circle at z = eJW . TI-ills from E q u a t  ion 1 6.

H(z) Z ~ii (k)r ~~~li (k)z~~

B 1 ~~~Ie~~~
t
~°l ~~

h i k + ’1

or

11 ~e~~
1- + jO 1L 7 L1

I-Uz)=B 1 I - 
~~~~~~~~ 

( 1 7 )
L I — e P~~-10I ,—l J

Since L ‘~ 00, the exh )oiient ia i C
_
~ 
L :ipproaclit ’s zero , I sing t h i s  approx ima t ion  and

evaluat uri g at / = e.IW . flu e t r an sf ’er f u n c t i o n  I l (j w  ) becomes7
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B 1H (j w )  . 
~~~ I ’  ( I X )

I ~ e~~~e
J(01 ~~~

‘Thus , the op t imal  transfe r func t ion  has a c o n s t a n t  b ackground component  of con p lex va lue
C’ I (given by Eq uat ion I 4h) plus a cd )t l lponell t  ii Lie to tI - ic B L signal presence . I l i e  spectra l
peak of ’ th is  l a t t e r  tertii is , in genera l , a f u n c t i o n - i  of all t h e para meters (as seen from Eq n at ion

I 4a ) and is not examined  f ’u r the r  in th i s  paper. I l owever , an e n l i g h t e n i n g  s imp l i ca t  ion resul ts
f rom considering the BL signal in wl l i t e  noise, which we do next.

WHITE NOISE AP I~R OXIMA TION FOR LON G FILTER LENGTH

~V iu ite  noise of ’ mean-sq lare power a~ can be approx imated  fro m Equa t ion  7 Nv
allowing L1\ °° l’hue z~ for th is cast ’ may he ob tained easily from Equa t i on  7 1w first
dividing by cosh ~N and t ak ing  the l imi t  as ~ N

o~ z~~ — 2 ( a ~ cosh + sinh a5 J eJw s zm + (J ~~ e~~~
2

~~~~~~ = 0. ( l~~t

m = I . 2.

From the  quadra t i c  fo rmu la  t’or complex n -iumhers and l e t t i n g

/ )
f u ;  - -a = coshi a5 +( —s-’ sinh as ( 2 0 )

\U\

Equa t ion  19 h a s  t I - ic  follo sving solut ions:

= ~~~~ [a _v’~ ”:”ii ( 2 1 a )

2 l h

B Itt from Equa t ion  1 0. it has been shown t h a t  z an t I  ‘2 appear at the  spectral  zero
locations of t l e  i n p u t  plo ces s . T i tu s . equa t i ng  E q u a t i o n  I D a  w i t h  Eq u a t i o n  2 Ia  and lOb w i t h

l b  gives ti - ic f ’ol lowing re la t ion :

e±P ej O l  = (a  ± V ’~~~— h 1  ~~~~ 22

Equa t ing  the real and imaginary  parts of Equa t ion  22:

p= ~ t-i I a — v ”~
’
~

’
~~i I  ( 2 $ a )

D l ~~~
)s , ( 2 311)

Fu r t h e r m o r e , f r o m  Eq ua i  ion 1 4)1 we see t h a t  as (l\ 00, ~~1 approaches zero . Suhst  i t u t  ing
th i s  resu lt  and E q u a t i o n s  23 in to  ( l i e a s y m p t o t i c  solut ion ( i :qii at  ion 16) fo r  h) k . s~ e ob i a i n :

h ( k ) ~~~B 1 I . i _ \ /~Tj I k e t() Sk 
( 2 4 )

k 0 , , . . , I. _ l : L — . oo .

8 
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. • \ r i  i m p o r t a n t  p r o p e r t Y  of ’ t he  i mp u l s e  re sponse f o r  t i r e  HI . signal  ii i  w h i t e  f l I l ( S L ’ is
St ’ t’li f r o n t  l’ uJ , I . I t i o l i  24 . N . i t n e l v . t i l t ’ ost ’ I h l , i t o t v  po r t i on  of ii )  k ( is at  e \ , I c t l \  t h e  c en t e r  I r e —
( lt l t ’nt ’y. LC 5. of t h e s i g l i a l  l t ’g , I r dlcss  of i l a l l d w i t l t h  . \ Ioreos ~- i - t i t e  i t n ~~ii lsL ’ — ( \  ~~ L ’ noise c on t r i—
b u t r o n  due I I I  

~
‘ I hi . t s  d i sap peared  f u r  t i l t ’ l t n i i t i n g  Last ’ of s~ b i t e  noise . I : t i r t h e r  ch a r a c t e r i s t i c s

of t i l t ’ s o l t t t i o n  are seen by col i s i t l er ing t u e  e f f e c t s  of ( i\  -~~~ 00 111)01) H I .  I ins I L I V  i)e e x a m
ined by f i r s t  n u i l t i p i v i l i g  t i l t ’ u - i u n t e r a t o r  an t i  ( l e lbOl i l i l l i t Ol -  of l t i i u a t i o n  I 4 :r I i ’, e ’°~ , i i \  mg

13 = I1I°~~ ~~~ ~.i0 l j  I — ~‘~~s ~ P~ J ( H l L ~s )
1 

[ L 0\~~ — e~~”s ~ lW 5~~I 
~~~ L i~ I _

