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This report was prepared by the Georgia Institute of Technology , Atl anta ,
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Laboratory , Armament Development and Test Center , Eg lin Air Force Base , Florida

32542. Dr. Kevin T. McArdle (DLYV) managed the program for the Armament Labo-

ratory . This effort was conducted during the period from November 1975 to

February 1977.

This report consists of two volumes. Volume I contains the Test and

Analys is, and Volume II contains User Guides for the Computer Program . This

is Volume I.
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SE CT ION I

INTRODUCT ION

The work reported in this document pertains to assessments of residual

strengths of damaged aircraft structural elements and to the development of

numerical techniques for analysis of elastodynamic problems of cracked bodies.

In Section II are reported the results of loading-to-failure aluminum

channels previously damaged by projectile imi..acts by the Vu lner ab ilily

Assessments Branch of the Air Force Armament Laboratory . In cases where

this damage includes cracks of significan t Lengths , the experimentall y deter-

mined failure loads are compared with the pred ictions of linear elastic

fracture mechanics . The theoretical predictions are obtained from a finite-

element computer program (CRAKD ) utilizing special crack-ti p stress-singularity

elements for the determination of stress-intensity factors .

A description of the finite-element program , CRAKD , is presented in

Volume II. Included are user instructions and samp le problems of two-dimen-

sional transient mot ions of elastic bodies with stationary cracks .

Results of employing different characterizations of inertia (lumped

mass and consistent mass) and different time integration algorithms (central

difference and Newmark-~) in (RAKD are compared in Section III.

In Section IV finite-element simulations of two impact tests are pre-

sented . The significance of specimen inertia in such tests and the problem

of extracting dynamic fracture toughnesses from experimental measurements are

discussed .
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SECTION II

TEST AND ANALYSIS OF D AMAGED BEAMS

2.1 RESIDUAL STRENGTH DETERMINAT ION

The damaged beams arrived at Georg ia Institute of Technology in quanti-

ties and on dates given in paragraph 2.2. They were tested under conditions

described in paragraph 2.3. Briefl y, the beams were loaded in a m .inner cor-

respond ing to pure bending in an 18-inch longitudinal test section containing

the d~mage . The load was increased until the test section failed .

failure moment in the test section was taken to be the residual strength

the damaged beam. The normalized relative deflection of the center and

edge of the test section was measured for selected beams thought to be charac-

teristically damaged . The residual strengths and normalized relative deflec-

t i o n s  are found in Table 1.

2 . 2  RECE iPT SCHEDULE OF TEST SPE C IMENS

One undamaged beam carr y ing no numer ical desi gnat ion arrived at the

Georg ia Institute of Technology on 19 December 1975. It was boxed and well

protected from the environment.  This beam was ori g ina l ly f e l t  necessary to

the program to provide a baseline from which to jud ge subsequently supp lied

th ’r&uged beams . However , some o f the la ter  beams were so li gh t l y scar red

that the func t ion  of the undamaged beam now seems unnecessary . It has not

been tested to d a te .

The f i r s t  shipment of damaged beams arrived at Georg ia I n s t i t u t e  of

Tech nol ogy on 27 Februar y 1976 . The shipment consisted of twe lve beams

(specimen numbers 17 to 32 in Table 1) strapped to a skid . Although exposed

2
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TABLE 1. RESIDUAL STRENGTHS AND NORMALIZED RELAT IVE DEFLE CT IONS

SPECIME N RES IDUAL NORMA L IZED
NUMBER STRENGTH RELATIVE DEFLECTION

(in-ki ps) ( 1000 x in
\. in—kips  I

17 70.5 8 .67
19 47.3 6.93
20 93.0 8.00
21 105.0 4.80
22 262.5 2.33
25 600.0 1.33
26 495.0 4.40
27 4 7 2 . 5  4. 0 0
28 510.0 3.07
30 26.3
31 457.5 2.53
32 240.0 2.00
61 57.8 9.33
62 417.8
65 487.5
66 501.0
69 451.5
94 435 .0
98 21.8 14.67
109 487.5
110 510.0
111 354.0
112 414.0
114 507.8
115 335.3
116 309.8
117 331.5
118 513.8
119 315.0
120 396.0
122 415.5
1.4 513.0
125 424.5
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to the environment , the beams did not seem to have s u f f e r e d  any s u b s t a n t i a l

deterioration .

The last  shi pment of damaged beams arrived at Georg ia I n s t i t u t e  of

Technology on 8 June 1976 . It consisted of 21 ind iv i d u a l l y boxed beams

(specimen numbers 61 to 125 in Table I).

2.3 TESTING CONDITIONS

The damaged beams were tested to failure in the Struc tures Laboratory of

the Ci ii Engineering School at Georgia Institute of Technology .

machine involved was a RIEHLE screw-type of 450-kip capacity. It was last

calibrated by Southern Calibration and Service of Atlanta , Georg ia 3032b ,

on 6 January 1976. The maximum load registered during the test progra:~ was

80 kips, and failure loads were read to the nearest 100 pounds. A constant

loading rate (descent) of 0.2 inch per minute was used throughout the test

program.

