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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ABST~~CT

We ~onsider the effects of small
random pez~ urbations on deterministic
systems of differential equations. The
determinis tic sys tems of interes t have

• - 
oscillatory dynamics and may undergo a - ‘

bifurcation (the Hopf bifurç~~ti9~~ . -We-~~
• .formulate ~ first exit problem, for ex-

periments beginning near stable and
unstable limit cycles. The unstable
limit cycle is surrounded by an annulus.
Of interest is the probability of first
exi t from the annulus throu gh a specified
boundary , conditioned on initial position.
The diffusion approxim ation is used, so
that the conditional probability satisfies
a backward diffusion equation. Appropriate
solu tions on the backwar d equation are
cons truc ted by an asymptotic method . The
behavior of the stochastic sys tem in the
vicinity of stable and unstable limit
cycles is compared. When the deterministic
system exhitits the Hop ifurcation , the
above analysis mus t~~~~modified.~~~~

Uniform solu tions of the backw ~
equation are constructed . The solutions
are analogous. to Hadamard ’s solu tion of
the po int sour ce problem for the wave
equation. Numerical examples are used
to compare the theory wi th Monte Carlo
experiments.
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INTRODUCTION

In the past few years, the anlaysis of oscillatory non-

linear dynamical sys tems has received consi derable attention ,

due to a varie ty of bio logical , physical, and chemical applications.

Mainly, the analysis has been based on sys tems of determinis tic

differential equations and involved classification of dynamical

behavior of the sys tems . Most of the analys es ignore d fluc tuations

that are always present in such systems (Ludwig, (1975), Van Kampen

(1976), and White (1977) are exceptions). In this paper , we

consi der the effec ts of fluc tuations on sys tems wi th oscilla tory

behavior. We con sider an autonomou s sys tem

x b(x) xcR2 (1.1)

that has a periodic solution(s). Three types of periodic solutions

are of interest here: l)a fixed , stable limit cycle, surrounding

an unstable focus (figure 1A) ; 2)a fixed unstable limit cycle,

surroun ding a stable focus and enclosed by a fixe d , stable limi t

cycle (figure 1B); 3)the Hopf bifurcation problem : the deterministic

dynamics depend upon a parameter p. As p+0 , a stable limt cycle

coalesces with an unstable focus (at p=O). The limit cycle dis-

appears and the focus becomes stable (figure 1C). A “dual”

bifurcation , in which an unstable cycle and stable focus coalesce,

is shown in figure 1D

- • - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~~~~~~~~~~~
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The three types of oscillatory solutions arise, for example ,

in theoretical population dynamics (e.g., Bazekin , 1975) and chemical

reaction dynamics (e.g., Cohen, 1972). The fixed unstable limit

• cycle occurs in the treatment of molecule ion-molecule collisions.

• The stable limit cycle , wi th super posed fluc tuations , was

treated by Ludwig, White, and Van Kampen . We include it here for

two reasons. First, our trea tment is sli ghtly differen t from the
• others. Second , it is interesting to compare the stochastic

dynamics of stable and unstable limit cycles. The unstable cycle

contained by a stable cycle arises in chemical dynamics (Tyson, 1977,

Uppal et al, 1974). In the engineerin g li terature , the unstable

limit cycle is called a “hard” oscillation , and the stable limit

cycle a “soft” oscillation. The Hopf bifurcation , and dual Hopf

bifurcation , arise in many situations (Marsden and McCracken, 1976).

Our interest is again motivated by chemical reaction dynamics

(Cohen, 1972, Uppal et al, 1974). Fluctuation effects have not been

considered in these systems.

When f luc tuations are superpose d upon the determini stic

dynamics (1.1), a number of interesting questions arise. The

type of question that should be posed depends upon the type of

• deterministic dynamics, as is to be expected . First, consider the
• • 

stable limit cycle (figure lA).. Since the deterministic attraction

is always towards L , the question of interest involves how fluc-

tuations may derive the system away from L • Let ~ (t) denote

the random variable obtained by superposing fluctuations on (1.1).

3
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In this case, x(t) in (1.1) is the appropriate conditional average

- 

of ~ (t). Let:

• v(t, x)dx = Pr[x ~ ~ (t) ~ x + dx) (1.2)

Thus v(t,x) is the probability density for 2’(t). It represents

- a natural function describing the stochastic dynamical system

• obtained from figure lA. If we let t ~ , then v(t,x) v(x),

• the equilibrium or stationary density of eventually finding the

• process between {x, x + dx). We note that v(t,x) is independent

• of ~ (0). Namely, we are solely interested in the forward time

I density, given some initial distribution, v0(~~(0)).

On the other hand , the initial point is crucial when con-

sidering an unstable limit cycle U (figure 2). A phase point

initially in the vicinity of U leaves any neighborhood of U

• with probability 1. Even if x(0)E U, fluctuations will drive the

• point away from U. Ideally, we would like to calculate the

probability that, given ~ (0) = x , the phase point reaches a

neighborhood of the node P rather than a neighborhood of the

stable limit cycle L. In general, this problem is too difficult

to solve. We can, however, analyze the following problem. Let S

measure distance normal to U . Consider two contours:

• - S1: (x: s(x) = , S2 tx: s(x) 
~~~~) 

( 1 . 3)

4
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(see figure 2), with 
~l 

> 0, S
2 < 0. Consider the probability

u(x,t’ = Pr[by time t, x(t) has left the annulus (S1,s2),_ 
(1.4)

through S21x (0) = xJ

This probability is dependent solely upon initial position. The

stationary equivalent of (1.4) is u(x), which is the probability

that ~ (t) first exits from (S1,S2) through 
~~~

For the case of a system exhibiting the Hopf bifurcation,

(figure 1-C), we are again interested in the density for x(t).

Now the density v = v (x,t;p), where p is the parameter charac—

terizin~ the deterministic bifurcation. Now consider the dual Hopf

system (figure l—D). For small p , a phase point will leave a

neighborhood of P or U and approach L with probability 1.

The singularity at P/U for p=O will be evidenced by very slow

deterministic repulsion from ~~~~• Let L be a neighborhood of L and

T(x) = E[t: ‘~c(t)E L, x(s)~ L, s<tlx(0) = x , x(t) reaches L3 (1.5)

• Thus, T(x) is the expected time to reach L, given that ~ (0) = x.

In order to calculate the above quantities , we need to

introduce a stochastic kinetic equation . In section 2, we first
— 

specify the deterministic dynamical equations corresponding to the

systems pictured in figure 1.

6
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Next, we modify these equations by the addition of a random function.

This is the Langevin approach. We obtain a stochastic kinetic

equation that is, usually, too difficult to treat directly. We

treat the kinetic equation by the diffusion approximation of

Papanicolaou and Kohler (1974). In this approximation , v(x,t),

I u(x,t) and T(x) all satisfy partial differential equations. A

small parameter , characterizing the intensity of the fluctuations,

arises in derivation of the stochastic equations.

In section 3, we analyze canonical problems corresponding

to stable and unstable limit cycles and the Hopf bifurcations.

Various incomplete special functions arise in the analysis of

these canonical problems. These functions are generalized in

section 4, where we calculate v(t,x) and u(t,x) by the use of

formal asymptotic methods, for stable and unstable (fixed) limit

cycles. The stationary solutions v(x), u (x) have interesting

interpretations in terms of “hindsight” and foresight.” In section

• 5, we construct v(t, x) and u(t,x) for Hopf-type dynamical

systems. We show that the solutions in section 4 breakdown and

how the uniformly valid solutions can be obtained. In section 6,

we present some numerical solutions indicating the phenomena

• discussed in sections 4—6.

7
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SECTION 2

DETERMINISTIC AND STOCHASTIC i~INETIC EQUATIONS

We first characterize the deterministic equations that

lead to the phase portraits of interest. Then we formulate the

stochastic kinetic equations and the diffusion approximation .

DETERMINISTIC KINETIC EQUATIONS

We assume that

x~ = b’(x,p) xER
2 

nER
1 (2.1)

has a periodic solution ~ - Let P be a steady state of (2.1):

b1(P,p) = 0 for all i - Introduce new coordinates: s, which

measures distance normal bo ~ , and 8 which measures distance

along c~ (If ~ were a circle , then s = r and 0 =0).

From (2.1), we obtain equations for S and 0

—‘S
s = b (s,0,p)

—‘O (2.2)
0 = b (s,0,p)

The variable 0 is periodic , with period ~~~~.

The limit cycle is stable if

• ~_... (~~ S ( 0 0 ~~~~)) < 0 (2.3)

and is unstable if

~-~ (b~~(0,0 ,jj- )) > 0. (2.4)

8 

—•--



-
I.

.

I
If ~/~s (b

5(0,0,p)) 0, then the limit cycle is neutrally stable

(or unstable). This phenomenon occurs at the Hopf bifurcation.

To consider the Hopf bifurcation, we return to (2.1).

Let B = (b1~ (P,p)), and let A (p ), X*(p) denote the eigenvalues

of B. The Hopf bifurcation is characterized by the following

1) When p < 0, X (p)~~X * ( p )  are located in the left-half

plane.

2) When p = 0, the eigenvalues are located On the imaginary

axi s .

