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SUMMARY

~~rhl s repo rt describes a set of computer p rograms wh i ch calcu lates the

inviscid two—dimensional expans i on of gaseous exhaus t mi xtures th rough rocket

nozzles . Equilibri um chemistry in the combus t ion chamber and as far as the

nozzle throa t is assumed , wh i ls t f i ni te rate or frozen chemi stry may be app l i ed

from the throat onwards. The transonic flow field is calculated by the method

of st reaml i ne curvature and the flow In the supe rsonic reg i on of the nozzle i s

solved by the method of characteristics.

The theory on wh i ch the p rograms are based is summarised and a comp rehen-

si ve user ’s gu i de is included. A sample calcu la tion is presented.
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1 INTRODUCT ION

The compu ter programs described provide means of calculating the steady ,
• i nviscid two— dimensional expansion of a gaseous mixture th rough an axisymetric

• rocke t exhaust nozzle (Fi g. 1), allowin g for the effects of chemical reaction

rates during expansion of the exhaus t gas.

The set of p rog rams cons i s ts of :

(a) ODNOZ (one—dimensional nozzle expansion) , wh i ch pe rm i ts the rap id calcula-

tion of the equilibrium temperature and composition inside a rocket motor

combustion chambe r, and provides an a x i a l  p ro f i l e  of gas compos i t ion ,

temperature and pressure along the nozzle with the assumption of equilibrium

chemistry (infinite reaction rates). Tab l es of flow p roperties (xT ,p,m ,M)
and spec ies mole fractions X 1 are const ruc ted.

(b) TRANOZ (transonic nozzle flow) , wh i ch calculates an ave rage expansion

coef f i c i e nt y f ro m the above tab l es , and assumi ng cons tan t s tagna t io n

conditions calculates the axisymmetric , t ranson ic f low f i e l d  by the me thod
of streaml i ne curvature . An initial constan t property da ta l i n e  i s
constructed for input to

• (c) SUPERNOZ (supersonic nozzle program) , wh i ch c a l c u l a tes the f low i n the
supe rsonic reg ion of the nozzle by the method of characteristics , wi th

either a frozen chemica l composition (zero reaction rates) or taking in to
accoun t the finite , non—ze ro rates of chemical reactions . It provides

acc u ra te exi t p la ne condi t ions wh i ch may be used as i n p u t to an exhaus t

p l ume anal y s i s  progra m , such as the Rocket Exhaust Plume program (REP)
1 or

the Base Fl ow program (BAFL)2.

The sequence of calculations is illustrated in Fig. 1.

The programs alread y represent a sig nifican t advance ove r those currentl y

used at PERME for calculating the flow from the combustion chamber to the nozzle

exit p lane 3, in that they can treat two—dimensiona l flow , and they are to be
fur ther enhanced by including the non—equilibrium effects of gas/par ticle flow.

These have al read y been incorpo ra ted in to the t ranso n ic f l o w  progra m wi thou t

chemistry
14
, and the full two—dimensiona l , two—phase f l o w  t rea tmen t should

shor t l y be available.

This report serves primari l y as a program user ’s gu ide , bu t a lso  con ta in s  a
summa ry of the theoretical basis of the programs . The gove rning equations are

i nclude d and the me thod of so lu t ion for  each of the th ree p rog rams is  descr ibed.
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The data and results of a samp l e calculation are presented. The results are

a l l  g i ven in SI units , and the wo r k i n g  u nit s for  the f l u i d  dyna mi c equa t ions
are SI. 1’- the chemical equations most of the variables are non-dimensional.

The programs are written in FORTRAN IV , permitting their use on all standard

computers and are desi gned fo r easy use , requ i r i n g  onl y s p e c i f i c a t io n of the
p ropellant composition , pressure and entha lpy , nozzle goeme t ry , thermodynamic

data and the chemical reaction scheme with rate coefficients.

2 ONE-DIMENS I ONAL EXPANS I ON WITH EQ~ I 1IBRIUM CHEMISTRY

The p rogram ODNOZ is a modified ve rs i on of NEWFEC 3, wi th the addi t ion of a
cubic spl iri e fitting routine , wh i ch permi ts a contoured nozzle from the throa t

onwards . ~~s t of the theo ry and methods used In the program are taken from

~ef . 5, any diffe rences in the chemical treatment being described in Ref. 3.

2. 1 Chambe r calculation

The gaseous p ropellan t mixture Is made up of s chemical species , of w h i c h
c are either chemical elements (H,O ,N , etc.), or l i n e a r l y independen t combina-

tions of the chemica l elements (H21 029 N2 ,  etc.), and s—c are dependen t species

formed by simp l e combinations of the c independent species. The system is

specified through the matrix A , in wh i ch the e lemen t m . .  represen ts the
number of moles of independent species j per mole of dependent species i

The numbe r of moles of the fundamental species per unit mass of the un reacte d

mixture q ’. , j=1 , 2, . .. c , mus t be given. The conservation of chemica l

elements and global mass conse rvation are exp ressed by the equation s

xi = q
~ 

- 

~~~~~~~~ 

[c z ij  
- q

~ ( 
~~~~~~~~ ~ i k  

- 1 X~ J 1 , 2, ... C (2.1)

i=c +1 k—

whe re X . , i= l , 2, ... s is the mole fraction of species I and

q
~~~

=

~~~~q)
j=1

At chemical equilibrium the dependent species concentrations are related to the

concentrations of the components th rough the equilibrium constants In the

equa t ion :
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k=l cx . — K ’ P 

~~F x.  i— ~ +1 , . .. s (2 .2 )
p a  

i— i -~

whe re P is the mixture pressure in atmosphe res . The factor

t ~
-

C 0 0

— exp~~~~~~~ (~~ jjj . i~ -

is the equilibrium constan t based on partial pressure for species i , T~, is

the mixture temperature T , norma lised by the combust ion chambe r tempe rat urc
T , so that in the chambe r I = I , and ~ is the nor mal i sed che m k a l
0 n I

potential of species i

Subs titut ion from equation (2.2) into equation (2.1) for the X~
i=c+1 , ... s , reduces equation (2.1) to a set of c simultaneous equations

wh i ch may be solved i tera t ive l y for the equilibrium concentrations of the

independent species at a g i ven pressure  
~a 

and tempe ra ture I . The chambe r

tempe rature I is not known init i a ll y and so the specific enthalpy H
0

which may be readil y determined from the heats of formation of the constituent

compound s, is specified and the solution is found by ite rative l y va ry ing the

tempe ra ture until the mixture enthal py H ma tches the spec i f i c  ent hal py.

2.2 Equi li b rium expansion

The equations of continuit y and conservation of momentum and energy for an

i nv is c i d  gas are

~u A = constant (2.3)

u du + dP = 0 (2 . 14)
p

H + .
~~
. u

2 
= H — cons tant (2.5)

where u is the ve loc i ty , p is the density and A is the cross-sectional

area of the nozzle normalised by the th roat area.
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The equation of state for an i deal gas is

p T R  
(2.6)

where m is the molecular wei ght and R is the un i versal gas constant.

The energy and momentum equations may be used to show that the inv i sc ld

expansion of a flow in chemical equilibrium is an isentr opic p rocess. The

molar en t ropy of a chemicall y reacting gas mixture is given by

S 
~ 

X. s° - x.  I n X. - l n  
~a 

= (2.7)

jal j.1

where ~ is the mo lar entropy of species j at 1 atmosphe re. Equations (2.1)

and (2.7) now give a set of c+1 simultaneous equations for determining the

composition and pressure of the mixture at a g ive n tempe ra ture . The e q u i l i b r i um
solution is obtained at successive tempe rature interval s , compu ting the flux ,

at each point from equations (2.5) and (2.6). The maximum flux and the

corresponding tempe rature determine the throat conditions and the critica l mass

fl ow for the equilibrium expansion . After the mass flow has thus been found

the chemical composition and aerodynamic variable s at given axial stal. ons may

be cal culated from equations (2.1) to (2.71 , and tables of f low pro per t ies
(x ,T,p,m ,M) and species mole fractions X. , i— 1 ,2, ... s are constructed for

input to the next stage of the calcula tion . The equilibrium exi t p l ane cond i-

tions are also gi ven .