The four-point-bend ing configuration is shown in Figure 1. A long steel

support beam (12 WF 36) was placed on the base of the test machine . Iwo

vertical supports approximately 12 inches high and tapering to 1-3/8-inch

diameter steel ro l ler supports were positioned on the suppcirt beaus 3 inches

inside each end of the 5-foot specimen . A 21-inch section on each end of

the specimen was enclosed in a steel support box to preven’- rotation of the

specimen ’s unsymmetrical cross-section about a longitudinal axis . Steel

loading rollers (1-3/8-inch diameter) were placed 3 inches from the inner

end of each steel support box giving an effective 15-inch shear section on

each end of the specimen . The loading rollers were he ld in place by a 6-foot

4
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steel loading beam (6 WF 25) onto which the load ing head of the test machine

was lowered . The test assemb ly was such that the 18-inch test section was

centered beneath the loading head . Standard dial gauges indicating deflec-

tion to the nearest 0.001 inch were positioned at the center and edge of the

test Section as shown.

As the loading head was lowered onto the configuration , the registered

load P, which includes the weight of the loading beam , was split at the

loading rollers so that P/2 was reacted at the support rollers . This i n d i ’~ e- ~

a pure bend ing moment M in the test section given by

M(in-kips) = (kips) x 15 (inches) , (1)

in which 15 inches corresponds to the length of the effective shear section

on each end of the specimen. Consequently, the actual registered failure

loads in kips may be obtained for each specimen by dividing the failure

moment given in Table 1 by 7.5 inches. For selected specimens , the deflection

gauges were read at several early increments of load to insure linearity.

The reading of the edge gauge was subtracted from the reading of the center

gauge to obtain relative deflection in thousandths . This difference was

then divided by the moment increment between two such read ings to arrive at

the compliances indicated in Table 1. The gauges were then removed , and the

specimen was loaded to failure at the previously indicated rate. All speci-

mens failed in the test section .

Six photographs are included in this paragraph to aid in describing the

test configuration . Figure 2(a) shows a view taken from the front and to

the right of the test assembly. The specimen shown in this and subsequent

6
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Figure 2. Photographs of Test Configuration
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photographs is number 118; the deflection gauges are not shown because

compliance measurements were not taken for this specimen. The cable looped

around the loading beam was used to prevent it from falling when the speci-

men failed . The support boxes are shc~ n most clearly in Figure 2(a).

Basically they were each made of two 21-inch sections of 5 x 9 steel channe l

with 5/16-inch-thick steel cover plates fastened by sixteen 1/2-inch-dia-

meter by 2-inch-long A325 heavy hex bolts and nuts . Figure 2(b) shows a

closer view taken at the same angle and begins to reveal a heavily scarred

web in the test section of specimen 118. Figure 2(c) shows a view of the

test machine and console taken from behind and to the left of the test

assembly. A closer view taken at the same angles is shown in Figure 2(d)

where some spalling at the outer web surface is evident . Fi gures 2(e )  and

.~~i x ) show two views taken from the front and to the left of the test assem-

ily. Details o~. ~~~~ damage in f l i c t e d  on the inner web sur face  of the test

aection are most evident in Figuru 2(f).

2 .—. I i  LA I. CoNr . LTIO~. AND FAILURE M0I)E OF SPECIMENS

Specimen 17 was heavi ly sca rred in both f langes  and the web. Fa i lu re

progressed from a l-I./8x9/l6x13/32-inch deep gouge at the tip of the through-

cracked lower ilange up along web scars and finished at a gouge in the tip

— f  - he upper flange . The crack arrested several times in the web . The

in~ t ial crack length was jus t  over the f lange thickness of 5/8 inch.

Specime n 19 had a 1 1.12-inch-long in i t i a l  crack extending throug h the

l ower flange and in to  the web where i t  had t u rned  in the long it ud ina l  direc-

t t o n .  ~~~ crack arrested several t imes in the web b e f o r e  e x i t i n g  at a gouge

8
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in the upper flange.

Specimen 20 had the same type initial crack as specimen 19 except that

it was only 7/8-inch long, i.e., just through the lower flange and 1/4-inch

into the web . Figure 3 shows the failed test section of this specimen.

The lower flange is shown on top to more clearly reveal the initial fracture

surface which appears very dark in the photograph . The web was only mod-

erately scarred , and the crack did not seem to select a path of greatest

damage as it propagated through the section, exiting at one of the smaller

gouges in the upper flange.

Specimen 21 also had a 7/8-inch—long initial crack through the lower

flange and into the web. It failed in almost exactly the same manner as

specimen 20 except that the crack arrested about three-fourths of the way

through the web at one of the heavier scars on the web.

Specimen 22 had no visib le initial crack, but the lower flange (shown

on top in Figure 4) had a 45/64-inch-long by 21/64-inch-deep gouge at its

tip. The failure initiated at this gouge and resulted in sudden fracture

of the entire section.

Specimen 25 had a i-inch diameter central hole in the web but no damage

to the lower flange . The loading beam contacted the ends of the support

boxes in the test of this specimen , wh ich f inally failed by torsional

buckling of the test section. The buckling produced longitud inal cracks

emanating from the hole in the web and a longitud inal crack in the upper

flange originating at a deep gouge.

Specimen 26 had a clean lower-flange outer surface as shown on top in

Figure 5. The inner surface of the lower flange and web were moderately
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scarred . The section failed suddenly with the fracture branching about

halfway through the web .

Specimen 27 also had a clean lower-flange outer surface , but the tip

had several light gouges . One of these gouges was 1/4-inch deep, but the

fracture originated at a shallower (7/64-inch) gouge which more nearly

involved the entire flange thickness. The failure load was practically

the same as that for specimen 26, but there was no crack branching.

Specimen 28 had virtually no damage to the lower flange , and the web

was only lightly scarred . This specimen failed by torsional buckling in

the test section which propagated a longitudinal fracture at the web-upper

flange intersection.

