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• ADAPTIVE DL’TECTION OF RENEWAL PROCESSES

p A. Fogel and S.C. Schwartz
Department of Electrical Engineering and Computc’r Sc~enc~Princeton University

Princeton, NJ 08540

p
Abstract

• $ in this paper, we consider the adaptive dctecticn of renewal

processes whose inter—arrival time. ~re Gamma distributed. It

is shown that the opt imum detector exhibits a two—dinicns3onal

estimator—correlator structure for the two pertinent parameters.

When the underlying statistics are partially known, the estimates

appearing in the receiver cannot be implemented. Three suboptimuti~

schemes with surprisingly good small sample performarce are derived J
and compared.. 3

• 
~ ckn~~~l.d~~ snt. Th~~~ r...arah reported h.re was supported in part
by th. Wational Sciencs Foundation under ENG-75-09610 and
the Offic. of Naval 1 •.arch under contract N000 4.
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~~~ Introduction,

An increasir•g number of con~rrnnication systo~ns proceE~ signals

which c eir5 be modelled as point processes. These occ .ar in various

ai~ .-t~ such as optical communications, nuclear medicine, and c~etec —

tior of sc-ismi~ events. Oftentimes, the sja!i~l! ar~ ass’~imed to be

Foi~~o~ ti’re—depcr.dent processes and detection sc!~~~~s ur~ier ~he~ c

4 s u~tpti~ns have been investigated ((lJ). Hc~ever, many processec

c1~part sirrnificantly from Poisson statistics; the r~e~sure ,f ‘Je~par—

ture usually is taken as the hazard function (12)) ~hLch is ccn~

ctant under the Poisson regime, but time-varjinq fcr cther renewel

processes.

~ d
A renewal process is by definition a point process in which

th~ seq~encc of times between occurence of events consists of :.i.d.
rariiom ~ria~les. In this paper, we investigate the detectiort c~

r~ ,~wal processes v~ose inter—arrival times are i’(~z.~c) diEtrib ..ited,

I.E..
~~ k

f(x~ez ,k) exp (— ~ x)x”~~ (~) INk) (1)
p M IA

• %~‘th two parameters. k and .~~, 
the Gamma distribution is a gc~d

• ~~del for a variety of problems. It convenientl4 describes the

• Poisson regime for k 1 and measures the departure from Poisson

statistics through the parameters k((2]). In particular, charac-

teristics of bunching are quite well described since
- p

E x~ ~~~~~~~~~~~~~
3 ?4’1S o

Var (x) ~~— 
‘ “V.k I ‘

~

SO that

JVar (x) 1 
- •- (2)

E lx )  ~~

I L

, 

_ _ _ _ _ _ _ _ _  
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!rom (2), it c”~ be seen that if k is greater than ~ne, we have

spreadinq of the observations (i.e. events are spaced rcç;utarly

~:ound the mean in time) whereas ~f k is less than one , evont~

~~~ibit a bunchir~j, or correlated, pattern.

b~e will investigate the following two hypotheses }iO 
and

..~cIc : noist (dark current ) is rece ived ar’.cl the process i~
Poisson with  mean i/e.~0; under H~, the oi~served poin’ prcc~•ss co-i-

LJins a random sianal to be detected anU the inte:— ~ rr iv a 1- tiTres-

~re governed by (1). we will assume that the rand’~; si~~~l .i~Icr

rn,dulates the information k~earing parameters .~ a~d k. ~~

thez~ are to be considered as random variables. ?.1t:ernati’-~~ly.

one r ight  consider ~a as the information bearing parametcr ~‘hile

~ r~ flects the unknown dead time characteristic of ~i photor~ 1t ~ —

!3lier device .

In order to determine the structure of the optimum detertor

s
~
inimizing the average probability of error under a Bayesian

criterion or maximizing the power for a fixed probabi1i’-’~ of fals’-

alarm , it is convenient to exploit the prop~’rty that the C~ar.:a

distribution belongs to the exponential family . Tnc1eed, let

8 a (9 1.6 2 ) ’

• where

~~ 1 IA

and 

63 k

L h(x)

b(e) ~ logr(e2) — e 2log (—0 1)

. 6

~~~~~ ~~~~~~~~~Ld.I~~~~~~~L ~~~~~~ 
- 

- ~~~~~~~~~~~~~~ ~j
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Then , (1) can be written as

f(x~6) = h(x)exp(81x + 021 — b ( 6 ) )  (4)

F which is the us~a1 exp onential form .

In the next sectior., we will extend some of thc~ r~~~~ts ‘~j

((i)) to the t~o—diirensiona1 exponential f~mi~y ~~d s~~-’~’ that,

ir4e~cr~dent of the bivariate prior density r(9 11 e2), the rn~r-~ini~
density f(x) ~s completely determined by th.~ co~~ition~] ~iean

estimates (CME) of and 9~ . This resulting forir~ for the mar~ i-

nal density leads to a general estimator—correla’~ r str’~cture for

detcctors bated on likelihood ratios.

Since the optii~uet detector usually cannot be i’~~ cmented be-

• ca~ se o~ insufficient a—priori knowledge Cf the str.tistics of i..

and Ic, we will investigate the properties of some related rub—

optimum detectors. This is done in Section III. !n ~~rticu1ar•
we will utjlj?e a modified ~nd a discrete maximum 1jkt~]jh~~d esti—

mate ((4)) in forminq suboptimum detectors. The sim~..lation s to

be discussed illustrate the attractiveness of this s boptim.zrn ap—

proach, especially in the important small sample case.

C

A 
— —

