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r INTRODUCTION
~;:

During the last decade considerable progress has been made in

understanding the self-diffusion of metal atoms on well defined crystal

planes [1]. This advance has occurred through the use of the field ion

microscope , which makes it possible to visualize individual atoms , and to

S.  
prepare highly perfect surfaces. With this microscope it is possible to

determine by direct observation the mean square disp lacement of atoms ad-

: ‘ sorbed at a surface, and thus to derive their diffusion coefficient D

from Einstein ’s relation, which for one-dimensional mot ion assumes the

form [2]

-- 
( (AR) 2 ) = 2Dt . (1)

A considerable fund of information about the directionality of surface

diffusion, about the role of surface structure, and about the energetics

of atomic jumps has been buil t  up this way . Despite that , very l i t t le  is

known abou t the actual atomic motions involved in the d i f fus ion  process.

It is by now customary to assume that in moving over a surface

an atom hops , at random moments in t ime , from one site to an adjacent
8. 

nearest neighbor site. For the sake of simplicity we shall confine our-

selves to one-dimensional motion only , and postulate that the surface sites

- -- are separated from each other by a distance L. The probability that an atom

- - will be at a distance n2 from the origin after a time t is then given , in

terms of the rate ~ at which j umps occur in one direction, by [3]
i~

j
p~ (t) = exp (_2

~
t)I

n
(2
~
t) , (2)

4

_  

-—- ~~~~_*~~~~~~~~~~~ _~~ J~ ~~~~~
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where I
n(X) is the modified Bessel function of order n. The mean square

displacement ((ARy’> is then

((AR)
2
) 2~tL

2 
. (3)

The validity of this model cannot be established from an examination of the

mean square displacement alone. This requires a detailed comparison of the

probability density, determined from experiments , with the values predicted

by Eq. (2). One such comparison has been made [4], for the behavior of

Re atoms on the (211) plane of tungsten. Within the sizable statistical

error, arising from the limited data set, it appears that Eq. (2) is

adequate to describe the actual diffusion process.

It still remains to be established , however , that surface diffusion

involves on~y~ jumps between nearest neighbors. With the data available right

now, it is not possib le to exclude the possibility that occasionally, an

atom migh t carry out a jump spanning two nearest neighbor spacings instead

of just one. The aim of this thesis is to examine the feasibility of

detecting such double jumps in diffusion measurements. To this end we

idealize the one-dimensional diffusion of an adatovn as involving single as

well as double jumps at random moments, the former occurring at a rate 2~ ,

the latter at a rate 2~ . The statistical consequences of this model are

developed in Chapter I; Chapter II,is devoted to a detailed discussion of

the conditions that must be satisfied in an experiment designed to measure

the contributions of multiple jumps. Especially important in these con-

siderations are estimates of the statistical errors involved in such

— 
determinations. These estimates rely on a fairly complicated mathematical

apparatus ; this is developed , at some length, in separate appendices.

_ _ _ _ _ _ _ _ _ _

~~~~~~~~~~~~~~~~~~ _________________________
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I. RE LATION BETWEEN PROBABILITY DENSITIES , JUMP RATES , AND MOME NT S

Oddl y enou gh , the behavior of random walks involving j ump s of

d i f fe rent lengths has been neglected in the l i terature.  Lakatos-Lindenberg

and Schuler [5] have examined the statistics of a partic le making transitions

to both nearest and next-nearest neighbor sites; however, they considered

only jumps at fixed time intervals, a model which is not strictly appropriate

to actual diffusion processes. We will therefore develop here the conse-

: quences of extending the usual mode l for one-dimensional diffusion, in which

atoms are presumed to execute j ump s a f te r  random t ime intervals , by allowing

displacements both between nearest and next-nearest neighbors. Transitions

in a given direction are presume d to occur at a rate ~ to the nearest

neighbor site, and at a rate ~ to the next-nearest neighbor. Motion to the

right and to the left is equally probable.

A. Probability Densities and Jump Rates

The first step in developing our model is to find the probability

that an adatom starting at a site m be at site n after  a time t .  We

designate this probability as p~~(t ) and find it via the Kolmogorov

equation, which for this system assumes the form [6]

m
• Bp~~ 2 + c~p~~~ -2(~ +~ )p~ + 

~~ n+l + 
~~

‘n+2 ~ (4)

here ~ is the rate at wh ich adatoms execute un it displacements and ~ is

the rate at which adatoms execute doub le displacements. The distance L

between adjace nt sites is taken to be unity .

I
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In order to solve the Kolmogorov equation and thereby find the

probability density p~ (t), we need to uncouple the time variable from the 
—

position variab les. This is accomp lished by the use of the well known

generating function for the probability density. The generating function

G(t,z) is defined as

G(t,z) = E z
n
p
m
(t) . (5)

The symbol E is throughout used to designate suttsnation over the limits
n

n = - m  t o m , that is

n n=-m

We use Eqs. (4) and (5) Lo derive a simple di f ferent ia l  equation involving

G(t ,z ) .  Once the generating function has been obtained from this , P
m (~ )

cart be found using the definition itt Eq. (5).

To derive the differential equation for G(t,z), we note that z

is time independent ; it therefore follows from Eq. (5) that

dp (t)
~~ (t ,z) = E n 

dt (6)

Multiplying the Kolmogorov equation by z~ and sunxning over n , we find that

~G(t,z) = E ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . ( 7 )

Note that

n m  2 r i m
E z p ~~ 2

z E z p ~ (8a)
n n

~ r t r n  
= 

r i m  (Sb)

-
-
* 

~~~~~~~~— 
—~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~- — -—

~~~~~~~ 
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I
u r n  — l  r i m

~~~~~~~~~~~ Z Z p (8c)
n n

n m  -2 r i m
Z z p

÷2
= Z  £ z p  . (8d)

-~~~ rt

- - From these five equations above , we conclude that

~G(t,z) 
E a ~~~~~~~~~~~~~~~~~~~~~~ p~~+~~ p~ ) . (9)

- This can be written more simp ly as

~G(t,z~ = ~ Z
ri

P
m

~~~~(Z
2

+Z
2

) ÷~~~ (Z + Z ) -2 ( ~~+~~) }  . (10)

- . 

Recalling the definition of G(t,z) i t Eq. (5 ), Eq. (10) can also be writ ten

as

~G(t ,z) 
= G(t ,z) (z 2 +Z

2
) + ~~ ( Z + Z 1) - 2 (~~+~~)) . (11)

- - It is apparent that the differential equation for the generating function

is much simpler than the original l~oltnogorov relation. Equation (11) has

the simp le solution ,

- - G(t,z) = C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• The constant C can be found from the boundary conditions . Given

that the adatom begins its random journey at ru, we know that

P
rn
(~~=O) = ó ,

where 8 is Kronecker ’s delta. Therefore
- nm

n m
G ( t = O ,z ) = E ~~ z = z

t and 
n

G(t,z) = Zmexp( (~ (z 2 ÷z 2 )÷~~(z÷z t )_ 2 (~~÷~~)Jt)  . ( 12)

:i:
• - - 

—
~~~
--



_ . —--- ..—----
~~

,-‘—-
~~‘—-— -. 

~~~ 
_,...,.__ ,. .

~~
,. .,—_ .—.. —. ~~~~~~~~~ ~-— •_“_ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - r—— ..~~”—a r,- -—.— -

6

In order to determine the probability density pm (t), we must

expand G(t,z) in a Laurent series. This can be done using the Schl~5milch

series [7].

exp ( 
~~ 

(y+y 1)] = E ?~I~~(x) . (13)
n

This allows us to express G( t,z) as a series involving modif ied Bessel

functions ~~ of order n. Equation (12) can be written in the equivalent

form

G(t,z) = zmexp~~t1z
2
÷z

_Z
J~ expta~t [z +z ~~ JJ exp~-2(~~+3)t} . (14)

According to Eq. (13); however,
2n

expj~ t[z
2 +z 2

] )  = E In (2~ t ) z
n1

exp~~t [z+z~~)~ = t ‘n (2~t)z
2

2

From the definition of the generating function, in Eq. ( 5), it

follows that

m nG(t,z) = E p~ Z

(2n +n +m)
= exp[-2(ct+~~)t] E ‘n (2Bt)I (2~t)z 

1 2 (15 )
n
1
n
2 

1 2
b

Identifying n as

n = 2 n
1 + n2 +m ,

we have
n
2 

= (n-rn) - 2n
1
.

From Eq. (15) the probab ility density p~ (t) can now be written as

p (t) = e 2 t
ZIk

(2~t)I( ) 2 k (2~t ) , (16 )

~~~~~~~~~~~~~~~~~~~~

. 

-— I -

~~~~~~~

-
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. - -

~~~~~~~

- ——--—.

~~~~~~~

-. -
— —



I

where k has been subs titute~ fo r n 1, the duimny variab le. When only unit

displacements occur , ~ 0 and

- 

- I P
rn
(~ ) = e 2at 

~ 1ic
(0) I

(fl m)_2k
(2at)

Note that I,~(0) ~ 0 if and only if k=O; for that case I
~
(O)=l , so that

p
rn (t) = e~2~t I(n_m) (2a t) (17)

for ~ = 0. This agrees with the standard expression for an adatom dif-

fusing via unit displacements. When only double displacements are allowed ,

p ( t ) = e 2
~

t E Ik (2
~

t) 1(n-m)-2k~
0
~k

= e
_2Bt

I
(fl m),2

(2~t ) (18)

--  for a=O ; here ri-rn must be an even integer.

B. Jump Rates and Moments

In order to determine the rates ~ and a at which a diffusing

adatom make s double and single displacements , we must reduce the ab ove

equations into explicit expressions for observab le quantities. Such

: quantities are the moments of the displacements executed by the adatom

in the one dimensional walk.

Suppo
~
e that art adatom is init ial ly at position m1. We allow t

seconds for the adatom to perform a random walk and call its position at

the end of the walk n
1
. The i-th initial and final positi3ns that we

observe will be designated by m~ and n~ . On M occations m . and ri . are

-- recorded ; we are thus able to define M displacements x~ , where

(inj  - n~ ) . (19)

1.

—
~~~~~ ~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~ i
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If we were to make an arb itrar ily large number of observations we wou ld be

able to find .L , the r-th moment about zero, which is defined as

Mli.in 1 r
= 
M-~ ~

j E (x1) . (20a)
i=1

As shown in Appendix B, the r-th moment about the mean

= 

~~~ 

(x~ - I) r 
(20b )

is often a more usefu l quantity than ~~~~~. The one dimensional random walk

is syninetric about the adatom ’s initial position , so the odd moments about

zero vanish in the limit of an infinite number of observations. Because

the mean is an odd moment and therefore zero, we know from Eqs. (20a)

and (20b ) that for our examp le -

~ r = 1)..;. . (21)

In order to find these moments in terms of tne j ump rates a and

we must seek a way of relating the moments to the generating functions

given by Eqs . (5) and (12),  that is to
1-

In flG(t , z) = Z p ( t )z
n

= 
m

From Eq. (20a) we know that the mean displacement for the adatom per-

• - 
forming the random walk is

M
• u r n  1

~~~~~= —
~~~~~~~ x ( 2 )1 M~~~~ M i~~i=l

_ _ _ _ _ _ _ _  _ _  

E3~
____________________________ 

- - - S J~ -‘ ~ 
-- - 

-

___________________ ~ ~~~~~~~~~~~~~~~~~~~~~~~ ~JlL.~ - ~~~~~~~~~~ ~~~~~~~~~~~~
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- . 
We also know that the probability for the diffusing adatom to occupy site n,

having started at site rn t seconds earlier , is P
m
(s). An equivalent

expression for the mean position of the adatom is then

= E n pm (t) • (23)

The similarity between the relation for the generating function and for the

mean causes us to realize that

~~~~ 

= 

~~

(a ~~) G(t,z) Z n z

- 

n

(a ~—) G(t,Z) = n

- 
.. = (a ~—) G(t ,z) • (24)

z=1

Without loss of generality , we define the initial position rn of

the adatom as zero, so that the generating function in Eq. (12) assumes a

- 
simp ler form :

- - G(t , z) = exp (z 2+z 2 ) + a ( z+z ~~)-2(a +~~)J cJ . (25)

By substituting Eq. (25) intO Eq(24) we can write the mean as

-: = z(~~) exp~~[3 (z
2
+z

2
)+a (z+z~~ )-2(a+B)]ti

a—i

= z 1[~ (2z - 2z 3 )+a( l-z 2 )]t } e~~ C [ B(z 2 +z 2 )+a(z +z~~)-2 (a +~~)] t)
a—I

= lt (a(2-2)+a(1-1)]t) exp ([~~(1+1)fa(l+l) -2 (a- -4-~~)]t3 = 0 . (26)

I Just as expected from symmetry , ~j vanishes.

___ ~~ ~~~~~~~~ ~~
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Any r-th moment cart be found by the same route that lead to

Eq. (24). Notice that

r n a t  m m
(zr) ~~z p = E n z p .  (27)

n

Evaluating Eq. (27) at z=l leads to the well known rel at ion

(z ~~~ )
t 
G(t,z) = ~ ~~~~ (28)

or 
z=l n

= (a ~-.f G(t,z) . (29)
z=l

-j - We now have accessible any r-th moment of the adatom displacements occurring

during a random walk lasting t seconds. The derivation of moments via

Eq. (29) is conceptually simple; the actual calculations of higher moments

are tedious and are therefore reserved for Appendix A.

Knowing the moments of the adatom disp lacements as a function of

the jump rates a and ~~ , we are ready for the problem of f inding a and ~ in

terms of the moments. In Appendix A , Eqs. (25) and (29) are used to derive

- - the first two non-zero moments

= 2 (4w + a) t  (30a)

= 7~~ + 3 0.Lp
2 

- l2 (2~ ÷ a) t . (30b )

For the case where no double jumps occur and so = 0, the second moment is

— 2at , (31)

just as we would suspect from Eq . (3) for L = 1. Equations (30a) and (30b)

— are linearly independent ; hence a and ~ can be expressed , itt terms of

and ~~~~~~~ as

~~~~~~~~~~~~~~~



N:

at = ~ [4~~ + ~~~~~~ - ~~] (32a)

— 
~~~~~ 

[~~ - 30. ) - . (32b)

We recall from Eq. (21) that 
~ r 

= 

~
‘
r’ 

so that at and ~t can be found in

terms of moments about the mean as well as about zero.
..

C. Moments and Probability Densities

From Eq. (16) it is obvious that the probability density p (t)

for a random walk involving double and single jumps is uniquely charac terized

by the two jump rates ~ and a , and by the diffusion time t .  We can reduce

the number of parameters necessary to specify the distribution by repre-

senting p~ (t) as a function of the second moment P 2 and the ratio a/a .
Equation (30a) gives the second moment in terms of a, ~~ , and t, as

= 8Bt + 2at . (33)

We can find 2~t and 2at in terms of }.1 2 and ~ /a from Eq. (33):

• 
2at = (1. + 4e/a) (34a)

2
~
t = (4 + am ) = (1 ÷ 4-6/a) • ~34b)

-- Also ,

(2~t + 2~t) = 

~2 (1 ~ 
4~/~) 

(34c )

— Substituting Eqs. (34a), (34b), and (34c) into Eq. (16) for the probability

density P
at
(t) yields this quantity as a function of and $/a

.1.
p510~2, @/a ) =

(l÷~~/a) 
______  _ _ _ _ _ _ _exp (-3h

2 (l+4S/a)1 
~ 
‘k~ i +4 ~/& ~(n-m)-2k ~ l+ 4~ /a ~ (35)

- I

~~_i~~ L L~~.-~ -- 
—
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In Appendix D is listed the FORTRAN program PPLOT [8] which

calculates and plots the probability p° as a function of lattice position

n for var ious values of and ~Ici. Itt Fig. 1 we show the behavior of an

adatoin executing a one-dimensional random walk. The distribution of

distances for an adatom only allowed to make single jumps is compared with

the distribution itt which the adatom can make both double and single j ump s

as well as that in which only double jumps are allowed . As we vary the

second moment from 10. to 1., the distribution where only double jumps are

allowed begins to resemble that for single jumps more closely; the mixed

distribution, for which ~/a=l., seems to become less like the distribution

for single jumps. This is the sort of trend that we are looking for. In

order to do an experiment aimed at detecting double jumps there must be

differences between the distributions for different j ump rates p/a. The

trends in Fig. 1 suggest that the diffusion experiment should be done

under conditions such that the second moment of the displacement distri-

bution is much less than 10.0. Figure 1 also indicates that the second

moment should be larger than .1; at this value all three distributions

look very much the same, as little diffusion has occurred for any of the

three examples.

In Fig. 2 we see how the probability distribution p
0 
calculated

by PPLOT compares with available data. The experimental distance distri-

but ion is taken from Stolt ’ s observations on one-dimensional diffusion of

Re atoms over W(211) [4]. These observations were not made with the

intention of looking for double jumps , so it is not surprising that the data

are inadequate to show whether or not adatotns make occasional double jumps.

The experiment that can answer this question will have to be p lanned *

specifically for the purpose of detecting such double jumps.

________ 

- - — -  

- 

I

I

__
~
_ _ _ i _  

- 

- 
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- II. PROBLEMS IN THE DETERNINAT ION OF JUMP RATES

A. Estimating Jump Rates from Diffusion Data

The problem now is to determine , by experiment, the values of

the jump rates a and ~ for single and double jumps. From Eqs. (32a),

- (32b), and (21), we know that

at = 
6 C4~2 + 3(~ 2 ) 2 

- $~k 4
] (36a)

= - 3(~2)
2 

- . (36b)

: 4 The moments entering here are defined by Eq. (20b ) as

. M-- u r n  1 , r
- 

r = ___ ~ ~~ (x~ - 

~~~ 
(37)

t=l

- 

where x1 is the i-th observed adatom disp lacement and is the mean of the

displacements.

The moments IL
4 

and 
~2 

in Eqs. (36) are quantities established

from an infinite number of observations. Such art i n f in i te ly  large set of

observations is called a population or parent population; quantities such

o as and 
~2 

that are derived from a population are referred to as popula-

-
~~ tion values. Specifically , p.4, and 

~2 belong to a clas s of populat ion

values called parent moments. In order for and ç.i
2 

to be of any use to

-• us, we must learn how to estimate them from a finite number of observations.

Given a finite samp le of observations taken from the parent population, we

can generate statistics. A statistic is defined as any parameter generated

by a finite number of observations ; for each population parameter there is

usually a corresponding statistic. The statistic that corresponds to a

parent moment is called a sample moment. The r-th samp le moment about 

- - - .~~r ~~
•
~ç*  ~~~~~~~~~~~~~~~ ‘ ‘ - - -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

. 
~~~~~~~~~~~~~~~~~ -• afl’ ~~~ SI - - --  - -
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zero , at ’ , is defined as
r

M
1 = 1 r

M ~~ (x . )  . (38)
i= I

The r-th sample moment about the mean is defined as

M r
51 — 

M ~ (x. -m 1) . (39)
1

The statistic that corresponds to the second parent moment about

the mean, p.2, is the sample moment about the mean, Front the definitions

of 
~2 and at2,  we see that at

2 
is a crude estimate of .L

2
• If were an

unbiased estimate of 
~2 ’ the average or expectation value of would be

equal to This, however , is not the case. In Appendix B we find that

the expectation value of at2 ,  <rnf is actually

M- 1
= 

M ~2 
(40)

A better estimate of 
~ 2 is then

~2 M-l
m
2 

(41)

By definition, 
~2 

is the unbiased estimator of In general, the statistic

is the unbiased estimator of the population value ô if and only if [9]

< 5>  = ô . (42 )

Not all expectation values are quite as simp le as p.~ . For

example, the expectation value of the fourth parent moment about the mean

is
= m4[l + (H-I) + 

(M-i)~
2
~ 

+ 
(M-i)~~~~~

- 3r4 [ 2M 
2 + 

3M 
] 

(43)
(M—l)~ (M—l) 1

_ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~
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where M is the number of observations and

‘S 
(N- l ) ( M - 2 ) . . . ( M - o + l )  . (44 )

The formal procedure for finding unbiased estimators and expectation values

- is left to Appendix B. Here, we are only interested in giving the motivation

for such formal techniques. In Appendix C we employ these techniques to

find the expectation values of at and ~t as given by Eqs. (C8a) and (C8b):
0 U

A 2
- at = R a t2 + S m 2 + T m4 

(45 a)

.- A 2
- ~t = R~In2 + S~in2 + T~ta4 . (45b)

The coefficients on the right hand side , according to Eqs. (C9) and (d O),

.. are

- .  
R = 

3 (H- i) (46a)

= 

~ ((H- 1) 
+ 

EM-i) ~~ 
+ 

(M- 1) 
(46b)

Ta 
= - 

6(~ 
+ (M-l) + 

24
[2] + [3]) 

(46c)

T 
= - 

(M-l) (47a)

S
B 

= - 

~~((M l) + 
(M.~) [21 + 

(:l) [
~
J) 

(47b)

T
8 

= ~~~(l ÷ (M
7

1) + 
24

12] 
+ 

3~
3]) 

.

We can substitute Eqs. (46) and (47) into Eqs . (45a) and (45b) to obtain

expressions for at and Bt. That is,

I
I

Hi’ 
_ _ _ _  

_ _  
_ _
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A 2 H
- 

= 
3 (H-I)

- M u__ 4 6 “\ 2

- 
~~ 2~~~(M-l) 

(M-l) 12’ 
÷ 

(M~ l) t3]
~

) 2

- + (M-l) ÷ 
(M-i)t2

~ 

+ 
(M- 1)~~~’~~~~ 

(48a)

A
- ,

- 

~~GM-l 
÷ 
(M-1) 12

~ 

+ 
(M- i)~~~~ 

~~

+ ~~~(l + 
(M-l) ÷ 

(M-i)~
2
~ 

+ 
(M- l~~~

]
~ 

at4 • (48b )

The diffusion time t cart generally be determined with arbitrarily good

accuracy. Then knowing t, &t, and ~t gives us & and B directly ,  as

Aa = at/t (49a)
A

• B = Bt/t  (49b )

We now know how to estimate the jump rates a and B from an

hypothetical data set. This knowledge is of little value , however , unless

we can also estimate the random error incurred in making the measurements.

The next problem we therefore consider is that of finding a measure of the

random errors inherent in an experiment.

-
• B. Estimating the Random Errors

The magnitude of the random error in the random variable &t is

ind icated by the var iance , defined as

A A A 2- var at ((at - (at) ) ) . (50) 

-~~~~~~~~~~~ -
~~ 

-- TT I~~~~~~~~~~~~III~~~~~~~~~~~~~~~I ___  _ _ _ _
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According to the de f in i t i on  of an unbiased e s t ima to r  as expressed in

Eq. (42), A(a t) = at

Equation (50) can be reduced to the equivalent  form

A A 2var at = ((at - at) )

A 2  A 2
= ((at) - 2at at + (at) )

The expectation value of a sum is equal to the sum of the expectation values

for each term of the sum so that

var ~
‘t = ((

A
)
2) - (2at ~

‘t) + ((at)
2
)

Because at is a population value ,

A A 2(2at at) = 2at (at~ = 2 (at )

and
2

((at) ) = (at)

The variance of at is thus given by the well know relation

var 
A 

= ( (
t\

) 2 ) - (at)
2 
. (Sla)

• Similarly , the variance of ~t is
-

-

t A A 2  2
var Bt = ( ( B t )  ) - (pt) . (5 1b )

However , the variances according o Eqs. (51) are population values, and

therefore cannot be determined from a finite experiment . The unbia sed

.

~~ 
estimators of var ~

‘t and var though are random variables that are

accessible through a finite number of observations. Using the operator U

to indicate that art unbiased estimator is being taken, we write the unbiased
A

estimator of var at as
A A 2  A 2

IJ(var at) = U ((  (at) ) - (at) ) . (52)

I 
4 -.
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The operator U acts linearly, so that

A A 2  2U (var at) = U[((at) )]  - U((at)

The unhiased estimator of the expectation value of a random variable is

I equal to the random variab le itself and therefore

I A 2  A 2
U [((at) )] = (at)

An equivalent expression for U(var at) is then
- 

A A 2  2
U(var at) (at) - U[(at) ] . (53a)

- Similarly, the unbiased estimator of the variance of ~t is

• A A 2  A 2
U(var Bt)  = (Bt) - u [( B t )  ] . (53b)

The error in measuring t is negligib le compared with the error

in & and S. That is,
-

~~~ AV U [var a] — U[var at ]
— 2 = 

2 (54a)
• (a) (&t)

A AU[var B]  U[var Bt ]  54b
(~ )2 — 

(~t)
2

Substituting Eqs. (45a) and (45b) into Eqs. (53a) and (53b) respectively , we
L.

• arrive at

U[var ~~] = (R
a
m
2 + Sin~ + T m

4)
2 

- U[(at)
2
]

- 

= R~m~ + 2RSu 4 + 2R T m 4
m
2 + S~i4

- 
+ 2SaTam4m

~ + T~m~ - U[(at)2] (55)

where the coefficients R
al S

a~ 
and T

a 
have already been defined by Eqs. (46a)-

(4oc). In Appendix C, we find that U[(at)2] can be expressed in terms of

I.

[ 1 1
- . __V~~~~ _~~~~•• . •  V.- - 

- 

•I ~~~~~~~~~~~~~~~~~~ - --- - V •t- -~ - - -e- . •~~~~~~~~. 2 4  ~~~ 1

~ ~~~~~~~~~~~ - -V. _ __  ___
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:: parameters 
~~~~ ~42~ 

and k44, kno~~ as k -sca ti sc~ cs , as

tJ((at)
2
] ~ - 

9 ~42 ~ 
~~~~
. k~~~. (56 )

As shown in Append~.x C ,

‘2/1 2 3
%
\ (1 o

~22 
= çxi~ ~(2] ~[3] 

r~ j )n ti M 
~\M

(2i ÷ (4 ] ) (57a)

- 1. 16 114 432 720
- 

- 

k42 at
6
M (

\ ~~~~~~ 

- 

~ [3] - 

M t41 
M~

51 
-

- -  ‘( 1 L4 87 - 324 540 “\
- 

- -  

- r a 4at,~c .~~~~~~ 
~~~(3J

’ (4J 
~~~

22( 
_ _ _  - 38 V 144 240 ”\
~~~ M~

5
~ 

+ 
M~

61 1~

33 ( 3 15 ~54 9O~~.

~~ 

m2H - 

~~[4] 
- 

•~(5J .~(6J) 
(~ ,b)

1 1. 28 438 4320 27360 103680 L81~40V -- •<44 
= at5~•~~~ 

~~( 2j  - - 
M~

4 1 M 13] ~~6 J  
- _ _ _ _ _

~2( 12 256 
+ 2736 18000 69120 L2096C~~— 

~ . r f l  - r4~ 1 t 1 1 - f 10 - \~~~L J J  ~~ i ~q C~ i ~~L 6 i  H~
7
~ ~~~ )

‘( 8 208 2304 V 14592 55296 - 96 76 8~~
V ‘ M ’~~ H~~ M~~ H H

V 2 2( I • 14 131 - 1080 - 6840 - 25920 - 45360”~V - nt 4M 
~~~ 2] ~ M~

31 - 

M~
4 1 

~ M~~
1 

— 

H(6J
~ Ht’

~ ~ ~{8] I
I 

- 2 3( 6 102 972 6660 25920 4536 0~~
-. 

nt,m~M 
~~•••~ M~~~

1 
- 

H t4 1 - 

~ ( 5 J  - 

~~6] 
- 

~ f 7 J  
- _ _ _ _

- -- 2 3 ,‘ 6L~ 912 6000 230’~.0 40320
- 

nt~m2M 
H141 - - 

~q~6 1 
- 

H t 7 1 
-

A 4( 9 - 72 - 540 2160 3780~~j  m2H 
M~~ ~ (6J ~~~ ~ 

. ~~7c)

. 1
_ _ _ _ _ _ _ _ _ _  

_ _  - 

~~~~~
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- By substituting Eq. (56) into Eq. (55), we can estimate the variance of

A
at in terms of sample moments about the mean and the k-statistics. That

is,

- - U[var A 1  = R~m~ + 2RaSam~ + 2RaTam4m2 + S~t4 + 2SaTaat4rn
~

2 2  4 2 1
+ Tam4 

- -
~~ k22 + 

-
~~~ 1(42 - 

~~ k~4 (58a)

The coefficients Ra~ 
Sa~ 

and Ta are given by Eqs. (46a), (46b), and (46c).

Similarly , the variance of Bt can be estimated by

U[var BtJ = 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- + T
B

51
4 

- ~~~ k22 ÷ ~ j  
k42 - 

~~g k44 (58b)

- where RB, SB, and TB are given by Eqs. (47a), (47b), and (47c). The

- — details are available in Appendix C.

- Equations (58), (57), and (54) allow us to estimate the

variance of & and ~ from a hypothetical data set, consisting of M obser-

vations of adatom positions. We do not yet know, however, what experi-

mental conditions yield the smallest variances for & and 
~
; nor do we

-
~~~ know how many observations are needed to insure statistical errors small

V 
enough to make & and B meaningful. These problems are addressed in the

• next section.

