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ELECTRICALLY SMALL LOOP ANTENNA LOADED BY A
HOMOGENEOUS AND ISOTROPIC FERRITE CYLINDER — PART II

By

D. V. Giri and R, W. P. King

Division of Applied Sciences
Harvard University, Cambridge, Massachusetts 02138

ABSTRACT

The problem of a finite, ferrite-rod antenna has been treated th;oreti-
cally by recognizing an analogy between the ferrite antenna.and the conduct-
ing cylindrical dipole antenna which has been studied extensively. Initially
the ferrite is idealized to be a perfect magnetic conductor and an Hallén
type of integral equation (1} is obtained for the magnetic current. By al-
lowing the antenna height to approach infinity, the formulation is shown to
be consistent with previously obtained results for the infinitely long fer-
rite antenna {2). ASubsaquently, the integral equation is modified appropri-
ately to treat the ferrite as an imperfect magnetic conductor, and the cur-
ront is obtained in the three-term form of King and Wu {3), Because this
treatment relies rather heavily on a mathematical equivalence of the two
problems under idealized driving conditions, an alternative, more rigorous
formulation is prescnted. The result is a pair of coupled integral equA:tone
in the tangential electric field (or mapnotic current) and the circpmforeu-
tial electric current, The coupled integral equations are solved numerical-
ly, An oxperimental apparatus was fabricated to verify the solutions. Good
agroement {8 obtained for a ranpe of parameters, The experiments were per-
formed for three valuas of Q = 2 tn{2h/a) = 8,5534, 7.4754 and 6,0R9. The

celectrical radius nko ranged from ,00132 to ,01662,
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1. INTRODUCTION

In an earlier report on this subject {2] the magnetic current on a fer-
rite-rod antenna was derived explicitly in the form of an inver=ze Fourier in-
tegral, The driving loop loaded by an infinitely long, homogeneous and iso~
tropic ferrite rod was assumed to be electrically small so that it carried an
esgentially constant current Ig. When the ferrite rod is assumed to be of
infinite iength, the magnetic current is equal to a definite integral which
is suitable for numerical evaluation. Two values of electrical radii, viz.,
ako = 0.05 and 0.1, were considered and for one of the cases the magnetic
current was plotted [2] for several values of the permeability of the ferrite
rod ranging from 10 to 200, The total magnetic current can be interpreted in
terms of a sum of transmission and radiation currents. If v and € of the
ferrite rod are assumed to be real, the transmission current can be sssoci=
ated with an unattenuated, rotatlonallv symmetric TE surface wave, It was
further found that the cutoff condition for this wave is that the electrical
radius akl be greater than 2,405,

In a practical situation, however, the antenna is of necessity finite
and electrically short as well, so that a now wathematical formulation along
with an experimental investipation is necded for the problem of a finite fer-
rite~rod antenna. Sections 2 through 8 present the two different theoretical
approaches used to detevmine the magnetic curvent distribution on the finite

ferrite antenna; Soction Y descrihes the experimental apparatus and results,

2. PROBLEM OF A FINITE FERRITE~ROD ANTENNA
The present formulation is based on the analogy between the cylindrical
dipole antenna and the ferrite-rod antonna., The dipole antenna is wmade up of

a wire, rod ot tube of high elactrical conductivity and may be driven hy a

-1-
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two-wire line, Equivalently, a monopole antenna fed by a coaxial line corre-
spoads to a dipole antenna through its image in a ground plane. In either
configuration, the driving source is represented by an idealized voltage or
electric field generator which mathematically takes the form of a delta func-
tion, Similarly, the ferrite rod antenna is fabricated from a material of
high magnetic permeability and is driven by an electrically small loop an-
tenna carrying a constant current. The loop is, correspondingly, represented
by an idealized current or magnetic field penerator and takes the form of a
delta function. These similarities suggest approaching the problem of the
ferrite antenna by trecating the ferrite rod as a good magnetic conductor,
Initially, however, the ferrite is idealized to be a perfect magnetic conduc-
tor (ur = @) aund, later, appropriate changes are made to account for the finite-

ness of the value of the permeability of the ferrite material.

3. FERRITE AS A PERFECT MAGNETIC CONDUCTOR
The analogy between the ferrite antenna and the dipole antenna is based
on the dual property of electric ond magnetic field vectors in Maxwell's

equations

Vx}‘,-..ﬁ
vxtiadeh

(1)
v.Be0

“+
V.Dw=wp

Figure 1(a) shows an electrically small loop antenna of diameter 2a. The
loop carries a constant current and is assumed to be made up of a wire of in-
finitesimally small vadiua. The wire loop 14 loaded Ly a farvite cylinder of

hofght 2h. The ferrite is assumed to have an fnfinite permeability, in which
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FIG. 1 {0) ELECTRICALLY SMALL LOOP ANTENNA OF
DIAMETER '20' LOADED 8Y A FERRITE CYLINDER
OF HALF HEIGHT 'N AND SURROUNDED 8Y
FREE SPACE.

(b} MATHEMATICALLY EQUIVALENT BUT PHYSICALLY
UNAVAILABLE MODEL FOR THE ANTENNA SHOW-
ING THE IDEALIZED CURRENT GENERATOR ¢ 15
8(p-a) 8(2).

R
B




PR ——

e bt <

by

case the value of its dielectric constant < is immaterial in view of the na-
ture of the driving source. Figure 1(b) shows the mathematical model of the

antenna, Region I is the ferrite with parameters Hes € k1 and region II is

rl
free space with constitutive parameters by £g and wave number ko. Because
of the naturc of the driving source and azimuthal symmetry, the non-zero com~
ponents of the fields are uz, Hp and E¢. A time dependence of the form
exp(-iwt) is assumed, Because of the assumption LS Hz and Hp vanish in
region I. The ferrite is also assumed to be homogeneous and isotropic. Thus

the idealized driving source is taken into account by setting
H _Igé(z) (for p = a and |z| < h) (2)

Since both reglons I and 11 have vanishing electrical conductivity and

there is no free charge, Maxwell's cauations reduce to

v xtad (3a)
vxdiwb (3v)
v.8w0 (3c)
v.Davo (3d)

It is required to solve (Ja-d) for the fields subject te the condition (2)
which states that the tangential componeat of It is discontinuous by the true
eloctrie surface cutrent at o = a and for Izl < h. In order to obtain an in-
tegral cquation for the magnetic current on the antenna, an electric

r *
vector potential A% and a magnetic scalar potential ¢ are defined and used,
b~vxf® (4)

N
The definition of A° is incomplete unless its divergence i{s also specified.

. Teo
Using (4) in (3b) gives V x o+ A°) = 0, from which the scalar uagnetic
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potential is defined by setting

>
+ e

B+ A= o (5)

In terms of the potentials, the fields are now given by

T s (-1/e)9 x X (6a)
A w vy - &° (6b)

Substitution of (6a,b) into Maxwell's equations (3c¢) and (3a) gives
* ke
¥t ey - A% =0 (7a)
ke ok
9¥R® - peh® = v ¢ A% ¥ uee ) (7b)
Equation (7) is a set of coupled equatious for the potentials which wmay be
decoupled by defining the dual Lorentz gauge

= ok
voR® 4+ uep =0 (8)

Upon using (8), (7) Lecomes

*® ok
Wt - e = 0 (9a)

2+ *e
VEAT « ucA = 0 {90)

1f (9) is solved for the potentials, subject to sultable boundary conditions,
then the electromapuatic field is kuown everywhere by making use of (6).

However, fot the problem at hand, a z-component of electric vector potential
is adequate for a complete golution so that KQ - iA:. On the surface (¢ = 4,

lzi < h) of the antanna, (6h) then becomes
{ - - ¢ o - * e )
i, 106(2) (3¢ /32) + fwh, 107

Using (8), oune can rewrite (10) as

et ettt o s e S
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2.e
d A

2 208 e ik v )I%6(2) (i1
dz2 0z B R S D M

where ko is the free space wave number and Yo the velocity of light in free
space. This equation is identical to that for the z-component of the magne-
tic vector potential in the case of the dipole antenna (1, eq.(3.2.4)] and,

therefore, has a complete solution - like [1, eq.(3.2.12)] - which is given by
e e
Az(z) = (1/v0)[C cos Lz + (10/2)sin kc!le (12)

Equation (12) is an expression for the z-c.aponent of electric vector poten-
tial in terms of the driving current Ig. However, the general formula for
PO ot I
A%(x) due to an arbitrary distribution of magnetic surface current K (r) can

be written as
kR

- i
wa - e
R - (e [ K@ O 7w as]
S
i
ko> > - [
In geuneral, K (¢r) = K (r) +n « P(r), but because of the nature of the driv-
> it R e s »
{ng source P(F) = 0, so that K (r) = K (r) = (a & 1) = magnetic surface cur-
rent. Since rotational symmetry obtains, the toral axial magnetic current

* ks
can be {utroduced with thln antenna approximation so that ly(z) - 2naK’(r)

@ @, bW HIELLA
282y = AN = (e famy [ L'y et [ (e IR) 49 /2n

* : 0 -l * -n s
whiere

b 2,42

Rs « [z - 27 + (2a sla 2/

tetting
r (kORS

Ks(z‘xl) - _{ (¢ /R) do'/2n

rives

c h * ] ]
A(2) = (tof4®) { [ (") da %))
~h




A:(z) was previously obtained in (12). Equations (12) and (13) together lead
to the required Integral equation,

h e
[ 1 (2K (z,2") d2' = 14ng [C cos k.z + (15/2)sin k_|z|] (14)
b Z 8 0 0 0 0

1/2

with i = (uO/co) = the free space characteristic impedance.

The integral equation (14) for the magnetic current on a finite, infi-
nitely permeable, ferrite rod antenna can be identified formally with the

similar integral equation [l, eq.(3.2.23)] for the electric current on a fi-

nite dipole antenna made up of a perfect metallic conductor. Comparing the

e

integral equations for the two cases, one finds that the driving voltage VO

and the free space characteristic impedance CO in the electric dipole case

are replaced by the driving curreat Ig and the free space characteristic ad-
mittance (llco) in the magnetic case. Commonly used metals like copper and
brass are found to have sufficiently large electrical conductivities to justi-
fy the assumpticn of vanishing clectric fileld inside the material of the di-
pole antenna 8o that an iuntegral equation of the form (14) 1is adequate and

bas been used to obtain the electric current distributions, Furthermore, if
aore accuracy ls required, theories de exist for fmperfectly conducting cy-
lindrical transmitting anteunas., However, it Js ouestionable whether the in-
tepgral cquation (14) is directly applicable to the practical ferrite vod an~
tenna Jdue to the relative permeability vanpes of available ferrites., Whereas
the treatment of the imperfectly conducting dipole antenna {s done for reasouns
of {mproved accuracy, a similar treatment (ur large but ot infinfte) for the
fervite antanna appears to be a4 necessity, This forms the subject of Section

5.
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4. MACNETIC CURRENT ON AN INFINITE ANTENNA
The magnetic current I:(z) obtained by solving the integral equation (14)
may be called a zeroth-order solution because of the assumption b= The
integral equation (14) is for a finite antenna from which the zeroth-order
solution I:(z) for an antenna of infinite length may be obtained. For the

sake of convenlence, the integral equation 1s rewritten as

e
h I
* e 0
-£ Iz(z‘)Ks(Iz -z'|) dz' = (4n/e)A (z) = bur [C cos kyz + 5 sin k0|z|]

As h + =, the vector potential A:(z) is a traveling wave which may be obtained

by setting C 13/21. In this case,

L ikolzl
/ Im(z')l(s(|z - z') dz' = ?.nr,olge (15)

Taking Fourier transforms of both sides of (15), one obtaias

@ @ L 1k |z|
[e iz 4, / I:(z')Ks(|z -2z'l) dz' = 2n(013 / ez 0T
- -

2

The left side of the above equation 1s a couvelution integral and on the

right side, the integration may be performed to obtain
2oyt - o 2 2
RET,(6) = 2ngoI0(2tko/ (kg = )]
2 2 2

With YO - ko - &

f* 4 25

L(E) = biﬂtolokolvok(ﬁ) (16)

By vecalling

kR
K(lz -2 = [ (e "/Rs) d8'/2n
-

9
with Rs » [(z - z‘)2 + (2a sin 0'/2)“}1/2. it can be shown [3] that the

Pourier transform R(£) of the kernel Ka(z,z') is given by
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R = [ ek (2) dz = 10y Gay® (ay) an

} Using (17) in (16), one obtains

=® o . e 2 (€))]
I.(8) Ar,oxoko/ Yodglavity ~ (avy)
The inverse Fourier transform may now be taken.

et ar

g8

*
L) =5

h2) = 2 1%k ? il AR (18)
of2) = 5 Ttake R )H(l)(ﬂy N volts
070 0o 0

—— e

Equation (18) is thus an explicit expression in the form of an infinite inte-
gral for the current on an infinitely long, infinitely permeable, ferrite rod
antenna.