~~~

~~~~~~—
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t. Detection of a Renewal Process with (~arnma Xnter-7~r. a~~1 Times

¶ 7 .  Bayesian test

W~ ~~ppose that under both hypotheses H0 arm it 3, n observe—

tions ~~~~~~~~~~~~~~ independent and identically dii~trib ted
F (i.t.d.) a.cs ~‘1v~I r ned by (4~~: under — 

~0 
‘e~ r .e 2~~ ’ is 3

- 

~~~~~ ~‘ectcr , whc.rea~ under H1, E is a randor- vt~ctor vitn ~1l;’ar i r ~~e

;ri~ r B r~ 6~ 1’ (G ,Oj .  Moreover we assur~c that  I! a~~ 1!x i  C, I
o.cu: w it h  pr4ors c;ual to p0 and p1 re.peotiv~ iy. The d~ tecttc!

::cbler
~ 

a&.~~ts . e~:fficient statistic ((5))

t (t 1• t~~) ’  (5)

where

t1
_

i~1
xi

t2 — 2 logx .
1—1

so that H0 and H1 become equivalent to the followinq. Under both

hypotheses

t f (t~6) exp (61t1 + 92t~ — nb (8 ) — ? ( t ) )

where e = is a known vector under H0 and unde r e is a ~~~~~

r~. vector with prior TT ( 8) .  Denoting the marginal of ~ ur-~ t r !t1 byL~. -

f(t). the optimur detector is the likelihood ra t io

~

- L (t )  
~~~~~~~ ~~ 

(7)

1~ow, f ( t )  ie given by

f ( t)  — J’J’f(t)e)I?(e)de (8)

C

~~ ~~~~~~~~~~ 
-

- -

— 

-~~~

— — ~. S — — — — — S .~~~~~~~~~~I — . _A S  a
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iso ,,.

f ( t )  exp (J~( t ) ) ~ fexp (8 1t1 + 62t2 — nb (8))TT (~1.R 2~d91d9 2 (9)

Ta-~e thc pz~r t i a l  derivative of f(t) with resçect to t1 ~n1

~
log f ( t )  — ~~~B(t ) 

~~ 

J ’18
~~~~~

f (t
~~~~8 )1T (8~~~~~~~~

8 

~~
- 1, 2 ~lO)

‘rh -us

~ E(9~jt) ~ ~
lo~f(t) — =

Since

J d1o~f(t) — ~1ogfjt.) 
~~ + ~1oqf(t ) dt (12)

‘~~on substitut ing (11) into (12), one obtains
- 

dlogf(t) = G 1(t )d t 1 + ~2(t)dt, f dB(t~ C 13)

(13) is a con~plete differential. Therefore if we integrate alon9

a path such as represented in Fig. 1. we get

I’ t
f(t) K(~)exp (j’ t1 (u)du1 + 

~ ~2
(u)du2 4 b (t )

~~~ ~~14)
to to

A

H 
- 

wher~• K(6) is the normalizing constant and t0 is chosen 3rt~itrari I~~.

u2 t

I /
//

‘
~~~~~

c Fig . 1
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1~~~1it

r(~ ) 
a j

~ *1
(u)du1 + I ~2 (u)d u2 — 0 10t

1 
— 820 t~ (1~i)

to to

Arter  subs :itutioi, of (6) and (1~~) into (7) ,  orn can wr ..~ ’ the.

~ ~ke,.lihr~od~rat io as

L (t )  — K (~ ) exp (nb (G 0 ) ) exp(r ( *))

- 

:~l1~~ing (6) , the constant appearing in (16 ) car~ is wri t~ cn ir.

a r.ore convenient way . We multiply (16) by f(t~~’0) ~ r~J integrate

with respect to t . Since f(t ) integrates to 1, we obtain

[K (* ) exp (nb (0 
~~~ 

1 — ER (exp Cr Ce))) (17)

±stituting (17) into (16) and taking logarithr’s. the log—likelihood

ratio becomes

r(~) — ~~ (exp(r (~))) (18)
0

— 

~hi~ is compared to the threshold ~n (p 0/p1) for Sr. optir.ur-~ P~aves

:est. As seen from (18) and ( 15), the optimum re:o~vor i~ co~—

p ’et ely determined by the cRE ’s of 81 and ?2 and dis~ 1ays an est~-

r~tor— correlator structure.

D .  Neyman—Pearson test

Ihe Neyman—Pearson test is easily derivable fro,r (1~), A . ~

A R 1 A
r (S) ~ v ( 8) (19)

H
0

A
where y(6) is chosen so that the probability of fa~se olatm i~ 5e~t

equal to a level ~~~.

The above results constitute a canonical detector stricture

- 

- --- -_  _ _

; 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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~r renewal processes with  ga~sra inte r—a rr iva l  t i~ -~r .  ~~c r.:u~ t .

o
~ 

cc’urse, sp~~ify the prior di~ tr ibut ici  ~T (B1,e .~). ~~~ t h i S

U t r..ivitior~ is no~ known , Eqs. (18~ an~ W’) !~~‘1edt r~r•1ac~r.~
i thc

C~E’~ by othe r estii~atc3 which are good apprcx i~~t t ion~ t~ i t  ::nd

which require less prior intormation . This is t~.e cu’j~.ct of the

~~xt section .