~ .— ° N  ~~~~~~~~ ~b O I  — w 5 ) 
-

I :ik in g t h e  l i m i t  as —~~ 00 ,

t. i l l i  13 t’~~~ e~~
0 I i — e 5 1~ e~~

0 I — ~~s ) [ ~‘
( — t k  -f LC 5 )_ ~I = 

‘

e”P e t O l

Ru I 0 = w5 for  t h y ’ w h i t e  noise cast ’ and t h u s

B 1 = e
_t1 5~~ ( I — c°~ 

— I ej W 5~~, C (

H I  Is t h u s  L’olnp le\ w i t h  a m a g n i t u d e  d e t e r m i n e d  h~ t h e  b a n d s t i t l t h  of ’ t he  s ignal  ( d u e  t o O~~)

and de la y ,  . an t i  w i t  ii an u n i t  ml nhas t ’ d e t e rmined  Nv the  s ignal  cen te r  l ’requen cv w5 and de la y .
\~ ht’n h t u at ro n 24 i~ sl i b s t i ( t t t t - L I i l - i to  h ’q t i a t i o n  27 . the  so lu t ion  f u r  t he  w e i g h t  vec tor  becoln es

1 1 ( k )  e 0 5~~ ( l  — L ’~~~~~~~ ) c Pk ~ iw s ( k  + ~~) ,

O~~~ k~~~~L -  I .

Ti -ic solut ion is t h t r s  seen to he :i t ia mp et i  t’onh l ) lex e x p o n e t i t i a l  w i t h  i n i t i a l  phase tc,~~~ and
i n i t i a l  m agnit  t i de  0s~~ I — etk — P ) Fur  incre :isin g ~~. t i - i c  m a g n i t u d e  decreases as e_ 0 s~~:
ad eli t i o ui:r l l ~- . t h e  i n i t i a l  phase i n t ’re,i se’, as .~~ is incr easet i . 4Ti-ic t ransfe r i t i n c t i o n  is eas I ly ob ta ined  f rom i - q t i a t i o n  I S ll si rm g Equa t ion  ~ for  B I
and the  fact E t r a t  ( 1  = 0 f ’or w h i t e  noise:

L’1
~~~~~ ~~~~~~~~~~ ( I  — 

a5 P )
= . ‘

I — e~~ t ’ -~
1 ie 5 — w)

SEP ARATION OF SIGNALS FROM NOISE USING I ) ELAY PARAMETER . ~
• In d ist’retc ~

tu i e i i t ’r p r e d i c t i o n  t i t t  tr ’~ . we es t ima te  the  value of a il iserete t i l l - i c  series ~~
s.i i t ip les  in t o  t h t ’ f t u t l r r t ’ based on t i - i c  knowledge of i ts  presen t arid Past s ah ie s , Tha t  is . based

a kno wl e i ’ ‘t ’ of t h y ’ scquent ~e * ~x ( k ( ,  x ( k  — I )  x ( k  — I. ÷ I )  - . we form an \l \ I SE pr e—
I I  ft’I io n of x) k 4 ..~ ) .  T h i s  Is t’( l u ivaiel - It also to pred ic t ing  (lie present value of t i - ic (( t u e serie s
\ k )  based oi t b - i c  delay ed sequence ~x k  — ~~~~) .  \ )k  — — I )  x ) k  —

~~~~ — L + I ) }  , In  t h i s
s ec t i i rmi  we s l i IO ~ t h a t  s~ e l i e  able  to separate (h e  HI ,  s i gn a l  f ro m the  loss Pass noise h a t ’kg i ’o t ln t i
us ing  ,i v a r i a b l e  predic t ion th is ta  u - ice ~~. •\ req t r i r emt ’nt is sonic a priori  k iios~ ledge of the  cx—
pected sigi  , i l  and l (  l i s t ’ t-orr ela t  iou - i  d i s t  a u-ices ) or , eq t n iv a  her - i t  ly , signa l and noise 3 ti B hand wi t h t i i s ) .