3 TWO-DIMENSIONAL TRANSONIC FLOW

I n the solution of the two—dimensional equations for flow th rough a

convergent/d i ve rgent nozzle with a transonic region , many mathematica l di fficul-

ties are encounte red in the reg ion of transIti on from subsonic to supersonic

flow . Althoug h the t ransition is smooth the properties in the two regions are

quite diffe rent. In the subsonic reg ion the govern ing  equa t io ns are e l l i p t ic ,

whereas in the supe rsonic region they are hyperbolic. The supe rsonic flow field

may be solved by the method of characteri stics , b ut acc u ra te i n i ti al l i n e  da ta
are needed to start the calcu lation. Since the flow near the nozzle th roat may

be far from one-dimensional , the son i c ve l oc i ty a t the w a l l  b e i n g  reached w e l l
ups t ream of the throa t , wh i le tha t a t the ax is  i s reached downs tr eam of the

8
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th roat (see , for examp le , Fig . 2), a method of solution wh i ch describes the

prop ei ti es of both subsonic and supersonic flow segments must be devised. A

further difficulty is that the mass flux is not known and mu~~ t be cal culat ed . -
When chemical reaction s ire t aken into accoun t the p rob iei~ becomes even more

• complex and it is thus necessary to construct by approximate means an I ni t i a l

l ine suitable for starting the method of characteristics solut ion of the flow

f ield in the supe rsonic domain .

In  TRANOZ , an effective expansion coefficient is computed by

— 

ln
— in

where L refers to the last en t ry in the table constructed by ODNOZ and o

denotes the chambe r va l ue. A mean mol ecular we i gh t is found f~om

- + ( m + m L
)

and the stagnation conditions are assumed to remain constant at the chambe r

va l ues.

H ‘ 
The re are seve ra l ways of solving the equations of t ransonic , axisy rrinetric

f l ow , but most are restricted to nozzles of a particular shape and wit h a throa t

wall radius of curvature greate r than (at least) the throat radius. The method

adopted in TRANOZ is based on that described by Stow
6, wh i ch was de veloped f ro m

the “streamline curvature ” method used for subsonic flows in turbomachines (see,

for example , Marsh 7). It is an iterative p rocedure which may be a pp lied to

nozzles of genera l geometry and which is conve rgent and stable , eve n fo r nozz le s

with a throat wall radius of curvature smaller than the throa t radius.

When the transonic flow field has been calculated , the wall Mach numbe r at

a spe c i f i ed point is found and a table of (x,r ,8) va l ues corresponding to this

value of M on each streaml i ne is constructed , to s tar t the sup e r s o n i c  so lu ti on
(see F i g. 2). The poi nt chosen is usuall y the th roat wall point , since this

pe rmi ts a finite rate chemi cal treatment as far upstream as possible. The

i nitial line thus constructed is an approximation to the constant pressure

surface for a Mach number of sli ghtl y grea ter  tha n un i ty ,  along which it is

rrasonable to assume that a constan t expans i on coefficient can be used. The

othe r gas properties co r responding to this Mach numbe r are obtained by inte r-

polation from the tables construc ted by ODNOZ .

9
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3. 1 Method of streamline curvature

The equations qove rnin q the stead y axisymmetr ic motion of an in vi s c i d

~.of :pr i ’.si bl u fl u L t are , in the co-ordinates of FI g. 3, whe re x and r are

no r~ ~i I i  ~~~ P by the throat rad I us r

con tif l u i  t~

L_ ( r , u) + -~j--. ( re v )  — 0 , (3 .1)

on~. ’r ~. i t on of non~ nt urn

1 :~Pu — + v — — — — 
~~
— (3.2)

p Ix

I ~Pu- ~- - + v ~~~ = - — . (3 .3 )
1

Equation (3. 1) imp li es the existence of a stream function ~ satisf y i n g

— r~~u , -
~ — — — rpv

or

rr
(x ,r) I (r u) dr + constant . (3. 14)

j x— co ns taf l t

By introduc in g the speed of sound , defi ned by c = (~P/~p)~
”2 

, equat ions (3.1 ’I

to (3.3) may be combined to obtain the radial equilibrium equation , re l a t i n g  the

stati c pressure field to the streaml i ne geometry. Detailed derivations are

g i ven in Refs 14 and 6, but onl y the fina l equation is reproduced here*:

+ u
2tanO ( ~ 

~ ‘x 
+ 

u tan ~ (3.5 )

~Sub scr ipt s x , ~ i mpl y diffe rentiation along a line of constant x or ~

10
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The tern  • t an  
• is  referred to as the “curvature ” of a s t r eam l i ne .,x

3.2 Solution p rocedure

Equation (3.5) is solved iteratively along axial stations in the flo~..

Each axial station Is divided into a number of radial mesh po ints (see Fi g. 3)
and the equation is applied at points mid—way between the mesh points. It is

assumed that an estimate for the flow pattern is available from a previous

iteration , so that equation (3.5) becomes an ordinar y diffe rential equation in

the static pressure .

To beg in the iterative procedure an app roximation is made to the mi d—radial

pressure and the shape of the streamlines from one—dimensional conside rations ,

and equation (3.5) is integra ted radiall y to obtain the pressure profile. The

nass flux is de ter ri ned from equation (3.14) and the mid—radial pressure is

varied until the calculated mass flux agrees with the t rue mass flux . All the

axi al  s ta t ions a r e solved i n th i s  way , and the other  f l o w  va r i a b l e s  a re eva l ua ted
from isentrop ic relationshi ps. A new approximation to the streamline geometry

is made and the calculation is repeated until the solution conve rges.

I n the case of choked internal flow the mass fl ix mus t be dete rmined.

This is calculated at the throa t in each iteration by c~~osing the mid—radial

pressure which ruaximises the mass flow th rough the throat. This is equivalent ,

in one—dimensional flow , to finding the sonic point. The calculation is then

progressed upstream and downstream of the th roat using this mass flux.

At axial stations upstream and downstream of the throat two possible

isentropic solutions exist. These correspond to the subsonic and supe rsonic

solutions of one—dimensional flow , althou gh in the two—dimensional case the flow

can be mixed in the radial direction . Upstream of the throat the equivalent of

the one—dimensional subsonic solution is chosen and for rocke t nozzles , whe re

the back pressure is such that the flow becomes supersonic downstream of the

th roat , the equivalent of the one—dimensional supersonic solution is chosen at -

stations downstream of the throat.

In p ractice the ite rative p rocedure is conditionall y s tab le  and relaxe d
val ues of the calculated slope and “curva ture ” mus t be used to ens ure conve rgence .

I ‘ For examp le
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(tanP) ’
~ (tano)”~~ + relaxation factor x
u~~ed used

(t a n )
~~~~ d 

- (tan )
~~~~ d

where (t an) ’
~ represen ts the nth approximation to tan t~ and the subscr i pts

“found ” and “used” re fer to the value ca l culated and that used in the next

it ci ation . The re l axation factor depends upon the nozzle geometry , as does the

• ~u’t~er  ot steps required , convergence being assumed when the (harige ~ the flow

parameters between successive it erations is small e r than some desired degree of

accurac~ .

~ SUPERSO NIC METHOD OF CHARACTERISTICS SOLUTION WITH NON- EQU IL IBRI UM CHEMISTRY

• The computer pro~ ram SUPERNOZ calculate~ the inv i sci c two— d imen sional frozen

or non-equi l ibriu m expans i on of a gaseous m ixture throug h t~ e supersonic reg ion

ot a rocket exhaus t nozzle by the method of characteristi cs . Characteristics are

lin e s , like str eamlines , along which the partial derivatives may be grouped

together in such a manner that they form ordinary derivatives in the direction

of the characteristics. For supersonic flow the characteristics are real ari d

coincident with the Mach lines ; thus , for any point P in the f l o w  the angle

be tween the tangent to a characteristic and the tangent to a streaml i ne is the

Mach .ing ie ~ . For eve ry such point P in the flow there are two character- •

isti c lines , re fer red to as the left and ri ght running characteristics (Fi g. Li) .