The problem of infinitely long ferrite rod antennas was formulated pre-
viously {2} in terms of differential equations and the Fourier transform of
this current was obtained, from {2, eq.(23)}, to be

e (1)
Y*(&) . --iua(\nr - 1)X0u02mu1 (“YO)Jl(“Yl)

5 19)
ﬂ[YlJo(ﬂYl)Ngn (avy) - vourdl(qu)ngl'(nvo)]

where yi - ki - (2 and yg - kg - 12, ¢ is the Fourier transform varxiable, and

k1 and kO are the wave numbers in the ferrite and the surrounding free space
nedium, vespectively. The zeroth-order current on the infinite antenna may
be obtained from (19) by taking the limit L @,
First, (19) may be rewritton as
()
leo(nyl) YO"r"O (ayo)

-1
& e
IQ(C) w (~fwaly. 2n) [~..-_ - ]
00t LT 0 G T G Wy,
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As ue the ratio [Jo(ayl)/Jl(ayl)] is finite go that the first term with-

in the brackets approaches zero. In this case

4z, 1%
0°0"0 wi (1)
— [ayy 5 By "(avg)Jy(avg) ]

=
T = 0
Yasstargnst arg)

Furthermore, for a thin antenna, a small argument approximation may be used

ok
for the Bessel functions in the numerator so that I_(&) reduces to

€
o 4otk
L) = 5y,
Yoo av)Hy ™ (avy)
from which
i 1€z
G =2y, [ 5—S—fy—— volts (29)

1)
-t yoJo(ayo)Ho (ayo)

Thus, equations (20) and (18) are both independently derived explicit expres-~
sions for the zeroth-ovder (ur = =) magnetic curvents on an lafinitely lung
ferrite vod antenna. In the limit of infinite permeability the two formula-
tions give the sawe vesult. This limit is, however, physically unrealizable
since s magnetic material with b, » « does not exist and, hence, a wmodifica-
tion of the fornulation which treats the forrite as an imperfect magnetic
conductor is vequired. This modification has, once again, an analogue in the
electric case in the treatment of the imperfectly conducting cylindrical

transmitting antenna [3), [4]).
5. FERRITE AS AN IMPERFECT MAGNETIC COWDUCTOR

In order to account for the fact that tae relative permeability is large

but not {nfinite , the concept of ‘internal impedance' is useful and suffi-
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cient. With reference to Fig.2,ths internal impedance per unit length of a
cylindrical magnetic conductor of circular cross section of radius a with its
axls along the z-axis of a system of cylindrical coordinates (o0,$,2z) may be

defined by

z;i - (ré - m;) = H (o = a)/I: (21)

where Hz(° = a) is the tangential magnetic field at the surface, p = a, of
*
the cond: ctor and Iz is the total axial magnetic current, Recalling the ex~

! pressions of electric and magnetic fields in terms of the potentials

Ho= —Vp = A (222)
D= -9 xa° (22v)
) e ok

v R 4ued =0 (22¢)

che eleciric vector potential satisfies

UCIETIY CRP . (23

where k {s veplaced by k, and ko for the two regions I and II shown in Fig. 2,

1
For the problem of a thia cylindrical conductor, the axial component of elec-
tric potential is sufficient to satisfy Maxwell's eauations and the velevant
boundary conditions. Thus, the electromagnetic fields everywhere can be ob-
tained by satting A% - iAi. Wicth the vector potential being entively axial
and also because of azimuthal symmetry, (23) becomes

[«i+i—9-(o -?-)+k2]:\°(o 2) 0 (24)

32 990 30 7z

A product solution to (24) is sought in the following form:

A (0,2) = £ ()R (0) (25)

Gedeai - o -
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FIG.2 A CYLINDRICAL MAGNETIC CONDUCTOR CARRYING
A TOTAL AXIAL MAGNETIC CURRENT OF I’;
AND IMMERSED IN FREE SPACE.
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Substitution of (25) fato (24) leads to

et 1a, B2
Rz—;;—z'—‘i'fz;a-o-(p——a;—)'l‘kﬁzkz'o (26)
Equation (26) may be rewritten as
2
£ dR
1 4 2 114d
R LGl rap. 27
fz dzz Rz o do do

The left side of (27) 18 & function of z alone, while the right side 18 a

function of p alone. Hence, they can be equal to each other for all possible

values of o and z only if they are both equal to a constant (say cz) which

may, however, be wultivalued. Therefore,

2
d°f dR
z 2 2 14 2 2
dzz + (k" -~ 1, )fz 0 and plvvs (p 30 Y+ ¢ Rz 0

After solving the foregoing differential equations for fz and Rz, the axial

vector potential in the two regions can be written down as

7 2
Azl(o.z) . ClJo(alp)exp(iJ/;; -ty 2) in region 1

/. 2 2
A:z(o,z) ™ czuél)(cop)exp(i k0 - % z) in vegion II

Boundary conditions that are useful in detarmining the unknown constants in

the solution Tequire the continuity of tangoential i and §i acrosa the surface

p = a; that is
E¢1](n ~a) " h¢2‘(o = a)

"l”nl‘(o -a) VZBz2l(n - a)

In terms of the vector potential, the boundaty conditions at thae surface

p w» a are

et Bt 2 e
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Application of the boundary conditions yilelds
1 ' /.2 _ 2 -1 C (L) /.2 _ .2
o) ClClJO(Cla)exp(i k] 3 z) ?E C,20H, (coa)exp(i kg = Lo z) (28)

2 2

4 4

Lo 71 C.J,. (g a)exp(1/ k2 - c2 z) = %ﬂ 2 [ H(l)(c a)exp(1,/ k2 - cz z) (29)

ulk2 1Yol 1 1 bOkZ 270 [4) 0 [¢]
1 0

Since (28) and (29) are valid for all values of z at all times, it follows

that

) 7_ 2
/kl -ty s /ko_- = a (say) (30)

so that 4 = Y ki - q2 and L = ang - qz. Dividing (29) by (28) and rearrang-

ing , one obtains

Q) 2
‘a "0 ((,Oﬂ) . €449 LQ ‘a __J()(('la) an
s ', i
0 Hél)'(coa) Co¥1 ki 17 35" (a)

Although, in general, an explicit solution i{s not possible, equations (30)

and (31) are theoretically gsufficient to determine the unknowns ¢, and 7Y

1
The two unknowns will be determined here by two methods.
Method 1:

An approximate solution is possible by allowiug kl to become very large,

Since q is finite, (1 * k1 and, therefore, ¢

the right side of (31) glves

1 is also large. Using this on

L. s id
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Therefore,

(32)

Equation (32) is satisfied by L5 ™ 0 since it can be shown that the ratlo
Hél)(goa)lﬂél)'(coa) remains finite as 4y approaches the value of zero. It

then follows from (30) that
2 2 WRSS e o o
Ji] - k= k= W) &

Thus the solutlons are ;1 ~ kl and % ~ G.

%

Method 2:

Method 1 may seem to be an oversimplification snw hence, a slightly
wote rigorous method may be naeded in some cases. 1. is observed that (31)
may be jdentified with a gimilar equation obtained by Sommerfeld {5) in the

problem on 'waves on wires.' sommerfeld has developed an iterative form of

solution which may be used here,

1n the Limit of large &;, the right side of (31) becomes

2 2 2

€ty K e K ¢, K ak,

1—‘_—}—&"%—(,&&“L-L—-%afkil-qz'}.i-‘l——o—ﬂ“I-—«-o- crut
0”1 Ky e kg ¢l be

and is small. Since the left side of (31) also tua to be small, we have
(¢ u)zln(yc af2i) = - Zoumu with u e (vt m/“i)2
Q g Y2 U

wvhere y = 1.781.

Equation (31) finally becomes
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142 akg
uinu=y with Ve - —%— — /e ]
b xr

Since fn u varies slowly in comparison with u, it is possible to write

u thu =v
1 n

n+

where v, is the nth approximation to u. The method is best illustrated by an
example, In the later part of this report, eleven different antenna config-~
uratlons were used in the experimental determination of the magnetic current.
The example chosen here (antenna #1) corresponds to the lowest value of the

]

;”rar‘ product for the eleven cases,

Example: ak, = 0.00166, e = (18 + 1.036), €. = 1.0,

0
2 ak
Letu, =va=-2__20 Ve Tu_ v =1(1.1 x 10‘4)
0 2 by | S
This gives
-4
UL AURE.: 3 72 S0 (T o T O P
UL Ty T LIS weoyizy T R (049 - 1.099)
o ¥ L0 107%¢.0167 - 1.0931)
2 in 01 (=11,445 + 12,047) = * *
Continuing the iteration
R A __,“:ilLlnfhig:f._._ - _10““( 0140 ~ 1.0930)
3 in u, (-11,5684 + {1,7478) ) *
v $1,1 x 107 4
YT WY T TSI ¥ 7208 T =10 7(.0138 - £.0930)
and finally
v -11.1 x 107

= =1079(.0138 ~ 1.0930)

Y5 % 1m v, ® TCI1.5748 + 11,7184

It {8 seen that this fterative procedure is rapidly converging and using the

above valuo of u,
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(g)? = - 4 of = 1070062 + 1,3225)
Y

Furthermore, from (30)

(Em,)2 = (akn)2 - (ar.o)2

6

= 2,7556 x 10 ~ 10-10(1.062 + 1,3225)

from which ag, may be calculated using

@e)? = (@kp? - (@)? = (ak)? - (ak? + (azp)?

ag 2
-aki{l"ulc +(§<2} J
L 1

- aki[l = (,0056 = £.00001) + 1077(2.159 + 1.651))

From the calculated values of (az,o)2 and (a:l)z, it is seen that the approxi-
mate solutions, f.e., iy~ 0 and & ~ kl’ are quite satisfactory even when
'"rcrl is as low ag 180,

Therefore, the vector potential in the interior of the conductor is

given by

e e e 2 2
Azl(o.z) " Azl(p)Azl(z) - Cljo(klo)exp(i /kl -4y 2)

whate 19 in the argument of the Bessel function is veplaced by k, in view of

1

the calculations of "Method 2." The constant C1 can be written in terma of

the potential on the surface so that
A% (o) = A ()3, (k;0) /3, (K, &)
210 2113700 R P K8

Since Nz is proportional to Az,

R
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H,(p) = Hzl(a)JO(klp)/Jo(kla)
The magnetization 1s then given by
R (p) = (b, = DA (o) = (u, = D (a)J(k;0) /34 (k;a)

from which the wagnetic current can be obtained as

0 .
* .

= ty,,t v
L(p) = 27 é uoNz(p Yo! do

(a) o
= 2mugu = 1) 5 ?i 8) f Jolksp') o' do!

Performing the integration gives

* 2rug (e, - 1)ﬂzl(a) 0
1L,(0) = = e 1y (3

Jo(kla) k
The total magnetic current carried by the conductor is, however, given by
* a
1,(a) = 21 (]} ugh, (o) o do

which beacomes

2ty (ur Nt 1 (a)

1 (R) - -*—-:]—*(L—'w)‘—-—-— o J (L a) (34)

From (33) and (34) the radial distribution of the magnetic current in the in-
terior of the conductor is given by

Ik )

1(0)'1(3)nm

(35)

Furthermore, having obtafned the total axial mapnetic curreat of (34), the
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internal impedance per unit length defined in (21) can be written as

i i *
z L ixm = Hzl(p - a)/Iz(a)

ALY
AL L om 36

where o= (ur - 1) = magnetic susceptibility:

= radian frequency;

€

= 41 x 10”7 h/m = permeability of free space;

na® = cross-sectional area of the conductor:

- + - = .
Bl iul ko(alN + inlN) wave number in the material of the
conductor,

19 iec

- ] "o ' u t "
with v =~ oy ¥+ u) lur[e and ¢ (g + te) = Icrle .

1/2

ky = kolurcrl / expfito, + 0,)/2]
so that

8, = kolu e (1/2 cos((o + ¢)/2) (372}

1% Fottrty vt
and

2 i
5 kolurtrill staf (0 +9,)/2) (37%)

One may now use the internal impodance par unit length of a wmagnetic con-

ductor carrying an axial maghetic current to find an integral equation for

the magnetic current on a finite ferrite rod antenna. The axial cowmponent

Ai(z) on the surface of a cylindrical antenna that has an intevnal lmpedance

*
por unit length z;. carries an axf{al current [z(Z)' and s driven at z = 0

by a delta-function generator with an mf of 13. satisfies the following dif-

forential equation:

B e

M o el e i i
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2

2
d 2 e 0, 1 * e
(;;i + ko) Az(:'.) 2 - - [zmlz(z) - 106(2)]

If the antenna were made of a perfect magnetic conductor, z; = 0 because Xm =
infinity so that (38) will reduce to (11), If the radius a of the antenna

and the free-space wave number k. = w/v0 = 2n/A0 satisfy the inequality

0

ak0 << 1

then the vector potential is piven approximately by

£ by
IMORF~ -£ I (2")K(z,2") dz' (39)

If the equations (38) and (39) are formally identified with those for the im-
perfectly conducting, electric dipole antemnz {3, eqs, (7) and (9)1], it is
observed that ¥y and Ig play the roles of € and Vg. King and Wu [3] have
developed a three-term solution for the electric current on the imperfectly
conducting dipole antenna which can be well applied to the present problem of
the fervite as sn imperfect magnetic conductor. The procedure used to obtain
the three-torm solution will be described here briefly; for a detailed analy-
sig the reader is referred to {3].

The approximate kernel in (39) may be separated {nte real and {maginary

parts,
1kor
K(z,2") = Kp(2,2") - 1K (z,2") = e lc
so that
cos k,r sin kK, v
. 0 . 4]
kR(z.z') - , kl(z,z‘) .-

9
with v = {(z -~ 2"')" + 02]1/2. The vector petential may also he divided {nto

two parts,

A:(z) - Ag(z) - lA;(z)
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where
ke, h cos k,r

e, .00 * 0 s

A(2) = = -n{ (2" Kot dz (40)
k.e. h sin kv

€y w00 * Oty '

e O T _{ L") & @D

The properties of the two integrals are quite different. The kernel in (40)
has a sharp peak at kolz - z'| = 0 and thus greatly magnifies the centribu-
tion to the intepral due to current elements near z = z', The current van-
ighes at the end but the vector potential A{Kh) has a emall finite value so
that the difference in vector potential should vary closelv like T:(z).

Therefore,
rleg) INe(a) = AS()] = V(2T (2) & ¥, (2) “2)

vhere ¥ is the approximately coustant value of Y(z) defined at a suitable
reference value of z. However, in the second integral 1in (41) the rather
flat behavior of (sin kor)/kor with kor allows the following approximation:

kv kor
gin kor 2 gin 5~ co§ 33— k.r

. - 2.4 COs =
—kor kor 2

which {8 useful over a range kor < n, This approximation leads to

k,2

Af(:) - Af(O) cos —%» (43)

where A;(O) {8 a constant piven hy

kotg b, k2!
Ar(O) & -2“0 / 1.(z") cos -}%—— dz' (h4)

<h

"
1f equation (42), recarvanped fn the form l’(z) @ \Lu/YrO)[Aﬁ(z) - Aﬁ(h)], is

substituted {n the differential equatiou (38), one oht-~tns:
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(@) 1) - A% = - st 2 A ) = AS] - K2ASCH)
\5Z %) 2 LokoZn! AR R 0’z
1,2 e
+ - koloé(z) (45)
A complex constant k may now be defined by
i
i4nz ¢
2 2 2 m>0
k (8 + 1a) ko (l + XV \) (46)

0
Using (43) and (46), (45) becomes

2

a2 e e 2 2, .e 2.e 128 1,2

(;;f + k ) [Az(z) - Az(h)] = ~1(k" - kO)AI(Z) - [kOA.R(h) ik AI(h)] + " koloé (z)
P2 e Kz oz 7 i,20

= -i(k”-AkO)AI(O) cos —5—= [kOAR(h)- ik AI(h)]4-E kolod(z)

(&47)
The integral equation of (39) may now be written in the form
e e o LI
[AJ(2) = AZ(W)]) = _'/\ 1, @K, (z,2") dz! (48

where the difference kernel Kd is given by

eikor eikorh
Kd(z,z') = R(z,2') = K(h,2') » —- r} -
{

with ¢ = [(z - z‘)2 + n2]1/2 and " f(h - z')2 + 02)1/2. If the differen-
tial equation (47) is solved for the vector potential difference and the
solution is substituted for the left-hand side of (48), an integral equation
for the magnetic curvemt on the ferrita antenna is obtained, viz.,

h * -UﬂlkoCO e
Tyw t ' - oM 1 - N t
_{ L(2)Ry(z,2") d2' = pmesa [(/2)T M, + UF, = D cos kh FJ )

(49)
where for case of reference, the same notation as in King and Wu (3] is

employed and the various factors on the right side are given by

sz = gin k(h - {z])

P . .. J O e
N e e
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k. h

0
' - —a——
Uk Uk + D coa 3

U, = k) (DA () ~ 145 ()]

2 2
k™ - k
wk 0 e
pe-tk[ 0 a0

2
ko | k0/4
sz = cos kz - cos kh
k.z k. h
F} -cos-————cos-o—
Oz 2 2

Following the procedure as in (3}, an approximate formal solution to the in-
tegral equation may be written in the form

* * * x|

102 = Tyt + Iyfie * TpFo, G0

*
U

* ® Kk LR *
Letting TU - Iu/Iv, ’1‘D = ID/IV and evaluating Iv, one may write (50) as

® *
where the coefficients Iv, I, and ID are obtained by a numerical procedure.