Specimen 30 is shown in Figure 6. It had an irregularly shaped hole

in the web with some peripheral fracture surface paralle l to the plane of

the web . The upper flange was through cracked with the crack extending into

the ho le. Unfor tuna te ly  this beam was tested ups ide down and consequentl y

showed practically no residual streng th.

Specimen 31 had its fracture originate from a practically hemispherical

(13/32x21/64x12/32-inch ) gouge in the inner surface of the lower flange.

Specimen 32 was heavily scarred overall but uncracked . Fracture origi-

nated at a 1/2-inch-deep gouge at the tip of the lower flange and involving

its entire thickness. This deep gouge was connected to a shallower (13/64-

inch) gouge at the inner surface of the lower flange.

Specimen 61 had a 1 1/4-inch initial crack through the lower flange

and into the web.

Specimen 62 had no visible initial crack. Fracture originated at a

13
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deep gouge at the tip of the lower flange . The precise d imensions of the

gouge cannot be determined as a small piece of the lower flange broke off

as the beam failed and was never recovered .

Specimen 65 had no visible initial crack. Fracture originated at a nearly

circular (ll/32x12/32-inch) gouge at the tip of the lower flange that was

15/64-inch deep.

Specimen 66 had no visible initial crack. Fracture originated at a

3/16-inch deep gouge at the tip of the lower flange . The longitudinal and

vertical dimensions of the gouge were 19/64 inch and 15/64 inch , respec-

tively.

Specimen 69 had no visible initial crack. Fracture originated at a

practically,  hemispherical (15/64x1/4x 1/4-inch) gouge at the t ip of the

lower flange. A bigger (l/2x27/64x13/32-inch) gouge in essentially the

same location did not promote fracture .

Specimen 94 had no visible initial crack. Fracture originated at a

gouge in the tip of the lower flange measuring 27/64-inch long by 21/64-

inch high by 17/64-inch deep.

Specimen 98 had a 2-1/2-inch initial crack through the lower flange and

halfway through the web . This specimen provided the least residual strength

of al l  those tested .

Specimen 109 is typical of most of the specimens with no initial crack.

It is shown in Figure 7 with the lower flange on top. Fracture originated

at a l5/64x9/64x15/64-inch gouge at the inner corner 1 the tip of the lower

flange. The dark part of the lower flange fracture ~.irface in Figure 7 is

grease that got on the specimen as it fell onto i~~~. ~ •~port beam. Notice

15
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that the propagating crack branched again in this specimen near ly resulting

in a three-piece f rac ture  with the smallest piece almost exact l y the same

shape as the one shown in Figure 5.

Specimen 110 had no visible initial crack . Fracture originated at the

inner surface of the lower flange from a 3/32-inch deep, nearly circular

(7/16x13/32-inch) gouge .

Specimen 111 had no visible initial crack but had a gouge at the tip of

the lower flange that involved the full thickness and measured 3/8-inch

deep at the outer surface of the lower flange .

Specimen 112 failed from a gouge at the inner corner of the tip of the

lower flange acting in combination with a separate but nearby gouge ac the

outer corner of the tip of the lower flange . The first gouge was abou t

3/8-inch deep at its deepest part while the second gouge was only about

1/4-inch deep.

Specimen 114 had no visible initial crack. It failed from a 1/4-inch

deep gouge at the outer corner of the tip of the lower flange .

Specimen 115 had no visible initial crack but had a gouge at the tip

of the lower flange involving the full thickness and measuring just over

1/2-inch deep at its deepest part.

Specimen 116 had damage of almost exactl y the same severity and Location

as specimen 115.

Specimen 117 had connected inner corner and outer corner gouges of

about 1/4-inch depth.

Specimen 118 had no visible initial crack. Fracture originated at a

triangular-shaped gouge on the inner surface of the lower flange . The

legs of the tr iangle were about 1/2-inch long , and the gouge was 9/64-inch

17
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deep. The fracture bifurcated near the intersection cf the web and upper

flange , resulting in a three-piece failure. The fracture surface bypassed

a small nearby hole in the web .

Specimen 119 had damage of almost exactly the same severity and loca-

tion as specimen 115.

Specimen 120 had a small gouge at the inner corner of the lower sur face .

The fracture bifurcated and almost resulted in a three-piece failure (see

Figure 7) .

Specimen 122 was sparsely though deeply gouged in the web and upper

flange. There were no visible initial cracks, and the fracture originated

at a shallow (7/32-inch) gouge at the tip of the lower flange.

Specimen 124 is shown in Figure 8 with the lower flange up to show

more clear ly the nick at the outside corner that promoted fracture. The

dark grease spot on the lower flange should again be ignored as it was

picked up as the broken beam impacted the support beam .

Specimen 125 had no visible initial cracks. Fracture originated at

a substantial (9/16-inch long by 13/32-inch high by 11/32-inch deep gouge

at the outer corner of the lower flange.

2.5 STRESS INTENSITY FACTORS

With the exception of the two specimens which failed due to torsional

buckling of the test section (numbers 25 and 28), the failure mode was gene--

rally one of crack propagation from the lower flange vertically upward

through the remainder of the section. Consequently,  it was felt that a •

finite-element representation of one-half the test section (i.e., taking

18
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advantage of long itud inal symmetry about a hypothetical , centrally located ,

plane fracture surface) was appropriate. Figure 9 shows such a f i n i t e-

element representation .

