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NOTATION

Dimensions*

A Planform aspect ratio = (2b)2/S L2

b Half-span of hydrofoil I

c(y) Chord length distribution L

Ca Average chord length L

c0 Mldspan chord length L

C Total inviscid lift-dependent drag
coefficient = D/¼ pU S -

C Unbounded flow induced drag coefficient;
corresponds to D1/½ pU S -

C Surface induced drag coefficient;
corresponds to (D2+D3)/½ pU S -

C0 Surface wave part of wave drag
sw coefficient at large Froude number -

CL Total lift coefficient = L/½ pU2S -

CL Reference lift coefficient = 2r0/Uc0 -

0

C Wave drag coeffic ient,
corresponds to D4/½ pU S 

-

Cw(d)i CW( t) Diverging and transverse wave components of
Cw (Cw = Cw(d) + Cw (t)

) -

D Total Inviscid lift-dependent drag ML/T 2

D1,(D2+D3),D4 Components of total lift-dependent drag 2(Wu ’s designations) ML/T

Fb Half span Froude number = U/V’~E - -

* 1.  length, T =  time, M =  mass

vii
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Dimensions

F
~ 

Average chord Froude number = U//~ç -

Fh Depth Froude number = U//~}i -

FL Kernel function in integral of ~~ -

2

F1(o) Va lue of FL (u) at u = 0, function of A
only -

g Acceleration of gravity L/T2

h Depth of submergence L

Wave drag integral -

Modulus appearing in complete elliptic
integrals = l/(l + x2)½ -

L Total lift force ML/T 2

L0 Reference lift force ML/T2

S Planform area of hydrofoil L2

U Free stream veloc ity L/T

x, y, z Coordinate variables (see Fig. 1) L

B Half-span Froude number squared = U2/gb -

Wave drag function; related to CD term -

SW
r(y) Distribution of circulation strength across 2span I /T

r0 Value of r(y) at midspan (y 0); ‘strength’ 2of circulation L /T

Lift correction coefficient ratio •

~
CL/CL 

-

0
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Dimensions

AC Lift correction coefficient =
AL/½ pU S -

ACL , ~~ Froude—independent and dependent terms ,
1 2 respectIvely, of lift correct ion coeffic ient - 4

AL Lift correction due to u-component 2induced velocity MI/I

1(
0 

Free surface wave number = g/U2 L 1

A Depth-to-half span ratio = h/b -

0.1 Biplane factor -

• Perturbation velocity potential L2/T
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ABSTRACT

Hydrofoi l drag and li ft predi ction formulas deri ved by T.Y . Wu
using the lifting line approximation are evaluated numerically using a
computer program developed for the purpose. Some results for selec ted
aspect ratios and foil submergences are displayed in several plots of
general interest and usefulness, for the case of an elliptic planform
hydrofoil supporting an elliptic circulation distribution of fixed
shape, but variable strength.

Some preliminary comparisons between results obtained numerical ly
and from Wu ’s asymptotic formulas are d iscusse d. These show that for
certain extreme cases , the wave drag and the Froude-independent part of
the lift correction are well predicted by asymptotic relations. For
intermediate values of both Froude number and submergence ratio, the
asymptotic relations give poor resul ts for wave drag. At most all
submergences and Froude numbers the existing asymptotic expressions for
the Froude-dependent part of lift correction give poor results .

ADM INISTRATIVE INFORMATION

This work was authorized by the Naval Material Comand (081), funded
under the Ships , Subs and Boats Program, Task Area ZF43-42I , and
admin istered by the Ship Performance Department High Performance Ve hi c les
Program (1507).

INTRODUCTION

Growing interest in very large hydrofoi l support systems has

focused attention on a low Froude number range of operation (at or near

takeoff speeds) generally regarded previously as being below anything of

practical utility . This has created a renewed interest in the

analytical properties of a hydrofoil moving near the free surface. A
1*recent experiment specifically Intended to produce data for a hydrofoil

operating at low Froude numbers has also pointed out a distinct need for

* A complete list of references is given on page 88 
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well-founded analytical predictions of foil-alone performance for use in

di rect comparisons with experimental resul ts , for preliminary design
studies , and possibly for refined data analysis of interference effects.

There are ava i lable several publ ished li fting line theories for
submerged hydrofoils , and though there may be di fferences as to the form

of the final expressions or in the degree of completeness of the

calcula ted results , these theor ies all sha re comon fundamental
assumptions and therefore must ultimately be versions of the same

theory. A recent comprehensive sumary of published work on the

lineari zed theory of hydrofoils has been presented by T. NIshiyama ,2

whose own extensive work wi th the hydrofoi l lifting line theory appears

prominently in the discussion offered in Reference 2. Unfortunately

there are only limi ted examples of hydrofoi l aspect ratios and depths of

submergence carried out in Nishiyama ’s papers , and his computer programs
are not available. Therefore it was decided to start to build up a

computational capability for predicting hydrofoil performance based on

the lifting line theory by T.Y. Wu developed in 1953,3a and published in

l954.’~ Hallmarks of this work are the careful formulation and solution

of the problem within the framework of the lineari zed free surface

potential theory, and the extensive asymptotic analyses that show the

effects of Froude number and sumbergence depth on drag , lift , and

induced ?elocities . As far as is known , there has never been a systematic

attempt made to exploit numerical ly Wu ’s deri ved formulas for the

purpose of presenting general information useful for prelimi nary design

or comparison with experiments. It may be noted that in an Independent

effort, J. Breslin and his associates obtai ned formulas simi lar to those

2



of Wu . Also, Breslin4 organized what look like part of Wu ’s asymptotic

results for wave drag Into an approximate scheme for estimating

hydrofoil performance at large Froude number. This scheme has been

unveri fied, however, both as to its accuracy and regions of its

application .

The present work has been directed mainly toward the development of

numerical procedures and a computer program for evaluating Wu ’s results

for the prediction of hydrofoil total lift-dependent-drag and lift

correction .

SUIIIARY OF RESULTS FROM LIFTING LINE SOLUTION

The complete potentia l flow sol ution for a submerged flat hydrofoi l

of span 2b, submergence h , zero thickness , and arbitrary planform shape

of aspect ratio A = (2b )2/s moving wi th steady velocity U beneath the

free surface of an otherwise undisturbed fluid has been presented by

Wu. 3 Formulas have been given for the solution of the perturbati on

velocity potential •(x, y, z) which satisfies the Laplace equation

throughout the fluid region and the lineari zed free surface boundary

conditions on the plane z • 0. Details should be sought In the original

reference. Figure 1 shows the geometry and coordinate system for the

hydrofoil lifting line problem.

In accordance with the classical lifting line approach , the

spanwise-varying bound vortex distribution r(y) has a strength at each

y-va lue that represents the chordwlse-integrated effect of bound

3



vorticity concentrated at the quarter-chord 1Ine-—-a reasonable

approximation for ‘large ’ aspect ratios . In practice , this means for

aspect ratios larger than about four.

If we suppose that the ci rculation distribution r(y) is known ,

either by specificat ion or as part of the sol ution, Wu ’s express ions are

sumarized here for the hydrofoil lift—dependent drag and total lift ,

given in terms of r(y) and the induced veloci ty field at the locati on of

the lifting line .

GENERA L

Drag Due-to-Lift

The total drag due-to-lift has been obtained from the expression

=-p 
J
r(y) 

(1)

Of course the perturbation velocity potential • is itself proportional

to the circulation strength, and has been determined by Wu as the sum of

four parts , with corresponding drag components. Thus

D — D 1 + D 2 + D
3 +D 4 (2)

1 

~~~~~~~~~~
_

~~~
- _ -

~~~~~~~~~~~~ —- - 
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where

= 

~~~~~~ 

[f
2(~) + g

2

(;
~~

)}  ~~ dp

(D2+D3) = - 

~ 
pJ

0
e~

2h11 
[f

2(u) + g2( ) J  ~~ (4)

= 7r PKc~J 
e 2hl

~o
5ec o 

[f
2( sec2e sIn 0)

0 (5)
+ g2(K0sec2o sin e)) sec5e dO

with

f(~) 
1 

J
r(n) cos ~~ dr~

g(u) ~ J
r(n) sin ~n dr~ (6)

g/U2

V iscous drag is not included In this potential flow result. The

functions f(~) and g(p) are the Fourier coefficients of the circulation

distribution.

Total Lift

For the hydrofoil, the x-component of total velocity is modified

from the free stream U by the presence of the free surface , so that

‘ 
- :.

I
— — ~~~~~~~~~~~~~~~~~~~~~~~~ 
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total lift Is given by

L ~ Lr~~ 
[Li + [

~
. ] }  dy (7)

or L = 10 +A L (8)

where

L0 
= ~ ~ dy (9)

AL = ~ Lr~Y [fr +(o Y~_h)J dy

AL = _½
~ J 

e 2
~~id~i J {

~2~ sin o) + g2(u sin o)J
o o (10)

(~j + 1( sec2O~xl ~ p JdO
u + K sec e

with f(~) and g(p) given by Equations (6). It may be noted at this

stage that in all of Nishiyama ’s work with the hydrofoil lifting line

approach, the lift correction term AL has been neglected as being of a

higher order and therefore not properly included in the results of a

linearized theory (see , for example, Reference 2 , Equation (195)).

There is certainly no question that the numerical computation of AL is

tedious and time consuming. However, It is not at all obvious that AL

is of negligible size from the integral results in their primitive

state. Rather, it is fair to state that AL is of the same order of

magnitude as the lift-dependent drag, and that it is one order smaller

In magnitude than L
~
.

L. j
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ELLIPTICAL CIRCULATION

Because of the inherent simp lifications , it Is interesting to

cons ider in detail the case of specified elliptical circulation

distribution

r0 A.Y
2I~~, I~I < b

r(y) = (11)
0 , I y I > b

This is clearly a meaningful choice because the elliptic distri bution is

the correct linearized solution for an ellipti c planform wing in an

unbounded stream (no free surface present).

EXAMPLE PLANFORM GEOMETRY

The planforin geometry chosen here is an ellipse , simply to remain

consistent wi th the choice of the elliptical circulation distributi on.