With the ini t i a l  data line construct ed by TRANOZ as a starting point , the

characteristic equations governing the fluid dynamic variables are integrate d

via an exp lic i t  integration technique , while the chemica l relaxation equations

are integrated using an imp l i c i t  integration m ethod 3 to ensure numerical stabil-

ity in near—equilibrium flows . In exp li c i t  numerical solution s the solution is

calculated step by step from the g i ven diffe rential equation and known initial

conditions , whereas in imp li c i t  solutions , the unknown va l ues are bound togethe r

by a system of simultaneous equations. The fl uid dynami c equations are inte—

cirated exp li c i t l y since the required integration step sizes are not stability

limited , and an imp l i c i t  formulation of the equations would unnecessaril y

comp licate the calculations.

The theo ry on which the solution of the fluid dynamic equat ions is based is

taken f rom Ref . 8 and the integration scheme for the non-equilibrium chemical

equations is taken from the one-dimensional program FIRAC 3.
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1 4 . 1  (~h . i i . i t  t e l  1st i t  t ’ i j ~~. i (  t a r e,

The conse rvat Ion equa l i oi ls governing the ‘. teady axi  synrn~~t ri l ev i  s i d f low

of a reat  t I nil as it~ i xt u r,~ are , In c ha, .ic cr 1 st i c form 8 ,

di
— tan o (14 . 1 )

2
df . + .!~i!: - 0 ( 14 .2 )

t iP dp A
— - — — —dx ( 14 .3)cos t )

(14.4)
~ P 1 cosO

dc . - 

W
j  

r~ dx ( 14 .5)
j  pVco sO

along t reanil i nes , whc ro C .  is the spec ies  mass f r a c t io n , w~ I s the net
s pec ies  product ion ra te  and r~ Is the throat rad ius ,

— cot (~ +~ ) ( 14 .6)

— C A - ~~~~ } F dr  — dO ] ( 14 .7 )

along l o f t  runnin g chara . te ri s t i e s , and

— tan (o-~) ( 14.8 )

— _ G ! [ A _ ~~~~
1 0 )  H d x - dO

] 
( 14 .9)

along righ t running c h a r a c t e r i s t i c s , where

A - .
~~~(~~~~~

w
j~~

_ T  - 
~~
J.
~~~~~w~~h 1 } (4 .10)
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H -. •
~~~~~~~ ~~~ w . I,, ~~~ I Il

V (u 2 + v2) ~~ (14. ,.’)

o - tan
1 ( !) (14. 13)

- s i n~~ (14.1 14)

M .- _______

(y RT)~~
”2

(4 . i &)

F t o • . l~ 
— sinh l tot (o.- ~) ( 14 .  1 ,’)

H C — ( 14 .1$)ci na

14 — ~ o’,O an ( o— ~) — ci nO . . l’)’i

I he above ‘e I at i on’. Ii I ps i ema i n d’ t c rml nan t p roy I dc d t hat the t low I ~ a I way’.

~upersoni t  , that Is M I .

14 . .‘ Non— eq_U I .U!~ I i Ut~ Iioinlst

1 Iii’ nt ’~i — e t p i  I I  I I~ t I urn coed i t Ion ’. dii ’ oxp I m ’s  ‘.Od .is di? to i i~ ,i t i a I t en ins of the
• . 

I,
~ t i l lS! ’ i v at  , on eq ua ( i  eli’ . -

¶1

‘t::;— L ti j k 
.~~L — o ku. 1 ,2 , ... c

- ‘
~i ~ i 

j c + I , ...
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where 
~~~

. Is the concen tration variable in moles per gram , defined by

‘1x .
j m in .

r is the numbe r of reactions , and

~~ 

V~~~ I

’

~~~ 

- V
j j

_ 
r~~~( . O 0 1

)
P~ kf TT 1~ mo leg

1 j

— 1 - 
(,) l I’ ..

whe re v . .  , 

~~~~~~

. are the sto ich iometr ic c o e f f i c i e n t s  of s pec ies  j In the
reaction i on the reactants and products sides respectively, kf is  the

forward rate coefficient of the ith reaction and t(
i is the equilibrium

constan t of reaction I . In addition ,

=
I 

~~
___ ij
J— 1

—

14.3 Numeri cal integration techni q~e

The reac ting gas characteristic relationships (equations (4.1) to ( 14 .9 ))
are usuall y In tegrated via second orde r exp li cit methods. Howeve r , for  near-
e q u i l i b r i um chemi s t ry,  the exp l icit form of equation (4.5) requires Impractic-

a l l y small integration step sIzes to ensure stabIlIty. Thus the fluid dynami c

equations ((4.1) to (4.Zi) and (14.6) to (14.9)), wh i ch are no t s ta b i l i ty l i m i ted
to s m a l l  s tep leng ths , are In tegrated by exp l i c i t me thods , since an Imp l i c i t
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formulation of the equations ~ould unnecessar ily complicate the calculations ,

and the chemical concentrat ions ant ’ found via an implic i t scheme .

14,3.1 teyration ot fluid dynamic equations

Cons i de r the flow field shown in Fig . 14 , where point 14 is a known back data

point , points 1 and 2 are known points located on the ri ght and left running

characteristics respective l y, and point 3 is the point to be calculated.

Between points 3 and 14 the streamline charact eristic relationsh i ps are
integrated as

— r4 + tan .~- (0 4 + 0
3

) (* 3 
- *4 ) ( 14 .22)

~

~~~ 1/2

( 14 .2 3)

where

- ln
V

iii  1

- p
4 (~ }~ 

~4 ‘( 3 exp [- 
~ 

[ -

~~~~~

-

~~
° 

+ 

~~ 
) (x~ - *14 ) (14.214)

1 ~~~~~- - -~~ + 
‘1 3

1

1
3 

- 1
4 { i exp [ 

~ 
[ coso4 + c:s0

3 
} ~~ - ~4) ]

(14 .25 )

Between points 1 and 3 the ri gh t r unn i n g  charac te r i s ti c r e l a t i o n s h i ps are
integrated as

r
3 

- r
1 + tan [

~ 
(o~ + 0

3 
- “ 1 - tt

3
) 

~~ 

(* 3 
- X l

) (14.26)
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— exp - 
[.

~‘ 
(A

1 G 1
H 1 + A

3
G
3
H
3
) (* 3 

-

1 G 1
H 1 sin 0 1 G

3
H
3 

s in l~3
- 

r + r (* 3 
- x

1
)

1 3

- 
~~ (G 1 + C 3

) (o~ 
- 0 1)1 } . (4.27)

If point 3 is an axis poi nt , r
3 

and 0
3 

are zero and the Indete rminate

quantity sin 0
3
/r

3 
is approximated by

sinO tanO3 
— 

1 (14 28)
r
3 

r 1 + (* 3 
— X

~
) tanO 1

Be tween points 2 and 3 the left running characterIst ic relationships are

integrated as

X
3 

- *2 + cot 
~~ 

+ 0
3 

+ a2 + a
3

) ( r
3 

- r2)1 
(4.29)

P
3 

= P
2 
exp [-

~ 
(A 2 C2 F2 + A

3
G
3
F
3
) (r

3 
- r2

)

~ 
G2

F, sl n0
2 

6
3
F
3 

slnO
3

+ (r., r
r
3

— .
~~
. (G 2 + C 3

) (0
3 

— 0 2 ) ] . (4.30)

If point 2 is an axis po int the i ndeterminate quantity slnO 2
/r

2 
is that

quan t i ty pre v i ous l y calcula ted for the axis point by equation (4.28).

Equa tIons (4.27) and (14.30) can be combined to give

17
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+ + ~2 
[
~ ~ ~~~ 

} + ~~ 
~~1 + c 3 ) 

~1 + 
~ 

+ G 3
)

+ .
~~
. (A

2
G
2
F
2 + A

3
G
3
F
3
) (r

3 
— r2

)

~ 
G~F~ sinO

2 
6
3
F
3 

s in0
3—

~~‘ l  + (r.~~— r )r
3

I

+ ~~
. (A 1 G~H 1 + A

3
G
3
H
3
) (x

3 
- x 1

)

- [ 
C lH l

r:

ino l 
+ 

G3
H

3
r~~

nO 3 ) (x~ - x 1)] 
. ( 1 4 . 3 1 )

Since the above inteqr ation equations Invo l ve the flow propertIes at the

unknown points 3, they mus t be solve d by I teration. The Iterat ive technique Is

described in Section 4.4.