3) When p > 0, the eigenvalues are located in the right—

half plane. Also , the condition

ReA(p ) E ~ 0 (2.5)
u =O

holds. There are analogous (dual) conditions for the

dual Hopf bifurcation. Let I -

iG 1 .2z = r e  = x + ].x . (2 . 6)

Fenichel (1975) (see also Arnold , 1972) has shown that (2.1) can

be put into the form (for small p)

r = ±(b1r
3 

flY
1
r) br (r,~~,n)

(2.7)

= + b2r
2 

+ ny 2r E ~~~~~~~~

_ _ _ _ _ _  
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where r = r (s ,0), ~ = cf (s,0) are regular func tions , 11 is

defined in (2.5), A 2 > 0 and b1,b2 ~ 0 . The (±) sign in

( 2 . 7 )  is inclu ded so that both the Hopf bifurca tion and dual Hopf

bifurcation can be treated. The function r~ = n ( p )  is regular

and

r~
( 0 )  = 0 (2.8)

At the bifurcation , r~ = 0, we note that

br (O ,~~, O) = b:
~r (0,4,0) 

= b
~ rr (0 , q , O) = 0

(2 . 9 )
b~~~~~(0,~~,0) ~ 0

These conditions will be used later (sections 3 and 4).

STOCHASTIC KINETIC EQUATION AND DIFFUSION APPROXIMATION

Equation (2.1) is approximate in that it completely ignores

fluctuations. On the other hand, deterministic equations (e.g.,

the “law of mass action ” in chemistry) often yiel d correc t

predictions . Such determinis tic equations are successful

• for two reasons. First, the fluctuations are of small intensity.

Second , the fluc tuations occur on a time scale rapi d compared to

the macro scopic equation . Accordin gly, we replace (2.1) by a

• Langevin-like equation for the random variable x~~(t):

= b’( ,p )  ~~~~~~~~~~~~~~~~~~~ . (2.10)

10
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In (2.10), y](~ ) is a stationary, zero mean process , satifying

the mixing condition of Papanicolaou and Kohler (1974). The

parameter c , 0 < c<<l , characterizes the intensity of the

fluctuations. In chemical systems

C = Ve/V (2.11)

where V is the volume of the reacting system and Ve is the

elementary volume , ie., the volume of a sub-unit of the reacting

system (Kubo et al, 1973, Van Kampen, l9~ 6). The parameter a ,

0 � a << 1 characterizes the time scale of the fluctuations. As

a -. 0, (t) converges to a diffusion (Papanicolaou and Kohier ,

1974). The density v(t,x) defined in section 1, satisfies

(Papanicolaou and Kohler , (1974)):

V
t 

= ~ (a
’3v).. — ((b’ + cc 1)v). . (2.12)

The probability u(t,x) satisfies

U
t 

= ~-a
’3u~~ + (b’ + cc 1)u

~
. (2.13)

The expected time, T~x) , satisfies

—l = ~-a
1
~T.. + (b1 + Ec )T. (2.14)

In (2.12 - 2.14), subscripts indicate partial derivatives and

repeated indices are summed from 1 to n. Also,

• ij i~~ kl 1k
a (x)=fkf(y + 1 )  .

(2.15)
— 

kl~~j a ic x, — y  Lk~~~~
f
l

11
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where

• ~kl = f  EEYk(s)Y
l(0~3 ds

In later sections, we will specify the appropriate boundary condi-

tions for (2.12 - 2.13). Equation (2.14) is treated elsewhere

• (Mangel , 1977).

I
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SECTION 3

CANONICAL PROBELMS AND SPECIAL FUNCTIONS

We now consider xER1 , C
1 0. The stationary solutions

versions of (2.12, 2.13) and appropriate boundary conditions are

0 = 
~
(av)

~~ 
- (bv)

~ 
; f  v (x ) d x  = l;v÷0 as x I - . o (3 . 1 )

0 = ~au + bu u(x1) = 0 u(x2) = 1 x1 < x2 (3.2)

We assume that the deterministic system

x = b(x, p)

has a steady state at x = x0. The deterministic equation (3.3)

corresponds to the following degenerate “planar ” dynamical system.

• 

Let (r,0) denote the usual polar coordinates and consider

r = b(r, 0; ii )

(3 . 3 a )

0 = 0

If we further require that there are no fluctuations in 0 , then

the system in (3.3a) reduces to the one-dimensional equation (3.3).

We assume that for p > 0, lb
’ (x 0,p) > 0 and that at ~i = 0, the

equation exhibits a Hopf type bifurcation. Equation (3.1) corresponds

to the stable limit cycle; and equation (3.2) corresponds to the

13
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unstable limit cycle. The solutions are:

v ( x )  = k ex~{J ~~ dz] ; b ’ (x 0 ) < 0 (3.4)

u ( x )  = k f  exp 
{~
j  

~~~ dz] dy; b ’ (x 0 ) > 0 (3.5)

The constants k, k
’ are determined by the integrabili ty conditions

and boundary conditions. For small c , we use Laplace ’s method to

analyze (3.4, 3.5). We obtain

I-j b~(x )~ (x - x ) 2]
v ( x )  k exp 

L 

c a x 0 
~ j + 0(V~ ) (3.6)

x r , 2I — b  (x 0 ) ( y  
— 

x 0)u ( x )  = k J exp c a x 0 
dy + 0(~/~~) (3.7)

Xl I

Thus, in the case of a stable limi t cycle, we obtain a locally

Gaussian density. The integral appearing in (3.7) is the error

integral
2

E(z) = J e 5 ‘~
2ds . (3.8)

z o

The correction term in (3.7) involves E (z) = e . The error

integral satisfies

• 2 d
~~~~~~~~~ = -z -~~~ ~ z 0 � z ~ z1 ~ (3,9)

- 

14
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The appearance of Gaussian forms in (3.6, 3.7) is due to the

linearization process involved in Laplace ’s method. (Namely

• 
the assumption that b(x 0)I>0 .

t There are, however , instances where the linearized forms

(3.6, 3.7) break down, as in the Hopf bifurcation.

3 - When p = 0, i.e., at the bifurcation value, a one-

dimensional Hopf bifurcation occurs :

b ’ (x 0, 0) = b” (x 0, 0) = 0

(3.10),‘,
b (x0, 0) ~ 0

Hence, when applying Laplace ’s method, for p near 0 , we must

use four terms in the Taylor expansion of J b/Ca ds.

Instead of the error integral, we find (Mangel, 1977)

I ,/ 1 fb (x0,p) (y—x 0)
4 b (x 0 , p )  (y—x 0 ) 3

u (x)  = k J expj- (  +

L \ 6ca (x 0 ) 3ca (x 0 )

(3.11)

2b (x 0p) (y— x 0 ) \ 3)4
+ J d y + 0 (c ’

Ca (x 0 ) /

By a change of variables, we obtain

x( x )  4
u (x )  cf exp + TI~~~Y ]  dy (3.12)

x1 (x 1)

15
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where ~1(x1), ~(x) and r~(p) are regular functions of their

arguments and n (0) = 0. The result (3.12) can be obtained by

applying Levinson ’s result (Levinson , 1962) directly to (3.5).

Similarly, we find

v (x) “- c e:~p ( ~~ — + ~i(~~~ y2) (3.13)

Thus, we are led to a new special function , the incomplete Hopf

integral ,

Z 
I/~ 85

2\1

H~ (z, 8) Ef eXP L±(
~
-i — —~

_,)j ds z0 ~ z � z 1 (3.14)

These integrals satisfy

d2H dli

dz2 
= ± ( z 3 

— 8z) ~~~~~~~~~ (3.15)

It can be shown that H~~(z, $) are related to the modified Bessel

functions ~~~ In (Abramowitz and Stegun, 1965). It can also be

shown that, for B large , H~ (z) E(z(z)), where ~ (z) is a

regular function of z.

16
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SECTION 4

FIXED LIMIT CYCLES: STATIONARY ASYMPTOTIC SOLUTIONS.

“HINDSIGHT AND FORESIGHT”

In this section, we construct formal asymptotic solutions

• of the stationary versions of (2.12, 2.13) for fixed limit cycles.

Namely, p is bounded away from any bifurcation values. In the

next section , we allow p to vary and consider the bifurcation

case.

UNSTABLE LIMIT CYCLE

We seek a solution of the stationary version of (2.13) in

the form

u(x) = ~~~ flgfl (x)E(~~(x)/~~) + C ½hfl (x)E (~/~~ ) (4 . 1 )

In (4.1), gn (x), h~~(x), and i4r(x) are to be determined . When

derivatives are evaluated , (3.9) is used to replace E (~/I~)
• 1

by -E (*/v ’c) ~,/iT . After substitution into (4.2), terms are

collected according to powers of c. We obtain:

17
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- 

0 = 

i~~0 
C (gn_~h

n) (b~~ - 
~~
-

~~--- ~~~~~~~ (~~~// ~~~)

1) n—i —l
+ c ( b  + 

~~~~~
— g~~ + c 

~~ 
)E(~//~)

( 4 . 2 )

+ E (~/~~ )c ½{b1h~ + a1~g~5j~ + !y ~~~~~ + g’~c
1
~p~

- C1h~~~~ + c’h’~~ - ~a~~h~l~1 
+ ~~~~~-~ - h~~

1- 
~
.y- h

~~
((*lP~

)1
~~)}.

The leading term, n=0 , vanishes if

i a~~b — -~ —~~~~~ji=Q (4.3)

b’g~ = 0 (4.4)

• i O  a1~ 0 i 0  0 i  U i  .0
~~~~~~~~~~~~~~~~~~~~ ~~lJ~~~~~h1a ~~~~~~~~~~~~~~~~~~~~~~

• . (4.5)
o

— h ((li~P~ )~) = 0

The transformation • = -½~P~~~ 
converts (4.3) to the Hamilton-Jacobi

or eikonal equation

• i a~~b 
~~~~ 

+ —i-— 

~~ 
= 0 (4.6)

• 18
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The interpretation of the eikonal equation (4.6) in the stochastic

- context is discussed by Ventcel and Freidlin (1970), Ludwig (1975),

Mangel and Ludwig (1977), and Mangel (1977).