As indicated in Figure 2, the ell iptic planform, with chord distribution

c(y) = c0 v4-y2/b2 (12)

may be characterized by:

averaged chord ca • ~ c0 (13)

planforin area S • ~~~ c0b • 2bc8 (14)

7

-- 
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aspect ratio A = 
(~b)

2 
= = (15)

The depth-to-chord ratio and depth-to—half span ratio are, respectively,

— 

~~~~~ 
(16)

h ... 8h — 2 hA —
~~~~~~~~— - ~~~~

-
~~~ — (~

.) 
~— (17)

Then drag and lift coefficient are formed in the usual way , based on

planfo nn area

c0 = 0 
2 and c = 

1 
2 (18)

½ p U S  L ½ p U S

Physical ly, the results of the present calculations pertain to a

special situation where both the form and strength of the ci rculation

distribution are maintained somehow on the specified planfonn shape;

without regard to the angle of attack and changes in the effective angle

due to vertical induced velocity. It should be emphasized that for a

near-surface hydrofoil of any prescribed geometry, the actual

circulation distribution r(y) will be fixed in neither shape nor in

strength, and in general must be determined as a function of Froude

number and depth of submergence. Numeri cal calculations of the complete

free surface hydrofoi l problem are deferred to a later reporting of

results.

8
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The present calculations are very useful In showing the detailed

Froude-dependent behavior and exact relative magnitudes of the various

components of both CD/CL
2 and Ad / C L

2 for the simplified version of the

problem.

FROUDE NUMBERS

It is convenient to have several Froude numbers available when

discussing hydrofoil performance. The reference length can be either a

hydrofoil size parameter or the submergence depth.

chord Froude number Fc =

depth Froude number Fh = U/’~Ii = /c /h Fa C (19)
half-span Froude number Fb = U/v’~& = /27~ F~

8 1 U
2
/ gb = F

b

2

Any one Froude number alone wi ll not suffi ce to characteri ze the free
surface flow geometry of a hydrofoil. There must be a nondimensional

speed parameter (Froude number) accompanied by a relative depth of

submergence parameter.

FORMULA SUMMARY

Drag Due-to-Lift

The total invisci d drag due-to—lift, in coefficient form, is

hereafter written In components that can be Identified In terms of C



C , C , and C (obtained from Wu ’s D , D , etc.), but wi th a notationD2 D3 D4 1 2
more suggestive of their physical significance

CD 
= CD + CD~j 

+ CW (20)

= C + (C + C ) + C (Wu ’s notation)Dl 02 03 04

where for the elliptic circulation distribution

c = 
l..~ (21)Die,, r

CD -
~ kC 1

2 (22)

w/2 -2 2L 
~
2Fh sec e 21 2

= ~~ 9 J e 
~ 

sec e sin a )
o (23)

sec a
sin a

where is the Bessel function of the first kind, of order one. The

reference lift coeffi cient C1 is proportional to the circulation
0 -

strength r0,

2r
C1 •~~~

i (24)

10
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The image induced drag factor a 1 can be identified as the Prandtl

‘bip lane factor ’ discussed , for example , by von K~rm~n and Burgers,
5 pp.

217-219 , in connection with the combined drag of biplane arrangements .

Wu3 has obtained a compact formula for the biplane factor, expressed
purely as a function of A

a1 (A ) = I - A ,~c;::2- [K(kA - E(k A)) (25)

where A = depth-to—half span ratio = h/b

l/(1 +

and K(k) and E(k) are, respectively , the comp lete ellipt ic integrals of

the first and second kind.

The term C is the familiar unbounded flow induced drag

coefficient for an elliptic planform wing with total lift coefficient

C, . The negative quantity C0 represents part of the surface induced
‘—0 si

drag, independent of Froude number. We note that C~, depends only on
“Si

the depth-to-half span ratio A , as contained in the biplane factor a1 (A)

described above. The ‘wave drag’ coeff icient, C~, is the

Froude-dependent drag contribution , denoted as such to conform wi th past

notations (e.g. Breslin4). However , Cw embodies more than the usual

wavemaking drag coefficient that one would obtain , say, for a submerged

non-lifting body. While C~ has the expected zero-value lower limi t

(Froude number —‘- 0), it approaches a non-zero upper limi t (as Froude

number -~ °). This upper limi t val ue combines directly with the C,,‘Is i
term; and in the infinite Froude number limit, changes the sign of the

11
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resulting surface induced drag contribution. Specifi cally, the wave

drag coefficient can be wri tten for the large Froude number regime as

2Cw 
= 

~~ C~ + CD (26)

where the new term, CD , is the ‘surface wave’ part of Cw that has aSW
zero l imit as Froude number grows infinitely large. This form is

inappropriate for use at small Froude numbers.

The two limiting values with respect to Froude number of the total

drag coefficient due-to-lift are simple modifications to the induced

drag, and invol ve only the biplane factor

C 2

lim CD = —.--~- fi - a,(A )J (lower limit ) (27)

u r n  C0 = —a- fu + ai(A)J (upper limit) (28)
Fc

Total Lift

The total lift coefficient for a hydrofoi l having an elliptic
circulation distribution of strength r0 is given by

C1 • C1 + ACL 
(29)

12
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I
whe re

b 
________

C1 
= 

bc~U 
‘b 

dy = ____ = (30)

AC1 AC +A C (31)12

The two parts of the lift correction coefficient , AC1, can b~ wri tten

directly from Wu ’s3 resul ts as

(A(l - (k /k
~
)2
~ 

½
AC1 

= - 2 C(k 1)dk1 (32)
1 ~~~~~~~ 1 - k 1 

)

8C 2 ir/2 —2 2L -2uF sec 0
ACL 

= - 

w2A J u (u-l) J e h

0 0 
(33)j 12(! sec 2o sin a) do 

2B sin e

where C(k 1 ) is a derived complete ellip tic integral that can be written

(see Reference 6, p. 321 ) In terms of the complete elliptic Integrals
K(k 1) and E(k1) as fol lows

C(k 1) ~~ [(2_ k 1
2 ) K(k 1) - 2E(k 1)) (34 )

with
kA 
• l/ (l +

, 1:i 1117111
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It is clear that the reference lift coefficient C
L is the first order

lift quantity , and that AC1 is a second order quantity proportional to

CL
2 and therefore roughly of the same magnitude as CD.

EXAMPLE NUMERICAL RESULTS

In this section the results of some numerical calculations for

hydrofoil drag and lift correction are presented for representative

values of planform aspect ratio , depth of submergence, and a range of

Froude numbers . Tabl e 1 indicates the matri x of cases cons i dered. To
produce these resul ts , numerical evaluations of the integrals appearing
in the wave drag coefficient and lift correction coefficient expressions

have been carried out with a digital computer program consisting of

several subroutines guided by a main program entitled SUBMFL . A

complete listing of this computer program is given in Appendix A. No

approximate or asymptotic formulas or ser ies sol utions are use d; only
numerical quadrature has been employed. However, rather extens i ve
intermediate and check-out tests of most of Wu ’s asymptotic results have

been performed in the course of debugging the individual subroutines .

Certain details of the manipulations of integration variables and

general outlines of the numerical integration procedures are covered in

the appendices.

14 
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TABLE 1

MATRIX OF CALCULATED CASES

ASPECT RATIO , A
4 6 10

0.25 x x

5~f 0.35 x

0.5 x x

~~~ 0.75 x

1.0 x x x

~ , 1.5 x

I~i 
x

15
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DRAG DUE-TO-LIFT

Biplane Factor
The magnitude of image induced drag effect (see Equations (27) and

(28)) is contained in the biplane factor a1(A), given by Equation (25).

Owing to the ease of computati on of K(k) and E(k), an approximate

formula for a
1 

Is not needed. Appendix B presents brief remarks on the

calculation of a1 
and a table of its values . Figure 3 is a plot of a

1
(A)

covering a practical range of A-va l ues.

Wave Drag

A convenient form for the expression for wave drag coefficient

ratio , starting with Equation (23) is shown in Appendi x C to be

—2
C~ e h

2 (35)
C1 wF

~

where the wave drag integral is

( exp(-F~~ A+48 t [1 + /S+48 t 2J = J J (t)dt (36)
0 t

Numerical results for the wave drag coefficient ratio versus the chord

Froude number F
~ 

are plotted in Figure 4 for an aspect ratio A = 4

hydrofoil , wi th -contours of eight depth-to-chord ratios . Some of the

same results are replotted versus depth Froude number Fh in Figure 5 to

show that the peaks in the wave drag ratio C~/C1~ apparently line up at - -

16 
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a Froude number of Fh 1.4, regardless of the depth of submergence.

From Figure 4, it Is seen that in the chord Froude number plot , the

peaks shift to higher Fe_values as the submergence depth increases .

Figure 6 displays wave drag results for aspect ratio A 6 at four

depth-to—chord ratios.

In all three Figures 4, 5, and 6, the upper limit values of wave

drag ratio (see Equation (26))

C 2°
u r n  = (37 )
F -.- c’ CL irA

are indi cated by horizontal lines along the right hand borders of the

graphs. Evidently the C
~
fC1

2 curves approach the lim iting values more

quickl y for the deep submergence cases than for the shallow submergence

cases.

For a constant depth-to—chord ratio h/Ca 
= 1.0, Figure 7 is a graph

of C
~

/Ci
2 versus F

~ 
for three different aspect ratios A = 4, 6, and 10.

This shows that the wave drag peaks become relatively higher for

hydrofoils with larger aspect ratios. Although at first glance this may

seem contrary to one’s intuition, the result is true only for the

wavemaking part of the drag due-to-lift at a low Froude number, and can

be understood by a separate study of the relative magnitudes of the drag

components associated with the transverse and diverging wave systems.

17 
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Transverse and Diverging Wave Contributions

The free surface wave pattern produced by a submerged disturbance

is the superposition of two fami lies of waves , the trans verse and

diverging systems . It is interesting to decompose the total wave drag

into corresponding wave system components as was accomplished by Wigley

(see Lunde7) using the thin ship theory for wave resistance for surface
ships , and by Breslin4 for hydrofoil wave drag. In the a-integral

representation of wave drag in Equation (23), the transverse wave system

is the integrated effect of the wave-direction -interval 0 < a < 0c ’ and

the diverging wave system comes from o~ < a c ii-/2. The critica l angle

dividing the two intervals is

0c 
= sin 1 

( /175)

In the t-integral representation of wave drag , given in Equation (36),

the critical t-va lue corresponding to 0c is Froude dependent

c 8 c c

Computations of the transverse wa ve drag contribution Cw(t )  and

diverging wave part CW ( d ) correspond, then , to the intervals 0 < t < t~
and t~ < t c ~~, respectively.

Some example results for the wave drag decomposition are shown in

Figures 8 and 9 for an aspect ratio 4 hydrofoil at submergence

h/Ca = 0.25 and 1.0, respectively. For comparison , values of the wave

drag coefficient ratio of a two-dimensional submerged hydrofoil8

18 
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= (38)

are also plotted versus the chord Froude number in Figures 8 and 9. The

C
~ 

and C
~ 

denote the wave drag and lift coefficients per unit span ,

respectively. At low Froude numbers, the transverse wave component

CW( t) dominates the total wave drag, reaches a peak value , then drops

off rapidly as the diverging wave component slowly builds up. In Figure

8, there is a striking correspondence between the two-dimensional wave

drag ratio and the total finite span wave drag ratio, ~~~~~ at the

chord Froude numbers below F
~ 

1.2. There is a great temptation to

suppose that this good correspondence could be used to generate an

approximate prediction method for total hydrofoil lift-dependent drag

based on the sum of the two-dimensional hydrofoil wave drag expression

pl us terms accounting for induced and biplane induced drag. In fact,

this appears to be just what has been suggested in the well known drag

estimation procedure introduced by Wadlin , Shuford, and McGehee.9

However, the comparison in Figure 9, also for A = 4, but wi th

h/C a = 1.0, shows that any good correspondence observed earlier is

fortuitous. Signifi cant di fferences exist , particularly near the peak

of wave drag, or In other words in the low Froude number regime. The

wave drag decomposition curves in Figures 10 and 11 , for h/ca = 0.75 and

1.0 respectIvely, show similar trends in the comparison between the

two-dimensional wave drag ratio and the finite span values of C~/C~~,

but for aspect ratio A = 6. Apparently the good correspondence noted In

19 
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Figure 8 improves with decreasing A-val ues. Figure 12 is the wave drag

decomposition for a aspect ratio 10 hydrofoil at submergence h/Ca 
= 1.0.

Total Drag Due—to- Lift

Sumary curves of total invisci d drag ratio due-to-lift (from

Equation (20)) plotted versus chord Froude number are given in Figure 13

for aspect ratio A = 4, and in Figure 14 for aspect ratio A = 6. The

low and hi gh Froude number limi ts given by Equations (27) and (28) are

indicated by horizontal lines at the left and right borders of the

graphs, respectively.