C. Experimental Conditions Minimizing Random Errors

To minimize the random error in determining unbiased estimators

V 
for the rates of single and double jumps, we consider the variance predicted

for different comb inations of the rates a and B . We can calculate these

variances from Eqs. (51a) and (51b):

I
-

I 
- 

Ii

~~J_ ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ JT
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A A 2  2
var at = ((at) ) - (at)

-
; • A A 2  2

— var Bt = ((Bt) ) - (Bt)

A 2
The evaluation of ((at) ) and ((Bt) ) requires techniques developed in

Appendix B, and is detailed in Appendix C. It is convenient to express

A A

- 
the variances of at and Bt in terms of the cumulants 

~2 ’ ~~~ ~~~~, and 
8

which are in turn defined in terms of the parent moments 
~2’ ~4’ ~6’ and

in Eqs. (60a)-(60b). That is,

var = + 
l6~~~~ 

+ + 
(M-i)~~~ 

~4~2

- .  24M~N+l) 4 ~~6 8(M÷7)÷ 
(M—l)~

31 ~2 
- 

M 
- 

(H- i) ~4~2

+ + ~~ J - (at)
2 (59a)

u 
A 1 ~ 8 16t~6~ 2 ~H + 3 3 )  2 72M 2var St = 

~~~~~~~~ 

1. 

~~~~

- + 
~N-l) 

+ (H-i) ~4 
+ 
(H-I) 

(2] ~4
’
~2

+ 
24M(M+l) ~ - 

~~~ 
- 

2(M+7) 
~4~2

(H~i) t3’ 
K
2 H (M-l)

+ ~~ 
} - ~~~~~~~~ (59b )

The properties of cumulants required for this work are discussed in Appendix

B. Cumulants are related in a simp le way to parent moments. Thus,

(60a)

1 2
-~ 

~4 = 

~‘4 - (60b)

I
- -~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ -~~~~~~~~~~~ _ _ _  _ _ _ _ _
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

6 
= 

~6 
- 
~~~~~ + 3O.~~ (60c )

- 2 8$.L6~.t 2 
- 35~~ + 42O~4~~ - 6304 . (60d )

A A
Though the exact expressions for var at and var Bt are very complex,

the corresponding approximations , to first order in 1/M are fairly simple.

In Section 4 of Appendix C , Eqs. (C20) and (C22), we show that these

approximations are given by

var A = (~ - l21~6~
L~- 2~

2 
- l&~4~~ + 17144 ÷ l36

~4~2

- 72~~ - 8
~6 + 16~4~~ 32~~ ) (61a)

A 1 2 2 4
var Bt 576M ~~8 

- l2P•6).I.2 2~4 + ~~~~~ 
451

~2 
2~I
6

+ 16p
4~2 

- l8~~ + - ~~~ ) . (6 lb)

Both of these approximations are within 67. of the corresponding exact

variances for any value of B/a ranging from 0 to 1000, as long as M ~ 100

and~~2
< l0.

We can find the parent moments in terms of a, B,  and t from the

generating function, using Eqs. (25) and (29). These tedious calculations 
V -

are preformed in Appendix A and yield the following:

= 2(4Bt + at) (62a)

~4 
= ÷ - i2(2$t + at) (62b)

~6 
= 1288t + 2at + 60(4B t + at)2 + 720Bt (4Bt ÷ at) - 

-

-

+ 120(4Bt + at)
3 (GZc)

= 5l2Bt+2at+64,512 (Bt)
2 
+ 252(at)

2 
÷ l2,096(at)(Bt)

+ 20 ,160(4Bt + at)2 ÷l680(4B÷at)3+l680(4Bt+at)
4. 

~~ ~
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The aim of all this is to find the random error inherent in

A A
estimates of the jump rates a and B . The variances of at and Bt are given

by Eqs. (59), (60), and (62). Inasmuch as the error in the diffusion time

- - t is insignificant, the error in measuring & and B is identical to chat of

A A
at and B t ;  that is,

A Avar a Var at
A 2 Ic 2 (63a)

(a) (at )
k- j A A

var B var Bt= A 2 (63b )
(B) (Bt )

We recall from Eqs. (34a) and (34b), that at arid ~t cart be expressed in

terms of 
~2 

and 8/a as

1 
_ _ _ _ _ _ _ _ _at = -

~~ (1+A.B7 ) (64a)

-- 1 
_ _ _ _ _ _

• ~

- 

= 
2 (I÷4B/a) ~ (64b )

— The relative error and C
B
/B in a and B is defined as

~ (
Var &)112 (65a)

.1 = (
vara

)
1/2 

. (65b)

t - B

Equations (51), (59), (60), and (62)-(65) allow us to calculate

exact ly the relative error in a and B as a function of 
~2 

for given values of

1 H and B/a. These calculations were performed by the FORTRAN progr am KPLOT

listed in Appendix D. Figure 3 shows and for B/a = .1 and .2 for

J H 100, 1000 , and 10,000. From Fig. 3 and Tables ID-3D in Appendix D, we

1.
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: see that c / a  and c~ /B achieve their minimum values ii-’. the neighborhood of

I 
~~, 

= .237 for the values of H and B/a given above. It is for this value

of the second moment that measurements of the jump rates a and B are the most
- 

-- advantageous. Using the FORTRAN program MPLY] to calculate ca/a and c
B /B as

functions of H for 
~2 

= .237 and B/a = .1 and .2, we find that only after a

- few thousand observations have been taken does the relative error drop to

40%, as shown in Fig. 4. For M > 5000, further increases in the number of

observations have little effct. Precise determinations of the rate of double

jumps therefore appear to be difficult ; however, it should be possible in

I .- . experiments of reasonable length to ascertain semiquantitatively if double

jumps participate to any significant extent in the diffusion of single atoms

over a surface.
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4.

APPEND IX A

CALCULAT ION OF PARENT MOMENT S

1. General Approach

- 
The aim of this appendix is to derive relations for the moments of

the parent population of adatom displacements in terms of the jumn rates a

and B , and the diffusion interval t. Specifically,  we are interested in

- -  finding the parent moments about the mean 
~2 ’ ~~~ ~~~ 

and 
~8 

Equations (21),

(25),  and (29) give us an algorithm for deriving the k-th parent moment
- 

- 
about the mean

-- ~k 
(z ~~~)~

‘ G(t,z) . (Al)
z=l

where

G(t,z) E exp~ [B (z
2+z 2) + a ( z + z ~~ ) -2(rt-+B)]t) , (A2 )

-
‘ -- or equivalently

= r1((t,l) (A3)

where

‘I. rk(t ,z) (z .i)
k
G(t z) . (A4)

£ 
Though the calculations for p.

2 
and p.

4 are easy enough to perform,

finding p.6 
and p.

8 
requires a bit of forethought and careful bookkeeping. In

order to facilitate the bookkeeping, we introduce the definitions

• = G(t,z) (A5a)

- •.

I ~ 

- 
C = (i—) G(t,z) (ASb)

— 

= ( .I) k 
G(t ,z) (A5c)

z

_ _ _ _ _ _ _ _ _  

- —

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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F ~ F(t,z) (B(z
2 + z 2) +a(z + z 

l
) - 2(a+8)]t (A6)

F = F(t , z) (A7a)

= (.2_)~ F(t ,z) (A7b )

F~~~ = (~~)
k 
F(t,z) • (A7c )

The procedures for utilizing Eqs. (A2)-(A7) to find ti.2, p.~ , p.6, and p.8 are

outlined in the next section.

2. Outline for Moment Calculations

a. Find F(t,z) through r8 (t ,z)  in terms of c~(t,z) and G~
8
~ (t,z)

using the recursion relation F-Vk+l (t,z) = (z ~ —) r
k(t,Z).

b. Find G(t,z) through G~
8
~ (t,z) in terms of F(t,z) through

F~
8
~ (t ,z) using the recursion relation G~

<+
~~(t,z) = (~ /~ z) G~~~(t ,z).

c. Find F(t,z) through ~~(8~~(~~,Z) in terms of t ,z,a, and ~~ using

the recursion relation F~~
+
~~(t ,z) = (~ /~ z )F~~~(t,z ) .

d. Evaluate F(t,1) through F~
8
~ (t ,l) in terms of a, B , and t.

:~ e. Evaluate à(t,1) through G~
8
~ (t ,l) in terms of F(t,l)

(8)- - - through F (t ,1).

f. Evaluate rk(t ,l) for k= 2 ,4,6, and 8 first in terms of

F(t,i) through F~
8
~ (c ,l) and then in terms of a, B , and t.

g. Keeping in mind that = F
k
(t,l ) ,  f ind I~2, p.~ , p.

6
, and in

terms of a, B1 and t.

I:

_ _ _ _ _  - - -J ~~~~ 
- .~- 

—
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-- -- -_ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘~



31

— 3. Determinat ion of F
1
(t,z) through ~~~~~~

We use equation (A4) to generate the following recursion relation

= (a ~—) F
k
(t ,z) . (A8)

This recursion formula will be used to find F1
(t ,z) through r8(t,z) in

terms of ~(t,z) through G~
8
~ (t,z). For the purposes of these calculations

we introduce the symbols

- G~~~ 
E G~~~(t,z) (A9a )

r
k rk(t ,z) . (A9b )

- - Using these , we now write the rk
I S as

= (a ~~) G (AlOa) —
- - r 2 = (z ~—) r 1 = (z i—) (zG)

- - 
=z(G + zG )

. 
= ÷ ~2a (AlOb)

= (a ~~) (z~ + z2G)

-. = z~ + z
2
ó + 2z2G + z3G~

3
~

= + 3z2G + z3G~
3
~ (AlOe )

:: = (a ~~
) (z~ ÷ 3z 2 G + z

3
G~
3
~) 

—

~. = (zG ÷ z 2
~) + (6z2G + 3z3G~

3
~)

+ (3z3G~
3
~ + z G ~~~)

= zG + 7z2G + 5z 3G~
3
~ + z

4
G~
4
~ (AlOd )

V ;  

—

k&~~~~~~~~~~~~~~~~~ —~ -
. 

~~~~~~~~
- 

__________— 
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= (z ~~) [zG + 7z2G + 6z 30T3) + z ~ G~
4
~]

= (zG + z
2
G) + 7(2z

2
~i + z

3
G~
3
~)

+ 6 (3z3G~
3
~ + z

4
G~
4
~ ) + (4z4G~

4
~ + z

5
G~
5
~)

= zG + l5z2~ + 25z 3G~
3
~ + lOz4G~

4
~ + z

5
G~
5
~ (AlOe)

F
6 

= (z ~~ )(z~ + l5z 2~ + 25z 3G~
3
~ + 1Oz4G~

4
~ + z

5
G~
5
~)

= (z~ + z
2
~ô) + 15(2z

2
~ + z

3
G~
3
~)

÷ 25(3z 3G~
3
~ + z

4
G~
4
~) ÷ l0(4z

4
G~
4
~ + z

5
G~
5
~)

÷ (5z5G~
5
~ + z

6
G~
6
~ )

= + 3lz 2~ + 90~
3
G~~~ + 65z4G~

4
~

+ l5z 5
G~
5
~ + z

6
G~
6
~ (AlOf)

F
7 

= (z 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• 

- 

= (z~ + z
2
~) ÷ 3l(2z

2
~ + z

3
G~
3
~)

÷ 90(3z 3G~
3
~ + z

4
G~
4
~)+65 (4 z4G~

4
~ + z

5
G~
5
~)

+ l5 (5z5G~
5
~ + z6G~

6
~ ) + (6z6G~

6
~ + z

7
G~
7
~)

- - 
= zG + 63z 2~ + 3Olz 3G~

3
~

+ 35Oz4G~
4
~ + l40z5G~

5
~ + 2lz6G~

6
~ + z

7
G~
7
~ (AlOg)

V I
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= (z ~~) (zG + 63z2~ + 3Olz3G~
3
~

+ 35Oz4G~
4
~ + 14Oz 5G~

5
~ + 2lz

6
G~
6
~ + z 7G~

7
~)

= (zG + z 2
~~) + 63(2z

2
~ + z3G~

3
~ )

+ 3Ol (3z
3
G~
3
~ ~ z

4-G~~~) + 35O(4~~G~
4
~ + z

5
G~
5
~)

+ l4O( 5z 5G~
5
~ + z

6
G~
6
~ ) + 21(6z6G~

6
~ + z

7
G~
7
~)

+ (7z 7 G~
7
~ + z

8
G~
8
~)

2-- 3 (3)
= z G + l 2 7 z G + 9 6 6 Z G

+ l7Olz4G~
4
~ + lO5Oz

5
G~
5
~ ÷ 266z

6
G~
6
~ —

+ 28z
7
G~
7
~ + z

8
G~
8
~ (AlOh)

This comp letes the first stage of the derivation.

4. Relations for ~(t,z) through G~
8
~ (t ,z)

We use Eq. (A5c) to generate the recursion relation

G~~
+
~~(t,z) = ~~~~~ G~~~(t,z) - (Al l )

This recursion formula will be used to find G(t,z) through G~
8
~ in terms of

F(t,z) through F~
8
~ (t,z). For the purpose of these calculations we simp lify 

V

the symbols t C 4  read

F F(t,z) (A12a)

F’~~ F~~~(t,z) . (A12b)

Using Eqs~. (A2), (A5c), and (A6), we can now write the ~~~ functions as
— 

G
(k) 

= (~_)
k 

exp (F) . (A13)

The recursion relation given by Eq. (All) implies that the first eight

derivatives of G(t,z) can be written in terms of the first eight derivatives

of F(t,z) as

- V - - V  - 
- -- ---

~~~~~~~~~ 
- - *- -—-- — -

V 
- V -

~
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G = (exp F) = F exp F (A14a)

= (F exp F) = F exp F + F(F exp F)

= F exp F + (F)2exp F (Al4b)

= (F exp F + (F)2exp F)

= (F~
3
~exp F + ~F(t exp F)]

+ [(2tF)exp F + (F)2(fr exp F)]

= F
13)

exp F + FF exp F + 2frF exp F + (F)3exp F

= F~
3
~exp F + 3FF exp F + (F)3exp F (A14c )

G~
4
~ 

= ~~ (F~
3
~exp F + 3FF exp F + (F)3exp F)

= [F~
4
~exp F + F~

3
~~(F exp F)] -

+ 3[F~
3
~F exp F + FF exp F + ~ ‘(fr exp F)]

+ (3(~.)2~ exp F + (F) 3 (F exp F)]

= F~
4
~exp F + F~

3
~~ exp F + 3F~

3
~fr exp F

+ 3(F)2exp F ÷ 3~ (F)2exp F + 3(~)
2F exp F + (F)4exp F

= (F~
4
~ + 4F~

3
~F + 3(F) 2+ 6F(F) 2+ (~)

4 ) exp F (A14d)

G~
5
~ = [F~

5
~ + 4(F~

4
~F + F~

3
~~) + 3(2~ F~

3
~~)

+ 6(F~
3
~ (~’)

2
÷2F(F)

2
)+ 4 (F) 3F] exp F

+ [F~
4
~F ÷ 4F~

3
~(~’)

2 
+ 3(F)

2F + 6F(F )3 + (F) 5] exp F

= (F~
5
~ ÷ 4F~

4
~~ + 4F~

3
~F + 6FF~

3
~ + 6F~

3
~ (t)

2

+ l2F(F)
2+4 (~)

3
F + F~

4
~F + 4F~

3
~ (~)

2

+ 3(F) 2t + 6F(F)
3 

+ (i’)
5

) exp F

____________________________ 
_____________

i~~~~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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a.
- (5) (4)~ (3).. (3) . 2

= ~F + 5F F + 1OF F + 1OF (F)

• + l5 (F)2F + lOF (F)3 + (i’)
5
) exp F (Al4e )

G
(6) 

LF~
6
~ + 5(F~

5
~F + F~

4
~ 

•
~)

+ lO(F~
4
~~ + (F~

3
~)

2) + lO (F~
4
~ (i’)

2
+ 2F~

3
~FF)

- + l5 (2F~
3
~ Fi’ + ~F)3) + lO(F~

3
~~(F) 3

÷ F3 (F) 2F) + 5(t)
4FJ exp F

4 + (F~~~i’ + 5F~
4
~ (i’)

2+ lOF~
3
~~~ + lOF~~~ (i’)

3

+ 15 (FF)2 + 10F(F)
4 

+ (fr)
6
) exp F

= £F~
6
~ + 5F~

5
~F + 5F~

4
~F + lOF~

4
~ F

+ 1O (F~
3
~~~ + lOF~

4
~ (F)2 + 2OF~

3
~FF ÷ 3OF~

3
~FF

+ 15(F)
3 

+ lOF~
3
~ (F)3 + 30(Fi’)

2 
÷ 5F(F)

4

+ F~
5
~i’ + 5F~

4
~ (F)2 + lOF~

3
~FF + lOF~

3
~ (fr)

3

- 

+ 15 (FF)2 + lOF (F)4 + (i’)
6
) exp F

V 

= ~F~
6
~+ 6F~

5
~i’ + l5F~

4
~F ÷ lO(F~

3
~)

2+ l5F~
4
~ (F)2

+ 6OF~
3
~FF + 15(F)

3 
÷ 2OF~

3
~~(F)3 + 45 (FF)2

+ l5F(F)4 + (F)6) exp F (A14f)

- -

V L G~
7
~ = ~~~~ ÷ 6(F~

6
~F + F~

5
~F)

- + l5(F~
5
~~ + ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 2i’FF~

4
~)

V + 6O(F~
4
~~i’ + F~

3
~F~

3
~i’ + F~

3
~FF)

— 

I - 

÷ l5 (3 (~)
2
F~
3
~ ) + 2O (F~

4
~ (F)3 + F~

3
~3(i’)

2F)

1’ - 

+ 45(2)(Fi)(F~
3
~i’ + (F)

2) ÷ l5(F~
3
~~(fr)

4
+ ~4(F) 3F)

+ 6 (F)5F) exp F

+ tF~
6
~F + 6F~

5
~~(F)2+ l5F~

4
~FF + lO(F~

3
~)

2
F

+ 15F~
4
~ (F) 3 + 6OF~

3
~~ (F)2 + l5(~)

3
i’

+ 2OF~
3
~ (F)4÷ 45(~)

2
(t)

3
÷ l5~~(t)

5 
+ (i’)

7
) exp F

I.
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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4- 6F~°~ F — — L5F~
5
~ F 

-
~
- L5F~~~ F 3

~ — 2OF~~~F~
3
~

~~ 

L 5F~~~~(h
2 

-
~~ 3OF~~~~i’ + 6OF ~~fr ~ 6 C (F ~~

3
~~ )

2
~~ -r

-
~~ 4 -5(~’)

2 F~
3
~ + 2OF~

4
~ (fr)3 ÷ 6OF~

3
~~~(F) 2 

~
- 9OF~

3
~~ ç~’)

2 
-‘- 9O(~)~ F

-1- l5F~
3
~~(F) ’ ÷ 6O (~)

2
(i’)

3 ‘- 0 ( F ) F ~ F~ ° ’~F -i- 6F~~~ (F)
2

15F~~~~i’ + LO(F~
3
~)

2
i’ L3F~

4
~(E)

3 
+ 6OF~

3
~~(F)

2 15 ( F ) 3?
(3\ - ‘- -- 1 - 3 .. . 5 7

+ 20F ’ / (F) + 45 (F) (F) L5F (F) ~ (F) ) ex-p F

= ~~~~ + 7F~
6
~ F + 2lF~

5
~~ + ~~~~~~~~~ ÷

+ lO5F~~~frF 7O(F~
3
~ )

2
F # LO5F~

3
~ (F)

2 
+ 35F~~~ (F ) 3

÷ 2lOF~
3
~~ (FY÷ 105 (~~~)

3

i’ 35F~
3
~~(F) 4 iO5 (~ )

2
(i’)

3

V + 21F (F )5 4- (F) 7 ‘
~ exp F. (A14g)

Lt is now convenient to define the function ~~~,, so cha t

G~
7
~~ = E 7 ex p F .

Then

G
4
~
S) 

= H 7exp F -I- ex-~ F

= + 7 (F ~~
i )

F + F~
6
~~~) -

~
- 2 1(F~

6
~ F + F~

5
~ F~

3
~

-~~ - (5’ 13\ 14’ (1&\ - 2 . .-
÷ 35 (F ’ ‘F’ ‘— F’ 1F’ ‘)-i-Zl(F ’ ‘(F) — 2FFP ’ - )

-
~
- LO5 (T~

5
~~T + F~

4
~ F~

3
~ F -r

-
~
- 7O( 2F~

3
~F~

4
~F + (F~

3
~~) ’F) + 105 (F~’~ (F) 2

~- F~~~ 2FF~
3
~ )

L. . 
- 

4- 33(F~~
5

~~~(F)
3
+ F~

4
~ 3 (F Y F )

V 
V 

3) (3 - 

‘ (‘.).. - 
~ (3)-- -

÷ 210(F F (FYi- F - F(FY÷ F F2 (F)F)

÷ L O 5(3 (F) 2
F~
3
~F ÷ (F ) 3F ) ÷ 3 5 ( F ~

4
~~(fr)~ ÷ F~

3
~ 4 (F) 3

~~)

÷ 105 (2FF~
3
~ (F)

3
~ 3(~)

2
(~) (~)

2) ÷ 2 l (F~
3
~ (i’)~~~~~ 

5(~)
4F?)

r 7(i ’)°~} ex~ F -~-H ..F exp F - (A 14h)
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-

4— . — -— — - - -— _— _
~~~~~~~~~~-~~~~~ ~~~~~~~~~~~r’z 

— — 

~~~~ ~~ a

_________ ~ ~~~~~~



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
—

- -  
5 Relations for F(t,z) throu gh

In order to find F(t-,z) through F~
8
~ (t ,z) in terms of t , z, 1,

- -  and ~~~, we need only take the first eight derivatives of F(t,z). The
-

~~ function F(t,z) is defined by Eq. (Aó ) as

-~~ F(t,z) =

As a way of simplifying Eq. (A6) we define

- A m at (A15a)
V - 3 f St  . (A15b)

These definitions result in a new expression for F(t,z):

F(t,z) = (Al6 )
2 — ‘ —1 .- B[z +z ] + A [ z + z  J -2(A+B) -

- - The first eight derivatives of F(t,z) with respect to a now are given by

- 

F = Bf2z - 2z
3
] ± A[1-z

2
J (A17a)

F a B ( 2 + 6 z 4
) + 2Az 3 (A 17b)

F~
3
~ = -24Bz

5 
- 6Az 4

= -6[43z
5 + Az 4] (Al7c)

F~
4
~ = 24 [53z 6 

÷ Az 5 ] (A17d)

F~
5
~ = -l2Of6Bz + AZ

6
] (A17e)

F’6~ = 720 [7Bz 8 + Az 7] (A 17f)

-5O4O(83z~~ + Az
8

) (A17g)

1 F~
8
~ = 4O ,32O[9Bz~~° + Az 9] . (A 17h)
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6. Evaluating F(t,z) through F~
8
~ (t,z) at a = 1

Sections 3 through 6 give us all of the information necessary to

find F
1(t,

z) through F
8
(t ,z) in terms of t, a, a, and B. In order to f ind

p.2, 
~~~ ~

6, and p.8 in terms of t, a, and B ; we only need to find F2(t,z) ,

F
4
(t,z) , r6(t,z), and F8(t,z) at z=l. Because all the Fk

I S are in terms

• 
of the Gm’s, and all the G~~~ ’s are in terms of the ~~~~~~ the F~~~ ’s

must first be evaluated at z=1.

Substituting z l  in Eqs. (Al7a)-(A17h ) and (Al6), we find tha t

F(t,1) = 1,2 + A.2 - 2(A + B) = 0 (A18)

F(t,l) B(2—2) + A(l-l) = 0 (A19a)

~(t,l) = B[2 + 6] ÷ 2A = 83 + 2A (A19b )

F~
3
~ (t ,1) = -6 (4B + A] (Al9c)

F~
4
~(t ,l) = 24(5B + A] (A19d)

F~
5
~~(t , l) = —12 0(68 + A] (A 19e)

F~
6
~ (t,l) = 720(73 + A] (Al9f)

F~
7
~~(t , l) = -5040(83 ÷ A] (A19g)

F~
8
~ (t,l) = 40,320193 4-A] . (A19h)

7. Evaluating ~(t,z) through G~
8
~ (t,z) at z = 1

Rather than immediately expressing ~(t ,l) through G~
8
~ (t ,l) in

- - 
terms of cr , B, and t, we choose to first express these functions in terms

of F( t,1) through F~
8
~ (t,l). We find that Eqs. (A14a) through (Al4h) are

- 

- I cons iderably simplified by making the substitutions F(t,1) = 0, F(t,l) = 0,

F and z 1 .  That is,

G(t,1) = exp F(t,1) 1 (A20)

G(t , l) = F(t,l) 0 (A21a)
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‘ô(t,l) = i’(t ,l) (A2lb)

G~
3
~ (t,l) = F~

3
~ (t,L) (A21c)

-- G~~~ = F~
4
~ + 3(~.)