An argument using Hamliton-Jacobi theory (Mangel, 1977),

shows that $ = = 0 on the limit cycle U. Since 4 is

constant on U, = 0 there. We differentiate (4.6) with

respect to xk:

b~ k~ j + b
~~ik 

+ + 
~r ~~ik~j 

+ 
~i~kj~ 

= 0 (4.7)

Since ~~= _ ½ ~j,
2 = 0  and ~~= 0 on U, —~np1 O on U. Thus,

(4.7) becomes

b
~~ik 

= 0 = ~~~~~
. 

~~ ( 4 . 8 )

We differentiate (4.7) with respect to x~ , use the fact that

= 0 on U and obtain:

+ 2bS54, 
= _aS5(~ 55

)2 (4 9)

In obtaining (4.9), we have switched to (s,0) coordinates on U.

(equation (2.2)). If we set W = , equation (4.9) becomes a

linear equation for W:

— 2b~ W = a~~ 

• 

(4.10)
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The interpretations of ~,W are interesting . The leading order,

u(x) is constant if ~~(x) is constant. Since 4(x(s)) =

(~ s)
2
/2W, level curves are obtained a distances proportional to

1//W . Hence W is a “local variance” .

We introduce the integrating factor

r(o) = ex~[f 
2b S do ’] ( 4 . 1 1 )

and seek a periodic solution (of period 0 ) of (4.9). We obtain:

8+0

W(0) = 
NO) 

~ 
a5S (r,8’)dO 1 ( 4 . 1 2 )

Li — (l/r ( e ) ) J L e  r ( e ’ )  J

Since W (0) is a measure of the distance to a contour of u(x),

( 4 . 1 2 )  has an interesting interpretation. The first factor is a

purely deterministic factor that causes the contours to spread

apart. The second factor is due to stochastic effects and causes

the contours to close together.

Now consider (4.4). Since b’ = dx1/dt, equation (4.5)

indicates that g0 is constant on trajectories. Following Mangel

(1977) we set g0 to be the same constant on all trajectories.

This constant is determined so that the leading part of (4.1)

satisfies the boundary conditions. We set u(x) = 0 if xES2
• and u (x) = 1 if xES1. Suppose that S1, S2 are level curves

of j’, 
- 

with ~ 
= on and ~ = 

~2 °~ ~2 
In (3.9), we set

I•T TII •IT::TT:~~~~~~~ 
--
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*2
z,~ = — z 1 = — (4.13)

and

g° = l/E(*1/tP~) . (4 .14)

• 

Then , to leading order u 0  on S2 and u=l on S1. If

• are not level curves of ~‘ , we proceed as follows. Let be

the maximum value of ij’ on S1 and be the minimum value of

1L on S2, then set

u m

z = — z 1 = — g = l/E(*1/v
’
~) . (4.15)0 vT

It can be shown that, if ~P is bounded away from zero on S1 and

then u(x) is exponentially small on S~ and l-u (x) is

exponentially small on S2 (Mangel, 1977).

Next, consider equation (4.5). On U , where *=O we obtain

— 
~~~~ a~~ p. lp~ = _ [

~
-
~ ~

pjj + ciip.]g
O (4.16)

The periodic solution of (4.16) is

04-0 . 0’

0 - 
~~~~ 

g0(~~~ 
~~~ 

+ c~ *~) exp~-J ~ -~~~~- *~~~ds} dO’ (4.17)h (0) — 0+0 • 0+0
exp 

~
_f ~~ _*j*jds} {ex~~{_.( ~~2~P j*~ ds} _ i}

Jg: 
S -15-1

~~~~~~~~~~ _ _ _ _ _
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Once h° is known on U , it can be determined off U by the
- 

method of characteristics (see Mangel,l977).

The leading part of the expansion (4.1) is

u(x) — g°E(~//c) + 0(/c) . (4.18)

Hence, once g° and 4~ 
are known, we can construct contours of

u (x ) .

STABLE LIMIT CYCLE

We now consider a stable limit cycle, so that we seek a

solution of the stationary version of (2.12):

~ (a~~v)~~. 
- ((b’ + cc1)v)~ = 0 . (4.19)

Our treatment is slightly different from that of Ludwig (1975).

We seek a Gaussian solution of the form

v (x )  = e ) 2/C (z 0 + + ... ) 
• 

(4 . 2 0 )

After evaluation of derivatives and substitution into (4.19),

terms are collected according to powers of C (see Ludwig, 1975).

• The leading term will vanish if 
~ satisfies

i a~~b + 
~~~~~~ *~~~*j * 

= 0 . (4 .23 )

22
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The change in sign in going from (4.3) to (4.23) is important

(see section 6). If = ~~2 we obtain the eikonal equation

(4.6), so that the analysis of (4.23) is identical to the analysis

in the previous section . We find

~~~~~~~~~ 
(6s)~ 1 1_ (~s) 21

• v (x )  — z0 ex
~~ 

2c ] = Z
0 
exp

[ 
2cW J • (4.24)

Hence , cW/2 has the interpretation of a local variance about the

stable limit cycle. Such an interpretation has been given by

Ludwig (1975).

The function z0 can be determined by integration along

the characteristics of (4.23) (Ludwig , 1975, Mangel, 1977). Then

to leading order

z e
2
~~~~ ’C

v ( x )  ~ ° 
2 + 0(c) (4.25)

Jze~~ 
(x)/c dx

Ludwig (1975) shows how to determine z° by the method of charac-

teristics.
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SECTION 5

HOPF BIFURCATION

The analysis of the preceeding section breaks down at the

• Hopf bifurcation, because the linear dynamics vanish at the

bifurcation point. The analysis of section 3 suggests a possible

form of the correct asymptotic solution. The Hopf problem is

closely related to a point source problem for the wave equation .

Zauderer (1970) used Hadamard ’s method (Hadamard , 1951) for such

problems. Our construction is considerably simpler than Zauderer’s,

and can be shown to be equivalent to his.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

• 1 1

UNSTABLE LIMIT CYCLE, STABLE FOCUS - •

We seek an asymptotic solution of the stationary backward

equation of the form

u(x) = ‘~g’~ (x) H ( ~p/c~~, B/c½ ) + c~~ h’~(x)H (~p/c
¼ , 8/C½), (5.1)

where H(z,B) = H(z ,~~), defined in (3.14). When derivatives are
“ ‘ 3  3 4evaluated, (3.15) is used to replace H by H (i~ 

- 8*)/c

We assume that B has an asymptotic expansion

B = Ec’Bk . 
( 5 . 2 )

After terms are collected according to powers of c, we obtain:

24
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0 = EC
n 

(*/C~ ,B/c ½
)[(b

i
*i 

- 
~~~~—*~~~*~~~~(*

3 
— 8o*)][~

” - h~~(*
3_B

0*)]

+ 6~ H( )[b
l
g? + 

a~~ g
fl~l + cig~_1]

+ c~~~
3
~
4
H
’ ( ) { b’h~ + c1g~ip~ + c~ip~ h

h
(*
3 

- B 0*)

+ ~- - ~(2g~ u
3 

+ ~~~~~ + h?;
1- 2h~*~~(~P

3 
- B~*)

- h’\p.(~~
3 - B

0~~~) - h’~~~ (*
3 

-

+ 

~:ti 
(1
~Bk){~-2-- 

~
j
~pj(g

n+l_k+ h~~
3
~~~(*

3 
— B0*) - 

(5 .3)

• n+1-k 1]
+ h (b’~p~ + 

~i*~ ~~~ 
— B~~~ P ) )  }

n+l ij —l
+ 

1~~2 
~~~~~~ 

~~~~h
n_k4-1
( 
~~i. 

~~~
Bk_~))

- 

1 1  
4I8k(C

i
*~h

n_k 
- 4~.(2h?~~ *~ +

• - 

£l
ok ~*~ h’~~’}  .

In (5.3), if a superscript is less than zero , that term is set

equal to zero. The leading term , n=0 , is composed of three parts

25 
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and vanishes if
i a~~ 3b 
~
p — - — ~p •~p .(ip 

— B~
p ) = 0 (5.4)

b1g~ = 0 (5.5)

• 
• b1h~ + 

~~~~ g°~~~ + (~ 3 - B0~)a
’
~h~~~ + ~~~~~~~~~ 

h°~~~~(~~ - B0*)

(5.6)

+ h° a *~~~~(3~
2 - B 0

) - (*B~ )f
°(*~ 1) + g0c’~~ + c~ p~ h°(*

3
~ B0*) 

= 0.