FIgure 15 is a plot of CD/CL
2 versus F

~
o comparing curves for

aspect ratio 4, 6, and 10 hydrofoils at the same submergence h/Ca 
= 1.0.

The horizontal broken lines indicate the magnitudes of the unbounded

flow induced drag ratio C,., IC , 2 = 1/irA . This figure is also a
9oo ‘o

representation of the relative magnitudes of the inviscid drag

components , for this typical value of hydrofoil submergence. Now it is

seen that the total drag due-to-lift increases for decreasing aspect

ratio hydrofoils, but that the relative contribution of wavemaking drag

increases with increasing ratio cases at low Froude numbers. As we have

seen previously, this is caused by the large transverse wavemaking

contribution that approaches the two—dimensional limi t as the aspect

ratio increases , but the effect is local ized wi th respect to Froude

number in the speed range Fh < 1.4.

20 
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TOTAL LIFT

As indicated in Equations (31)— (33) , there are two parts to the

lift correction ratio AC, /C,
2 . The form for the ACL /C,

2 term, given in
‘ ‘ o 1 ‘o

Equation (32), is directly suitable for numerical evaluation by

Simpson ’ s Rule.

A convenient form for the second term, AC1 IC1
2, starting with

2 o
Equation (33) is shown in Appendix D to be

AC1
2 = - 

2 ~ f e F (u) du (39)
C~ 11 AFh ~o ‘~ (u-l) L
0

where 
_________  _________

exp(_21~~~ l2/4F 4fu /2F 2~ ,4 2+u2/4F 4] 
3/2

F (u) = __________________________________________
J
o 

2 

t~
2 /t1

2+u2/4Fh
4 

(40)
x J

1 
(ri-) dti

• The kernel function F1(u) resembles the wave resistance integral ~W’ 
and

has been computed numerical ly in the same manner. The u-integral in

Equation (39) must be evaluated in terms of its principal val ue , and

some details of its numerical treatment are outlined in Appendix D.

Completely numerical evaluat ion of the double integral for AC , /CL
2 is

‘2  o
very time consuming, much more so than the numerical computation of

either the CW/C 2 or AC, /C, 2 terms .Lo ‘-1 ‘
~0 2Sample numerical results for the total lift correc t ion rat io AC1/C1

- 0
versus depth Froude number Fh are plotted in Figure 16 for an aspect

ratio 4 hydrofoIl, wi th contours of depth-to—chord ratio. Similar

21
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results for aspect ratio 6 are plotted in Figure 17 versus chord Froude

number F
~
. At a constant depth-to-chord ratio h/Ca 

= 1.0, Figure 18

shows the variation of AC1/C1
2 versus Fc for aspect ratios A = 4, 6, and

10. There Is a distinctive effect of the free surface that causes a

sharply peaked, positive lift correction at depth Froude numbers smaller

than Fh 
= 1.5 and a broad , persistent, negative lift correc tion at

Froude numbers larger than 1.5. The cross-over point appears to occur

at Fh 1.5 regardless of depth of submergence or aspect ratio.

Apparently the Infl uence of aspect ratio on the magnitude of AC1/C1
2 is

relatively slight , but Figure 18 shows that the peak values of lift

correction (both positive and negative) Increase somewhat wi th aspect

ratio. It should be reiterated that this Froude-dependent behavior of

AC1/C1
2 has been computed wi th the assumption of fixed circulation

distribution shape , and that the full Froude-dependent effects on both

the strength and distribution of r(y) have not been taken into account

in these preliminary calculations.

TOTAL LIFT AND DRAG RATIOS

It is interesting to consider the ratio of total lift C
L 

to the

reference lift coefficient C1 and how this affects the expected ratio
0

of total lift-dependent drag to total lift squared. If the lift

correction ratio is denoted as
AC +AC

A = (41)

22
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then

CL 1 + ALC C1 (42)
0 

0

and so

CD - 
CD 1— (  ) (43)

I L
~ 

LC L0

This shows that the absolute magnitude of the reference lift coefficient

CL is important in determining to what extent the free surface effect
2will alter both C1/C1 and CD/C

0
If the reference lift coefficient is held fixed at C1 

= 1.0
0

throughout the speed range, then curves of the variation of C1/C1
0

versus depth Froude number are shown in Figures 19 and 20 , for aspect

ratio A = 4 and 6 respectively, with contours of two di fferent

submergence ratios h/ca 
= 0.25 and 1.0. Some care must be exercised in

interpreting these C1/C1 curves with respect to determining the
0

infl uence of the free surface on the lift produced by a submerged

hydrofoil. Because the circulation distribution shape has been assumed

to remain elliptical , the only adjustment acconinodated by the present

computations is the circulation strength r0, or equivalentl y, the

reference coefficient C1 . It should be noted that C1 is not the same
2as the unbounded flow lift coefficient denoted as C1 by Nishiyama .

Effectively, the only free surface influence accounted for here In

the ca lculation of the lift correction, AC1, enters through the induced

changes in the x-component of the perturbation velocity multiplied by

23



the circulation distributi on and integrated over the span . See Equation

10. This results in the rather modest variations In the ratio C,/CL‘- 0
versus Froude number shown In Figures 19 and 20. It is reasonable to

predict that when a full accounting is made for adjustments of both the

strength and shape of the circulation distribution , the variations will

be different and possibly more extreme. An important improvement

anticipated with complete solution is a detailed description of the

induced changes due to both the horizontal and vertical perturbation

velocities.

Curves of CD/CL
2 versus chord Froude number for an aspect ratio 6

hydrofoil at submergence h/ca 
= 0.25 are plotted in Figure 21 for

several different constant values of C1 
= 0.25, 0.5, and 1.0. For

0 2compar ison , the reference total drag ratio, CD/CL , is included . The
0

effect of varying the magnitude of C1 is to separate the several
2 °contours of CD/Cl , and to shift the peaks of the curves to somewhat

‘-0
higher Froude numbers.

A more realistic display of these results is shown in Figure 22,

where a curve of CD/CL
2 versus F

~ 
is plotted for a reference lift

coefficient CL that is based on a constant reference foil loading equal
0 2 2 2to (1/S)0 

= ½ p U CL = 1200 pounds/foot (57,456 N/rn ) on an aspect
0

ratio 4 hydrofoil having an average chord length of C
a 

= 20 feet (6.1

m), operating at subrargence h/c = 1.0. In this case the reference C~a
is speed-dependent

_ 1237 - -C1 - —a— (44)
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The curve is terminated for this example at a speed corresponding to

CL0 
= 2.0. In the comparison with the CD/CL

2 curve in Figure 22, the

main effect is to shift the peak of CD/CL with respect to Froude

number. The changes in magnitude between CD/Cl
2 and CD/CL

2 become
rather small for the higher Froude numbers because CL becomes

0
progressively smaller with speed increasing.

COMPUTATION TIME

The execution time for computation of a single case (given aspect

ratio, submergence , and Froude number) var ies widely as a function of

both submergence ratio A and Froude number , with the longest times being

required for shallow submergence and small Froude numbers . Also , the

execution time is dominated by the calculation of the AC, term.
‘2

Consider a representative case. With A around 0.4 (h/c a 
- 1.0), chord

Froude number about 0.5 , using 100 spaces per loop for the calculation

of J,, and for AC , using 60 spaces per loop for F and for the
11 1

non—singular integrals of AC, , and with 61 spaces per half interval for
‘-2

the singular part of AC, the total Central Processor (CP) execution
‘-2

time is around 55 seconds per case on the DTNSRDC CDC 6400 computer. Of

this , approximately 0.5 to 0.75 seconds of CP time is devoted to each of

the calculations of the wave drag Cw and lif t correction term ACL . The
1

remainder, some 52 seconds , must be spent on the lift correction term

AC12
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COMPARISONS OF ASYMPTOTIC RESULTS

In consideration of how useful asymptotic results can be If they

are accurate enough , some prel iminary comparisons are included here
between asymptotic estimates obtained in Reference 3 and the numerically

determined values . Thi s sec tion Is not intended as an exhaus ti ve
comparative study, but it does illustrate one important application of

the present results.

It is crucial to consider asymptotic results only in the variable

regimes where they are valid. In the case of the near surface

hydrofoil , estimates produced by Wu3 for large Froude number (Fh
2 

>>

requi re simultaneously small submergence (A -
~~ 0). SImi l arly, formul as

for small Froude number (Fh
2 

>> 1) must be accompanied by large

submergence ( A  -~~ no) . The present numerical tes ts of Wu ’s results were

made on the following basis

large FhI small A: Fh
2 > 1.5 ,

A < 1  (45)

Small FhO large A: Fh
2 
~ 1.5,

(46)
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DRAG DUE-TO-LIFT

Large Froude Number, Small Submergence

The asymptotic relation for wave drag at large Froude number

obtained by Wu in Reference 3 (Equation (68)) can be wri tten in

coefficient form as

C 2a 3/2
+ 

~~~~~~~ [ ~ 
— +~ E(k~) - A (47)

- A 2 ~~~~ F(-~
. , -

~~; 1; k
~
2)} + O(.~- ~~~~~~~ ~ 2))

where F is the hypergeometric function , whose expans ion for small A was
determined in Reference 3a, Appendix E, p. 70 to be

F’1 3. . 2 ~ 44~~~~~~~~ 3 1 
_ _ _ _

‘
~~

�•‘ 2’ 1 , kA ) ~ (2-n ~~ 

) - —
~~

(-
~~~

- in A )

2 (48)A 
~ + O(A 21nA )

with k
~ 

= 1/(1 +

Now, this result can be used to write an asymptotic formula for the
‘surface wave ’ drag term, C , Introduced in Equation (26). FollowingDsw 4a suggestion and notation similar to that of Breslin, the large Froude

number, small submergence approximation for the surface wave drag is
CD y (A)SW .. W 

(49)

0
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where the wave drag function is purely a function of the

depth-to—half span ratio, and from (47) and (48), is given in its

complete asymptotic form by

4 2 2 3/2 3 2 2y
~
(A) - 

~
-.- {;• (1+A ) E(k

~
) - A- A ~~ç:;:;2- 

~

(50)

4 4 ~~~~2 3 1 4/~~~ A2x ( 2 - in A )- —---2(~.- i n 
A2ir l+A

provided A -‘- 0.

Bresl in4 proposed an abbreviated form of this function

2 3/2

~
‘w,Bres 

- 

r [ ~~ (l+A ) E(kA ) - ~ A) (51)

Example comparisons between the asymptotic results for and

numerIcal values are shown in Figures 23 through 26, for an aspect ratio
6 hydrofoil at depth-to-chord ratios h/ca 

= 0.25, 0.5, 1.0, and 2.0 wi th
corresponding depth-to-half span ratios of A = 0.0833, 0.1667 , 0.3333,
and 0.6667 respectively. For the smallest submergence of A 0.08333,
in Figure 23, good correspondence between the asymptotic and numerical
results for is observed , but not unti l the Froude number exceeds

Fh 
- 9 or 10. The difference between the two expressions for in this

case Is negligible.
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For larger and larger values of A , the agreement between asymptotic

and numerical values for the wave drag function becomes poorer. Also

the disparity between the values of y.~ calculate d us ing the comple te
asymptoti c expression in Equation (50) and Breslin ’s vers ion in Equation

(51) becomes greater as A Increases , although signifi cant differences

occur only for A-values where the asymptotic formula no longer appears

to be valid anyway.