4.3.2 Integra tion of chemic al equations

The set of equations giving the Increments ~~~~~~ of the concen t ra t io n

variables y
~ 

is 3:

[ 1 t  1 
~~~~~~

. } j ~~‘(l~ n~ i 
- 

~~ ~~ 
(
~~ I n ~~~j~ n+l

e
2 

V i )n + r 1 [ (Y n  + (~~x) 1 [ ~

i — 1 ,2 , . .. s (14.32)

dy .
whe re f. —

I *

— change In y~ in a distance (
~
\x ) +~ 

along a stream line

— x - xn+l n+t n
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(‘x)~~~ L (.mt * )
l 

+ (A*) I
L 2(Ax)~~~1 + (Ax) J

(ax) ~ +

‘ 2 
- 

(Ax) [2(Ax~~~ 1 + (ax) ~

— 1 , i— •j

i~~

3f .
- ; The partia l der ivat ive s ......L are de termi ned n ume ri c a l l y f ro m

•~f~ ~1 ~~ “(v ’” ’  Vj + x i , . . .,  ~~ - f 1 ~~ i ,y2 , . . ,,  y~ ~~~~~~~~~~ y~~ )

— ______________________________________

df
1where ‘ 1.  is some sma l l  frac t ion of and the ordinary derivatives

are foun d by solvin g equations (4.20) and (4.21). Equation (4.21) cannot be

used at the in i t i a l  data line , whe re the flow is In equ i l i b r i um , so an add i t ional
equation is obtain ed for starting the solution by diffe rentiating equation (2.2),

to give

dx L..... y .  dx ~ — L T ~
, 
T~, j ~

, 
T ) ~ dx

j  1 i— i n

- 

~~ 

— I k 
d ln (plpo) o i’~c+1 , . . .

j — i

dT
whe re the d e r I v a t ive s ~~~ and d l n  (pipo) are p r o v i d e d  a l o ng the init i a ldx dx
da ta l i n e  by TRANOZ .
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14.4 Solution p rocedure

The character istic mesh for the supersonic solution is shown in Fi g. 4.
The so l id dots are known point s on the back data line , and the squa res represent

the points to be computed. Point 2 is the point on the back data line next

below point 14, and the unknown point 3 lies at the Intersection between the

stream line through point 4 and the left running charac teri stic through point 2.

Point 1 is at the inter section between the rig ht runnin g characteristic throug h

point 3 and the left running characteristic through point ~e . Val ues at point 1

are de ter~i ined by interpolati on.

The iterative solution is started by assuming that the previousl y

unca lculated flow variables on the ri ght hand sides of equations (14 .22) to (14 .3 1)

are equa l to the va l ues at points 14, 2 or 1 depending on whethe r the integration

is along a streamline or a left or ri ght running characteristic , respective l y.

• I n i t i a l  estimates of the locations of point 3 and , except for wall points ,

• point 1 are made and the fluid dynamic variables at point 3 are found from

equations (4.22) to (14,31). The species concentrations at point 3 are calculated

by integration of the chemical equations , and the othe r properties at point 3

are found from equations (4.10) to (14.19). New estimates of the locations of

points 3 and I are made , and the sol ution p rocedure is repeated , a lways  us i n g
the latest computed va l ues of the flow properties at point 3, until r3,x3,03,

an d V
3 

conve rge to the requi red accuracy .

The f irs t point to be computed is the nozzle wall point. Onl y two known

data points are required here since , once the axial location of poi nt 3 has been

found , r
3 

and 0~ may be dete rmined from the nozzle geometry . The inte rnal

points are then computed , starting wi th the point adjacent to the wall and

continuing with the one i mmedia tel y below it , unti l the nozz l e  ax i s is  reached.
Again , onl y two back poi nt s are needed her e, s i nce r

3 
and 0

3 
are both zero

on the axis. When all the forward points have been calculated , the new data

l ine becomes the Lack data line , and the computation is progressed downstream

until the exit plane is reached.

4.5 Thrus t calculation

When the exit p l a ne cond iti ons have been found , the th rust may be calculated.

Consider the forces on a stationary motor. The surrounding atmosphe re exerts a

pressure on al l  exte rnal surfaces and at the nozzle ex i t  plane the pressure

Is that of the exhaus t gas. There is thus a nett forwa rd force on the motor ,

which is equa l to the amoun t by which the gas pressure at the exit exceeds the

20
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atmospheric pressure , integrated ove r the nozzle exit plan e . The rearward

‘l.)vIentu r of the qas stream eme rg ing f rom the nozzle produces a react ing  forward
t o rc e  propor t iona l  to the tj ii~ n t  urn f l o w  rate of the gas. Thus the tot al toni~ard

()rct’ On the J k  t t ’ i  , the t h rus t T , I ‘. q I VOn by

r ’F IN
T — 2in 

J 

rpu 2 + r (P — F’~ ) i,~ 
dr

*F I N

5 US E OF THE PROGRA MS

The three computer p rograms are interdependent and , with the exception of

ODNOZ , wh i ch may be used separately to gene rate one-dimensional equilibrium exit

p lane condition s , mus t be used in the sequence shown in Fig. 1 . They a re

relative l y simp le to use, requiring onl y specification of the propellant compos i-

tion , pressure and enthal py, nozzle geometry , thermodynamic data and the chemical

reaction scheme with rate coefficients. The thermodynamic data and reaction

rate coef f i c i en t s  are input v ia  the standard data f i l e s  T H ERMDATA and REACT I ONS ,

w h i c h  are searche d by the p rograms to find the thermo dynam ic data for the g iven

species and the rate c o e f f i c i e n t s  for the given reac t ions .

The nozzle geomet ry may be one of two types , featuring either a conical

ex it sect ion (Fig. 5a) or a con toured ex i t  sect ion (F ig .  Sb). If the nozzle is

contoured a least—squa res app roximation is made to a set of given data points on

the nozzle wall (x. , r.) , w ith wei gh ts w. , i — l ,2 , ..., m , by the method

of cubic splines. ~ cubic sp l ine consists of a set of cubic pol ynomial arcs

joined end to end with continuity in value and in first and second derivatives

at each join (or knot). The posi tions of the interior knots are chosen b~ the

user. The al gorithm for fitting cubic sp lines to a set of data points is taken

from Ref. 9,

If the values of the data points are to be read fiori grap hs , sufficient

points should be chosen to represent adequate l y the behaviour of the curve , If

the data points are provided they must be supp lemented from a hand d rawn curve

i f the re a re apprec i a b l y  less than 20 of them. The shape of the curve g ives

some guidance  on the p lacing of the interio r knots. The re shou l d  no t be too

many of these as they can p roduce unwanted fluctuations. The number of data

points mus t exceed the number of interior knots by at least 4. In general , more
knots are needed whe re the behaviour  of the curv e I-; changing rap id l y ,  and less
whe re it is  chang ing slow l y. The exact pos I tIoning of the knots is not critical .
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As the program ODNOZ ca lcu la tes  the axia l  pos i t ion  x from the area A
(when performing the throa t calculation) and finds A from x at stations

downstream of the throat , two cubic sp l Inc functions r — s
~
(x) and x —

i~ust be fitted to the set of data points and hence two sets of knots , at given

ax ial locations for the function in x , and at g i ven radial points for the

funct ion in r , must be provided.

An examp le of a con toured nozz le , prov id ing gu idance on the p lac ing  of
i n te r i o n  knots , is g i ven in Section 6.

ODNOZ and TRANOZ each occupy about 30 K words of sto re (decimal) and

SuPERNOZ requires 40 K. Typ ical run tIme s for the p rog rams on an ICL l9OLe S