Finally, it shou !d be clear that the res~ 1ts c5 ~

c~~ - a a i ly  k— c exter~ded to the n—dimensional exp ~~~~~~ far~i1y .

C-

c

C 

-

~~~ 
- :.. - 

- — -
~~
-

~~~~
-- - -

- - -~r- .-r ~-a... 
- “ • ~- -s~— - • ,  ~- - -,— .r-~— —~~~~ -————————-•--——--— -- ------ - - __ __#-_ . ~ J_ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~— —i , 4
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S

(20)
0 8~ ~~k

Th-~n, thc optimJi~ bayesian and ~eyman—Pearson tcFtL ar~ liven 
~
y

~1€’) and (1~ ). As suqgested above, these tests ar~. otto~ rc~t used

I i -  ~f insufficient prior knowledge c~r bec-a .~~ the C•~~’s Df

~~~ arc- simply d i f f i c u l t  to implement. Conseq -~e~~~t~ , it is

r.a
~
urul to investigate the properties of subopti~ u~ detectors c’~—

--ai.~~J by substituting suboptimum estimators for th~ c!’E’~ in (1€ ’

~~ (lC’). Ir’. ((4]), it is shorn that good approximation•. to CME ’r

c~~. ~~~~
- - derived from modifications of the maxirin~ 1i~:e1ihood esti—

rtate (?-:Lt) . As one might expect , the resultin~ detcc~~ r p r for—

r~ar~-’~ :~
- c1os’~ to the optimum. What is ~urprisi~~ i~ t h t  t-n i~.

is t :~’e even fcr very small samples ( n 3  or 4 ) .  .
~~~~ r.c~ &r vc

tLr~c’ dete?tlon schemes based on the MLE and mc-thficatior s of it.

-r:~~s is done in increasing order of assuried prior kr.ow~~’iç~~. T~~

fir st  is the MLE which assumes no prior knowledge or. ~ cr k. Thc.

:- truncated MLE assumes that the range of ~ and k is k!~~-:::. Fi~.Z~iiy .

th.~ discrete ML! assumes further that the parameter ~c can only ~-ak~

on Ofl( of a finite number of values.

A . M.E Detector

We first have to calculate the I4LE ’ s of ~ ana k or, e~ui~’~-

lently, of 8~ and 82• From (3) and (6) the maximum likelihood

- 

- 

equat ion s have the form

- -
~l (21)

— log(— 
~~~ 

— t2/ra

_________________________________ • — - - *~~---~~*-  — ‘-- 
~~~ -‘-  ‘: -- & — — . - - 

- - - 
- — - - -h1.. I — —~~~~~~~~~~~~~~~ -~~~~

-
~~~~ 
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w~ .re ~~ ~~~~ ‘ ~2 
denote the MLE’s of the correspcnd th~ r .arareter~

znd $ is the derivative of tl~e Gamma function. Th - ~oIut~- .-n t .-

( 1 )  is not irmediate and does not lend itse1~ to an’ily : ic ir.t-”

~iration . However , if one assurres that k (i .e .  15 ::~~f f a e~e~ t ly

k~r~e ~o that Stirlino ’s formula ( (7) ) c~n be used , ~~~~~
- nave

-~‘~~)~~~1o”~~
’ ~~~‘ 2 -, 2 2~2

-1
— ~~~ (Log (~~ ) — 

~~) (~ 2~

For later use , we make the following ob~ er”atior -~:

I.) and can now be integrated .

2) ~ is a reasonable estimate since it is always positi-”~ , a

prcpcrty which stems from the fact that the ari thr-et ic rea~ - s

larder  than the geometric mean. We now have to calcuti ’te ts~e in—

t~ gra1s

~~~~~ 
~ ,~~%‘1(u)du 1 (23 )

and
t

~~~ ~ ~ 2
(u ) du

2 
(2.8

to

where the integration, should be performed along a corwen i”nt path .

In Appendix A , thcse integrations are carried out , the final result

being :I_ -I. ‘~~~) + ~ 
(~~ ) — — ~ log [log (~~) — ~2 

I ’)

Note aqain that in (25) ,  the sign of the argumen t raise. no pro)~’lem

~~~~~ .1 ~~~~~~~~ oLh~i~~~ • —. ~I _ i _ - I -~~~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ____________
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sinc..~ it is positive. we then obtain the MLF. Bayesian ck~~~ctor

~y substituting (25) into (19). We also have to ~-;~lcul~ ’e the
quantity

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- .~write (26) a- ; 
-

ti t2exp [n (log — — —)J •:l L1X H t, t n ’2~ 
exp (— n b a  + —

~~~~~ (27)
[1 ~~~~~~~ e

n n
t~~ tT~y a theorem due to Pitman ([8], page 217), t1 and lug ~ — ~2. ar’

independent. This property permits the factortr.o of th~ exp~~ta-

tion in (27) and since t1 is Gamma distributed under r1, we have

~ 
—n

n log —
~~~ + —i) = 

~~~ 
J’ (~1~) exp ’~~~)

t , fl~•~I ] n
x exp ( — — )t 1 (—) dt1 -U

0

H 1 1 1 I~ —1= r(n) ~~~ ~~ 
j t1 dt1 

-

so that

= ( 2’ - ’
Hence, the MLE yields an undefined Bayesian detector, z~ phenomenon

enc’ountered for other classes of problems ((9J . eec. V.~~. ~~~ 110),

Sec. 3.4 of Chap. 2).

In contrast, the Neyman—Pearson test is well d~ firc~d and

derived by substituting (25) into (19). Dividii.g b’.’ n, Wt’ get

(2R)

— 
— — 