2 (A2 1d)

G
~

5
~ 

= F~
5
~ ÷ l0F~

3
~~ (A2 1e )

G~
6
~ 

= F~
6
~+ l5F~

4
~~ + l0(F~

3
~ ) 2 + 15 (F) 3 (A2 1f)

G~~~ = F~
7
~+ 2lF~

5
~ F ÷ 35F~

4
~F~

3
~+ lO5F~

3
~ (F) 2 (A2 1g)

G~
8
~ = F~

8
~ + 7F~

6
~ F + 2lF~

6
~ F + 2lF~

5
~ F~

3
~ + 35F~

5
~ F~

3
~~+ 35 (F~

4
~ ) 2

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

= F~
8
~ + 28F~

6
~~ + 56F~

5
~ F~

3
~ ÷ 35 (F~

4
~ ) 2

--  + 2l0F~
4
~~~)

2 + 280 (F~
3
~)~~ + lO5 (~)

4- 
. (A21h)

-- 8. Evaluating F
2
(t,l), F4(~,l), 

F
5
(t ,1), and F8

(t,l)

We can find F
k(t,l) in terms of F(t,l) through F~

8
~ (t ,1) by

- substituting Eqs . (A21a) through (A2lh) into Eqs. (AlOa) through (AlOh).

The Fk
’S can then be found in terms of a, B, and t by using Eqs. (A15),

(A18), and (A19) to evaluate F(t,z) and its first eight derivatives at

a = 1. That is,

F
2(t ,l) = = F = 2A ÷ 8B (A22a)

4. . .. (3) (4)F4 (t , l) = G + 7G ÷ 6G + G

= 0÷7(F) + 6(F~
3
~) + (F~

4
~+ 3(

•~)2)

= 
~~2

+6 6(43+A )) ÷ 24(53+A) + 3~~2)
2

= 7p.
2 - l44B - 36A ÷ 120B + 24A+ 3(p .2 ) 2

- 

- :: = 7p.2 + ~~ 
~~~~~~~~~~~~ 

- 243 - 12A (A22b)

L
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F
6
(t ,1) = ÷ 31G + 90G~

3
~÷65C~

4
~ ÷ l5G~

5
~ + G~

6
~

= 0 + 31F + 9OF~
3
~ + 65(F~

4
~ + 3(F) 2)

+ l5(F~
5
~ + l0F~~~F)+ (F~

6
~+ l5F~

4
~F + l0(F~

3
~)

2 
÷ 15(F) 3)

= 3lF + 90F~
3
~ + 65F~

4
~ + 195 (F) 2 + l5F~

5
~ + l50F~

3
~F

+ F~
6
~ + 15F~

4
~F + l0(F~

3
~)
2 
+

= 31(8B+2A) + 90[-6(4B+A)] ÷ 65[24(53÷A)]

+ 195(SB + 2A) 2+15(-120 (6B+A)}÷150[-6(4B+A)(8B÷2A)]

÷ 720(7B + A) + 15 (24 (5B + A) (SB + 2A)1 ÷ 10 [-6 (4B + A) ]
2
+ 15(8B + 2A)3 —

= 62(4B÷A) - 540(45+A) ÷ l560(5B-I-A)+ 780(4B+A)
2

- l800 (6B+A) - 1800 (4B + A) 2 + 7 2 0 ( 7 B + A) + 72 0 (5B +A) (4B +A )

+ 360(43 + A) 2 
+ l2O(43 + A) 3

= 62(43 -I- A) - 540(4B -I- A) +1560(534-A) - 1800 (6B + A) + 7 2 0 ( 7 B + A )

+ 780(4B+A) 2 - l800 (48÷A) 2 -I- 360(4B ÷ A) 2 + 720(5B + A) (4B -s- A)

+ 120(4B 4-A)
3

= -478(4B+A)+ (78008+ 1560A - lO800B - 1800A+5040B -I- 720A)

- 660(43 4-A)
2 + 720(53 +A) (4B +A) + 120(43 4-A)3

= -1912B-478A +2040B+480A - 660(4B+A)
2
+720(43+A)

2

+ 720B(43 +A) + 120 (43 -I-A)3

= 1283 +2A+60(4B 4-A)
2 

+ 7203(434-A) ÷ l20(4B 4-A)
3 (A22c)

~8
(t,1) a 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

a 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ 266 (F~
6
~~+ 15F~

4
~~ + 10(F~

3
~)

2 
+ l5(~)~)

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ F~
8
~~+28F~

6
~ ~ +56F (S)

F
(3) +35 (F (4)

)2 -~~

+ 21OF~
4
~ (F) 2 +280(F~

3
~)

2
F÷105(F)

4

_____________________________________________________ a 4 ’  Il I~ ’

~~~~~~~ ~~ .1i~ ~~~~~~~ _ . A  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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.. (3) (4) -- 7
= 127F ÷966F +1701F +5103(F)

+ 105CF~
5
~~+1O ,500F~

3
~~

V 

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ F~
8
~~÷28F~

6
~~ + ~~~~~~~~~~~~~~~~~~~~

÷ ~~~~~~~~~~~~~~~~~~~~~~~~~ + lO5 (~)~

= 127(2(43 + A)] ÷ 966 [-6 (43 4-A)]

+ 1701[24(5B+A)] + 5103 ( 2 ( 4 B + A ) ]2

+ 1050(-120(6B+A)] ± 1.O,500[-6(4B -4-A) ]f2 (4B+A)]

+ 266 [720(7B÷A)] + 3990[24(5B+A) ] [2 (4B÷A)]

÷ 2660 [-6 (4B + A)]2 ÷ 3990[2(4B +A)]
3

+ 28 N 504 0(8B+A)]  ÷ 588[ l 2 0 ( 6 3 + A ) ) [ 2 ( 4 B + A) ]

+ 980(24 (5~~+ A ) ] [ - 6 ( 4 B + A )]  + 2940(-6 ( 4 3 +A ) ] ( 2 (43 + A) ] 2

+ [40 ,320(9B÷A)] + 28[72 0(7B + A) ] ( 2 ( 4 B + A ) ]

÷ 5 6 [ - l 2 0 ( 6 B + A ) ] [ - 6 (4B + A) ] ÷ 3 5 ( 2 4 ( 5 3÷A ) ] 2

-,- 210[24(53+A)][2(4B ÷A)]
2 

-I- 280[-6(4B +A)]
2
[2(4B +A)1

4
÷ 105[2(4B +A)]

= B[ 127(2)4 - 966 (6)4 ÷ 1701(24)5 - 1050(120)6 + 266 (720)7

- 28(5040)8 + 40,320(9)] +A (127(2) - 966(6) + 1701(24)

- 1050(120) + 266 (720) - 28(5040) + 40 ,320]

V - 
+ 8

2
[5103 (4)(16) - 10,500( 12)( l6 ) + 3990(48) (20) + 266 0(36)( l6 )

- 588 ( 240) (24 ) - 980 ( 144) (20) + 28(1440) (28) ÷ 56 (720) (24 )

+ 35 (24) 2 (25)]

÷ A2(5103 (4) - 10,500(12) + 3990 (48)

÷ 2660(36 ) - 588(240) - 980 (144) 
V

+ 28(1440 ) + 56 (720) + 35 (24) 21

I ~
-

* 
--- -*—
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V

+ AB [5l03(4)(8) - 10,500(l2)(8)  ÷ 3990(48) (9)

+ 2660(36 ) (8) - 588(240)( lO) - 980(144) (9)

+ 28(1440) (11) + 56 (720) (10) + 35 (24) 2(10) ]

+ (48+A) 3[3990(8) - 2940(24) + 280(72)]

+ 210(96) (534-A) (434-A)
2

+ 105(16)(43+A)
4

= 5l2B + 2A -

+ 64 ,512 32 + 252A2

+ l2,096AB - 18,480(43 4-A)3

+ 20 ,160(5B + A) (48+A) 2 + 1680(434-A)4 . -

Note that -

-18,480(4B-4-A)3 ÷ 20 ,160[(5B+A)(43 4-A)
2
] -

= -18 ,480(4B 4-A) 3 + 20 ,l60[B (48 4-A)2 + (4B + A) 3]

= 1680(434-A)
3 

+ 20 ,1603(434-A)
2
. 

-

This makes it possible to write F
8
(t,l) as

F
8(t,l) = 5123+2A+64,5l2B 2

÷252A
2
÷12,096~~

+ 20 ,160B(4B+A)2+ l 6 8 0(43+ A ) 3÷ l680(43÷A)
4
. (A22d)

This completes the derivation of F
2
(t ,l) ,  F

4(t ,l ) ,  F
6
(t ,l) ,  and F81(t ,l). - .

V 9~ The Parent Moments in Terms of a, B , and t 
- -

We know from Eq. (A3) that = F
k(t ,l); Eqs. (A3), (A15), and

(A22) therefore allow us to find the even moments of the parent population

in terms of the Jump rates a and B and the time interval t, as

= 2(4B + at) (A23a)

I 
- = 

~~2 + 30~2)
2 

- 12(2B t + at) (A23b) j
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= l2 8 B t + 2 a t + 6 0 ( 4 Bt + a t ) 2 + 7 2 0B t ( 4B t ÷ a t )

+ l20(4Bt 4-at)
3 (A23c)

- 

V 

8 
— 5l2B t + 2at +64,512 (Bt)

2 
+ 252 (at)

2 
+ 12,096 (at) (Bt)

- L -- + 20 ,160(4Bt+at)2+l680(4Bt÷at)3 +l680(4Bt+at)4 . (A23d)

- 
- - This completes the derivation of the moments expressed in terms of the

- jump rates for single and double jumps.

j 
£
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-
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I H
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APPENDIX B

- UNB IASED ESTIMATORS OF MOMENT S ABOUT THE MEAN

V - This appendix is meant to serve as a tutorial for the statisticaL

techniques employed in this thesis. The major source of this material is

Kendall and Stuart ’s book on advanced statistics (9]. The reader is

assumed to have a knowledge of statistics at the leve l of Bevington ’s

book on data analysis [10]. Topics covered here include power sums, augmented

symmetric functions, cumulants , and k-statistics.

( 1. The Second Moment

I As an introduction to the statistical techniques used in finding

the variances of the jump rates a and B, we will consider the problem of

estimating the second parent moment about the mean p.2, given a sample con-

— 
sisting of M observations. It is well known that the unbiased estimator

- 

of p.2
is

- 
~2 M_ l

m
2 (BI)

- Here in
2 

is the second moment for a sample consisting of M observations.

If Eq. (31) correctly estimates ~2 , then Eq. (42) implies that the expectation

value of 
~2 

is p.~ . That is,

= p.2 . (B2)

Because the number of observations N is not a random variable, we know that

— I or 
~~~ 

= H- I. (m
2

) =

(m
2
) = w £ (B3) 

V

-

- 

_________________ ___________

~~~~~ ~~~~~~~~~~~~~~~~ ~~~~ -~~~~~~~~~~~~ : I V~~~~~~~~~ V1i~
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4.

Equation (B].) can be verified by finding the expectation value of in
2
.

From Eqs. (38) and (39) we find that in
2 

can be expressed in terms of the

M observations x~ comprising the samp le as

1 M 
1 M 2

15
2 

= 
M 

E (x~ - Z x~ ) . (34).. i—i j=l .1

Here and throughout this appendix, we will omit the bounds on the summation
= 

symbol and assume that every index is summed from 1 to M. Equation (34)

can then be written equivalently as

J in2 = E(x. - E x./M)
2 
. (35)

We can reduce m
~ 

to a simpler form by expanding Eq. (B5):

- - = 
~~~ E(x~ - 2x .Ex./M + (Ex ./M)2]

= ~~~ tx~ - 

~~~ 
(tx~)(~x~) + (~x ./M)2

= ~ 
- (~~~)

2 (36)

Because the expectation value of a sum is the sum of the expectation values,

- (15
2
) = - ( -4 (Ex .)~ )

1 2 1 2
= 

~~ 
(x

i
) - —

~~
- K (~x~) ) . (37)

-~~~~~ 
I

- 
- We already know that

~ 1 2
4 (x ~ ) p .2 ;

- j the first term of Eq. (B7) is therefore obvious. In order to write the 
V

second expression on the right in terms of parent moments, we must first

1

~- 1
I-

- - — - V 
- 

V. ( ~~ a * - V~ - - - - - -

- -V. - ~~~~~~~~~~~~~~~~~~~ ~ - --
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observe that

2
(Zx .Y = ~~~ + Z x .x . . (B8)

= Because i~J for each uncorrelated product ~~~~ assigning M different values

to i would leave only (N-i) values to be assigned to j .  The second term of

Eq. (B8) therefore consists of a sum over M(M-l) uncorrelated products

xjxj. By substituting Eq. (B8) into Eq. (37) we find that

~~~ 
~ Z (x~) - (Zx~ + ~~x .x .)

a p.~ - -4 (M(x~) + M(M-l)(x.x .)]

= - ~~~ p.~ - (x .x . )  . (B9)

The expectation value of the product of statistically uncorrelated factors

is the product of the expectation values of those facto~s. Therefore,

(x .x .) = (x~)(x .) (BlO)
and 

~~2
> 

IM-l) 
p.~ - ~~ JJ (x .Xx~)

(M— l) 
p.~ — .�k1.U p. v p. i

~~~~~~~~~~~ 
- p.~

2 (Bli)

From Eq. (2Ob) we know that

((x
i 

- ~~) 2 )

(x~ - 2x~p.1 ÷ p.1 ~

a (4) - (2x~~~) ÷ (p.~
2) £

_ _ _ _  
_ _ _ _  

- 
_ _  

I

- 

-- - - V —  

-V 
_

~.-_ : ~ 

— 
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The parent mean is not a s t a t i s t i c, so that

/ \2 ,= - 2p.~(x~.-
) + p.1

— r U — 2 _~_ I ?
~

= p .~ - p .
~
j
2 £ (B12)

We substitute Eq. (312) into Eq. (311) and find that

> _ (M_l) 
~I

~~~ 
— N 2 ’

-

~~ 

which agrees with Eq. (B3). We have proven Eq. (31), though not in the

most elegant manner. In the next section, we introduce techniques that

simplify such calculations .

2. Augmented Symmetric Functions and Power Sums

We noted that by writing 
~2 

in terms of Ex~ and E ~~~~ we
i~jcou ld easily f ind K m 2 ) in terms of parent moments. From Eqs. (B6) and

-- 
(B8), we know that

- 
= ~~~ Ex~ - ~~ (Zx2 

+ E x .x .)2 M 1 2 ~~ - -M

= 
(N-i) - 

~~~~~

- 

~ 
x
ix] 

£ (B13)

V 

The sums Ex
2 and ~ ~~~~~~~~~ belong to a class of statistic s known as augmented

i~j 
.3

~‘- symmetric functions. In the notation associated with this class of

statistics , these two sums are represented by

2[2] = 
~ 

x~ (B14a) 
V

[12] = Z x .x . (Bl4b )

S I  V

I 
V.~~~~~~~~~~~ V 1 ~~~~~~~~~~~~—J ~~~~~~~~~~~~ . . - -. - ;
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V 
In general , augmented symmetric functions are defined as

~ 

p
2 

• • ~~ 
X~~~~ . (315)

The indices i through v are summed from 1 to N , though in no term of the sum

are any two or more of these indices allowed to have the same value. As

an example of this notation , we will compute the augmented symmetric function
-

~ (2213 from the four element data set: x1 
= -1, x2 

= 3, x3 
= -1, and x

4 
= 0.

We can express [22 1] as

[221] = 
~~ 

X~~X
2

X~~

where i~j, ~~~ and i~k for every term of the sum. The number of terms

belonging to (221] is equal to the number of permutations of 4 objects taken

V 3 at a time. This number is

4’
(4 3)t = 4(4 l)...(43+1) = 4~3.2 = 24.

These 24 permutations and the corresponding term of each is given in Table

31 below. There we find that [221] has a value of -30 for this data set.

There is a more elegant notation for expressing augmented symmetric

functions.than that shown in Eq. (Bl5). For example, we could write [221]
7. 2 4 2as (2 1] or (333 2222 113 as (3 2 1 1. In general, augmented symmetric

functions can be defined by this notation as

~l ~2 ~s —

‘~~1 Ps ] =

p
1 

p
1 

p
2 

p
2 

p p

~ 
(x ... Xd ) (Xe x

n ) £ £ •  (x a... x 8)  . (B 16)

where ind icates the number of powers p
1 

in each term of the sum. No

two or more of the indices a through r, as they are summed from 1 to N,

-- 

- -  - 
~~~~~~~~

, . * — 

- V  
-
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- 4*

- -
- TABLE Bi - The augmented symmetric function [211] computed

- .. from the data set i.-l , 3, -1 , 0 j.

j j  k x. x . x.K 4X
2

X
k

1 2 3 -l 3 -l

1 2 4 -1 3 0 0
-

~~ 1 3 2 -l -1 3 3
£ 

1 3 4 -l -i 0 0

1 4 2 -l 0 3 0

1 4 3 -1 0 -l 0

2 1 3 3 —1 -1 —9

-

~~~ 

-

~~

- - 
2 4 1 3 0 —l 0

2 4 3 3 0 -l 0
-
~~~ 

- *  

3 1 2 -l —1 3 3
- 

3 1 4 -l -1 0 0

3 2 1 -l 3 -l —9

3 2 4 -1 3 0 0

ki. 3 4 1 —l 0 -1 0

- r  3 4 2 -l 0 3 0
- 1 .  4 1 2 0 -1 3

4 1 3 0 -1 -l 0

4 2 1 0 3 -l 0

4 2 3 0 3 -l 0

4 3 1 0 -1 -1 0

4 3 2 0 -l 3 0

-~ -30

1’ L’1
- V. - - - — - - - - -~~~~~~~~~~ - V~~~~~ V. - -~~~~~~~~~~~~~

I— ; - -

~~~~ 
- - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
——--— 

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~

____________________________________ 
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may be equal for any one term of the sum. Specific examples of this notation

are

2 2
[21 ] = E x x ,.xa u c

3 6 2 2 2(62 1] = E x x
b

x x dx

2 3  7 7 2 2 2[7 2 ] t X X .QX X
d

X

X] X2
Each term of [p 1 p2 

... p ] is a product of p factors

where
p E A

1 
+ ?1.

2 
+ ... £ (Bl7)

x x  x-} Each term of [p 
l~, 2 ••~~ p5 

9
] then corresponds to an element of the set

-~~ of permutations generated by N objects taken p at a time. The number of such
71. X

permutations and therefore the number of terms in [~ 
l~, 2 

~
, is

M~~
1 M(M—l) ... (M—p + l) . (318)

It follows that any augmented symmetric function characterized by N

observations and a given value of p can be expressed as a sum of ~~~ terms.

The expectation value of such an augmented symmetric function is V

21. X X
/ 1 2  s
‘Ep l I’2 ~~“ P5 

3)

= (E(x i~~
. . •xj~

1
~~xq~

2
.• •X r

)
~~~~ 

(x
~~~

5 . .

= N

Each of the p subfactors is statistically independent so that

X X  X
([p1 

1
p2 

2
...p~ 

5 ) =

Vt
]

£ 1  p2 p2 
p p

M~~~ ((x
1 
)...(x. ) ) ( ( X q )...(x ))...((x 5)...(x

~ 
5) )

~1
= M~~

1
~~~’ ...p.’ )(p.’ ...p.’ ) . . .(~~

‘ ...p.’ )
p1 p1 p

2 
p
2 

p
9 Ps

~~~I.t ~ 
—.-~~~~ .-L4~~ 

* 
—

- — V.~ - - ~~~~ -— ~_ V- V_~V.~V.V.V_VV-V~_  ~~~~~~~~~~~~~~ V.~~_~~~ _ - -~~~V * t~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ I~~~~~~I V.



x 21.
= ~[~ ] p.t 1 

p., 
2 

p.
i S 

(B19)
p
1 p2 

p5

- 

It is Theorem (319) for the expectation value that makes augmented symmetric

functions so useful. Returning to the example discussed at the beginning of

the section , we can write 
~2 

in terms of augmented symmetric functions by

substituting Eqs. (Bl4a) and (Bl4b) in Eq. (B13), leading to

= 
(M- l) [2] 

- 
I [ j ~

2
] (320)-t ~2 N2 N2

There are easier ways of finding rn.~ in terms of augmented syi-mnecric functions

- . than that employed above. Moments can be expressed in terms of power sum

- statistics which are in turn tabulated in terms of augmented sytisnetric

functions. Examples of power sums are

H (1) = Z x . (B2 1a )

1 
(2) = Z X~ (32 1b)

The r-th power sum can be defined as

(r) = E (B22a)
1

r 
or 

= ~~~~~~ (B22b)

as can be seen from Eq. (38). From Eq. (B6), we know that

1 2 1 2
1 15 Z X  — — (Ex .)2 N ~ N

2 ~

or in terms of the power sums (1) and (2),

m
2 

= 
1 (2) 1 (1)

2 
• (B23)

_ _ _ _  ~~~~~~
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We can evaluate (1) in terms of augmented symmetric functions by sub-

stituting Eqs. (Bl4a), (B14b), and (B2la) in Eq. (38):

(1) 2 = [2] + [~2] . (324)

By comparing the definitions for augmented syusnetric functions and power

sums, Eqs. (B15) and (B22), we can see that

(r] = (r) ; (B25 )

[2) = (2) - (326)

We substitute Eqs. (B24) and (326) into Eq. (B23) and find that

= 
1 [2] 

- 
1 ([2] + [1

2])
2 M  

N
2

— 
(M-l) [2] 

~~~~~ 
(]•
2
]

— 
2 (B27)
N

Equation (319) shows us how to find the expectation values of [2] and

[1
2
),

([2]) = N (B28a)

([1
2
]) = M(M-l) . (B28b)

The expectation value of in
2 

is then

— ((M1) [2] 1 [1
2
]

2
N

- 
(N-i) ((2]) 1 ([1

2
]>

- 

M
2 

N
2

— (M—1)M , M(M—l) ,2
— p.

2 
p.

1

— 
(M-l)~~~, - 

,2
— M 2 L~.1 .

1 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~ . ~~~~~~~
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- - We arrive at the same result for 
~~2

> as given by Eq. (Bil).

- 
Equations (324) and (B26 ) were der ived on ly for heuristic pur-

poses. Ordinarily,  if we wanted to find a power sum or product of power

sums in terms of augmented syimietric functions , or vice versa, we would

consult a table such as Table 32 below.

TABLE 32 - Augmented synunetric functions and
— 

power sums of weight 2.

[2] [1
2
]

(2) I — l

(1)2 1

This table implies that

(2) = [2]

- - 

(1)2 = [2] + [12]

- t  [2) = (2)

[1
2
] = -(2) + (1)2.

To express a given augmented symmetric function in terms of

power sums, read the corre~~onding column from top to bottom, down to

and including the diagonal element. To express a given product of power
-
. 

- - sums in terms of augmented symmetric functions , read the corresponding row

from lef t to right, up to and including the diagonal element. Note that

in Table 32 and elsewhere , each diagonal element “1” is written as I:

“capital” one.

- I 
_ _ _ _ _ _ _ _ _ _  V.-- - -~~~~~~

=— ~~~~T ~~~~~~~~~~~~~~~~~~~~~~ L:
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Table B2 is said to be a tab le of weight 2. The weight of a tab le

is the same as the weight of the augmented symmetric functions in that tab le.
x
1 

x
2For the augmented symmetric function (p

1 p2 ... p5 1, the weight p is

defined as

p p1
X
1 + p2X2 + ... (B29)

The weight of both [2] and [1
2
] is 2; clear ly then the weight of Table B2

must be 2.

3. Direct Calculation of

So far, we have only confirmed a stated relation, i.e. that

= ~~~~~~~~~ We still require a routine procedure for arriving at the

unbiased estimator of an arbitrary moment. For this, p.2 
must be reduced

to a sum of population values that have easily derived unbiased estimators.

The most obvious class of population values possessing this property are

V 

the parent moments about zero. From Eq. (B19) we can deduce that the

- - unbiased estimator of a product of parent moments about zero is

x x
IJQ.t.’ lp.~ 2 p.t ~ 

=

~1

(
1 2  

p5~~ ]/M~~ , (330)

where p a x1 + x2 
+ ...~~~~~ .

From Eq. (312), we know that p.2 
can be expressed in terms of parent moments

about zero as
p.

2
p.

2
~~~~~~~~~~

1
) •

Because the unbiased estimator of a sum is equal to the sum of the unbiased

es timators for each term , we know that

- V. --b- - . _ _ _ _

— ~~~~~~~~~~~~~~ V.AV. V. _ _ _ _ _
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‘- 

~2 
= U (p.-~) 

-

- V. Equation (B30) allows us to conclude that

— 
( 2] B

2]
— 

M 1’ Nt21

2[ 1 ]  (331)M N(M-l)

4*

-. Table B2 implies that

[2) = (2)

[1
2
] = -(2) + (1)

2
,

4

so that

-(2) + (l~
2

~~~~~~~~~~ 
N 

- 

M(M-l)

- 

(2) 
- 

(1)2

N M(M—l) M(M—1)

= 
(2L (l)

2
_ =

(M—l) 
— 

M(N— ].)

= (~~~~~ ~~~~ 
- (Br)M-l~ N

4 ——

; We recall from Eq. (B22) that

r (r)=Mm ’
r

7. Equation (B32) can then be written in the equivalent form

A M
p.2

= (
~~t) Cm2

_ ( m
i)~~

i t ‘

1
• 

I i ’

‘ [ I  
_ _ _ _  ___________ 

_ _
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Equation (B23) implies that to
2 

= in~ - (m~)
2
; therefore

N )
~L m- 2 M-l 2

There are other ways of achieving this result. First , however , we must

introduce additional funct ions - cumularits and k-statistics - which reduce

the derivation of unbiased estimators to a routine.

4. Cumulants

We have seen that the parent moments about zero are both simply

defined and easy to use for finding expectation values and unbiased

estimators . There is a major drawback however , in their application ; the

value of any moment about zero is dependent on the choice of the origin. 
-
~~~~

Because many calculations involve quantit ies that  are independent of the

- 
I choice of origin, there is a need for an origin-independent population value.

-I-
= We can gain some insight into this problem by examining the

r-th parent moment about zero p.. for a Continuous probability density

function f(x),

- t p.t = j
~ 

~~ f(x)dx . (B33)
-

~~Also corresponding to f(x) is the characteristic function ~~( t)  which is

defined as

~~(t) e~
tX f(x)dx . (334)

£ The argument of the exponential is complex, so that the integral can be

defined for a wide variety of functions. We can expand the exponential
V. ~ V

in Eq. (334) and obtain a different though equivalent form for 0(t),

j
~~~~

-
~~~~~ ~~~~~~~~~ — 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

_ _ _ _
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0(t) = 
~:

l+ (in) + Bt~c) + . . . )  f(x)dx ,

- 

= f(x)dx) + (~ x f(x )dx) -~~-~~-~~-~ -

. 2
+ çfx

2f(x)dx) ()~~~ + ... ; (335)

by substituting Eq. (333) into Eq. (B35), we find that

~(t) = 1+~~ ~~~ + ... • (336)

We can use the characteristic function to generate ~~ ‘ by employing the

simple algorithm

= (-i i)
r 
0(t) £ (337)

it - - V. t=O

We have previously remarked that one of the disadvantages of

- working with moments about zero is that the value of such moments depends

on the choice of origin. If, for instance, we were to augment the value

of the origin by c , the corresponding moment ~.~~(c) would be

-

- 

~ ‘(c) = (-i d
)
r 

~~: 

elt (~~~~f(,c)dx~

t=O
4- 

= (i 
d

)
r 

e
_

~~
tC J~ e~

tX f(x )dx

--- - H 1 t=o

I (-i 
d
)
r 

e~~
tC 0( t )~ . (338)

I In general, p.’ (c) promises to be very different from p.’. Suppose however,

that we define a new population value 
~~ 

by the cumulant generating 

~~~~~~~~~~j V VI  - - ~j i~ T~ - - - 
•~ .
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function log ,) ( t )  so that

(i i)
r 

log ~~( t )~ . (339)

If we were to change the origin by c again, but this time generate ~t (c),

we would find that

= (-i i.)
r 

log(j e
1t
~~

_
~~dx)~

- d r —itc ~ itx
= ( -1  ~~ ) log (e e dx)

-
~~~ t=0

= (-i ~~~~~~~~~~~~ ± log

d r -
= [(-i ~~ ) -itc 

~ 
‘r1

taO

= - c ô  +~~V lr r
or = 

~r 
for r > 1 , (B40)

where 5 lr is Kronecker ’s delta. These population values , called cumulants, - -

are invariant with respect to the choice of origin except for the first,

which is decreas ed by c.

Cumulants can also be related to the cumulant generating function

by 

log ~ (t) = + 
Bt)

2 

~2 
+ 

~~ (~~)
r 

~r ~~~ 
‘ 

(B41) - ,

this is simply a solution to Eq. (B39). We can substitute Eq. (B36) into -a  -

Eq. (341) and see that cumulants are related to moments about zero through

— 6 *
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J .j ( i t ) p.t (~~)
r

log(1+ l + r~ 
+ ~~~

= 

~l 
+ 

~2 
(it )2 

+ •• ~~ + 
~~~~ 

... (342)

or equivalently r
- Ljt 

____log(1+ -p+ ... —~-i-— + . . .)

(343)

and

. ____ ____1+  , -4- ... — - j - — + . . .
I. r .

= exp~—~-j - ÷ ÷ ... —
~~~

-
~
-— + .. .3 . (344)

- - 
An explicit expression for the r-th cumulant 4-r 

in terms of moments about

zero can be found by expanding the logarithm in Eq. (343) and picking out

• 
- V. powers of tr. That is,

a r ’~~~~~~~~~~~~~~~
’ 

(

~~~~~I \
X

1(

~~~~~
I

\

X
2 

(B45)

where the sum is over the partition of the integer r such that

-. p1
X
1 + p2

X
2
+... = r and + x 2 + . . .  = p. Similarly, an explicit expres-

sion for the r-th parent moment about zero in terms of cumulants can be

found by expanding Eq. (344),

l+
~~~~~

+
~~~ r~ ~~~~~

r V

- ~t~~t
_ L

= exp (—IT) exp (—1r) ... exp (— -r--) ...
-a 2 2  / 2’2

- ~~t ~~t ~- t t  ~~t t \

= + ...}Cl+ ~~ , ~~~~~~ ~~ , ÷ . . . L ..

~~tr f~~ t
r \ 2  /

X ~~~~ + ~~r ~~~~~~ + ... ) .. . (346)
- V

~~~~ I ~~~~ —-—--
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~i
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and then picking out the terms in the exponential expansion which , when

multiplied together , give a power t’~. We therefore have

~ x
/ P1 1 

..~~a. 
2 

(347)r ~~ l~ 2~ ~~~ 1
P2.,

where the sum-is over the partition of the integer r such that p1
\~ +

= r .

By choosing the origin of the distribution so that 
~
-
~j 

= 0, the

cumulants can be written in terms of moments about the mean. For examp l.~

;1. = ~~
, 4p. tp . i 

- ~p. i 2 
+ 12}.L~~~ j

2 
- 6~~

4

4

Equation (B47) can be used to show that If we assume that = 0,

the expressions for parent moments about the mean, in terms of curnulants ,

are often considerab ly simp ler than the corresponding expressions for parent

moments about zero. For example , for the fourth moment about zero, we have

= ~~~~~~~~~~~~~~~~~~~~~~~~~

for the moment about mean, howe ver ,

2
~4

Therefore from Eq. (B47), we can write the second through eighth parent

moments about the mean in terms of cumulants as

— I

- _ _ _ _
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~2 
= ‘2 

(B48a)

- - 
p.

3 
= ,t~ (B48b )

2 Vp.4 
= 14.

4 
+ (L-- -~c)

p.5 
= ,1.~~ + 1043

4
2 

(B48d)

= ‘
~6 

+ 1544
4
2 + lO%~ + l54~ (%~~ )

= 4
7 ± 21

~5
%
2 + 354443 

+ lO54
3
%
~ (348f)

p.
8 

= %
s
+2846

4
2 +

564
5
4
3 ~

354~ +21044
4~

÷ 280 ‘ 2
+l054

~ 
. (48g)

Similarly, Eq. (345) can be used to show that

= p.
2 

(B49a)

4
3 

= p.
3 

(349b )

4
4 

= - ~~~ (B49c)

4
5 

= ~5 
- lO~3p.2 (B49d)

= p.
6 

- l5p.~
p.
~ - l~~~ + 3q.L~ (349e ,

47 
= - 21p.5p.2 

- 35p.
4
p.
3 

+ 2lQ.L
3
p.~ (B49f)

2
= p.

8 
- 2~.L

6
p.
2 

- 56p.
5
p.
3 

- 35p., + 42~~4p.

+ 56q-~~p.2 
63Q.~ . (349g)

5. k -s ta t i s t ics

So far , we have only shown how moments are related to cumulants.

We have not yet shown how cumulants can be used to find the unbiased

V estimators of parent moments. Because every parent moment can be expressed

_ _- - 
- - - - ---- - _ _

• ~ ~ - - 
V.

—4--V--V — . ~ __~d-~ ~~~~ .~~~~~ . _ . ~.. ~~~ _~~_~~
- 4 .  -~~1~~~ 

~ 
—
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as a sum of cumulant products , a way of finding the unbiased estimator of

- a cumulant product could facilitate the search for an unbiased estimator

- of a parent moment. Equation (B45) gives us an expression for a single

cumulant. The equivalent expression for a product of cumulants 4
r~s~ t •

~~
- :

r 7p .’\~x p. \ X
>1. 4 .•~~ = r~s~ ..~~TV. ~T’ (~1)P l (p~ 1)~ ~~ l( ~~~ 

2 
(B50)r 5 - 

~~ 
~i. X2. •I~~~P1. / P2 1  j

the symbol u indicates that we are taking the product of the sums corre-

sponding to the cumulants that comprise the cumulant product 4
r~s

”

In Section 10, we find that this product can also be expressed as

= r~s~ 
~~~~~~~~~~ 

E P l ~~~~~~~ P~~~~ l ( P 2 ) 2  ...~~ (B5 1)

-
V 

where for the index of the first cumulant product , namely r, we have a

• partition of the integer r such that p
1
X
1 +p2

X
2
+... = r and X

1 +X 2+... =p.

