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Low frequency 1/f noise limits the ultimate sensitivity of semiconductor de-
vices such as MOSPET (MOS Field—Effect—Transistor) and CCD (Charge Coupled De-
vices). The study of the origin of the low froquency noise sources requires de—
tailed measurements of the noise power spectra under a wide range of device
operating conditions. This report detaiLs the design and operation of a hard—
wired noise correlation processor (correlacor) which is interfaced to a host
computer for two—way handshaking operation. The correlacor samples the noise
voltage from a device under study as well as calculates, averages and stores the
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20. ABSTRACT

autocorrelation function of the noise. Th. host computer can then sample the
autocorrelation data, calculate the power spectrum and plot the results, all
on a low priority t ime sharing basis if necessary. This system provides the
flexibility of programmable control and the speed and accuracy of dedicated
hardware correlator. In order to optimize the correlator design, a detailed
analysis of sampling, correlation and noise theory were undertaken which pro-
vided some important insights on sampling quantization errors, and noise power
averaging techniques using incomplete correlation. These theoretical concepts
apply to a wide range of situations of signal correlation, as well as noise
power spectra measurements on silicon semiconductor devices.
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~ na.~ s ,..e~~ i~~ 0 V c ~~~~ ~~ -

char t e r .cu:’ to cucose t ) e tweon  :t.i:’ :w ,i r ~ an.! scf:w,t: e soin’e .ct ion .in-: oet’.~een

complete and incomp lete cata analysis scuemes. The man’.’ samples , snow:: to

DC necessary  by the  .ma I’.’s is , a l l ow  th e  use of l a r’.e  i n r at  -roan : iz.a r ion e rr o r s

wh ile m a i n t a i m i n . t ,  ou t r u t  5lconracv , md de t e rm in e  t u e  :‘e 1st ive unimro: ’t ,-moe of

the error due to a finite numzer  of sam~’les. This is discussed in c h a r ter

f ive . F ina l ly , operat ion of tu e corre lator  is discussed in onapter s ix  and is

illustrated w ith samr Ic corre Iator outrar s i:id ccmrute :’ o:-into ’.ots .

Il. SA~1F~ IN~ T~i 2RE 1S

The modern sampling theorem is ,c.enerai lv credited to Nv~ ulst~ and

has been extended by Shannan . Chis sampling or Nv5;uist theorem states that

a func tion  l imited to frequencies where ~~~ ca n be p e r f e c t ly  :‘ep :’oduced ~y

sampling isolated poi nts  at  .1 f ix e d  frequency or 2f f or ~:‘eater. This :nec:’cm

is somewhat idealized , however , and , in r:’act ice . error s  are al;~avs :resen:

due to high frequency aliasin’., limited f r ccuon cv  t’esoln: ion , and
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con v e r t  on coy .o e”.m’ 1.-v ed . ,,o nt’ . ’ . ’ . no’ a 2.’~’ xh .t “ ,cs. “:. ‘: . ; ,: ‘o I n t : no.:-,;ors V
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converter with a 2 ;~s convers Lt ,’n t ime t ‘si’ t he  ~~ u i ’  b i t ’ ;  we will ne.’-~. Th Ia

provides a ta-rotor of 50 between the nominal maximum fre’~uency and the :on’.’o r -

sian frequency. Also , the full scale fluctuation must be allocated f- :’ 1:-i i

wideband noise signal , arid the very hig hest frequency components .rLr.’~ would

not be expected to have anything close to full scale amplitudes . We w i l l  f in d

that the individual sampled point quantization error due to the sma.,.l nulrre:’

of bits used will be much larger than the A—D conversion time error.

In order to calculate the frequency spectrum , S(f) of a time func-

tion , v’(t), it is first desirable to calculate the autocorrelation function

given by

v (t)v(t+’r) (I)

where r is the delay time in integer multiples of the sampling period . Then

the frequency spectrum is obtained through the Wiener-khintchine integral ,

“5’,

5 ( w )  1~ J ~~~ )cos; ) rd r ( 2)
U

‘rhere is also an inverse integral for  the autocorrelat ion func t ion  g iven 1w

-A t 
~~ ~ ) 003 u Ni a (3)

The correlator has the job of sampl ing  i t ’  hi~’.h speed , c a l c u l at i n g  the  auto-

correlat ion fu n ct i on , and st a r ing  i t  ~or in t r o d u c t i o n  in t : e . 1  3a~ t’.~ , 1 t ’ -~ Int- ’—

gri t ion program or a knit’ icr’ ins lyner.

The numerical integration coin t ak e  :s ign i f  icant  t ime , so t::e cho;.c :

o ~ procedure m e d  is .; - :r- i t  i c r  I . In p it’ t iou 1st’ • an .ippr’ ‘pi’ La t ’ t in ’ . - ’ a ’.’ ic e—

____
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.~~ t ’ , i t . ’. 1 1 4 1 : ,  t b ttm, ~
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‘. i. ’ t It t t ’ ’ p m ’ ’r ; .  :;i ’ * ’’ t t i i ’ ’ ; ‘ . - j r - I , .‘f~

‘ o ’ . , t t  i~~t . - . - no ’.-’ I it ;~~s ; ;  :51, - i , ’ t t  it ~~~~ ‘o ,‘,il’ u 1- U ~,t 
* 

l ’hj :, is . ; t o t; .. - - .~o : ,  ‘ ‘ ‘ - t

I I:- ,’. r ate  ,‘f~ ; ;t;t :; t i . ’ ; ~t mo. - t’ .~ p ;. -t1 ~’\ , ,c, ~i i ; ’,, u sso i t o :  ore , r:id i t at

l~’ ;:s~’ .‘.~ .;.r 1 - ‘  t o  f o r ’  j~w 1 - ‘ t i . ’ I - ‘t~~0:, I I r” pm . ’i i~’\ to is a mm’ .’ , ‘, - ‘ . .  -d : ; ‘ o - ~

resolution. e\ t ’ .~~’ — I s b ’ .i. it ’ : .p .n’ t r ’ui f l  urn  he ‘bi . r i n i o 1 in one ‘i I W O  w , v :; . ‘ I t ’ - ; :