- ~~~~~~~~~~ ~:I~
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1 ’
:- . Truncated MI £ Detector

~in&~c the opti.mum detector is determined by C!’~E ’ s, ~~~ miçht

‘3:~)ect that by modifying the MLE for some given par t ia l  a-pric .r i

k’.-,wledc~e of the parameter., the resulting estimates wi .l bc

closer to the C.IE’s, and the associated detector will ~~~~bit a

“erformance which is closer to that of the optimui.- . ~~~~ w i l l

indecc be the case. In this sub—section. we assume prior kn’w-

iedg~ of the dynamic range of u and k, i.e., the boundaries are

known:

~ C FU,1 Mj

k C [k4 .k
~

)

We consider the following estimates:

—
- •  M — ~~~~

— if 0 ‘
(29)

ar~ 

~~~~~ ifk4~~~~~~~
k
~

~~= k  if~~~> k  (30)
-‘ 

~•-  U U

~~— k  if~~~< k U

The associated estimates 
~~ 

and 
~2 are given by

~~~ 

z - ~~~~ , (31)1 IL

In Appcndix B, we calculate the integrals I(
~i
) and t(

~2
) defined

as in (23), (24). With the fol1~ iing definitions

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :~ :-T;~t::
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1 
- 

— f(x) if f(x) a 0

— O  if f ( x ) < 0

= l i f x a O

C L X )
— 0  if x < O

t 1 t
~~ — .-.~~~

. 
~~~ —‘1 fl ‘ ‘2 n

I ,
t i t ;,

a = 1 o g -~~~—~~ -

L J •

~ show

+ I(
~ 2 ))  — — k,(logy1—1) 

— k,(—v,) 4 )
~ c(y1—l,

+ 4 c(y1—1)( (1og(2Jc~logY1)Jc (_v4)_ (bo9 (2k~ )bc~Y1)c
(_v

~))

k ++ k, (logy1 — — + 1
~~~2 

(32)

t~~:
- - ~ 

U

+ 1
— k~ (Y2

-.v~ ) — ~ (].og(2k~,
a)] x c (y

2—~1
)

• + 4 (Log (2k~a)1c (y2
_v
~) + k (y2 —

Equation (32) is obviously a complicated expression. However, it
- 

• is easily implementable on a computer using the built-in positive

- 

- !  difference function or on special purpose hardware u:ing limiters.

We consider only the associated N—P detector which is obtained by

F substituting (32) into (19).

___— 
—---~~- -~~-~ 

~~~~~~~ ~~~;~~~~~~~__~ _ ~~~~~~~
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~~~. ~tscret~ ML~ De tector

Here, ‘e asc~~- :~ the a—priori knowledge of he dyn:~~ c range

~ ind i~lsc. sup~os~ that k can only take on an ..ntpq~r ~;z1uc.

~-~w’~ ~~~ a fini’~ set. i .e .

t.: C

k C k~ ~~ 
-~

.~e f .’rm the Lclbo ’~ing e.!t imateR 1

I

= if u~1

1- =

- and

if~~~~~k~ +4

- 

- 
~~

- + i if  k~ + i — ~ < ~

f or i 1...., k —

while
-

I

H-
~35)

A

not~ ticn here should not be confused with the C~ E
notation .

~~~~~~~~~~~~ 
-- ~~~~~~~~~~~~~~~~~ H:~I T . ~~.
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The resulting N-P detector obtained by substituttha 1(~~) and
A

into (1Q), is derived tn Appendix C. We introduce the

following n.tation:
t i t

t. =—  V
~l n ‘~~~2 r

— logy1 
— 2(k4+ii~1 

, i = l,...,k —

exp (y 2 + 2(kc.+i)~
l] • i. = l....sk

~

t~ then have

fl I f y 1 > l

1 A A
(i. 

~~~ 
+ 1( 9 2 ) )  = — k, (lOgy 1— l )  + k, (logy1 —

k — k  k — k  (36)
+ u 4  +- + Z (—v j ) + k4

y2 + t (y2 
- v.)

i—i j_
~ 

1

2)  If ii~~ < y 1 < 1

k-k
A A U 4 +

-~~ ~ 
+ 1(92)) — k

4
(logy1—1) + E (y

2—v~ ) + 
~!?2 ~~~

~~~~
- -

~ 3 1

~- i 4
3)

k k
- -‘ A A U 4. 1 +
- 

(I (e i ) + 1(9 2 ) )  — — k4.(lo~~4—1) + 
~~~ 

~~~~~~~~~~~~~~~~ 
+

k — k  k — ku ~~~ + u +- - 
— E (_.& — 1) + -i—- E (a. — y1) (38)

- i_I. ~4 U4. j _
~ 

1

+ ~.L (IL4 
- Yi) + k4y2

_ _ _  

- 

~~ ~~~~~~
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As commented on in Section III .B, this receiver is also not that

~ difficult to implement.

!~. ~imu1ation Results

Simulations have been performed for the Neymar-Pearson tests

as~o~iated with 3’, 1 and ~~~~, and are denoted respectively by DET.l,

DT7r.2 and DET.3. Under H
~
, the observations are exp~nentia11y

~istributed with mean ~~~~ Under H3, they are r.k/~,k) distri-

buted, k is uniformly distributed on the integers :k4.
,k~+1,...k )

and ~ is independent of .; and uniform on ~IL4
,IL
~
l. For this

~xa~plc- , the optimum test which we designate DE’r .4 , can be obtained

J • cLrectly from the likelihood ratio calculated in Appendiv D. It

should b~ noted that although available in this cxample, this de-

tector cannot be set into an estimator—correlator structute and,

as indicated in Table 3 below, ~.he computing time required for its

implementation is much larger than that of any of the tests pre-

• viously described.