There are similar partitions of the indices s,t . ..,  and inside the large

summation the symbols IT and ~ are used to denote multipl icat ions and sums

to cover all of r , s, t . . . ,  while the large summation sign denotes that

we must sum over all partitions [Il].

Now that we knOW how to represent a cumulant product as a sum

of moment products , we can use Eq.  (330) to find the unbiased estimator

of ~- ~~r s

- 3
- 

~~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~
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- . -
~~ 

- CD Z (P
~~

L )_ ; ( . ) . V . /  
p 1~~ 1 p 2 ~2 

—

...) — r .~~. 
V -.1 ~r1 çV \

1 ~~ 
. . .) ; u~ “~~~~ 1

1.~ = . 2

= r ’ -’ ~~-L ).’) — 
2L ~2

£ .
~

)} A
I. • 2

~~~~~~ ‘-
~
‘2 ’  ~~~~~~

- \.~~ 1.~~

r ’s ’ . 
~~~~~ (V~~

.
~~)~~~~~~~~~~~~

1) 
C~~i)V~ ~~~~ 

- 
p

2 ~) }/ ~

~-2 
V. ~~~

1— 
ITi (p i )  (p 2~ ) ~~~~~~~~ . (352)

We call the unbiased astimator of .~ the k-stattsc ic ~~ . - . . That

- -  

r s

k UO~ .~t5 
. . . )  (353a)

or -

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ - 

c~ (p i~~~2~~~~ 
(353b)

~~~ - .J ~~~~~~~1_ ~. 
- 

I
• V .  -rr~..(p,.) ~~2 ’  £ •

~~~~ l

- 

where the sums and products are taken ~ver :ha same parti:ions and indices

as in Eq. (351).

To illustrate, let us work out k32 . The partitions of 3 are 3, 21
1 31 and 1. and ~f 2 they are 2 and I .  We shall therefore have te~~~ ~~~~~ t32],

131
2
], (2

2
1], [2l~ ], and. (L

i
]. The first term is

(-1)~~~ 0~ .0~ 3 .2~ 13.2] 
- D2JI i:.i~ (3!)1 (2f)1 ..~[L+ ~~J 
—

_ _ _  
- ,
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This is followed by

(-l)
~~

1
0.fl 3!2~ [3.l~~ - - 

[312]
1~ 2~ (3 ).(l~)

2 
M~~~

21 
—

- I  and by

(_l)1~~ l .O~ ~~~~ [21.21 
- 

3[22l1
l~1~.u (2~)1(l!)1.(2~)

1 
M~

2
~
1
~ 

— 

M~
3
~ 

-

The fourth term, however , consists of two parts , namely

(~ l) 2+02~ .0! 3~ .2 (1~.2j - 
2[2 1~]

-
~~ V 3.1~ , 3 [3+1] 

- [4]
(I.) . L .  N M 3

5(21 ]

and ~~l) l+ll~~ lt 
~~~~ [21.1

2
1 = 

3[2 l~]
1~ 1~ .2 2~ l~ .(l~)

2 
M~

2
~
21 N141

while the last term is

( 1) 2+1
2~~ lP 

~~~~ (~
3~~2J = - 

21l~J
3~2~ (1!)3.(1 )2 M13

~
21 N151 -

V

Therefore , we have that [11]

k = - 
131

2
] 

- 
3(2 211 + 

5f21~] - 
2 [1~~} - ,

32 M 121 ~ {3] N131 M~~
1 M~

51 
- -

~

Fortunately , many k-statistics have been tabulated in terms of

augmented sytlinetric functions. These tables are arranged according to

the order of the k-statistics and the augmented symmetric functions in the

table. The order of a k-statistic is equal to the sum of its indices ;

I-i - 
-

the order of an augmented symmetric function equals its weight as defined

by Eq. (329). For example k111 is of order 3 and k321 is of order six.

LI

hr.L.~ ~ 
~V . V V __~~~V.•-VV._ _~__ — 

~~~~~~~~~~~ - —

— t_V._. ~~~~~~~~~~~~~~ ~~ -‘ ~~~~~~~ * * I * ‘—V.- V. — 
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V The first order table is

k
1 = [1)/N . (B54)

a 
The second order table of k-statistics and augmented symmetric functions

- are shown in Table B3.

V. TABLE B3 - k-statistics and augmented symmetric
functions of weight 2.

—

(l2]/M~
21 

— 

I -1

[2)/N 
— 

I

4 .

The conventions for reading Table B3 are the same as reading Table B2.

Thus

=

[2)/N = ÷ k

r k11 = [l2]/M 121

k
2 

= -[1
2]/ M 121 + [2)/N .

We have now acquired most of the tools needed to find the

unbiased estimator of a moment. Next, we will state an algorithm for

using these tools and app ly the algorithm to two examples.

I
- 1

i - I  
_ _

•
1 -

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-V ~V.~V~__ - V~~~~~~~~~ -V~~~ :-~~
- 

4 , -V. -~~~~~~::: . .. , . 
-V. ~~~~~~~~~~~~ - V. L.~~ .~~~ . -. —
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6. Algorithm Bi: Finding the Unbiased Estimator of a Population Value

At this point , we choose to outline the preferred method for

- -  
- calculating the unbiased estimator of a population value .

a. Find the population value in terms of cumulant products.

If the population value is in terms of parent moments, this can be done

; 1  by empl oying Eqs. (B48a)-(B48g).

b. Convert each cumulant product to its corresponding k-

statistic , in accord with Eq. (B53a).

c. Using the k-statistic/augmented symmetric function table of

the same order as the k-statistic , find each k-statistic as a sum of

augmented symmetric functions.

d. Using the augmented symmetric function/power sum table of

order r, find each augmented symmetric function as a sum of power sum

products.

e. Replace each power sum (r) by a power sum about the mean

s , defined as
r

N r
5r E (x . - m~) 

~~
‘r (355)

i=l

• This substitution is justified by the fact that the value of any

k-statistic is independent of the choice of the origin, so the con-

venient choice is one such that m~ = 0 and therefore s
1 

= 0. The resulting

unbiased estimator can then be expressed in terms of sample moments about

the mean.

-

~

L

~

- -

~ 

-- -V - - —-—V. 

~~~~~~~~~~~~~~~~~~~~~ ~~~~ 

~~~~~~ 
-

-V - -.--
~~

- VV.—
~~~~~~~— -~~~- - V _~/V.V.~~L~~. 



r 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .-- V.~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~—-—-—~~~~~~~ -

_ _ _ _ _ _

7. Algorithm 31 as Applied to p.2
- a. Find in terms of cumulants by Eq. (348a), = 

~2

- b. Find the k-statistic corresponding to 
~~ 

Accord ing to

Eq. (B53a) , 
~2 

k2 
and therefore 

~2 
= k

2
.

c. Find k
2 
in terms of augmented syilinetric functions via a

2nd order tah1~ such as Table 33. We thus find

- k
2 

= -[l
2
J/M~

21 + [2]/M.

- - Therefore
V A 2- V 

p.
2 

= k
2 

= [21/N — [1 ]/(M(M—l))

d. Find the augmented symmetric functions in terms of power

V. sums. From Table 32, we know that

V 

- [2] = (2)

- 
~. ~~~

2
j =~-(2) ÷ (~)

2 
£

-

~~

. 

The unbiased estimator 
2 
can thus be expressed in terms of power sums

-

~~~~ ~
- as

-
~~~ ~2 

= ([2] — [l2]/(M—l))

r = 1 ((2) - ((l)2~ (2))/(M -l)]
I - N

T 
~~: 

= ~ ~(2)[ 1 + 1/ (N-1)] - (l)2/(N-l))

e. Replace each power sum by a power sum about the mean as

• -~ def ined by Eq. (B55),
- -

- p.
2 

= 
~j 

s
2(1~~

-) — s1/(M—1)~ .

- ~ 
However because s~~= 0, this simplifies to

- : 1  - I N
- LL -

~~~~3 
~~~~~~~~2 M 2 M-l -

~~~~

H, 
_ _

_ _  ~~~: 
-

~~~~~~=
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f. Express the unbiased estimator in terms of sample moments

about the mean. That is

L~~~~~~~L- 

M-l N M-1 
m
2

8. Algorithm Bl as 4pplied to

a. Equation (B48c) enables us to find in terms of cumulants as

2
~4 

= 4
4 +

b. Because of Eq. (353a), we can express ~24 in terms of 
k-statistics

as 
= k

4 + 3k22 - 

- 

- 
—

c. These two k-statistics are both of fourth order; we can find

each of them in terms of augmented symmetric functions via a fourth order - .

table such as Table B4 below.

TAB LE 34 - k-statistics and augmented symmetric functions of
weight 4.

-V 4 _
I-V

k211 k22 
k
4

(l41/M 141 I — l 1 2 -6

(212)/M [3] 1 I —2 -3 12

1 2 I -3 H

•1 (31]/M~
21 1 3 1 -4

[41/N 1 6 3 4 I

U
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From 34 we find that

k4 
= -6[1

4]/ M14] + l2 [21
2]/M131 - 3[2 2]/ M~

21 - 4[31]/M 121

+ [41/N

-- k22 = (1
4]/M 141 - 2(2 12]/M 131 + [22]/M~

21

- - 
Therefore, can be expressed in terms of augmented symmetric functions

.. as

- - = - 
6(l~] + 

12(212] - 3f ~~
2

] 
- 
4J31J 

÷

£ - 
N~

31 Nt21 M~
21 N

~~ (1k] 2[212j 
+ 

(2 2]
+ 

N141 Nt31 M
(2]

- + 
6[2l~1 - 4[3l] 

+ L~.1.
N

t4’ 
N

t32 N121 N

- .  
-

- d. Table 35 gives the relation between augmented symmetric

• - functions and power sums of weight 4.
i.

TABLE 35 - Augmented symmetric functions and power sums of
weight 4.

[4- 1 (31] (2
2
] (21

2
) [l

a
]

(4) I -1 -1 2 -6

(3)(l) 1 I —2 8

a (2)2 1 I — 1 3

(2 ) (l)2 1 2 1 I —6

r (1)~ 1 4 3 6 I

. l
~~~ ~I

— -~~~ -~~~~~--- —_
- 

V. 
- -* — ~~~~~~ *

- - - --A~~~_ t~~s~~ ~-a .4 -a ~~~~& .  - t*.. d •-!- - • - .  
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In Section 2 of this appendix , we learned how to use a table of this kind

for finding augmented symmetric functions in terms of power sum products.

V We therefore know that Table B5 implies that

[la] = -6(4) ÷ 8(3)(l) + 3(2)
2 - 6(2)( l) 2 + (1)~

[212) = 2(4) - 2(3)(l) - (2)
2 

+ (2)(l) 2

(31] = -(4) + (3)(l)

[4] = (4) -

We can now find in terms of power sum products , as

= -3[-6 (4) + 8(3)(l) + 3(2)2 - 6 ( 2 ) ( l ) 2 
+

+ 6[2(4) - 2(3)(l) - (2)2 + (2)(l)2]/M t31

- 4 [ - (4 ) + (3)(l)]/N~
21 + (4 ) /M

= (4) 
~~~~~~~~~~~~~~~ M~~

1] ÷ (3)(1)
[~~~2] - 

N131 
-

+ (2) 2 [ 
M~

31 
- 

M t4] F (2)(1)2~~~~3] +~~i1~~E~
2I

(4) + 
M~

21 
+ + _

[4] ] 
-4(3 )  (1) 

[M t21 
+ ÷ 

~i
14]]

- 3(2 )2[~~~~ + M~ .l 
+ 6(2)( l )2 [1 + 

M t4 1] 
- 

[4]

$ e. The expression for p.
4 

can be greatly simplified by substituting

power sums about the mean for the power stuns ; without loss of generality

we can assume that 
~l 

= 0 and obtain the simplified expression

—=- 
—-~~;~~:~~ -- 

-
- 

-V 
- - -

- - I  ~~•~V.~~~ 4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~ 

- 
-

a— .~~k ~~ . ~~~ * L
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= 

~~ ~~
2] + 

~~ 
- 3s~ 

~~~3] 
+ [4J 1 .

f. In terms of sample moments about the mean, now appear

- ~4 
= m
4 [1 + (M-l) ÷ [2) + 

(M-i)~
31 ]~ 

3m~
[ ~21 

+ 
(N- i~~

31J

9. Algorithm B2: ~Another Method for Evaluating k-statistics [12]

We have already shown how to find a k-statistic of order in in

terms of augmented symmetric functions from a table of order in. The

purpose of this section is to show how to evaluate a k-statistic of order

- in , given a table of a larger order n. This method is outlined below.

a. We want to find the m-th ordet k-statistic k ... from on
- :  rs

n-th order table . This is accomplished by first finding the n-th order

k-statistic krs 1(n-m) in terms of augmented synsnetric functions.

For instance , if we wanted to find k
2 

from a fourth order table , we would

V first have to find k 
11 or equivalently k2 212

b. Notice that the k-statistic k
rs 1

(n—m) can be represented

as a sum of symnetric functions which all contain unity to at least the

(n-m)th power. For example , Table 34 implies that k211 can be represented

- 
in terms of augmented sytmuetric functions as

• - 1 k = -[14]/M 14
~ + [2l

2]/M~
31 .

I In this case, (n-rn) is equal to 2; we can see that each augmented symmetric

function contains unity to the second power. It is also true that the

I argumen t u for all M~~~~s in the expansion for krs 1(n-m) is as least

- I
f - V.-V~-V~ V. - ~~~~~~~~~~~~~~~~~~~~ 

— a——— —

— _ ~~~~~~~~ 
~V._~~~ ~~~~~~~~~ — -V.- - _!~~~~~~~~ ~~~~~~ ~~~~~~~ -~~ -— - ~—~~
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as large as (n-rn). For the case of k211, arguments of M
141 and M~

31 are

both obviously greater than two.

c. In order to find k 
- 
fi~m k

rs.. 1(n-m) , we simply reduce

all powers 3f one in the associated augmented symmetric functions and all

arguments of M 1”1 by (ri-rn). From k 2, we could then find that k2 is

k21(2-2) = k
2

= -[l
4 2 ]/M t4 21 + [21~

2 2
~ J/M

t3 21

+ [2)/N ,

as can be verified from Table B3.

We can prove this algorithm by considering Eq. (B53a), the 
V

definition of the k-statistic krs ...
k = U(% % ...). (B56)

It follows that

k 1(n-rn) 
U(% % ~~(n-m) 

~ - (357)

Because we also know that

kr s 1 (n_m) = U(%~~~... p . 1
in) ) £ (358) :~

From Eq. (B5l), however,

(n—rn) 
— 

.., 
-~—

H V -V

/ p .
I \ x  fp.’ ‘X

~~I(..l)Z(P l) 
~~—1) ) 

~~ 

p
1 

1 p2 
2 

,(ri—rn)r.s....~~ 
~~ 
~ x

1~
x~~ .. .)J  P1./ 

~~~~ 
•

~~~~~ I

’ 
~1

(B59) --.

—s

_ _  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ : a
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-

i
We can use Eq. (B30) to find kr 1(n-m) from Eq. (B53b). That is ,

k (n-in) =
rs...1

~~~~~~~~~~~ (~-1)~~ r~s: 
[~~(

l 2
1
(n~m))

.~~~\ I \ I 
J- ‘ 1.’ 2. 

~~~~~ rr[(p
1 ) 

l (i )
’ 2

) MIEP+<
r ui))

(360)

-~~ However , we know from Eq. (B53b) that krs can be represented as

k =
rs...

1 2
~(_1~~~

2_1) 
~ L ( c — l ) ~~~ r s  [~~ (p

1 p
2 

. . .) ~ ]

V. 

~~l~~2 
...:

~ 
A 2 [~~~]

~ ~~2 
•~~•)  M

Notice that the coefficient corresponding to each term

V 
[rr (p

1 
1
p2 

2
...)]/M~~

°1 in k
rs. is identical to the coefficient corre-

- 
- sponding to each term [Tr(p

1
1
p
2
X
2 

)1
(n-m))IM ink

For example , the coefficient corresponding to each term [2J/M ~~ in k
2 

is

identical to the coefficient corresponding to each term [2l
2
J/M~

31 in

k
211. This, of course, is the same principle used in the algorithm out-

lined above.

10. Partitions as Employed in Defining Cuinulants and k-statistics

We have already noted in Eq. (345), that

- \ !~~~‘
—

~ p—i I n -i !  2
= , “~ (-1) (p— i) ~4r 
r., 

~~~~~~~~ ~
P1• / \ ~~~~~~~ 

...

where the sum is over the partition of the integer r such that

÷ p2
X
2 + ... = r and 

~~~ 
÷ + ... = c .  An example will clarify the

- ~~~~~ &_
_J_ — — ~V.V.V~_~~~_ _ -V-V 

* 4  ~~~~~~ *

-V.--- V.V.V. 
~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ - — ~V. ~~~~~~~~~~~~~~
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term partition. Consider the integer 4; the set of combinations belonging

to the partition of 4 according to the above prescription is

~4, 3+1 , 2+2 , 2+1+ 1 , i+ l+ l+ 1~

This partition can be represented more elegantly as

~4, 3+1 , 2 x 2 , 2 + 1 x 2 , 1x4)

or better yet as

~41 3
1
1
1 

2
2
, 2 112 , i~~

Every positive integer has a corresponding partition . One possible comb i-

nation belonging to the partition of r is

- 

- ~1 
~2

p1 p2 ...
where , of course ,

- 

p1X 1 ÷ p2X 2 + ... p
~

X
~ 

= r £

We could be more specific and consider the j-th comb ination of the partition

of r:

‘
~1j ‘2j ~tj

~ij ~~2i ~tj

S or
— x .

ij
i
i~ 
Pu

The quantities p
1~ 

and respective ly will be called the i-th base and

the i-th power of the j-th combination of the partition of r. To each

j-th combination there corresponds a sum of its powers 
—

p = X  - + X  - + . ..  .
j ij  2 j  tJ

V_il 
~~

V._
~~~~~~_r~_  

~~~~~~~ 

V.~ ~~~~~~~~~~~~~~~ — — 
—I- 

-V

~~* -5



r’ 1 p 
- 

- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~

U 

I

or

tw

- . - i I- .]

Using our new definitions , 
~r 

can be represented as

p . —l
-~ (p.—l ) X~~.

- ~ (p. t 
) -~ . (661)

I 
~ (P~~

) ~~ (X~~ ) )  ~

I or equivalent ly as

X .
= C. ir (j~. ’ 13 

, (362a)
-

~~ 

r -~. . _ J J j  
~~~

- 
- where p - l

r (-1) 3 (p.-1)~
- - - C. - (362b)

— 
- 

l T L ( P ~~3
) .  

1 x
~i
)
~
)

- As an examp le , we compute 
~~~ 

using Eq. (361), by first noticing that the

partition of 3 is

I 

or 

~~~~ 2 + 1 , 1+l+l~

~3
1 

2
1
1
1
, ~~

The first term of 4
3 

is then

V I 
p - i

I X 3~ (—1) ~ (p —1) ’
-~ ‘ ~~1 

i (p.’ 
1 

= 1 it (p. ’ )
1 ~1 E (

~ i~~
)
~ 

il
(~~~)I~ i pil

I :~(~ 1) 1 l ~ 1~ 1), I

) (3’) (1’)

I 
______ ______________________ 

- - 
~~~~~~~ 

-- :~~~~~
V .

~~~~~
V ~~~-5- ‘

_______ ____________ 
.~ ________ ~ A
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This is followed by the expression for the term corresponding to the corn-

£ £ 
i ]~ -bination 2 1 and j  = 2:

p —l
3 (-1) 2 (

~2~
1) A

C2 ~~~ ) - 
= x . ~ ~ i2~ 

-

~ ~~i2~~ ~~~~~~ 

1

- 
3 (_l)2 i(2~ l) • I 1

~(2~) (1!))~~(l~) (i~~)J

= - 3 ~~~~j  £

The third term, which corresponds to l~ , is

p
3

-1

3 (—1) (p3
-l)~

- C3
It~~~ )

1 
= it (p. ’ )

T 

i 
~i3 f l  L~~~~3

! i3
(X ) i )  

i ~i3

~~~1) (3 1)
(3 1)i 3

~(1~) (3~))

S 

= .

V.1

We add these 3 expressions together and find that

43 
= - + 2sJ

~i:3 
. (B63)

In Eq. (B6l) we represented a single cumulant in terms of parent moments.

When dealing with cumulant products , however , more than one partition is

is required. For example , in order to express 
~3~2 

in terms of parent

1
- — V -V - -I- a- q •~~~ *~~~

- ‘ -  * t.~~~~~ ~ - 5  U

4 — — _
~•••~~~-V~~~~~~~~ ~~~~~~~~~ ~_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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4.
moments , partitions of 3 and 2 are involved. An index is necessary to show

which partition a given ~~~~~~~~~~ p . ,  or p. belongs to. We let the index in

- - - - identify the particular partition to which ~~~~ ~~~~ 
and ~~~~ belong. The

r th cunzulant is thenIn

~~~ . —1
r (-l) ~~ (p. -1) A .

4 = 
Ut 3m ~ (p.t ) i~Jifl (364a)

r
m 

~ ((P - ) I  £ )
~ ) ~

j L]m 131fl

or

- 

- V.~~ = C. it OJ’ ’ 
~ 

lJtfl 
, 

(364b )
~) m i

where
S .  p - —1

r (—l) 
jm

— C. = 
-3m — 

- 
(665)

3m 
t ( P l)mY

him (X
iJm

) t )

A product of cumulants is

4 4 ... i t %
r
1
r
2 ~ 

rut

)~~~~~~~ 
(B66a)

or 
in j  

~ ((~~• • ) ~ 
3
~
iin (X

ijm)~
V.
~} 

3. ].J U1

= 
~ ~~;~~~

)
3.
3m ) (866b)

j 
As an example , we compute 

~3~2 
We already know in terms of parent

moments from Eq. (B63). The partition of 2 is

_ _ _ _ _ _ _ _ _  
_ _  

j
I V V. - - - -

. 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~__ _ _

-V 
- V - - V 

~~~~~~~~~~~~~~~~~~~~ 
V.VV. 

-

— — 
- ‘

.* 

.a ~ ~
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~2, l+l~
or

~2
1
, i

2
~

The term corresponding to the combination 21 is

2~~~1) 1) (1~ 1) , 1

(2:) (1!)

.

- 2 .The term corresponding to 1 is

2 ( ~ l)
(2 1) (2~ 11 , 2

( 1)  ( 2 )

2= _
~i - -V

Therefore

= - . (B67)

From Eqs. (363), and (667), we know that V.

4 1-

~3~2 
= 

~-‘~i 
- + Z.i~

3)~~~ 
- ~~2)

- - 

= - - ~~~
2p.~~+5p .~p.~

3 
- 

~i5 
- (B68)

Now that we know 
~3~2 

in terms of parent moments, we can use Eqs. (330)

and (B53a) to find the k-statistic k32. That is,

• . --~ a- - ..~ • • - -

~~~~~ LVV.~~ V.. ~~~~~~~~~~~~~~~~~~~~~~~~ ~t- ~ ~~~l~ 4V.~V.
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k32 =

= U~~~~~) 
- u

~~?j
2) - 3U~~ ’2p.’) ÷ 5U~~~~~

3) - 2U~~[
5
)

- - 
[321 j~~J - 

312
2
1] 5[21~ J 

- 
2[1~ ] (B6 9~~31 ~41  5 

)
M L ML M L M L H

s-a

V. In order to express a given k-statistic in closed form, we must first

change Eqs. (B66a) and (366b) from a product of sums to a sum of products.

- 
In order to accomplish this, we must change our indexing system somewhat.

- 

For example , it is clear from Eqs. (B64b) and (666b) that we could repre-

-- sent 4
3 
and 

~2 
as

4
3 

= c11p.; + c21~~~~ ÷ c31
;.!.~

3

= c~~~~ + c
�?~

-. 
and 

~3~2 
as

2

~3~2 
= c11c1~

.
~~.p.~ + c11c2~~3.p.1

~
.. + c21

c
1 ~~~~~ + c 1

c7~~~~~~j 4~ij
2

V 
+ c31c1~h~

3-4~~ + c31c2~~j
3
*j

2 
. (370)

7.
- . 

In Eq. (B70), the first index of C~~ labels the j-th combination of 
the

in- tb partition. We could , however , allow j to labia the j-th combination

pair of the partitions 3 and 2. The partitions of 3 and 2 are

(3, 2 + 1 , 1+1+1) and [2 , 1+1)

or
(3

1 
2
h
1
1
, l~ 3 and (2

1
, 1

2
3

- 1

H
- p —~~~~~~~ — —— ~~~~~~~~~~~~ _ _  - -V ~

_
~ -V____________________________ -

-V - -V — -- ----V.- - - -
- V .  ~~~~~~~~~~~~~~~~~ - 

, V . _ _ _ _ _ 4 , c _ a_ V..V.i j. - - — -
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The corresponding set of combination pairs is

~3
l.2l 

3
1.12, 2

1
1
1.21, 2

1
1
1.12, 1

3.21, 1
3.12),

If 3 is the index for combination pairs , 
~~~~ 

would be represented as

~3~2 
= C 11

C
]

~~~ LL
3

.p.~~~ + c21c2~~~.~~~
2

, , , ,+ c31c3~~2~L.1.p.2 + C41C4 . L ~~.L
1

.L~ 1

+ c51c5~~~ .i~~ ÷ c61c6~~~ 
.~~~

, 
-

-4

For a product of three cumulants, the equivalent sum could be over

combination triplets; in general, a cumulant product could be expressed

as a sum over a set of combination multiplets. Using this new notation,

any cumulant product can be expressed as 
‘

V

4 4 = ~Hc. ii 
~~~

‘ 

~ 
. (371)r r ~~j J - : 3 m . p1 2... j m \  ijtfl /

Because multiplication is associative

~r ~r 
= ~~~~3rn (B72)

1 2... j  \ i n  j  ,j. ijm

4 = ~~~~~~~~~~~~~~~~~~~~~~~~~
r1 

r
2... A .. n -

~~~~~~~~~
. - 

(373)
it C p

~~~~
: 1m (X . .  )

~JI m,i\ 3~ 1fl
/

or emp loying Wishart ’s notation as in Eq. (B5l), Section 5,

!~

- 

L 
_ _  

- 

- 

_  

- - -
- -——

-V - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ __~~ V ~ ~~~~~~~~~~~~~~~~~~~~~~~~~ _ __~. .