two s j rig Ic— ,I t ’c.i~Ie s’~ at r.i can be pat elio t t este t tret’. i~t; is t’o~~ i i  r o t ;  t ; i s ’ ¶

ion ‘. inc and • Li ,i higher t requencv to’ it .’ is .i kt ’t , lf’t ’ more ca:’;’~’ l.r —

ion t m e  . rhe other ’  a.Lterna t iv .’ is i c, ’ur I m e n :; two— toesde spec t :-n:n • .~ a —

th is requires a .‘.If;~
) p a i n t  au t e ’  ri’re bat ion i i i , :  t Lot; , is t i c  ;‘ . ‘r , : t

required i n t eg rat ion  t. Lit-me and the :;t.’: ’,14 ’..- ’ ~‘‘ip’ic is tv i’v .r . i ’ ’ t a t ’  ‘1  12. It tees

el i m i n a t e  the t0~ iuc ;n’as, ’ in .‘no’rej at ie~ t ine , s is ;;s~’ the i t.t it iset; ,m I p.’

are oh t am ed by in , ’res;; i th ’.  t he sample i’s t e rat hot’ t h am t i to ‘‘. - I I no • hr.

this ,t ~~t’’.; net a’. tset 1’.’’ attis ’;’ ;‘t-~’t ’ I ’m’ , , .‘\r.v t h I n , ’. l ’s:; t h i n  one ~~~~~~~ •

• ‘by ion s LV ,ioes r .ot  ~‘Xp 0r  L ’ ’ti~’t ’ th is -i - ’i’ tot’ at ‘ui~-n is ’ - t i e  gri n in :o:~’ i:’.d

me m o ry  • so one ~t .b’ ,i 1.’ n’s’;:;:; t ‘ b. :1;. ~~~~~~~~~

1 ti ,in~’ ~‘s l i t  a t  en ia tO . ’ I  ‘ mm exps ’r is ‘ .me; ;  r i  r. ’ : ; nm I t :; 
* t O t ~ ,~ i S

, i : ; ; ’. , ’, ’ i s ; t .’~l w i t h  t~~~s’ h i s ’ .  1 m i  ~~~~ ‘i t in- . “m;.’;’ -i’.h; i t  .‘h in e  m t  -n ’ . r r l .~ .

. ‘x , ni t ’p ‘a’, is :  5,’ h ive - r m u ’ ;  ~~ .‘ 
- . . ‘e~’ t rum 1: a ‘ - it t’.’t w.’e:i - ‘ an d - .‘ ‘ , is

- S • 1, ’, t . ’ , ’t ’a  - ‘ I. ..‘s~ ;oi ‘ • ‘ n - - ‘~ ‘ ‘nt’ ’’ - it  t i ’ .  t - a’,, - ;en : ‘- ‘ t : ~~~~~:; at  is . ’I’.

- ‘ 4  ‘~~ - ‘ : ‘ - . t .~
)

¼ ; i ;1 .  - 1 — I n..’ , r 4 I
. ‘ l l

lb .’ ‘ - i  l . ’ t i l , t t ” . t  ‘, ‘ s*. t’ .~ ‘ .‘~ ‘t ; ” ; , ; l , : t ’  , ; . t O;;
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‘.‘ ¼ ~ 
- ,  S i ; ’ .~ ‘ t — S is ;; -~ r )~ ‘~~:;, , ; ;  - I i

~ 
;L ;~~~—.~~ t~ —

* 
— S i ;  i i;

)

where

S i (x ~ :‘~ 
-~~~~~~ - i ’ .

In a typ ical case , -
~~~~ i .; , ‘ ; ; e — h a L ’ .~ t t ;t’ i awe:;t  f requency in th e  ot to—

decade spectrum of in te res t  and ~~ ia tw ice the  h ighes t  : r equ en ov .  rh is  is

an .mr ’ p t ’ox imat ion • since the  f SIt ” . ’  r o t i c t t  is -a h i x ’ p  bu t  t ir m ite . I: we assume ,

from our p r’e~’ Lous ~ina Ivac’.; , t h a t  t .—‘-- —
~~~

-—— , t - t ; . ’n we tur~’~’In ,L~ 1 _ ‘~~~

ti
in

a’ ’ .- m

lb, t~un o t  ion .Ii ~ x can b. ’ c I. ’so I v api’t’-ot< m a  ted hv

— t;x ~cos (x) — g ¼ .\ t s i n~ :J

-
; - ,~i ; . ’ . t ’.’ , .~~:‘ x~~’~ , we 1;

—

x

I
- : 2  - ‘-

~~~~~~~~~
‘
~~~~~~~~~~~
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Because w , r  is so Large , tb .  : i rz t  two terms in the expression

S ’ ( w ) can be approximated by ‘- , so that we get

cos(a+w 1 )t cos(a—w1 )r
S (~~) - + — + ( ) T ,~ 

+ - 

a—al

cOS ( 1,) +W 1  )T cos(w—a 1 )r
- 1 In 

_ _ _ _ _ _ _ _  1 -:
- 1 + 

~ ~~~~~~~~ )~ 
- 

(w - a j  )T
m 

] (~~)

where we used Si(x) -3i (-x) in the last term. Obvious ly the  assumed spec-

trum is recovered in the first term , but there is an error given by the second

and third terms.

A similar calculation for S(w) ‘
~~
. gives

cosl.w+wj ) r
S ’ ( w )  ~~( l -  ![2 s in (w r  )Ci (~~1r  ) +a iT m rn

cos(w—a )tt m -]} t i l)

where

C i (x )  (
~ cos ( t ) 

dt (12 )

We can make C L ( w 1 r ) zero by appropriate choice of w~ (e.g. w 1 r~~ 3.;;), 1 i’.’ing

an error result very sirnilat - to E q u a t i o n  ( 10 ) ,

COS ( :u+s; ) r cos u — ,> ‘Ii
S’(~~) = ki  — 

in 
1’ *

TI ¼, u+w n ) t  ( - u — u ’  t ’ .Ii) - In

— , 3 —

_ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~
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I
Fit~’ a c t ua l  et’t’on’ is l e ; ’en de t ; l  ‘ ‘41  .nul -t lao -~n the e x act  t - ~ i ’t n

0’. t S r ’ t i t t o r i n s ’, i t  .~ ‘ w h i c h  1 , 1 : ;  been i~1e i i  i .e;1 in ‘ . l i .~ ,-i ; eve  ‘ -i

1 at’ ~ 
1 3. - 4  • wI : I ch ce: ’ :’espstbtO to a m in imum c u t e r  t r: ’e ;~uenc ’,’ o r  2.

times the lowest f t w t~ p ; encv  in the cul.’;m lated spectrum , the error is a bo u t  3 ‘
~

maximum rOt’  the assumed dat snectrum and about -“h maximum for the ass,st;,ud I.

spe ctrum . Fit is value a: is :‘easor,ar to from the s t andpo in t  or e l i m i n a r  in~

unwanted f’.’e.~uencies without altering t h e  desired spectral components.