We simulated h~~otheses H0 and H1 1000 times •(m 1000) and

-
~ calculated the empirical distributions of the four tests under

both hypotheses. To determine the various thresholds for a sigr~i-

I icance level ~~~~, we used the following non—parametric method dis-

V 
- r~ssed by Davis and Andreadakis (117. and which can also be found

- - 

in (1127). Let ni), r(2),.. ,r(m) be the order statistic-s of any

of the tests investigated under ~~ The (l-a )
~h 

quantile 
~~~~~~ 

is

such that
Pr11 Cr > —

I

- 

- 

Consider the event

E — (r ( j ) >

S

_ _ _ _ _ _ _  

- 

- -

~~~~~~~

- - -

~~~~~~~~~~~~ 
-i

_______
I — 

— — 
- —.- — — ~ - *

_______ — - -- —  — — —_--— __g a~ ~~~. — 4 j  ~__t ~~



E occurs if at least (m-ji1) value , of r are greater that q1~~,

corresponding to the probability of having at least (m—)+l )

successes in m Berriouilli trials with ~ being tic probability of

a success. Hence

Pr(E) — I~ (m—j+1 ,j)

where Ia (a,b) is the incomplete Beta function. In thisT case, it

can be approximated by

N (11 m (1_0) 
,

where
2a _ A

N(a,1) — — ~— S e 2 dx

Consequently, for m—l000, if we choose )—963 (or j=918), there is

a 96.4~ probability that the false alarm is less than S~ (or 10%)

when th. thresholds are taken to be r (963 ) and r(918), respectively .

The results , summarized in the following tables, illustrate

some significant differences in the small sample case for various

values of the parameters. In general, DET.3 is superior to DET.2

which in turn, performs better than DET.i. DET.3 is quite fre-

quently much better than DET.1 and very close to the optimum. In

4 the large sample case (n greater than 10), as one might expect,

the detectors have similar power.

__ _ _ _ _ _ _ __ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Number Power of Power of Pcwer of Power of
of U i~ k k DET.i DET.2 DET.3 DE’T.4

Samp1~.~s 
0 ~ ‘C (opti’~urr~

3 .3 .5 3 1 3 .731 .773 .862 .876
4 .5 1 3 1 3 .689 .784 .818 .858

- 4 3 1 5 5 9 .354 .443 .52 •43r,
- .. 4 1 .5 3 4 7 .433 .484 .615 .6~ 1
- 

4 1 .5 3 2 5 .346 .324 .4t~~
; .523

10 1 .5 3 2 5 .708 .797 .7(0 .832

- Table l. ~~~~5%

Number Power of Power of Power of Power of
of IL j~ k k DET.l DET.2 DET.3 DET.4

Sar~ples 0 4. u 4. U (optimur )

3 .3 .5 3 1 3 .816 .824 .91]. .93.5
4 .5 1 3 1 3 .760 .832 .887 .901
4 3 1 5 5 9 .549 .699 .‘2~ .760
4 1 .5 3 4 7 .635 .681 .746 .799

1 4 1 .5 3 2 5 .495 .501 .5’7 .660
10 1 .5 3 2 5 .800 .879 .84-? .893

:~ I Table 2. ~~— 1O%
I—

~ 1
DET.1 DET.2 DET.3 DET.4

- 

112 112 115 495 seconds

Table 3.
I Approximate Sum of Computing Time

-

- 
for the First and Two Last Rows of Table 1.

L ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~ ~~~~
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IV. Cor clusion

In this paper, we investigated the detection of renewal pro-

ceases whose inter—arriva l t imes are Gama distributed. We first

developed the structure of the optimum Bayesian and Neyman-Pearson

tests for the two—dimensional exponential family. The main char~c-

teristic of these detectors is that they fall into the ~ategcry cf

estimator—correlators since they are determined by integrals of

th~ cMF ’s of the two pertinent parameters. One implication of this

s;ricture is the implementation of suboptimum tests by substituting
I

various estimates for the CME’s.

We then applied the estimator—correlator property to the case

or Gamma distributed observations and investigated three related

:1 tests. The first detector, DET.1, is based on the MLE, and as gre-
- - 

viously observed , the Bayesian test is unde fined whereas t~~ Neyman-

Pearson version seems to perform quite well even for a small number

of samples. The second test , DET.2, is based on the truncated MLE

which assumes knowledge of the dynamic range (boundary) Cf the

parameters. Finally, we investigated the properties of DET.3, the

test based on the discrete MLE of k assuming that k can only assume

a value on a finite set of integers. This test is well—suited for

the situation where observations are taken at the output of a photo-

multiplier with a fixed dead—time characteristic. DrT.3 and DET.2

outperf ormed DE’r.i and often in the small sample case, the perfcr-

mance of DET.3 is markedly superior to that of DET.1 and very close

to the optimum. Consequently, based on these preliminary simula-

-

- 

- tions , DET.3 is a fairly adequate test for the detection of a large

class of renewal processes.

~1
---—------—- - - — -