_
~~_:! _ _ a u ,

_V._ _ .V.
_

_ - ‘- -‘-V- ‘_~I ~~~~~~~~~~~~~
V. j ~-V~~II 

- 

~~~~~ —~~ ~~ _____ V. - — 4 - - .-~~~~.. ~~~_ ~~~~~ 
- V. ~~~~ V~~V.V.-V ~~~~
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r —a
’

~-. 
-
~~ A - ~~~ A

- - — ‘ I ~ 
(-l)’~~~~~ rr ~(p-l)~ } ~T ~~~~ 

- 1 p
2 

2

-~ 

4
r
4
s... - r.s.... ~((x1

!.~2~ 
. . . ) J  1~ ~~~~ ) -

From Eq. (B73), we can easily find that the k-statistic corresponding to

is

p. -l A . .
- -  - , Jill , IJUI

k 
~~

_-
~ 

__r
~ .(-l) ~~~~ ~~~~~~~~~~~ 

~
V r r ... H [ ~~ ~~~

. j- 

- .  

1 2 ‘-

~~~~~ 

m 
~ (~~~~~~~~~~~~ i iJfli

(A )‘} N ~ 
Jill

bec ause we know from Eq. (B30) that

i
~
3m

-~ / [rr p .. 3/ — A. iJlfl

-- Ut J~ ~~~~
‘ iJtfl 

= 
m ,i

V 

iu,i ~ijm M~~ ~
jm ~

- 

Using Wishart ’s notation , the k statistic k can be expressed as

—a
- - 

- k-
t 

.- rs...

~~~~~~ E(p-1) u(~ p - 1)’) r ’ s ’ [it(p 1
1p 2

2 
) 1

~~ 1X
1

A
2
... ~~~~~~~~~~~~~~ M 1

~ ~ 
£

Let us, for examp le consider c omputing k32, the unbiased

estimator of 
~3~2’ in terms of augmented symmetric functions. We apply

~
- 1 p

V Eq. (B74) to this problem and let r
1
= 3 and r

2
=2. Therefore

- k32 =

A.~ A .4 \_~V.•_ p . 1 1 
~ ~~~ [IT 

iji iJ2~T ~~3 (—1 ) ~ (p
31
-1) 2~~(—L) 

-~ (Pj2~~) i. ~~il 
Pj~J2 

£

~-. 
~~ 

~ ( ( y iil(\ ).) i32 
M~~~

1 i 2  

(B75)
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We recall that the partitions of 3 and 2 are

~3
l 

2
1
1
1
, ~~ and ~2

1
, i

2
j

and the set of combination pairs that Eq.(375) is summed over is therefore

c3
1.21 3

1.12 2
111.2

1
, 2

h1
1.l2, 1

3.21, 1
3.12) -

The term corresponding to 3
1.21 is

3 (-l)
11

(p 11-l)

~ 

2:(-l)
12

(p 12-l): 
[ 

~

~ ((p.11):
ihl

(x.11)~) 
i12 N

11 +

- 
3:(~1) (~~

1) (l~11: z:(~1)~~~
1) (l~ 1): 13

1
2
1]

- 

(31)1 (U) (2!)
l 
(1’)

= [321/N 123

The term corresponding to 3
1
12 is

A .  -
~~~

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

2 (-l)
22 (p 22 -l) 

1 ~ ~i2l 
i2l

~~22 
i22

1

~ ((~ ) I i2l (\ )i )  ~ (( )? i22(x )t) N ~~
2l + ~22~

- 
3~ ~~l) 

(1 1) (l-l) 2: (-1) 
(2-1) (2-1): [3

1 
£ 
2~

- 

(31)1(1:) (U)
2 ( 2 )  M

h l+2 ]

= - [3l2]/M (3]

_ _ _ _ _ _ _ _ _  — V V. —



I 
~~~~~

The term corresponding to 2
h
l
l.21 is

3: ~~~ 
(2 l) 

(2-1): 2~ (-1) 
(1-1) 

(1-1) [2
1
1
1 .21]

(2:)
l
(1:)

= -3[2
2
1]/M~~ £

-

~ ~ . The term for 2111.12 is

- 3~ (-1) 
(2-1) 

(2-1): 2: (-1) 
(2-1) 

(2-1): [2
1
1
1.12]

- 

- ((2:)
1
(1:))((L ~)

1(1~~~ (U)2 (2~)

= 3[2 13
]1M

141
.

i The term for the combination pair 1
3.21 is

I 
‘ 

~~ 
—

3~~~1) (3 1) (3~1): 2(~ l) (1
~~~~(l~ 1) [13.2l]

V 

(1:)~~(3:) (2)
l(l~ ) M13

~~
1’

~~~ 

- 

= 2(21
3]/M~

41

V The last term, which corresponds to the combination pair i
3
~~

2
, ~s

- 3:~ -1) 
(3-1) (3-u : 2~ (-1) (2 1) (2-1) : [1~- 12 ]

- 

(1:)~~(3~) (l:)
2
(2:) Mt3

~~
2’

= -2[1
5
]/M151 

.

ilH -

p 

L 
-—

~~~~Li ~~~~~~~~~~~~~~~~~~~ 
- • -

~~~ 
• *-— —5-.-—--- — . A...L ~~~ a-~.a ~~ II1~~~~ L-~~~ ~ ~
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Therefore , we know that

- 
[32] [31

2
] 312

2
1] 3[2l~ ] + 

2[21~] - 2[l~]k32 
— 

N121 
- 

M t3
~ 

- 

M 13
~ 

+ 
M~

43 N141 M 15
~

- - 
131

2
1 

- 
3[2 2l1 + 

5[21]~~ - 
2[l~j— 

N12’ •~[3] 
M13

~ M141 N~
51

which agrees with the expression for k32 obtained in Eq. (369).

11. Another Application of Cumulants

In Append ix A , we found that in order to compute the parent

moments 
~2

’ ~~~ ~6 
and it was ~‘tvenient to define G

(r) 
(t,i) in 

- 
-

Eq. (Al3) as

4)
r 
exp[F(c ,z)J! 

—

z=l ‘ -

Sections 4 and 7 of Appendix A were spent in finding G(r)
(~,l) in terms of

for r ranging over the integers from I to 8. These tedious 
-

calculations can be circumvented however , by observing that is related

to 4r in a way similar to that in which G
(r)
(~ ,l) is related to F~~~~~(t , i) .  -

From Eqs. (337) and (B39), we recall that

= (-i  
~~~~~~) ~(t)~ V

t=0 _
_i- V

-~ 
- 4

r (-i 
d
)
r log Ø( t)~ .

t=0

.1

~1~
V j

~~~~~~~~4

. 

- 

- __
- 

-

~~~~~~-~~~~~~~~
- 

-‘ :~~~
-
~~

--
~~~~ 

— —a - 
~~~~~~~~~ ~~~~~ ~ 

;~~~~,- ;~~ ~~~~~~~

~~~~~~~~~~~~~~~
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- a .

We can define - (t) ~ log 0(t) and make the change of variables x=i t , to

find that
5 a

- 

-- 

~~~ = (.i)
r 

exp [p(x)] (B76a)

x=0

= (A.)
r 

p (x) £ (B76b)

- 
x=0

We would expect then that G
(r) 

(t,l) can be expressed in terms of F~~~ (t,l)

- in the same way that is expressed in terms of ~~~~~~. For instance , from

V. 

the fact that can be expressed in terms of cumulants as

= )t
4+4~3

%
1
+3%~~+6%2

4~ +

we know that

G~
4
~ (1,t) = F~

4
~ (1,t) + 4F~

3
~ (1,t)F~~~ (1,t) ÷ 3[F~

2
~ (1,t)]2

+ 6F (2) (1,t)[FW (l ,t)]2 + [F (1) (1,t)]
4

- ‘ - V

L as is confirmed by Eq. (A14d). Therefore, the method used in expressing

moments in terms of cuniulants can also be used to express G~~~(l,t) in

- - terms of F (l,t).

L
1:

‘ : 1

_ _ _ _  - - 5 -  _ _ _ _ _
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APPENDIX C

VARIANCE S AND UNBIASED EST LMATORS OF ~t AND ~~~t

1. Introduction

The purpose of this section is to give detailed derivations of

quantities mentioned itt the main body of the paper. Here we derive the

A A
unbiased estimators of ~t and ~~~t , the variances of ~t and ~t , and the

unbiased estimators of these variances.

2. Unbiased Estimators of ~t and ~t 
—

Equation (36a) gives ~~~t in terms of parent moments

-~ = 
6~~~2 

+ 3(~2)
2 - ] -

Algorithm B1 given in Section 6 of Appendix B shows how to find the unbiased

estimator of a population value such as cdt . First, we find c~t in terms of

cumulant products. Equations (B48a) and (348c) give the parent moments V

and in terms of cutnulants:

~2~~~~2

2

~~~~~~~~~~~~

Therefore , ~t can be expressed as - -

= 

~~~~~~ 
+ 3(4

2
)
2 

- 
(~~ 

+ 3d)] .-
~~~

= 

~~~~~ 
- 4

4
] . (Cl)

The unbiased estimator of ~t is then, by Eq. (B53a),

A 1 ‘\ A
~~~ 

~2 
- %
4]

= .[4k - k
4
] - (C2)

I 
_- — - -  - —~~~~~~~~-~~~~

-
~~~~

- 
- - -

~~~~~~
-
~~~~~~

. $ 1  ~~~~~~~~~~ 
-
~~~~~

—-5— —- V- V. ~~~~ —— — - — ~~~~~~~~~~~~~ ~~~~~~~~~~~ ~~ .~ . ~~~~~~~~ .~~
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-a

.- Because k
2 

and k4 are of orders 2 and 4 respectively,  tables of orders 2

and 4 are necessary for finding the k-statistics in terms of augmented

symmetric functions. Using Tables B3 and B4, we find that

A 1 ç
4 

[l2]
÷ j~J-~ (

~~~t
6

L ( -  [2] NH

- ~ 
6ji ~~1 + 12121

2] 
- 312

2] 
- 
4131] 

+ ~Et1~ ~ . (C3 )
N1 ~ N1 ] M12

~ N121 M

From the second and fourth order augmented symmetric function/power sum

V 
- 

- 
Tables B2 and 35, and Algorithm El, we see that

= - 

M~
2
~ 

( s
2

) + 
~~~ 

÷ 
~I 

(-6S
4 ÷ 3s~

I’ 12 3 4 s
4)

- 

- 

N131 
(2s
4 

- 

~~ 
÷ j~

--

~ 
(-s~ + s

2
) + 

~~~~~ 
(_ 5

4
) - 

M

- - 

— ~ 
4s

2 ~~~ 
365
4 

18s~ 245
4 12s~ 754 + 

3S~ S
4— 

6 
N121 

+ 
N 

- 

M141 
÷ 

~~~ 

- 

M13
~ 

+ 
M 131 

- 

M12
~ N’21 M 1

C~~~~~f~ ~
2
~~~

3
~~M

[2] 
M 131 M~

41

L - 
M

M
[2] 

M~
31 

+
~

-V
~~ j ) S4 

I

= 
~~ ~~ 

+ 
M1
~~ ~~2 

+ 3
~M

[21 
± 
M~

31 
+ 
M14~ 

) M
2
m~

: - 

~~~~~~~~~~~~~~~~~~~~~~~~~~

= 
~~ ~ M-l 

1112 + 3M( (M-15 ÷ 
(H-i)121 

+ 
(N- i)131

I - (1 + (M l) + [2j ÷ 

~~~~~~~ 

) in
4 ) - (C4)

i I
- - -._-.

~~
_V.—_ - -

- V V _ ~~~~ 
__V.___~~~~~~~~~~~~ V~~ — - — - -V~~~ 

- 
-V 

• 
- — - - - — - p - . - - -

- — — ________ —
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A
Similarly , ~t can be found in terms of the sample moments. From Eq. (36b),

we know that

- 
In terms of cumulants, 3t is

-

~ 

- 
= ~~ - 

~~ 
- (C5 )

Again we use Eq. (53a) to find the expectation values of the cumulants:

- 4 ‘~‘ 1-

~

=~~~~ [k
4 - k

2
] - (C6 )

-
~ We already know k

4 
and k

2 in terms of augmented symmetric functions from

- calculating ~t , so that

A 
= 

1 C - 6[l]~~ 12[2l~J - 
312

2] 
- 
4[3l] i~1 ) - ( 

ii~~i jgj
B 

~~ 
141 131 r-, i 121 M 121 M )~~p L J L .J M L I ML -I 

~jI
L

-

~ — 1 6fl’~] 12121
2
1 3[22] 4[313 [43 i i

2j [2]
— 

~~~~~
- 

~ 
- 

M 1
~’ 

+ 
~~~ 

- 

N[21 
- 

M~
2
~ 

+ —
~:j— 

+ -

- i A
- Tables 32 and B5 , and algorithm Bl show that ~t can be expressed as

- 

-

I -  

LI
- 

-
_ _ _ _ _  

;
_
~~~~

IIIlIi___I 
— 

~
- ~~~ 

--V — —---——-- - .——— — V. :;~i;:—
. -

~~ 
- .

~~
- - S —. a .. 

-V
a ,. ~~~~~~~~~

— — — — 
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- 4 ,

A 1 - 
6(-6s4+3s~) 12 2 3 2

I 
- 

M~~
1 

+ (2s~~-s~) - 
M~

21
~~~~~~~

2

- -  4 (54) (54) ~~~~ ~~~- 

N121 
+ + 

N121 
- 

N

- -~- L 1 + -- ~---- 3~~~~~~24~~~~~3 6 ) s 4— 24 ~M M121 
+ 
M12

~ N131 N141

, 3 12 18 2 I I

- 

+ 
M~

21 
- 

M~
31 

- 

M
14

~ 

) S
2 

- 

~ M~~
1 

+ ) S
2

- (
M~2 + i+~~~~~~~~~

m
~~~ 

( — ~
-
~-y +~~~) 

Nm2 )

= C ( 1  ÷ (N-I) + (M~~)[21~~ (M- i)131 
)

- 3M( (M-l) 
(M-i)~

21 
+ [3] ) m~ ~~~ 1) m2 ) . (C7)

- , 

- 
We can also express ~t and ~t , given in Eqs. (C4) and (C7), as

A 2
5- ~t = R~in2 + S~m2 + T~m4 (C8a)

A 2
= RB m

2 ÷ SB
tU
2 + TBn14 (C8b )

where

R = 
2M (C9a)

~~ 3(M— i)

= + + ) (c9b)

~ I 
T~ = + + 

(M-1)~~~ 

÷ 
(M 1) 131 ~ 

(C9c )

V
~~ _ I 

—-V .  V. - -—  -

~~~~~~~~~1~~~~~~~~~~~ V.I_~~~_ _ ~~~~~ 
-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V.~~~~~~~~~~~~~::iI

— 

-
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P~ _ _— - 24(M-l)

= - 

~ 
(
~~ -i~ 

÷ 
( M- l) ~~

2
~ 
÷

—
~ = (1 + (M-1) + 

(M-l)~
21 

+

A
3. Variances of ~ t and ~t

Equation (51a) gives the variance

A A 2
var ~ t ((at) ) - (at )

S 4 1 We already kno: 

~~ 
:rOm 

E:. (C2); the squar

~~t) = ~~~~~ (16k2 
- 8k

4
k
2 

+ k4

It is not ix~nediately obvious how we can fi

• 
(~~)

2 from Eq. (Cli). However, the k-statis

can be reduced to a more pliable state by r

a sum of individual k-statistics. Consulti

Appendix F, we find that (11]

k2 
k
8 

+ 
16k62 

+ 
48k53 

+
4 M (M—1) (M—i ) (N—I)

144 M 
k + 

24M(M + ~~ k+ 
(M— 1.)12~ 

322 
(M—L) 13

~

k k  ~~ (M+7) + 6
4 2 — N + 

(N-i) 
k
42 (M-i)’~33

.9,

2 M ( N —i )  22

________ - 
• •
~~~~•



We can now write

1.
A k 16k 48k

2 
- 

I c —
~~ + 

62 
+ 

53 
+ 
(M+33) k + 

72M k— 
36 M (N-i) (N—i) (N-i) 

~~ (M-l)~
2
~ 

422

144M 
k 

24M(M+1) k+ 

(M—1)~
21 332 + 

(M—1)~
31 2222

8 ~~~~~+ 
(N+7) k +— ~~~ + 16 ~~~~ (M+1) k )1

M (M-1) 42 (M—i)~ (N—i) 22

Performing the proper multip lications, it appears that

A 2 i k
8 

16k62 48k53 
_______ 

72M
— 
36 N (N—i) (N—i) (N—i) 44 (.~4i)

[2I 422

+ 
144M 

k + 
24M(M+l)k - 

Bk6 
- 
8(11+7) 

k
- (N-i) (N-i) (N- )

- + + 
16 (M+ 1) k22 3 (C13)

t I &

By Eqs. (B53a) and (42), however,

£ ~t 16~i~ t
(,A \ 2\ j .ç~~~ 6 2 5 3 (M+33) 2 7211 2

‘ ‘ 36 M (M-i) (M-i) (M—1) ~4.
4 (2]

1’ (M4)

14411 
~2 2411(11-1) .4 ~~6 8(11+7) ~+ 

(M~1)
(2] ?2 + 

(M-1)~
3
~ 

‘
~2 

- 
11 

- 
(N-i) 4 2

( M - l)  + ~~~~ ~~16(M+l)~ 2~~ (C14)

According to Eqs. (849a)-(849g) , the odd cumulants involve moment products
a

that must include at Least one odd moment as a factor. Because all odd

parent moments as defined by Eq. (29) are zero, odd cumulants are also

zero. Therefore , from Eqs. (51a) and (C14), we know that

$ .
— - 

- . ~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~ 
j ,- .- .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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2 A
~~

• 

= + 

i6~~~~ 
~~ +33) 2 

+ 
7211 ~36 M (H-i) CM-i) ~t4 (M_i) [2] 4 2

+ 
2411(11+1) 4 

- 
8(11+7) ~

2 M (M-l) 42

+ ~~~ I - (~t)
2 

. (C15 )

A• Equation (51b) gives the variances of ~t as

A A 2  2var Bt = ( (st) ) - ~~t )

AWe already know ~t from Eq. (C6); the square of this quantity is

(
~~
)
2 ~ [k~ - 2k

4
k
2 + 

k~ I . (C16 )

Substituting Eqs. (C12a)-(C12c) into Eq. (C16), we find that

2 
— 

1 16 k 
48k

53 (H +33) 
k 

72M 
k( t) - 

576 11 + (M-l) 62 + (11-1) + CM-i) 44 + 

(N_ i) 12] 422

+ 
144 M k + 

24M(M+ 1) 
k - 2 ( M + 7~~ k

(M_l) (21 332 
(M—l) 131 2222 M (M—i) 42

- 
(M-l) 

k33 ÷ + ~~~~ k~~ 3 (Cu )

By Eqs (B53a) and (51b), the variance of ~t is then

H
-- ---•- --•

~~~~~~~~~~~~~~~~~~~ _ _
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2 .
var~~t

1. ç 8 
16 6 2 (M+33) 2 7211 ~- i = 576 ~ M 

+ CM-i) 
+ (N-i) ~t4 + 

(11-1) [2] 4 2

÷
24M(M+j.~ 4~~~~~ 6 2 ( M + 7 )  ~~~
CM-i)131 ~2 M (11-1) 4 2 M

+ 
~~~~~ 3 - (~t)~ . (C18)

A A
4. First Order Approximations for var at and var ~t

L From Eqs. (Cl) and (C1.5) we know that the variance of can

- be written in terms of curnulants as

var = + ~~~6~ 2 ÷ + 

(M-l)~~~ 
~~~~

2411(11 + 1) 4 ~~6 8(11 + 7) 
+ 

16x
4 + 

16 (N + 1) ~2+ 

CM~i) t3 1 ~~ - 

H CM-i) 4 2 11 (H-i) 2

1 2
- 

~~~ 

-I, -

______1 ~8 i6~t6~t2 (M +33) 2 72M 2

I -~ 

= 
~~~ M + (M- 1) + CM-i) ;4.4 + 

~~ 1) 
(2] ~4~ 2

~~~~ 

- I! 24M (M+1 ) 4 8~~ 8(11+ 7) 16t 4 
+ 

16(11+ 1)
+ 

1 [3] ~2 
- 

11 
- 

(M-i) ~4~2 
+ 11 CM-i) 2

i t !

- 
- 16~t~ + 8~tft4 - I .

~

t ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _ _  

•~~ 
-

~ 
_ _
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A .To first order in 1/H, var at is then

• var A th ~~8 + i6
~6~ 2 

+ 33~~ + 72~4~~ + 244 - 8~~

- 56
~4~2 

+ l6~t4 + l6~t~ ) . (C19)

We can substitute Eqs. (60a)-(60d) into Eq. (C19) and find
A

var at in terms of parent moments :

var 3è~i ~~~8 
- 28~6~ 2 - 35~~ + 420.~4~~ - 6304 )

+ l6(~6 
- i5~4~2 + 30~~ ) 

~
‘2 + 33~~4 - 3~

2
)
2

k + 72~~4 - + 244 - 8
~~6 - 

~~~~~ 
+

- 56 (i~.4 - 

~~~ ~2 
+ 16(P.4 - 3~j .

2 ) + 16~ 2 ]

= - 28
~6~ 2 - 35~~ + 42~~4~~ - 6304

+ 161J.6u.2 - 24~~4I~~ + 4804

÷ 33~~ - 198~~ 4 ÷ 2974 + 72~4~2 - 2164

+ 24s4 - 8~j .6 + l2O~4~2 - 24~~~

- 56I.~4~2 + l68~.i.~ + 161J.4 - 48~J~ + l6I.~ I

= - i2
~6~

1I 2 - 2p~ - i8~.i.4p.
2 + iii4 i- i36~.4~2

- 72i4 - 8~j .6 + 16~ 4 - 32j.I.~ ] . (C2 0) 

~~~-•-- - •• •
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A• Similarly, from Eqs. (C5) and (Ci8) we know that the variance of ~t can

be written in terms of cumulants as

var = 
1 

[
8 

+ 

16
~6~ 2 + + 

(M-i)~~~ 
~4~2

24M (N + 1) ~ 
2~t6 2 ( M + 7 )

1 ’  
+ 

(M+ 1) t3
~ ~2 

- 

H 
- (H-i) ~4~ 2 ~~ M

• (11+1) 2 1 2
L + 

~M-l)~~ 2 1 576 t
~4 2 1

• i ~8 16t 5 t2 (11+ 33) 2 7211 2
= 

M + (N-i) ÷ CM-i) ~4 + 
(M-1) 121 ~4~2

24M(M+1) 4 2(M+7)
+ 

(M+ 1) [3] ~2 - 

H 
- 

(M—l) ~~~~~ ~j

H A
To f irst  order in l/M , vat ~t is then

A 
____ 

2 2 4var ~t 576 M ~~8 
+ 16~t6~t2 + + 72x

4~t2 + 24~t2 
- 2

~
t
6

- 14~t4~t2 + + ) . (C21)

By substituting Eqs. C60a)-C60d) into Eq. CC21) we can find var in

terms of the parent moments:

var ~t 576 11 ~~~8 
- 28~6~.L 2 

- 35~~ + 420~4~~ - 6304

+ 16 - l5
~4~2 

+ ~~~~ ~2

• - 

+ 33 ( - 3~2 
~ 
2 

+ 72 (
~4 

- 3~~ ) ~~
- 

L

I 
_ _ _  

_ _ _— —

~~ 

- —
~

________

~~~
- - :,.-~~.. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ •-•  .
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j + 244 - 2 (
~ 6 

- l5
~ 4~ 2 + 3(g)

~~
14

~~ 4 ~~4 I

= 57611 ~~8 
- 2

~~6~ 2 
- 35~~ + 42~~ 4~~ - 6304

+ i6
~6~2 

- 24~~ 4~~ + 4804

+ 33~~ - i98~~~~ + 2974 + 72~4~~ - 2164

+ 244 - 2
~6 

+ 30
~4~ 2 

- 6~~~

— 

j  
- i4

~~~4~~~ 2 
+ 42~~ + - 3t4 + ~~

] -‘

57611 ~~8 
- l2

~ 6~ 2 
- 2~~ + 54~4~~ - 4~4

- • - 2P.
6 

+ i61J.4
p

2 
- l8~~ + - 2~~ ] .  CC22)

A A
5. Unbiased Estimators of var at and var

Equation (53a) gives the unbiased estimator of the variance of
A
at as

A A 2  2U(var at) = (at ) - U[(at ) ]

From Eq. (Cl) ,  we know that
- 

~~~ 

- Pt

4
]

(~~)
2 

= j~ 
[l6~~ - 8t

4~
t
2 ÷ ~t~~] . (C23)

2Using Eq. CB53a) to derive the unbiased estimator of (at) , we find that

- U((cit)
2
] = 

~j~
- (16k

v 
- 8k42 + k44 ] . (C24)

I,
{J • 

~~~ 
_ _ _  ~~~~~~~~~~
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~~~~~~~~~ I
A 2Now we need only square the right hand side of Eq. (C8a) to obtain (at)

2 
= (R

am2
)
2 

+ 2 (R~m2) ( S m ~ + T?4) + (Sam~ ÷ T m4)
2

2 2  3 2 4  -
= R m

2 
+ 2 R S m

2 
+ 2RaTam4m2 + Sa

m
2

+ 2S Tam41n
~ 

+ T2ni~ . (C25)

a. The coefficients Ra~ ~~ 
and Ta are given by Eqs. ( C 9 a) - ( C 9 c) .  We

- -- comb ine Eqs. (53a), (C24), and (C25) at.~i obtain

j ~.. U (v:r A) 

4 2
= R

a
m
2 + 2RaSatfl2 + 2RaTam4m2 + S m 2 + 2SaTazn4m2

~ L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . (C26 )

Similarly, the unbiased estimator of var A can be found from Eq. (53b ):
U( var = ~~~)

2 
- U [~~ t ) 2 ]

;: ~~ foli~~ s from Eq. (C5 ) that

$t =
~~~~~ 

[~4 ~~

o (~~t )
2 

= 
~~~~~~~~ 

(
~~ 

- 
~~~~ + ~~] . (C27)

- .. Using Eq. (353a) to derive the unbiased estimator of (~t)
2
, we note that

U [ (
~

t ) 2 ) ~~~ [k4, - 2k42 + k22] . 

A 2 

(C28)

• Squaring the right hand side of Eq. (C8b ) it follows that (at) is

(A)
2 = + 2

~~
Sa m

~ ÷ 2~~ T~ m4m2 ÷ 44
+ 2S~ T~m4in~ + T~ m~ . (C29)

~~~~•_ —_ __k~~~~~~~~~
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The coeff icients  R~~, S~ , and T~ are given by Eqs . (CiOa)-ClOc). We combine

Eqs. (53b), (C28), and (C29),  to find

A
E TJ (var ~t)

= ~~~~ + 2
~~

Sa
m

~ 
+ 2R~T~m4m2 + S~m~ + 2S~T~m4m~

2 1 k k44
+ 4514 - 

~~~~~~~~~ k22 + 288 
- (C30)

6. Evaluation of the k-statistics k221 k42, and

Equations (C26) and (C30) give the unbiased estimators of

and in terms of sample moments and k-statistics. Here we find the

relevant k-statistics in terms of sample moments also , so that the

H unbiased estimators of the variances can be easily evaluated.

First we calculate the k-statistic k22 . This k-statistic is of

order 4; therefore we can find it in terms of augmented syninetric

functions via Table B4, which is also of fourth order. That is,

I 
— 

[ia] 
- 

2 [2 i2J [22]

~~~~ 4 3 . ( )

Applying Algorithm Bl to Eq. (C3l) and Table B5, we arr ive at

k22 = (-6S4 + 3s~ ) /M 141 - 2(2s
4 

- s~~)/M ~
31 

+ (-s 4 +s ~ ) I M t2 1

= m~M2 ( [~ ] + + ~~~~~ ~514M 
~~~2] ÷ 

M~
31 

± 

M141 ~
• (C32)

We can express the sixth order k-statistic k42 in terms of

• augmented syninetric functions by consulting the sixth order table in

Append ix E and f ind tha t

‘ :~~ . ~~~
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— 6(16 ] l8[21~ J 1512 2 12 ] 4f 3i~ J 3 f 2 ~ ]

f k42 
— 

11(6 1 
- 

~~~ 

÷ 
~~~~ 

÷ - 
M 13

~

- 
41321] - [412] 

+
M 131 

~~~ M12’

Applying Algorithm Bi to the augmented symmetric function/power sum tables

of weight 6 given in Appendix E, it follow s that
I -

2 3 [6]k42 
6(_120s

6 + 90s4s2 + 40S 3 
- 15s 2 )/M

- 18(24s6 - 18s4s2 
- 8s~ + 3s~ ) / M ~

5 1

+ 15(—6s6 ÷ 5s4s2 ÷ 2s~ - s~ )/ M~
41

+ 4 (-6s 6 + 3s4s2 4- 2s~ )/N 14
~ - 3(236 ~~~~~ 

÷ 4)/M~~~
1

• - — 4(236 - s4s2 — s~)/M
131 — (2s6 — s

4s2)/M
131

1 
+ 

~~~ 
÷ 34S2 ) /M

720s6 540s4s2 24Os~ 90s~
-. 