-i2nk g, 1%
* - 0°0°Q *
I,(x) R cos I tain k(h - {2|) + Ty(cos kz - cos kh)
knt k,h
* 0 0
+ Tu(cos ~5 = co8 ~5—)] (51)
where k {a redefined by
i
Lénz ¢
e g a? - id (1 o ) (52)
0 dR
and vdR is given by the integral expression
h
[ sta k(h - [2' DRy (z,z') dz' & sin kb = [2DY g0 (53)

~h
Thus, equation (51) 1is the required expression for the total magnetic current

on the antenna from which the admittance can be obtained to be

e e A 7 T, -
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* e
Y= G~ iB IZ(O)/I0 ohms

-ianozo

B rm—— ———
k¥, cos Kl

koh
w [sin kh + -r (1 -~ cos kh) + T (1 - cos -—-)] (54)
dr

Note that, because of an earlier approximation of the imaginary part of the
kernel, equations (51) and (54) are valid representations for the magnetic

current and admittance only when k. h < 5n/4,

0
The existing computer programs for the imperfectly conducting dipole an~-
tenna due to King, Harrison and Aronson [4] have been modified for use on the
IBM 370/155 computer system of the Joint Harvard/M,I.T. Ratch Processing Cen-
ter. Appendix B includes a listing of the Fortran IV programs that compute

the magnetic current distribution and the admittance of the finite ferrite-

rod antenna when the ferrite is treated as an imperfect magnetic conductor,

6. THE LIMITATIONS OF THE THEORETICAL FORMULATION

The present formulation is based on an analogy between the ferrite-rod
antenna and the conducting cylindrical dipole antenna, Because of the symme-
try in Maxwell's equations, a set of scalar magnetic (o*) and electric vector
(Ke) potentials was defined and used in formulating the finite ferrite-rod
antunna problem, It is considered useful to determine the oxistence of these
potentials for the infinite antenna and thus provide some justification for
their use in the finite antenna problem.

The electromagnetic fields in both reglons for the case of the infinite-

ly long antenna were determined previously [2] to be:

Region I, 0 < p < a:

(p,g) - iwulnl i} )(yoa)Jl(vlp)/D(C)

e e T
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1
imul

f,,00,0 = (8B, 0,00/ + By (0,02 /01 = 2Tgryy (rga) ey D00
Ty (0,8) = (Bl By 0,0) = Sa1guiy) (rga)d (rye) /O

§¢1(o,5) = Epl(p,i) = E,00,8) =0 (55)

Region 11, p > a:

E ¢2(o,£) iwulaISJl(Yla)Hil) (Yoo)ID(F,)

H,00,8) = aISYourJl(Yla)Hél) (1) /D(®)

00,8 = 1aTguy83; (gD rge) 0CE)
Ryp(0s6) = Bjp(0,8) = Ep(0,8) = 0 (56)
where

D®) = alrydolry @it trge) - oy (g e

The actual field quantities may be obtained by applying the Fourier inverse
fornula to the above transformed fields. It can be verified easily that the

above field quantities satisfy the following transformed boundary conditions:

- -+ - -
1) Tangential B3 By (a6 = By (ah0) (572)
-»> - + by - e
i1) Tangential Hi sz(a 8 - My (e W6 = -1y (57b)
- - + - -
144) Normal B: B a8« Bya 0 (57¢)

iv) Normal 3: Zaro in both vegions

*
¢ 18 a scalar magnetic potential and has a non-zero value in both re-

glons, For the infinitely long antenna, the only non-zero component of PARET

frrae « . o

e e e e — L n e 0T o e mam e sam e e b s .~
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the z-component so that Ze = EA:. The potentials may be derived either from
the already known electromagnetic fields er from an independent solution of

the following wave equations with suitable boundary conditions:

@+ 10, =0, P+ .z =0

The equations reduce to

2
o1 5 2] e
[““2*339"35”‘0]%2("") 0

Using & Fourler transform pair, the above equations become

2
13, 42 2 e
{apz towm -k )] A 0a8) = 0

[2
p

With a change of variable the above equations can be recognized as Bessel

@

|

1 3 2 2,1 ze -
RN )]Aﬂ(o.c) 0

a3

equations with the following solutions,
<@
Azl(p,c) = PJy(vy0) for 0 <p <a

2,0, = il v p) for o > a

i

V53 itad
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1/2 1/2

where Yo " (kg - 52) and vy = (ki - EZ)

The boundary conditions (57a,b), expressed in terms of the electric vector

potential, become
(/e )R (67,80 /% = (L/eg)ahe, (e 46) /a0 (582)
2, 2.,-e ,+ 2,2\7e = .y _.€
(ovg /KA, (a",8) - (uy /KA (a,8) = -1, (58b)

By applying the boundary conditions and determining P and Q, the electric

vector potential can be written as:

K:l(o,E)‘= -iwulelalgﬂil)(Yoa)Jo(vlp)/ylb(a) for 0 <

A
©
(3
[

(59)

v
m

B 0,8) = ~tumpegarty i o e p(e)  for o >

*
Similarly, by solving the wave equation for the scalar magnetie potential ¢ ,

the golution can be obtained as:

(1

00,8 = 1atISH (v0a) 3 (100 Ay 00O for 0<p <a
(60)
oy
50,8 = tagIou 3 (v i) (rgp) Ay gD(D) for p > a
The boundary conditions satisfiled by ;*(9,5) at the surface p = a ave:
S k4
(wullﬁ)awl(a »8) /30 = (unp/E) 3¢, (a W)/ (61a)
2.8, + -
voh ") - ¥iE @0 = a1l (61)

It can also be verified that the potentials satisfy the gauge condition,

*
aA:(o,z)/az ~ {wped (p,2) = 0 in both repions

e s v
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The potentials of (59) and (60) can also be obtained from the electro-
magnetic fields of (55) and (56) by making use of the following relationships

in both regions:

B,0,2) = (UIEG,2) /02 5 W (0,2) = =36"(0,2) /a2 + 1ul(o,2)
and

*
aA:(p,z)/az -~ lwped (py2) = 0

The above analysis verifies that when the antenna is infinitely long,
both the scalar magnetic and electric vector potentials exist, They are both
discontinuous across the antenna surface and satisfy respective wave equations,
appropriate boundary conditions, and the gauge condition.

In the case of the finite antenna, however, a precise knowledge of the
vector potential in the two regions 1s not necessary to derive an approximate
integral equation for the magnetlc current, What i{s required is the electric
vector potential on the surface of the antemna. To determine this, an inter-
nal impedance per unit length is defined and used to obtaln the three-term
solutlon for the magnetic current. Using tne computer programs described and
listed in Appendix B, the magnetic current was evaluated for a range of param-
eters, The current distribution was studied as a function of the four inde-
pendent parameters, viz,, u;; u; or Q = u;/u;; h/).O or kghy and ako or @ =
2 tn(2h/a), In this study the value of the dielectric constant of the far~
rite was fixed at 10,

The ranges of the four parameters were as follows: u; = 10, 100, 1000;
Q= 1toqQ= 100; h/xn = ,1 to h/AO = ,5; and ako = 001 to ako = ,1, Typi-
cal vesults of the computatious are shown plotted in Fig, 3. The quantities
u;, nko, h/x0 and Q are varied, respectively, in Fig., 3a-d, while in each

case the remaining three parameters are kept comstant.

. e e mae s e v o e e
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FIG. 3 PLOT OF THE MAGNITUDE OF NORMALIZED MAGNETIC CURRENT
(11M2)7131) AS A FUNCTION OF NORMALIZED DISTANCE (2/h) FOR

VARIOUS PARAMETER RANGES. (E,=10+i0 FOR ALL THE CASES)
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In Flp. 3a for fixed height, radius, and ratlo 0, the magnetic current
on the antenna is seen to increase with the real part of the relative perme-
ability., A similar behavior is observed in Fig, 3b for increasing antenna
radius and fixed height, permeability and 0. A comparison between Fig. 3a
and Fig. 3d shows that a large value of u; produces a greater inc' "ase in the
magnetic current than a high Q ratio; in fact, an increase in Q for Q < 50 is
seen to reduce the magnitude of the magnetic current, To Interpret Fig. 3c,
it is useful to gxamine the behavior of the propagation constant k on the an-

tenna, given by

. 1 1/2
k=8+ia= ko{l + i(bﬂszOIkOWdR)]

If the dimensionless parameter ¢i = (A"Z;CO/kO) is introduced, this expression

becomes
. . 172
k= 8+ da= k(1 + 1¢i/\vdR)

Despite the fact that ¥, 1s itself a function of k, an efficlent iterative

dR
method can be used to determine the value of the propagation constant. By

substituting for zi from (36) the following expression for o is obtained:

Ziakl JO(akl)

m Jl(akl)

b, B —————
(akg)“x

oi becomes positive imaginary for the cases plotted in Fig. 3c where akl is
real. This makes the propagation constant k on the antenna pure imaginary
which leads to an exponeutially decreasing magnetic current. For most prac~
tical ferrites the positive imaginary part of 01 dominates, which makes the
attenuation constant a significantly larger than the phase constant 8. This

can also be seen in the experimental results reported in Section 9.

R e e T e
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At this stage it is considered useful to summarize all the approxima-
tions and assumptions involved in the derivation of the integral equation in
(38) with (39). The ferrite was first treated as a perfect magnetic conduc-
tor (ur = infinity) and the integral equation in (14) was obtained, This ex-
pression was later modified by adding an intrinsic lmpedance per unit length
for a practical ferrite that is an iImperfect magnetic conductor and finite,
The basic assumption that the radius he small, i,e., ako << 1, was made. An
implied approximation was introduced when the impedance per unit length z;,
derived originally for the infinitely long magretic conductor, was used for
the finite antenna. Its use can be justified as follows, Tor an infinitely
long magnetic conductor, the transverse distribution of electric vector po-
tential is independent of the axial distribution, It is reasonable to assume
that this remains the case when therconductor length is larpe compared to the
radius, so that the intrinsic impedznce per unit length derived for the infi-
nitely long conductor can be used directly for antennas of finite length. A
further question arises concerning the discontinuity of the electrle vector
potential across the antenna surface., It has been estahlished that the elec~
tric vector potential is discontinuous across the antenna surface when the
antenna is infinitely long., It is reasonable to conclude that the discontin-
ulty exists even when the length of the antenna i{s finite., The derivation of
the integral equation for the maghetic current or the tangential electric
field requires a knowledge of the electric vector potential on the surface
p « a, which has apparently two valuea. This problem is not peculiar to the
ferrite-rod antenna but also exists in the analogous resistive electric di-
pole antenna, In either case, the value of the vector potential used i8 that
obtained by approaching the antenna surface from the surrounding medium. It

is believed, however, that the discontinuity in the vector potential is a
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consequence of the way in which the vector potential was defined and can be
overcome with the introduction of a suitable scale factor in the definition.

The approach of treating the ferrite as an imperfect mapgnetic conductor
relies on the mathematical equivalence of the two analogous problems. One
cannot escape the fact, however, that while there are two pleces of conductor
separated by a slice voltage or electric fleld generator in the case of an
electric dipole, the magnetic conductor in the ferrite problem is a single
continuous rod driven on the outside surface. "A delta function, although un-~
physical, 18 a mathematical convenience in either case.

In view of the above discussion, a more riporous analysis which does not
invoke the analogy with the electric dipole is developed and presented in the

following section.

7. A MORE RIGOROUS TREATMENT OF THE FINITE ANTENNA
*
Since the total magnetic current Iz(z) is linearly related to the tan-

gential electric field E¢(a,z) by the relation
*
Iz(z) L] ~2naﬁ¢(a,z) ,

the following procedure seeks to derive an intepral equation for Eo(a.z) by
solving the ferrite-interior and free space-exterior prohlems,

Interior Problem, The interior problem consists of a ferrite cylinder
of height 2h driven at the center by a constant-curvent loop, The driving
condition will be accounted for after the interior and exterior problems are
solved. The diameter of the rod and of the loop is 2a and the restriction
ako << 1 is satisfied in ovrder to maintain a constant current I: in the driv-

ing loop. Given a cylindrical coordinste system {(p,¢,2) and after eliminating

1 from Maxwell's curl equation and imposing azimuthal symmetry, one obtains

e e et o e st SrT mSemmbent s s
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for the electric field

2 2

3 13 2 1 3

Lo+ =2t (K -_)+——]E (py2z) = 0
[302 P 3 1 p2 3z2 ]

1/2
with ky = ko(ne )7, [z] <h, 0 <p <a, and E¢(p,z) = E¢(p,-z).