In (5.6), we have introduced

f~~(*,k) :~i 

a ~~~~~~~~~~~~ h~~~~~~(*
3 

—

- . ( 5 . 7 )

+ h~~~~~~(b~~). + 

~~ *~*~~
(*
3 

—

First consider (5.4). Since b’ vanishes at the stable focus P,

we set — = 0 at the focus. This insures that iJ, will have

non-vanishing f i r s t  derivatives. On the limit cycle U , we also

set - BØ~4~ 
= 0. Since u(U) > u ( P )  we require that

*(P) = 0 *(U) = . (5 .8)

When the limit cycle and focus coalesce, we obtain 0 = 
~~~~~~~~ 

i .e. ,

= 0. The sigularities of F(*) = - now match the

26
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the singularities of the deterministic system. This is the reason

that our method can be used to produce a uniform solution.

The value of is still undetermined . It can be calculated

by the following iterative procedure. Since (5.4) is a first order

partial differential equation, the method of characteristics can be

used to solve it, starting just of f U, where ~, = and B~~~ is the

initial estimate for We follow characteristics (called

rays) that approach P . If ~ does not approach 0 , then

must be replaced by a better estimate . The method of false

position can be used to calculate iterates of B0. In this fashion,

can be determined to any order of accuracy. An alternative

procedure would follow rays from P to U. The choice of method

must be made on the basis of numerical practicality.

Although (5.4) can be solved by the method of characteristics,

our main interest is in experiments beginning near U. Consequently,

we determine ij in a vicinity of the limit cycle by a Taylor ex-

pansion. We assume that ~ > 0. Equation (5.4) is differentiated

with respect to xk and then changed to (s,O ) coordinates. We

obtain :

d* s 3
+ b,5(0, 0, p)~~5 

— aB0~ = 0 . (5 .9)

In deriving (5.9), we have used the fact that * = On U (so

that 3*
2 

— B
0 

= 2B 0 on U).

- 27
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Equation (5.9) is a version of Abel’s equation (Davis, 1962). We

introduce a new variable z, define~1 by

= l/Bz where B’ 
= bS5B . (5.10)

- 
- 

The periodic solution of ( 5 . 9 )  is then
9

0+9 131 a(s) d 
—1

• *~~(O~ 0, p) 
= _2j 2 ds — 

0 B(s) (5.11)
0 B(s) r (e )  — 1

where

94-s

B(s) = ex~[f bS5(0, 0, P)de] (5.12)

r(s) = 1/B(s) . (5.13)

Equation (5.5) indicates the g0 is a constant. The value of g°

can be determined exactly as in section 4. Equation (5.6) is

analogous to (4.5). It is slightly more complicated since it

• contains the unknown paramter B~ . This parameter can be determined

• in the same fashion as B
~ 

was determined.

- 
It can be shown that all of these constrictions are regular

at the bifurcation point p = 0 . The proof is analygous to the

proof given in Mangel (1977) for other- stochastic dynamical systems.

I ~~~~~~~~~~~~~~
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STABLE LIMIT CYCLE, UNSTABLE FOCUS

In this case , we are interested in uniform solutions of the

forward equation (4.9). It is clear that the Gaussin ansatz in

section 4.2 breaks down for p small. We seek a solution of the

form 4 2
11 ~‘(x ) *(x )  1 1v(x) — exp —

~~

- ( 4 
— — ~ 2 ) (z Cx ) + CZ Cx ) + ... ) (5.14)

Following the procedure of section 4.2, we are led to

+ 
a~~ — 8 o*) 

= 0 (5.15)

• The change is sine in going from (5.4) to (5.19) is important.

Equation (5.19) can be treated by the method of characteristics or

by a Taylor expansion. The function z0(x) can be determined by

integration along the characteristics of 5.15 (Ludwig, 1975).

Thus , the stationary distrjbutions for the Hopf bifurcation

problem have been determined . These distributions are regular

functions of p, the deterministic bifurcation parameter.
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SECTION 6

FIXED LIMIT CYCLES: SOME EXAMPLES

— 
In this section , we present a number of numerical examples

that illustrate the behavior of u(x) and v(x), as determined

in section 4. For convenience, we use systems already in polar
• coordinates.

EXAMPLE 6.1

= r(r—l) (2—r) (1.1 + cosO) (6.1)

e = 1 (6.2)

with covariance

carT = .11r 2 + ( 2 — r ) ~~j ( l. 5  + cosO )2 (6.3)

The circle r = 1 is an unstable limit cycle. Let

u (x) = Pr(process hits r = 1.98 before r = .02 1 x ( 0 )  = x)

In f igure 3 , we show the u = .8, .9 contours 5r(O) where 0

measures distance along the cycle and 5r is the distance from

• r = 1 to the contour. The noise and deteininistic dynamics are in

phase . Both contours are of the form 5r ( 0 )  = k (k  + cosO) where
, I

k , k - are constants and k > 1. In table 1, we compare the theory
I

with Monte Carlo experiments.
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FIGURE 3: EQUAL PROBABILITY CONTOURS FOR EXAMPLE 6.1
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TABLE 1

COMPARISON OF THEORETICAL AND MONTE CARLO RESULTS
FOR EXAMPLE 6.1

- Initial point u(Theory) u(Monte Carlo)*

(1.10, 0) .60 .57

(1.21, .21) .70 .68

(1.50, .42) .90 .92

(1.30, 3.97) .80 .79

(1.53, 5.86) .90 .92

(1.08, 1.88) .60 .58

(1.19, 2.30) .70 .69

I

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

*2,500 simulations were performed
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EXAMPLE 6 .2

We now consider the system

r = r ( r—l)  ( r — 2 )  (1.1 + cosO) (6.5)

0 = 1 (6.6)

with ca rr given by ( 6 . 3 ) .  The deterministic system has a stable

limit cycle at r = 1. Let

v (x)dx = Pr(process is eventually found between (x, x + dx)) (6.7)

In figure 4 , we plot the .91, .99 contours of v(x) as a function of

S r ( O )  , where Sr is the distance from the cycle to the contour.

EXAMPLE 6.3

We now take

r = r(r—l ) (2—r) (1.1 + sinO) (6.8)

with carT given by ( 6 . 3 ) .  In this case , the noise is out of

phase with the deterministic cycling. In figure 5, we plot the

U = .8, .9 contours and in table 2 , compare Monte Carlo and theore-

tical results.

If we take

= r(r—1) (r—2) (l.1 + sinG) (6 .9 )

.5 ~~~~-—  —~~~~~~~~~~ --—- — • — • - ~~~- —~~~~~~~~- • — 5——
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FIGURE 4: EQUAL PROBABILITY CONTOURS FOR EXAMPLE 6.2
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FIGURE 5: EQUAL PROBABILITY CONTOURS FOR EXAMPLE 6.3
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TABLE 2

COMPARISON OF THEORETICAL AND MONTE CARLO RESULTS

FOR EXAMPLE 6 . 3

Initial Point u (Theory ) u (Monte Carlo)*

(1.14 , 0) .60 .62

(1.22, .21) .70 .73

(1.49, .42) .90 .90

(1.55, 3.97) .80 .82

(1.66, 5.86) .90 .87

(1.12, 1.88) .70 .67

(1.06, 1.47) .60 .64

*2 ,500 simulations were performed
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then r = 1 is a stable limit cycle. In figure 6, we plot the

v = .91 , .99 contours. We note the shift in phase of u,v.

For f ixed r , ca’~ reaches its maximum at 0,211. The behavior

of the solution of the backward equation, u(x), “anticipates” the

noise , in that tSr(0) reaches its maximum before ca~~~(O) reaches

its maximum . The density v(x) solution of the forward equation,

exhibits hindsight in the 6 r ( 0 )  peaks af ter  the maximum value of

the noise.

Comparison of f igures 3 and 5 is also interesting, in light

of the interpretation given to W in section 4.  Namely, the

deterministic and stochastic terms in (4 .12 )  “ compete ” with each

other , the former increasing W and the latter decreasing W.

For the situation exhibited in figure 3 , the deterministic and

stochastic terms are “in phase” and the contours are relatively

constant. On the other had , for the situation exhibited in figure

5, the deterministic and stochastic terms are out of phase. The

contours exhibit  sinusoidal oscillations.
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FIGURE 6: EQUAL PROBABILITY CONTOURS FOR EXAMPLE 6.4

38

5;—

-a -• - • - -

5— -- -~~~~~~~~~ ---~~~ - -  - —- —-  — -5— -5 —~~~~~~ —5————— - -  • - - - — -5- - - — - - ___________



REFERENCES

1. Abramowitz , M. and I. Stegun (1965), “Handbook of Mathematical
Functions ,” Dover Publications, New York , New York.

2. Bazekin , A.D . (1975), “Structural and Dynamic Stability of
Model Predator-Prey Systems,” Institute of Animal Resource
Ecology , University of British Columbia , Vancouver, Canada.

3. Cohen , D.S. (1972), “Multiple Solutions of Non-Linear Partial• Differential Equations,” Springer Notes in Math , Vol. 322:15—77.

4. Fenichel, N. (1975), “The Orbit Structure of the Hopf Bifurcation
Problem,” Journal of Differential Equations, l7(2):308—328.

5. Kubo, R., K. Matsuo, and K. Kitahara, “Fluctuation and Relaxation
of Macrovairables,” Journal of Statistic Physics , 9(l):51-96.

6. Levinson , N. (1961), “Transformation of an Analytic Function
of Several Variables to a Canonical Form,” Duke Mathematics
Journal, 28:345—353.

7. Ludwig, D. (1975), “Persistence of Dynamical Systems Under
Random Perturbations,” SIAM Review, 17(4) :605—640.

8. Mangel, M. (1977), “Small Fluctuations of the Unstable Steady
State,” Technical Report 77-6 , Institute of Applied Mathematics
and Statistics, University of British Columbia, Vancouver , Canada.

9. Mangel, M. and D. Ludwig (1977), “Probability of Extinction in
a Stochastic Competition ,” SIAM Journal of Applied Mathematics ,
33:256—266.

10. Marsden , J. and M. McCracken (1976), “The Hopf Bifurcation and
Its Applications ,” Springer—Verlag .

11. Olver , F.J.W. (1974), “Introduction to Asymptotics and Special
Functions ,” Academic Press, New York, 297 pp.

12. Papanicolaou , G.C. and W. Kohier (1974), “Asymptotic Theory of
Mixing Stochastic Ordinary Differential Equations,” Comm. Pure

• Applied Mathematics, 27:641—668.

13. Tyson, J.J. (1977), “Analytic Representation of Oscillations ,
Excitability , and Traveling-Waves in a Realistic Model of the
Belousov-Zhabotinskii Reactions,” Journal of Chemical Physics,
66(3) :905—915.

39

— - — — 5 — — -— -  — S — — - ~~~ - . ••— — 5- 5 - --
- —~~--- - -- --5- - -



- -

REFERENCES (Continued)

14. Uppal, A., W.M. Ray , and A.B. Poore (1974), “On ..he Dynamic
Behavior of Stirred Tank Reactors,” Chemical Engineering -

Science , 29:967—985.

15. Van Kampen, N.G. (1976), “The Expansion of the Master Equation ,”
Advanced Chemical Physics, 34:245-309

16. Ventcel , A.D. and M.I• Freidlin (1970), “On Small Random
Perturbations of Dynamical Systems,” Russ. Math Surveys ,
25:1—55.

17. White , B. (1977), ”The Ef fects of a Rapidly Fluctuating Random
Environment on Systems of Interacting Species,” SIAM Journal
of Applied Mathematics, 32:666—693.

40

— - 
._

, 5_ . • - -

1-55.55-_S__
s 

~~~~~~~ .5-5~~~~~ - 5 5 - 5 -~~5_ 5-_ - 5 --- — - - - - - -—--—-------•-- -- - -  - - -  -------- -~--— ——---- .5 - -—



________ -_ — _  
_ - -

CNA Professional Papers — 1973 to Present ’
ppIo3 Pp tie PP 126—C*a,alfl.d.