- 

1116] + 
M 161 + - 

M [ 6 1

432s 324s s i4-4s2 54~3
6 4 2  3 2

r - 

~~~ 

+ 

~~~~ 
÷ -

90s 75s s 3032 ~~3
- + 

2~ 3 
-

- 2456 12s4s2 883 656 ~~~~ ~~— 
r / 1 + ri 1 + 77T — 7 T  + r it 

—
- 

I Mt” ~~~ ~~~ M L J J M LJJ 11 i

- 
28s 4ss 4s 2s s s  s s s6 42 3 6 42 6 42- 

M131 
~~~ ~~~ 

- 
M~

31 
~~~ 

- 

N [2 1 
1112 1

720 432 90 24 8 
~~~~~. ...L... .L...

i ~~~ 
- 

1116] 
- - - 

~~~~~~~~~~~ 

- - 
1112 1 

- 
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_
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540 324 75 12 4 9 1 1
+ 

~~~~~ M [6] + + 
~~~~ M~~~ 

÷ ÷ 
M~~~ 

+ 
M 13’ M 12 1 ~

2 240 144 30 8 4
3 M M 151 M~~

1 M~~~~~~ M~~~

3 90 54 15 
— 

3
+ s2 ( - 

M 161 
- - 

~~~~~~~~~~ 
M~~~

1. 16 114 432 720
= 51

611 C - 

N12’ 
- 

M~~~~~~~ 

- 

M 141 
- 

~~~~ 
- 

11161 ~

÷ m4m2M2 
~ + 

M 13’ 
+ + ÷

H 

~~~~~~~~~ ~~~~~
j
~~~~~~] ~~~

[6]~~

+ m~M~ ( - _ _  - - 

~~~
] - 

M~~~ 

(C33)

The k-s ta t is t ic  k44 is of eighth order. In Appendix E we have

a twelth order table; an eighth order table is not available. We there-

fore use Algorithm B2 from Section 9 of Appendix B to find k~~ in terms

of augmented syttinetric functions . This procedure gives

k,4 = 36(183/11181 
- l~~~[2l 6 ]/M 17

~ + 180(2 2 141/1116] - 72 [2 312 ]/ M 151

+ 9(24j / M~
41 

+ 48(3 151/11161 
- 96 [3 21

3 ]/M 151 
+ 24(32 2 1)/ 11141

+ l6[32 12 ]/ 11141 
- l2 f4l 4 ]/ ~1[514~24[42l 2 ]/M (4 1 - 6 [42 2

11 /M [31

- 8 [431]/M 131 + [42] /M [2 ]

Applying Algorithm Bi to the augmented syninetric function/power sum tables

of weight 8 given in Appendix E , yields

~ 
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= 36 (_5040s~ + 3360s
6
s
2 + 688s

5
s
3 

+ l260s~ - i26Os
4
s~ - ll2Os~s2

+ 1054)/ 11(81

- 144 (72088 
_ 480s6s2 - 384s5s3 

- l80s~~+ l80s
4
s~~+l60s~s2 

- 154)/N ~~~

+ l80(_ i208 8 + 84s6 s2 + 648583 + 30s~ - 33S4
S~ 

- 28s
~
s
2 + 34)/M

161

- 72 (24s
8

_ 20s
6
s
2 
- 123

5
5
3 -6s~~+9s4s~~+6s~ s2 

-

+ 9(-6s~ + 886
3
2 + 3s~ - 6S

4
5~ +

+ 48(-l20s8+60s
6
s
2

+64s
5
s
3+ 3Os~~- l5s4s~ - 20s~ s2)/M 163

— 96 (24s
8 

- 12s6 s2 
- 148

583 
- 6s~ + 3s4s~ + 58

~
5
2

)/ M
~~

+ 24(-6s
6 

+ 4s6 s2 + 48
5
3
3 + s~ - s4s~ 

- 2s~s2)/M 141

+ 16C-6s8 + s6
s
2 + 4s

5
s
3 + 2s~ - s~s2

)/M t41

- 12(2433 
- l2s

6
s
2 

- 83
5
5
3 

— 6s~ + 3s4s~ )/N~~~

+ 24(
~

6s 8 + 
~~~~ 

+ 2s
5
s
3 

+ 2s~ - s
4
s~ )/M~~

- 6(2s
8 

— 23
6
3
2 

- 34 + 3
4
3
2
)/N

2 [3]
- 8(23

8 
- 5

5
5
3 

-

+ 
~~~ 

~

= (-i8l440s
8
+120960s

6
s
2+96768s

5
s
3 

+ 45360 s~ - 45360S
4
S~

- 40320s
~
s
2 

+ 37804)111183

• 
+ (_l03680s 8 

+ 69120s
6
s
2 + 55296s 5s3 + 25920s~ - 25920s

4
s~

—23O40s~ s2 + 216 O4)/M 1
~~

1
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+ (-2l600s
8 
+ 15120s 6 s2 ÷ 11520s

5
s
3 

+ 5400s~ - 5940s4S~ -

÷ 54Os~ - 5760s
8 

+ 2880s6 s2 + 30723
5
5
3 

+ l44Os~ - 72Os ,s~

- ~, [6)JV S
3
S
2
),~l

+ (-1728s 8 ÷ 1440s6 s2 + 864s 5s 3 ÷ 432sf 
- 648s4s~ - 432s~s2

+ 724 - 2304 s~ + 1152s 5s2 + 1344 s5s3 + 576 s~ - 288s4s~

- 480s~s2 
- 288s~ + 144 s

6
s
2 

+ 965
5
S
3 

± 72sf  
- 36s4s~~)/M~~~

+ (-54s 8 + 72s6 s2 ÷ 27s~ - 54s
4
s~ + 

94 
- l44s8 ÷ 963682 + 965553

÷ 24s~ 
- 24s4s~ - 48s~ s2 

- 96s
8 

+ 16s6s2 + 645
5
5
3 

+ 32sf

- 16s~ s2 
- 144 s~ ÷ 72s

6
s
2 ÷ 

48s5s 3 + 48s~ - 24s4s~ ) / M 143

+ (-l2 s~ + 12s 6 s2 + 6s~ - 6s4s~ - 1638 + 8s5s3 + 8s~ )/ M~
31

+ 
~~~~ 

÷ s~ )/M 121

= (_181440s
5 ÷ 120960s

6
s
2 ÷ 96768s 5s3 ÷ 45360s~ - 45360s

44

- 4O32Os~ s2 + 37804)111181

÷ (_103680s 8 + 69120s
5
s
2 + 55296 s5s3 ÷ 2592 0s~ - 2592Os4s~

- 23040s~ s2 ÷ 2 l604)/M t
~~

+ (_27360s 3 + 18000s
6
s
2 ÷ 14592s 5s3 + 684Os~ - 6660s4s~

- 6O0OS
~
S
2 *5404)

/M 161

+ (-4320s
8 

+ 2736s
6
s
2 + 2304s

5
s
3 

+ 1080s~ - 972s 4s~

~ I -912s~ s2 + 724)/M~~
1

÷ (-438s~ + 256 s6 s2 ÷ 208s5s3 + l3ls~ - lO2s4s~ - 64s~s2

+ 94)/M~~
1

-  
-  
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~~~ 
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+ (_288
8 
+ 125

6
3
2 
+ 88553 + 1.4s~ - 6s

4
s~ )/M~~

+ (~~~3
3 

+ 54) 111
- - a.

1 28 438 4320 27360 103680 181440m8M(~ M [2] - - - - 
11(6 1 - 

~[7I - 
11181

+ 
~~~~~~~~~~ 

+ + 2736 
+ 

18000 
+ 

69120 
+ 

12096 0 )

2 8 208 2304 14592 55296 96768
- 

- + m5m3(1 
~ (33 + (4] + (5] + ( 6 ]  + (7 1 + (8]

I + m~M~ ( 
1112] + + + + 6~~~~~ 25920 k

• 2113 ~~ 102 972 6660 25920 45360
+ ~4m2 ~ - - 

M !41 - 

M~~~~~~~ 

- - 
~~~~ 

- 

~~~~ 
~

2 64 912 6000 23040 40320

~t ! • 

+ 513m2 ~ 
- - 

~~~~ 
- 

11
(6] - 

~~~~ 
- 

M 181 )

~ 
+ 4M

4 ( 
~4] + + + + ) . (C34)

This completes the present task. Expressions for the terms k22 k42,
- •  and k44 appearing in the estimates of the variance for the j ump rate are

now available in terms of sample moments , allowing an imeediate estimate

of the errors from the experimental results themselves .
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THIS PAGE IS BEST QUALITY PRLCTIC1BL~
yj

~~~
M CO?Y FUB24LSHED TO DDO -_~~~~~~

C PP~~OT
C

• C 1I.4E PUPPIISE OF TP4E PPOGRAM P~~LO1’ I S TO CALCULATE AND PLOT
C Tj.,E PRO8ASX L ITV TH AT A N A DA T OM S T A P T T N G  A T T’4 E oRIGIN HOPS
C YQ A POS ITION “ I ”  LA TTI CE SPA CI NGS TO Yul E R X t M T , ‘ rw ts
C •RO~ A8 ILITY ~3 A33~ 53~~ F~3Q V tfIUS V A L U E S  QF THE JUMP
C RA T E  l aTto 8/ A A NO THE SECONO MOMENT M2.
C

I MP LICIT  RE AL~ M~
DIMENSION 8QACS) .FUNC C2S.51
DI MENSION ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~COMMON FUNC

S TYPE 55
ACC EPT j

~ e.
N

I F (N .EQ .8) STOP
C
C SET THE. MUM8ER OF TEPMS ‘N EGUAL I’D ZERO I N O R D E R TO
C TERMINATE EXECUTIW4 OF PPLOT .
C

ACCEPT L18 .~~0 A C 1 )
A CCE PT 1i~~,8f lA C21
ACCEPT tt0,8’~A C 3)T YP E ide
ACCE PT IIJ. M?
Ty PE 115
DO 51 3* 1 ,3

— DO 5~ N5TEps~~,24
F A.MV(2,.~ 1slQA~ J~~

8.IOA(J).A
CALL IC(2,.A.RtCA ~CALL Ic(2 .~ e.~ !c~~CA L L I M u € ( 2 .*A .N . R t CA , R t A ~

- — CALL ~~~~~~~~~~~~~~~~~~~~
SP4iN.~~4

MT2.2iN
-

- - - DO ~gi t .~~,M

• 8 E 5 1 A ( M P 4 . I ) C R Y A ( L )
9E5~~A ( I p N p 4 ) a R I A ( ~~I

14 S t 8 ( t p N P R ) u R U ( L ~
8ESI A~~M P 4 ) . R T C A
~~ES IS ~NP

o -

TS TR T 2 U (2.NCVN~ /2
1 5T 0 P2m ( 2. M( V P l 1 / 2

I3TRTI$ (1-.sPdCI~0~ /~
ISTO’1.(t.N000I/2

00 2~
1 
~aIS?R?2.ISYDP2

~ ‘CXP C 2 .  ~~~~~~~~~~~~~~~~~~~~~~~~~~2~a CONTINUE
FUNC (N$T EP, 31 .D$LPP

5~ CON T INUE
00 bl Z *ø ,~b(o I ’YP E 13 ,t . F U M C (T , t ) , F U ,4 C C T ,2~ ,FUMC CT ,3)

q
~ 

FOQMAT (’ GIVE TH E I OF T ERMS . AN D THE 3 VA L~J E3 FOR 9/A )
1Riâ
i t ~ F0 Q M A T ~~~~12.b )
1 15 F URMA T C2$ i
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130 FQRMA1 C ~~ .12, 511 ,3 (~~t2 ,b ,211 )~t 4~1 1URMA T ( ’  GIV E TN! IAL UJE ~IF THE S!CDNfl MO MENT ’)
• t b~~ FOPM~~T C ~~H ,G12 ~~3)

CALL GLUT
GO TO 5
END

C

C THE SU8RO uT i~1( ~IC” C A L C U L A T E S  A Z EROT ~ ORDER MO~~IFt!O
C SESSEL UNCTIO N ;op A G IV E N  a~~GuMENI’ ‘X ”  AND ASS IG NS THE
C VA LU E OF THE FUNCTIO N 70 4 R I C ’ .
C

SuS~ OuTINE IC ( Y ,R Ic)
RIC .A~ 5 (‘t)
!~~C R t C — 3 .15) 1,1,2

RETURN
2 Z .3 , 15 /R ~~Pl C. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
RETURN
END

C
C T~s E SU8ROU7INE ‘!NlJ€~ CALC U LA T E S  A SET QF MOnIFIED ~ES3EL
C FUNCT IO NS ~F ORO ERS I T~’ROUGN • 4  F~~R A G I V E N  AR GUME NT
c ~x *NO T~~ VA LUE OF THE C RES PONDING Z E ROT W ORDER SESSEL
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C A R R~~~~Y “ R I ’ .
C

• SU~ WOUI’I~~E INUE(Y ,N ,ZI, RT )
D I M E N S I O N  RIC!~~)
~~ (‘fl10,~~I,I

I ~ M*N~~N
‘~1.X/FN
I F (A 8 S( : ~).5 •.E ..4)~~,b . 2

t 2 A~~sj ~

S~ ’e •
- - 81*1.

F!
3 ~t .Ft.2

4 N . F I/A $ S (~* )
A IA M*A 1pA 3

- • A 0 *A 1

80u61
A !.

1u A / b
IF (A63( t aL#O1)..t .E e )4,4,3

4 I F ( x ) 5 , ô , ó
S

I ~isX/(F~4s*.O 1)
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~R&3A COPY FURNISHED TO DDC _._. —

t F C ~~) 5 , a , 1
• ‘li l t

• • 00 ~~ 1 t .N

: • ~~ ~I(I)$FZ
18 RETURN

END

C -

C IME SUSROUTINE PLOT’ PLOTS THE DRO8A8I LZTY IN QUESTION
C £3 A FUNCTION OF LA T T I CE POSIT ION .

I - -  C
SU ØR OU TLN€ PLOT
SEAL LI NE

i D I M E N SI O N ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~- 
COMMON FUNC

- 
T YPE ~~~

- ‘ 
I ACCEPT t~ 0.3CALE
I 

TYPE 1~ R
I 

- 

ACCE PT 120 ,(ALPHA (I),II1,S)
- Y E  !.5I6

00 30 1.1, 11
- 3a LINE ( I ) I A L P I 4 A ( 4 )

- :  TYP E Z10,(LINECII,tst,TT)
- DO 50 !.g,~DO 35 K a 2 , Yb

— - 
- 

• . 35 LIMECI~) $ A L P W A C ~~DO 40 3.1,3
j • I F U N C S F U N C C ! . J ) * 7 2 ./S C A L E . .5l 

~~~~ L X N E C I F U M C . 2 1 . A L P W A ( J )
• - 5~~ TY PE  130 , l . ( L I N E C * ) , M . t , 71)

tSd F O P M A T C X $ t . A7 7)
- I t s  F O R M A T C I M  ,17A t )

t2 ~ FQ R M A T ( ~~A 1~
130 F O R M A T C 1 M .12,1711)
15~6 FQR M A T ~~~ Ht 3

- 
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IS PAGE iS BEST QUALITY LC11C*~~~ *

~~~M COP1 FUkU11~~~~~
O D

~~ 
_—

C ~PLUT
C
C THIS PRUGHAM “~~~LU~~’ 13 O E 3 LG N E U 7~ CALCU LAT E THE V AL UES F’~R TU E
C S T A N D A R D  O€ V I A T I C N S  OF & LP HA .T ~~O S € T A — ~~. THE FCLL OWT Nr,  SY~~8fIL5C ~ 1LL bE USED T HROUG HOUT THE PROGRA N , A ND ~ T LL ~E G IVE N THE
C A D J A C E N T  O E F I N V T I U N S I
C AL PT ...THE PRODUCT QY ‘AL PHA ’ AND “ 7 ” .
C R 1 A T . . .T M E  ~QOOUCT OF “9!TA’ AND ‘T” ~
C M2 ...THE ~MQ P * R ~~N’ MOME NT

• C EMMa ..~ THE S T A N D A R D  O E V Z A T I O N  OF A L PT ~~ V It ) EO 8Y aLPT ,
C ERP8... THE ST AN OA HO ~EV IA T I O N  OF ~TA ~ • I IV I O EO  8v S T A T .

C It 4 0X . . .A LASEL FOR THE 24 VA LUES CF ~2.C
C NOTE, TH A T FOR Tw13 PROGRAM , T HE ~ IS~~*’~C! 8ET ~ EEN A DJACE N T SITES
C IS ASSUMED TO FE UNITY .
C

IMPL IC IT  RE AL (K , M , N)
-4 D I M ENS I ON  F U N C C 2 S , 5 ) J A P ( 4 )

CO MMON FUNC
T T A

~~
L E s0

i s  130 -

ACCEPT i5ø.~IF CM .LT ,l.2 STO P
-
~~ 

• I l i uM -~~
-4 I IT AaLEIIYARL !.t

T yP E 1~ 0
TYPE
Ty PE 13 r4 -

T Y P E ~30
— Ty PE Ibid

~g JzI ,2
T 1Pt 130
DO 50 C a1 ., 24 .
R J IJ

I .C • t .

C
C A 15 EO UIVA LE NT TO A LPMA~~T 1 15 E j I V A L E N T  TO 9ET A~~T,

IS EOUI VALENT 717 THE MEAN SOUARE DISPLACEMENT -OF THE
C D I F F U S I N G  L O A T r I M ,
C

-  AIM 2 /(2 ,,SaPJ) 
- - -

-
~~~~ 

0 
•

C
C THIS P A R T OF THE p P Q r ,R A M  CA L C U L A T E S  !RRA &
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F~OM COk Y FURNI SHED TO DDC

t.e,,Mo IM.8.ICM47 .).~~~&C2 1CM~~t .)

1.7?.aMeM4sI~2..2/CM~~1.3/CM4.)

I
1.I1*,M.CM. 1.3.*2,.21 (H_ i ,~~3I57o• .8*.2

STA .VA .,~ 5Ia
Si’Ss

FU NCCI ,113 .4LUG~~I (3TR)
C

- C THIS STATEMENT CREATES TW( TAOLE ENTREES.
C -

_ - ICaC
30 TYPE 110,A .8.M2 .STA ,.~TR ,!C
50 CON TINUE

- 
ISO FORM AT C IN •~~Y4M ,A 4 , 4 H ))
t1~ FOPp~aT~~~M , 5 Et 2 ,b, ?~~1
12o ‘OR P~A T C A a )
130 FU RMA T C2W

- 
110 IU M A TC2~~1 3

e. iSo FORMA T (~~tJ.a ) - •

ibO FQRMAT1 II .4x .’A LP~~~,ax ,’8TA T’,~~~,’M 2 ,t 0x. ’tRR A ’,3~~.
f r

170 FURNATCII4 ,‘ARLF D’ ,I I , S~~, ’Ma ,ER .2)
i~e FOR M AT C1W • 1W WA T IS THE NUM SER OF (I8SERVA TIONSI’)

C
C THIS SUbROUTINE PLOTS ERRA A NO E~ R8 £3 FUNCTIONS OF M2 ON A

C THREE TIERED LflG.LOG SCALE . THE ~!Y ~ELDM INDICATE S
- 

C WHICH SYM9OLS CORRESPOND TO WHTCM VALUES
C
C 1 ...ERRA W HEN 5 .a/ I r d
C

- C 3 ,~~,ERR A IIP4EN
C a,,1ERR~ I4NEM S RA / R-

C
— CA4.I. PLOT

GO TO 10
~ £ END

o C
SUSNO U T IN E PLOT

~ SEAL LIME
DIMENSION ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
COMMON FUNC

— TYPE 1~ O
- A CC E PT ! .a ,CA LPHA( r , .z It ,o )

- - TYPE 150
• Do 38 1. 1 , 17
~ 7 38 LIN~~C I 3 s A L P M A C ! )  -

- 

j  
TYP E ~1S , ( L ~ NE~~f l , T . 1 , 77~DO 50 Tu i ,a;
00 35 ~~~~~~• 35 L .I M E Oc) 1A L P M A C b )

• 
- 

j  
flU 40 3.1,4
IFUNC.FUNC t~~~,J~~ ,fl .4Q~~5

P ‘e~I LXNECIFUNC~ 2~~uAl.PP4A (J)

I 
t M I a t . t

_ _ _ _ _ _ _ _  ~~~~~~~ _ _
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Y,1IO~ COF~ FU~N-ISHED TO I~DC

5Q1 T y P e  133,I,Hl, (LINE fI~) ,~~*1 , 7 7 )
L~~~I4 FURMAT(j ’41, A7 7 )
! . t~~i F U P M A T C 1 H  , 7 7 A 1 )

12co F T J R r i A T (b A I )

13w F U Q M A T
I

PI , 1T 2 , 7 7 A 1 )

- t~~
- Ib w F U R M A T C 1 H 

~~~~~~ t2 3 4. AN O A ~LA ’~~’)
EN O

- t

I !

o -
~~

• - A

I

11
~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

~~~~~~
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• 
F1~O~~ Ck}~~Y FURNISHED TO DDC

C MPLDT
t
C T~it~ PR OGRA M NM PLO ?W 13 DESIGNED TO CALCULATE THE VALUES FOR THE

• • C S T A N D A R D  QEV IA T ION S OF AL PMA •1 AND BETA .T. THE FOLLO W ING SYMBOLS
- 

• 
- C ~~~~~ BE USED TWN OUG)4OUT THE PROG RAM , AND W ILL BE G IVE N THE

C AO JA CEN T OEF tNIrtON ~~:
EWP*,,,THE STANOAI~T) DEVIATION OF ALP T D I V I D E D  BY AL PI ’ ,

C ERAB ...TWE ST AN DA RD D EV IA T ION OF STA T D IV ID ED BY BTA T ,
• *. C ZNOZ ,.,A LABEL FOR THE 24 VA L U E S  QY ~)4E SECOND MOM ENT M2.

C
C N OTE,  T HAT FOR THIS PROGRAM , THE DISTANCE BETWEEN ADJACENT SITES
c IS ASSUME D Tf ~ BE UNITY .
C

IMPLICIT REAL ~IC ,M ,N~
- D IMENS ION FUNC (25,R3 ,A P Cb )

CO MMON F ’J N C -

~~
• t o • 

TYPE ISa
A CC EPT 150.M~ -

DO 50 Jet, .?
TYP E 130
03*4 -

DO 58 I a t , 25

• C
- C A I S EOUIVALENT TO A~ pw a~ r~ F 13 EQU IvA LEN T T3 BEIA .T,

C ?4~ ~S E~.UIV ALEN 1 TO THE MEAN SQUAR E O IS PLA CEM ENT OF THE
C DI FFUS ING A DA TOM ~
C

10*2 *3—1
I t .2 .J

C
-.  C T~~ 3 !ARf OF THE PROGRAM CALCULATES ERRA A ERRS ,

C -

-~

- -

f t . ( 4 , u~~.A 1*.3

U
.2.420 . .N4.N2,.2.e38 ,

• Mo .No—l5 . *M4.N2.3~3 .,N2..3

- -

1 .72, ,M ,.c4.*2*.?, C M . 1 . )  / (M ~~2 , )

L.1ö, * /M.1e. ?4.1.).IC 2 .*V t M~~t . 3 3/ 3 4 ,.A .v2 .
Veu (K~~/M*t b ,. 2 / (M.. t ,).(M.33,,.KA..2/~~4.t.3

STA5VA, .,S/A
STB. V8.* , 518

¶ FUN C CI,L 0)U STA

5~~ CONTINUE
b i d  ‘U M A T ( 1 ) 4  , .C14 $ , A4 .1 14 3 ,

-• 

_  _ _ _ _

- - - - :~: L - ~~~ ~:::-: 
-~
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114 F U R M A T ( I M  , 5 Ej 2 ,b , t~~~
~~~ FQPr4AT~ A~~)
130 F O R M A T t ~ H )
t~~~ i F~ p M A ~~~~s~ )
154 FU R M A T f G t 2 . ~~)
1F ~j FUQMA T~~j M  ,• W H A T IS THE ~ECO NO MOMENT?’ )

C
C 1~-sE SUBROUTINE ‘SLoT’ PLOTS ERRA AND ERRS £3 FUNCT IO NS OF THE
C M U M ~~~H OF DIFFUSION T~~TE RVA L S “M’ s THE ~EY BELO W IND ICATES
C WH I CH SYMBOLS CORRESPOND TO WHICH VALUES ,
C
C j ,,,EHPA , eW €N 3 * A /I j

r 2 . . . E H R b aM E N ~ u 4 / i - ~
C 3•,~~EHRA a ME N ~a A / ~C 4...EM P~3 .~ 04€ N ~ u 4 / 5
C