The f in i t e-e lement  model snown consists of 297 nodes and 514 constant-

strain triangles. Nodes along left edge AS correspond to points lying on

the crack face and along the prospective fracture surface . Nodes on the

crack face are unrestrained ; nodes on AB ahead of the crack tip are constrained

to move vertically by horizontal forces . All nodes on AB are free of verti-

cal forces , a condition consistent with AB being a line of syinnietry. Free

edges BC and AD correspond to the outer surfaces of the upper and lower flanges ,

respectively . Edge CD corresponds to the right-hand end of the test section .

Nodes on this edge were subjected to horizontal forces whose distribution

vertically is statically equivalent to the classical continuous stress dis-

tribution resulting from a unit iti-kip applied bending moment.

The thickness of the flanges (represented by the upper and lower horizon-

tal bay of triangles in the coarser part of the model) was taken to be uni-

formly equal to 2 inches. The thickness of the web was taken to be uniformly

equal to 1/2 inch. Material parameters input were : Young ’s modulus (E) =

10.3 x lO3ksi; Poisson ’s ratio (v) = 0.30. The model shows the 8-node

cracked element at A corresponding to the shortest crack length (a = 3/16 inch)

considered . .

The computer program CRAKD waS executed for this model first with no

initial crack to verify that stresses due to the pure bending moment were

being adequately computed in the refined section. Theoretically , the maxi-

mum bend ing stresses for a unit th-kip moment and a section modulus of 5.7 in.3

20
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(14.24 in
4 

/2.5 in.) should be 0.176 ksi. Averages of the two smallest

and outermost triangles on the upper and lower surfaces gave -0.174 ksi and

0.175 ksi , respectively.

Following this satisfactory performance , the model and computer program

were exp loi t ed to obt a in stress-intensity factors for crack lengths ranging

f rom 3/16 inch (the shor tes t  crack the model will accommodate) to 2- 11/ 16 inches

(just longer than the longest recorded initial crack length in the test

program) . The crack lengths and computed s t r e s s - i n t e n s i t y  fac tors  are ~~v cn

in Tabl e 2 .  In these executions , a three-pair  set o f the .ix smal les t

t riangles adjacent to side AS in the crack-t ip neighborhood were rep laced

by the 8-node cracked element. Near the flange-web intersection , overlaying

of triang les with the cracked element was necessary to provide the thickness

discontinuity. The critical bending moment presented in Table 2 was obtained

by dividing a plane-strain fracture toughness value of 26.4 ksi-/fl~ by the

computed stress-intensity factor . This is probably unrealistically conser-

vative since plane-strain fracture toughne ss is that  asymptotic value of

toug hne ss appropriate to very thick sections (such as a par t - through crack

in the  2-inch~-thick flange). A more reasonable value of toughness would

one corresponding to thicknesses in the l/2~-to 5/8-inch range , i.e., about

‘~O ksi-JT~

The effect of this parameter is presented graphically in Figure 10,

which shows the dependence of critical bending moment upon ini t ial  crack

length . The solid curve is based on the plane-strain fracture toughness

* The average of five room-temperature bend tests of 7075-T6510 extrusions (L-T)
given in the Damag~ Toterant Design Handbook distributed by the Metals & Ceramics
Information Center (KB-01) at Batetle Columbus Laboratories (December 1972).

*~ Elementary Engineering Fracture Mechanics, by David Broek , published by
Noordhoff International Publishing Company in 1974, pp. 184.
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TABLE 2. (DMPUTED STRESS-INTENSITY FACTORS AND CRIT ICAL BENDING ~4)MENTS

CRACK STRESS-INTENSITY CRITICAL BENDING
LENGTH (in.) FACTOR (ksi-JTi~5 MDMENT (in-kips)

3/16 0.158 167

5/16 0.218 121

7/16 0.284 93

9/16 0.445 59

11/16 0.773 34

13/16 0.771 34

1 3/16 0.842 31

1 9/16 0.968 27

1 15/16 1.146 23
2 5/16 1.379 19

2 11/16 1.715 15

while the dashed curve is based on a toughness of 50 ksi-/Ti~. The specimens
4 

which had identifiable initial crack lengths appear in Figure 10 as dots

with corresponding specimen numbers. The data  appears to agree b e t t e r  wi th

the dotted curve . It is not unexpected that  even the cracked specimens b y

and large exhibit more strength than predicted by routine application of

linear fracture mechanics . F i rs t ly ,  the toughne ss values used correspond to

crack tips sharpened by the application of many low-amp litude f a t igue cyc les;

the specimens were impact cracked and doubtlessly have more blunt crack tips.

Secondly, the crack in each specimen , though generally perpendicular to the

beam axis , is not always exactl y aligned to produce the minimum breaking load

for the particular crack length .
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2.6 OTHER DAMAGE SITES AND INTERACTIO N S

Based on an inspection of the specimens and an analysis of the test

results , there are two alternative locations of through-the-thickness

damage , and neither seems to be deleterious to overall strength. A through-

cracked upper flange has no effect on residual strength since the fracture

su rfaces bear on one another in compression. Consequentl y ,  unless a load

reversal is expected (maneuver, landing, etc.), cracks Lu the upper flange

may be discounted as damage. Several specimens supplied had holes through

the web. Despite the considerable visual impression a perforated web makes

upon an observer , such damage produces a large ly neg ligib le reduction in

strength.  This was demonstrated very graphical ly by the test  of specimen 25

which had a hole in the web , but whose essen t ia l ly undamaged flanges sus-

tained sufficient bending moment to promote torsional buckling . Additional

evidence to this effect was provided by specimen 118, in wh ich a small ho le

in the web was bypassed by the propagating fracture surface .