*l.ur fi lt e rs 11111 L’ II I I \U , I i I IL ’ I f  i u i  he t i l l i i L ’ l e u ig lh i , t )  i ’ ~ SL ’ I ) I l L ’n L ’ t’ ex t e i ~ k an l i t  (n i le  ( I I ~~L I I i L ’ L in t he  1.151
s i k i . ~)k - I L . •

I)



t sin g Eq uat  101-is 1 4 and 16 we sec tha t  the  expr t ’sslon fo r  t he  ini - ipulse  rt’spo ri se fo r
long f i l ter  le i~gt hs may be r e w r i t t e n  to r cf ’Iect the depende n ce ~ t i - ic  B I aml ~ I c o e f f i c i c n t s
U(10!l ~ :

• Il ,~~k ( = B 1 ( ..~~~) e”Pk ~.i0 1k  ~ ‘ i . ~~ 5 k )  ( 30)

where B I ( and ~
‘ i ~ ) are given l iv  Eq u at ions  I 4a and l4b . respec t ive l y .  F r o m  Eqtiations

14 we see I h a t  f o r  f ixed slg lta l  and noise para m -ii eters  (o\  . °~~
. ~~ I . ~ s. p ) t i - ic  c o e f f i c i e n t s

B I ( ~ I and ( I t  ~ ( ( a n d  i - icr - ice the f i l ter  impulse respotisc I arc fu n c t i o n s  of t i - ic  p redic t ion  dis-
tance ..~~, Since B 1~ ~ ( i s  associated wit Ii the  BL signal characterist ics of t i - ic op t imal  f i l l e r
and ( ‘ i~ ~~( is a ssociated wi th  t i c  noise cont r ibu t ion , we car - i enhance (lie BL signal properties
by choosing a va lt t e  of ’ ~ for  which  B l (  ~ ( dominates ( l( ~~~~) ,

ibi s can be seem-i clearly i l - i  t h e  t’o l l owing example . (‘on sider ti - ic i npu t  power Spec-
t rum as sh own i n i Figure I and suppose \Vt ’ desirt ’ to use ( lie \IMSI filter impulse resp onst’ to
estimate ti-ic ceniter f requency of ’ the  BL signal.  For ti - ic p aranicters give r - i in - i 1: igurc I . the
\IM S 1’ fi l ter  has tIle impulse rt ’sponsc- gi s en by

h~~( k ) =  B 1(~~ [ 7 ~~ 2 1 4h) O~~ 1
k 

+( ‘ (~~~) 5 k  1 3 1 )

where from E q u a t i o n  7 . the  “ u -i - i = ‘i ’  ‘ : are f o u n d  to be

z 1 = .772 e~~
’4t

~
0
~~ ( 3 2 a (

= 1.295 ~j(.49O ) 1r )32 h )

From Equation 31 we can see t h a t  ti - i c impulse response now i)ecou’r ies a f u n c t i o n  of ’ _~~ via
(lie B I( ~~) and C l )  —~ ( dependence . Figure 2 shows t h e  re la t ive  l i i agni t t l des  1)1’ B I t  .~~ I and
(‘

~ ( ~~) as a f u n c t i o n  of ..~~ for the  signal anti  noise pa rameters  givt ’n in Figure 1 . From Fig—
nrc 2 we see tha t  for  small  values  of delay ( ~ < 7 ) ,  t h ie  noise coel ’f ’icient (‘ 1 )  ~ ) is much  larger
in - i magn i tude  t i - ian t h ie  signal c o e f f i c i e n t  B 1 ( ~ I ’ TI-ic resul t ing impulse response would t h en
be strongly influenced )1~ t hi e noise conilponen -it . produci n g a strong impulse f ’or the  k = 0
w e i g h t ,  This is sho ss n t’s.p l r c rOv  r u - i  F igur e  3a . which is the  real part of the complex weight
secto r t’or ti - ic value _X = ( 

. There is a stron g impulsive value at k = 0. af ter which the  signal
components  take  the  H nm l I t  ,t d amp cth  complex exponen t i a l .  Note , however , tha t  for  ~ ~
in Figure 2 the  Bit  —~ I cod t c i e u i (  is the  larger , wh ich signifies the signal componcuits should
dominate  ti - i c impulse response.  [h is is clearly seem-i il- i Figure 3b . svhich i l lustrates (lie almost
complete disappearance of t i - ic  i m p u l s e - t y p e  value at k = 0 f ’or .~~ = 7. TI-ic weight vector is
very  near l y  a noise-free damped con - ip l ex expon ential which should lead to good I’requcnc v
estimation properties.