C A LL PLOT
EN D
SUBHOUTI~ E PLOT

~tAL LIME
D I M E N S I O N  L~ N e ( q o 3 , F u N c ( 2 5 , 3 ) , A L~ H A ( t~~I
CO MMON FUN C 

- -t y PE ~~ACCEPT 120. (ALPWA(t) ,L’t,b) - - •

TY PE 150
00 30 t s t , 77

30 L I N € r L ) a A L P ~4 A ( 5 )
T Y P E ~t~~,(L IME( ) ,T . t ,17~Du 50 Isi ,2’&
00 35 K. ? , lb

35 L I M E CW ~) a A L P H A ( b )
00 ‘4” J3t,~ -
TFU NCaFUNC~~t , J’ * 70 ...5

~~ L~~N~~~IFUNCP2~~.A LPP.$A( J) - -

T M 1 a T . t
50 T YP E ~~~~~~~~~~~~~~~~~~~~~~~~~

FO RMAT U~’t. £71)
~~~~~~ 

, Q PM AT r 1 N  ,77A 1 )
124 FO P M A T f bA~~

o 13 4 O R M A T f 1 ’ 4  ,t Ia ,7 7 A~~)
15.4 FQ R M A T ( ~~W~~
Ib id  FQRMA T~~~H ,‘WR IT ! 1234 . A N D  A RL A N I~~~’)

END 
-•

• 

- 

1.1
-

• . 1

L 

-
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• APPEND IX E

TABLES OF POWE R SUMS AND k-STATISTICS IN TERMS OF
AUGMENTED SYMMETRIC FUNCTION S

In Algorithm 31 of Appendix 3, we outlined a procedure for

finding the unbiased estimator of a given population value. We found that

this estimate could often be simp ly expressed in terms of k-statistics.

In order to generate a given k-statistic from a data set however, it is

best expressed in terms of sample moments about the mean. By expressing

a k-statistic in terms of augmented syumetric functions and then finding

these augmented syu~netric function s in terms of power sums, we can eas ily

wri te  the k-s ta t i s t ic  in terms of sample moments about the mean.

Because the expressions for k-statistics in terms of augmented

sytr~ etric functions and augmented syrmetric functions in terms of power

• sums are often long and complex, these quantities are best expressed in

terms of one another via tables such as Tables 32 through 35. For the

reader ’s convenience, we have collected and reproduced many of the
1 •relevant tables from the literature in this appendix. These tables are

reproduced from four sources. Table El is taken from Kendall ar~1 Stuart

[14], Table E2 is from David and Kendall [13], Table E3 is from Wishart

[11] , and Table E4 is from Abdel Aty [12].
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IAbLE El

I Augmented synunetric functions in terms of power sums

Weights 1-6

j  weight i (‘) = (iJ

I weight 2
- 

[2) [i ’)
(2) 1 — ‘

(z)’ I
welEht 3 

_____

~ ~~
- (

~
] (au (r’J

a. - -— • _--- - -_ - ----_- _ - - - _ • - - 

(~) a — i  
— 2

(2) (1) I I - 1 — 3

j (I)’ I 
-= 

2

weight ~
— —— (

~ [i i] 
- 

(a ’] (219 
• 

—_ 
(“1 

—

(4) 
—- 

a 
- 

— ‘  — i 2 —6
• (3)(i) a • —a 8 -

-
- (2)’ 1 • I - — l  3

(a) (1)’ 1 2 i a 
• 

—6
(1)’ I 4 • 3 6 a

weight 5
— (5] (~ ) 

— 
[32] [319 [a’i] 

— 
[21 ’] 

— 
[I ’]

N (5)  1 — l  — 1  2 2 —6 24
(~) (i) a - —a — ‘ 6 — 30

* 
- (31 (2) • I — 1  — 2  5 —20

• 
- 4 :  (~) (1)’ 2 I I — 3  20

(z ) ’ ( i ) I 1 2 • 1 — 3  15

• (~~)(i)’ 
r 3 4 3 3 1 — 10

(1)’ t 5 10 10 15 10 I

weight 6 
- - - 

- 

-

[6) [~i1 (ia) • 
[4’’] [i ’] (~ai] [3’ ’) (a ’] - (a’i’] (az9 (i9

(6) i — ‘ — ‘ a — i  a —6 a —6 as —i ao
- - (s) (1) i s • — 2  • — l  6 4 —2 4 144

- (4)(2) 1 • I — 1  • — 1  3 — 3  — i S  90
()(z)’ 1 2 1 I — 3 — 1  12 —90

• (3)5 I - I — l  2 • a —8 40

(3) (a) (1) 1 1 1 • I I — 3  -4 20 —120

• 
• 

• (~) (i)’ 1 3 3 3 1 3 i : - • - 4 40

• (a)’ I 3 - - £ 1 3 — 1 5
(z)’(i)’ 1 a 3 1 2 4 I 1 —6 45
(a) (i) ’ i ~ 6 ~ i6 4 3 6 • i — 1 5

(i)’ i 6 - 15 10 6o 20 15 45 15 1

To express the [)fu ncti on s in terms of ( ), read downw ards up to and including the main
• diagona l, e.g. [4i~] = a (6)—a (~) ( l ) — (4 )  (2)+(4)  (i)’. To express the ( ) functions in terms

of f  J, read acro ss up to and includi ng the main diagonal , e.g. (~
) (i)’ = (6) + a [si) + (42) + [4* ’).
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- - TABLE E2

•• Augmented symmetric functions in terms of power sums .

- -  W e i g h t s 7 & 8

W 7  (71 (6i) (‘a] (319 [431 (42,) (419 (3’i) (329 (31*9 (3”) (a’,) (a’i9 (‘i9 (“1

(7) z — I  — I  2 — 1  a —6 2 2 —6 24 — 6 2~ —,ao  720
(6) ( i )  i z . — a  - — l  6 — 1  • 4 — M  2 — I S  130 — 540

• (s )(a )  * . s — z - — l  
~ • — 2  ~ 

— u  6 — i S  84 — 504
( s ) ( r ) ’  1 2 1 1 . . — 3 . - — I  ia . 6 —60 504
(~ ) (3) I - . . i — x  2 — 2  — !  4 — 14  3 14 70 — 420

- (4)(a) ( i) 1 1 1 - I I —~~ • - — a  ia — 3 15 —90 030
(~4( 1) - 1  3 3 3 1 3 1 . . - - 4  - — 1  80 110
(3)’(,~ - i , - . a - - i • — a  S - 6 —40 ISO
(3) (a) I - 2 . I - - • 1 1 3 3 8 — 35 210

- -  (3)(a)(1)’~~~~I a 2 I 3 2 - a i 1 —6 - —6 50 410

• 3)(J). i 4 6 6 5 ia 4 4 3 6 1 . - —s 70
- • a)’(,) I I 3 . 3 3 - . 3 . • 1 3 15 —305

a)’ (q’ I i  3 5 * 7 c i 6 7 6 . 3 1 — ‘ 0  lOS
a)( i ) i 5 II 10 15 35 *0 20 25 40 5 *5 10 1 11

• - 
• (i) I I 7 21 81 35 105 35 70 105 210 35 103 103 21

-
i 1 -

to — 8 ( i )  (8] [7,] (62) (6x ’) (3~ ] (5a11 ts”l [k’) (43’) (489 (4219 (411

- - 8) 1 — ,  — 1  2 — z a —6 — 1  a a —6 14

• ~ )(i) i i - — 2  . — I  6 - — 1  • 4 —24
6) (a) I . I — I  . — 1  • 3 . - 2 3 12

(6) i)’ , a I I . - - — a - - - — 1 12
(5) 3) I . - . , — i  a . — ,  - a — 8

• 
~) a)(i) I I I . 1 1 — 3  . . - — 2  Ia

- s) ’)’ i 3 3 3 1 3 1 • • . • —

- 4)’ I - - • - - . 1 1 — I  2 —

4) (3 ) ( I )  z z - - x . . I 1 . — 2  8
4) (2)’ 1 - 2 . . • • I . I — ‘  3

, a 2 , - , —6

• 4)( l ) ’  I ~ 6 6 ~ ‘a 4 I 4 3 6 1
3)’(2) , . . a • . • . -

- 

~‘~‘l’ ~ I I * 2 - • 2 4 • . •
3 ( 2 (11 I I S - 3 2 • 1 1 1 -

3 ( 2 ( I) I 3 4 ~ ~ 6 I 3 9 3 3
3 ( I ~~ I 5 10 10 I I  30 10 5 25 15 30 5

• a ’ I - 4 - - - . 3 - S -
1 i 4 i 6 6 • 3 6 6 3

a)’ (i)’ , 
~ 8 6 12 20 ~ 7 aS i6 IS I

( a) ( i) ’  I 6 IS 15 26 66 2* 15 90 60 105 *5
z 8 aS aR ~6 *68 ~6 35 280 210 420 70

t o— S  (ii) • (3~a] (3’,9 (3a~ I)  (j a, ’) (3”) (a ’) [a’,’] (a’i ’) (ai9 (i9

(8) a — 6 —6 24 — I S O  — 6 24 —120 720 — 5090
- (7 ) ( I )  . 4 2 — 1 8  laO . - i a  96 720 5760

- (6) a) — I  i 4 — i s  So 8 —20 84 — 480 3360
- (6) I)’ • — ‘  . 6 —60 - a — 3 6 360 —3360

— (s) 3) 2 4 4 14 64 . 12 64 —384 *688
(~ ) a ) ( i)  • . — 2 ç — So - £2  — 7 2  504 — 4031
(~ ) I)’ . - . — ‘  20 . - 8 110 1344

- (~~
)‘ - a I — 6  30 3 -6 30 I5o 1160

- (4)(3)  ( I )  • 4 — l  12 70 - 6 — 3 6  420 --3360

(4)(a)’ . - — I  3 — 1 5  6 9 33 18* —1260

— - (~ ) (a) ( I) ’  - - - 3 30 - 3 30 — 270 1520

- . - . — 5  . - — I  30 4*0
(3)’ (a) , — ‘ — a 

~ — 20 . 6 — *8 iSo — 11*0
I I - — 3  20 - - Il —120 1120

( 3 ) ( 2 ) ’( I l  2 - 1 — 3 13 . — 6 32 — 2 10  i6*o
(3)(a)(I) 4 3 3 I — *0  - • — 8 100 —1120

(,~~) (i ) ’  IC 10 15 10 l . . . 6 Ill
• — (2)’ . . • . - z — 1  i — * 5  105

(2)’( I)’ 6 - S . . I S —.6 ~~ — 420

(aj’(:? 10 12 aS S • 3 6 1 —15 150

I - 
(a)(i) ’ 70 So i5o ~o 6 *5 45 IS I —21

- ‘  
(I)• 280 280 840 560

1 
56 105 420 110 15 1

- THIS PAG~~IS 8EST QUALITY PRACTICAB~~
- , 1’ FROM COPY 1UR~N lSHj~ -i-u DDC ~~—

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ____________________ 
I~ * ~~~~~~~~*~~5



r— ! ~~~~ ‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ =— - - - —~~~~~ 
- -— - - — —  

I
119 ~~ IS PAGE IS BEST QUALXT! PRLCT1CA)~~I FROM COPY IURNIS}IEII) TO DDC _.-

TABLE E3

I k-statistics in terms of augmented sytanetric functions .

Orders 1-6
•0-

tat order = [1]/n

2nd order 
___________ __________ _________

—— [1’)/n 1 *  1 — 1
-~ [2]/n 1 1
•0

3rd order
______-  

- - 

k,,

1 — 1 2
[21]/&’) 1 1 —3
(3)/n 1 3 

• 
1

-- 4th order 
_________  I

[I’J/n” 1 
: 

1 1 2 —6
— . [21’]/n”l 1 1 —2 I ~ 3 12

1 2 1 • —3
- 

[31)/n ” 1 3 - 1 —4
(4]/n 1 

- 
6 3 4 1

- • 5th order

k~11~1 k,12, k,,, k311 k,, ic,1

-. — (1’]/n” 1 — 1 1 2 — 2  —6 24
- (213]/n” 1 1 —2 —3 5 12 —60

,
~~
, (2’l]/n ’” 1 2 1 - —3 — 3  30

o (31’]/n” 1 3 . 1 — 1  — 4  20
(321/n’2’ 1 4 3 1 1 . — 10
[411/n’I’ 1 6 3 4 • 1 —5
(5]/n I 10 15 10 10 5 1

0~ 
I______________________ ________ ________ I ________ ________

6th order
• - 

k111111 k,1111 k,,31 k,111 k,,, k,,1 ic,11 k32 ic,, ic,1 k.

T ~

- -

-~ ~ ~, (1’]/n” 1 — 1 1 2 — 1 —2 — 6 4 6 24 — 120
(21’]/n’’ 1 1 —2 —3 3 5 12 — 12 — 18 —80 360

• 
• (2’l’]/n” 1 2 1 — 3  — 3  — 3  9 15 30 — 270
L81’]/~” 1 3 - I • — 1  —4 4 20 — 120
(29! &‘~ 1 3 3 • I 3 - 30
[321)/ n” 1 4 3 1 • 1 - — 6  — 4  — 10 120
[41’]/n’8’ 1 6 3 4 • . 1 . — 1 ~~~ 30

• (8’]/n” 1 6 9 2 . 6 . 1 • . —10
[42]/n” 1 7 9 4 3 4 1 • 1 . — 15

• (51]f&’) 1 10 15 10 - 10 6 • - 1 6
(61/n 1 15 45 20 16 60 15 10 15 6 1

- 

~I•
I 

_ _ _ _ _ _ _ _ _  
_ _ _ _ _ _  
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I FEOM COPY ~URN1SU~ ) TO DDC
4 TABLE E4

k-statistics of order 12 in terms of augmented symmetric functions .

W~ gM 12 (i) h,i. 6.1. 6.’. 6.’,’ a.’,. a’,’ a,’ A, . kNit &,~‘,. ~~~~ ~~., i, ’,. ~~~~ 
i,’,,,’

~iIlj$ (I~~ I — I  I — 1  I 1 I 2 — a a —3 * 4 —4 4
— - I IIU (II) , ~ 3 4 3 ~~~ — 3 5 -7 9 — I I  — I l  10 10

i a z — 3 6 — lo 5 • 3 5 — 1$ 34 9 — SI 37
• a’,lJis” I 3 3 1 —4 £0 —30 - - 3 II —10 - 9 —3 0

4* 2’I ’1!N~’~ I 4 6 4 1 5 I - • - — 3 14 - • 9

21,1/*~’~ I S £0 10 ~ ~ —L - - - — s  - - -
, 6 1$ 30 IS 6 1 - - - - . - - -

3jb11,ftI) I 3 - - - - - i —i ~ — I  I 4 4
I 4 3 - - - - 3 3 —f — 10

• 2’I’]!N~’~ I 5 7 3 - - • * 2 I 3 o • —6 I

N I  (~a’t’I/~~” I 6 Ia 10 3 • - I 3 3 1 —4 • - —6
I31 II !2”~ I 7 iS 28 IS 3 • I 4 0 4 I - - -
I3’I ’1I*”~ I 6 9 - - - • a 0 • • • S — I  £

f~ si~)J’u (u) I 7 1$ o - - - * 5 6 - - I 1 —,
• - fj s~1i’)/u4 I i $ u *4 9 - - * 10 *4 6 - I 2 1- -~ - 3 I.” I 9 30 46 33 9 - 3 2 34 30 6 I 3 3

1 : :  
~~~~~~~~~~~~ 

J3 i a

432* )j~ I4 I IC 30 30 9 - • 5 23 2! 3 • 4 4 -

J — 432’I]I Ii~~ I II 40 So 39 9 • 5 35 44 24 3 4 I 4
43’I 9/2~~l I 12 41 72 27 • - 6 43 75 IS - 9 30 3
43’aJfIId’> 1 13 60 130 99 17 - 6 48 330 ç6 IS 9 39 33

£ Il 42 36 • • - S 4 14 - - 10 • -
4’2I ’JI 3 ”~ I 13 54 7$ 45 9 - 8 56 71 14 - *6 i6 -
•‘a9fo(’P I 14 67 *33 113 54 9 8 6 zal 40 19 IS 33 iS

- - 4’3I)/R~’) I 15 71 162 117 *7 - 84 310 10$ 9 84 9~ 24
49jW (~* * ,S 117 3*4 351 £63 27 I l  144 504 433 I~~~ 45 UI 144

- I • 3iq1~ ”) I 10 5 - - - - ID 10 - • - - I -
sai y,(~) i i~ a~ is - • - ~o 30 10 - - - - -

I II 36 40 15 • - 10 30 30 £0 - - - I -
• 31’IJ I a (’) I 13 4 76 55 £5 - 10 40 00 40 10 - • -

I 33 45 45 • - - I I  50 45 • - 1* SO -

53aI9!.t’~ I 14 51 90 45 - - I I  61 95 45 - 10 10 10

5329IlI~~ 1 *5 72 14$ 135 45 - I I  73 156 140 45 10 30 30
• s3”l/” I lb 54 iSo ~~~ - - ia 96 340 150 - Il 90 75

g4l9JN(’* I i6 71 tao •3 - - 14 110 150 30 - 40 40 -
54aIJ/I~’) I 17 94 198 i6~ 43 - 14 124 260 150 30 40 50 40—. 543] I~(~ ) I 19 126 354 405 135 - £5 16$ 558 600 13$ 54 370 370

I’]fIl~~ I 30 130 300 535 - - 30 230 500 300 . *00 100 100
I SI 150 430 3*5 225 - 10 240 720 500 300 *00 300 300
1 15 43 15 • - - 20 60 - • - IC -
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I 21 i71 330 325 45 - 24 240 600 340 - 90 300 30
641)/*”) 1 22 159 46$ 553 270 45 24 264 840 840 240 90 390 330
6jIJ/N(’) I ag 210 6go 525 1*5 - 30 420 1500 1500 150 810 900 750

— — OljIU~” I 30 315 1350 3473 1350 225 40 720 3600 Sooo 1800 430 2700 4500
- 7I ’]jR~~ I 2I 105 105 - - - 35 210 10$ - - 70 • -

I 25 lab 210 £05 - • 33 245 315 105 - 70 70

72’iJ!i’~
) I 23 £48 336 31$ 105 - 35 2*0 560 430 105 70 *40 70

731113”) I 14 lbS 430 313 - - 36 336 540 430 - 10$ 410 10$

-. - 733J (R hht I 23 193 51$ 735 3 15 - 36 373 1I76 1160 420 103 525 ~ 15
74IJ/Il (’) I 27 234 79$ $43 315 - 39 504 1890 1610 315 lIe 1360 030

I 31 330 £470 36sf 1573 - 45 790 3990 6300 2025 420 3I$0 4300
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TABLE E4 (continued)
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[I~~1J .(1.) —. $ — $ 16 —6 6 — 6 4 6 13 13 IS —34- 
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[a’19Ja1(”) —57 54 —90 *16 — 3 13 —33 57 —1~ 43 54 — 13$ —110
L3’I!yl,”) 67 —27 SI ai6 - —

~~ 
iS —51 loS 9 — 3 1  *35 £44

51. r2’191.t’) 39 • —*7 $* - - — 3 II 71 - 9 —.0 27
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• •19J*D) 
• - - 5 l 1 2 1 * 2 3 4

42I 1J.~
’) - - - - 1 1 — 2  3 —4 —3 5 —

~~ 
— I a

4aiIp.
~
?) - - - - I * 1 ~ 3 6 • — 3 I 9

I, 4*’I lJa~’) - • - • I 3 3 1 4 • • 3 -j 43Il~~~(i) - - - - I 4 0 4 I • - - -- - • - 1 3 - - - I I 4
432 1 pi,~’) - - - • I 4 3 • • I I — 2 —
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- 4r3J1h1(’) 3 4 4 - 1 7 15 9 - 2 $ 6 I
II 4 I J I& ) 

- - - - a 1* 0 . - $ . -

4’2I’1j. ~
’) - - - - a i~ ii 6 • S S • -

- 4121113(1) - - - - a *6 31 6 $ IS 84!3l~l!R”) - iS - • 2 15 43 - 10 36 6 $
4 1111(’) - 64 - - 3 36 *16 2.8 27 14 144 72 4
5I~IIN (~) - - - - - - - - - -
~ai~Jf~t~

’) - - - - ~ - - - - -a’* J!.~’) - - - - $ ID 5 - - - • • -- - - - ~~ ~~ - - - - -— 53”IL”) - - - - 5 15 • - - 5 - -
s3af11a”~ - - - - 5 30 J5 • - 5 5 • -

Ls3a~1II,”) 10 - - - g *5 35 15 • 5 10 s
• 10 10 - 5 30 45 • - 10 30 • 5

- - ($41’IJ&’) - • - • 6 ~~ 30 - - 30 10 -
13431)13”) - - - - 6 46 70 30 - 30 40 *0

- - - - is~iii”
) 30 40 40 • S s$ 150 90 • 36 £40 60 30

• - - Is i ii.”) - - - - ID 100 150 - • 100 100 - -
100 - - - 10 130 350 *50 - 100 200 100 -

6i9I.(’) • - - - *5 15 . • - - - -
*01’lJii”) • - - - 15 30 15 • - - - -
61’Il!.(’) - - - • ‘S 45 45 15 - - -

- 
~f ? S*~Iju (’) 10 - - - 15 So 90 60 15 - - • -

• ~ I 67I’)/.(’) - 10 - - *3 60 45 - • 15 *5 -
633*)!. ’)) 

- 10 10 • 15 75 105 45 - 15 30 15 -
1$ 40 120 10 35 103 125 135 - 30 *30 90 £3

641jI.t) - 40 - - IS 110 iSo So - 50 120 - 10
6~~J/i.(’) 30 40 40 - 16 *36 300 240 60 So a.. 110 I.

- 651111,”) - 100 500 - 20 240 6.. 300 - 250 600 150 50
— 6’1L&’) 300 400 1300 100 30 S0 500 iSo. 430 500 3400 1500
•, 7’ Vi”) - • - - 35 10$ • • - 35 - • -

— 
721 i/it’)) - • - • 35 140 505 • - 35 35 - -

- • - - 35 175 145 *05 - 33 7° 35
1731113” - 70 - - 35 210 3*5 - - 70 210 - 35

205 70 70 • 35 245 525 315 • 70 210 210 35
1741)111”) - 

— 
- • 36 336 540 430 • 210 84. *10 *i~~175JL ”) 1050 700 700 - 40 500 2100 1100 • ~6o *100 2100 700

(5’9/!’~” - • - - 70 430 210 • - 310 • - •
153I9)I’) - - - - 70 490 6~o 210 • 350 15. -
153 w”) aSo - - - 7o ~6o 1120 140 ale 210 560 a$o -

* - L!3I)I~”) - 260 26o - 70 630 1470 630 - 356 1160 210 aSs
$40 1110 1110 - 71 565 3150 2940 735 016 3910 3510 *409

• •ihIJ.’)) - 5$. • - 136 1260 1690 - - Illo rile - -
93I)J3~’) • iS. aS. - *a6 1356 3130 1190 - £260 25*0 1160 -£260 Ill 33*0 25. uS 163$ 5670 5670 - 1356 6300 5670 1360
10. .9/is’) - 1$.. - • 2*0 3130 0450 3150 - 4200 11000 - 2*00
I0 all.”) 6300 16.. *5.0 - 310 3360 1,660 11600 3150 4100 16100 11600 3109
I I  ti/Id’) • I *5400 - 330 6q~o 34650 34650 • 11550 6q~.o 34650 23100

I i*~hi I~ S6OO SI 1S4$00 15400 495 13560 103950 107900 3*975 *7710 *77*00 413100 132600

i - i

i

-
- I  

_ _ _ _ _

___________  - 
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TA BLE E4 (continued)

3. Weight i*(fli) 
~~~~~

‘ 

~~ 
A,~ ,a he,

• - 
II~/p,

( l l (  24 36 I — 3 6  • 36 73 — 216 24 —2 4 24 — 2 4  48 48
2*~ /I5~~~ — 144 — *44 ISO — 2,6 —395 *a~6 — So 84 — 105 - £32  — 1 0 2  240 —

- 2i 1 5 /nts’) 330 ISO —324 304 792 — *~ l5 30 90 £74 — 552 *40 - 435 6~a
- 2 I ’ j.1’) 354 -7 2  233 — 576 —684 3084 • 30 — 120 294 90 330 —703

3’I ’ /II~’~ 171 9 — 81 333 234 — 145 5 - - 30 150 - —90 430

S l ’ Jf l ( ’) —2 7 - 9 —90 — *7 334 - - - 30 - - —90

‘ -  

~~~ 4, 4 I~~~ -~~~~~

3 2 1  )/*(‘) 232 • 
24 120 3~4 ~i6 — a,bo • — 20 40 —90 — 200 404

- - 32’I’1/N(’1 138 - 24 
- 

I44 I44 864 - I0 50 - 60 —260
3a ’I]!fl~’) iS - - - ~~~ g — io5 - - - — 10  - - 60
3’l ’J/N~’) 32 - 16 — IS 16 So _3*$ - - - - 20 —30 20

3I21 ’J1*(’) —~ 3 - *6 —33 — 144 376 - - - I0 30 —50

3~Z~I J/Is (’) 39 - - IS *4 — 144 - - - - - — *0 40
3’2’1/n~’~ 

_
-3 - - - - - - • - - - - 10

- 3’1’lJ”’)~ 4 - - *6 —64 - - - - - -

3l2I J /Is (~) _ 4 - - - - - - - - - - -
• 3 J  J~ I*) - - - - - - - - - - - -

- 4I ’)jII~ ’) — 4 — I 2 12 — I S 24 *08 — 5  5 — 5  5 — IC 10 —1 0

* 421 *1/11*’) z6 24 36 48 84 —432 - — $  10 — 15  ~~ —~~g 
I

- 4S~I )lII~~~ 21 6 30 —66 — 84 540 - — 5  £3 IS 40
- - 42’I’J/ JI(’) 9 - —5 36 15 216 - - - — 5 ‘5

42 11/31’) - - - —6 - 27 - - - - - -
431 ]JN ~’~ — 4 —S 3 —8 —a 8 144 - - - • — 3  5 — 5

- 43211/fl ”) IC - 8 16 48 —88* - - — 3 IC

43 2 1]/N (’) —6 - - —8 —5 72 - • - - -
43’I ’J III (’) _-1  - - - 8 48 - - - - -
4312)/3*’) - - - - - • • - - - - -

• - - 4 I9/l5’)~ - 1 1 I 2 IS - - - - - -
4~2l /3 (5)  - I I —a 3 36 - • - - -

412I)’)1,(l) 
- I 2 1 - —9 - - - - -

4~~ I1/III4) - I 3 - 1 1* - - • - - - -
4’~Ifl ‘) - 3 iS 9 12 1 • - - - -

— 51’)/II (’) - - - - - - z —i I — 1  8 — 2  - 2

Sal a jIlt’) - - - - - • I Z 2 3 3 S - —

- - - - - I a I 3 - — 3  •

53’I )/ f l (’) - - - - - - I 3 3 1 - - I 3
• 53I 1/lI (’) - - - - - 1 3 - I 1 I

5321 1/n(’) - - - - I 4 3 - I I - 2

- ~
-

- 532~~/fl (’) - - - - - - 1 7 3 I 2 1

53’I
,~

/I5(’) - - - - - - I 9 - 2 6 -

34* /fl(~) 
- - - - - I 6 3 4 • -

3421)/11 ’)1 - $ ~ - - I 7 9 3 4 9 -

5~
3 J f l’)) 10 5 25 - 5 - I 9 21 9 5 15 3

5 , j lii”1 - 25 - - - - 2 20 30 - 20 20 -

5
12 /n )’) - 25 25 - - - 2 22 50 30 20 40 20

SIhj/n (,) 
- - - - - - 6 - • - - - -

* 6219/n)’) - - - - - 6 6 - • - - -
6z ’, J/fl ul) - - - - - 6 12 6 - - -

- • 5z9/n’)) - - - - 6 iS IS 6 - - -
6319/1,15) - - - - - - 6 *8 - - 6 - -

632I)/.,’)~ - - - - - 6 24 iS - 6 6 -

b3’)~~~
’l) 15 - - - - - 6 36 34 - 18 36 -

641 j /~~
1
~

1 - i3 13 - - - 6 36 II - 24 - -

IC 15 30 15 - • 6 - 42 54 IS 24 24
- 75 7$ - - 7 75 *33 13 80 ISO -

I~ V”1’) 300 325 450 225 • 18 ISo 340 180 240 720 -

7I9!I5’’~ - - - - - - 21 31 - - - -
- - 72I J/ll ’)~ - - - - - - 21 43 22 - - - -

72 ’l)!II (’) - - - - - 2* 63 63 II - - -

73I9/II )’I - - - - - 31 54 63 - 21 21 -
- 732) 11(11 33 - - - - 2 1 10 5 147 63 21 3* 81

74’J ”I ”) - 35 £03 • 35 - 51 147 *59 63 54 54 -

751/&~
) 330 175 523 - £75 - 22 252 630 420 243 630 3 15

• - I - 5, )!#‘) - 35 - - - - ~6 £68 - - 50 - -

S*i )/u (’) - 33 35 - - - ~b 824 16$ - s6 ~6 -

Si’ jnDI - 33 70 33 - - ~6 ala 392 i6S s6 n a  ~6
• 1 - 83’~1ln” - 35 *05 - 35 - 335 504 - 112 336 -

841 3*’) 280 105 630 3 15 420 ~~~ 
56 504 1176 504 280 1008 ibS

- Ql~)’)) l)  
- 315 - - - ,a6 

• 
6 378 504 - -

1111)115”) - 3*5 - 313 - - - 1*6 ~~~2 £134 378 504 304 -

93113” 1160 3 15 943 - 3 15 - *26 1134 1646 1134 630 *865 378
so . ,9l,,(’) - 1575 1575 - - - 252 8330 3750 - 3520 2520 -

£0 , 2 ,~,I I I  2100 1575 - 3150 1575 - - 2 2 2773 6300 780 1520 5040 2520
I I . l~ /p )•I - 5773 17325 - 3773 - 4L8 I 6930 20790 L530 9140 27720 -

- - 
121 /, 135600 17325 103950 51975 69300 5775 792 i66~~z 83160 83160 87720 166380 83*60

L
t ~~
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TABLE E4 (continued)

1 ~e1ghti*(iv) k,~s, 6,. ’ k,~ h~ l k,,~’ k,,s,5 k.’ 6,J~~

I ’~}/$(1’) 96 —144 144 — aSS $76 —~ $ —120 :20 —1*0 120 — 840 240 I —

I 
3l~~]/il~~~

) —~ a8 643 — 792 1738 2880 3436 360 — 410 6oo —730 1050 1320
2’i’J/n *”) io~6 972 1620 - 3888 5040 —7920 —270 030 I110 *720 —:6w 2700 — 6430

*0i9’n(’~ — 900 340 — ~5ia ~ç~5 — 3600 8640 30 —300 930 2040 S~. — 2490 6Soo
- 2’I’~)n”~ *70 90 630 - 1800 900 —4500 - 30 —330 1260 —90 900 — 3790

2*1 1 /n (7) 
• - 90 270 - 900 - - 30 360 • 90 270
- - - - - • - - 30 - - -

3* ”],/fl~~’1 £76 — *i6 2*6 — 576 960 — 960 — 52 0  120 —120  ISO —360 360 — gio

7 321 1’s”) — 664 340 736 3376 a88o 3540 ISO — 240 360 -480 960 — 13 20 e do

I 33’I )/Is (’) 750 —300 840 — 3 192 2400 —3280 - 120 360 720 —030 1590 —~ 76o

4 33129/15 (1* — 270 30 — 33 0 1500 —Soc 3000 - £20 4$0 30 -66o dzo
33’I]J n )’) - - 30 — iSo - — 600 - - - 120 - 30 — I S o
3’iJ/n)’) 104 —So So —376 400 — 400 — 1 0  IC 10 IC — 14 0  140 —
3081 ’]/fl*’) — 220 40 i20 86. — 400 Soo - I0 20 30 150 —190 1

I 3’*’i )/n )5) 90 - 40 —420 100 —300 - • 10 30 - 150 —icSo

5 3’2’)/n (’* - - • 30 - 100 - - I0 - - 30
_$_ 3*19/11(1) 20 • —So - - - - - 10 10 ,óo

3’21)/n ”* — 10  - - 40 - - - - - • - — 10  iSO
3’1/n’’~ - - - - • - - - - - - - — *0
4I~]JiI (

~~ — 2 0 34 —54 tøl — 240 340 30 30 30 30 60 —So £20

1 421’l/JS (” 60 — 120 174 —402 600 — 840 15 43 —73 205 —120 *So ~~~~~

I 4210 j j n * ”  _43 45 - —165 450 —300 900 - - 1 5  tiC — 1 3 5  45 —163 450
* -5- 42’19/II’) ’ - - I 43 135 - — 300 - - 15 75 - 43 135

429/ II~” - - 
• 

- - - - - - • — 1 5  - - -
431 ’1/n l’( -20 40 40 134 I 200 200 - - - 30 30 120
4 52 ’ )/fl *’) 30 10 30 — a 6o - 100 — 300 - - - - 15 45 240
431’lJjfl )’) - - • — 1 0  I 75 - 100 - - - - - 15 90

j 43’I ’)/fl ”~ - 
_ 5  - - 40 - - - - - - - • 3D

I 4312](n C *) - - - — 10 - - - - - - - • —~~~
4 4 , ‘J /n (’) 

- - — 3  • 5 — 1 0  25 — 2 5  - - - • - -

4’al ’)/fl ( *  I 
- - —5 15 - 25 • - - -

4’2’1/fl ’’) - - I - - - - - - - - - -
4

0)1)/15(1* - - - - 
_

~~ - - - 
_ - - - - - -

I 4
1]/ l5)’ - - - - - • - - - - - - -

I 5i’]In” ~ —6 6 - I 2  48 — 48 — 6 6 —6 S 12 12 — 2 4
1 321 *1/15)” — 1 2 Ia  - — I I  42 I20 i65 - —6 I S 15 18 —30 ~ 2