In order to numerically confirm that two damage sites mus t be almost

contiguous to re inforce one another , the f in i t e -e lement model shown in

Figure 9 was modified slightly to produce a central web perforation that

measured 1-inch long by 3/4-inch high . One-half the perforation is shown

shaded in Fi gure 9. The model was then executed for four crack lengths (3/16 ,

13/16 , 1 7/16 , and 2 1/16 inches) measured from the outer  surface  of the lowe r

flange . Notice that  for the longest crack length cons idered , the crack ti p

was only 3/16 inch from the edge of the hole . The resu l t s  presented as

stress-intensity factors (as computed with  and wi thout  the hole) as a function

of crack length are shown in Figure 11. As expected from a recol lect ion of

U 
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~he tes t  resu l t s , the s t r e s s - i n t e n s i t y  f ac to r  is e f f e c t i v e ly insensit ive  to

the presence of the hole until it is within 1 inch of the edge. Consequently,

it is fe l t  that  d amage in terac t ion  can be reasonab ly ignored in f u t u r e  anal yses .

2 . 7  EQUIVALENT REDUCTIONS OF SECT ION MODULUS AND STIFFNESS

The experimental results  tend to fa l l  into three groups . The group in

which a specimen falls depends primarily on the integrity of its lower flange.

GROUP 1 (MIN IMAL DAMAGE TO LOWER F LANGE)

Specimens fa l l ing  in this group are 26 , 27 , 31, 62 , 65 , 66 , 69 , 94 , 109 ,

110, 112 , 114, 118, 120, 122, 124, and 125. The residual strengths of

these specimens range from 396-514 (in-kips). A typical compliance is 1.33

(1000 in./in-kips). Damage for this group consists of 1/4-inch (or less)

deep gouges involving the full 5/8-inch thickness of the lower flange .

Deeper gouges involving less than the full thickness are found in this group.

There were no visible initial cracks in this group. No reduc t ions are

suggested since the upper end of this strength range corresponds to the onset

of torsional buckling .

GROUP 2 (MODERATE DAMAGE TO LOWE R FLANGE)

Specimens 22, 32, 111, 115 , 116, 117, and 119 fall in this group. Resi-

dual strengths are in the 240-354 (in-kip) range . A typ ical compliance is

2.4 (1000 in./in-kips). Damage for this group characteristically consists

of through-the-thickness gouges deeper than 1/4 inch . There were no visible

cracks in this group. A uniform section modulus and stiffness reduc t ion of

40 percent from values for nominally undamaged specimens is suggested for

this group.
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GROUP 3 (INEFFECTIV E lOWER F LAN GE)

Specime n 17 , 19 , 20 , 21 , 61 , an~i 98 f a l l  in th is  group . Residual

strengths range from 22 to 105 (in -kips), and a compliance of 8.00 (1000

in./in-kips) is typical of this group. Damage consists of a missing section

of the  lower f lange  or a through-cracked lower flange . Uni fo rm reduc t ions

of 85 percent from values for nominally undamaged specimens is suggested for

th i s  group.
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SECTION I I I

COMPARISONS OF MASS DISTRIBUTIONS AND TIME-INTEGRATION ALGORIThMS

Limited comparisons of the use of different mass distributions and

time-integration schemes in CRAKD have been made . No d i f f i c u l t i e s  have

been encountered in the use of the Newmark-~ method c h a r a c t e r i z a t i o n  of

inertia;  however , the diagonal mass mat r ix  which r e su l t s  from a lumped -

mass characterization allows eff ic ient  implementation of the cen t ra l -

difference integration scheme , since only trivial matrix inversion is

required . In an attempt to shed some l igh t  on the r e l a t i v e  accuracies

and eff iciencies of these methods , a problem , so lved by Che n [2 1 u s i n g

finite differences in space and time , has been the subject of numerical

experiments.

then’s problem consists of the plane-strain response of a centrally-

cracked rectangular s t r ip  subjected to suddenl y app lied and maintained ten-

sion , ~~~, at each end . Properties of the s t r i p were taken to correspond

nominally to steel .  The geometry of the prob lem is shown in Fi gure 12(a)

where the shaded quadrant indicates the approximate mesh-point  densi ty  (a

total of 5000 points) employed by Chen in his finite-difference analysis . The

stress-intensity factor was computed by multi plying components of stress by

/~ and fitting those near the crack-tip (data for two or three zones nearest

the t i p  being disca rded ) to a s t r a i g h t - l i n e  s p a t i a l  dependence on r .

straigh t l ine was then extrapolated to r = 0 to obtain K1. Ext r apo l a t i ons

along radial lines in several different directions were reported to agree

within 5 percent . then ’s t ime -dependent s t r e s s - i n t e n s i t y  f a c t o r normalized
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by ~fna is plotted in Figure 13. The symbols I, R , P, and S in Figure 13

were used by Chen to denote the t ime of a r r iva l  at the c r ack - t i p  of the

long i tudinal wave and the subsequent Ray leigh wave (f r om the other ti p)

and nearest-bound ary re f lec t ions  of pressure and shear waves , respec t ive ly .

Subscri pts 1 or 2 on these symbols ind icate association with the first or

second arrival of the long i tud ina l  wave . The solid ci rcles on Chen ’s cu rve

mar k values of K 1 that  correspond to the wave a r r iva l s  mentioned above .