~~~~~~~~~~~~~~~ 
— .—.- ---

.-- -.-.- - -~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - s--TI
~~~~~~~ ~~~~~

—
~~~~~~~~—-— ~~~~~~~~~~~~~~~~~~ 

-
~~~~
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- 

We integrate the MLE’ s 
~
‘
i and 2 which are 

solutions to (22).

The-’ are rewritten as:

— — ~~~~~
— (log ~~~~~ 

— .2) —1 (1.A)

~ 2 ~~ (log — —k) 

— 
‘2.A)

4’

I 
ti

4 ’

-~~~ 
(a)

Hi _ ! -
11 e/ 1  1/n

- 

/ 

I 
- 

-

. 7 I
Pig. A

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—-

~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ - -

~:~~~~~~~~~-
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-

-

~~~flCC

log !~~
_
~~~~� o

the admissible points are located below the curve

ti
-

~~~~~~ y— 1o g —~

~nd therefore one should be careful in choosing the path of

ir.te~ration. t
1) Case 1: —~

- > 1

‘~e integrate along path (a ) .  Then

~ ~~l’ — ~~ ~1(u)du1 — - n 
~ 

du1 (3.A)
to to u1 (log —

~~ 
— —k)

Alonq the part of the path for which the integral does not vanish,

we have

t2 — t 20 — o
Thus

x c ~
l ) — - _ _ _ _  — - 1og~~

I — — ~ loglog (4 .J~)

Now

t t du
~ 
~~~ 

— !  ~~~ (u)du2 — ~.! ~ .It)to to l o g ..~~... .2

~~ 1 

Along the part of the path where the integral does not vanish , we

have 
U
1 •

________________________  - 

~~~~
-- - —;

~~~~~~~ __________________________
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—

Thus
- .  

du 1

— 

- - 

I (
~~~

2

) 1
~~~~~~~~~~~~! 

2 I ._

~~~~~~~~~~~1H 

~~~~~~~ 

-‘~~~

- )  Case 2:

w~re. we integrate alon
g path (b). We have

ti
- n
- I — — t

-
~~~~~~ ne u1(log — ~~ —~~~~)

and using the same changes of variables as those leading to (4.it)
)

one obtains: 
- t t

• (
~~

) • — ~ log ~ 7.A)

Similarly,

~ (T2 ) — 
~~ 

— ~~ log(l — —*
~ 

t B.A)
i~~~4

- rinally, from (4.A). (6.A), (7.A) and (8.A). we obtain in both cases

~~~~

‘ 

~

‘ 

:. 
+ — ~ log [log 

!~ — !.a] (9.A) 

-~:;~~;
— 

- 

-

- — — ~~~~ -~~~~ .- _
~~~I__ — I ~~~

— 
~ 

*
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Appendix B

- Hc re, we ir~te~rate the estimates and G 2 given in ~3l’I .

- As ~n Arpend~.x A , the admissible region of values that

take cn is located below the curve y — log ~~~~~ Sevcral ~asc~
;, t- -- be ~nveatigatcd which will be referred to in Fig . B hc~.ow .

- 

-

1 1 
~~~~~~~~~~~~~~~~~~~~~~~~~~~aE~~~~~~~~~~~~~~~~ 1

- 
- 

5U 4 4 
(d) 

~~
‘ 

—
~~~~~~~~~~~~~~~~~ I - 

g 1 2k4.
_ _ _ _ _ _  

_ _ _ _ _ _ _

i V 1  ~/~z e
/ U 4. 

- 
‘•• u V

1

J(e)

- / ,~,/ I s4. e 4  I ...~~~ i r )

• Y2 +~~~
.- a — e ~~~sU _ e  U

• z~~~~~e u
- 

Fig. B

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



r ~~~~ 
- - -  

—.- -—
~~~~~

-•-—

—24—

Wc as5ume that > e, k4. 
> and make use of the notati~n intru-

duced for (32) ~nd in Fig. B. It is easily verified that

~~~~
kL iff y2 < v

4

— ~ iff ‘ 
~
‘2 ~ ~u 

(1.E)

~~= k ~~ iff y2 > v ~

- 
!. C~i~~~l: y1 > l

1

a) z1 e

Intcgr~ te alon g the path (a) :
-I

Ic
I ( ~ )/n -! ~&du — k  (logy -i) (2.B

e

We now integrate 
~2 

and several subcasea have to be considered .

j
~ ~~ > v

~ . 
then

- -  

I ( ~ 2 ),’n — J’ k
4.du2 + 

~ ~~ ~~~~~~~ 
+

- or

I (
~

2 )/n k t v4. — ~ 1og (~~ ) + k
~
(y 2-v~

) (3.B)

ii) IfV 4.~~~
y2~~~

V
~

— i (1 2 ) / n  — k4v4. — ~ log (2k
4.
a) (4.B)

- 
- iii) If y2 < v

4.
, then

• i (12 ) / n  k Cy2 (5.B)

- 
Then, (3.B — 5.B) can be rewritten in a single formula. i.e.,

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ - - _ _ _  ~~~: ~~ ~~~~~~~~~~~~~~~~~~~~~~~
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-

~ 

I (~ 2 )/n = k4y2 
— k4.(y2—v4.)~ — 4 log (2k 4.a) c y 2-v 4.

)

* 4 
lo~ (2k~a)c(Y2

_
~~) + k~~(y 2

b) it y1 > M
~~
. integrate along path (b ) :

1 1’u k  ~“l k
I(~1)/n - j’ ~~~ du1 + !  -~~j -— d~.1e 1 u

or

- k
ice )/n — k (log-4 —1) — _.L 

~~1 4. u 1

In this case, I~~2) is again given by (6.0).