Fhe theoretical calculation is useful fat- obtaining the gross fe5i -

tures of this error , but , because of the idea l spectra that were assumed , it

is doubtful that the calculation can be used to subtract out the core:’. The

t best way to e l imina te  i t  is to simply  average over ,\w and smooth t::C cal-

o ;t ls to d s D es t r u m . T hi s  n a i n t  i l l u s t r a t e s  the true nature of tbi~ sr:’ar . t

is t he :‘equc:’~sv :’e:;o i;;t Ian er~-°r in t he  W i e n e r - — k h  m t - sh i n e  in t .’gr,; I o re-s ic

b. the  N ’,’ .p;ist th eo rem due to th e  t i n  ir e  sampl in g  t ime , : * I: ; — -
~~~, rse

err or i s  cero t a t ’  - - n i l  seectra . I:  is true  tha t  t h e  error is also core f o r

=0 in the b at spectrum Equat ion I;’)  ], b u t  the  co nc ept or f rec,uenc v rose —

lut ion is i rr e l evan t  if there is no s t r u c t u r e  in the  spectrum .

U I .  1’h SE bA ’t l’~ E F I M E

The magnitude ot a particular rreqUencv componen t  in a :;eise si~’.t’.ai,

W~~
j j  v i:’v statisti ca l I-c in rime. -Therefore. it is important to know hew l.en~;

ha .; , ‘ . n , i  I ta as t co :1,-I t- IL’  led is n a’.’ to r t o  ~b ta in a ~eod ive:’igo . Van .Ie;~ 2 id

t;,L; .Ic’.’ivc.t t h i , :  ;‘~‘:.u1t :°:‘ an I~C ‘.‘ i l re ’. ’  a’. t ime c. ’ n s t , m n r , 1’ , t~ J ta’,;;r .is

re 1st i - co .iccu ’. ’-ic v t o  be 1,’ ’ . i3 1’ fat ’ - i b an d w i d t h  , i~ , in rho si g na l .  .~e w i l l

t e l  Law h i s  t o t ’ i ~ i t  ion n ; r  :lt. ’.t i t  v it t o  i t : ’  :; mnpl in ;~’. re ’h n i 11;t’ .

$ 

~~1~~
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Let x t I’.’ t h e  r andom i m m p : m t  I ’ ’ a iu ~k 1t - - m  t i~’ d i ’ s ’ t ‘~~
‘ , *j  b , a - ’:e’:’.’u

out ~‘ut 0’.  I x  . ~e want to -tvei’ - r~-,e lan~ ~‘m ;, ’ti m t a .~ t 1 . Fbi ’ , I ; i t - ’so;’t’ .’ l i t

of the ct-rot’ is L t ( t ~~-~~) [ L ¼ t + i  ~— L 1 .  V im;  der 2i~’l~ show:; t i ; . m t

- 
- whe re c~ is the not’ma1i~ ed autcee ;- ;’.’ l i t  j o t ;  t u t u ’ t  ion o: x; t )~~~ :i v o:’, ~‘v

x(t)xtt+t ) ~~~

‘

rhe spo ctr.r  I in t en t s  i s ty  of the error is ‘, iven  by ho l~ i t -n e t ’ — t-d ; :-.t’ci; its’

i n t e~:rs I ot e~~;m l t  ion I, .~ 
‘
I , n ame lv

S t - u )  L t t t  ) — T  IL I(t+: ‘ — T 1, ’.
* C-

2 U s~~ ~ t ~,u’:;,,’ I s I T  ¼ 1 ’

The ,r;t ,a,-e-,’:-e l .r t  io n i ;mmu-t on at  .r :~~~ ; t , l : ’ . ’ i’ , m n ,l “ 1 m t  ,‘n~ S ty , , ,  , t- ,;t;,iw ~5it * *

ills! ~‘O t i t  ‘~‘l’ ‘. ‘.‘es 1uons’v • ‘ , t S  5, 5’s’,’t; i’’~’ t h ~-’ at’s’ s’i’ t ‘ ~ jonom ’— -5h i i :  ,1: i t ’ . ,’ I ; : t

C ‘¼ 1 5 1  cas,, I

- ‘‘ ‘ ‘a
- I , ‘ —  -

; ,t ~~m~ il3 r 1 t ,~ ,’ : . ’ 1 t 1  ‘I > ‘~~ “ 1 ¼ 1

-
‘ n~’w- t h i ’  ~“ 

S t > : ’  • - tuN ’t 5 i  t l~~ t i  ¼ 1 ”

~~~~~~~ :~—,: ~
-:-‘~~~~~ ‘-“ ‘ ‘— - — -,,a.,:~~~~~ _.. --.—-—--- -5—- - — - -



- ‘~~~‘5- - -5---— - - - . 
‘ ‘~~~ ____

cc r ) = ~ ) 5~ I”

t i e )

Inserting th i s  Ct ’ .) into Lquation t i t ~~ gives

S ( f )  2S~~t B — f )  0~~f~ B

U f~ B (19 )

Rather than an RC filter with a response func t ion  (l+’a r ~~)~~~, we

have a sampling interval , 1, that is a box , with a response funct ion  t s i n ” f T) I

t i f T .  Thus , in tegra t ing  over frequency to get the fluctuating output , Y , we

have

- .