Solving (62) by a separation-of-variables technique gives

©

E¢(p,z) = 2 A cos[{n + l/2)nz/h]J1(p[ki - (n+ 1/2)2ﬁ2/h2]l/2)

%o

with the coefficients An glven by

1 h

A = / EQ(a,z') cosf(n+ 1/2)nz"/h) dz'
h

a th(a[(n4-1/2)2u2/h2]1/2) -

(62)

(63)

This procedure aims to determine the tangential magnetic field Hz(a,z)

from independent treatments of both the interior and exteriox problems and

then to require that their difference equal -tgé(z), the true electvic sur-

face current. Thus, Hz(a-,z) can be obtained from the above by using

W (p,2) = (1/iwul)[3E¢(o,z)/3o + Bd,(o.z)/o]

0

h
- (lliuuxh){ ) ( [ dz? Eo(a,z') cos{(n + 1/2)wz'/h])

nsee \ oy

3ot = @+ 1Bt
x cos[{n + 1/2)wz/h)

Jl(u(ki - (n + I/Z)Zuzlhzlllz}
x (ki - (n+ 1/2)2ﬂ2/h2]1/2]

It should be pointed out that, as a first approximation, Hé(a.z) is made

(64)
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to vanish on the top and bottom surfaces defined by |z| = h and 0 <o <a,
thus neglecting all the fringing fields at the ends of the antenna. In prac-
tice, this condition nearly prevails for antennas with heights large compared
to the radius (h >> a).

Exterior Problem. The exterior problem is concerned with the free space
surrounding the ferrite rod which extends from (0 < p < &) and (-h <z < h)
for all ¢, It is equivalent to solving the problem with the ferrite removed
but with the tangential electric field on the surface E¢(a,z) for \zl < h re-
quired to be the same as that used in the interior problem. With an assumed

e-imt time dependence, the governing equations are:

vxli= -imcoﬁ (65a)

vxt e dungil (65b)
-»

v.fi=0 (65¢)
>

Vv +D=Q (654)

From (65d) in free space, one may define an electric vector potential
iS - V¥ Ke

so that
te-Qrepv R

This leads to

*®
fe w0¢" + 1u2°

The exterior problem may be modeled by a cylindrical surface of radius a
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that excends from z = -h to z = h, This surface, when immersed in free

space, has the following boundary conditions valid for |z] < h:

Ey(a's2) = £'(2) = Ey(a)2) (66a)

%(a',z) = £(z) =0 (66b)
Substituting for ¥ and T in (65b), one obtains

-V x9 x 3%+ imuoco\w* + k(z)xe = 0 (67a)

o+ Y SRR SRR S S (67b)

If the Lorentz gauge is satisfied, the Lorentz factor x (and the right-hand

side of (67b)) 18 zevro. The equations may now be specialized to the problem
at hand. There {s rotational symmetry in the problem and the non-zero quan-
tities are E°, Ho’ Hz, A: and ¢*. Equations (65a,b) for the different com~

ponents become

(aup/aa = 3, /30) = ~twe gl (68a)

“‘”‘o"o = -3E 4’/az {68b)
13

iwuoﬂz '5' -a—o— (QEQ) (68c)

These three equations are true everywhere excep: on the surface p » 1
and [z| < h. To moke the equations valid on the surface, one has to intro-
duce the surface conditions into the above equaticns. In addition to the
condftions in (66a,b), there is an electric current Ke(z) on the surface as

well as & lavge axial magnetic fileld. Thus, (63a-c) hecomn
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(aup/az - ol /30) + 8o - a)K¢(z) = —iweOE¢ (692)
iwuoHo = -8E¢/'c)z (69b)
lough, + 8(p - a)E(b = (3E¢/Bo + E¢/p) (69¢)

In terms of the potentlals, the fields are given by
*
H - ‘
, = -9 /32
* e
Hz = -3¢ [3z + iwAz
e
E0 (1/e0)aAz/ap

From the preceding equation,
e L]
A_(0,2) = ¢ J E (p',2) do’ (70)
z o ]

It is now required to set up an equation for A:(c,z).

2 13 3%
(V +ko)A(oz)'[;—.§ ;3‘5*;-2' ]ofl‘(o,z)do
4

. ) 3
= cglaE (0,2) /% + B (0,2)/0] + ¢ 57 £ 3,0 42)/22 dp'
+¢e L ] L (p',z) dp'
with (69b,c) this becomes

08+ 10A200,2) = goldunglt, (0,2) + 8(o = @E(p,2))

r . ) 2% . '
- dungeg g an (o*,2) /32 do’ + eky £ B o'y2) do

Using (69a) gives
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(O + KA (042)
M (p',2)

————o e

o
- imuoeoﬂz(p,z) + €05(0 - a)E¢(p,z) - iwuoco g [-imeOE¢(o',z) + %
" ®
- t . ' “ t ]
8(p a)K¢(z)] do' + ey £ E¢(p ,2) do
. 2 7
= lupge g, (0,2) + €qdlo = #)E,(0,2) = €Ky { E,G',2) dp'

) ) 2 ®
+ iwu080K¢(z) £ S(p' -~ a) dp' - imuoeoﬂz(p,z) +egkg g E¢(o',z) do'!

= - [ t
egdlo - a)E(0,2) + fouge oK, (2) £ &(p' - a) do
The p' integral may be performed:

[ 86" ~ a) do' =R(a-p) =
e +

Therefore, finally
(7 + 130806,0) = cgblo = aE,(2) + dugegk, @(a = 0) ()

1f (71) 4s formally identified with (67b), it is saeen that the gecond term on
the right in (71) correaponds to the lorent: €actor term. The Lorxentz paupe
1o satisfied (x = 0) in the exterior vegion (p > a) but 1g not satisfied in

the interior reglon. Furthermore, by differentiating with respoct to o
"k ° *
x= 9. T+ wetod ™ aﬁz(o.r)/az - lumgeqd (0,2)

it con be shown that x is independent of p and o function of z ouly, i.e.,

x = x(z), which leads to:
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2z
t 1 -
iwuoeo é K¢(z ydz' if0<p <a
e *
x(z) = aAz(p.Z)/az = dwpgegd (p,2) =

¢ ifp > a+

It ig thus seen that the Lorentz condition is satisfied on the exterior
but not in the interior. This 1s because of the presence of the transverse
electric current in the ferrite medium, This situation camn be contrasted to
an electric dipole antenpa {thin or thick), where there are no magnetic cur-
rents to wake the Lorentz condition invalid.

It is now required to solve (71) for the electric vector potential. The

equation becomes

2

2
] 13 3 2 e
(;—Di' + ';'5; + ;é- + ko) AZ(O,Z) 805(0 - a)E¢(p,z) + imuo€0K¢(Z)H(8 -p)

This equation can be solved with the use of Green's theorem and the principle

of superposition, Thus,

e e e
Ao,z) = A, L (p,2) + AzK(,o.z)

where
" « @ 1kf)R
A% (0,2) = =(e,/4m) [ d¢'/2n / do' 2mp! / dz' E (p,z")8(0" ~ a)(e /R)
zE 0 . 0 - ¢
h
= ~(ac,/2) / dz' E (a,2")K(z - 2',0)
0 =h ¢
with
“ ik R
) d¢'
Kz - 2'o) = e (2

2 2 1/2

and R = ((z ~ z‘)2 +p" +a° -~ 2pacos ¢')", A:F(o.z) will be used later
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to obtain A:l(a,z). Similarly,

e Lt ot © ikORl
AzK(p,z) = = (dougeo/4m) _{ d¢'/2x £ do? 2mp’ ,£ dz’ K¢(z')ﬂ(a - p)e IR))

h
-4m%%n)idfx¢fmﬁz-wm>

! where

ikoR1

"DRE
Ml(z-z',p) = fﬂ—-fdo' o"e—-i-'—‘ (73)
0 1

n
-

and R, = Uz - 22 4ol + ot - 200" cos o112,

[

Thus, the total electyrle vector potential is

h
- 8(p,2) = ~(asyi2) _{ dz' Eyla,2" )iz - z',0)

h
-(1mu050/2).£ dz' ¥, (s My (2 = 2'0) 14

By speclalizing (74) for p = 2t and p = 8 and by waking use of {70) and

(66a,b), one obtains

h
toby(ai2) = -(agy/2) ~£ do' By (a,2") 3Kz = 2',0) /30| ot

(15)

h
- Al 1 - 1 -
(1uu060/2)'£ dz’ K (2" My (z - 2" 0) 0
Returning to (74), one may now obtain for the tangential magnetic field

2
%wﬁ)-uu%ﬂ37+%)A3mn
3z

5 - .
o — Tt AT ey A o g e

R T L
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Thus,
32 2 b
Hz(p,z) = (a/Z)(l/imuo) (;2-2- + ko) -{ da' E¢(a,z')K(z -2z',p)

2

N
+ (1/2)(JL§ + kg) f dz' K¢(z')Ml(z -z',0) (76)
9z -<h

Once again, on the exterior surface p = a+,
B G - @ Wi [ L+ i ?a'E(Az')K(-'*)
. a 42 a wuo azz 0 4 2 ACH z z',a
2 h
cam{ ) [ e ke - 2t,ah an
\322 0 =h ¢ 1

It now remains to use (77) and (64) to obtain the integral equation.

Integral Equation for E‘?(a,z) and KL(Z). The required integral equations

for the unknown quantities may be obtained from the results of (64) and (77)

for the incerior and exterior problems by requiring that
- - e
Hz(a W2 - Hz(a W2) = -106(2)

This pives

r YY) 3¢ 2
{(a/z)u/mm) («—q + ko) } a (a2 )k = 2'y) + (1/2)( kn)
3z° 3

-ly z

h o
/dez)M(z-z,a) + (i/mulah(z [[dz E(uz)

-h

N - -l
1/2
J [a(k p 2 ]
x cos(pz’ )} cos(pz) -—0—-—-—-——-—-———7-—— (a(k - pz)”?']) - -186(2)
1[a(k

(78a)

with p = (o + 1/2)n/h,
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The other equation to be satisfied simultaneously is (75), which is re-

produced here for convenience:

+ :

h
£oF,(ar2) = --(aeo:’Z)_{ dz' E,(a,2") 3Kz - 2'40) /30 s

= (wugey/2) ?dz' K¢(z') Mz - 2'0) 0| _ (78D)
=h p=a
The two kernels K(z - z',p) and Hl(z - z',p) appearing in the coupled inte-
gral equations above are defined by (72) and (73) respectively.
It c2n be verified easilvy that in the limit h + = the integrals in
(78a,b) become convolution integrals, that the twe equations decouple and
that the expression for Eé(o,z) on the surface p = a is in complete agreement
with the results presented in Part I [2, Eqs. (17) or (18)].
Returning to the coupled integral equations in (78a,b), it is seen that
there are three kernels., First of all, the kernel on the right~hand side of é
(78a) will be examined carefully. The kernel is made up of an infinite series
which {8 clearly divergent since, for large values of n, it behaves like n.
Although strictly not valid, the operations of summation and Integration will
be interchanged for the purpose of exaﬁining the series. The interchanpe is
reversed at a later stage so that, in effect, all the steps ar2 valid.

It 18 convenient to define the kernel M(z,z') on the left~hand side of

(78a) as: ;
. 2 _ 2.1/2

M(z,2') = | cos(pz') cos(pz) ﬂ‘i}—:-z-)—lﬁl ln(ki - phh

ns—o 3, tatky - 095 :

where p = (n + 1/2)u/h,
As was pointed out earlier, this series is divergent and, hence, it is

useful to write it as the sum of two series, using the first two terms in the
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asymptotic form. For large values of n, the serles behaves like

T,(1ap) I, (ap)
Z cos(pz') cos(pz) E"TZEET (lap) % Z cos(pz') cos{pz) T ( ) (ap)

% ¥ cos(pz') cos(pz) ____jﬁﬂl (ap) ¥ | cos(pz') cos(pz) {1 tas ](aP)
1~

8ap
We now write
M(z,z') = P(z,2") + Q(z,2") 9
with
2,1/2
® [a(k 20 M
P(z,2') = z [ _il—.——~—.——i—I77— [a(k -p )1/2] ~ ap - % ] cos(pz') cos(pz)
p=-—x L J [a(k
(80)
and
Q(z,z') = Z (ap + 1/2) cos(pz') cos(pz) (81)

ne=o©

Equation (79) along with (80) and (81) is exact because it only adds and sub=
tracts the first two terms in the asymptotic form, Now P(z,2') can be writ-
ten asi
«
Plz,2') ~ | A cos(pz') cos(pz)
na-c
with An given by the term in the squars brackets in (80).
If all the coefficients A“ ware equal, P(z,z') would be a delta function;
but this 18 not tha case, In view of the differential operator on the left-

hand side of (78a), it {s helpful to remove a similar factor from P(z,2").