computer are one minute for ODNOZ and two minute s for TR.ANOZ. The time taken to

run SUPERNOZ with no chemical reactIons (frozen chemistry ) is about one minute ,

but when chem ical  react ions are included the t i m e  var i es con si de rab l y, depen d i n g
on the number of species and react ions.  A typ ical  run time is p robab l y about

one hour. ‘I

5.! OONOZ

ODNOZ has two input channels (5 and 7) and two output channels (6 and 9) .
Channe l 5 is used to input the basic data and channel 7 Is used to input
THE RIIDATA. Cha nnel 6 produces the gene ra l ( l inepr in ter )  output , comprising
chambe r and throa t conditions , the solution at a specified number of axial

$ station s downstream of the throa t and the e quilibrium exit plane conditions .

Channe l 9 produces the table of flow p roperties , sta rting at the throat (M.l),

required for Input to TRA NOZ. Care mus t be taken to ensure that the range of
Mac h numbe rs in the table spans the va lue l ike ly to be encountered at the nozz le
th roat wall point. ThIs could range from slig htl y grea ter than unity for  a
nozzle with a large norma lised throa t wall rad i us of curvature (R~t/r~’

; > 3, say) ,
to about 1 . 3 for a nozzle with a small norma lised throa t wall rad i us of

curvature (R~/r ’ •.‘ 0.5, say).

INPUT CHANNEL 5

I nput
No.

FORMAT (l2A6)
I HEAD : run title.

2 FORMAT (5 10)
lAX : n umbe r of axial stations at wh i ch the solut ion

is require d to construct the table of f low
p ropertIes for i nput to TRANOZ (max. 20).

22
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~1
Input
No.

I CONT : 0 for conical  nozzle , 1 f~ r contoured nozzle.

ISTOT : total number of chemical species (max. Li0).

IC : number of fundamental species excluding those
to be cons i de red che mi c a l l y inert.

I NERT : number of inert species.

3 FOR1IAT (12E0.O)

TOO : initial guess at chambe r temperature , K.

POD : chambe r pressure , atmosphe res.

specific entha lpy of the propel lant , cal  g
1
.

RL : throa t radius , cm.

XSTART : starting point , downstream of the throat , at
wh ich the solution is required for construc-
tion of the table of flow properties (usuall y
0.02 r”~), cm.

XF IN : distance from throa t to nozzle exit p lane , cm.

X INC : x increment between points in the table of
flow prope rties (usuall y 0.02 .~;;), cm.

ACC : accuracy , usu a l l y 1.0 E—06.

NOZZLE GEOMETRY (see Fi gs 5a and 5b)

14 FORMAT (l2Eo.o)

TH1 : f i rs t inlet cone ha l f  ang le , .eg.

XXI : distance from throa t (-ye) at which first and
second i n l e t cones mee t, cm.

TH2 : second i n le t cone h a l f  ang le , deg.

X2 : distance from throat (—ye ) at wh i ch second
inle t cone meets firs t circular arc th roat
sec t ion , cm.

RAD 1 : firs t circu lar arc radius , cm.

X3 dis tance from throat at which firs t and second
c i r c u l a r  a rcs mee t, cm. (+ve, —ye or zero).

Inpu t 5 is included onl y If the nozzle has a con i ca l exit (ICONT 0).

23
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Input
No.

5 FORMAT (l2EO.o)

RAD2 : second circular arc radius , ci .

x4 : distance from throa t to end of second circular
arc section , cm.

TH3 : firs t exit cone half ang le , deg.

X5 distance from throat at wh i ch the first and
second exit cones meet , cm.

TH4 : second exit cone half ang le , deg.

Input group 6 is included onl y if the nozzle has a contou red exit (ICONT = 1).

6. 1 FORMA T (510)

NP n umbe r of da ta po i n ts (max. 40 ) .

NKX numbe r of inte rvals (= numbe r of interior
knots + 1) for the cubic sp l ine approximation
r = s (x) (max. 8).

NKR numbe r of i ntervals for the cubic sp l i ne
app ro x i m a t io n x = s r (r) (max. 8).

6.2 FORMAT (l2Eo.o)

The re now follow NP records containing the set of data points (x~ , r.)

with we i ghts w
~

XC(I) : axial co—ordinate of the ith data point , cm.

Q(I) : radial co—o rdinate of the ith data point , cm .

WT (I) : we i gh t of the ith data point (usuall’~
w 1 1.0 , but if the curve is required to
pass exac t l y th roug h a particular point , e . g .
th roa t or exi t p lane , set W. > 1.0 ).

for 1=1 ,2, . . . , NP

6,3 FORMAT (12E0.O)

The next record contains the NKX- 1 inte rnal knots for fitting the sp l i ne
function r — 5 (x)

RKX(5) : axial posItion of the first inte rnal knot , cm.

R K X ( J )  : a x i a l  position of the ith inte rnal knot , cm .

RKX(NKX +3): axial position at the last inte rnal knot. cm .
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Input
No.

b;~ t add i t i ona l  knots are inser ted by the program , t~’e t i rst  four are Set
equa l w * , the las t four to xnp

6. 14 FOR MAT ( 12E 0 .o)

The next record contains the NKR— 1 inte rnal knots for f i t t i n g  the sp l ine
funct ion x s ( r )

RKR ( 5) : radial  pos i t i on  of the f i r s t  in terna l  knot , cm.

RKR (J ) : radial  pos i t i on  of the j th  in terna l  knot , cm .

RKR (NKR+3) : radia l  pos i t ion of the las t  inte rnal knot , Cr’ .

Ei ght addi t iona l knots are inse r ted by the program; the f i r s t  four are set
equa l to r

1 
, the last fou r to ~~

Input group 7 contains the chemica l data.

• 7.1 FORMA T (A6 ,E 12.6)

There now fo l low IC records containing the names and concentrat ions of the
fundamental species , and INERT reco rds conta ining the names anc concentrat ions
of the inert species.

IATIT (I) name of the ith fundamental species.

Q ( I )  number of gram atoms of the ith fundamental
spec ies /1 00 gra ms of p ropellant.

=1 ,2, . . . , I C

IATIT( I ) name of the ith (inert) spec ies .

Q(l) number of gram atoms of the ith ( ine r t )
species/100 grams of p ropellant.

I= IC+ 1 , .. . , IC  + I N E R T

7.2 FO RMAT( A6 ,18F 4 . 1)

The remain ing ISTOT-1C—INERT records coatain the names of the dependen t

species , along wi th the matrix ‘. , wh ich descr ibes the format ior of the ith

species in terms of the jth fundamental species.
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I Ar I i i, I ) : name of  the i th ( d~ -pen den t ) ~ : - C C I

ALP HA( I ,l) : numbe r of mo les of th~’ I rs t  lnde pc - d t - t
species per mole of the i t h  s p e c i e s .

AL PHA( I ,J ) :  numbe r of mo le s  of the j t h  in dep endent spt~•ie s
per mole of the ith species.

ALP HA ( I ,IC ): number of moles of the las t independent
spec ies  per mole of the ith s p e c i e s .

for I= I C +I NERT +1 , ISTOT

• INPUT CHANNEL 7

- 
• Ther mo dynani~ data  for chemi ca l species l i ke l y to be requ red in a rocket

noz.’lt calcul a tion are stored in a standard data file , in r lockc of L, r eco rds  i n
the form specifi ed in Ref. 10. The thermo dynamic data  for the species in the

• c a l c u l a t i o n  arc se lec ted  by comparing the 6 character name of the first block in

the standard data ti l &  with each of the species n ames p r e v i o u s l y spec i f i ed .  I f
the re is no match the block of data is di scarded and the process is repeated

with the next block until the thermodynamic data for all the species present in

the calculation have been found. If the calculation include s a species not

appearing In the stan dard thermodynamic data file , or if the name is diffe rent ,

the message

“(species name) not in the rmodynamic data file ”

is output and the calculation is terminated.

• The requir ed the rmodynamic data are input in the form :

Input
• No.

1 FORMAT(A6)

IN : n ame of species in standard thermodynamic
da ta file.

The f o l l ow in g records are saved on l y if IN= IAT IT(J) .

2 FORMAT(4E16.8)

WT(J) molecul ar weig ht of jth species.