C)  if ‘ ‘ a1, then integrate alor g path (c),

or 

i(i1)/n = — 
~~~~ du1 - 4 U11 U 1

I(
~1
)/n — — k4 1~~— — 1) — 4 log(2k, Logy1 (8.0)

Again, I(
~2
) is given in (6.B).

-
~~ 

- ci) If 1 < y1 < z~~, we integrate along path (d) ,  so that
-~~ 

-
- Ic

I(I1)/n — k
4.
(~~— — 1) — 4 log j~ — k~~(logy1 —

and again , I (
~ 2 ) is given by (6.0). We can include (2.?, 7.0, 8.0,

- 

9.0) within a single formula, i.e.,

-

~~~ 

- 

- 

I(~1)/n — — 
~~~~ ~~~~~~~~ — k~ 

(—v4 )~ + 
4 
log (2k

4.logy1)c(—v4.
)

+ Ic (10.B)

I 
;~ 4 10(1 (2k~lO~~1)c (-v ) + Ic4 

( log ~~~) - •4~ , ) +

_ 
_ _  

_ _  —. 
- 

— — —
,
-
.

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ ~~- -~~~•-_ _-_~~ .-. -. ~~~~~~~~ • - ~~--
-
--.-—. ~~~~~~~~ ~~~~~~~~~ 

.- -s -. ~~~~~~~~~~~~~~ ~
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2. Case 2: y1 < 1 (Path (e))

1 
a) Ify2 <v

4.
I(11)/n — — k4(logy1—l) (11.0)

- 
b) I f v 4~~~y2~~~v~

,

— — k4. (logs4-l) — 
~~~~~~ u1(logu1-y,)

i(ë1)/n = — k
4
(logs4,—l) — 4 tog (2k4a) (12.B)

I c) i f y 2 > v
~ .

F 
- 

I( 11)/n — — k4 (logs4— l )  — 4 log j~~ 
— Jc

~
(v
~
_y

2) (l3.B)

- 
Eqs . (ll.B — 13.B) may be summarized as

— — k4(logy1—l) — k4 (y2—v 4 ) 4 — 4 log(2k ,a) (y2—v~~)~

1 + + (14.0)
- + ~

- log (2k
~

a) 
~
‘2~~ u~ 

+ k~~
(y 2— ’~~

)

. 1  r’or a) ,  b ) ,  c) ,  of case 2, we have

- I (~ 2 )/n = k
4
y2 (13.B)

• From (6.B), (10.0), (14.0) and (15.B), one obtains Eq. (32).

- f

- - 0

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Appendix C

In this appendix, the discrete MLE detector is derived. The

estimates ~~~~, 

~~~~
, 

~~ 
and 

~2 
are given in (33), (34) and (35) and

have various forms according to the position of t in the plane.

The paths of integration are represented in Fig. ci and Fig. C2

below.

1
2k +1z1 = e  1.

r 1zi — exp[2 (k +~)_ l

I logy1

• ku~
k4.

~~~~~~~~~vi

• 
5k — k

Fig. Cl

• —

- - -——- — -  - ~~~~~~ - .. . • —~~ --~~~~
- - •.

--- 
~~~~~~ ~- l

~~~~~~~~~
_ 

~~~~~~~~~~~~~~~~~~~ 
~~~~~~~_. — -- —S—- ~~~~~~~~ ~ - -~ --~~— •~_~~gg~~ — ~~~~~~ -.---—---.—- -•——-- ---~~- —.~--- —-- “~-~——~ ---~~ -- —~- -‘
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~~~~ assume that

IL4 < l

and Ic4. 1
F 

With the nctatf on introduced below (35), it is ~eathly ‘:erifiod
- 

that (34) is equivalent to:

~~~~ k, iff y2 ’v 1

• — k4
4i iff < ‘ , i = 1,...,k — .c~ — I (1.C)

* u k ~ 1
~~~~~k - k  <

~~‘2

j 1 . Case 1: If y1 > 1, then consider Fig. C.i and ifltegrate along

the appropriate path.

a) If y1 ~ z1, I(Gi) is given in (2.B) and (7.0).

i)  I f y 2~~~ v1,
t2

- I(*2) = j ’ k4du2 = nk4.y2 (2.c)

ii) 1fv 1
< y2

S v 2,

I (*2 )/n k4.v1 + (k4
+l) (y2—v1) — k4.y2 + (y2

_
~ 1; (3 .c)

~~~~ ~~: i i i)  Ifv 1~~~y2 s v 3,

:1, I(f 2 )/n k4.y~ + (y2—v1) + (y2—v2) (4.C’

-~~~ 
$

Cne can summarize (2.C — 4.C) and the other subcases as

k - k
6 U 4  +— k4y2 + -! (y 2— v . )  ( 5 .C)

* 
i—i 1

b) I f z 2 < y 1 % z 1, then

*

I 
- 

~~~
-. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~I —~~ 

—•
~~~~~~ :_ ~~~~~~~~~~~~~~~~~~~~~~~~~~ —.-—--~~~~~~~ . t .~~~~a _  ~~~ — - — . ---.--



- — -~~~~~- -

~‘1k + 1
I(

~

1)/n — — kL
(2k
’
fl — I.) — 

Z
1 ~~~ 

du1

— — k4(logy1—1) — ( f .C)

p
i~ still given by (5.C).

~) Ifzl <y ! � z 2,

• I~~1)/n = — k1 (logy1—1) — — 
~2 

(7.~ )

Cases a), b). c). and all other subsequent cases for y1 > 1, can

h.~ rewritten ~.s

J A yl +
I (~ 1 )/n = — Ic4. (logy 1—1) + k4. (log — ‘

Ic —k 1 (8 .C )
-

~~ 
-
~~~~ - $ + 

U 

( v)~i—i 1

while I(~~) is given by (5.C).