Friedied.. Robin L.. ‘Political A,pscts of Ocean R.l,m. Allen 8.. “An Austanw.t of Military Opera-
Esoi,qu” 48 pp.. Fib 1973. published in Who Pro- bans R.awcts In th. USSR,” 19 pp.. Sap 1913, PP 127
web di. Oces n, Jo s, Lean.,,.. Hwgrov. (.4.1 (St. (Reprinted teem Procs.dlngs, 30th MilItary Opera- o~.,,aiai, o.or,s s.. m. b u st tinEs ’s Geest for
Pull: Watt Pubi g. Co.. 1974). publlshid by the tie.,, Research Symposium (U). S.crsI D.c 1972) Amass to Natal Fadhitlas In Egypt Pr,., to 4,.
America,, Society of Inlernatlonal Law) AD 170 116 Jun. War of 1967,’ $4 pp., Jul 1974. AD 796 316
AD 757 936

PP 117 PP 128
pp 104 McWhit.. P.t., 9 and Ratliff , H. Donald, ‘Do- 

~~~~~ Pats, and Ludiman. Robin F.. E.aloation
baitEd,. ,lad, M,~ A Resisw of Jamss Cable, Gun- finding a LogIstics System Und.r Mining of N.,al Officer Pwformance,’~ 11 pp., (Pra,ersted
boat Diplomasy Political Applications of Limited Atts.k. ” 24 pp., Aug 1976 (to be submitted for •~ the 92nd A.ueaal Con,ent,on of di. Amarican
Natal Fornea.” 5 pp., Feb 1973. (Reviewed in th. publication in Natal Research Lo~ stIcu Ousrtarly), Ptycholoped Auoclatisn, 1914) Aug 1674 ,
American Political Science Review, Vol. LXVI , Dec prnsentsd at 44th Natlan.l Misting. Ops,stlo,’. Pu AD 714 012
1972) search Society of Amine.. Nov.mber 1973,

AD A030 454 PPIZI
PP lOS Unn’vtify of Florida . hale,, Ju5.5s..~ and melts Stanley. “Partial Un-

Con,,. Robert J. and Phillips, Gary R., “On Optimal ~Rgorwch supported srI pert under Office of Nat,.! amplo’se’nsnt In,ur,no. Benefit. and die Eseant of
Correction of Gunfire Errors,’ 22 pp., Mar 1973, Re.ea,ch Contract N0001468 0273 0077 PartIal Unamployment.” 4 pp., Aug 1974. (Pub
AD 751 674 lisfs.d In the Journal of Human Resources, Vol. IX,

PP 118 No. 3, Sumsn.r 1974) AD 764010
PP 10$ Bantoot . C Barnard, “Market Duds.” 18 pp.. Apr

Steloff. Pat., H,, “U,., ’, Gu,ds for Generalized 1973, (Reprinted from Opsrstions Resmedi. Vol. pp 130
Factor Analysi. Program (FACTAN). ’ 35 pp.. Fib 22, No. 2, Mar-Apr 1974) D,,mukas. Bradford. “Roles and Miwion, of Soviet
1973. (m astS., an adds,.dum publishsd Aug 1914) Natal General Purposs Ferns, in WartHn.: Pro-
AD 166 824 PP 119 SSSN Operation. ’ 20 pp., Aug 1074, AD 768 320

Stoloff . Peter and Lodunan. Robert F., “Develop.
PP 107 event of N.,y Human Petitions O.sestl~nnsi,e.” 2 P~ 131

Stofoff . Peter H., “R.h,ting Facto, Analytically Do- pp., May 1974, (Publithsd in American Psycho Weinlend. Robert 0.. • Andyel. of Goral,kov’,
rin d Measures so E.ogsnou. Vanables,” 17 pp., logical Association Procesdings, list Annual Con- Names 4, War a’,d ~~~~.. 45 pp.. Aug 1974 , (Pub
Mar 1973, AD 758 820 nentios, 1973) AD 779 240 lished in Soviet Natal Policy. ad. Michael

MacOwl,,; New York Prasgsr) AD 788 319
PP 1OI PP 120

McConnell, Jam., N. and Kelly, An,,. N., “Super- Smith. Mjds.s l W. and Sclerimper. Ronald A. ,’ PP 132
power Natal Diplomacy in the lndoP,lssstani ‘Economic Anilyals of the lntrscity Dispersion of KIs,nm.n, Sam,asl 0., ‘Rad.l DEffsr.ncas In Hours
Crisis.” 14 pp., 5 Fib 1973, (Publi,had, with ri Criminal ActIvity,” 30 pp.. Jun 1974. (Prasantad at WOrked in the Mark t: A Preliminary Report .” 77
visions, in Survival, Non/Dec 1873) AD 761 675 the Econometric Soci.ty Msetinga, 30 D.c 1973) pa., Fob 1975. IP,par reid tn 25 Oct 1574 at

AD 780538 Eastern Economic Assocletion Convention In
PP 109 ~Economics. No.111 Caroline State Unrv rtfty. Albany, N.Y.) AD A 005 517

Bergiloafar, Fred 0., “Salaries-A Fnamiwork far
the Study .1 Trend,” 8 pp., Dec 1973. (Published PP 121 PP 133
in Re.,.., of tntorn, and Wealth, Ssriss 18,140.4. 0.4,0., Eugene 3.. “Procurement and R,tssttiose of Squires. Michssl L.. A Stochastic Modal of Re~ nse
Dec 1972) Nary Physicians,” 21 pp.. ‘Jun 1974, (Preteflted at Chang, l~ Latin Amer(cs, 42 pp.. Fib 1975.

the 49th Annual Confsr.ncs. Macurn Economic AD A 007 912
PP 110 AssocIation, Las Vsgso. Net. . 10 Jun 1974)

Auipnta. Joseph. “A Critiqu, of Cost Analysis,” 9 AD 780 538 PP 134
pp. , Jul 1973, AD 766 316 Root , P. N. and Cunniff. P. F , “A Study of the

PP 122 Shack Spectaim of a Two’Degr.s-of-Frssdon. Ff0.,-
pp iii Kslly. Anna N., “Th e Soviet Natal Pretence During knee, Vibratory Sy stssv.” 39 pp., Dec 1975, (Psab

Hsnick , Robert W. . “Th . USSR . ‘Bk.. Bait of the lraq-Kuwasti Border DIapsite: March-April liaised hi the o,..d.. ,aed vito,, of 17,5 Journal of
Defame’ Concept A Unified Mili ts.y Plan for 0.- 1973.” 34 pp. . Jsss~ 1074, lPublistsad vi Savi.t the Acoustic Socisty, Vd 60. No. 6. Die 1579, pp
fans. Against Saabora, Nuclear Attack by Strike Natal Policy, ad. Michasl MccGwir.: Now York: 1314
Carriers and Polaris/Po,.,don SS6Ns,” 18 pp.. May Praeg.r( AD 180 592 ~Dsparrrner,t of Mechanical Enpsneer.ng Uniw,’yrty
1973, AD 766 315 of Maryland

PP 123
PP 112 P,tsrien. Charles C., “The Soviet Port-Classing PP 135

Ginsberg, Lawrence H., ‘ELF Atmospher e Noise Operation •n Bansladaihi. March 1912-December Ooudraeu, Kenneth A.: Kuimack, RlcI, d A.;
L.val Statistics I., Pra~ect SANGUINE.’ 29 pp.. 1973,” 35 pp., Jun 1974, (PublIshed in Michasl Wi.ds,nann, Karsn, “Analynic of Ocean Altsrna-
Apr 1974, AD 786 969 MccGw,r.. st al. lath) 80,1st Natal Policy: ObEse- tin,, for Naval $tssio~s end Naval Air $tati~n,,” 47

tines and Constraints, (New York: Praeg,r Pub pp., 3 Jun 1975 I Reprinted Irons “t4eotfes~ before
PP 113 Ii,lsers, 1974) AD 710 540 the buboosnmlteee nit Military Ossutruction of the

0lnnb.r~, Lawrence H.. “Prop.g.tion Anornalia, Com.nitta. on Armed Service,” U.S. Senate, 93rd
During Pro~e~t SANGUINE E.penim.rsts .” 5 pp. , PP 124 Congress. lIt Sesalon, Part 2. 22 Jun 1973)
Apr 1974, AD 786 868 Prj,diesm, Rob,rt 1. and Jahn, Mary E., “Anlici-

pasing Soviet labstior .5 die Third U.N. Law of PP 13$

PP 114 the Sea Conference: USSR Positi ons and Du ane- Stabi gs, wINed,, •
~Opedwfl~• and Bal .,lor

Maloney. Arthur P., “Job Satisfaction arid Job ma.,” 37 pp., 10 Apr 1974, (Published In Soviet ilanepy ” 13 pp.. Jun 1975
Tur,so,e,.” 41 pp~ Jul 1973, AD 788 410 Nit PolIcy. .4. Michael MccGwlrs: New Yin,:

Pra.g.r( AD783 701 PP 137
PP 115 P,t.r,.n . Charts. C., “fl. Soul,, tinIest and 05.

Silverman. Lester P.. “The Determinants nf Ems,- PP 125 • Rsop. slsig of the baa, Canal: Minsclearlng Opera-
gancy end Elective Admissions to HospItals,” 145 W.lnI.nd. Robert 0.. “SovIet Notil Opinetloast tions in the Gulf of Best,” 30 pp., Aaa~ 1975 .
pp.. 16 Jul 1673, AD 766317 Ten Year, of Cheep,” 11 pp., Aug 1974, (Pub AD A 015376

tithed i~ Soviet Natal Pollp~, .4. MIchael
MccGwine: New York: Pna.pr( AD 753 952

CN A Prof.sslo nal Papers with an AD number may be obtelned from the National Technicel InformatIon Sgsvlc., U.S. D.pertm.nt
— of Commerce, Springfield, Virg Inia 22151. Other psp.rs ars av.lllbIe from the author at the C.ntsr for Nevsl An.lV$66. 1401 WlI,on

Boulevard, Arlington , Virginia 22209.

. -  .5-_t.-5_.~~~~~~~~~~~~ — 5 Sn ‘~~ - — — ~~~ ._ - -

_______  5-. . — - - - . -— - - 5 - - 5 — -•--
-5--- 

_ _ _ _



r 

- ‘

~ 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—5--

PP ISS PP 149 PP 1S0
8telhlnge~ Wiliest,, “BRIDGE: An ls1racti,e Di. Squires, Michael I,, “Cosantarforce Elfsctiv.niso: A Wilson. Dessssoad F,. Jr., “The 11.5. Sisal, Plait end
Ioga..Ges sratlon FaolIlty,” 5 pp., Ag 1975 (Re’ Comparison of the T,lpls “K” Measure and a Cone- tiw Co sentlonal Dafes,ae of Europe,” 50 pp., Sep
printed hots. 881 Tran,actions on Systems. Man, peter Simulation,” 24 pp., Mar 1976 (Prseentsd at 757$ (Submitted for p,frllcacioss In AdaIplil Pepsrt,
arid Cybernetics, Vol. S, No. 3, Boy 1975) the International Study As.oclet*on Wasting,, 27 1.1 5,5.. Loasdo. ) AD AO3O 467

Fib 1978) AD A022 591
PP131 FF 1.1 ‘

Morgeas, Wllians F., Jr., “Beyond Folklor. end PP 150 Milid UlcIusI 5. arid Pass. VI. Ad,., Ray (12514,
Fables In Forestry vi Po,iti,a Economics,” 14 pp,, Kslly, Anne N. and Petersen, Chasies, “Recent Rutjrad), “Pines Com ,.,4.. ,: Afloat or Ad orer
(Praaanlal as Southern Economic Association Changes in Soviet Naval Policy: Prospect. for Arms 9 ~~~~ 

•‘~~ 1*78 (R.pnintsd frosts U.S~ Naepf In’
• - Mact inge November , 1974) Au~ 1875 , Limitations in the Msthtsrrenean end Initan 