25’ ( B— f )  ~~~~~~ dt
j ) m i t ;

- B s).,ntx) sxncx )
— -‘ ~ lox t _ -  ~0 t i r  x

whev~ x ‘i fT .

I f  we le t I get very large relative s to  B , the second term ~oes to

:ero and the inreçral of ~~~~~~~~~~~~~~~ goes to Li-, so that

and the r e l a t i v e  ct-r at ’  i s

- -~~
-
~~~~~~~~~~~ - - . ~~~~~~~~~~~~~~~~~~~~~~~~~ - - -5~~~~ 

______ . ,-~--_-— _ :~~~~~d
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Ft:~ t’,’ it ;  a a: ’a-n ~:i : :  e:’.i ns ’ i ’ a t  ‘ 2 : :-o:’.; r b ’  ~~s ~~~ 5’o I t 5 t j f l t  r e su l t .

From chapter tw o , we knew t h a t  i is a it -t I’ lv the  rec rpr ~_’ca . of z: :e

maximum autocorrelation delay , I t * As we shall see in the  ntt~~t ct i , i at e r ,
m

we will average n autocat ’r e I ,mtie n :u:-t~-t ion:; to get  the  f i n a l r esul t , so toe

measuring t ime is F n ; .  Thits gives a relative error of t — ~~ x

tn )~~ 
-

, and n is chosen to get the detsired accu’.’ac\’ e . g .  ~~~~ requires ~~~~~~

• Iv . dORRELAT 3N PR EEl’Ri

No rmally , the  5tuto cot ’ r e l at i on  f u n c t i o n  is obtained by sampli:’~ 2:’.

points at equa l intervals. Each of the first n points is then multip lied by

the next n points to get :1 x n products. The ml ~‘;‘educts w i t h  th e same de lay

between tri o two sampled paints are then added together and divided h’s’ to

get a n average . l’ti is p rev ides one pa1:; t in an :;— ~~O h i t  au t O C O t ’ ’d at ion runc  —

r ion oas~- ,I on 1’,
~uat han t 1

A ::ar t w ,nt’ e ;‘:‘ ‘~~ :‘.-l: ’.I was w r i t  t en to rem ’ ’ .  at’;:; t h i s  ..‘.n I s u l a t  ion .u,d an

example a: t h e  ‘.‘esu I t  shown in F igut’e _‘ f a r  .i C . 211: 1 :s’ i,a’s’e ,mod ‘.i* a

di :‘e rem r am:; IS ’ . ;;~ie:; . l’be au t ocot’:’e Is’. ion func r ion e t  PS t :.:’ t’ 2a and t h e

.~iene:’—kh intchine i nr cg r , i  I or sawer sre~ ‘.:‘um in P1 gut’~’ _‘b are bot h sof twat’s’

sa l o u I s ’ .  ions . ‘ o : ’ t C ’ : ” ; m o 5 1  at; a ~( ,mn >1 ~‘ 2CC ,;k ~u i1~ ’;i lot  or.  1’l ;~’ -u;t a5’a:’;’a l o t  i O u

1 . : ;~ ’ ’.  ~e:: :‘— ;.;5; i:’~;:; tOast a t u ,5t - ‘ . I t : ; t l ’ . s’.; .iu5t ,‘c~ d:’ ‘05’. :‘u :t L o s t  t h i :  :‘. ‘ ‘ iou:  Os

. non a CCC p a in t  ,.nu t acar:’e 1_ it ion  ui;c : S em ; is used a . ‘ .n 2.- a  l a t e  .i .‘~~ ‘ ‘a is’.

power s eCt :‘;uo. ~.o:. t a the  -.C r e i n  t a ; it ~‘.lse - i t ’ i’ at  : ‘. be sea 2.’ *

“~L ni , “.. i s ’~~ i S O  W~iS tam ed l’e~’_ i usi ’ t he ~,ir;’ I I :15: ; , i t ’ - : w , I : ’ -’ wi:: :‘o i.; t I ’ s  i ’s - ,; 12 ,5 ’ .1 051
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this machine is inexpensive enough to sed ica te  to  a simr l e  task. t-ioweve’.’,

the macnine is l Im i t e d  in i t s  sa:r.~~I i n g  and com p u t a t i on  speed. Faster machines

could be employed to  speed up the compu ta t ion , but  the slow sampl ing  rate of

a~ out  L00U ~ is general to all but very  expensive arid sophisticated e~ uipnent .

At the very least , then , some sort of high-speed buffer is r.ecessar’,’

to sample and store the  data prior to transmission to the computer. diver.

this ?rospect , it is reasonable to incl-cde ::aruwired computation in toe san:—

ling buffer , particularly when noise correlation is proposed. In the example

of Figure 2. we had a signal ‘~hich is nonstatisticai , thus , only one autocor—

relation function is required. However , from chapters two and three , we ~:n-o w

that ~dO autocorrelation functions , each requiring 400 sampled points , are

necessary to get a good time—averaged one—decade noise spectrum . If all the

points are sampled and stored , this requires I~ 0 ,CCO words of memory . If the

calculations are made after each ~0O poin t block is sampled , then only a 220

word cumulative memory for the averaged autocorrelation function ~iu5 a ~23

word memory for one sampled block is required . However , ei g ht  m i n u t e s  of com-

putation would transpire between samples , greatly increasing t he  total  san~ling

time and causing problems -of drift control. A faster machine cou d reduce toe

computat  ion t ime  to i f e w  so cones , b u t  toe sam p l i n g  imo a l o n e  can re several

hours and th is  would en t o i l  too much use of 30.  Cxre0.sive machine.

In order to avoid these problems , the concept of lnsonalet’o corre-

lation can be effectively used. This term describes a scneme in wr i i ch  toe

f i r s t  samp led pa in t  is mul t i pl ied hr the n ext  ri p o i n t s  to  - ‘- ‘2 ’. a - t o - sco au ’. s—

correlation f’snction . Because al l  the points are not correlated .~~t:’. eacn

other , incommiete  use is made of the available data and more sa:n[-l-os ‘test re

taken . Only one of the ri points is corre lated , so w e use ~ of the  avaI lable

information . Th -our -:ne decade fr equen c ’.’ o rect run  w i t h  a 2CC uo lo t  aut :co ’.’re-

let ion function we exoect to use 1 220 of the ressible d at a .
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A,: t ea  L I v  , the ’ i o:ot’na’. ion Ie~ s is nor  t h a t  so’s ey e .  Pa ;’ so : ’ :  os I :