Small Froude Number, Large Submergence

For very small values of depth Froude number , and large submergence
ratio A , the asymptotic relation for wave drag from Reference 3,

(Equation (66)) can be expressed as

- 2/Cw e  1 3 , 1 4
J2~~ x

2AF~~~~ L. 

+ 8 ~ - 

6A 2F 
4) Fh + O

~
h F
h 

52

0

for Fh
2 0, A -

~ ~~ .

Figure 27 is an example comparison between results from the

asymptotic es timate and numerical calcula tions , for an aspect ratio 4
hydrofoil at submergence h/ca = 3.5, A = 1.75. The curve for the

asymptotic result Is plotted out to Fh
2 

= 1.5 , and the agreement shown

Is excellent.

LIFT

The two parts of the lift correction ratio have somewhat different

asymptotic behavior. The term ACL IC1
2 is independent of Froude number,

l o
29
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and has approximating formulas that depend only on the relative size of

the depth-to-half span ratio A. The term AC1 /CL
2 requ ires careful

2 0
attention to both Froude number and submergence ratio simul taneously, as

prescribed earlier for wave drag in Equations (45) and (46).

Large Froude Number , Small Submergence

The asymptotic relation for the ACL /CL
2 term , given In Equation

l o
(78a) of Reference 3, requi res small values of submergence ratio , and

can be written
(53)

ACL 
- - 

~~ 

[1 - 3A~(i n2 - ~~~~ in ~~ )) + O(A41nA )
CL 3,r XA
0

provided ~ ÷ o~ 2For the AC , /C1 term , the asymptotic expression from Equation (80)
3 2 0

of Wu can be written as

AC
___ 1 “ i r(l/4)[l - 

_~~ 3/4) A

c 2 /~ r(l/4) 2

2for Fh ~ co and A ÷ 0,

where r = the gamma function (c.f. Reference 10, p. 255)

y = Euler ’s constan t = 0.5772156649 .

Example direct comparison of values for both ~ C1 /C,
2 and AC1 IC1

2,
1 ‘-0 2 0

obtained both numeri cally and from the asymptotic expressions are

plotted in Figures 28, 29 and 30 for the cases of an aspect ra tio 6

30
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hydrofoil at submergences h/ca 
= 0.25, 1.0, and 2.0, having

corresponding values of A = 0.08333, 0.333, 0.667 respectively. The

agreement between the two curves for the ACL /C1
2 part is excellent,

1 0
even at the larger values of A. However, the discrepencies between the

asymptotic estimates and the numerical values for AC1 /C1
2 are

- 2 0
substantial, even at the largest Froude numbers and smallest submergence

ratio. Some preliminary checks on the series sol ution of the inner

integral outlined by ~~
3a in his Appendi x IV(H) have shown some

Inconsistencies which may explain the di fferences.

The present calculati ons are undoubtedly more accurate, but at the

expense of time-consuming computations , particularly for the AC, /C, 2
‘2 ‘o

term.

Small Froude Number Large Submergence

For large submergence ratio A , the approximate expression for the

ACL IC1
2 term, given by Wu3 in his Equation (76), can be expressed as

1 0

AC11 - -l 
~ 

0.3125 0.70703
CL 8~A,~~~

2A 
( (l+x ) (l+x )

0 (55)

0.0920105 1
(l+A ) (1+A )

provided A ÷ 
~~ .

For the AC1 /C1
2 term, the asymptoti c relation from Equation (81 )

3 2 o
of Wu can be written
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(2ir )3”2A 2AFh 

[ + F~ + O(Fh
4
)} (56)

for Fh
2 

<< 1 , A

Figure 31 is a comparison plot for both AC1 /CL
2 and ACL /CLl o  2 o

versus Froude number for an aspect ratio 4 hydrofoil at submergence

ratio A = 1.75. Here again , the approximate formula for AC1 /CL
2

1 0
appears to be remarkably accurate. The same cannot be said for the

ACL IC1
2 term , where the asymptotic result shows a distinct divergence

2 0
from the numerically obtained curve. There is good reason to suspect

the validity of the asymptotic formula , which is the result of nested

asymptotic evaluations of the double integral expression for AC12
Although the example data are not provided here , a substantial number of

numerical checks have been carri ed out on the I nner integral , or the

F1(u) function defined in Equation (40). These showed that the

intermediate asymptotic formula obtained by Wu3a* gives inaccurate
resul ts, except for a limi ted range of large values for both u/Fh

2 and A.

EXAMPLE DRAG FORCE ESTIMATE S

In order to i l lus trate the relative importan ce of the maj or

components of total drag experienced by large submerged hydrofoils

moving at speeds between takeoff and subcavitating maximum , resul ts of

some simple estimates can be made using the computed predictions

* Asymptotic result for Wu ’s in tegral I2(u); his Equation (IV.34)in his Appendix IV
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generated in this work . Two groups of comparison examples are included :

(a) constant chord length (same chord Froude number range ) and (b)

constant total foil lift; both with the same foil loading

1/S = 1200 pounds/foot2 = 57,456 N/rn2

and at submergence h/ca 1.0.

Consider first a family of three, uncambered, 10 percent thick ,

ell iptic planform hydrofolls all havi ng the same chord length

Ca = 20 feet (6.1 m)

wi th aspect ratios A = 4, 6, and 10. The total foil-alone drag can be

estimated from

Di = D visc +D —

= ½ p U2S(C
0 

+ CD) (57)
visc

where CD 2(1 + f) Cf + ~ C1
2

vlsc ep

C = C  + C + C~ (58)
Dv,, D~1

Here the total viscous drag contribution is estimated using

Cf = flat plate friction , 1957 ITT C correlation line,

based on wetted sur face

f = viscous pressure drag factor from Hoerner;1°

f = 0.206 for 10 percent thick foils
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Ksep 
= Incremental profile drag factor recommended in

Reference 11, Appendix 8-B; assumed constant here as

Ksep 
= 0.005, approximately true for R

~ 
= 108.

The term CD is the total drag coefficient due-to-lift , given by

Equations (20)- (23).

The lift coefficient in sea water is speed dependent

— 1206
C
L

-
~~~~y

using U in feet/second. With the calculated , Froude-dependent values of

ALC defined by Equation (41), or

CL
_ C

L
ALC CL

2

the reference lift coefficient C1 can be determined from
0

C1 
= .~~.... .L (/F~s 4C1A1c — 1) (59)

The Froude-dependent C1 -values together with the drag coeffi cient
2 °ratios , CD/CL , of Figures 13, 14, and 15 permit the final estimates of
0 -

drag due-to-lift, C0. Again it should be recalled that these lifting

line predictions apply to the drag induced by an ell iptical circulation
distribution of fixed shape, but variable strength.

Figures 32, 33, and 34 are plots of drag force versus velocity for

the speed range 20 to 50 knots , corresponding to aspect ratios A 4 , 6 ,

and 10 respectively. The total foi l lift is different for each case ,

_ _
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having corresponding values of I = 1,920,000 pounds (8.54 x 106 N),

2,880,000 pounds (12.81 x io6 N), and 4,800,000 pounds (21.35 x N).

Physically, it would be necessary to increase the foil angle of attack

with decreasing speed in order to achieve the contours shown in Figures

32-34 and 35; but for the purposes of this comparison , the determination

of the angle of attack schedule is superfl uous. In each of these plots ,

the lower curve is the viscous drag Dvjsc and the upper curve is the

total drag DT. The dashed curve represents values of

(1 + 
~~~~) 

D~ (60)

where D~ is the unbounded flow induced drag determined from the

coeffi cient

C 2
CD 

=
~~~~~~~

— (61 )

The biplane factors corresponding to these cases are a,1 = 0.2322,

0.3409 , and 0.4842 respectively. The di fference between the DT and

(1 + ~~~~
) D~ curves is the surface wave drag contri bution , whose value

goes to zero at infinite Froude number. It is clear from these graphs

that for increasingly larger aspect ratios and physically larger

hydrofoils , the surface wave drag becomes a relatively much more

important factor in the speed range shown.

A second comparison is made on the basis of the same total foi l

lift. Figure 35 shows the drag variation wi th speed for an aspect ratio

10 hydrofoil having the same planform area , S 1600 foot2(148.6 m2 ),

35

_ _ . _
,

. — -- --- —— —--- - -----
~~~—— —-- -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—---— - -—- --



and the same lift as the aspect ratio 4 hydrofoil example shown In

Figure 32. Even wi th the smaller chord and therefore shifted Froude

number range, the relatively greater importance of the surface wave drag

contribution to the total drag is evident from looking at both Figures

32 and 35. It may also be noted that despi te the increased surface wave

drag, the total drag of the aspect ratio 10 hydrofoi l is lower in this

comparison at h/c a 
=

CONCLUSIONS AND RECOMMENDATIONS

1. A successful computer program has been developed for the numerical

ca lculation of the integrals appearing in the prediction formulas

for hydrofoil drag due-to-lift and total lift , for the special case

of foil loading due to an elliptic circulation distribution of

fixed shape on an elliptical planform .

2. Some results are displayed in a variety of useful graphs for aspect

ratios 4, 6, and 10 at several depths of submergence , and for a

range of Froude numbers 0.2 F~ c 6.0 and Fh < 12.0.

3. Although it was not the di rect purpose of this work, some

preliminary comparisons between numerical results and results from

Wu ’s asymptotic relations have been made . These show mixed

results . Excellent predictions are provided by asymptotic formulas

for : (a) wave drag, CW/CL
2, at small Froude number and deep

submergence , and (b) lift correction term, AC, /C1 , for both‘-1 0
shallow and deep submergence.
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A narrow range of good predi ctions are provided by the

asymptotic relations for wave drag at large Froude number and

shallow submergence.

Rather poor predictions are available from the asymptotic

formulas for the lift correction term AC, /CL
2 in both the large

‘-2 o
and small Froude number regimes.

4. More efficient means should be explored for the evaluation of the

AC
1 

term to avoid performing both integrals by numerical
2

quadrature. With faster computation of this term, it is

recommended to incl ude the AC1 correction to the drag and lift

results of the lineari zed theoretical prediction of hydrofoi l

performance . -

5. The lifting line results of Wu should be further implemented in a

computer program capable of analyzing arbitrary planform shapes

(those within the known limi tations of the lifting line theory) and

shoul d be made available for eval uation for general hydrofoil

support systems.