~~~~ Py~~~dv,g,, Jun 197$) AD A030 466
A0A015293 Oc.sn.” 25 pp., Apr 1978, AD A 023 723

PF IS2
PP 140 PP 151 F,isdelsss, Robert L, “Pasliamentary DpIl.,,.,..,, ,”

Mibonsy, Robert end Diucksesars. DistAl’. “Sisriula’ Horowitz. Stanley A., “The Economic Con’ 108 pp. Sip 1516 *04833308
Sian, lxp.rlmantatlon. aid Conteat.” 75 pp., 1 Sap Isquencet of Political PhIlosophy,” S pp~, Apr 1878

• 1975, (PublIshed In Sir,,ulasion & Gait.., Vol. 8, (Reprinted from Econosteic ls,qidry. VoL XIV , No. PP 153
No. 3. Sep 1975) 1, Mar 197$) Loclimen, Robin F., “A Model for foothctlng Re’
‘MndI.mitlca, Inc. onait t.os.s..” 5 pp., asp isis (presented at the

PP 152 86th annual convention of tie American Payol a.
PP 141 Miz,ehi. Maurice N., “On Petit Integral Solutions of Ii,giud Aseodatlon, Washington, D.C., 4 Sip 1976)

NieraIN, Maurice it., “Qosterahlzad Hersssite Poly- tie Sdvod,nger Equatiun, Without Limiting Pro’ AD A030 459
waisslal,,” 5 pp., Fib 1918 (R.pflntsd from di. cedure,” 10 pp., A~~ 1510 IRaprlssUd from
Journal of Computational end Applied Maths’ Journal of Mathematical Physics, Vol. 17, No. 4 PP 184
made., Vol. 1, No. 4 (1575). 273.277). (Apr 1976) . 686.575). Mahon y, Robert S.. Jr.. “As Asasssseant of Public
‘Raawch us,ppocud by tis. Nation.l Sconce ‘Romvch tuppofl.d by Ph. National Scdwc and Elite Perceptions In Frarsos, 11. United Kln~Fournhtion dam, m d  di. Federal Republic of Garesteny. 31

pp., Fib 1517 (Pr.santsd at Conf.renc. “ Percsp’
PP 142 PP 153 slot of the U.S. - Soviet Salon.. and di. Foliticel

Loclinsen, Robin F., Jilsn, Clsslssophser. and Miurelsi, Maurice N,, “W KB Sispenalons by Path Uses of Military Po ” spon,ored by Dinietor,
Shuplsart, Wiliast, F. II, “Models far Esllsss.tlng Fre’ Intigrals, W ith Application, to die Anhermonic Advanced Reesarci, Prolacta Agency. April 1978)
meter. Louse end R.nivstlng District P.,’ Oscilletor,” 137 pp., May 1975, AD A025 440 AD 038 589
faritsance.” 38 pp. D.c 1875 (Prsisntsd et the ‘Research aippoftzd by in. National Science
RAND Confaressce on Defense Nsstpowir , Feb Foundation PP 185
197$; to ha published in di. so ference pro Jotoow, James N. “Effact. of Trod. Rietrictioni
csedlsgsl AD A 020 443 PP 154 on Imports of Steel.” 87 pp., No,ambsr 187$,

MIeralti, Maurico N,, “0, the Saml’Cler,lcaI Sit’ (Detivirsd at ILAB Conference p Di. l978(
PP 143 psnsion in Deanium MechanIcs for Arbitrary

Horowltit, Stanley and Sherman, Allen (LCdr.. Hess,lltonlans.’ 19 pp. , May 1576 (Aildielsed is pp 
~~~ 

-

U$N), “M.isttsss.stcs Psr,onnd Effictivanits in this Journal of Mathematical Physics, Vii. 18, 140. 4 . p Feldman, Pan), “lmped,mant, to tie Implesesas ta-
Navy,” 33 pp. Jan 1978 )Pra.sntid at the RAND 718. Apr 1977), AD *025 441 of Ø.~~abf~ C*sangss In the Rsprlat)on of
Confer.nc. on Defense Manpower. Fib 1976: to be Urban Public TransportatIon,” 12 pp., Oct 1976,
publlsisid en tis, confe ns nce proceedings) PP 158 AD *033 322
*0 AOZ t 681 Squires. Michael L, “Soviet Forssps Policy end

Third World Nations,” 25 pp., Jun 1976 (Prepared PP 166 — R.vI.ad
PP 144 for presentation at the Midwest PolItic.) Science Faldmen, Pe il, ‘~~ sy it’s DlWcsilt so Change Rats-

Outs, WlUlsm J., ‘“fli . Navy of 05. Republic of Aseociation mistIng,. Apr 30, 1976) AD AO26 368 iasion,” Oct 1978
China — HIatery, Pp.81..,,. , and Pro,picts,” 66 pp.,
Aug 157$ (To be psiblsils.d In “A Guide so Asistic PP 158 PP 167
Pl.as..” ad, by Berry N. Sledsni.n; Nit InstItute Stalling,, William, “Approaches to Chines. Cl.arec. rnelnman. Samuel, “ROTC Sersic. Con.nsltmestt.: a
Prese t AD *030 460 tsr Recognition,” 12 pp., kin 1976 (Reprinted Comntant,” 4 pp., Nov 1978, I To he published In

from Pette,n Recognition (Pesgamon Press), Vol. 8, Pubui~ Choic,, Vol. XX IV . Fall 1978)
PP 148 pp. 87.98, 1976) AD A028 692 AD A033 305

Kelly, Anne N. “Port Vials. and 05. “Inter’
nationalist MissIon” of tie. Soviet Navy,” 38 pp., PP 157 PP 165
Apr 187$ AD *023 436 Mor~.n. William F., “Unan.ploymsnt and the Pent. (,ockmsn. Robert F.. “Re,ehidation of 09*

get  Budget: I, There *.sythin9 in the Empty Pork Support Pertonnal Selection Messssrss.” 86 pp., Nov
PP 14$ Birrelr’ 20 pp., Aug 1576 AD A030 455 1978

Palss,our, Vernon 1,, “AlternatIve. for Istareising
A..,. vi Sclsntlflc Journals,” 8 pp., Apr 1975 PP 156 PP 169
(Pressnaud a. tho 1*75 IEEE Conferenc, on Haikell, LCdr. Rhdtard 0, (USN), “Exp.rsmentsl Jscobion. Louis S., “Earnings Louis of Worker.
Sclentifla Journals, Cheery HIll, NC. , Apr 28-30; Vahidetlon of Prebibihity Priitctlons,” 25 pp., Aug Dluplac.d front Masssrfacturlng ls,duetrle.,” 86 pp.
published be IEE E Traneaction. or, Profieeional 1978 I Pri,ent.d e5 8-so Militery Operation, Re’ Nov 1978, (OelI,ued at ILAS Cosffsr.nca it D.c
Cosssessasicatlon, Vol. PC.iS, No. 3, Sep 1975) seats Society Meeting, Faa 1978) AD *030 456 1978) , AD AO3S 505
AO AOZ1 71$

PP 155 PP 170

~~ 147 MCConnell, James N., “TI ,. Goralskov A,llilss, The 
~~~~~~~ Fruti P., “A T(s,,s S.’I.i Analysis of