bane— limited :;rect:’a , the N’s’~p :i s: ~;-j~~ ;-Lo:: :‘egsi ;-es a .2. rein: istose :’r’sl,st ton

:uoct ion fo r  a one decade srect:”r-i . ~e inc:’oased ‘.1:.;’. to 23$ to  asses::’. f o r

inrerrect band limit ing and to inoresse ‘ne :‘esol.mt’ ion of toe  outocor :’e lo t  ion

function , but the order of m a g n i t u d e  increase is data gil-es ::cthiog li.\e a

r ac tor  a’. 12 increase ~o i n f orm a t  ion . T h er e t o r o , t oe i:’sfo:’:u t :on loss ‘. . ictar

due to :ncort p Iete cot—re lotion is between CC and 2-2 2 , pr ahab  lv 1~’so:’ to 2. ’

Th is is also the increased t ime facto ; ’  re~;t: ired Cot ’ a f i x e d  accuracy in a

modified ~~ua t ion i, 22) .

In order to v e r ify  th i s  ,inalvsis . ~utaccr;’eIarion fun~’tioos were

,oa ,cula ted over various numbers of satole sets u s i n g  a so ftw a r e  sL . o u l a t i o n  of

incomple te correlation. For each r,irobe:’ 0’. SanpI t ’ set,, or tatol t ome toter-

va l ,  ei ght  func t ions  were .:onruted and a rercest variance at ra:’ticula:’ fre—

~~enc ies in toe compu ted sp ectra  were c a l su l a t e d .  The i s p u ’ .  ~~~~~ hire ::oiso

limited to I .C:iz and samp led at C C H. . The do’.:; is ‘t2. ’’ :’e 3 :‘errcsont these

experimental results at two : t’eguenc los . ;,n LIe toe so lie lines are roe thea—

:‘e’.icol “:‘e ,: L st  100:; t :’ ‘ti i l : ,t , ; :  ion , 2.,’’ . N o t ’  t h at  ‘.sls d at a  lies genera l  I ’s

b e tween  t Oe 2-2 and 222  tn :ar ’to ’.  ton lass ac t or  s :‘:‘cst’~ons ano t o  l Io,~’s; tOe

of these loocs.

dffsett ins’. t Ot’ to cr eased i:te ;‘e ;:m I : .~.: : a;- :;omt’ ~~~~ ~~ the  use a:

incomplete corre lat Len is ‘.h’o camp Ic to el m inor ian of cant’s’..;’. ion t Inc .

is is accomplished by ho;’.iw it— Log .15 asvn co:’an at ;s  c.i l. :::l. s t - ’;’ o f t b ’  a u t o —

sort—c lot ion :‘s:nct ion ‘.I-m.i ’ . o’
~es r l,a’~’ b e :‘...‘.‘s :;.i:n’ . ioes so to a :~;‘.e of

Tb i s La imyoss Lb  La t o  1 O : ~~~’. sa t:’ a’.’’ cart-e l .~~‘. lot: be,:asse c:

len~thv c loc~ ed so louIs’.  ions y e ’~~ ta-ed to Io::;. . ; . . ’,’2 ~‘a to , to ire as I ott

in par. -; lIe I .  Ha rdwi :’ Ln ~ ‘i s  rot ’s 12.’ 1 .‘ .i I .‘~~; l i t  ion  i~; Sn:”oss Sb 2.’ : a:’ sos: ;,:,:

s i te  “e.isens.
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~e car. : i ;”. ‘::e ti:e ‘:‘:r.l:’:u~ :; i - t - - r:’.ag-’ a: ‘ c

ion :“.e:hce , roe i:::es :0:- zOo ‘.‘ar l  :- .. -s .;lzcrss :  1. ‘‘s ~~~~ -20~~ rIot t e d  in

Fog’stre ~ .i’.s’ta:st toe lo- .~es:  : :‘o.,-.tess’; to ; coo ,~ecaee cot : :e :s:” - e ’ .e

cst’re 2 . i t io r t  z i:::es :.~e r e o 1o’.tca f o r  the  -~o o t  ca lcu l at s : ’  and a Iso for a ::l’212.’.

m t n o c o n o u t e r  wo: :: an ass-e:::ed con :ou t a ’ .ooo  a r c e d  I- .’C t :aes r a s t e r  :ta-s ‘tao

~an g .  g500 p o i n t  on roe se  two curv es  :‘ep: ’eseszs ..2$ sets a: :ata , sos.: a: .2-C

po ints , result ing in a 22$ saint avera~cd O t t ’ .  ocorre lot ion f’ens :io: ’.. The sa :tp —

ling  r aze  is 2-2 times the hi ghest r:’ecuency in  the one decade range . soc the

t o t a l  t ime  is the  samoling  t ine ol-e s t oe  com pu t a t i on  t ime .

The t h i r d  curve r e o r ese nt s  on somr ot e  so t -r e l at i on  based or. the  sano—

I i n .  time aol;, since all c al c u l a tio n s  are :-‘e :’fo:-med between toe sa::o es.

Ocre samp les are re.,uired roan I:: the o z n e r  case dee to i n fo r m a t i o n  loss ,

33 t ines as man y  samp les at-c ‘coed to get t h i s  c- : :’~’e , I , 2 C 2  s e ts  in a l l .  Tue

crossover  r re . ;uenov for iocom’ole te  c a r t — e l a t i on  is 0 . 2 ’s ho  Ca:’ t he  Na:: .’. oslo ::—

Isto r  and o .2 :10 tar toe oroicamputer . .once we are t:;:ereste .: on a 2.1 ho

and .‘t i g ne r  range of freguencies , toe  ~~~~ sols’c .lstor is olsa:’l’.’ e I!mi::a’.ed.

The mioioor : ’. ’ut er  is eliminated by cost consLJe:’atoons sod t Io c 2’ :2. so:’sscve:’

:re~ ’:encv.  :\:‘, .addotioo~ I st-gutter.’. os toe :‘eio’.o’.’e esso of i nc l u d i n g  a h er d —

ware  oor:’c eto:’ to too : ‘eg -cored :: ogs  a roec  sans’ tog one s t ar  ige  i’s: r e t ’ .

The oloc.\ eoa~:’am or a hog:: s:’eee so::: er and score ato:’ os o r awn

in F igure 5. The A — P  converter digitices the data • .‘ass log it i o t a  the  Iatc:’i

-m O. ‘oult iplie:’. The Latch holds toe n t’s’. :‘oist is a .2.0 :‘ai::t set , sc z :’,at

i t  is ‘t s l t o r l i ed  bt’ every  oth e r  r a l ot  as -~e1l as i : s e l :  . These .‘r. .-~...s:

f e d  i n to  the  adder . -she :-e roe ’.’ are oddo J t o  t h e  .srr:: Ia ’.  i ’.’e t o t s  I 5:: to sb

register memory . The shift register monet-v is 220 b i t s  b og ,  so t . t a ’.  t::e de .ay

be tw een the two melt Lol Le d oc L ot s  rena in: ; sv sch:’an i sod ,
~ ith t he  oh i f t  ‘c” Set s: ’

t-emc: ”.’ . Tt:o:-e .mre ‘e’. . ’:’ i I s t - i t t  r e g i s : c ; - o , b e ’ . c O . , , , ‘cue ’s , e t c .  • is ,‘u:’olle l

_ _ _ _ _  ~~~~T~~_ J :_ ._