Figure 4 th en presents t ire  m a g n i tu t h c square of t i - ic  t r ans f e r  funct ions .  I H ( w ) I , of ’
the weight vectors  sh iown in Figure 3. For ..X = I (Figure -hi ) t h e  t ransf ’er f u n ct io n is very
much domina ted  by ti - ic noise componen t  and a h igh ly  inaccurate  estima t io u - i of t i ne  B L sig nal
results ,  As ~ is increased to ~ = 7 . it  is possible to es t imate  f requency  be t te r  f ’romi -i the  trai l s-
f ’er func t ion  Figure 4b). One ef’t’ect , however, (seen from Figure 411) ~5 t ha t  t i e  resu l tan t  Hi
signal i ’npearing in ti - ic t r ans f er  f u n c t i o n  is broader t h a n  ti - ic or iginal  BL signal sh own in Fig-
ure 1 , However, the spectral peak of the t rans l ’er func t ion  is at (h - ic  correct center f ’requenc y

= .5Oir of ’ f l - i c  BL signal .
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Fi gure 3. Optimal  f i l ter  impulse response for  in pu i t  sj ed t rum of Fi gure I .

I i

L - , .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



r~ ~~~~~~~~~~~ 
‘ ‘
_ - T~~~~

— -- 
_ _ _

‘
~~~~~~~~~~~~~~~~~~~

“ i L ~~~~
’
~ 

- “

r r

.251T .50fl’
FREQUENCY , rad

(a )~~~ 1

0 -

.257r .5 01T
FREQUEN CY . rad

(b )i~ =7

F igure 4 . Transfe r fun ctio t of optimal  f i l ter .

13

~ 

.



By increasing ~ to a value greater  than ti - ic  correlat ion d is tance  o t t i - ic  N iw pass i t t  use

ti le  cft ’ects of ( lie noise upon t h e  MMS E f’i l te r  resp onse n a y  i - ic d iminished cons iderab ly .
However , as long as —~~ is not increased past th e correl at i on - i  d is tance of th e  131, sign al.  t i - i c  f i l t e r
response still  retains good ch aracterist ics for  de tec t ing  ari d es t in ia t ing  t i - i c  cct t er f ’requ ency
of ’ the BL signal. I t ’ we define wo as the 3 dB han idwid t h  of ’ a DL process , W() = 2cs leads to a
process autocorrelation funct ion of (lie f’orni g~( t~) = e x p i —  aI~I I . This leads to de f in ing  t i - i c
correlation distance , F , of the process as

I” I j a . 3 3 i

so ti -tat when ~ = F . the  value of 0 (Q ) = c” , For the lowpass noise proce ss of Figure I . t i c
correlation distance of the noise . 1’N . then is give n by

• 1N = I/a N = 2.5 samples ,

whereas the correlation distance of the DL signal, 1s~ 
is much longer ant I give n b y

= I = 20 samples,

Th us , the value of ’ ~ = 7 samples chosen from Figure 2 falls safely w i t h in the  ran u gc
1’\ < ~ < F5 required to give good signal charac teris t ics in the  transfe r f u n c t i o n .
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APPENI ) I X
AUTO (’ORR ELATION FOR COR RELATED NO ISE AND BL COMPLEX LI NE

l i l t ’ au ( oc orn ’c l a ( io n  t u u n t ’ t io i l  ~~ ~) and power spectral  densi t~ S( w) ar e r elal ed b~
1K, invers i On integral

0( v)  =

~~~~~~~~f 

S ) w) 1 J w Q d~~ , ( A l )

Now consider t i - i c  discrete f o r m  S ( / ( re la ted  to 5 ( w )  throug h the t r ans f orma t ion
( f or 1 = I ( ~ , = eJ~” , ‘[‘he new parameters in - i F.quationi Al may be found by the f ’o l iow ing

relat ions:

tlt = j ~~ dw do., = —j  i~~~
1 dz

/ =

w =  71 , e 171 .