6. Example calculations of hydrofoil drag force illustrate the need to

have accurate predictions of the surface wave drag contributions

present at the low chord Froude numbers characteristic of very

large hydrofoil planforms.
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Figure 1 - Geometry and Coordinate System of Submerged Hydrofoil

L 2b J~~~~~~~

Figure 2 - Elliptic Planform Shape
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Figure 26 - Comparison Between Large Fh Asymptotic and Calculated Wave

Drag Function for Aspect Ratio 6 at Submergence h/Ca 2.0
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A =  4

h/c = 3,5 A — 1.75
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Figure 27 - Comparison Between Small F1, Asymptotic and Calcula ted Wave
Drag Ratio for Aspect Ratio 4 at Submergence A = 1.75
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Figure 28 — Comparisons Between Large Fh Asy~~totic and Calculated LiftCorrection Terms for Aspect Ratio 6 at Submergence h/ca — 0.25
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Figure 29 - Comparisons Between Large Fh Asymptotic and Calculated Lift
Correction Terms for Aspect Ratio 6 at Submergence h/Ca 1.0
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Figure 30 - Comparisons Between Large Fh Asymptotic and Calculated lift
Correction Terms for Aspect Ratio 6 at Submergence h/ca 2.0
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Figure 31 - Comparisons Between Small Fh Asymptotic and Calculated LiftCorrection Terms for Aspect Rat io 4 at Submergence A 1.75
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FIgure 32 - Estimated Drag Force Versus Speed for an
Aspect Ratio 4, 20-Foot Chord Hydrofoil
at h/ca l 
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Figure 33 - Estimated Drag Force Versus Speed for an
Aspect Ratio 6, 20-Foot Chord Hydrofoil
at h/Ca — 1
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Figure 34 - Estima ted Drag Force Versus Speed for an
Aspect Rat io 10, 20 Foot Chord Hydrofoil
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L • 1,920,000 lbs (871 ,n.tonnes)
400,000 I I I I I I I x l O