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to process m u l t i b i t  numbers .  A cLo.-’k puLses the A—D covertet- , the 1,m ’ . ch , ‘.Itt~

F shift rc~;Lsters , and the cent - r o l l i n g  c ou n ter s . 0n~ counter counts t h e  220

points in a data set , and the other counter counts the number of data se t s .  A

di gital—analog converter is used to reconvert the data stored in the shift

register for oscilloscope display . The shirt r’e~ i3teL’ data is also a va i l ab le

for output to a computer for computing the pawem’ spectrum from the ,
~utooorreIa-

tion function at a later time . Note that the muLti plication and addition is

completely asynchronous and requires on ly  about L OU nanoseconds . ‘his means

that the A—D converter is the limiting facto:’ in determining sampling speed .

At the present time (January l’376)~ eight bit converters with 2 u ’s conversion

tines are available far about t3100. Thus , we can easily contemplate 223

clock rates .

V . QUANT IZATION AND SAMPLING ERROR

The number of digital bits required fa r  good a050rac\’ ‘sh o u l d  be

known because it ~an drastically orth ’c t  t he  h s r . I w m t ’ c  cost and speed pe

ance. The speed/cost ratio - ‘‘. t ho A — 0  c ’nv e t -t  em ’ is inverse  Iv  p m - ore:”. ior.a I

to the number at bits ;‘c.p;ired. :\l~~~, the ntult i 1’Liers and adders arc gener—

a l ly  tour b i t  c h i ps .  The .;i t .’:’s can be w i r e d  in i’.irs l i~ I , b u t : e olh t h i t

multipliers are genet ’aLlv more complicated t han  S i m p ’L\ ’ t w o  t o t i i ’ - L ’i ’ .  mu ltipliers.

Additional Logic and shift registers are also required to . ;s :camme,h it t ’ nore b i t s .

Although smlpem ’ficis I an a lv e  i.; indicate:: that ho : :1 1 s~’s Ic  .i. ’.:t;’ 1~’\

of an f l — b i t  ca l c u lat i o n  is no better h it ; I$0~ 2 ’~~ , t he : .mo: that ‘“ i t ’ ’ ott —

a t ’un..Iomly d i s t r i b u t e d  uo i . ;ti a S uet ml l a w : -  i t : :  to ‘Ia -::u~’:; , ‘ .‘r . ‘~ id;’ow

has used d ist r i b u t i o n  fu n ot  lot;:; and ho i t ’  ;‘-mn: , ;orm:; a is.2..’.it o tOil a is

indeed so. A graphical dt.p icr ion at- t h i s  analv:.; i~ii ~oh it ;  ; :i’.ii lj r  a 2

I Cot’ he .~, .b: i.:r ‘s’ it ct-i ‘n i t  ‘; h awn  r ~~~~~~~~~ ~ . ~‘o. -~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~ :t ‘LI ’ ::  t i - ::
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Figure 6 The noise voltage amplitude distribution function and its Fourier
transform.

—22—

—- 5- ’ ’  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



‘ — ‘ 
~~~‘ ‘  ‘ 5-~~~5-~~~ .. ‘ , .— -—— . 

~~~~~~~~~~~~~~~~~~~~~ 
5 - - • 5 - 5 -  - —_— -—-5~~~~~~—

at the noise ~~ ~aI  ic- ’ u t  ,Icn ~ - t ’ I by ‘,‘ ) 
* wlm ’ -:- - - i _ ; he :‘.‘e~ :;e ~:; ~.~~

— -. i t - . ’ ‘i’

s’.and,n’d deviation. h owever t (vi I:; the - - -x~- et-Lst -im:.t I .~j :t:’’lbitt ion ‘H.i Ia - .~

t ram the ~lu a n t  i .ted da t  .1, :; 5 ’ s C L~ only  da ta  aeI ’ I : ’ I t ’ ’d by the b it ‘si • ti ,

avai lable .  F ’V  ) is the t r ans form a t  v , m d  I’ V ) is toe  t :- .ins :- oi’~m - ‘i V

Note that F(\’) is recoverab le from F 1 (V ) a’s long i:; -
,

~

-- ‘ -‘ — -
~—- or h

A cood L’~ .iccurac~- criterion would t’t - ’~~i :  it ’.- h ay ii:~’. the ov.-rl,i o it

le t:;’ . t n e c  s t~uw iard dcv j . t t  L - ’ tL;  d~ ’w t t  he ~~~I : l : : : ;  i i i ;  ~:i: : ’ \’ - ’ -a that ~~~
—

or h .  ~c sh ould also ins ist on having at jeSt; t a:::’ s tam:da: - d  do v —

.,t tions on either side of the distribution center within the fu l l  scale  L i m i t s .

This will prevent cli pp ing at the signal. A feut’ b it machine has sixteen

poss ible numbers , d i v i d in g  the  f u l l  scale  i n to  e ic, t ;t  u n i t s  of w i d t h  h on ea~-n

side of zero. Thus , we can have .~ 2h , w h i c h  would  g iv e  t ot al  accuracy si

nificantly greater than l’L,.

W idrow ’s use of Fourier transforms is very enlightening , bu t  a

simple integration of the distribution function over the .~ua:;ti.ation er:’a:’

can give a good series solution thdt converges t’ar~ d l v  t at’ - ‘ Ii md also i n —

S c a r  et; how the t o t  .i I em-rot’ vu- i e, w S t~ .‘ it; - : t he  rue - u am - . m~ e . To ~tc 0 is

w~ ~tc f i n e  a f u n c t i o n , ~~ Y N b v  , w h i c h  pounds  at any v to the nearest ,tv.m S lar b

b i t .  r i s ’cc,; ’,t~~t t.’ i:; a :;‘..ti :’ca:~e f u n ct i o n  w i t h  ‘soOt ‘st.~p .‘~~ widI 0 Ot . 10.’

:‘.ot-naliced f-anct ions , V h , v ~ 
‘~2 , ,~~ ‘l ’N I ’  v~ l; .it’td i, ‘101 N I’ ‘. , 0 arc p lotte .’

against  v Ot in Figure ‘. The f u n c t i o n  Rp 1:N p v ii is :.er~’ em - — ~~- v ~~. and

has values w h i c h  are in t c c r ’ u l mi It  ip le:; at  Ot . lb. - . ‘ t ’ t - ’r - it  e t ch v I , ;

d i  ~‘...-t’.’nce b . ’t ;~ot ’i; t h i s Sn ot  50fl mud r h ’  (v  ‘~~v sno t Sat; . t w. ’ : :tt—-c:-

to  is .‘:- t’~’i- aver toe ,Iistribut ion t : : i c t  ion , t he - ‘i-pa r :‘ . ‘ : ;l:  1 Lu

or :na~ v ;
~1np La ’s is ‘‘a ton I ate.I

we h iv e

I 
.- -.!!L-!~ ::0 
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(ROUND 