The last relat ion imp lies ti - ic pa th  of integrat ion in (he  i—plane is counte rc lockw I se
around t i re  un i t—ci rc le .  Thus. in ti -ic i—p lane Eq uation Al becomes

= - -i-- - S(z) 7Q—l dz

= ~~ R e s S ( z ) z ~~ poles of S( z )  - 
( A 2 )

Assume first thiat S(z) is the lowpass noise spectrum given by SNN ( Z ) :

,
2 aN e ~ sir - i l - i aN

SNN I Z )  = 
‘ —‘ 

‘ 
( A 3 (

( i_ e~~~N ) (,
_ l  

~~~
‘N )

App lying the iniversion integral (E q u a t i o n  A2 (. ti -ic auto correlat ioni I’t u nct i on i  ~~~5~~\

becomiies:

(2 (J
\ 

sinh -a\

(e~ N ,) 
i e  - . Q ~~~~~O .  (A4 (

Evaluat ing  Equa t io n  A4

‘~ -a
~ N N~~~ 

= °N~~~ 
. 

~ ~ o - 
(A ~~)

A similar  eva lua t i on  fo r  Q < 0 gI v e s

a

0N N t
~~

1 = °N~~~ 
N , ~ < ~ ,

‘ruie combin at ion  of F’quatuomis AS and .\~~ give

-, -a\ ‘i
= (J \ c ‘ ( • ‘, “ I



which is ti -ic desired autocorrelation function.
Next consider ti - ic comp lex BL signal wit h-i ti-ic spectrum S55

( i )  given by:

-, —a ,
2 a~~’ e $ sinh a~S55

i.) = 
~~~~~~~~~~~~~~ (~~~i _ e~~ s H0)

s) 
(A8 )

Again apply ing  the inversion initegral gives ti - ic autocorrelat ion (‘unct ion 055 (Q ) :

/ ~~~~~
, \ Q j w 5sinihi a ,)  z e

= 
(a 5+iw 5 )  -a5 + j w 5 

. Q~~~0 . (A9

Upoti evaluating. Equation A9 red irces to

, -a Q j w . Q
= a5 e S S , Q~~~0 . ( A l O )

A similar solution for Q < 0 gives

, a.Q j w~~Q
= a5 c S e , ~ <0  ( A l l )

and combining Equations Al 0 arid All give s t u e  required autocorrelationi func t ion  for t i - ic
BL signa l :

~ —a Q~ j w ’t~= 05 e S e , ( A 1 2 )

The linearity of autocorrelatio n i fu n ctions n o w  allows us to f’ind t I e  autocorrc lation func—
t ioni , 0~~

( Q) .  of an input process consisting of a cOml)ieX BL signal in -i Iowpass noise by
simple addition of Eq uations A7 arid A 1 2 :

= 0ss~~~~0NN~~
Tue linearity of the z-transf’orm operator then gives

Sxx (Z) = SNN (/)+S
55(i( ‘ ( A 1 3 t

Performing the addit i on - i in Equat ion  A 13 gives

• “ “a
2 (J

\ e sl i i l l (1\ 2 ~~ e 5 sinh a5
S ( t )  — +xx  

(I ... c~~~~
” ) (,— i _ c °N )  (i — e

’

~~~
” + t w . )  (,_ I  

— :
°

~ 
— Jo )

5)

( A l 4 1

,‘\ t ( t ’r c o u i s i u i e r ab l e  al gebra . ti - ic f ina l  f o r m  of t h e  i n p u t  sp c ctr t i nn becomes

—2 i  N~, -S . , )  = A l ~~xx I ) m n

16



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ “
~T:• ’•’• ” ‘ -

~vhi crc

j 2 wN (i) = (J \’ sin - il - i 
~~~ 

( i_  — 2 , 1” ~ cosii a-~ ~ c’ s)

+ (J
5 c~~~

5 sin - t i - i a~ (, 2 — 2 t  cosh + I )  ( A l o )

D ( i )  = (t_ e ~~~~) ( i _ e ~~~) (,~~~,_ a s + iw 5) (,_e
as +~

o)
s) ( A 1 7 )

T i e  poles of Sx ~ 
( z )  art’ t u e  roots of t i - ic  l ’. u i u a t i o n  I )  ( , , (  = U and are fil e pole-pairs of each

separate spectrirm ii fronii l:qtrationis A3 amid A8 . l ir e ro ots of ’ t h e  E qua t i on  N ( / ( arc t ine  n on-
trivial zeros of’ S~~ ( i ) .  Add i t iona l l y .  there  is a iero at (he or i g in whi ch  does not a f f e c t
c o m p u t a t i o n  of ti - ic spectrum or th ie solution f’or ti-ic wei g h t vector.
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