A f in i t e -e lement model represent ing the shaded quadrant  of Chen ’s pro-

blem is shown in Figure 12(b). It consists of 84 nodes , 126 constant-strain

triang les , and one 8-node s ingular i ty  element ABCD . Dep icted b y open ci r cles

in Figure 13 are resul ts  obtained by this f ini te-element  model us ing the

cons istent-mass character izat ion of iner t ia  and the N ewmark -5 i n t eg ra t ion

scheme . The time integrat ion was accomp lished w i t h  75 steps each of 0.2

mic rosecond ; this choice of time increment was mo t ivated by the t ransi t  t ime

(0.22 microsecond ) of a long it udinal  wave across the smal les t  of the t r ian-

gular elements. The finite-element results , which a—c in s u b s t a n t i a l  agree-

ment -iith then ’s analysis , were obtained in 26 seconds of computation t ime

on a UN IVAC 1108 computer during a low-demand period of the Georg ia I n s t i t u t e

of Technology time-sharing system.

With this analysis as a standard , some results of n imer ical  exper iments

conducted on th is finite-element mode l can now be cons idered . Fir stl y, t ime

dependence of the stress-intensity factor predicied by a lumped-mass version

of this model can be compared with that obtained from the consistent-mass

version . This comparison is shown in Figure 14. In each case the Newmark-S

method with a t ime step of 0.2 microsecond was employed . These r e s u l t s  are
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in substantial agreement , with the most striking differences occurring

around sharp local maxima and minima of the stress-intensity factor. At

such times the contributions of high-frequency modes of vibration are most

evident , and these modes are not likely to be accurately represented by the

relative ly coarse finite-e lement model regardless of the method of allocation

of inertia. The lumped-mass mode l predicts a peak stress-intensi ty factor

5 percent higher than that reported by Chen while the consistent-mass node I

predicts a value 2 percent lover than that of Chen .

Second ly, the effect of a substantial reduction of the t ime S t e~ ut.iliz t-d

in the numerical integration can be seen in Figure 15 where results ohtai~te-~

from the limped -mass model , utilizing the Newmark-~ algorithm with t ime

steps of 0.2 microsecond and 0.01 microsecond , are presented . it can be

remarked here for later consideration that , at the smaller time-step, the

central difference method produces results indistinguishable from those of

the Newmark-~ method when plotted to the scale of Figure 15. Furthermore ,

no differences were detectable when the time step was reduced to 0.0027

microsecond , indicating that , for practical purposes , convergence has been

achieved with the 0.01 microsecond step size . Clearly, the 0.2-microsecond

t ime step is too large for accurate representation of contributions of the

high-frequency modes of the finite-element mode l in this prob lem . However ,

it is apparent that this t ime step is adequate for characterizing the more

O significant features of the dynamic response and the use of a much smaller

-
~~ increment is hardly justified without a simultaneous refinement of the

f i n i t e - e lement grid .
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Thi rdl y ,  regarding the choice of integration schemes, at a time step

of 0.01 microsecond the Newmark-8 and central difference methods of inte-

gration yield virtually identical results. However , the, central difference

method is limited by its conditional stability . For the finite-element model

under consideration , the cr i t ical  time step is appr oximate ly 0.016 micro-

second . This result is rather surprising in light of the o f ten-used  rule

that the critical step size will be approximatel y the long i tud inal-wave

t ransi t- t ime across the smallest element in the model; for our exarnp lr ~.

this transit time is 0.22 microsecond . This di~~’repancy apparentl y is

attributab le to the stiffness characteristics of the singularity element ;

when the 8-node element is replaced by six constant-strain triang les , the

crit ical  time step increases dramat ically t o about 0.19 microsecond which

is consistent with the wave-transit  rule . Thus , the s ingu lar i ty  element may

fo rce the central  di f ference method to u t i l i ze  a t ime step cons iderab ly

smaller than that dictated by considerations of accuracy; hence the i n t r i n s i c

computational advantage of the central difference scheme may be negated.

For examp le , the minimum computat ion t ime for the centra l  d i f ference  method

(time step = 0.016 microsecond) was 2.3 times that for the Newmark-B method

with  a time s tep of 0.2 mic r osecond.
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SECT ION IV

FINITE-ELEMENT SIMULATIONS OF IMP ACT TESTS

4.1 INTRODUCT ION

Impact of a fa l l ing  weight wi th  a precracked beam is an experimental

method for determination of dynamic fracture toughnesses. Successful inter-

pretation of such tests depends upon an accurate appraisal of the eLasto-

dynamics of both the specimen and the hammer; the ideal situation is one in

which the h ammer may be treated as a rigid body and the specimen behavior

is quasi-static. However , of ten  it is not possible to sat is f y both of these

conditions ; in that  event a dynamic f i n i t e - e l ement anal ysis  may p lay a u s e f u l

role in predicting time-dependent s t r e s s - in t ens i ty  fac to rs.  In th i s  sect ion

are presented finite-element simulations of two such tests in which specimen

inertia is significant.

4.2 THE TESTS OF MADISON AND IRWIN

In 1974 Madison and Irwin [3 published results of a fracture test

program begun at Lehigh in 1966. The purpose of the program was to determine

fracture toughness (K) values for structural steels at temperatures and

loading rates representative of service conditions . The tests  employed

precracked three-point-bend specimens measuring 76mm deep, 300mm long and

up to 25mm thick. The supported span was 250mm , and the f a t i gue crack length ,

includ ing a s ta r ter  notch , was app roximatel y 25mm. Frac ture  toughness  values

were computed using the observed maximum load and the initial crack length

adjusted to account for plastic-zone size. Loading times as brief as 0.50 ma

were judged by Madison and Irwin to be “... small enough for evaluation of
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minimum dynamic toughness and long enough to permit static stress analysis

of the specimen.” It is with this contention that the present work takes

issue .