AC (9.J) : coefficient a4 i n pol ynomial express io-i~°

26
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• In put.
No.

14

CP (J) a
J

for speclfk heat of jth species (cal rnol 1

K
14) .

CS(J ) thermodynam ic property C~ (ca l  nio 1
’
~ K

1
)
10
.

CH (J) thermodynamic property CH 
(cal nx)l 1 K 1 )10 .

3 FO RMAT (LiE 16. 8)

A C ( I ,J) coefficients to a 1 in pol ynomial

1 - 1 ,4 expression for s p e c i f i c  hea t. of jth species

( cal mol K n ) .

14 FORMAT(14L16.8)

AC ( I ,J) : c o e f f i c i e n t  a to a 3 in polynomial
I& .8 expression b r  specific heat of jth species

(cal mol 1 K n ) .

5.2 TRAN OZ

TRANOZ has two input channeis (1 and 3) and two output channels (2 and 14).

Channel I is used to inpu t the dat a def ining the t ransonic flow field and the

~i~ ia l loc ation of the point on the nozzle wall from wh i ch the i n i t i a l  data line

is con stru ted for starting the method of characteristics solu t ion (see Fi g. 2).

The point chosen to start the supersonic solutio n is usuall y the throat wall

point S II1 ~~~ the Mach number here is always greate r than un i ty for particle—free

f l o w , and this choice pe rmi ts a finite ra te chemi cal treat me nt as far ups t ream

as possible. The transonic flow domain must be large enough to contain the

whole ot the constant Mach number method of c h a r a c t e r i s t i c s  s t a r t i n g  t i n e , but

mus t not extend too far  downstream because for large Mach numbers the so lu t ion

• procedure becomes hig hl y unstable and requires a ve ry small relaxation factor ,

and hence many ite rations , to obta in convergence. If the upstream and down—

s t ream boundaries are p l aced at x — -0.6 r’~ and x 0.8 r~ r es p e c t i v e l y,

both these requirements should be s a t i s f i e d  for a l l  noz~ lcs l i k e l y  to he

encountered , wIth gas phase flow . A relaxation factor of 0.3 is optimu m for

• this configuration , conve rgence being achieve d In al l cases in far fewe r than

100 i t e ra t i ons .  The maximum number of I te rat ions to be pe rmi t ted  in the
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ca lcu la t ion  and the in terva l between I tera t ions at wh i ch the solution is to be

printed are also input.

Channel 3 is used to input. the data prepared by ODNOZ. Channe l 2 outputs

the whole t ransonic flow field solution , g ivin g either the final solution onl y,

or including the solution at inte rmediate iteration s If required. If the

iterative p rocess does not conve rge to the required accuracy , the message

“maximum number of iterations reached”

i s output and the solution at that stage is given. The calculati on may also be

terminated with the message

“no solution to mass flux equation at x =

which means that the calculated mass flux at a station just downstream of the
- 

, th roat is less than the required mass flux. This may happen with nozzles wh i ch

have a ve ry small no rmalised throat wall radius of curvature (R;’/r~ < 1), since
in the firs t iteration the streaml i ne minima are assumed to be at the throat ,

and for such nozzles they are often well downstream of the throat. Hence , at an

ax ial station jus t downstream of the th roat , some of the streamlines may have
negative gradients rathe r than positive ones , thu s c a u s i n g  a l a r g e  e r ro r in the
mass flux integration . For this reason the axi al step size always increased

to 0.2 r* if the user sets it to less than that. The p rogram may be restarted
by increas i~’g the nozzle step size to sli ghtl y greate r than 0.2 r~ , to by—pass

the reg ion where the streamlines are still conve rg I ng.

• Chan nel 4 produces the data required for input to SUPERNOZ , comprising

chambe r conditions , thermochemical data and the p roperties along the constant

Mach number line. A check must be made to ensure that the Mach numbe r at the

• point on the nozzle wall chosen to start the supe rsonic solution is contained

wi thin the table produced by ODNOZ . Care must also be taken to ensure that the

who l e of the constan t Mach number line lies wi thin the calculated transonic

domain. For nozzles with a small norma lised throat wall radius of curvature the

point where the line crosses the axis can be well downstream of the point whe re

it crosses the wal l (see, for examp le , Fig. 2).
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INPUT CHANNEL I

Input
No.

I FOR$AT(lOOiO .0)

XSTART : poInt on nozzle wall f rom which the i n i t i a l
data line Is constructed for startIng the
supe rsonic solution (usuall y 0.0), cm.

XSTEP : x Increment between axial stations in
t ransonic  f low f i e l d  ( usu a l l y 0.2 r , I f
xstep < 0.2 r , p rogram sets xs tep —

0 . 2  r”- ) , cm.

XM IN : minimum va l ue of x in t ranson i~ f l ow  field
(usual ly —0.6 r ”) , cm .

XMA X maximum va l ue of x in t ransonic flow fi e l d
(usuall y 0.8 r ) ,  cm .

RF : re l axation factor (usuall y 0 . 3 ) .

ACC : accuracy , used to tes t  the convergence of the
Mach n umber , usually 1.0 [-05.

2 FORMAT(3 10)

NN : n umbe r of r a d i a l  points In the transonic and
supersonic flow fields (maximum 16).

ITER maximum numbe r of iterations to be permitted
In the calculatIon .

IPR INT numbe r of it er ations between print stations.

5 .3 SUP E RNOZ

SUPERNOZ has th ree input channels (1 , 5 and 7) and two output channels

(2 and 4). Channel I Is used to input the data p roduced by TRANOZ , channel 5 is

used to input the number of chemical reactions and the name of each reaction as

it appea rs in the standard reaction data file REACTIONS , and channel 7 is used

to input the standard reactIon data fi l e , containing the reaction mechanisms and

rate coefficients of most reactions lIke l y to be s i gn ifican t Inside rocke t

nozz l es 1 1
. The standa rd file Is searched by the p rog ram to find those reactions

to be included in the calculation .

Channe l 2 p roduces the general  ou tpu t , comprising the non-equilibrium

solution along each data line in the flow (see FIg . 4) and the non-equIlIbrIum ,

two dimensional exIt plane conditIons. Channe l 14 outputs the exit p la ne

29
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condi tion s for use in preparing the input to a rocket exhaust p l ume structure

p rogram, such as REP 1 or 8AFL2.

I N P U T  CHANNEL 5

Input
No.

I FORMAT(IO)

NR : total numbe r of chemical reactIons to be
Included In the ca lcu lat ion  (ma x 140).

I f NR—O the gas composition Is frozen , and no reaction data are requ ired.

FORMAT(l3A6)

NUMR(I) number of reaction (e.g. Al , A2 , ...)
as It appears in the standard reaction data

I.l ,N R f i l e  and In Ref . 11 .

INPUT CHANNEL 7

The standard reactIon data til e  REACTIONS contains all the reactions , w ith

ra te c o e f f i c i e n ts , which are listed in Ref. 1 1 . An examp l e of a reaction

• I mechanism with rate coefficients is given i n Table 2. The reaction data are

i npu t as

FORMA T (A6,2x ,6(A6,lx) , IX , E8,2, F14.l , F9 .1 , 3X , 12)

NUM : numbe r of reaction (e.g. Al ,A2 , ... etc.)~~~.
NAME(J) : names of f irs t , second and third

species on the left side of the reaction .
J.1 ,3

NAME (J) names of firs t , second and t h i r d
species on the righ t side of the reaction .

j—4,6

AC1 pre—e xponen tial function B in the reaction
rate exp ression kf — B. T8 exp(E/T)
(molecule-cm-g units).

AC2 the exponent a In the above reaction rate
exp ression (dimensionless).

AC3 the Arrhen i us factor L In the above
expression (K).