~~~~~~ 
~~~~ND v/ h

The round—off  f u n c t i o n , ROUNDV , as a function or the  normalized
vol tage v / h .

— .‘S-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ---‘-~~~~~ _~ ..0~~~~~~~ —5- 
- - - -5-- - —‘. -~~~~~~~~~~



- - 

—
~ — 

J_~ 
( i’1-d U h D v - v ) exp~ - (v - V  ~ / ‘~ J dv 2 ~

where E is the  error and V is the t rue average or the  distribution . l’ho

second term is simply the average at v or V , g iv  it ig

E 
~~~~ 

( SCU~W v ) e x p [ — ( v - V  ) 2~~ )dv — V 24

-
~ Because ROUNDv is discontinuous , the integral must be integraged p iecewise , a:’

“~

= ~‘ 
~

, 
nh e.’cp [— v — V ~ -’ , 2 e - )dv — ‘

~
‘ ( .15 )

.2- i a n c — - ’

iThang ing variables , we let x (v-V).2~ so that

“ -[u’ *’s-~—V , h J h ~
’ . ~~

—~ — ‘I’ nOt exp (—x-- )dx — V , 2 6 )
~ n —~~~ [n—s —V h ]~ - - 2.’

E’inallv, we use

e dx art ( X ~

so that

~ 
\ n ( e r f [ ( n + m

~ - V h~ h . Hi  — er f [ ( n- ~ - \‘ ;~ h / . : .’ U — 
~-

‘ 
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A graph of this error is plct ad in Fi gure 8 against the .1ve:’~ige

voltage, V . Both axes are normalized to h , as is the parameter , a. Par

a O .5h , the error is already down to O. 3323h , which is very ‘ssalL. The

o=O curve represents the other extreme , where the tOtSi error is id e r t ti c a .

• to the error of a single sampled point . Mathematically in this case , the

distribution function is an impulse centered at V , so the integral ;;i:~r 1v

gives the single point error at V.

In our s i tuat ion, we are interested in noise power , so we would

like to get the error in v2 . To do this , we again integrate the distribution

function over the error , in this case (ROUNDv)~ -v
2 . Just as in Equation i,2S~ ,