For a simply supported beam of flexural stiffness El , mass M and span

5, the fundamental frequency of vibrat ion w is given by

2 J~~T (2)

For steel of dimensions appropriate to the test specimen , Equa t ion  (2 ,

y i e l d s  a f u n d a m e n t a l  pe r iod  of about 0.37 ms--a fi gure much too near the

least  loading per iod  to warran t  n e g l e c t i n g  i n e r t i a  e f f ec ts .  i h i s  e l e m e n t a r y

calculation n eglects  shear deformation and rotary inert ia , beam overhang,

and the presence of the crack. But since these are all effects tending to

increase the computed fundamental period , a static analysis seems all the

more suspect.

In the Mad ison-Irwin experiments , the specimen was loaded by an instru-

mented striking tup mounted in a free ly falling weight. The instrumentat Lm

provided an oscilloscope trace of the applied load . Two-peak load histories

were repor t ed for some of the tests , which Madison and Irwin a tt r i b u t e d  to

obscur ing  I n e r t i a  e f f e c t s .  They associated the f i rs t  peak wi th  inert ia

effects , while the second peak was judged to be the significant specimen-load

record . By placing load ing cushions between the specimen and the striking

t u p ,  Madison and Irwin obtained a load record with a sing le peak. This was

accepted as evidence that inertia effects had been eliminated , and they

supposed in their calculations that the peak recorded load was the specimen
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load at the onset of crack propagation . Figure 16 shows a best-estimate

reproduction of a published oscilloscipe trace recorded in a -40°C test of

a 25mm-thick specimen . The load h is tory  dep icted in Figure 16 is the type

deemed acceptable by Madison and Irwin for s t a t i c  analysis of the p roblem.

Madison and irwin used a sligh t l y modified Gross-Srawley formula  in

conjunction with the peak load from the specimen-load record to obtain a

first-estimate value of K . Their formula,c

K = 
3PSfa [1.93 - 3.12 ~ + 14.7 (a

’2 
- 25.3 (~.‘~3 

+ 25.9 (~
‘4 , (3)