A = l O
h/c3 = 1 - 1.6

300,000 -
V..0

~~~~200,000 - -

0 
‘ 0U-

0

100 000 
~~

‘
.- 0 4

D

vlsc
- - I - - 

1

1

.0 

I 

20 

2.0 F~ 
I 

40

, 

0

Velocity, knots

Figure 35 - Estima ted Drag Force Versus Speed for an
Asp.ct Ratio 10, 12.65-Foot Chord Hydrofoil
at h/c1 — 1
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APPENDIX A

LISTING OF COMPUTER PROGRAM

The computer program used to generate all the numerical data of the
report is listed here for reference. Definitions of the input vari ables

and the main output quantities are given in Tables 2 and 3.

TABLE 2

COMPUTER PROGRAM INPUT VARIABLES

Computer Notation Symbol and/or Meaning

A A = pianform aspe.~t rat io

HOCA h/ca 
= depth-to-chord ratio

TWMA X Maximum allowable t-value in the C
~~

integ
~ration (typically 70 to 100)

TLMAX Maximum allowable t-value in the integration
of FL(u) (typically 70-100)

EPS Accuracy limit for integration of Cw andFL(u) (typically 0.000001)

NSPW Number of spaces for numerical integration
of loops in C~ and for 

~
CL (typically 100)

NSPL Number of spaces for numeri ca l integration
of non-singular integrals ~~f

(typically 60) 2

NINDEX Counting index for modi f ied Simpsons Rule
for Cauchy singular integral (typically 30)

NDATA Number of input data cases of Froude number

FC = chord Froude number

CLO CL — reference lift coefficient
0
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TABLE 3

MAIN COMPUTER PROGRAM OUTPUT VARIABLES

Computer Notation Symbol and/or Meaning

CD11R C0

CDSIR CD /CL
2

Si 0

CDSWR C
0 

/C
L

2

SW 0

CL1R AC
L 

/C1
2

1 0

CL2R ~ C IC
2

12 10

CLRO C
1

/C
1 

= (1 + . C~~~ )

CWR CW/CL
2
0

CWR(T) C~ /C~~
2

( t )  o

CWR(D )  C~ /C~~
2

(d) o

DELW 
~ LC 

= ACL/CL
2

DELCL ACL = C
1 kC

NLOOPS Number of loops of integrand
required to reach desired
accuracy

SIGMA I

68
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TABLE 3 (Continued)

TE End value of t-iritegration for C~

ws ‘
~w 

= Auxiliary function for wave
drag (see Equation (49))
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C
C CENTRA l . PROGRAM TO COMPUTE HYD RODY NANIC CHARACT ERISTICS
C OF DRAG AND LIFT FOR A SUBMERGED FLAT HYDROFOIL HAVING AN
C ELLIPTICAL PLANFOR PI W ITH SPECIFIED ELLI PTIC CIRCULATION

S C DISTNIRUTION,USING THE 19~~3 LIFTING LINE RESULTS OFC T .Y ,  W U. COMPLETELY NUMERICAL EVALUATION OF INTEG RALS AT
C AR b ITRARY DEPTH AND FROuOE NUMbER
C

PRO GR&M SUBNFL (INPOT ,OUTPUT ,TAPES—INPUI ,TAp (6—OUTPUT I
10 RE A L LAMDA ,JW ,JW T ,, IWD,JL1,J L 2 ,K E,1A w0A2

- COMNON /BLCKI /ZJZ (100)
COMMON FH,FC ,A.HOCA ,LAMDA ,BETA,EPS,PI ,NSPW,N SPL
P1 • 3.1415926536
RI? — PI’PI

15 P1 3 — P12.PI
RPI — SGRT(PI)
CONy — P1~~180,0

C
DO 22 Nu1 ,l00

20 22 ZJI(N • 0.0
C
C FIRST 20 ZEROS OF BESSEL FUNCTION JIlT ) ARE KNO WN.
C SEE AB~ AM OWIT Z AND ST~ GUN . PAGE 409
C

25 ZJ1(1) a 3.83111
2J112) • 1.01559
ZJ1 (3) • 10.11347
2.11(4) 13.32369
2.11 (5) a 16.47063

30 !Jt(6) a 19.61506
ZJI (7) • 22.16008
2.11 (8) a 25.90367
2.11 (9) — 29.04683
2.11 (10) — 32.18968

35 ZJI(11) a 35.33231
2.11 (12) a 38.41471
ZJ1 (13) a 41.61709
2.11 (14) a 44,75932
2.11 (15) = 47.90146

40 ZJIU6) a 51.04354
7.11 (17) a 54.18555

F ZJI(18) a 57.32153
7.11 (19) • 60.46946
7.11 (20) a 63.61136

45 C
READ ( 5,10 0 1 ) A , H O C A
READ (5,1001) TW M A ~~.Tt )4A~ ,EPS
READ (5,1002) NSPW ,N SPL,NINDEX

1001 FO RMA l (AF I5. 1)
50 1002 FORMAT (3I~~0I

READ (5,1000) NOATA
1000 FO RMAT (110 )

DO 9999 IOa I , NDA TA
WRITE (6.9000)

oooo FORMAT ( 1HZ )
READ (5,1001) FC ,CL0

Ce
FC2 a FC.FC

60 LAMOA a (2 .0/A ) ’ HOCA
LAMOA I — LAMOA .LAM OA
FH2 a (I.0/HUCA).FC2
FM • SORT (FM2)
FHJ = FH2’FH

63 BE TA • (2.0/A) ’FCZ
FS a C1.0/SORT (?.0))’SORT(8ETA)

C
C

THE IT a 35.26438968
70 TH ETT R a THETT.CONV

ST a SIN(THETTM)
SECT a I.0/COS THETTR)
SECT? — SECT•SECT
TI • (I.0.’BETA)’SECT?’ST

73 CONST a ICOCA/FC2
C

WRITE (6,2000) A,LA MDA ,HOCA, BCT A , FC.FN,FS ,TT
2000 FORMAT /1* ,BHGEOMETRV ,/%A ,22HA SPECT RATIO. A •F15.7,

LZ OA,TMt.AM0A —F15 .T,/Sx,22HDEPTH—TO—CMORO, ROtA •F15.7,
80 215X,1?HFR2 — BE TA •FI5.7,/5A,22$CMORD FROIJOE $0., Ft •F1S.7.
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71~M ~X~PY FUB2ilSFi~.D 1’O DDC ~~~~~~~~~~~

35*,22HDEPTH FROUDE NO., FH •F15.7,/
45X,22HSPAPI FR000E NO., FS a115 .7,5x,
S22HCR ITICAL T— V ALU E , IT •fI5.7

C
85 C DRAG

C
w R I T E  (6.2001) NSPW, TWMA X ,E PS

2001 FO RMA T  (//LX ,4HOPAU ,/5X ,6HNSPW =I10 ,/58,THTWMMZ aFl5.7,/SX ,5HEPS •
1E1~~.7,//RX,25HINDUCED DRAG COEFF RATIOS .35* .

90 222HWAVE DRAG COEFF RAT IOS )
BE • 0.0
EE a 0.0
EMM1 . LAMDA 2/(1 .0 • LAMDA2)
EM M a 1.0 — EMM 1

95 CALL ELL IP (VA LK,VALE,EM M)
XE • VA LK
EE • VALE
ELL • 1.0 • LAM D A 2
RELL • SORT (ELL)

100 S IGM AI a 1.0 — (4.O/PI) .LAMOA .RELL’(KE — FE)
C

CALL CA LJW ( J W , J W T , J W D . T T  , T w M A X , NL OOPS,TE)
C • ( 1 . 0 , P I ) ’ EA P I— C O N S T )

C
105 M S a C J W  — I2.0~~SIG M A I FC2 )/ (PI*A )

C
COII R • 1.0/ (PI~~A )
CDSIK a —S IGMAI •CDI IR

C
110 CW R (C/FC2) JW

CW R T a (C ,FC2) .JWT
CMI4 D • CW R — CW R T
CDS WN • (1.0/FC2) W S

C
1)5 CD INUL • (1.0 • S I C . MA l ) / ( P I~~A )

CDIRLL • (1.0 — S1G$A Il / (P1.A )
C

CON a C Oh N • CDS IR • CWR
WR I TE (6,2002? C D 1 Z # . C w R . C V S I R . C W H T , 5 J I ~M A I , C W R D , C D I R L L , C D S W R .

120 ICO IRUL ,WS ,CDN
2002 FO R MAT ( , 1 0 X, 7 HC0 1 1 4  . (15.7 ,328,

I 2 5 H W A V F  r i R A G ( I O T A L ) , CW N a 115.7 , /1Ox ,1 I4r DS IR  E15.7,/
273* ,3?HT WIN SVER SE W A V E  PA N T, C W R (f )  F j c .7 , /1 0 X,
3NHSI GM AI •E 15 .1 ,40* ,32HDIV LNGING W A V E  RA R T , CWR(O ) .E1S.7,

125 4 / /1 0X. 1BICD IILOWE R L I M I T )  .E15.7 ,2lX,
S3OPICD SWM .(CWR — 2 ’ S 1G M A I/ ~~I•A a E I S . 7, / l o X ,
61*3H CDI (U PPER LI M I T )  —E15.1 ,21* ,
730 1-ISUPFACE W A V E  FAC TOR , M S •E15.7,//~~5X ,
838HC 0(TO TAL )/CLO 2 •(CD IIR * CDSIR • CW M ) a F l S . 7 )

13 0 WRITE (6.2003) NLOOPS,TE
2003  FO RMAT ( ,5X,8HNLO OPS a I l O . / 5 X , 4 H T E  a V i S . ? )

W R I T E  (6 ,2 0 0 5 )
?005 FOI~dA ~ (/ SX , 2 2 H A S Y M PT O T I C  RESULTS — — — ,6X , i H C W R , I 1 X ,S H C D SW R , 1 SX , 2 H W

I~~. 1 1 X I 1 l HMS (BRE SL IN , Z2X IHF)
135 IF L A M D A . G E . 1 . O . 4 N D . F H 2 . L E . 1 . S)  00 10 170

I F ( L A M D A . L T . l . 0 . A N D . F 1 1 2 . G T . 1 . 5 )  GO TO ~7l
GO 10 172

170 EA C I  • SQRT (2 .O’PI)
FA C? • E*P(—2 .0/FH2)

140 FAC3 a LAMD A2 *A FH2*FH
FAC4 • 6.o.LAMOA2 EH2.FH2

C
C CwR — — —  LAM OA .GE. 1.0, FH2.LE.1.5
C

145 CW R a (FAC2 / (F4CI ~~F4C3)).(i.O • 0.375 .11.0 — (1.0/FAC4))~~FH2 )
W R IT E  (6,2004) CW K

2004 FO RMAT 1 2 8 X , E 1 5 . 7 . 1 1 x . 3 H— — — , 1 6 X , 2 H — — )
GO TO ITS

171 FA KI • 2.0/PI
ISO FA B 2 a 1.5/Pt?

FA B 3 • 4.0/(3.0.P1)
A ROL • 4.0 .RELL /LAMDA
TLO G • AL D G (AM GL )
F a FAK I’(2. 0 — ILOG) — FA 1C2 •((1 .0/3.O) — TLOG )’ (LAMOA?/ELL )

1 55 M S • FAX3 .(FAKI .RELL .ELL .EE — (l.S LAM OA) —
I (L*M OA?•RE LL ) F)
COS WM • (1.0/FC2) WS
Cw)( • ?.O’SIGMA I/(PI .a) • COSwR

• WSBR ES — FAK3 •((FABI .ELL.RELL .EE ) — (I.5 I AM DA ))
160 C
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~~~ OM C0P~~ F ~~L~EED TO DDC ._.. ~~~ —

W R I T E  (6,2006) CWR ,CDSWR,WS ,W SRRE S,F
2006 FO RMAT ( 2 8 X , E 15 . 7 , Sx , E i 5 . 7 , 3 x , E 1 5 .  1, 3X , E15 . 1,3X.E15 .7 )

GO TO 1i~
112 W R I T E  (6,2007)

lOS 2007  FO RMAT u28X,2THNO A S Y M P T O T I C  RESULTS APPLY )
175 MS = 2~ N INI~EX .I

C
C L IFT CORRECTION
C

170 w R IT E  (6.2008) NSPL,74INDE)-,$S,TLNA* ,EPS
200)’ FU R MAT (/ / 1X , 4 HL I F T , ,5 X ,6 l - I N S PL  • I1O, /SX,8UNINDE*  • 1 1 0 , / S X , 4 H $ S  all

•0./5X . 71-I T LMA X rF1S . 7 , /5 X .~,HEPS - F l b .7,
•//~~4X .2RHLIF T COEF F coRRE ;TIO~ R ATIOS)

C
115 CALL CA L JL I .JLI )

CLi P • — (8.o/ (PIJ LAMOA ’A ) JL i
C

C ALL CAL .1L2(JL 2 .TLM AA ,UIN O(X)
CL2R • — 4 4 .O/ (PI2 ASVH)).JL2

180 C -

DE (~W • C L I P  • CL2 R
CLII? • CL O CL O
OELCL • CLO2 OELW
Cl_ NO a 1 .0  * DEl_CL

I R S  C
W R I T E  (6.2009)CL1R,CL2R ,OLLW

7009 FO R M A T  (278.oHCL1N Elb .7,/27X ,6HCL2P a E j ç . 7 , // 273 ,6H DELW a F IS . ? )
W R ITE (6,2010) CLO ,OFLCL.CLRO

2010 FO . M0T (/SX,9HFOR CLO aF15.7,,IOX,THDELCL aEiS.l ,/l OX,GHCLRO ‘EiS.
190 •fl

W R I I I  (6.2011)
2011 FOR MAT (/58,22HASYMP TOIIC RESULTS —~~~,IX ,6HCL1RA S ,1~~X, 6HCL2PA S)

C
IF (L 4M )A .GE.1 .0) GO TO ‘O

1 95 00 TO SI
S O E LL2  = E L L • E L L

ELL 2 ELL
C
C CL 1WA S ——— LA M OA .GE.1. 0

200 C
C L I PA S  • — ( I . 0 / ( 8 . 0 P( .LAM I)A R E L L ’ A ) ) ( I . O  • (0 .3125)/E)_L

l C 0. 10 7 0 3)  /ELL2 • I 0 .0 92 0 1 0 5) / E L L 3 )
00 TO 6U

I EA L • REL L /LAMOA
205 1) 1 = A L OG(EA L )

AL2 • ALOG(2.0)
C
C CL IR AS LAM OA .LT.1.0
C

210 CL 1RA S • — ( 8 . O / ( 3 . 0 . P I 3 e L A M D A . A ) ) ’ ( l . O  — (3 .O’LAMDA2)’(AL2 —
10.75 • O .S2S A L L ) )

60 I F (L A M D A .GE.1.0.A NO.FH2 .LE .1.S) GO TO 70
IF (LA M DA .LT.1 .O.ANT).FH2 .GT .l.5) 00 10 71

GO TO 72
215 70 FACO = 2 . O• Pf l .S O RT 2.0 .Pl)

r
C CL 2R AS -—— LAMOA .G E. 1 .0 ,  FH2.1E.1.5
C

CL2 PAS = (1.O/ (FAC O .LAMDA2 A •FH)) (1.O • o.5•FH2 )
270 00 TO 80

71 GAM14 • 3 .6256099082
GA ’434 • 1.2254161024
6AM • 0.5112 )56649