Ke.Isr. L Osrissless, “I.agel Issuie In Pretesting New Oosalskov b olt d Thels R.Ieclos, vi Poli~y,” L~~~5 Tur~~~,” f4 ,  ~~~~ ~
Offelue. Stre.t.j res,” 33 pp. ku ISiS (Prepared 93 pp., Jul 1*78 (Published Ii, Soviet Naval In’ Confa,eseoe in D.c 1578)
5dm s.ik order N00014’$S.A’0081’0023 foe tiuenc,: OomNlk aId Foreign Oimar,aions . ad. by
OrfRl AO 4835 86* N. MacGenre and J. McOosv,alI; Na., York; pp 171

Frieper. 1977) AD A028 227 Raleton, June. N., “A Dlffutlon Model tar GaP
FF 148 Rid LID Dsgtadof*n,” lO pe., N., 157$. (F ib

MaCinstill, Jam.. N., “MIli tary-PalsIed Teds, ~ Ilalisd in Jasarsed of Applied Pyslee, Vol. 47, pp.
ehe 50,4.5 Navy in War and Peace,” 82 pp., Dec 4518-4527 Oct 1978)
IllS (Published hi Soviet Dcii. ,, Dstelops,,ant -

Snady Of Sastits Consistence Committee October
1578) AD A022 550

g . ———- a --. .-—- — ,..,, ..~woas*t, ~~~~~~~ .. - • ..
-
. ~~

, —‘
~~~~

.•



~~~~~~~~~~~~~~~ -~~~~~-~~ - . .~~~~~~~~~~~~~~~

~~ tn PP 183 PP 192
Ctam.ss, KatIsIsin P., “Un.ssploysnint Insurance Kaialng. David. “Chengee In Soviet Naval Forces,” Holes., Arlene, “Effacts of Unemployment In-
and the L.n,lls of p,pl y,s’ nt,” Di. 1575, 33 pp., November , 1*74, (Publushid is pert of wrenci Entitlement on Duration end Job Search
(Ptsiarst.d as tie. UnIversity of ftoctiaatir Labor Chapter 3. “General Purpose Forces: Navy and Outcom.,” Au ast 1977, $ pp., (Ripnintsd front
Workshop on 18 No. 117$) Marine Corp.,” in Arena- Men, and Military Sodpte. Industrial and Labor Ralitlons Rail. .,. VoL. 30.

FrancIs P. Hoebar and William Soleneidar. Jr. (ida.). No. 4, Jul 19771
pp in (Crane. Rusaak & Company, Inc.: New York),

Kle,nsnan, $antuel 0., “A Note on Raced DIf. 1971), AD *040 108 PP 1*3
fwens.e in the Addsd.Workar/Olsaotsraped~Worlsar Horowitit, Stanley A., “A Modal of Unemployment
CoMrs.sray.” 2 pp., D.c 1978, (Publi,hid in tIe. PP 184 Insurance end the Work Teat,” Aupeet 1977, 7 pp
A,n.rloen loonomist. Va. XX , No. 1, Spring 1975( Lockm.n, Robert F., ~*n Ovirviaw of the OSD/ )Rapninssd from Industrial and Labor Ralatlon, lii

OPIR Conference on First Tire,, Enli,ted Attrition,” view, Vol. 30, No, 40, Jul 1977)
PP 174 22 pp., kin, 1877. (Presansad vi 05. 39th MORS

Mahiney, Robins S., Jr., “A Cosnpenieon of the Walking Group on Msnpow,r and Personnel PP 194
lrcaklngs and International Incidents Prf.cts,” 12 Plansslng. Ann.pohls, Nd,. 21-30 June 1977) , Clam... Kathlesn P., “The Effect. .f Unas,phcy-
pp. Feb 1577 AD 037 208 AD *843819 m.nt Inasarenca on 54,a Duration of Unssssploymsnt

end Subseysaans E.,nIngs,” Aupest 1877, 7 pp. (sta-
FF 175 PP 118 printed frosts Is,&jstniel and Labor Rilatlons Re’

La,In., Denial; $soloff , Peter and Spruill, Nancy, Kaealn , Dsvld. “N.w Tails..alogy and Naval Faeces view, Vol. 10, No. 40, Jul 1577)
“Public ~~~ Treatment end Addict Crin,e.” June in ties South Atlantic,” 22 pp. (This papa ems the
197$. (Published in Journal of Lagel Studies. Vol. basis foe a Presentation nude at 05. Institute fan PP 156
B, No, 2) Foreign Policy Astilyus, C..lrldge, Mass., 28 April Sneddlng, Frank, “Un.saploymestt Ineiranca Tastes

1977). AD A043 515 and Labor Turnover: Summery of Theoretic.)
PP 17$ Fl.sdlngs,” 12 pp. (ReprInted front Industrial and

Felix, Mmdi. “Cosrelates of Retention end Prosno- PP 11$ Labor Riletlons Review, Vol. 30, No. 40, Jul 19771
51051 for U$NA Gradual..,” 31 pp., Mar 1577. Mlrrahi, Masanlo. Pd,. “Phase Spies lne.5.lt, With.
AD A038 000 out Lineltist, Presider.,” 31 pp., May 1977. (In- PP 158

vised papa preserstad at 54,~ 1977 NATO lnoslijts Ralston. J. N. and l,ovlmar. 0,0., “OspeedeIlo.. of
PP 177 on Petit tsstsrel, and Their Application in SuN. Elacsrolsasnsnescent Efficiency Wi Zst , 0.Oaped

5.ad.man. Robert F. end Warner, John T., “Pr. Osnanfus,, Statistlid, seed Solid Seats Physic., GaP LEO’ s,” July 1177, 3 pp. (ReprInted from
dieting Attrit ion: A Test of Alter satsea A.ttwerp. Salgiust,, July 17-JO, 1577) (Published In IEEE Transactions on Electra,, Davis.., Vol.
A_,.,.,u4,._,” 33 pp Mar 1977. (Presented at the Journal of MatlsUesatical Physics 18)1). p. 298. Jan [0-24. No. 7, July 1577)
OSDFOeOR Conferenc, on Enlisted Attrition Xiroe 1975). AD *0*0 107
International Trssnin, Canter, Le.aburg, Vlr~stia, PP 197
47 April 1177), AD *03* 067 PP 157 MiSs, Anthony R., “its. Cessmns far Naval

Call.. Rusechi C., “Nosstoçaplsy for Operations Re’ Analysas.” 14 pp., D.c 1977, AD *849 107
PP 171 wards,” 39 pp.. April 1977, (Prasinted at the Joins

Kleiwesas,, Sensual 0., “As Evaluation of Navy Un- National Maetlng of the Operations Resasrchs PP 118
r.elnlctid Line Officer Accsss.on Proy.m..” 23 pp. Society of America end The Institute for Manage- C*aeeen. Kathleen P., “The Distributional Effects of
AprIl 1977, (To be presented at ste. NAT O Con- “von Services, San Francisco, CalIfornia, 9 May Unisnplaymant Insures,...” 25 pp., Saps. 1977
feranc. on M.ap...nar Planning and Orgenisatlon 1177), AD 4843 820 IPresantid as a Hoover InstItutIon Conference on
Design, Sties., Italy, 20 June 1977) , AD *039 041 Income DistrIbution. Oct 7-6. 1977)

PP 189
PP 179 D,arch. Wslti.m J., “Information Processing end PP 119

Stoloff , Peter H. and Balut . Stephan J., “Vacate: A Outcome Forecistlng for Multilateral Nagoalatlons: Osircis. William J., “R.eol,atlon Prom A F.A.R. -
Model for Pansostnal Inventory Planning Under Testing One Approicls,” 53 pp., May 1577 (Pr. The Cuban Armed Force. 1st Africa end the Midst.
Changing Manegeenint Policy,” 14 pp. AprIl 1577, pared far pr.,sntatlo e so sits 1*54, Annual Conven- East,” Sap 1577, 18 pp., AD A048 288
(Pra..ntad it 05. NATO Conference on Manpower t ion of the International Studies Association. Clue.
Ptennins end Orgenization Design, Strive, Italy, 20 Perk Plan Hot.), St. Louis, MImetanl. March 18.20, PP 200
June 1977), AD *035 049 1977), AD *842 222 Powers, Inns. F., “The United Stat,. Navy,” 40

pp. Di. 1977. (To be published a a d,aptav In The
PP 150 PP 59 U.S. Men Machiss by S.I.e,usdsn Soak, in hegiend