2BW2 L w \WJ ~WJ ~w/ J

gives K in MPaJE for P in M1’ wi th  beam span S , th ickne ss B , depth  W and

crack length a all m . For the peak load (55.6 KN) obtained from Figure 16,

Equation (3) yields a first-estimate of ~~~~~~~ ~~~~~~~~

Such figures were subsequent ly revised upward by adju st ing for p lastic-

zone size. Briefly this amounted to increasing the fatigue crack length

by the plastic-zone radius

r

~~~~~~~

(

~~

)2 , ‘4)

in which is the yield stress. Equat ions (3) and (4) were  then used re-

peatedly until the iteration scheme produced practicall y constant values for

r~ and K .  Since the thrust of the present work has to do with assessing

inertia effects rather than plasticity effects , no plasticity adjustments

will be made to either these results or those of Madison and Irwin.

Figure 17 shows a finite-element representation of a Madison-Irwin test

specimen. Due to symmetry ab ou t the plane of the crack , onl y the l e f t  half

of the specimen is modelled. The model consists of 163 nodes , 273 constant-
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Figure 16. Geometry and Load-Record in the Madison-Irwin

Impact Test
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strain triang les, and 1 eight-node crack-tip singularity element. The

singularity element ABCDE is requ ired to accurately represent the locally

severe stress gradients in the neighborhood of the fatigue crack tip at 0.

Consisten t with symmetry requirements , nodes along the crack ’s prolongation

PG are restrained against horizontal disp lacement. A vertical force equal

to one -half the specimen load is applied at G A vertical restraint at F!

simulates the specimen support. The fatigue-crack starter notch was not

represented , and the two-d imensionak idealization of the prob lem was taken

to be the one corresponding to plane stress.

Figure 18 shows the time dependence of the stress-intensity factor

for three different numerical representations of a Madison-Irwin experiment .

The solid line indicates the quasi-stat ic response of the model shown in

Figure 18, i.e., K1(t) appropriate to a massless specimen subjected to the

load as taken from the oscilloscope trace (Figure 16). The computed value

of K1 at peak load (42 MPaJ~ ) is in reasonable agreement with the Madison-

Irwin estimates (43.7 MPaJi~i) obtained using (3), but based on the results of

previous confirmed static applications , the 4 percent discrepancy is sov -~-

what more than can be a t t r ibuted  to the numerical method . Notwithstand ing

the sma ll, d i f ference , the quasi-s tat ic  response shown in Fi gure 18 is used

as a basis for assessing inertia effects in the two companion dynamic

executions .

The locus of empty circles in Figure 18 is K
1
(t) for a model with inertia

characteristics corresponding to steel and subjected to the time-dependent

load of Figure 16. The integrat ion time step was lO 2
ms, and K

1 
was computed

at each time step. The smoothness and shape of the response indicates the
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Figure 18. Results of Finite-Element Analyses of the

Madison-Irwin Impact Test
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adequacy of this t ime step and confirms the earlier estimate of the period .

The considerable difference between the dynamic and quasi-static responses

is exclusive ly the result of specimen inertia. When specimen inertia is

inc luded , the peak stress-intensity factor is elevated by more than B

percent above the max imum quasi-static value . More importantly, the peaks

occur at significantly different times. So for the particular geome try and

loading rate under consideration , the dynamic result is in clear cortii’i’:r

with an assumption that .the crack begins to propagate at the peak lo~-

registered by the oscilloscope . Such a conclusion , of course , rests ‘on

tacit assumption that the oscilloscope trace is , in fact , an accurate t~ me

record of the contact force between the specimen and striking tup.

To illustrate the importance of hammer-tup mass and stiffness , the

finite-element program was executed for the model in Figure 17 with a

h.inped-mass of 45.4 kilograms attached at G. The lumped-mass was given an

initial velocity corresponding to a free-fall drop of 0.152 meters. It

is not clear from a study of the Madison-Irwin paper that these values for

mass and drop height are appropriate for the oscilloscipe trace in Figure

16 , but it is implied that these are probably minimum values for the tes’

program. The solid circles in Figure 18 indicate computed values of K
1 

for

this representation . These stress-intensity factors are unrealistically

high as might be anticipated from the use of such a model in a time span

in which non-rigid motions of the hammer are likely to be significant.

No claim is made to a successful prediction of time -dependent stress-

intenSity factors for the impact test that has been discussed . Rather , the

analyses which have been presented call attention to ‘- -a n ger of ignuring
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specimen inertia or of an oversimplified model of the hammer. It is the w r i t e r ’s

opinion that for relatively high-velocity impact , involving a hammer and

specimen of similar materials , an analytical model which accounts for the

elastodynamics of the specimen and at least that portion of the hammer tup

between the specimen and the load transducer is required.

4.3 THE TESTS OF KOBAYASHI AND ~~IAN

Depicted in Figure 19 is a finite-element model of a dynamic- t ea r - t est

specimen of Homalite-100, a photoelastic material , with which experiments

have been conducted by Kobayashi and than [4~’. The specimen support and

loading configuration is the same as that of the preced ing section except

f or specimen dimensions and hammer mass. Since steel has an acoustic impe-

dance of approximately eighteen times that of Homalite-lOO and a Longitudinal-

wave speed of about two and one-half that of Homalite-l0O , it is reasonable

to regard the hammer as a rigid body in an analysis of the specimen. Thus ,

as indicated in Figure 19, which depicts only one-half of the specimen

because of symmetry, the node corresponding to the impact point is assigned

a mass equal to one-half the mass , M = 1.47 kg, of the hammer. This node is

then given an initial velocity, v = 1.58 m/s, equal to the impac t velocity;

all other nodes have zero initial velocity .

• Since the specimen is relative ly thin (0.0095 meter) , plane-stress

forms of the elements were used in the computat ions which were carried out

using the consistent-mass Newmark-B scheme (t ime step = 2 microseconds) for a

crack length of 0.005 meter . The numerical results are given in Figure 20

where the stress-intensity factor and hammer acce leration are plotted for the
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f i r s t  200 microseconds f o l l o w i n g  contact  of the hammer w i t h  the specimen .

The Kobayashi-Chan experiments were concerned primarily with the crack

propagation phase of the motion , and they reported only limited data that’

bears on the interval prior to propagation. Nonetheless, the exper imenta l

evidence suggests that , for conditions correspond ing to the analytical model ,

the crack began to extend at some t ime prior to 200rnicroseco-nds after impact.

It should be noted from Figure 20 that the static toughness, = 606 kPa~~ ,

is attained during this interval. Moreover , Kobayashi has communicated ~o

the writers that the peak specimen load , deduced from strain gages or

hammer tup, is in excellent agreement with the peak hammer acceleration

deduced from the finite-e lement model. Of gr.~atest importance , perhaps , is

that there is apparently no simple correspondence between the stress-intensity

factor and the hammer acceleration or specimen load . This is not surprising

in light of the fact that the time for a longitud inal wave to propagate from

the impact point to one of the supports  and then to the crack is about 185

microseconds (the first signal of impact is felt at the crack tip at 44 micro-

seconds). Thus , for the time interval of interest , the motion of the specimen

is definitely not that of a beam.

5.4 cONCLUS ION

The preceding examples illustrate how dynamic finite-e lement analyses

may be used to provide interpretat ions of impact tes ts  on precracked spe c imens .

f-iovever , in order to determine the stress-intensity factor at the onset of

crack propagation , it is necessary to ascertain from experimental measure-

ments a close estimate of the t ime at which propagation commences. Moreover ,

the load-time record at the impact Site mus t be determined unless the behavior

of the impacting hammer can be described by a reasonably simple analytical model.
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SECTION V

CONCLUS IONS

Condition of the lover (tension) flange proved to be the pr imary deter-

minant of residual strength of the damaged Specimens . An ineffective lower

flange (either due to a through crack or missing section) can lead to a

reduction in strength of more than 85 percent. Gouges in the tip of the

lower flange that involve its full 5/8-inch thickness and are at least

1/4-inch deep provide a 40-percent reduction in strength and stiffness.

Linear elastic fracture mechanics may be used to more tightly define

reductions in strength when there are visib le cracks in the beam. Damage

sites do not effectively reinforce one another unless they are practically

contiguous. Gouges or even holes in the web are of little detriment to

strength. An unsupported length of 18 inches will buckle in a torsional

mode at a bending moment of about 600 in-kips.

With regard to the finite-element analyses of elastodynamic problems ,

the following conclusions are offered :

1. No evidence has been obtained to suggest a clear advantage for either

of the mass distributions (lumped or consistent).

2. The computational advantage of the central-difference method is

negated by the extremely small time step required for numerical stability

when crack tip singularity elements are employed .

3. The finite-element method presented in this report can be a useful

tool in interpreting the results of impact tests on precracked specimens.
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