2. Case 2: I~ ,~~~~ 

< y1 < 1, then consider Fig. C.2 and ±ntegratc

along the appropriate paths .

- 

- a) If y1 > s
~
.

I(~1)/n = — k
1 (logy1—l) 

(~?.c)

b) ~~ < yl ‘ Si

I(11)/n — — k4(logy1—1) + — (1fl.C)

and in general, for ~~ ~ 
y1 < 1, we get

L 
k~~ k4 +— — k (logy1—l) + E (y2—v 4) (11.c)

-& 4. i—i
F
~1

L _ _ _ _ _ _ _  - ~~~~ ~~~~~
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~~. Cas ’ 3: If y1 ~ we have to consider thc vario~s ‘mluc~

tr~at 11
4 
can assume.

a) If p4 
> S] S  we investigate the following auhcases.

~) Tf y1 > then similarly as before

Ic
— — k4.(lo3i4.—l) ~~~ (M4.—y1) (l2 .C)

- - ii) If 
~2 

< 
~“l ‘

A 1 Ic
= — Ic4. 

(1og~.&1—1) + 
~j— 

(s1—y1) + ~~~~ (,&,—y 1) ~l3 .C)

(12.C), (13.C) and the subsequent cases can be written a~
)

k - k
• A u 4  +

I(e1)/n — — k1 (log~t4.—l
) + E (Sj~ Y1

) + j— (sz,—Y1) (l4.C)

b) If < ~ a1. again several sub—cases have to b~ investigated .

~ 
~2 

< y1, we have using (lO.c)

A 
_ _ _ _ _  

k,+1

- 

i (0 1)/n — — k4(log .&4—1) 
+ (y2— log

p~ + 2k4+i~ 
— —

~~~~~~~~~~ ~~~~~~

(15.C)

and in general for •j i ]  £ C i — 2 ,  ..ku ke we çi -t

- 

I(~1)/n — — k4.(1o314—1 ) 
+ (y2 

— 1og~ 4. + 2k4~ i~
Ic (16.C)

~ u ’s’ ~
. 

_ _ _• - + ~~ — 1: 
~~~~~~~~~~~~ 

+ 
1 (ii ,—y1)

1*4 i—2 $4

W~ can regroup (14.C) and (16.C) as

- 

- 

I I(B1)/n - k4(1O~ a4
1) + (y2 - 1ogi~ + 2k~+i~

Ic —k4 k (17.C)

— — (s1—p 4 ) + i~~ 

U

1: (s~—~1)
4 

+ —i 4a -y1 )
U4 1*4 j _1

I r ~~~~~~
. ‘ — ~~

-
~~~~~ ‘ •- -

~ — ‘
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r~ fact, (17.c) can be generalized to the cases

• ~i.+i 
< p

4. ~ s~ • i — 2,....k
~
_k

4. as follows:

- k - k
I(11)/n — — k4.(logp4—1) 

+ E (y3 
- logu4 + 2(k,+iT T~

(l8 C)

— 
1 [ku;

k4 
)+ - (s j_Yi ) +] + _&(p4.

..y
1)

For y1 < 1. we always have

— nk4y2 (19.C~

• Finally, Eqs. (S.C), (8.C). (ll.C), (18.C) and (19.C) yield the

results stated in (36), (37), and (38).

$

~ - t-

- 

$
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H
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Appendix D

We derive the optimum detector DET.4. The marqir~al of t

-- 

under which we denote by f(t), can be written as:

f(t) J ’!f(tIp , k)tT (k)1T (U)dkdI.~ (1.~))

-
~~ where i, (k ) and n (p ) are the priors on Ic and u respectively. Con-

sequently, we have

J f (t )~’ (k
~~~~~~

lC

4.

4. l) ( $ . A
~~~~~~~

I*
4

) k—k4 r~ (k)
’
~ 

~ t1+kt2+0(t))d~&

(2.D~

i,et

[ .  TMu Ic 1J = exp (— ~~ t
1

) .-~~~~ d,& (3.D)

- 

I 

P4. P

We integrate by parts:

V 
-

‘ 
- J_ [exP (_ 

~ 
ti) rik 2} 

+ nk— 2 ~~~~~ 
~~
_ 

~ ti) -n~
_i ~ ~4.D)

Iterating the integraticns by parts and denoting

kt

1.’

one gets

(nIc—2)I [e_z~~
_2

~~ 1 M u (5.0)

H - I (kt1)~~~ ~ 
~~~~~ 

U

114

U

-
. 

~~~~~~~~~~~~~ 
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- 

Hence, substituting (5.0) into (2.0) and using (6), the likelihood—

- 
rz.tio which we denote by L(t), is equal to:

- 

L(t) 1 f()~~~~ 
— expj 

k—k4. t~~~~~r~~(k) 
exp~~k-I)t2J

kt
(6.3)

x e~~~~~~~
2

Z ! J  
TM u

i—0 iIj~~
1*4

where

n

C (k
~~
k4+l) ~~~~~

- 4

- •
1 

_____________________
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