the second term in the integrand gives the true average which is now

S -*
.~~- ÷ V- , and the total result is

E 

~~~~~ 

n2jerf[(n+½ - V / h ) h / v L ]  - erf[(n-~ - V’h)hh2a ] - +

I, ~~~~ ‘I

A graph of this error is given in Fi~ um’e ‘) p l ot t e d  a~tsinst the uo:’::i,iIL~ cd

voltage , V - h , with a as a parameter. bate that toe error saturates for  L,t:’ca

a at .JS3h~ or h~!l2.

The factor h2/l2 can be understood by treating t he  ~;u a u t i z - i ’ . i o n  em -ro t ’

as an additional noise source. Katzenelson
b 
has ‘shown that the inrut noi se

signal and the quantication noise are uncorrelated , so that thai:’ autoco:’re la-

:ion functions can be added. A l so , i f  e is large , the ~luanticatios noise dis-

tribution function is not a gaussian , but  a box ‘r width 0 and height ~‘. ‘1ht ’n

the square of the quantization noise ‘.‘a it ege , v ”.~, is multiplied by the

- 2 6—
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The qoanrizarion error of the noise r~ower , \~~2 is a t :mnct ic ’r .
of the average voltage .
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bution function and integrated , we get the autocorrelation tunction of tne

quantization noise at r~ C.

-~~ ( O  
~h . 2  

~~

= h 2 / 12 ( 3 3~

Finally , we must determine how the quantization noise is autoco:’re-

lated for t O .  Widrow
5 
and K4tzenelson

b 
have used tha ‘~l , b )  r am e n t  of

transform of the distribution function to obtain

where and ~ are the correlation coefficients of the quantizatian noise and

the input noise signal respectively . This formula is accurate for c(r~ clcse

to unity . When ~=l , .~~ = as we saw before. However , if c~ h in the ex;a-

nent , a~ can be expected to decrease much faster  than ~ . This fac: is illus-

trated in Figure 10. Since the second point in the autocorrelation function

of the input signal would normally have ~~~~~ and because we have c~ 2h in

our four bit machine , the maximum error is about O .210 h /l2) for the second

point and probably less than O.O5(h~ /l2) for the others .

Actually, even the h2/12 error fat- the r:O point is a tactor of 3

below the single point error and can be ignored for 2’~. accu:’acv. t is so

easily corrected , though , that it is worthwhile to do so. Par extreme cases ,

the r 0  error can be corrected using Equation (i2 ’h in an iterative -iar.ner.

Also , these errors are small only for V near zero , such as the :‘an e . ‘: Fi gure

— 23 —
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o = h

2h

I 3h

4h

5h

0 i
1.0 0.995 0.99

PN

figure 10 TOte correlat ion  c o e f f i c i e n t  of the  quant izat i ’n noise , •‘ ,~~~~ , as i ~unc tion
of the correlation coefficient of the in’u :  noise  ‘:alt,ic~ ’, oN .
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5 , wn Sob is norma l  tot’ no Sue neas-o:’c:::-’;: ‘~s. i c w ev et ’ , st~’~~ gI\’ bia sed s

.~‘; 
~~O )  .:oul~ O t a .’e i ’:o.~-o la:’to:’ ~~~~ -o is i;mdic - .~ted b’. t O t ’ t m - e - ~u or Fio , , a ’e

The a:’e.:e-u i no, ana l’s is of this onaprer assumes an in :  S t e  :‘u~u em’

or pa tots s i::ple~: so as to o n t a i n  t~e :’rect ~auss t in  or r ect angu a:’ dSs : r~ o u —

tion functions . In realit’i , h owever , a f i n i t e  number  of ‘samp led p o i n t s  v i e l s

an imce:-fect distribution. How much toSs non—ideal. dis tria -utio n con::’i~ u:es

to  er r or is the :uestSan -~e must adu:’ess now .

is ~ell ‘-.ncwn t h a t  if a random var iaa le , v , is distributed w i t h

mean , .‘ , and variance , ~2 , and a ranuotn sample of size n is Z3r~en , toen the

sanr e mean , m , will. be distributed wito mean , , and v ar i a n c e  ~~ The

r :3  va lue  of the autoco:’reiatian function is .‘~~ 
\‘

, so m i s  is the reference

or mean. we want ~~~ assurance of accurac’~- , m et’, the integral over th e

tail. remainder in the variance distribution must oc .Cl or less. This occ’u:’s

at 2 .ãa ,.. . A normalized error, x , then  :‘eqaires

~ V- - i

.~e only i.:tten toe re’s triotiorm or le t:  Sn~ ~~~~ so

Since 2 ,000 sam~~les oi the a’utoco:’rel.amion fur .cmion are :a~ en in the  b oom —

plete correlat ion procedure m d  even core in the co m p let e  oo r t ’ eLa t ion  t ’roo ed-

ure ~ te im~ “a ~ban t - 
- -

~ 
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This calc’ilat io n j’s s.;~~ ’s i.ioo l it  ied and .l.;es oat ,mccount or the ’;e~
-. t~-

t
~~

C cases , bu t  i t  does i l l u s t r a t e  ~~~ ins L~~r : L f i o ar ~m toSs error S’s in cur case.

it should be noted that this sampling error occur:; Sri ~oth ~ne signal noi se

and the quantization noise , but both are very small.

VI. EXP~ R~~~~fT.-\~ RE J~ LTS

The correlatot’ described in the preceding chapters was boil: and

successfully debugged . Im its f i n a l  fa rm , the in s t r um e n t  nas several .  con-

venience features such as input overload and output ready li grits , adj-us:ao e

clock , adjustable output gain , adjustable number of samples , and am ou:t’ut

recirculate mode for oscilloscope display . Oscilloscope ~ono tagrapns  of

actual carrelat-ot’ calculated autocorrelation functions are shown in Fi gure 11.

f-or sinusoidal , square wave , w h i t e  noise , and Lorentzian noise inputs. The

‘upoer t race  in each case is the  aut o cor r e l a tion  f u n c ti on  and toe lower t r ace

is the inpu t  si gnal .

The correlator—calculamor system is org-~niced in a handsoakir.g

manner with two—way communication . The correlator signals the calociator

when it has completed its calculation . The calculator then c loc~cs out the

stored autocorrelation function into its memor y , calculates the spect:’um ,

plots , and prints the result. Because the autocorrelation function can be

stared indefinitel and clocked out by the calculator in segments of .mrbS—

::‘arv lengt n , the demand on the calcu lato r  is m in i m a l .  This  is

important for t ime—sharing applications instead of a dedicated oalcu ,~to:’.

______ _____ _____ —- ——-—--—
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Figures 12 and 13 contain plots of the c o r r e lat or -c a l c u l at ed  a u to -

correlation func t ion  and the subsequent  ca lcu la to r -ca lcu lated  fre ’ iuency

spectrum. The input signal here is Lorentzian noise with a \O 1 spec-L l t ( ’ . / .~~J J

trum. There is some point scatter , but a three point average shown in Figure

l&~ gives a smooth curve with little loss in frequency resolution . In fact ,

t~.e small filter hump at about 600 Hz is still retained.

VII. CONCLUSION

We have analyzed the correlation probe lm in detail , espec ially as

it pertains to automatic noise measurement. The various errors were studied

- -
~ in order to desi gn the most efficient system in terms of speed , accuracy ,

size , cost , and convenience. The error sources considered in this study in-

clude high frequency aliasing , low frequency resolution , A— D conversion ,

finite time , finite sampling , and quarttiza tion . Software calculation of the

Wiener—Khintchine integral using this analysis shows that hardware correlator

is most effective . The correlator uses the incomple te correlation method and

four bit input resolution . This system combines the high frontend speed or broad-

band width and accuracy of a dedicated , hardwired correlator wi th the flexi-

bi.U.ty of a dedicated calculator ot- t ime—sharing computer which g ives soft-

ware calculated , tabulated and graphic outputs.

— ,~ L~—
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