This is easily accomplished by solving an equation of the form:

(32/322 + kg)f(z) = cos(pz)
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Throupgh the use of Green's function (or by any other method), one can obtain:
z

£(z) = a, cos(koz) +a, sin(koz) + (1/ko) é sin[ko(z - z')]cos(pz') dz'

Note that, without any loss of generality, the constants ay and a, can be set

equal to zero and the integral on the right performed to obtain:

£(z) = [cos(pz) - cos(koz)]/(kg -9
8o that
2 © cos(pz) =~ coslk, z)
P(z,z") = (-3—2- + kg) X A [————2—_—2——0——J cos(pz') (82)
3z pm—e kg = P

In (82) it appears that one of the terms in the series will be equal to infin-
ityifp= ko. This condition 1s equivalent to h/X =~ 1/4, 3/4, 5/4,,..y »
This is not the case, however, because of the numerator and the fact that, as
p - ko, the term in the square brackets in (82) approaches [z Bin(koz)]/ZkO.
Returning to (81), it is found that, since Q(z,z') is an odd series, its

wost divergent part is identically equal to zero, so that

Q(z,2") = (1/2) ] coslpz') cos{pz) = (h/2)6(z - z*) (83)

nE=xn

Using (82) and (83) with (79) in the integral equation (78a), one obtains

32 2 h Ty N h
- t t - gl —— Y A - 2! 1
( 2 + ko) [ -£ dz E¢(a.z K(z - 2',a) + - “{ ko(z My (z=2'8) dz ]

2
2 e 1 1 1 1/ 3 2?
-t § R T § RS O S ' '
= 1mu010 (z) s 2 E°(a.z) . T ( azz + kO) 4 dz E¢(n.z )

{Continued)




R

AR

il

® cos(pz) - cos(koz)
X ( Z A“ [-——_?—__2—_..—..](:08(?2'))
n=—co

Rearranging terms gives

32 2 iwu
(——5 + kO) [ [ dz' L (a, z')K (z = z") + "1 f K (z! o, (z - z',a) dz' ]
9z =h

= - g-[imuoloé(z) - ;;— 2 E (a z)] : (84)

where the combined kernel Kl(z - z') ig defined as

ik R
T 0" @ cos(pz) ~ cos(k.z)
d¢! 2
[e -2 o ig— - ] n[““—é_—z"—o']w""l’“
-7 ] a urh n=ee ko -p
(85)
with the coefficients An given by
3platid - pH/)
1/2 1
-—-—-—-"-—"7—375— fa(k -p 2 l1-ap-3
[a(k

and p = (n + 1/2)n/h,

The second integral equation from (78b) is:

h i 1
-2 f dz' E, (a,2") 2. R(z - z',p) - o } dz' K, (z") X M, (z - 2',p)
2 b ¢ 3p ’ + 2 ¢ 9 1 4

- E¢(a,z)

The coupled intepral equations can now be written in a short-hand notation

suitable for numerical evaluation:

2 h
(-aiz-z-+ K )[ jdz B (2K (z-2) + ¢ -1/, dz! I¢(2")Ml(z~z')]- C,8(2)+ CyE, (2)

| -h
(86a)

» st g o+
< S VAT AR —po—

p=a -h p=a"
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h h )
<, _{ dz' E¢(z')K2(z -2') + ¢ _{ da' T (20N, (2=2") = 5 F () (86b)

where the electric surface current I¢(z) = 2uaK¢(z). Also, the kernel

Kl(z - 2z") has been defined previously in (85), and

2 e 2
C = iwu0/2ﬂa 3Gy = -21quIn/a i Cy= 1/a oo

¢, = -af2 CS = —iwuolhﬂa

4

The factor (1/2) on the right-hand side of (86b) comes from the discontinuity
in the dexivative of the Kz(z - z') kernel, viz,,

2 3
(z = 2z') = ==Kz ~ z",p) ¥ — K(z - z",p)
K2 % ,0=a+ % p=a

3. gt
+ = 3P Ml(z 2 ,0)

Hz(z -z') = i%vnl(z ~-z',p)
p=a

p=a”
8. NUMERICAL SOLUTION BY THE MOMENT METHOD OF THE COUPLED INTEGRAL EQUATIONS

The differential equation (86a) can be solved to obtaln:

h h
[ dz' Eo(z')Kl(z ~z') + ¢ [ dz I¢(z')Ml(z - z')

~h «h

(87a)
2
= 06 cos(koz) + c7 sin(kolzl) + C8 é dz' Eo(z')ain[ko(z -z"))
Similarly, from (86b)
h h
o (gt - nt t t - o'y w O T
_{ dz' B (2", (z - 2") + ¢ -£ dz' 1M,z - 2') = ¢y P, (2) (87b)

where C6 is unknown and determined numerically by employing the end condition

1,(h) = 0, and
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2 e
¢, = iwu0/21ra s C7 = CZ/ZkO = -iwuoID/ako

= 2 . = = 2 . = B o
Gy = C3/k0 = 1/a utko PGy CS/C4 imuO/Z'na s ClO 1/204 1/a

It 1s now considered useful to examine the four kernels in (874,b) and to oh~

tain their Fourier transforms, Thus,

> ® cos(pz) ~ cos(koz)
Kz =2 = kG -2") -5} ) {-—--3-———75-—~——] cos (pz )
a urh n==-w ko ~p

The Fourder transform of K(z ~ z') is given by K(£) =

% : with p = (n + 1/2)n/h,
k ‘ inJO(ayo)Hél) (ayo) where yg = k(z) - 52

n

, a iko[(z-z')2+92+p‘2—2‘>p‘ cos ¢‘)1/2
R NORNE
0

a ’
[(z-z')2+o"+p'2-2pp' cos 4)']1 2

a
3 y(&e) = ar | MSD 6o, 1) 300 o) o do
where

o, = larger of ¢ and p'

p. = smaller of p and p'

which leads to

(ina/Yo)Jo(oyo)Hfl) (ayo) ifp >p!

H(6,p) =
(ivra/YO)Hél)(pYO)Jl(ayo) if p < p!
It is easily scen that
B (6) =2 i (£,0) « 2§ (£,0)
2 apl'n_a-b;ml'

- = =tral v (ay )
o=a
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Finally,

By (5) = & R(5,0) ot

=3

where

Reza0) = 130 ST 6, 70)

with
P, = gmaller of o and a
e, = larger of p and a
j so that
- §Y)
inJO(OYO)HO (ayy) forp < 8
R(g,0) =
ind,(ay )H(l)(OY ) forp > a
i oo’ 0
Thercfore,

Rz(ﬁ) - «1uYOJ0(aYG)H§1)(n¥0)

To begin the numexical procedure, it is recognized that, because of the
avenness of E¢(z) and I¢(z), the integrals rauping Erom ~h o h wmay be con=

verted as follows:

h h
_{ By (2K H(z - 2") da' = £ B DKy gl = 2') + e+ 2D d!

Similarly,

h h
-{ X¢(z')Ml'2(z ~z') dz' = é I{(ZI)IHI.Z(Z -2') + Hl'z(z + 2" 2!
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Now the interval from O to h can be subdivided into nt+l panels. Within
each panel the unknown quantities E ¢(z) and 1 q“(z) are approximated by con-
stants and the constant value is assigned to a location z which corresponds
to the center of the panel, With the length h = 2at, each panel is of width

2t except the firxst and last panels which are of width t.

z{ 2y z, Zy z, zg - z .1 z Z 41
o ¢ } 3 st ] o7 ] et @n-3d  2at=h
. ;o '
1/,
A%, Y, v %
L pay _,J’ r—
% %
5 S
1 2 3 4 5 n-1 n ofl
Panel #

fhe locations at which the unknown quantities are determined are given by

2y = (21 - 2)t with T = 1, 2, 3, «eus (n+l). Typically,

h
([) Eé(z')[Kl(z -z') + Kl(z + 2] dz2'

t S5t (2u-1)t 2t
+f + o+ + f B (2K (z-2") + Ky 2+ 2") dz'

+
3t @nene @oene| *

1
Oy
-

In each of these intervals I-’.Q(z) ie approximated by a constant value so that

(2J-1)t 1 %o 16z, i€z’
KI(I.J)'A}' [Kl(z1+z')+Kl(z!~z')}dz'-- dz’ Y ] X(p)e (e
3 (21-3)t -
-i€z' (23-1)¢t o cos(pz,) = cos(k.z.)
+e ) £ ‘—zl" [ w¥ ] a { 12 3 ot }cos(pz‘)
a urh (2J-3)¢t " ko -p
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By substituting for K(£) and carrying out the z' integration, one obtains
K (1,3) = K(L,3) + B(1,J)
where

K(I,J) = (4/7) / [inJo(aYO)Hél)(ayo)][(sin £t) /51 {cos{2E(1+I-2)t]

+ cos(28(I-I)t]} d¢

PR cogf2pt(I-1)] - cos[Zkot(I—I)]
B(I,J) = - — A
Wy 2 ]

b n=0 az(kg -

+ [sin[pt(ZJ-l)] - sin{pt(2J-3)]
(h/n)p ]

The integral in K(I1,J) 1is evaluated by suitably deforming the contour
from the real axis to a contour that wraps around the branch cut. When this

is done, K(I,J) for I¥J can be written in the form
R(I,D = [ £(x) ™ dx
0

vhere f(x) {8 a complex function of & real variasble x. The integrals are
evaluated using a 10-point Gauss~Laguerre quadrature method. The special

case of diagonal elements (I=J) can be written in the form

\ 246

KD « 2 [ R@ 60 /6

+ 1) d€ = (1/2)K(1,1) + T(1)

vhere

1 9. ZICzI
T = o [ RO (atn ge)/tle dg
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with zy = 2(I - Dt, I =1, 2, ,ss, (1), K(1,1) is evaluated as an inte-

gral on the real axis because of the absence of the exponential decay factor,

¥

using 1l0-point Gauss quadrature routines. T(I) can once again be put in a
form suitable for Gauss-Laguerre quadrature by a deformation of the contour
that wraps around the branch cut at § = ko. Care 1s tsken in evaluating the
first and last panels' integraticis hecause of their half normal width. What
1s discussed for kernel K(z - z') or K(£) 1s essentially true with the calcu-
lation of the elements corresponding to the three other kermels.

Referring back now to the three terms on the right-hand side of (87a),

viz.,
21
t R (gt - ot
C cos(kozl) + 07 sin(k0]z1|) + C8 é dz E¢(z ) sin[ko(zI z2")] ,

the first and last terms, contalning respectively the unknowns C6 and E¢(z),

are moved to the left-hand side. For example,

Ce cos(kaI) - C6 cos[kG(ZI - 2)t)

“1 Q1-2)t ¢ 2t (21-2)t
Cg[ d2' U ) =g [ a2 () e e[ v [ Hae'[ ]
0 0 0t (21-3)t
We now define
Pt
Aa,p) = f sinfk (2, = 2') dzt @ (k) {cos(koe (21 - P = 2)]
(P=1)t

- cos[kot(Zl -P -1}

It is scen that when the term associated with CB is moved to the left-

hand side, it affects only the lower triangle clements of Kl(I,J) and not the 4

upper triangle clewments, thus renderirp the Kl(l,J) matrix elements not cqual
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to Kl(J,I), Extending these calculating principles to (87b), and using the

fact that I¢(h) = I¢(I-n+1) = 0, one can finally set up the following matrix i

equation: :
31 22 %t ! Cime2 ttt fponkl |81 e IEl ‘Gl
I )
}
1 ! %
. 1 Ly 11 : Lotw : :
: : : : , : : :
{
| :
| |
%L1 Tt fnblndl s Cmimiz 0T Cnel2ee | o, 2092 Farl; ) Tntl
e e e — R T - :
42,1 et Eln+2,n+1: qn42,002 0 Sn2, 2041 | %ne2,2002 || T2
0
! )
l [
: 143 SN (I v : ¢ : H
l |
‘ | 1 0
[ | n
{
Q2042,1 *** S2n42,041 ¢ Pme2,me2 t0 P22, 2001 | %202, 2002(1% | | 0 ]

where the elements on the right-hand side are piven by G(1) = C7 sin(ko(ZI-2)t]

with I =1, 2, ..., (n#1). :

*
The magnetic current Iz(z) is casily obtained from the solution of the

*
gystem of linear equations by using Iz(z) - -2nnB°(z) volts., The computer

programs arc included in Appendix C and the vesults sre plotted and discussed

{n the next section.
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9. EXPERIMENTAL MEASUREMENT OF THE MAGNETIC CURRENT
M
The magnetization current is essentdally the time rate of change of the
i magnetization vector (ﬁ) integrated over the antenna cross section. The ex~
‘ perimental procedure, however, determines the total axial magnetic flux with
the use of a shielded loop placed coaxiallv over a driven loop which is loaded

by a ferrite cylinder., Suitable modifications to the theory have to be made,

therefore, before the computations can be compared with the experimental re-

f; sults, These modifications and the assumption ‘of azimuthal symmetry on which
i 7 they are based are discussed in detail in Appendix D.

Ferrite materials that are available commercialiy have heen used in this

————

experimental investigation, Table 1 lists the initial permeability u; (1.e.,
the slope of the B-H curve for small H) and the applicable frequency range

for a variety of ferrite materials, grouped under their respective suppliers.
Ferrites #C-2050 of Ceramic Magnetics, Inc, and #Q-3 of Indiana General were

i gelected for use in the 5-100 MHz frequency range, Toroldal samples of the

' #iC~2050 material were obtained and its properties (u; and Q) measured as a

function of frequency by means of a Q-meter. The quality factor Q of the

ferrite material i{s defined by

- 1 oyt e 21 x stored energy
loss factor r'“v  energy dissipated per period, 2v/w

Q (88)

The measured valury of ) and u; for the faerrite material #C-2050 are shown
plottaed 4n Fig. 4(a) as a function of frequency together with the values

supplied by the manufacturer. Fair sgrecment is observed between the two.
The imaginary part u: of the relative permeability can be calculated easily R
using (88) and wmeasured values of u; and . The manufacturer-supplied values
of u; and Q for the ferrite materfal #0-3 are shown in Fig, 4(h), The values

of the relative permittivity Cy used in the theoretical calculations were

PR
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TABLE 1. List of Commercially Available Ferrite Materials

Source #1: Ceramic Magnetics, Inc., Fairfield, N.J.

l Type of : Initial
' Perrite  'EMUIACUIET  perpeanilzey  FrRdiency
Material ode u; ang
Mn-Zn MN-31 BC-10 2800 Up to 10 MHz
Mn-Zn MN-31 DC-20 3300 Up to 10 MHz
Ni CN-20 800 300 KHz - 2 MHz
Ni CM-2002 1500 1 KHz - 1 MHz
Mn MN-30 4000- Up to 500 Kilz
Mn MN-60 6000 Up to 600 KHz
Mn MN-300 9500 Below 1 MHz
€-2010 200-300 Below 15 MHz
C-2025 150-200 Below 15 MHz
C-2050 100-150 Below 20 MHz
| c-2075 25-50 Below 50 Miz
; CHD-5005 1400 Up to 10 MHz
J N-40 15-20 Up to 100 Mz
Source #2: Indiana General, Keasbey, N.J.
: ) Ni-Zn Q-1 125 Up to 10 MHz
- Ni-Zn Q-2 40 Up to 50 MHz
Ni-~Zn Q-3 18 Up to 200 MHz
Source #3: Fair-Rite Products Corp., Wallkill, N.Y.
Ni-Zn 30-61 125 200 KHz ~ 10 MHz
Source #4: Ferroxcube Corp., Saugerties, N.Y,

Ni-Zn 4C4 125 Up to 50 MHz
Mn-Zn 3n3 750 Up to 5 Miz

3B9 1800 Up to S MHz
Mn~Zn 3B7 2300 Up to 1 MHz

Source #5: National Moldite Co., Inc,, Newark, N,J.
M-Grade 125 0 1 Mz Up to 20 MHz

Source §6: Stackpole-Carbon Co., St. Marys, Pa,

Grade 24 2500 Up to 100 Kz
Grade 27A 1000 Up to 800 Kiz
Crade 9 190 Up to 2 MHz
Grade 11 125 Up to 6 MHz
Grade 12 35 Up to 80 MHx

Grade 2285A 7.5 Up to 300 Miz
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also supplied by the manufacturers. It can be seen from Fip. 4(a) that the

value of Q for the ferrite material #C-2050 is nearly constant (¥100) up to

abour 2 MHz and then falls off rapidly to less than 10% of this value at 20

MHz, Similarly for the material #Q~3, Fig. 4(b) indicates a nearly constant

value of Q (¥500) up to about 15 Mz, beyond which it decays to 250 at 200
MHz .