Horowltit, Stanley A. and Sherman, Allan, “The Coil., Russell C., “Error Detection in Computerized during 197$). *0 4845 105
Characteristic. of Naval Persona.) and Personnel lnforstsitis~n Rst niaval Deta Basis,” July, 1977, 13
Performance,” 18 pp AprIl 1977. (Presented at ste. pp. Prasantad at the Sistis Crenfisld International PP 201
NATO Conference on Manpower Planning and Conferin~s ore M.chasslz.d Information Storage and Dureh. WIthin, J. , ‘11,. Cuban Military In Africa
Orpnszatlon Ossips. Stresa. Italy, 20 Jun. 1977) , Retrieval Systems, Cnenflsld Institute of Tech’ and Th. Midst, East: From Algeria to Angola,”
AD A039 050 nology. Cranfisid, Iidford. Engiand, 2529 July Sep 1571. 87 pp. , AD 4841875

1971, AD A043 510
PPIS1 PP 202

Sulsat, Steplsan J. and Stoloff, Peter, “An Inventory PP 150 Psldman. Peel, “Why Repalatlon Doesn’t Mask ,”
Ptannlng Modal for Navy Enlisted Personnel,” 38 Mal,oniy, Robert S., Jr., “European Perception. (Reprinted front T.ciereotegical Osanpe and )lsWs’a.’r
pp., May 1977, (Prepared for presentation at the aid [eat.Wsae Cosespetltlon,” 50 pp., July 1977 in No R.pdalld In&st,i aid Review of Spciaf
Jsls,t National Meeting of the Operations Rsssarch (Prepared far presantatlon at the snnuel masSing of Economy, Vol. XX IX , March, 1971, No. 1.) Sep
Society of America and ma Institute for Mevage the Ien,nsutisnal SsudIs, Association, St. Louis, 1977,9 pp.
mans Science. I May 1577. Sen Francisco. Cdi No., March, 11771, AD *043 181
farnial. AD *0*2 221 PP 203

PP 1,1 Foldiesin. Pad, “Vficlinsy, Dlstrlls,tl.,.., seed ti ll
PP 182 liwyl,, Ronild, “The lstdepsndant Field AssIgn- Role Of 0.,..,....,. ,s is a Mamkss t..asaissy,” I Rn-

~~~vey. RepasS. 2nd, “The Deem for tile Perfect snares, On. Man’s View,” Augeet 1977, 25 pp printed frosts The ,las.,sel of POO*W E~cnoeny,
Study or Ny FIrst 1138 Days at CNA,” 57 pp., Vol. 7*, No. 3. May/June 1971.) Sep 1*77, IS pp. .
April 1577 AD *185875

‘ 3 ’

- .~ q, * t .  .., ..Cr.. - .‘A 0 -, - . ~~~~~~~~~~ - - -

~~
_ .-~~--- - - - - -~~~~ --— ---.~~~ --—---~~—..--- -



PP 204 . PP 2II
Welt. Anthony R., “The 1987 June Mar: Soviet Cois, Ruasll C~. “Comments an: Ainc/plea of In-
Naval DIplosesacy and Th. Sinsth Fleet — A Re #O.’m.tnO#, A.b/ntul by Nenfred Koolhin. 10 pp. 

Massgal. ~~~c. Ustiforns Treecss,ens of Fluesiadena
appraIsal ” Oct 1177, 3995, AD A007 238 Mar 7$. (Published m a  Latter to 05. ~~~~~~ 

at Critical Pclists. 50 pp. , May 1575 (To be sib’
Jourssil of Oaseamesssitlan, Vol. 31, No. 

misled for publication is Jasarsal oh Statistical

PP 205 295301. Osoeseb. 1975)
CelL Rusaell C~, “A Slbllomas,lc Examination of Pp
dii Separe Root Theory of Scientific Publication PP 218
Prs#jstirllv.” (Pteaes,ted at his. astasual setacting ~ 

Celia, Ruseall ~ ,, “),og.a’e Fraqu.ery ~~~~~~~~ Maatgal, Marc. Rileisitlost at CtItI~iI Feins. :
his. Asesriase, Society fee Informetlon Science, of Scientific Pnodusalvl*y,” iS pp., Fib IllS. IPtib 151S T
Chicago, IllinIos. 29 Septetsther 1977.1 Oct 1977. 5 lIshed In th. Josarnal Of the American Society far 0 be asbsnlttsd for publication In Journal

pp. AD *047 237 Information $clencL V.). 2$, No. 8, pp. 3SS~37O,
November 1977) PP

PP 
MeCons,el. Janei M., “Stnat.qv end Niselane of ~fs~ 

PP 217 Ratis l ‘r~ 
“DIffusion Theory of Riactiess

Soviet Nesy Is, 54,5 Yew 2880.” 4* pp., Plo, 1977, COIlS, Ruaialf C., “Sibhlosnatrle Studies of ScIentifIc orsse~alas.cs. and Elnitasn-Ssssolucltowci.s

(Pnisentid at a Conferest~a on Problerno of Sea ProductIvity.” 17 pp., Mar 7$, (Presented ~ 
Approx matlan, 50 pp, Jan 197$

Power as we Approach 05. 21st Century. sponsored Artnsaal meeting of sit. Americans Society for In. PP 230
by the American Ent.npafl~ Inaritute for Public forenitlon Sclstscs held in San Francisco. CalifornIa,

• Policy Resascls. 8 October 1977, and subsaquenlly October 197$.( Rites II Orssataln. ~~
‘ ~~~~‘r of Rainiest

publisltid In a collection of pipers by the IsslI- Feb 1 7$
sos.). AD A047 244 PP 218 — CIM5Ifod. pp.,

PP207 PP 219
GoI*ar~ Lawrence. “Coat.Effectlvistiea of Fe’ Huntzinçsr . R. LaVa,, “Market Analysis with
tasstid Federal Policies Affecting Rewards & Rational Expectatlosa: Theory and Estimation,” SO
Divileganent Expenditures In the Auto, Steel and pp., Apr 7$ (To be Isnbnelttid far publication in
Food lnthaatrleo.” 38 pp., Oct 1977, (Pniiensid at Journal of Econometrics)
Southern Esonos,slc Association Meeting. b.plstning
2 Noventber 1971) PP 220

Pdeursr, Donald E.. “Diagassellzatlon by Group
PP 208 WesIrlcss,” 2$ pp., Apr 7$

Robins, Stephen S., “ma Diem . of the Overseas
Station Fleas.: Th. United States Asiatic Fleet and PP 22~
the **ssn~s.i Crstis. 1932,” iS pp. Nov 1977, (Rn- Wasteland. R~ber5 G., “Superpower Navel Diplo’
prlntad from The American Neptune. Vol. sesaCy in the October 1973 A,eb.lwsoli Win.” 70
XXXVII., No. 3, July 1977), AD *047 245 Pp.. Jun 191*

PP 20* - Classified. PP 222
Nlzrahi, Maurice U., “Conneipostdinc. Ruin and

~ ito Path Intipals,” 30 pp,, Jun 1979 (Invited paper
Kaeasns. David. “Promoting The Fleet,” 40 pp., Dec pratentad at the CNR$ meeting on “Mathematical
1977 (Prepared for th~ American £ntarprsse h,ssti- Probksn, in F.ynsssw”s Paths Istfeprals,” Naraslil.,
lute Cessferenos on Probl.s,ts of See Power is we Prince, May 22~2$, 197$)
AppronsI, 5)50 21st Cm~stury. October 8.7, 1917),
AD AOII 1O9 FP 223

Misegel. Nero, “Ssoclsvetic Mechanics of Molecule’
PP ~ii Ion Molecal. ReactIon.,” 21 pp., Jun 1975 (To be

NIsralsI. Meurici M., “On Approximating the Ci,cu. tubmittsd for publlcetlon in Journal of Math .
be Coverage Function.” 14 pp., Feb 1978 matical Physical

PP 212 PP 224
Measpal, Mare, “Ose Sinprles’ CharacterIstic Initial Nasgal, Marc, “AWegetlon. Sifurcaflon, end
Value Problems with Uniqu. Solutions,” 20 pp., Extinction It, Exploited Anlasul Paptalitlosta”,” 45
Just 157$ ITo be submitted for publication in pp., Men 1918 (To be wabntlttsd for publication in
Journal of Matltematical Analysis and It. Appllca’ American Neturallet )
smont) ‘Pont/one of 1*/s siwis we starred at 05. Inset/lute

of Applied Mathoeeatic. .‘sd Ssitfst/cs, Uniecrxisy of
PP 213 Sr/rich Co/om*/e. Vavmsuver . S.c . Canteib

ManpI, Marc, “Fluctsastlana in Syatensa with Multi’
g pIe Stsidy States. Appllcatiote to Landseoter Eqssa’ PP 225

tone,” 12 pp., Feb 7$, (Pnseented at the Pints Msngil. Mars, “Oeailhitlossa, Flsaatuatloaso. and dii
Annual Workrho, on the Information Linkage B.’ Hapi Slfsarcation .” 43 pp., Jun 1979
swe.n Applied Mathematic, arid lssthastry, Naval PG ‘Post/on,, of 1*/s mmli we co.eepietid at 1*.
School, Feb 23.25, 197*) lnsms,t. of A , d  *Ieth.mafics end Sue/st/cs.

fMicets#ry of II*ah Co*rnth,la. ~fu,couvr, Censeib
PP214

Weinland, fl.bifl 0, “A Sontinhat Dlffiv.sst VIew ~~
of 7$. Optimal Naval Paetsara.’17 pp, Just 1971 Ralston. J. N. and J. W. Manse , “T......si% , sad
(Plesensid at 05. 1978 Convention of hiM AmerIcan Co,raste Cap..i. ~ e gil Ds,.. 4.tLast in Red.
Pohlticel Science Association (APSA/IUS Pastel ass 0~ 7$ Up., Jun ~I7~

Steele.). flasp.L._.te end Military
Passive”), Chinpe, IS., September 2, 1978)

‘4 .

- - -- •- - - -~~~~~~ - —-,- 

-- ~~~~~~~~~~~~
..