C
— 

225 C CL2 RA S . LA MD A.LT .1.U, FH2 .GT .i.5
C

RT W O a Su~~T(2.0
8)4 0 • ?.02FH2
C L 2 P A S  • ((PT.O.GANl4 )/ (PI ~~~A) ).(1.O — (G8M3 4’LAMDA) /IPPI ’GAN1 4 .PE

230 ILL))’(l.O • (NTWO/NPfl.(I.0/FH)’(GAM • A LflG( A RG )) )
GO TO Mo

72 w RLTF 16,2020) CL IRAS
2020 F0~~M A t ( 3 0 A , E i 5 . 7 , 5 X . / l H N O  RESULTS AP P l_Y HERE)

41) TO 90
235 MO W R I T E  ( F , , 2 0 I 2 )  C L ) RA S . C L 2 R A S

2012 FOR M A T  (~(0A,E15 .7,SX,E 1S.l)
“ 0 CL RO2 CLRO CLRO

COCL7 • COR/CLRO2
W~~(TF 16,2013) CLO.CDCL2

240 2013 FO R M A T  (/ / I* ,2I H INV ISC ID 0148G—TO—11P1 ,//5T.9HFOR CLO •F1S.7,

72
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THIS PAGE IS BEST QUALITY F C1’I~-k~IaFROM COPY FURNISH~~ TO DDC
1 i O ~~,15 RCD (TOTAL)/CL2 •Ei5.1)

9999 CONTINUE
END

SUBROUTINE CAL JW (JW,JWT ,JWD,IT, TWMAX,NL ,TF )
C
C CAL CULATES THE WAVE RESISTANCE INTEGRAL JW
C FOR A SUBMERGED HYDROFOIL

S C
REAL JW.J T ,JW ~~,J1 .J12 ,LLOOP,LAMDA
COMMON/ H LC K1/ZJi  ( 1 0 0)
CO MMON FH ,FC,A,HOCA,LAMDA,BETA ,EPS,PI ,NSPW ,NSPL
DI RENSION PS (100)

10 CONy • P1/180.0
SPA CEN • FLOAT (NSPW)
NS PZ • NSPW
DO I N 1 ,100

1 ~S (N) • 0.0
15 C

FC2 • FC•FC
CO NST a HOCA/FC2
BETA ? = BETA BETA

C
20 C

I TT  a o
.11 • 0.0

T 0 .0
25 J W a 0.0

J WT a 0 . 0
JWO a 0.0
LLOOP = 7.11 (1)
OT • LLOOP/SPACEN

30 A PS • EXP ( CONSI)
51)4 1 a -

51 )42 1.0
IF ( LLOOP .GE.T T )  GO TO 200

50 1 = 0
35 100 I = 1.1

IF (I.EQ .NSPZ) GO TO 150
I = T.DT

IF I T . G T . T W M A X )  GO TO 800
12 a T•T

40 FO RB T • 4.O BETA2’T2
ROOT • SORT ( 1.0 • FORBT )

CALL CALJ1(VAL JI,T )
.11 = V A L J 1
j12 a J1 .J1

45 E F A C T R  EX P(— CONS DROO T )
FACT2 a 11.0 • ROOT)~~(1.0 • ROOT)
DAPS a (EFACTR .JI2 FACT2)/1T2’ROOT )

SIN = SIM1 • SIM ?
AP S a APS • DA PSSSII4

SI M2 • —SIN ?
GO TO 100

150 AP S • APS’(DT/3 .0)
P5(N) a A PS
JW • JW • PS N)

‘5 IF (IT I .F9 .O ) (.0 TO 350
GO TO 351

350 JU T • JW
~SI R A T I O  a AbS(PS(N )/JW )

J F (K*T 10 .LL . IPS)  GO TO 700
131 c ( M I  • 3.0

• 1.0
N a 9.)

IF N .GT.2OI 00 TO 500
I S? T • ZJI (’~— lI

63 LLOOP • FJIIN) — T
TU L • (1 • LLUOP)
IF (T O) .G(.TT .AND .ITT.EQ .U ) 00 TO 200
OT • LLOOP/SPACEN
APS • 0.0

70 1 0

73
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THIS PAGE IS BEST QUALITY PPA-CTIc,A~~~~
160 I • 1.1 ~i~w c x  ~~~ LSff~

) 
~

IF (I.E 0.NSP*7 GO TO 110I a T.0T
IF (T.GT.TW M A X ) GO TO 800

73 12 • T’T
FOI4BT • 4.O’B ETA2 T2
ROOT • 5091(1.0 • FORB T)
CALL CALJ 1 (VA LJI, T)
J1 a VALJ Z

80 .112 • J1’Jl
EF ACTR • E*P (—CONST •ROOT)
FACT? • (1.0 • ROOT) (1.0 • ROOT)
DAPS • IEFACTR ’JlZ’FACTZ)/ (TZ*ROOT)

SIN • SIN I • SIN?
AS APS - APS • DAPS*S1M

SIN? • —SIN ?
GO TO ZGO

170 AP S • A PS•( DT/3.0)
P5(N) a APS

90 JW • JW • P5(N)
IF (IIT.EQ .0) GO TO 352
GO TO 353

352 JW T • .1W
353 RATIO a A B S ( PS ( N )/ JW )

93 IF (RATIO.LE.EPS) GO TO 700
GO TO I5 Z

200 111 • I
IF (N .E0.1) GO TO 201

Dl a ITT — ZJ 1 ( P4 — 1) ) /SP ACEN
100 GO TO 202

201 DI • TT/SPACEN
202 l aO
203 I ~ 1.1T a T .OT

105 IF (T.GT.TW N A X )  00 TO 8(10
T2 a T ~ T
FOROT a 4.0.BET82 T2
ROOT • SQRT (i .0 • VOROT)
CALL CALJ I(VALJ 1 ,t)

110 .11 • VALJ 1
.1) 2 • J1 .J1
EF A CTR a EX P (—CONST ’ROOT )
FAC T ?  a (1.0 • ROOT)’(l.O • ROOT)
DA PS a ( EFAcTR e J i2 ~ FA C T 2 ) / ( 72.ROOT)

115 IF I .EO.NSPL ) GO TO 204
SIN • SI N k • SIM 2
AP S a APS • DAPS aSIM

SIN ? • —SIN ? I -
60 T0 203

120 204 Al’S • APS • OARS
Al’s • *PS•(DT/3.0)
PS (N) • APS

.1W • II • PS (N )
JWI • .1W

125 RATIO • ABS (PS(P1)/JW)
IF (R ATIO.LE .(PS) GO TO 700

Al’s a f l APS
C
C THIS SETS INITI AL VALUE FOR DOING THE AREA UNDER

130 C THE REMAINDER OF THE LOOP
C

01 • (/.11(N) — TT)/SPAC (N
SIN) • 3.0
SI N? i 1.0

135 00 10 30
500 W R ITE (6.2003)
2003 FO RMAT (,?*,MSHINTEGRAT ION MUST PROCEED BEYOND N.20 LOOPS , 1 a 63.

161136 — — — HEREAFTER ESTIM AT E ZEROS)
E MI a FLOA TIN ) I -

140 THET) a (?.O’ENT — 1.0)’(PI/2.0)
AL PHA O a 2.33619449
SUN a THFT1 • ALPHAO
SUM? • SUM .SUM
ZJI (N) • (0.5•SUM)’(I.O • SGRT (1.0 — (1.4990S344)/SUN2))

145 GO TO IS?
800 W R I T E  (6 ,2006)  TV MA *
2008 FORMAT (//)OA.33NINT(GRATION TERMINATED AT TWMAX •FLS.7)
700 .1W)) • .JW— JWT

TI a 7JUN)
150 ROOTE a SOR T ( 1 .0  • 4.0 8(TA2’TC T()

ARG E a (I.0/12.0’BETA’TE))’(.l.O • ROOTE) - 
- 

—
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THETER a A SINIARG E ) PROM COPYFIJRNIS11RD TO DDCTHETED • THETER/CONV
N L • N

155 RETURN
END

SU NROUT IN E CALJL1 (V JL 1)
C
C CALC ULATES THE NESTED INTEGRAL JLI FOR LIFT
C CONNECTION

S C
REAL LAM f l A ,kX , KX2 ,X X4 ,KL AN , K E ,L AMD A 2
CO MMON FH ,FC .A ,HOCA ,LAMDA ,BETA ,EPS .PI, NSPW ,NSPL
LA M DA ? — LAM DA•LA MDA
SPACEN a FLOAT (NSPW)

10 NSP1 =
A L A N  a I .O/ (SURT(. 1.0 • LA MOA 2 ) )
DXX • KIAN /SPACEN

SI~~I • 3.0
SI N? • 1.0

15 XX = 0.0
VJ L I a P1/16.0

C
I~~O

100 1 1.I
20 IF (I.EO.NSPI ) GO TO 200

A X • A X • DXX
KA2 • XX•KX
1(84 = XX2 eKX2
FMM a XX ?

25 CALL ELLI P (VALK .VAL E,EMM )
XE • VA LK
El a VA LE
CE • U.0/lcX4)’( (2,0 — Kx2)~~KE — 2.O’(E)
RA KL • K A /A L A M

30 RK KL2 a R1(KL •RKKL
FAC = SQRTH1 .0 — RK K L 2 )/ ( l .0  — (*2))

C
DVJL I a FAC•CE

SS a S IM I • SIN?
35 VJ L 1 a V .11.1 • DVJL1 .SS

SI N? a —SIN?
oo TO 100

200 VJ L I  a VJL1 ’ (OKX/3 .0)
RETUR N
END

SU RR OUT INE CALJL 2 (VJ L 2 ,TLMA X ,NINO EX )
C
C CALCULATES THE INTEGRAL JL2 FOR LIFT CORRECTION
C

5 C NSPL • NUM)41R OF SPACES FOR ORD INARY
C (NONS INGUL A R) INTEGRAT IONS
C NINDEX • COUNTING INDEX FOR CAUCHY SINGULAR
C INTEGRAL TREATED W ITH SZMPSONS RULE
I-

10 C H • SPAC ING FOR SINGULAR PART
C • 1 .O/(2•NINOLX • 1)

C
C M S a NUMBER OF SPACES ON E*Cu SlOE OF ZERO
C — 2 .NINDEX • I

15 C
C NUMERICAL COMPUTATIONS FOR INTEGRALS 11 ,IN , AND IS
C

REAL LAMDA ,IS .IN. I1
CO MM ON/R LC K1 /2J1 (100)

20 COMMON F M ,FC,A ,HOCA,LAMDA.BE TA,EPS PI,NSPW ,NSPL

PPI a SOR T (PI )

------- 
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THIS PAGE 15 BEST QUALITY PBAC?V~A~~~~
RT W O a S’2RT (2.0) ~~~~~~~~~~~~~~~~~~~~~~~~~~SPACE R a FLOAT(NSPL )
NSPI • NSPL

25 FM? — FH’FH
MS • 2•NINOEX .l
H — 1.0/F LOA TI NS)

CALL CAL FLO (FLO,TLMAX )
UA R G • 1.0/(?.O FH2)

30 CALL CALFL (FL .UAR G ,TLNAX )
VII a FL

C
UAI4G • 1.0/FM?

CALL ~ALFL (rI,UARG ,TLMA *)
35 FL2 FL

C
C NONS INGULAR INTEGRALS II AND IN
C

51)41 a 3.0
40 SIN? • 1.0

T 0.0
OT a 1.0/SPACER
FAE F a EXP(—1.0 /FH2)
IL • 2.O FAEF (FLI — FIG)

45 IN a RTWO’FL2’FAEF
laO

1 00 IaI .1
IF (l.E Q .NSP1) GO TO 110

T.I .01
50 EFTU = 1.0/(T FH2)

IF (EFT U.GT.500.G) GO TO 10
GO TO 1)

10 12 a 0.0
GO TO 12

55 ) I  12 a EXP(—E FTU)
12 Fl  a EXP(—T /FH2 )

112 a SQRT(T)
T 3? • T•TI2

C
60 RUOTT a SORT((1.0 • TI/I)

UA W G I • T/(2 .0~~FH2)
CALL CAL f L ( FL T .U APG I ,T L MA A )

UAR G2 • I . 0/ (T ’ 2 .0 FH2)
CALL CAL FL IFLO T,UA RG 2 ,T1.NA* )

65 UAWG 3 = (1.0 • T)/IT.2.O .F)42)
CALL CA .. FL ( FLP OOT,U A RG3 , TL MA * )

C
O I L  • (E1/TI2)’(FLT — FIB) • ( E2/T3 ? ) . ( FL OT — FLO )
DIN • FLPOOT .ROOTT (E2/T)

70 C
SIN • SIN ) • SIM2

11 • IL • D11 •SIN
IN • IN • DIN SIN

SIN? • — SIM ?
75 C,U 10 100

1 )0 0103 ~ 01/3.0
I t  a 11•4103
IN a IN.6T03

C
80 C SINGULAR INTEGRAL IS

C
SI N ) • 3.0
SIN? a 1.0

F • —1.0
85 T M a l . 0

EHPLUS a EXP (H/FH2)
EMNEG • EXP( H/FH2)
HAPOP • (1.0 • H)/(2.0 FM2)

CALL CAL FL (FLHP,HARGP ,TI~NA X)

90 HAR GP4 • (1.0 H)/(2.0 FH2)
CALL CALFL (FLHN ,HA )1GN ,TLMA*)

RH)’ a SQRT (1 .0 • H)

RMN • 5091(1.0 — H)
C

93 IS • RTWO eFA EF • (4.0/H)0(FLHP RHP’CHNEG — FLHN .RHN’EHPLUS)

C
I.)

200 I 1.l
T •

1 00 TM • TM — H 
—

IF (1.EQ.NS1 00 10 210
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TBIS PA~!E ~S BEST Qu ALITY ~RLC1’1CA~LI
FROM COPY FUB2~ISHED TO DDC

(1)4 • (API—TM/FM ?) —
ILL • EXP(— T/ FH? )
ROOTR • S~RTI1.O • IN)

105 POOTI • SORT(1.0 • I)
C

58)409 a ~~~ • IM).’k2,O’F52)HARG I • (1.0 • T)/(?.0.FH2)
CALL CALFL (FL ,HARGR ,ILNAX )

110 FLU a

CALL CALF L (FL ,HARGL .TLNA *)
FLL • FL

C
0159 = (FLR•ROOTR EIR — FLI•FAEF) /T M

1)5 0151. a (FLL•ROOTL E1L — FL1 .FAEF) ,T
SIN a SIN) • SIN?

IS = IS • (DISL • DISR)SSIN
5 (N? • —5 1)42

GO TO 208
120 210 15 a IS.(H/3.0)

V .112 a —RP I FH•FLO — 11 • FAEF•(I S • IN)
RETURN
EN))

SUBROUT I IE CALFL (FL ,UA RO,T LNA X )
C
C CALCULATES THE FUNCTION FL DEFINED TN KER NEL OF
C THE FPOUOE—DEPENDENT LIFT CORRECTION INTEGRAL .11.2

5
REAL LA N OA, LAMD A2 ,J I,J 12
DIMENSION P5 1( 1 0 0)
CO MMO N /~4LCK1/ZJI (100)
COMMON F H,FC ,A ,HOCA ,LAMDA .BETA ,(PS ,PI,NSPW ,NSPI.

10 C
CON Y a

SPACEW • FLOA T )NSPL )
NSP1 • NSPL
X V A R  a 2.O ’UARG

IS UA RG2 a UAPG UARG
FL a 0.0
.11 • 0.0
IF (XVAR .GT .SOG.0) 00 TO 3000
DO 1 Na I.100

20 1 PSL(N ) • 0.0
LA M DA2 • LAMDA .LANDA

C
N U

100 SIN) — 3.0
25 SIW 2 • 1.0

N N . I
IF (N .GT.20) 00 70 500
IF (N .E.1.L) 60 10 101

152 1 = LAMO A .ZJL (N—1 )
30 01 • (LAMOA ’ZJ1(N ) — 1)/SPACER

APSI. • 0.0
60 10 10?

101 I a 0.0
DI = LAMDA .ZJI (1)/SPA C (N

35 APSL • ( O . 5 / L A M D A 2 I I ( S Q R T ( X V A R ) ) . ( EX P ( XV AR ) )
102 1=0
110 Ia) .)

IF (l .E0.NSPL) GO TO 110
T • 1.01

40 IF (T.OT.TLNAX ) GO TO 800
• T’T

ROOT = SORT (T? • UARG2 )
101 • T/LANOA

CALL CALJ I (VA LJ I,TOL )
45 .1) a VA LJ 1

.112 a J1’JI
EFACT R • EXP(—2 .O’ROOT)
FACT3? • (UAPG • )4OorJ.(sQRT(uARG.Roorfl

C