Three antenna cores were fabricated, as photographed in Fig, 5(a)-(c).
Cores (a) and (b) are made of material #C-2050, while core (c) is made of

material #Q-3. Cylindrical rods of 5/16" diameter and 5.25" height were used

along with adhesive tape to fabricate core (a) of 2" overall diameter and 21"
Core (b) has the same heipht as core (a) but 1s comprised of five

Core (c) is formed from

helght.
cylindrical rods of 1" diameter and varying lengths,

three cylindrical rods of .625" diameter and 7.5" length for a total height of

22,5". As was pointed out earlier, cores (a) and (b) are useful for frequem-

cies up to about 20 MHz, core (c) up to 200 Miz,

The three cores were used in various antenna configurations in which an
elactrically small loop antenna is loaded by a finite cylindrical ferrite vod.
The anten:a parameters for the eleven different cases are tabulated in Table 2.
For antennas numbeved 1 through 3, meagsurements were wade at fraquencies of

10, 50 and 100 Milz, vespectively. The electrical vadius nko of the driven

loop ranges from .00L66 to .01662, Antennas numbered & throuph 7 were oper-

ated at frequencies of 5, 10, 15 and 20 MHz, respectively; the electrical

radius rangad from .00132 to ,00531. The operating frequencies for antennas

numberad 8 through 11 were the same as for the previous set but the vadius

was doubled,
It can be seen in Table 2 that the value of nko does not exceed 0,017

for any of the eleven antennas., Thie ensures the validity of tho assumption

A w1 - e o
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A TABLE 2,

3 = 1! - n

‘: : Ant;nna e ut jur
1 18 - 3,036
2 19 -~ 3.0544
3 20 - 3.0890

‘ #C-2050 Material (Supplier:

4 100 - §1.0
5 115 = 32,55
6 125 - 312,50
7 135 - 367.5

8 105 - 30,63
9 120 - 32.4
10 150 - 315,

1 140 - 342,

-57-

Antenna Parameters

h/A0

.00952
04762
09525

#Q-3 Material (Supplier: Indiana General)

ako

.00166
.00831
,01662

2a = 0,625", 2h = 22.5", @ = 2 £n(2h/a) = 8,5534

1.1, .1
zm rm + jxm

00797
.00214
.001577

Ceramic Magnetics, Inc.)

00444
.00889
01333
01778

00444
,00889
.01333
01778

..00132
.00265
.00398
.00531

.00265
+005319
007979
01064

1) 2a = 1", 2k = 21", @ = 2 2n(2h/a) = 7.4754

L0051
. 0049
.01341
.03747

i1) 2a = 2", 2h = 21", 0 = 2 2n(2h/a) = 6,089

001275
.001225
.003352
009368

13.7637
1.70979
3.33443

31.50479
j.21892
3.13270
3.07394

1.12611
1,05456
3.03292
1.01815
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that the driven loop be electrically thin in the theoretical calculation of
antenna currents, The height of the monopole antenna (h/ko) ranges from

.00444 to .09525 so that the longest dipole is mearly (1/5)-wavelength long.
The value of the relative permeability M= u; - ju: from Fig., 4 and the in-
ternal impedance zi per unit length calculated using equation (36) are also

listed in Table 2, In this section an ejmt

time dependence is implicit and
is more convenient, Due account of this change in notation has been taken
in using (36) to calculate zi. It is observed that for all antennas consid-
ered, the internal impedance 18 largely reactive.

For each of the three ferrite cylindrical cores described above, a set
of driven and measuring loops was fabricated. A photograph and representa=-
tive line drawing showing the coustruction of the loops are shown in Fig. 6.
The six loops were all constructed from commercially available microcoaxial
cables ending in a modified BNC connector. The driven and measuring loops
are placed coaxlally in the experimental setup, as can be seen in the photo~
graph in Fig. 7 and the block diagram in Fig. 8. The short lengths of micro-
coaxlial transmission lines leading away from the two loops are at vight
angles to one another in the horizontal plane so that any inductive coupling
between the two 18 minimized. The sipnal source used in this experiment was
either a GR-1001A (5-50 MHz) or an HP-3200B (10-500 Miz) oscillator, When
the GR-1001A oscillator was used for measurements with antennas #4 through
#11, the power amplifier was not needed. The HP=-230B power amplifier was
used only in conjunction with the HP-3200B oscillator for mcasurements on an-
tennas #1 through #3. The source frequency was accurately measured using an
HP=5240 electronic counter, A signal proportional to the total axial magnet-
ic field was induced in the receiving loop. An HIP-8405A vector voltmater was

used to detect and record this signal (B). The reference signal (A) to the
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FIGURE 6
THREE PAIRS OF DRIVEN AND MEASURING 1.OOPS ALONG

WITH A LINE DIAGRAM SHOWING THE CONSTRUCTIONAL
DETAILS OF A RCPRESENTATIVE LOOP.
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H.P- 8405 A
VECTOR VOLTMETER

TN
HP-5240 X %7
ARRD- 2414 iyl

- ELECTRONIC
20 08 ATTERUATOR | | ~oorer \»\

[ ——

HP-230 B \\
POWER AMPLIFIER \

-I 20\ h
0SCI LLATOR \
GR-1001A (5-50 Kt/
H.2-32008 (10- 500 MH2) N RS

FiG. 8 BLOCK DIAGRAM OF THE EXPERIMENTAL SETUP FOR
MEASUREMENT OF MAGNETIC CURRENT ON THE
FERRITE ROD ANTENNA.




e e

\ ot arm

H
2
!
!
;
!
1
{

-62~

vector voltmeter was provided from a coaxial T. The vector-~voltmeter read-
ings were recorded as a function of the axial distance z from the driving
loop. In this manner the amplitude and phase of the magnetic current distri-
bution were obtained for the eleven antenna configurations described in

Table 2, The unnormalized data are given in Table C-2 of Appendix C.

Computer programs, described and listed in Appendices A and B, were
utilized in calculating the magnetie current distributions for the eleven
cases. As discussed earlier, the theoretical calculations are based on a
treatment of the ferrite rod as an imperfect magnetic conductor. The theo-
retical and experimental current distributions are shown graphically in Figs,
9 through 11, Also appearing in Figs. 9 - 11 are Tables 3, 4 and 5, respec-
tively; these show the calculated values of input admittance Y* = I:(O)/Ig x
G + jB)it ohms and input impedance 7.* = 1/‘1’k mhos., The antenna rumbering
scheme used in the figures and tables corresponds to that piven in Table 2.
The values of @ = 2 &n(2h/a) for the anteunas in Figs. 9 - 11 are, reapec~
tively, 8,5334, 7.4754 and 6,089,

The agreement between the theory and experiment 18 seen to be good. The
antennas used here are ralativelv short and, consequently, the current dis-
tribution is scen to be nearly triangular. As may be expected, the largest
deviation of the experimental values from the theoretical computations occurs
at oither end of the anteuna (z/h =~ 0, 1) and especially at the driving point.
For this reason the raw experimental data were uormalized in most cases to
the theoretical calculations at a poiut nearly a third the distance from the
driving poiunt to the end of the antenna. In the case of antennas #1 and #2,
there appears to be a kink f{n the experimental values for the phase of the
current distribution, This is believed to be due to the stacking of {ndivid-

ual ferrite rods by means of adhasive tape. This {8 not seen in the magnitude
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curves because of the relatively low magnitude values, The overall agreement
of the theory and experiment was used in deciding the point of normalization.

The coupled integral equations in (86a,b) in the two variables, the tan-
gential electric field EO(Z) and circumferential electric current I¢(z), were
solved numerically by the moment method on a Sigma-7 computer system, The
method itself has been discussed in Section By the computer programs are
listed in Appendix C. Table 6 contains a description of all the subroutines
used in this computation. The basic philosophy of this method is to reduce
the set of coupled Integral equations to a system of linear algebralc equa-
tions. The standard routines (6] for solving a svstem of linear equations
were modified to handle complex variables, The results of these computations
are plotted in Figs, 12 through 14. As before, the experimental data have
been normalized at a point approximately one third the distance from the
driving point (z = 0) to the end.

The wagnetic current I:(z) is easily obtained from the solution for the
tangential electric field using the relation I:(z)' -2naE°(z) volts per unit
curvent in the driving loop, The input parameters Y* and Z* are also tabu~
lated and the tables are included in the figures showing the magnitude and
phase of the mapnetic current. In all eleven cases the phase is nearly con-
stant, since the antennas are electrically short in free space, and most of
the mapnetic current is in phase quadrature. The agreement batween the ex-
periment and the theoretical calculations is very pood including near the
source. This was to be expected because the coupled fntepral equations
(86a,b) in two variables comprise a far more accurate and independent theo-
retical formulation of the problem than the approximate integral equation
(39) which relies rather heavily on an analopy between the ferrite rod an-

tenna and the resistive eylindrical dipole antenna.
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TABLE 6

LIST OF SUBROUTINES USED IN SOLVING THE COUPLED INTEGRAL EQUATIONS (86a,b)

PROGRAM NAME

MAIN
BSLSML
BESH

Q6L10
Q610

FCTK
FKIIR, FKI1lI
FKil

FCTM1, FMIIIR,
FMII1I, FMLII
{FCTKZ, FK211R,

F2I1T, FK2II

FCTMZ, PM2IIR,
2111, FIR1I

AUX

SERIES

DECOMP, SOLVE,
IMPRUV, SING

ANGLE

1 5 T S

PURPOSE

Computes E¢(z) and I¢(z) by solving the coupled
integral equations (86a,b),

Computes Bessel functions Jo(z) and Jl(z) for
[z] < 10.0 with 5 figure accuracy.

Computes Hankel functions Hél)(z), Héz)(z),
1M @) and 1D @),

10-point Gauss~Laguerre quadrature routine.
10-point Gauss quadrature routine.

Computes the integrand for K(z - z') for I ¥ J,
The same, for I = J = 1,
The same, for I = J ¥ 1.

Computes the integrand for Ml(z - 2z') for I1¥J,
I=J=1, and I = J ¥ 1, respectively.
Computes the integrand for Kz(z - 2') for I¥ J,
I=J=1, and I = J¥ 1, respectively,
Computes the integrand for M,(z - z') for 17 J,
I~J«1, and I = ¥ 1, respectively,
Auxiliary function used in computing the above

integrands,

Computes the infinfte series part of the kernel
» - t
kl(z '),

Programs used in solving the linear system of
algebraic equations,

Computes the phase angle of complex variables
16(2) and Eo(z).
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TABLE 7
i INPUT ADMITTANCES AND IMPEDANCES OF THE ELEVEN ANTENNAS OBTAINED FROM SOLVING

' THE COUPLED INTEGRAL EQUATICNS (86a,b)

Antenns ¥ Input Admittance Input Impedance
(ohms) (mhos)
1 L003 + 3§ 4.99 .00012 - 3,20040
2 .03+ 330.22 .00003 - 3.03309
" 3 J10 + §62,32 .00003 ~ 3,01605
l 4 03+ 59,23 .00035 - 3,10834
} 5 A4+ 320,13 .00035 - §.04967
é 6 .97+ §29.81 .00109 - §,03351
i 7 6,21 + 345,62 .00293 - §.02152
! 8 W02+ 123,55 .00004 -~ §,04246
9 16+ 344,27 ,00008 - §.02259
10 1.06 + §60,02 00029 - 1.01666

11 4,26 + 375,32 .00075 -~ §.01323
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10, SUMMARY

An electrically small loop that carries a constant current and is loaded
by a homogeneous and isotropic ferrite rod has been called the ferrite-rod
antenna. In Part I [2] of this report the ferrite rod was assumed to be of
infinite length and the problem was treated using a boundary-value approach.
In a practical situation, however, the antemnna 1s necessarily finite and
often electrically short so that a new mathematical formulation was needed,
along with an experimental investigation, for the problem of a finite ferrite
rod antenna. With this current distribution known precisely, other quanti-
ties of interest can be derived from it,

Although, in terms of physical mechanisms, the ferrite-rod antemna can be
compared with the dielectric rod antenna, there exists a complete analopy be~
tween the ferrite antenna and the conducting cvlindrical dipole antenna.

This analogy is based on the dual property of electric and mapnetic vectors
in Maxwell's equations. The electric dipole antenna has yveceived consider-
able attention from researchers in the past and, therefore, a treatment of
the 'magnetic analog' of the dipole antenna is considered useful. Based on
this analogy, an integral equation has been derived for the mapnetic current
on the finite ferxrite-rod antenna. As expected, the integral equation is
identical in form to the corresponding equation for the electric current on
the dipole antonna. This derivation was based on the assumption that the
value of the relative permeability v of the ferrite material equals infinity,
In effect, the ferrite is treated as a perfect magnetic conductor s+ when in
the 'electric case' the antenna materinl is assumed to have an infinite elec-
trical conductivity o, However, in practice, a material with e equal to in-
finity does not exist and, furthermore, over a useful frequency range the L

value is not hipgh enough to justify using the perfect conductor approximation,
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For this reason, the intepral equation had to be modified. The modification
was achieved by defining the internal impedance per unit length of the magne~
tic conductor to be éhe ratio of the tangential magnetic field to the total
magnetic current flowing in the magnetic conductor. An approximate, 3-term
expression for the magnetic current was then obtained in a manner paralleling
the procedure used hy King and Wu to solve for the electric current on the
imperfectly conducting dipole antenna. It was found that for commercially
available ferrites the Iinternal impedance per unit length was largely reac-
tive so that the propapation constant k (= 8 + ia) on the antenna had a large
imaginary part. The predominance of the attenuation constant « makes the
magnetic current very small and, thus, one is led to conclude that the prac-
tical ferrite-rod antenna is not a very efficient radiator.

The treatment of the ferrite-rod antenna as an analog of the resistive
electric dipole antenna relies rather heavily on the mathematical equivalence
of the two problems under idealized drivimp conditions., For this reason, an
alternative derivation of the intepral cquation for the tanpential electric
field on the ferrite surface was developed. This derivation led to a pair of
coupled intaepral equations in terms of the tanpential electric field and tan~
gential electric surface current. The coupled intepral equations were solved
numerically by the moment method and the magnetic current obtained from the
tangential electric field, It was slso verifiad that in the limit h « « the
equations decouple and are in complete apreement with the vesults of the
theory for the infinite antenna.