Ni : I for two-body reaction , 2 for three-body
reaction .

30
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If  NUM is not one of the react ions to be included in the calculation , the

data are d iscarded and the next entry in the standard react ion data f i l e  is

input. Howeve r , i f NUM — N U M R ( I ) , the names of the species on the left and
• right hand sides of the reaction eq uation are compa red w i t h  the name s of the

species in the calculation and the stoich iometric coefficients v . and v .ii i i
of species j in the reaction i on the reactants and p roducts sides

L respect ive ly,  are set to 1 or ze ro according ly.  The reac t io n ra te c o e f f i c i e nt

data are saved as

K1 ( I) AC I  x 6
10 

23 If Ni I or

AC I x 6io 23 X 6io 2 3 i f  Ni = 2

K2 ( I)  = AC2 and K3 ( I )  = AC3

Then

k
fi 

Ki I exp (K3/T) cc mol sec or cc mol sec

If any of the react ions to be included in the ca lcu la t ion  cannot be found in the

reaction data f i le , the message

“(react ion) not found in reaction f i le”

- 
~
- is output and the ca l cu la t i on  is term inated.

6 SAMPLE CALCULATION

A samp le cal culation was carried out to f ind the two—dimensional , non—

equ i librium exit p lane conditions of a liquid biprope llan t engine. Table 1

conta ins the p ropel lant co mposi t ion and chamber pressure , Table 2 l ists the

chemical reactions used in the supe rsonic calculation , and the nozzle geometry

is shown in Fi g. 6a. The nozzle has a con toured exit section , a lo ng wh i ch a

tab le of (x , r) va l ues are g i ven. The data points , and the se lected ax ia l  and

rad i al knots , are shown i n F i g. 6b. The input data for the program ODNOZ , wh i ch

i nclude the names and concentrations of the fundamental species and the names

and composit ion (In terms of the fundamental species ) of the dependen t species
to be include d In the calculat ion are shown in FIg. 7. A typical output station ,

showing the one—d imensiona l equ i l ib r ium throat conditions , is given in Fig. 8.

The transonic flow field , with contours of constant Mach number , i s  show n i n
• Fig . 9. The nozzle of the test case engine has a normal lsed th roat wall radius

of curvature of 1.38, which  Is relative l y small , but the constant Mach numbe r

line emanating from the throa t wall point (M — 1.17) , chosen to start the method 
-
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of cha r a c t e r i s t i c s  solut ion , is show n In Fig. 9 to l ie  we l l  within the transonh.

solut ion domain.

The two-dimensional exit plane profiles of pressure and temperature p roduced

by SUPERNOZ are shown ~n Figs 10 and 11 respec ti vel y ,  compared w ith the one -
dimensional resu l t s  from FIRAC 3 . The va lue of a two-dimensiona l treatment is

i niuediatei y apparent. The one—dimensiona l program ca lcu la tes  the exit p l a ne
pressure to be constant at 0.86

~~ 
5 Nm 2 , whe reas SUPERNOZ calc ulates It to lie

between 5 Nn~~ on the nozzle axis and 2 .l5
~~ 

5 Nm
2 on the wall.

Similarl y ,  the one—dimensional exit p la ne tempe rature is constant at 1 790 K

whilst that from the two-dimen sional progra m varies between i680 K and 2250 K.

The variation s of the gas p roperties along the nozzle axis and wall are

illustrated in Figs 12 to 114. Fi g. 12 shows the axis and wail distribution of

pressure . The axis pressure drops at a fairl y constan t rate throug hout the

nozz le , whe reas the wall pressure falls i n i t i a l l y ve ry ra p idl y in the conve rgent

pa rt of the nozzle and then much more slowl y in  the expansion reg ion unti l , wh en

the compression corne r is reached , i t beg i ns to increase. Similar fluctuation

is exhibited by the tempe rature , as shown In Fig. 13. The variation of the gas

veloc i ty along the nozzle is shown in Fi g. 14 , from wh i ch it can also be seen

that the exi t ve l oc i ty varies be tween 28145 ms 1 
on the axis and 2415 ms 

1 on
the wall.

The eng ine thrus t calculated by the two—dimensiona l program is not very

d iffe rent from that calculated with the one—dimensional program. SUPERNOZ

computed the thrus t to be 2110 N , wh ilst FIRAC 3 gave i t as 2090 N. However, the

exhaus t plume of the test case eng ine  c a l c u l a ted by the REP progra m
1 
w ith two—

d i mensi onal nozz le  exi t p l ane cond it ions as i n p u t d i f f e r s  s i gn i f i ca nt l y from that

calc ulated with un i form exi t plane condition s as input. Fi g. 15 shows a

comparison of the p r e d i c ted p lume cen trel ine tempe rature profile for the eng ine

unde r sea leve l , static conditions with both un i form and non—un i form nozzle exit

plan e condition s as input. Downstream of the shock region the tempe rature

p r o f i l es are s i m i l a r , bu t close to the nozzle exit plane they are ve ry diffe rent.

Al though the number and locations of shock waves calculated by the program with

the two diffe rent sets of Inlet conditions are the same , the strengths of the

shocks calc ulated with the two—dimensiona l exit p l ane cond itions as input are

much greater. This could be quite si gn ifican t In a number of contexts , particu- 
-

larly in a fusing context , where accurate knowledge of the strengths and

loca tions of temperature dlscont inuities is very i mportant.
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7 CONCLUS IONS

A set of compute r programs has been wri tten to calculate the two-dimensional

flow cond itions in axisymmetric nozzles. The chemica l specIes are assumed to be
in equ i l i b r ium in the combustion chambe r and as far as the nozzle throat , whilst

frozen or fini te rate chemistry may be applied in the supe rsonic region of the

nozzle. A sumary of the theoretical basis of the p rograms Is Included , w ith

full operating Instructions . A sample calculat ion is presented , i l l us t rat ing
the wide radial variation in rocket exhaust properties wh i ch may occur at the

nozzle exi t p lane .

Al thoug h the programs do no t p roduce a sI gn i f ican t improvemen t ove r previous

methods 3 in accuracy of th rust calculations , they provide far more realistic

es timates of nozzle exit p lane prope rties and hence be t te r starting conditions

for an exhaus t p l u m e  s t ruc ture anal y s i s  progr am 1 ’2. They are par ticularl y

i mportan t in hel ping to provide accurate predictions of the shock structure of

a rocke t exhaus t p lume .

8 REFERENCES

No. Au thors Ti t le , etc.

Jensen , D.E. Prediction of rocket exhaust flame p roperties.

Wilson , A.S. Combustion and Flame , 1975, 25, 43-55

• 2 Jensen , D.E. Compu tation of structures of flames with

Spalding, D.B. rec i rcula ting f low and ra d i a l  pressure gradien ts.

Ta tche l l , D.G. Combus tion and Flame (to be published)

• Wilso n , A.S.

3 W i l s o n , A.S. A user ’s guide  to compu ter programs fo r the
c a l c u l a t ion of condi t ions i n f l a m e s  and rocke t

nozzles.

RPE Tech. Repor t No. 72/10 (1972)

4 Cousins , J.M. Two—dimensional , two-phase flow through a rocket

exhaus t nozzle: a progress report.

RPE Memo. No. 685 (1976)

5 Lord i , J.A. Computer program for the numerical solution of non-

Mates, R.E. equilibrium expansions of reacting gas mixtu res.

Mosel le , J.R. NASA CR 472 (1966)

UNLIMITED

__________________ ~
-
~;- ---  ~~ : - --- - -~~~- - - -  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—--—-•---—- —  - —.•--—--- •— — —.~~~~



~~ -•—,~--~- -~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~ - •~~~~~•—
-
~~~~~~~~~---