50 DAPSL a (EFACTR •JI2SFACT32P/ (T2 .ROOT)

SIN a SIN) • SIN?
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APSL ;APSL .OAPSLUSIN

GO TO 110
53 170 APSI • APSL (DT/3.0)

P51(N) • APSL
FL — FL • PSL (N) •

RATIO • ABSIPSL (N)/FL)
IF (PATIO .LE.FPS) GO TO 700

60 60 TO 100
500 ENT a FLOAT (N)

TH ETI a (?.O ENT — 1.0) (P)/2.0)
SUN • THETI • 2.35619449
SUM ? • SUM•SUM

65 ZJI (N ) • (0.5’SUM)’II.O • SORTIL .0 — (1.4995344)/SUM2) )

GO TO 152
800 wRITE (6,2006) TLNAX
2006 FORMAT (//LOX ,33HINTEGRA TION TERMINATED AT TLNAX •F1S.7)

700 TE • LAMDA ZJ1 (N)
70 3000 CONTINUE

RETURN
(N,)

SUBROUTINE CA LFLO )FLfl,T LMAA )

C
C CALCULATES THE FUNCTION FIB CONTA ZN~O IN THE

C KERNEL OF THE LIFT CORRECTION INTEGRAL JLZ

S C
RE AL LAM flA ,J1,J12
DIMEN SION Pu (100)
COMMON/ PLCK 1/ZJ1 (100)
COMMON FH ,FC .A .HOCA ILANOA ,8tIA .EPS,PI,N S , ~~~~

10 C
CONy • P1/190.0

C
SPACER a FLOAT(N SPL)
14SP) a NSPI.

13 00 1 Na1 ,100
) P0 (N) • 0.0

FLU • 0.0
.11 .0.0
MaO

20 100 ST ’l a 3.0
SIN? a 1.0

P4 N.)
IF (N.GT.20) GO TO 500
IF (14.E0.1) GO TO 1 01

25 152 1 a LAMDA ’ZJl (N l)
01 • (LANDA ZJI (N ) — T)/SPACEN
GO TO 102

101 1 • 0.0
Dl • LA M DA .2J1 ( L )/ SPAC EN

30 10? APSO • 0.0
1 0

11 0 IaI.I
IF (1.E0.NSP1) GO TO 110

TaT .01
35 IF (T.0T.TLM A X ) GO TO 600

132 • (SQRT(T)) .T
101 - T/IANDA

CALL CALJ IIVAL JL ,TOL )
.11 — VALJI

40 JIZ • JI~ J1
(FACTR • EXP (—2 .0 T)

C
DAPSO — EFACT R J12)/T32

SI N — SIN1 • SIN?
45 APSO • APSO • DAPSO’SIM

SIN? • —S IN?
00 10 113

17 0 APSO • APSO (DT/3.0)
P0 (N) • APSO

30 FLO a 11.0 • P0 (N)
RATIO • ABS (P0 (N)/YLO)
IF (R~ TIO.LE.EPS) GO TO 700

00 10 100
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PROS GOP~

300 (NT • FLOAT (N)
55 THETI a (2.O’(NT — 1,O)~~(PI/2.0)

SUM • TI-sElL • 2.356)9449( 50)42 a SUI4.SUN
ZJL (N) • (0.5’5UM)~~(I.0 • SORT(1.0 — (1.4,95344)/SUM?))
60 TO 152

60 800 wRIT E (6,2006) TINAX
2006 FORMAT (//10X.33P41NTEORA IION TERMINATE )) AT TLNA * a~~ 5~ 7)
700 IC — LAM DA ZJ1 (N)

RETUR N
END

SUBROUTINE CA1. JL (VJI ,TJ )
IF (TJ.GE. 3.0) GO TO 300
A T ) • 1.1/3.0
XI? a 8T1•XT L

5 XT4 • XT 2~XT2 -

XIN • XT4’X12
XT8 a XTX’X12
8110 a *T8~XT2
*112 a XTIO•*12

10 V .11 a TJ~ ( 0.5 — O.5624998S~*T2. O .21093573’XT4
I—O.03954289*XT6 • O.GO443319~ XT8 — 0.0003)161’XTIO
2 .O.00001109’XT12)
GO TO 301

300 All a 3.0/1.1
15 AT? • XT I’XT I

X T3 a XTZ’XTl
X T4 a XT3~*I1
A T S a XT4IXI)
8T6 a XTS•XT I

20 C
THETA) a 1.1 — 2.35619449 • 0.12499612.811 • 0.00005650.XT?

1—O.00637879 XT3 • 0.00074348*XT4 • 0.00070824’*TS
2—0.O0029I66~8T6

C
25 Fl a 0.79188456 • O .00000I56 X T ) • 0.0165,667 XT2

1.U.000)7105 XT3 — 0.00249b11~ XT4 • 0.00113653’XT5
2—U .00020033’XTb
CS) • COS (THETA1)
V.11 • (FL ~ CS1)/ (SQRT(T J))

30 301 RETURN
(NO

SU uIROU IINE ELL IP(VK .VE,EM)
C
C COMPUTES COMPLETE ELLIPTIC INTEGRA LS OF THE FIRST AND
C SECOND K IND —— K AND E , R E S P EC T I VV LY

5 C
C EM • PARAMETER ( a  K••2)
C (Ni • 1.0 — EM a COMPLEMENTARY PARAMETER
C
C SEE A RR AMO WI T ? AND STEOUN, PAGES 59(1,391.592 FOR

10 C POLYNOMIAL APPROXIMATIONS
C

(Ni • 1.0 — ER
ALN • *100 (1.0/Ewl)
(M 12 a ENL.ENI

15 (M13 a EM 12•EM)
(M14 • CM13•E M1

C
VA • 1.38629436)12 • (0,09666344259)’(MI • (0.0359009?303)’EMI2 

t

I • (0 .037425637 13) EML3 • (0.01451196?12).EM14
20 2. I 0.50 • (0.1249eS93591)~~EM1 • (0.0688824$576)’EML23. I0.03328355346)’EM13 • (O . U044L78 70 12 ) • ) ML 4 ) ALN

C
ye • 1.0 • (0.4432S)4)463)~~EM1 • (0.0626060IU1’ENI?
1. 40,04157J83546)~~E M 13 • (0 .037365064 51) ’VMI4

25 2. ( (0 .249963683 I)~~ENL • (U .09200180037)’EM12
3. (0.04069697526)’EMI3 • (0.00526449639)•FML4)•ALN
RETURN
(NO
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APPENDIX B

THE BIPLANE FACTOR

Routine and accurate calcula tion of the bip lane factor a
1 
for

elliptic ci rculation distribution has been made easy by the existence of

Wu ’s3 formula , quoted in Equation (25), where the complete elliptic

In tegrals are

K(k
~
)= J d+ 

—

0 11 - k~~~ si~~~
w/2 

__________  
(B.l)

E(kA ) = 14

- 

- k~
2 si?. d~

and = 1/(1 +

Polynomial approximations of great accuracy are available in Reference

12 (Chapter 17, pages 591 and 592) for the simple computation of K(k)

and E(k). These are fourth order polynomials in the “complementary

parameter ”
2

= 
2 (B.2)

1 + A

where X = depth—to—half span ratio.

A convenient collection of values for a
1 

for a w ide range of

x-values has been calculated using these formulas and is presented In

Table 4.
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TABLE 4

VALUES OF THE BIPLANE FACTOR

A ~1~~) a1(A)

0.0 1.0 0.65 0.17095

0.01 0.9364 0.70 0.1555

0.02 0.8905 0.75 0.1418

0.03 0.8513 0.80 0.1298

0.04 0.8163 0.85 0.1191

0.05 0.7845 0.90 0.1096

0.06 0.7553 0.95 0.1011

0.08 0.7027 1.0 0.09351

0.10 0.6565 1.2 0.06999

0.15 0.5604 1.4 0.05406

0.20 0.4842 1.6 0.04285

0.25 0.4221 1.8 0.03472

0.30 0.3705 2.0 0.02865

0.35 0.3273 2.5 0.01889

0.40 0.2905 3.0 0.01334

0.45 0.2592 3.5 0.009904

0.50 0.2322 4.0 0.007635

0.55 0.2089 4.5 0.006061

0.60 0.1886 5.0 0.004927
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APPENDIX C

NUMERICA L EVALUATION OF WAV E DRAG INTEGRAL

For the calculation of the integral in the wave drag fo rmula of

Equation (23), it is convenient to place the integrand in a form where

the zero points of the oscillating factor (in this case the J1-function)

are most easily speci fied. To accomplish this , the transformation

t = ~ sec~ e sin e (C.l)

is applied to the Integration variable to reduce the argument of the

J1-function to the linear variable t. This leads to the formula

~ = 
e~~

1
~~ 

exp (_ Fh
2A +482t2)(l + ~4+4B

2t2)

CL ~~c o t2 A+48
2t~ (C.2)

~

The entire t-tntegral is the wave drag integral, denoted by J
~
. The

technique of numerical integration proceeds in a sequence of steps , wi th

each step being taken over an entire loop, w hose val ue Is then added to

the cumulative sum. The current loop sum is then compared to the

cumulati ve sum and when this ratio is found to be smaller than a

speci fied accuracy, the approximate integration -Is complete.

Integration time is governed by the rate of decay of the integrand,

and in general is slowest for shallow submergence (x small) and for

small Froude numbers .
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APPENDIX D
NUMERICAL EVALUATION OF LIFT CORRECTION INTE GRALS

TERM ~~C

The numerical evaluation of the integral for ~ C1 given in Equation
‘-1

(32) involves a straight forward application of Simpsons Rule over the

finite interval (0, k
~
). As noted in Equation (34), the C(k1) function

appearing in the integrand is known in terms of the complete ellipti c

integrals K(k 1 ) and E( k1 ) whose values can be computed using the

polynomial approx imations gi ven In Reference 12, pages 591 and 592.

TERM ~C

For the calcu l ation of the doub le integral in the ~C1 term in

Equation (33), the a—integral -Is treated first. The transformation

= .
~ - sec~e sin a (0.1)

leads to the final form

L2 
_____ J (D.2)

CL
’ tr2AFh 

L2
0 ,r 2

where -u/ r h
~ 

e F (u)
= L du (D.3)

2 
~ 

/~~(u—1)
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wi th ~ 2 2 4 
____ 

‘ 2 2 ~ 
3/2

~ exp(-2 /t1 +u /4Fh )( U + +u /4F
h ~

F1(u) = J 2 

2F h

0 t1 /t1 + u f4F~ (0.4)

x J1 (r
!_)dtl

The inner integral function FL(u) -Is dealt with numerically at any value

u using the same procedure employed for the J~ integral in Appendix C.

The l i f t  correction integral ‘k has a Cauchy singular integrand
2

and must be computed in terms of its principal value . By rewriting the

integrand fraction 1/(u - 1) and by adding and subtracting the function

F (a) in the numerator , the singular part of J can be separated out,
L 12

wi th 
~ L 

rewri tten as
2 -u/F 2

= -J e 
/F

h
2 

(°) ~ -i

°

~ 

e h

12 L 
“~~~o 

i71

2 (0.5)
-u/F,.
e “ FL (u) ,/

~ 
du+ J (u -l)

~ e~~
j 2(t/x)

where FL (o) J dt (0.6)

The fi rst term o~ (~.5) Involves a known definite integral

~ -u/F 2

I e h 
~ .=/~ F (0.7)

~~~ 

h

The second term of (0.5) is not singular and can be handled easily by

splitting the interval into 0 u 1 plus 1 u ~; and then further

transforming the second part by the substitution u 1 
= 1/u and

Integrating on u1 from 1 to 0.
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The third term of (D.5) contains the Cauchy singul arity which is

further Isolated, first by substitution of ~ = u - 1 , and then splitting

the resulting interval -l c~~~c~~~into -1 c~~~c l plus l ~~~~~~~~~~~~~~

Ultimately the lift correction integral J can be wrIttenL2
-1/F 2

= ~W FL(:) - 

~-i + e h 
~
1N + I~ ) (D.8)

where -u/F d
= J e h 

fr
(u) - FL(o)) 

_!~. (D.9)

‘N = J
1 
~~~ d~ (D.10)

= j ~) 
d~ (0.11)

with 2
f(~ ) = FL(~ + l)/~ + 1 e (D.12)

Numerical evaluation of integrals I.~ and ‘N is accomplished by normal

application of Simpsons Rule. The singular part, 1~ can be evaluated

by a modified Slmpsons Rule for a Cauchy singularity , wh ich uses

slightly modified Simpsons multipliers with a zero weight value on the

integrand function at the singular point ~ = 0.
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