Since the magnetic current is proportional to the total axial magnetic
field, a simple experimental apparatus was built to measure the magmetic cur-
rent distributicn on several antennz configurations. A praphical comparison

of the theoretical and experimental results has been presented. Although the
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three~term solution has been shown to give good results for antenna lengths
koh < 5n/4, the antennas used in the experiment were much shorter &nd the
near-triangular distribution of currents was verified. The frequency re-
sponse of the properties of available ferrite materials and the practical
limitations on the size of the ferrite rods made it difficult to construct
antennas of longer length.

In conclusion, while ferrites have been used extensively at microwave
frequencles and up to several MepaHertz, the fact that ferrites are now be-
coming commercially available in the range 30 - 300 MHz should lead to useful
applications. In situations in which the physical size of the antenna must
be kept small, a loop antenna has limited usefulness because of its low effi-
ciency and radiation resistance. The insertion of a suitable ferrite core
offers the advantage of both improved efficiency and increased radiation re-
sistance. Although, in theory, an increased radiation vesistance should sim-
plify the problem of matching the antenna to its associated circuit, in prac-
tice there remains a seveve prohlem. This has been discussed by Dropkin,
Metzaer and Cacheris (7]} who made messurements of the receiving characteris-
tics of a cylindrical fervitc-vod antenna at a frequency of 75 MHz, They
couclude that both ferrite-core and atr-core loops can be described by simi-
lav equivalent circuits, These circuits have resonant properties and cach of
the lumped circuit elements cun be {dentified with a physical quantity char-
acterizing the anterna, The improved efficiency and the increased radiation
resistance which were determined experimentally can be attributed directly to
an incroased magnetic flux passing through the ioop. Thev also make the in-
teresting observation that with a dielectric cylinder (r.r = 10, u. 1), the
size of the ferrite used had no effect on the gir-loop properties. This was

because the loop used was small enough to act as a magnetic dipole.
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APPERDIX A,

COMPUTATION OF MAGNETIC CURRENT AND ADMITTANCE OF FERRITE ROD ANTENNA
The approximate magnetic current distribution as given by (51) is

-iano O

I(z) -———-—..

wos o (sin kG - lz]) + Ty (cos kz - cos kh)
R

k.2 k h
*
+ 7T (cos —% - cos ---—)]
* *
where TU and TD are glven by

Xx
TU-(CVED-CE)/(CE -CEU)

*
Tp = (Cyby = CEP/(CyEy = Cpfy)

with
¢ w1 - GEAB)IW, o - ¥, ) - cos k) = (k/kDY, - cos kh
U () dUR dR 0’ dUR
- 4% (- cos i‘z’ﬁn 7,
3 koh koh
¢ » ?db(z - co8 -—~—)- {1- (k /ko)]W (1 - cos -2—--)+ ‘PD(h)
3 koh
CV " ~-[-ﬂ'(u (Z - cos ——2--)+ Vv(h)]
2.2 koh
EU = ~(k /ko)‘{'dUu cos kh + (i/la)‘ﬂdu1 o8 5~ + Vu(h)
koh
ED - -(1/4)?‘“) €08~ + YD(I\)
' koh
E, ~ -(X/G)Ydl cos —5- =~ vv(h)

The ¥ functions appearing in the above expressions ave defined as follows:

?dR(O) lnoh < n/2

?dR(h - )/4) n/2 < koh < 3s/2

i A — 1 3 G e E e © hi e e e A e
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cos kor cos k

B 0"h |
¥p(2) = esc k(h - |z]) f sin k(h = |2']) | ——— - —
~h :

. dz!
T N
h cos k.r cos k,T.
Yd = [1 - cos kh]-l | (cos kz' - cos kh){ 0o _ 0h } dz'
UR “h i T L%

k h h k.2' kgh 1 Ro%o  otn
¥o=[1- (:oa—Q—-]-l [ (cos - co ._0_-)[‘5 . dz’
dp ) 4 7 T T o

k. h h sin k r sin k.r
¥, = =(1 - cos -] fsink(h-[z'l)l 20 . r‘”‘} dz'

-h G h
k. h h ¢ sin k. r sin k. r
- (1 - cos 217} ' . 00 ok '
YdUI {1 - cos 3 ] ~f {cos kz cos kh)l N - T ] dz

where the propagation constant k is given by
. i 1/2
k koll + (.bngozm/ko‘rdk)]

with & = 376.7 2 the characteristic impedance of free space. However, since
vdR is dependent om k, an i{teration procedure is used. To begin with.kl as

glven by

1, . 1/2
k1 ko(l + (16ucozm/k0fdko)]
{8 deteruined. With kl substituted for k, del is computed and then k is

evaluated using

. i, 1/2
k= Lo(l + (i4ncozm/k0YdR1))

This new value of k is used in evaluating all the ¥ functions and the current

distributions,

e = A T S . L. v
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APPENDIX B

This appendix contains a listing of the main program and all assoclated

vubroutines, The main program accepts as imputs h/X_, R and zi, and computes

0)
* *

the input impedance 7 , aimittance Y , and magnetic current distribution as a

function of distance (z/h) along the antemna, Subroutine NINTG employs

Simpson's rule for intepration to evaluate the functions. The various inte-

grands are calculated using the subroutines FCTH(Y), FCTO(Y) and FCT1(Y).
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APPENDIX C

This appendix opens with two tables containing experimental information.
The first, Table C-1, lists the values of the various antenna constants (di-
mensions, ferrite characteristics, frequency, etc.,) for the eleven antenna
configurations studied experimentally. Table C-2 gives the raw measurea data
(unnormalized) for the magnetic current distributionson the eleven antennas
as a function of z,

The appendix concludes with a listing of the computer programs used to
golve the coupled integral equations in (86a,b). The procedure used, i.e.,
the moment method, was discussed briefly in Section 8. The coupled integral
equations are reduced to a system of linear algebralc equations which are
then solved for the unknown variables. .An unknown conatant in the integral
equation is also determined in the numerical procedure by imposing the end
condition at z = h, The magnetic current I:(z) is easily computed from the
solution of the tangential electric fileld EO(Z) by using I:(z) - -Znnno(z)

volts per unit current in the driving loop.
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Unnormalized experimental data (Refer to

Table C-1 for the numbering scheme and antenna constants).

Antenna #1 Antenna #2 Antenna #3__7
2
cms Mag Phase Mag Fhase Mag Phase
0.1 - - 38 -50 - -
0.2 130.0 30.4 - - - -
0.3 100.0 30.2 31.5 -48.8 - -
0.5 - - - - - -
0.5 - - 25.5 ~47.9 - -
0.8 - 22.0 -47.5 - -
1.0 77.0 30 20.5 -47.2 82.5 -
1.5 - - 16 -47.0 57.0 -
2.0 49.0 30 13 ~46.6 44 -169.2
3.0 33.0 30 9.1 -46.4 28.5 -178
4.0 23.0 30 6.4 -46.5 19.0 -182
5.0 17.0 30 4.7 -46.5 13.5 ~-184
6.0 12.5 30 3.5 ~-46.5 10.0 -185
7.0 9.25 30 2.65 ~46.5 7.7 ~-185
8.0 7.0 30 2.0 -46.5 6.2 -185
9.0 5.3 30 1.45 -46.8 5.6 -183.5
10.0 4.0 30 1.0 -47 ? ?
11.0 3.30 30.5 .8 -47.5 3.1 ~-184
12.0 2.65 30.6 .63 -48.0 2.35 -185.5%
13.0 1.95 30.6 .51 -48.5 1.85 -186
14.0 1.75 30.6 .41 -49 1.45 ~186
15.0 1.45 31.2 .34 -50.2 1.20 ~186
16.0 1.20 31.6 .285 =51.0 1.02 ~186
17.0 .9 32.8 .240 =52 .86 ~-186
18.0 .75 32.6 .205 =52 .70 -186
19.0 .62 33.0 175 «52 .59 -186
20.0 .51 33.6 .140 -52 .50 -186
21.0 .42 35 .41 -187
22.0 .36 38.2 .35 -186
23.0 <31 38 .30 -186.5
24.0 .27 38 .26 ~-188.5
25.0 .22 38 .23 ~188
26.0 .19 38 .205 ~-190
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2919 Tiilstx
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Ouul FUNCTION FKILP{YE)
GO0 L ECT T e - 3T TRTATR ST
Vs COUMDN TAKQ CMUR TPY 4 TACKL o CAKL ¢ THy ToTRUT TKO 4 1 PS
T 0904 YE2zyFer)
LLDL CU=TAKOPCSCRTI(14=YF21%{14,0,1)
T o000 cur=cn ' )
012 CaLt VI{0sCU (I}
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: 0005 N=NN
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- 0013 2 CONTINUE ) L e
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i 0015 3 SCALES{1)=1.0/RONWNRM
= 0016 6N TN 5
;! 0017 4 _CALL SING{1)
3 . 0018 SCALES{1Y=0.0
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0029 ___ 11 CONTINUF e —
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0047 17 CONTINUE
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SUBROUTINE SOLVF (NN, UL+ 8. X)

— ....DATE = 75195

DIMFNSION 1PS{35)
COMPLEX UL (35,+35),B(35),X{35),5UM
CHMMON TAKO+TPY,TKOT,1PS

N=NN ~ o _ .
NP1= N+1

1P=1PS (1)

X{1} =B{1p)

DU 2 1=2,N

1P=iPS(1)

IMl=1-1

SUM=(0,40.)

DO 1 J=1,IM1
SUM=SUM+UL (TP, J}*X{J)
X{I}=R{IP)~SUM

[P=TPSIN)

NN 4 TBACK=24N
I=KPL1-1BACK

GCES {N-1lyeenoerl
TE=IPS{T)
{Pl=1+1
SHUM={0440,)

NN 3 JsiPl,A -
SUMs SHM+ULITP, J)eX (J)
XU (XU L) =SUMIZULLTIP, 1)
RETURN

END

21 ANGLE

FUNCTION ANGLE(X,Y)

DAYE = 73195

COERT=57,2G577951
TFIX)550,560,450

LFLY) 350,300,250

ANGLF 0,0

R THRN

ANGEE =2 1y, C

KY THY

At 90,0

BETURN

1ELY) 455,454,453

ANGLE=0,0

BTN
ARGLERCOFETRATANLY XY~
RE 1LY

ANGUT ==COFFTOATAN(=Y/X) #340,0
HETURN

XNz~X

1H{Y)554,557,552

ANGLF=1R0,0

RTTURN

ANGLE 21R0. 0-CAFETO ATAN( Y/ XN]
RETURY
ANGLE=180,0¢COFFTOATAN( =Y/ XN}
artyaN

cyp
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. - (7103- FROM COPY FURMISHED S0DD0
_FORTRAN IV G LEVEL 21 ] IMPRUV  _DATE_= 75195 _ __ .
0001__ _ SURRNUTINF_ TMPRUV (NNy As UL+ B2 X, DI 51T )
0002 COMMON TAKO,TPY,TKOT,1PS
0003 COMPLEX A(35,36),UL(35,35),B(35)sX(35)4R(35)4DX{35)sT__
0004 COMPLEX*16 SUM,ATJ,XJ
_C USES ABS(),AMAXLU).ALOGYO()
0005 N=NN
(o
0006 EPS=1,06-8
0007 ITMAX=16 ] R
€~ *4EPS AND ITMAX ARE MACHINE CEPENDENT.
c .
0008 i XNGRM=0,0
0009 DO L I=1.N_
0010 1 XNORM=AMAX1 (XNORM,CABS({X{111)
_oo1y ~ IFIXNORM} 3 ,2,3 o
0012 2 DIGITS = -ALOGLO(EPS)
0013 ) 60 YO 10 e o
c
0014 3 DN_S _ ITER=1,1TMAX
0015 DO 5 L=1,N
__0016 SUM=0.0 e . .
0017 DO 4 J=l.N
_oo1s ATJ=A{T1,J) e . }
0019 XJ=x{ J)
_ 0020 __SUM=SUM+ATJ#XJ
0021 TSUM=R({ 1)=SUM
0022 5 R{11=SUM B i o o
C *»IT |S ESSFNTIAL THAY A(I.J1®X{J) YIFLD A DOUBLE PRECISION
¢ RESULT AND THAT THE ABOVE 4 ANO - 8E DNUSBLE_PRECISION.®*
0023 CALL  SOLVE (NoULR4DX)
0024 _ DXNORM20,0,
0025 DO 6 1=1,N
0026 T=X{1) e e
0027 X(1)aX(1) +0X(1)
0028 . DXNORM=AMAXU{DXNORM, CABS(X(U)=Y)Y _ ..
29 6 CONTINUF
__ooag LE(ITER=0) 6278
V031 T O1GITS=~ALOGLO(AMAX] {DXNORM/XNORM, E9S1)
0032 8 IF{DXNORM=FPS®XNORMY 10,1049 _ ' . o
0033 9 CONTINUE
C  IYERATION DID NOY CONVERGE .
0034 CALL SING(3)
00235 10 _RETURN
0036 END
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) ~104- 7 QUALT
| THIS PAGE 1"5531531 50 70 DG
i FROM coPY ¥
i { SUBROUT INE SERIES (M) MJ,CB)
2 I4PLICIT COMPLEXAB(C))REAL¥U(T)
3 DIMENSTON CSUM(30)
4 COMAON TAKO, CHUR, TPY, TA>CKS ,CAK S, TH) T, TKOT, TKO, IPS
S TIFLOAT (NI )-4.
6 TILAFLOAT (MI)R2. -4,
; 7 TI3cELOAT(MI)N2. -3,
: e Ka2
t 9 CSUMCK-4)=(0.,0.)
1o CCON= =4+ / (TPY3CHUR)
11 TN: 0.
i2 5 TP< (TN$+6) 2 (TPY/TH)
3 €S=1.-((Tp/CKL)xn2)
ik CZ=CAKS aCSQRT(CS)
15 C24=(2
i6 CZ0=C2
27 CALL 8SLSML (D) €20,CJ0)
18 CALL BSLSML(1,C21,C4)
19 TAP=YAzTP
29 COEF T=(CJovCZ/CI)-TAP-0.5
23 TC12C0S(2. xTPTxT14)
22 TC2=(65(2. 1 TROTaT T4)
23 TS1:GTNlTPT AT Y1)
24 TS2= SIN(TPYRT J3)
2% TOR=1TNLD.5) » (TAKOX €2-TAPX x 2)
26 TE= ({TTE-TC2)»{TS1-152))/ TOR
i = CSuM(K)eCSUMIK-2) +COEFTATF
; é3 T1=CABS [ CSUM(K))
H 23 T20CABSLLSUM(K-1) )
} 30 ERR>ABS{ (T1-12) /T1)
2 1F (¥RR:LE.L.E-03) GO 76 20
2 KeK 1
33 TN TNy
3 TF (XeE:26) GO 1O {5
35 WRITE (6,46) :
36 46 FORMAT (g, '¢RROR C(RITERION UNSATISFIED IN 26 TERMS', 24)
37 €87 (0:)0.)
8 RETURN
39 i5 600y
40 20 CBECCONBCSYM(E)
41 RETURN
42 END
i SuBROUTING AUR(NI My, X2 TRIT 1Y
? I ICIT COMPLEX 4B(C 1 REAL a4 (T)
Y COMNEN TAKG, CMw, TPY, TACKL  CAK 1 TH, TH TX0T, TR0 1P
[ Jiz2ama-y
5 Tt «FLBAT (1)
& I3 My
7 TIIFLGAT ()
2 CHOT3(D- 414} aTkoT
4 MIJas ¢ M4 2aM J-4
10 TELFLOATIMI )
i1 Them[- 1)
12 T1J:7LOAT() )
13 Te2<AdS(T110142,
14 MlJ6 TeMfe2ax)-6
15 TE3E LOAT (AT IG)
16 feke 16242,
17 Yy +e P (=xs1C1)
18 TR I L-A e TETY
19 AT ATERS TRIN ]
206 TUrE XL ~XeTLG)
21 CHacep terprTis)
¢ C2e LA L -CxGT TIS)
23 C3:cexpPicupTerdl)
24 CaurCEXP{-COTeT 1)
S CExXt (C1aT14C2012-C 30 ¥ 3-Cha 1)
26 TRIREAL(CFX Y
2 TLoAIFAG(CFX)
2 At YRR
29 END
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FROY COPY FURNISHED 70 np PRAGTI