UN L I M I TED

No. Author s Ti tle , etc.

6 Stow, P. The solu tion of isentrop ic transonic flows .

J. Ins t. Maths App l ics , 1972 , 9, 35—46

7 Marsh , H. Subsonic flows in turbomach i nes : computational

- • me thods and p rob l ems i n ae ronau ti cal f l u i d
dynamics ;  edi ted by Hewi tt , e t a l .
NY , Academ ic Press , 1976

8 Frey, H.M. Two—dimensional kinetic reference program.

Nicke rson , G . R .  Dynamic  Scienc e, 1970

9 Cox, M. G.  Curve f i tti ng: a guide and su i t e of al gor i thms
Hayes , J.G. for the non-special ist user.

NPL Report NAC 26 (1973)

10 M i katarian , R.R. Ae roChem axisy mmetric mixIng with non—equilibriu m

Pergament , H.S. chemistr y computer p rogram.

Ae roChem TP-200 (1969)

1 1 Jensen , D.E. Reaction rate coefficients for flame calculations.

Jones , G.A. Combus tion and Flame 1978 (in press)

I
34 - I

U N L I M I T E D

_______________—• 
~~~~~~~~~~~~ — -~~ -~~~~ —~~~ -— •~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~

-
•

-
~~~~~~~~~~~~ -~~ - 

_ I



r
UNLI

~~
TED

• TABLE 1

Tes t case parame ters

Fue l

Mono-methy l hy d raz i ne CH
6N2

Ox i dan t

Dinitrogen tetroxide N
204

Oxidiser/fue l ratio 1.8

Chamber pressure 3.145 MPa (31e a tm)

Nozzle throa t radius 1.139 cm

Nozzle throat radius of curvature 1.575 cm

1.38

Nozzle exi t radIus 2.808 cm

35
U N L I M I T E D

____________________ • -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-~~~~~~~~~ • • — ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ -=~~~~—- — - - -~ - -~~ - -- - - - - • 
_t



- - - _ _

U N L I M I T E D

TABLE 2

Reac t ion  mechanism for  test case

bU n c c r t ~n n t v11 . . a -No, Reaction Rate coefficient t a L L e r

Al 0 + 0 + M 02 + H 3 exp(900/T) 10

A2 0 + ii + H -
~~ OH + M 1 x io~~

9 T 1 30
A l H + H + M -~ H2 + M  3 x1 0 3°T ’ 30

A4 U + OH + H 11
20 + H 2 ~ io

25 
T 2 It)

AS CO + () + M - . CO 2 + M 7 x 1O~~~ exp(—2200/T) 30

H i OH + H 2 -* 1120 + H 3.6 X 10 11 exp(—2600/T) 2

82 0 + H 2 OH + u 3.0 X 10 14 T exp(—4480/T) 1.5

H + 02 -
~~ OH + 0 3.7 x exp(—8450/T) 1.5

B4 CO + OH -* CO2 + H 2.8 X 10 17 
T1’3 exp(3 30/T) 3

85 011 + OH -
~~ 

1120 + 0 1 x 10
_il 

exp(—550/T)

4 P 1 11 + 02 + M -+ 1102 + H 2 X 10 32 
exp(500/T) 10

P3 H + HO2 --  OH + OH 4 10 10 
exp(—950/T) 5

P4 H + HO2 112 + 02 
x 10 exp(—350/T)

PS 112 + HO 2 1120 + OH I io 12 
exp(—9400/T) 10

Pb Co + 1102 CO2 + OH 2.5 x 10 10 exp(—11900/T) 10

P 7 0 + HO 2 OH + 02 8 X 10
_li 

exp(—500/T) it) - 

-

P8 OH + 1102 1120 + 02 1 10—10 30

Qi CR0 + o CO + OH 3 X exp(—2500/T) 100

Q2 CHO + OH Co + H 20 1 10 11 100

Q3 CO + H + M CHO + M 2 X lO~~~ exp(—850/T) 100

Q4 CR0 + H -
~~ CO + H2 2 X 1O~~~ exp(—2500/T) 30

U3 NO + H + M HNO + M 1.5 10 32 exp(300/T) 10

U4 HNO + H -, NO + H2 8 x io 12 10

US HNO + OH -* NO + H20 6 x 10
_il 

S - •
U6 N2 + 0 NO + N 1.3 X 10 10 exp(—38000/T) 5

Vi N + 02 NO + o 1.1 x T exp(—3150/T) 3

a mi—molecule—second units -

b defined as in Ref. ii
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Nome nciatur c

A nozzle cross-sectional area norma lised by the throa t area; diabat i c heat
addition term linking fluid dynam ic and relaxation processes

B ene rgy exchange term linking fluid dynamic  and re laxa ti on proce sses

c number of independent chemical species; speed of soun d , ms t

c. mass frac tion of jth species

C specific heat , J kg~~ 
d~ .

f. deriva t ive with respect to x of

F functio n defined by equation (14.17)

C function defined by equation (4.18)

h. enthalpy of the jth species , J mol 1

H total enthal py,  J mol~~~; func t ion de f ined  by equa tion (14.19)

k
f forwa rd rate coefficient for the Ith reaction , cc mol 1 ~~ or

i 2 —2 —1
cc mol

equilibrium constant for the jth species , based on par t i a l  press u res

equ ilibrium constant of the ith reaction

m ix ture molecu l a r  weigh t , g mol 1

• m. molecula r wei gh t of j t h  spec i es , g mol 1

H Mach number

q. init i a l mole fraction of species j

q~ i n i t i a l  number of moles of jth species per uni t mass of p ropel la nt -

P pressure , Nm 2

pressure , a tmosphe res

r number of chemica l reactions ; radia l co—o rdinate , nor ma l i s e d  b y th roa t
radius

throa t radIus , cm

R un i ve rsal gas cons tan t, 8.3143 J K
1 mo(1 , 82. 056 cc atm mol

1 K 1

nozzle throat wall rad i us of curvature

s total number of chemi ca l species
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en t ropy ot jth species at 1 atmosphe re , cal uol~~ K 1

S mixture en t ropy , non—dimens ional

T temperature , K

I non—dimensional temperature , In T/T0

u axial velocity, ms
1

v radial ve l oc i ty , ms
1

V veloc i ty , ms 1

w . net species p roduction rate

x axial distance from nozzle throa t , no rma l i sed b y th roa t rad i us

X. mole fraction of species j

a Mach ang le , ang le between streamline and Mach line characteristics

a.. numbe r of moles of species j per mole of species

d iffe rence between the sto i ch i ometric coefficients of the jth species
on the p roduct and reactant sides of the ith reaction , 6 ij  — v ! .  —

S

Ii

j=1

i sentrop ic exponen t

concentration of jth species, rno l g 1

6 . .  K ronecher de l ta
Ii

p densi ty,  kg m
3

0 s t reaml i ne ang le

chemical  potential of jth species eva l uated under standa rd pressure
-~ cond i tions (1 atmosphe re)

v. . stoichiomet ric coefficient of the jth species on the reactant side of
Ii reaction I

‘u~ . stoi chiometric coefficient of the jth species on the p roduct side of
IJ reac ti on i

V
1

jal
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- TES T CASE

20 1 14 4 0
3200.0 34.0229953 67.8 144 1.139 19 0 .08  5. 50672 0 .02  l .O E— 6
33.233 —1.309 144  33.233 -1 .309144 1.5748 0.0
1 2 4 5
0.0 1.13919 5.0
0.42672 1.2065 1.0
0.93472 1.41732 1.0
1.44272 1.65227 1.0
1.950 72 1.88468 1.0
2.458 72 2.09677 1.0

- - 2.96672 2. 28 727 1.0 > CON TOUR DATA
3.47472 2.45237 1.0
3.98272 2.58953 1.0
4.49072 2. 69875 1.0
4.99872 2.7749 5 1.0
5.50672 2.8079 7 5.0
0.93472 2.45872 4 .49072
1.41732 1.88468 2.45237 2.69875
CO 7.7509 12E— 01
H2 2. 325273 ~ FUN DAM ENTAL SPECI ES

-

~~~ 
. 02 1.009744

- ; N2 1.473736
C02 1.0 0.0 0.5 0.0
014 0.0 0.5 0 .5 0 .0
H 0.0 0.5 0.0  0 .0
0 0.0 0 .0  0.5 0 .0
1402 0.0 0 .5  1.0 0 .0  DEPEN DENT SPECIES
CHO 1.0 0 .5  0.0 0.0
1420 0.0 1.0 0 .5  0 .0
N 0.0 0.0 0.0 0.5
NO 0.0 0 .0  0.5 0.5

• HNO 0.0 0.5 0.5 0.5

FIG.7 I NPUT DATA FOR PROGRAM ODNOZ
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EQUILIBRI UM THROAT CONDITION S

TITLE s - TEST CASE

ACCURACY i .OO E-0 6

MOL E FRACTION N0.PER C.C.

CO 1.18243 0 E-01 5. 550612E 18
142 1.199625E-01 5. 63 1 327E 18
02 1.11675 1 E-03 5. 242298E 16
P12 3 . 156099 E— 01 i.48 1 549 E 19

C02 4.8 337 89E—02 2 .269097E 18
• OH 1 . 4 1 1 0 5 0 E— 0 2  6. 623807E 17

H 1.321660 E—0 2 6. 204 190E 17
0 9 .18299 1E-04 4 .3107 17 E 16

- I H02 1.852384 E-06 8.69553 6E 13
CHO i . -689240 E-05 7 .929700E 14
H20 3 .661572E-01 1.7 18830E 19
N 1.829355E .06 8.587432E 13
NO 2.305 4 36E— 03 t. 082227E 17
HNO 1.47 1348 E— 06 6.9068 62E 13

~FENPERATURE 3029.93 K ENTHALPY -8451.1 J MOL-i
MOLECULAR WI. 21.4789 G MOL- 1 ENTRO PY 11.991 01 ii MOL- 1 K-i
SPECIFI C HEA T 2099.33 J KG-i
DENSITY 1.67394 KG M—3 VELOCITY 1167.01 M SEC-i
PRESSURE 19.3763 ATM MACH NO . 1.00730
GAMMA 1.13777
CSTAR 1741.63 M SEC-i

• MASS FLOW 0.796 KG SEC-i

FIG.8 TYPICAL OUTPUT STAT I ON FROM PROGRAM ODNOZ SHOWING ONE-
DIMENSIONAL EQUILIBR I UM THROAT CONDITIONS
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FIG.11&12
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FIG.13
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