UMY N, QELIOCT, J,FCTSTYR, TYE)
IMPLICIT COMPLEX*8(C) REALAA(T)

10 POINT GAUSS-L AGUERRE QUADRATURE FORMULA OF §.5.P. (I68M)
Tx=29.92070

CALL  FCTLI, LLTX,TGR, TGI)
TYR -99$1827€~12*» TGR

TYr: -9911827€~12 »T65
TXx+21-99659

CALL FCTUT, J,TX, TGRLTGI)
TYReTYRY- 12455650 -8 & T6R
I¥IelY1+.3849500¢E -8 TG
0 LURR/ S1T

CALL L CT(1,2,TR5T6R, TGT)
TYRTYRv 42493 14E-6 » TGR
TYE=TYT1.4249314E-6 TGS
TX=11:84379

CALL  FCT(T,9,TX TGR,T6I)
TYR=TYRY .2025923€-4 » TGR
TYIeTYT4.268259236-4 » TGI
TX=8:330153

CALL FCT(I 4, TX.TGR, T6T)
TYR=TYR$.7530084€-3 » TGR
TY1eiYi+-7530064€-3 & 161
Tre5-552496

CALL  FCT (1) ), T%, TGR,T61)
TYReTYRY+ 009501617 » TR
TYI=TYIV - pp9501547 #T6I
TXe3.40143y

CALL FCT{11J,TX,TGR, T63)
TYR=TyR+: 06208746 & TGR
TYI=TY14: 06208746 a TGS
T2 608343

CAaLL rc1(r,a T, YGR.!G;)
TYR<TYRt-2180683 X TGR
TS =TYI+-2580683 2 TGI
Tx e 2294545

CALL  FCY (11 3, TX, TGR, TGL)
TiRTYRT 4011399 » TG
TY1=TYi4-4014199 x 161
Txav{3771939

CALL  FCY(T: 3, TX) T6R, T61)
TYR*TYR 4+ 3084431 x TGR
TYLiyie. 3004511 ] 6l
RetuRe

tup

SUBLOUTINE STNG{ InniY)

FORMAT {5AMOMATRIX HITH O PO ;N DECOMPOSE

FORMAT (50ROSINGULALY “ATRIX TN DECOMPHSE.  TERG OIVIDE IN Stavg
VORRAT (54HONS CONYLRGENCL TN 1MPRUV. MATRIX 15 NEARLY STNGULAR.
00 10 ({,2.3),1KHY

WRITE (G:31)

65 0 ;0

WRIYE (5.12)

60 Y0 4C

HRITL (Gig3)

PLTURR

Lup

‘
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APPENDIX D

BASIS FOR MORE ACCURATE COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS

With reference to Fig. 8, the voltage V(z) induced in the receiving loop

is proportional to the tangential electric fleld, viz.,

v(z) = B, dS = -2naE¢(a,z)

This relation, however, assumes that there is azimuthal symmetry and that the

current in the recelving loop 1s negligible. These assumptions are investi-

gated in detail,

Azimuthal Symmetry. The value of ako for the eleven cases studied in

—~—

the experiment ranges from .00133 to ,01662, whereas [akll has values between
.02 to about .41, It ig well known that a loop in free space has nearly con-
stant current 1if ako < 1. If this criterion is applied, all of the eleven
cases are rotationally asymmetric, However, if |ak1| < .1 18 the criterionm,
rotational symmetyy is clearly absent in some of the cases, Because of the
unique location of the driving loop on the surface p * a, a simple analytical
criterion on the radius is not pessible to ensure rotational asymmetry. For
this reason, rotational symmetry was ensurced experimentally.
As shown in Fig, D-1, a shiclded loop of 3/16 in, diameter was fabri-
cated and used to measure the voltage induced by the radial magnetic field as
a function of azimuthal coordinate for eight of the eleven crses., The larp-
i egt deviation from a constant .alue was found to be less than 5%, The three
antennas not tested had lower values of |°k1| than those tested. The experi- )
mental measurements established rotational symmetry conclusively for all of
the cases considered in the experimental study.

Measurements were then made of the total axial magnetic current on a
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dielectric rod made of Teflon, as shown in Fig. D-1(c), The experimental

parameters are summarized below:

Diameter of the driven loop = 1.0+ inch

Diameter of the Teflon rod = 1,0 inch

Diameter of loop for ax'al measurements = 1,0 inch
iameter of loop for radial measurements = 3/16 inch

Frequency = 20 MHz

The axlal magnetic current distribution was measured with and without the
Teflon rod present. The results are tabulated in Table D~1 and plotted in
Fig. D=2, As one might expect, the dielectric rod (cr Y 2.2) has very little
effect, and the measurements taken with it present do not differ significant-
ly from thogse taken with it absent, In.both cases, rotational symmetry was
confirmed experimentally. The characteristics of the Teflon rod antenna are
similar to those of the alr-core antenna because the loop used in the experi-
ment was small enough to act as a magnetic dipole.

Correction to Experimental Data. An answer was then sought to the im-

portant question, what is the voltage V(z) induced at the terminals of the
reaceiving loop? The receiving loop is loaded by the vector voltmater which
has a nominal impedance of 100 K~ohms shunted by a 2.5 pf capacitor. The
frequency in this experiment variles from 5 to 150 MHz so that the vector
voltmeter impedance has a rauwge of values, An analysis based on circuit
theory can be carried out to deteruine accurately the voltage VR(z) measured
by the vector voltmeter, A diagram of the two coupled circuite is ifu Fipg,

D~3. The various quantities shown in the fipure are:

“ilw

ve vt o Oacillator veltage

H
3
i
H
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Unnormalized experimentai data of total

axial magnetic current with an air core and also a teflon

rod. (This data is plotted in Figure D-2).
Air Core ak =.00532 Teflon, € _=2.2, ak_=.00792
7 o r [}
cms Mag Phase Mag Phase
0.3 11.0 35 11.0 40
0.5 8.4 35 8.5 40
1.0 4.5 35 4.35 40
1.5 2.4 35 2.58 40.1
2.0 1.5 35 1.60 40.2
2.5 .98 35.4 1.02 40.3
3.0 .65 35.5 .695 40.4
3.5 .45 35.6 .500 40.6
4.0 .33 35.6 .365 40.7
4.5 . 245 36" .265 40.7
5.0 .18 36 .205 40.7
5.5 .15 36 .155 40.7
6.0 .135 36.2 .130 40.8
6.5 .105 36.2 .10 41
7.0 .085 36 .083 41
7.5 .07 36 067 41
8.0 .06 36 .056 41
8.5 .05 36 .048 41
9.0 .04 36 041 41
10.0 .03 36 .03 41
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Zg = Generator impedance

IT = Current in the transmitting loop

V,, = V,, = Pictitious generator due to coupling

21 12
IR = Current in the receiving loop

ZL = Vector voltmeter impedance
The two mesh equations can be written as

V= IT(Zs + Zg) - IRZM

0= L) + 1p(2g + 2p)

where Zy is the wutual impedance, Z, the self-impedance of the two loops.

From (D~1),
e v+ IRZM)/(Z8 + zg)
Subgtituting this into (D=-2) gives

v+ 1.20(-2))
. R SOy
0 + Ik(zs + ZL)

(?’s + Zg)
or
e 1
+ 2
ROGH 2D @+ 7)) - 75 (2, + 7))

The measured voltage VR(z) - IRZL in Fig, D=3 is, therefore,

ey s
Co ¥ B 1@y v 1) - Zh1g + 1))

Vple) =

- 2| ’
Zo\TH 2 2\ vzl 1’71)'«/(7'5"7‘,:)(7‘3*71)

(»-1)

(n-2)

(0=3)

PRSI S
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The theoretical computations from the integral equation account only for
the mutual coupling and ignore the generator impedance Zg, the loading of the
receiver by the vector voltmeter impedance ZL, and the change in the current
in the transmitting loop due to the nearness of the receiving loop, The cor-
rection terms can be identified in (D-3) as follows:

Vp(2) = V. (2) x C, x C

X x €(2) (0-4)
weasured calculated

2
where
Cl = Correction due to generator impedance.
02 = Correction due to the loading of the vector voltmeter,
C3(z) = Correction due to secondary coupling (lenz's Law).

It is observed that the correction terms C1 and CZ are independent of the
separation between the two loops. Since the measured VR(z) is only relative
in the present study, C3(z) ig the only correction factor which is aignifi-
cant, It is {from the right-hand term in (D-3)1:

1

2 J (p-5)
1= (@) + 2@+ 7y)

C3(z) -{

As a first approximation the generator impedance ?.g is set equal to zero, Zl

is the impedance of the vector voltmeter transferred to the pap in the receive
ing loop. The impedance of the vector voltmeter is composed of a 100 k-ohm

resistor shunted by a 2.5 pf capacitance,viz,,

ZVVH = R/{(1 + juwCR)

with R = 10° ohms and C = 2.5 x 107'? farads. 2z, can be calculated using

L

Z.R(_m____“__
L [ Rc + jLVVM tan Bd

Ty + IR, tan Bd
) (n-6)
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where

Rc = 50 ohms = Characteristic impedance of the line

- 1/2
8 BOert

€rp ™ Dielectric constant of Teflon FEP

d = Distance from the vector voltmeter output terminals to the gap in
the receiving loop
An approximate value for C3(z) can now be computed using (D-5) with Zg

get equal to zero. MHowever, Z, - the mutual impedance between two loops that

M
are In the near zone of one another - is still unknown, An excellent analy-
sis of the mutual impedance of two loops in ailr is available [8). In the
present case, however, the mutual impedance is required when the ferrite is
present. If the permeability Mo in King's analysis [8) is replaced by the

permeability By of the ferrite, an approximate value for the mutual impedance

is obtained, viz.,
gy(®) = Gou?/2{16/G? + D12 - DRG/2,0)

- @hR@2,@1 - 1rahd/3) (1)

where

w = Angular frequency; kl = Propagation Constant in the ferrite = w/ulzl
u = Permeability of the ferrite; € " Permittivity of the ferrite
a = Radius of the two loops

z = Distance separvating the two loops

A2 - sin2 a = loaz/(z.2 + 482)

/2
K(n/2,0) = [ 5 ¢ 77 = Flliptic ntegral of the
0 (1 - 8in” a sin” y) first kind
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and
/2
. 2 2 \1/2
Fn/2,a) = f (1 - 8in” a sin” §) dy = Elliptic integral of the
0 second kind
Fortran IV computer proyrams for computing the elliptic functions were
available in the Scientific Subroutine Packn  of IR 3A0,  Thus, the correc-

tion factor C3(z) was computed as a function of the separation distance z us-
ing equations (D-5), (D-6) and (D-7), This factor was then used to correct
the experimental data for a comparison with the theoretical results, A typi-
cal comparison of the theory with corrected and uncorrected experimental data
is shown in Fig. D-4 for the specific case of antemna #6, The uncorrected
axperimental data depart from the theoretical curve rear the driving point,
0< z/h < .25, ‘The vector voltmeter impedance ZL at the gap for the antenna
configuration under considervation (antemna #6) is ZL = 2,88 - 1534.7 ohms.
The corvected expevimental data obtained when this value of ZL is used to
compute the correction factor are plotted in Fig, D& aud ave scen to deviate
less from the theory than the uncorrected values, The correction factor does
not account for the entire discrepancy, however, This is In part because of
the approximations made in computing the correction factor and in part be-

cauan of tha lack of an accurate value for 2 For this reason, the corvec~

L
tion factor was also computed for a ranpe of real and imaginarvy parts of ZL'
Two representative cases are shown in Fig, P-4, They {llustrate that a pre-
cise knowledge of KL could improve the accuracy of the correctfon factor ap-
plied to the experimental data and, thus, winimize the discrepancy with

theory near the driving pofunt. Away from the drivinp point (z/h > +25) the

agrecment is seen to be very pood,
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ANTENNA #6
py =126-j12.5
K, =003989

75 Koh =.0837

THEORETICAL

T T T T T T T T T T T

(%/p) -50 UNCORRECTED EXPERIMENTAL
Z_ = {(0~-j1000) ohms
28 Zyy (ot gap) =(2.88-]534.7)
Z =(0-j450) ohms
s 10 20 30 40 50 55

|CE4la,2) /15 1=+ (Volt/ amp)

FIG. D-4 MAGNITUDE OF THE VOLTAGE RECEIVED
BY THE MEASURING LOOP
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