$a’l ]/n” g — 3  15 42 6o —ISO - 6 18 • iS ~~~~

* ~a~,1fn ”) - - I 
~~~ 9 - 6. - - — S - - -

- 3319/lI )’) 4 ~~4 4 -14 40 40 • • • - 6 6 —24
-5 532I 9/n ’)I —S - 

- 
4 24 -*0 - 00 - - - - —6 36

- - - - - — 3  • -20 - - - - • - -

33’) /n (’) z - - - —4 - • - - - - - - —b

- - 341’ /n *’) - S I — 1 2 — 10 20 - - - - - - -
542* /,t (’) - 1 - 1 — 3  - — 2 0  - - • - - - -

5t31~
”1 4 - 1 

- 3 1 - - - - - - • - - -

I 5 I ]/15) )  
- 10 - - 1 — n  - • - - • - -

t ‘ 3’21111’)* • / 10 10 - 1 5 • - - - - - -

6*9/n )’) - - - - - - I — I I — I 8 — a  4

- t 6aI1(n ( )  
- 

I - • - - - I 1 — 2  3 — 3  5 — I i

3- 6*’,’)/*t’l • - - - - - I S 1 — 3  - 3 9

63 19/15(1) - - - - - - I 3 - • 1 1 4
- 

-
~ I 

6a9/n~’) - - - - - - - 1 3 3 1 - -

- - 632I)/ ,i (’) - - - - - - £ 4 3 - I 1 — b

639Jn)5) 6 - - - - - I 6 9 - 2 6 z
6419/n ’)) - 6 - - - - - 1 6 3 - 4 - -

642)/n )’) - 6 6 - - - 1 7 9 3 4 4 -

6~~s)/~~l1) IC 45 15 • 6 • I £0 15 - 10 IC -

69f~(i) 320 ISO iSo - 36 - 2 30 90 30 40 *20 20
719J 1(’) - - - - - - 7 - • - -
72*1/fl ” - - 

- 
- - - - 7 7 - - • - -

7 2 I  /~~(l) - - - - - - - 7 54 7 - - -

73, 1 (ll ’)~ - 
- - - - - - 7 31 • - 7 -

732] ‘I~’* - - - - • - - 7 88 SI - a ~— 741)/fl )’) - - 21 25 - - • 7 43 II - - -

70 140 
• 

210 3~ 2~ 8! loS : ~
S - 822 1/ls ’)* - - - - - - I - aS 56 aS - -

- - - 8291’,’)’ - - 
• - - - - 25 84 54 aS - - -

36 - - 
I 

- - - - 3* 113 54 - aS 28 -

‘y- 84)fn~” 224 35 16$ ~6 - - 2$ i96 *3* S 11* 11* -

- - 
i~ 6 - - - 84 258 - - 54 - -

4 9211/lI ”) - 1*6 uS - - - 54 336 85* - 54 8-* -
93)[Il~

’) 504 ,a6 375 ,a6 - - - 84 504 756 - 26$ $04 Si
io , tJ /n )5) - 121*0 - - ia6 - 2*0 * 860 030 - $~o - -

IC, 2 /&’) - - 1260 I 1260 - 126 126 210 - 1 70 *Sgo 530 140 840 -

- 

- j 
~~~ 

I- I ‘5 
~~~ 

S7I~~o 87780 8316 :24 j 1~L0 

- --  - -•_ _ _   
_ __

-
~~~~ - - • - - - - -

~~ • , ~~~~~~~~~~~~~ ~~~~~
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TABLE E4 (continued)

j ~~~~~~~J2 (V) 3,~ s 3,,, k,,~ 3,s 6,,, 6,,, , h,,.~ *‘,~, 6,,, 6,,, 6,, h,~a 
- 

he’

~
fl1j ’,(~

’) 720 720 — 2880 14400 720 720 720 £440 — *440 432C £7280 — 5040 5040

• 11 J1 *J/151’)* — 3600 4320 15540 — 56400 —8520 3240 — 3960 —7800 8640 23760 — 2036*0 20*60 — *5200
I aI I~1jN (I5) 

- 6300 — 9900 — 316*0 194400 2520 — 5040 8z80 12600 — 09800 —47520 833*80 —25800 43360
- 4500 10800 87720 —20i600 ‘ 630 3150 —8190 —8830 214*0 41510 —24 1920 10080 —35280

I j’I l / &’) 2170 3670 —99cc 9450.0 - — 630 3780 iSgo — 107 10 —15 120 113400 —6 30 10710
—90 ia6o 9oo — 16200 - - —630 - 1590 1890 i8900 - —030

1*00 -1200 -5280 a8~~~ 840 -840 840 3400 -*400 -7920 34560 -6~ *o 6720
T 3ai~1In *’~ — 3600 4800 18480 — 115200 — ia6o 2200 — 2940 — 7560 9960 27720 —135240 13440 —20560

• 
- 

~~~~~~~~~ 2880 -6480 I9800 131200 2*0 — 1470 3570 6730 I4280 — 88gb 181440 — 5040 184*0

~z ’i 9 n ” — 480 3360 6900 72000 I - 220 — i6So — 1260 ~g8o 8820 —B8aoo - — 5040
j: ’*J /n ”> - —480 — 00 7200 - - 210 • — 1 2 60 —630 £ 2600 - -
1 I9/ n ”) ~~o — 5~o — J4o i 68co 140 —140 140 1120 — £120 —4200 20160 — i6So i6$o
3h lI 1/II I

~* 60o 2140 4200 — 36000 - 140 — 280 I680 zSoo 0720 4*000 560 — 22,0
• 3’2~* )/a *1* 30 — 630 - 1500 2 9800 - - 140 *10 —0590 —,a 6o 31000 • 300

— 3’2’I • fl~’) - 30 - 6o* - - - 210 - —2 100 • -
40 —40 — 200 2400 - - 140 — 14 0  560 zSoo - -

3’2 1IØS~’) . 40 109 — 2400 • - - - 140 - I400 • -

* 3’1/N~” - - I.. - - - - - - - - -
419/n 1’ —300 300 0330 —7200 —3 10 210 — 2 1 0  420 420 £980 8640 iS8o —1680

810 — 1 110 — 3960 23200 220 — 420 630 5050 — 1470 -S3oo 30240 —8520 4200
I 4:l I l / n *l* - 540 1350 - 3150 —27000 - 210 —630 —630 1650 5070 —33500 480 2940

ei i9I n” 73 — 6 1s — 6oo ç~oo - - 2*0 - —63 0 —1260 9450 - 420

4319/n~’~ 240 *40 1200 -7200 -35 3~ — 3 ~ aSø 280 1890 9340 ~6o —~6o
432 19/ 15*’) ISO —420 — 1200 io*oo - —35 70 

• 
315 — $95 — 2530 14700 - ~So

• 43l ’lj/’i~’) - :80 i~ o 3600 - - 33 - - 3*5 313 4200
43’I9/n~’) 10 10 50 —Sco - - - I -_35 35 38. — 1400 - -
43 ’2j/1~’~ - — IC - 300 - - - I - — - 350 - -

30 —3 0 — 1 3 0  900 - - - - - 330 *050 33 3$

~‘2~9/n*’) i3 45 75 — 900 - - - 
I - • 810 1050 -

4
129/1*) )  

- — 1 5  - 223 - • - - - - - -_-_ 4’ i)/n I’) - - - - - - - - — 35 175 -

~9fn (’) - - - - - - - - - - - -- 5I ’)/ll )’) 36 —36 —264 *440 42 42 4* 84 —858 1718 33S 336

~~P’ 52I 51Jfl (’) — 72 108 730 - —43 20 — 2 *  63 I05 1 252 S~o — 5 5 ~~ 336 —672
52~I ]/n ’)) 11* 90 —450 I 3240 - —21 54 67 *31 375 5040 - 336
52)11/a ll) - 15 30 I 360 - - —8 * - 03 03 — 5200 -

__ 53:9/n )~) 24 —24 — 240 £ 440 - • - - 43 — 4-2 — 16$ 1680 —~ 6 56
- 532I 9/f l~’) - 24 180 —144 0 • 

- 
- - — 2 1  03 8-9 —2i00 • — 5 6

- - 
5331]/a *S* - - - • - - - - - SI - 420 - -—— 33’I)/f l ’)) - - 10 *20 - - - I - • - 140 -
54I9/n ’)* —6 6 So • —360 • - - - - 43 — 430 - -
542I1/n*’) • —6 13 - ISO - - - - - 21 315 - -

— —— 5t3
~(~~

’ - - - • - - - - - - — 3 5  - -

t • - S I /n ’)1 - - —6 ~6 - - - - - - 42 - -- s’alI ss)” - - - - - - - - - - —2 1  - -6i9/,, )’I —6 6 24 — 240 -7 7 7 I4 14 43 —i68 ~6 —~ 6
6119jn)’* IS — I S — 6~ 720 • - • 7 14 at 35 —54 430 —28

I !)  68’I j/n’)I 3 15 30 — 540 - - — 7  - 81 22 —210 - —

- 3 - So - - - - • - - -0 63I ’l/ n)’) —~e 4 20 — 340 - - - 7 7 aS —140 - -
- 

6~~,j / n’)) - 4 — 1 0  240 - - - - —7 - 70 - -
it,, 63’l/n (’) - - - 20 - - - - • - - - -

6411/n)’) — —
~~ 

So - - - - - - — 7  35 - -
54a)/a”) z z - —30 - - - - - • - - -
6~IJ/n)’) - ~ 12 - - - - - - - — 7 -

30 30 12 1 - - - - • - - - -
719/ 15)’) - - - - - — I 1 2 — 8 —6 24 —8 5

- 7219/n )’) - - - - I 1 8 3 g *3 —So • — 8
515 -

72’IJ /n )*) - • - - I 2 1 • — 3 — 3  30 - -
731 J/ n ’)) - - - - - I 3 - I — I ‘ 4  20 - -
732Jfn *D * - - - - - 1 4 3 S I • 10 - -
74,/ In ) ’) 7 - - - • I 6 ~ 4 - S — s - -

• ~~~ 35 • 7 - I IC 55 £0 IC s I -
• ~ I J/ii (lI 

• - - - 8 - - - - - - 1
- - Szil/n(’) - - - - S 8 - - - - - I I

5:9/n )” - - - - 8 iS S - - - - * a
S31)/fl 1’) - - - 8 24 - S - - • I

28 aS - - S 4* 24 32 - $ - I
9i9/n )hI - - - - 36 36 - - • - - 9 -

F- - , 
~~_ oat)Ia ) ’) - - - - 36 78 36 - - - - 9 0

931/a ” - • - - 36 544 lOS ~6 36 • - 9 87
IC• 19/n I’) 210 - - - 120 360 - 130 - - • 45 45
IO• ~)/,i )fl 210 210 - - 120 480 360 320 *20 • - 45 90

- - - I I , u I / n )’) 2310 - 462 - - 330 1Q80 990 1320 - 330 - 165 495

- 
I i J / n  13800 13560 5544 46* - 791 7920 11850 7920 7920 3900 793 4’~5 2970

LL 
- 
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TABLE E4 (continued)

I ~~~ 
_ _ _ _ _  ________ ____ _____________ ____ ____ _____ ____

~ii: S i 

~_ :~
__ 

3,,, k,~ 3,. 8,, 6,, 1 — 
~~~~~ 3~~, h,~ , 3 ,

5040 - *0060 30*40 403*0 —40320 80540 —362880 362880 3628800 — 39916800
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I APPE NDIX F

FORMULAE FOR POWERS AND PRODUCTS OF k-STATI STICS , ORDERS 2 _ 8 • h1

1 2nd order
I 14 00 1c2/n + k11

1 3rd order
k9k1 = k3/n + Ic21,

14 k8Jn5 + 3k~/n + Ic111,

k
~
k1 = 21c51/ n +k1~ .

h
~
k
~ 

= k4/n ÷ Ic31,
14 = k4J n + (n + 1)k 88/ (n— 1),

k214 = k4/n + 2/ c 31/n + k~J n + k,~,

A4 00 k4jn3 +4k~/n +3k Jn2+6k211/n+k1131.

= 1c31/ n + 1c2.Jn ÷ Ic511,
k~ k~~ 00 2k31/n — 2k88/ n(

~ + k~1,
“ 

~~ 14 = 2k31/ n2 ÷ 2k88/ n2 + 51c211J n + ~mi,
- - ~~ k~ = 3k211fn + ~~~~~~~~

14~ = 2k3J n(
~-) + 41c211J n + 1c1111.

5th order
- k~ ~ = k5J n + ~~

k~k~ 00 k5Jn ÷ (n + 5) 1c38/ ( n —1),
k~14 = k5/n 2 +2k 41/n+ k32J n + k 311,
14k~ = k5/n +k~J n + 2(n+ 1) 1c3 J n ( ) + (n + 1)k ~ 1/ (n — 1),

k514 k5/n3 + 3k41j n + 41c32/ n2 + 3k311/n + 3k881/ -n ÷ k2111,
14 k~J n4 + 5k41/ n3 + 10k3Jn 3 + 10k311/n2 + 1 5lc~ 1/n 2 ÷ 10k8811jn + k11111

- 
-

- 
iI ~ k311c1 = /c43J n ÷ lc,,1Jn + ~m,

r Ic3 21c88/ n — 6ku/n~ + k3~j ,
k~ ki — 2k~ /f l + k,,~,
k211c5 = k41/n +(n— 3)k32/n(~+(n+ 1)k881/(n— 1),-- k~ 14 = k41/n 2 + ~~~88 J n 2 + 2k311/n + 3kf t1/ n + k~ 11,

~~~ 
Ic1 2k41/n2 + 2(n —3) k3 J (nn~2)) + 3k3~/n -s- 2(n —2) k~1/n( )  ÷ ~~~

k~~h4 = 2k41/ n3 .
~
- 6k88/ n3 + 7k311/ n5 + 12k ,1/n2 + 9k8811/n + 

~~~~~~~~~
• I k8611c1 = 

~~~~ + 2k~ 1/n + k8811,

~~ 

4 = 2k,,/ n(’) + 2k311/n + 2(n —2 ) k~ 1/n( )  + ~~~~~~~~

-, 
ks km = 3k881/n — 8k131/ n( )  + 

~~~~~~~~

k111 14 3k511/ n’ + 6k~ 1/n 2 + 
~~~21 11/n + Ic11111,

= 4k3_J (nn(~) + 4k311Jn2 -- 2(Sn —4) k~1/(nn’2)) + 8k2111/n + ~~~~~~~~~

y 4k51~ /f l + k1~~~,
IL Ic111 ~~ 

— 6k881/n(
~ + 6k~ 11/ n + 

~~~~~~~~~
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3th order
• - k 5 1c3 = k,5, n — k~-,_ ,

= k91 - n + ( m + 7) k~j ( m — 1 ) — - 6k~ 1 (n — t) ,
— k51 n—9k~21

T
~7l— 1 ) —  (n —8) ~~33/(f l  — 1 )  -
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k4 14 = k~j n2 
• 21c51 n -

~~ 
k4~’m C4U,

=
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k,k~ — k9;7~
3 3~51jn

2 3k8~ Th2 + •
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‘

~~~~~~“~~~ 
—
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= -
~~ 4k51J n3 -
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~- 4k~ ,’n3 ÷ 61c211/n2 -~- I6k~~/n 2 - 4k~~~ n

-• 14 = ~~~ -
~
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~~ 1Ok~J n4 15k 4~ j n3 -r 6Ok 121j m~ ~ I ~~~~~~
— 2Ok3j 1l/ n~ + 45/c2.~1jn 2 -~- 15k~.1~1/n —

=

k~ 
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~~ k~ 1,
= ‘c121 ~ ~ i3/ ~~ 

.
~~

= k5~,’n— 2k~ ,’ ii~’~~ h~~J -iz — (n  -
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~ 32I / (~~~
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k ,.,1c = 2k~~ 1— 2 k , ,-n~~ - t n — 3 ) k ~ j ( n—  I ) ,

-
~~ 2k~ j & — ~~~If l 2 —h- 3k3~ 1’n + k3~~1,

= ~‘k n 2 + 2(m—4)k (n~~ ) — i3k33j ( mn(2)) — 3k~~J m  -~~ 2(-n —4)k~~jn~2~-.- 3U1’

A~ /4 — 2k~~’n
2 -.- 2k881’n2 —4k3217 n ÷k~.j ’~ ~~k,m,

k31J n2 2(m — 2) k~ j( nn~ ) — ( n —  3) k ~ j (nn(2 ’) -
~~ k~~!n —(3m— 1) ~~3j f l ~

(n + 1) k,~ j ’n~ -~- (m 1) k 2~~, (n — 1),
= 2k5~j n2 — 8k42/ (nn~V) 2(n 2 — 2n ÷ 3) k / (n~23) 2 k j n — 4(-m — 1) k8811n~27

_ 4
~~(fl~

4
~ 1)k ,,~J (n~23) 2 + (n —  l)k,,,~1j ( -n —  1),

k2114 = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 13k~~/-712 _ 3k~~~nl _ 3k~~~j 71
.3/c~~~Jn —

k2 k~ 14 = 2k,1/m3 -~- 4(n — 2) 1c45j ( n¼’2’) — 2(n — 3) k331 ( n¼’~) + 5k411/n~ — 4t 3n — -5) k8811(-mn~’)
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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-
~~ ~~~~~~~~~~~~~~~~~~~ 

1~/ c~~~J n —

k311 k1 — Jc3111n -s— 2k~~ J 11 -4- k~~1
k3j kU = 2/c~21 m~ _k~~~-v~ + 2(n — 4) k3~~n~ -

~
- 

~~~~~~
.c221k1 = 2k321/n - 1c~~ ’n
k~zs h-L~ — 2k881n~2’ -r 4k~~~-Th — 4k~,,J rs~
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k,krn = 3k411j n — 1sk~~J~m
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L11k2 = k~~ 3jn 2( 71  — 3) k321j n’21 — ‘k 22~ n ’2~ — (n ÷  1) k ~ 11J (n — 1),
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k2k111 1C1 = 6(n — 3) k~~J (n n (2
~) — ‘~Ic222 1 (~~~~2)) ÷ 4k31111’n -~- 3(n — 3) L22111 ~~t2) 

~
_

k2 Lj1 = 4k321 (nn~2I) — 4k~ , (n~ ) 2 — 4k4111 n2 S (n  —3) k321, (nn ’27) — 2(m~ —n  -r- 4) k 221 ( n~2~) 2
+ 4k~~~/ n -r 4(n — 2 )  k,~11J ~~12L

~~~~ = 
~~~ 411/~~~ 

18/c~ 1/n 3 ÷ 6k222 n3 ÷ 10k 33111 n2 
— 2 ”k0211, n2 -,- 12k41111;m - -k 111111,

= 4k42,(n¼~ ) ~~~~~~~~~~~~~~ -r 4k4111’n3 8(4n — 3)k 3~ ,(n 2w21) — 2(5n — 4) k 222j (n¼ ’21)
-i— 12k3111/-m2 ÷ 2( 17n — 16) k0211/(nn~2)) — 

~~~~~~ -i-

k2111k1 = 
~3111I~~ 

+ 3k0~~j n  4- ~~2iU1’

= 4/c ] y ~~~) .
~
- 2k~~ 71(m 

+ 2k
~~~~~~

j m -
~~ 2(2n — 3) lc2~ iin~2’ -4- k21111,

= 6k3511n~’-~ — 6k222Jn(3~ + 3k31111n 3(n — 3) k2211/n’-~ ÷ ~~~~
= ~~3u1/~ 

— I 2k,~ 1/n~t ’ + ~ 211u,
/c2 _ t ! .  2 101. ‘ 2 - ~~~Z- ‘ - 1 .“Ij U I — “~3111/ ~ 22111 ~ 211U1 ~ — 111111’

= 12k~~1(nn~) + 6k,~ j( nn~21) — 6k3111;n2 6(4 n — 3 )  k2,~](-nn’21)
+ I 1k21~~Jf l  + ‘~Uh111’

141 = 4k J ( m~ ) 3 -r 24k3$~J( 71n~ ) S(n — 2) k2221 (71~21) 2 -
~
- 8k31111 n-~

+ 6(Sn — 4 )  k2,1~j( nn( ’)  -‘- 1 2k21111,n ÷
=

~j 1u ~~ = 1 2k2211/-n(2~ + ~~~~~~ + k111111,
= 6k~~/n’3) ÷ 1Sk2211Jn(~ — 9k31111/n ÷ ~~~~

7th order

k,k1 =k 7/n + k 51,
= k7/n+(n÷ 9)k~ /(n — 1) ± 2Ok~ J ( m —  1),

k~k~ = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
k5 /4 = k7/712 + 2k~j n  k52j m ÷ k~~,

= k,/n2+ k51j m -‘-(n+ 7) 
~~~ + (n 19) k~ 1’ r&~ + (n + 7)k 4~ / (n  — 1) ÷ b~~33IL(fl— 1),

/4k1 = k,/ n2 -?-k~/n ÷ 9/c~~n~ 
-
~~ (2n -

~
- 25) 1c~ j n ,~

2
~ — 9

~~423] (n —1) -‘- (n +8) ~~~~~ — 1)
÷18k ,j(n—1)~2’+6n4L~/(n— 1)~ ,

k~I4 = 1c7/n 2 ÷ 2(n + 7) k~,j n(2) .j ( ~~2 4 22n — 35) kai ((n 1)n(2)}

‘-(-m +5)(n+7)k~~J(n—1)2,

= 1c7/n 3 -4- 3k~~/n2 3/c~~~~ 3 / c I~~2 
~~~ 3k~~j n  -‘- 3k~~j n ÷ “~4U1’

k3k214 = k~/n3 -
~~ 2k~ Jm~ + 2(n -4- 2) ~~ (nn(

~) -~~ 3(n + 5) k~ j ( nn~ ) -
~
-

+ 2(n + 5) k~~/ n(2
~ + 2(n + 5) k~ 1/r&(2~ +(n -~- 5) k3$5/n(2~+ (m -~~ 5) k3211/(m —1),

= k7/713 ÷ k~ /~ 2~~ 3(n +3) k~ j (nn(2)) (3~~2 ÷ 14n— 25) k68/ (n(~)2 ÷ 3(n —3) k42~n’2’
• - - 

÷4(n— 2) k~~/{(n— 1)~ (Z} 3(is ÷ 1) (n~~ 3) k3~ j ( (n —  1)n (m}
+(n+1)(n -~-3)k~~ J (n—1)2 ,

k~14 k~/ n4 + 4k51Jn3 + 6k 52/ n~ -‘- 5k~~~j n3 6k~ 111 ~~2 
~ 12ks,~jn

2 + 4k2211 712 
~~ 3k32~j

’n2

+ 4k4111/n ÷ 8k3~ j/ n -i- Ic31111,
/414 = k1/n’ .~~ ~~~~~ ÷ (Sn — 1) k5,~(n¼’2 ’) -- (7n ÷ 5) k68/ (112n(m) + 3k511/n2 - -

+ 3(3-n -~- 1) k421J(nn(Z) — 6(m 1) k~ 17 (nn(2’) -- 7(n -~~ 1) k,.~J (nn~ ) ÷ k4111/ n.
÷ 6(n ÷ 1) k~~~n(2~ + 3(n — 1) k~~ Jn~2) -

~
- (n -‘- 1) k~~13j (n — 1),

~3kt = -- 5k511n4 + 1 1k51Jiø .o~ 15k~/n~ -‘- ~~~~~~ ÷ 
35/c4~ ,m3 + 2Ok~ ,J n3 — 25k~~,n

3

-i- 1OIc~~ j n2 — 40/32211712 ÷ 15k3ft~jn2 -
~~ 5k22j 1j /~ ÷ lOk 2s lj j j n  ÷ ~2i1i1i, Li 

- :

— 
~ 
7k~~n- 21k~,-n~ -- 35k~ ’713 -‘- 21k5L1, n~ -~~ ~~~~~~~~ 

-i-- -
~
- 1O5k~~j~z ’

~~ 35/c~~~ ~~~ -~ 210/2211, ~~3 ~ I 05k~~~,’m~ -~- 3-5ic31~~1 n~ — 1 05Ic251111’n~
÷ 2Ik~ 1111/n -

~~ k1111111.
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8th order

=

‘C8 A-4 = n + (n ± 11) ~45i ( n — 1) + 3Ok~ J (n — 1) -~- 20k 44,- (n — 1),

k5 k3 = k5/ n + 15k621 ( -n— I)±(fl r 4 4 )k ~~ ( f l— 1)± 3 Ok ~~/ (fl 1)+6Oflk 422/ (fl 1)(2)

+ 90nk225/ ( n— ~~~
/4 = k5/n + 16k 62J ( n — 1) ÷ 48k~ J ( n  — 1) (n + 33) k,A/ (n — 1) + 72nk422/(n — 1)(21

— + I44nk~~/(n — 1 )~ ) + 24n (n + 1) k2222/(n — 1 )(3) ,

k~ 14 = k~/ n 2 + 2k71/n ÷ k52/n + ‘C
k5 k2 k1 = k5Jn2 + k71J n + (n + 9) k82/ n(~ ± (n + 29) k~ J n~

2) + 20k~ Jn(2
~ + (n + 9) k521/(~~ 

— 1)

+20k431/(n— 1),
k~ k3 k1 = k8J n 2 + k71Jn ± I 2k~ /n(2) + (n ± 41) k~ /n~21 + (n + 29) k~ / n(2) + 1 2k521/ ( n — 1)

+ (n 29) k43~f (n — 1) + 36k422/(n — 1)123 + 72~~ 2/ ( n — I ~~ + 36nk3221/ (- n j )(2),

= k8/n 2 + 2(n — 9) k62/ n~
25 + 8(5n — 7) k53/ {( n — 1) n(2) } + (n 2 + 28n — 39) k~ j { ( n  — 1)  n127}

+ (n + 7) (n ÷ 9) 
~422J ( ~~

— 1)2÷ 12(n+ 9) k~~J ( n— 1)2,
14k3 = k~/n 2 + (n + 20) k62/ n~

23+ 2(n 2 + 22n — 32) k5 -/ ~(n — 1) n(23} + 9(3n — 5 ) k~ {(n — 1)n(2)}

+9( n2 +9n — 20) k422 J ( (n— 1)2 (n— 2)}
± (~ 3~4- 17n 2 + 104n — 320) k

~~2/’{(
~~ 

— 1)2 (n — 2)) ± 6n(n+ 5) k~~2 I (( n — 1)~ (n— 2)},
k~~ 14 = k3/n3 + 3k71,-n 2 + 3’C62/~~ + 1c53/n2 + 3k811/n ± 31c521/ n + Ic5111,

= k~/n
3 + 2k71/n2 + 2(n + 3) k52/(nn12)) ÷ 2(n ÷ 13) /c33J (n n(2

~) + (n ÷ 19) k~/(nn(27)
± k,11/n + 2(n + 7) k5211

’n~
2
~ + 2 (n + 19) k681jn ~2~ + (n + 7) k422/n 12> ± 6k~2/m~

2)

± (n + 7) k4211/ ( n— 1) ÷ 6k~~j/(n — 1),

/4 14 = k8/n 3 + 2k71/n2 + (n + 8) k82/ ( nn(2)) ± 2 (n + 17) k53/ (nn(23) -~~ (2n + 25) k
~ / (nn

~
23)

+ k811/n + 1 8k 521/n~2’ + 2(2n ± 25) Ic431j n~21 + 9k422/ ( n — I )(~ ± (n 2 ± 6n ± 20) 1c222/ n’33
+ 

~~~4211/(~~ 
— 1) + (n + 8) 1c~11J ( n — 1) + 36k3221/(n — 1)42) + 6k22~j(n — 1 )(2)

+ 6nk22211/ (n —
/3 /4 = k~/n3 + k7~/n2 + 2(n + 7) k82J ( nn~2>) ± 4(n 2 + 14n — 21) /53/ (n(2

~) 2

~ t + (~~2 + 22n — 35) k~/(n~
2))2 + 2(n -r 7) k521/n~

23 + (n 2 + 22n — 3 5 )  k431/ ( ( n — 1) n~2)}

+ (n+ 5) (n + 7) k422/{(n — 1) n~2)} + 2 (n ÷ 5) (n + 7) k~2/{(n — 1) m (2))

/4 = k5/n3 + 4( n + 5) k52J (nn(
~) + 32(4 — 2) k~ j ( n(2~) 2

÷ (3m3 + 23n2 — 63n ± 45) k~ / {(n  — 1) (n (2) ) 2 } + 6(n ± 3) (n 5) 
~~422,

’

~~(~~~ 
— 1) n(~}

+ 16(n — 2 )  (n ÷ 5) k
~2/t(n — 1)2 n(2)} + (n + 1) (n + 3) (-n ± 5) k~222/ (n —

/ 4 14 = k~/~4 + 4k7j J713 + 6k62/n3 + 4k53/n-’ ± k~/m3 + 6k~~ /n2 + 12k 521/n 2 + 4k~ 1/-m2

÷ 3k~~~/n 2 + 4h5111/n + ~~~~~~
k3 1c2/ 4 = k9/ n 4 ÷ 3k71J n3 + 2(2n + I) k62/ ( n2n(2) ) + (5n + 19) k~ /(n 2n123) + 3(n ÷ 5) k44, (mlnt2) )

+ 3k811/ n2 + 6(n ÷ 2) k521/(nn(2
~) + 9(n + 5) k~~/(nn~

23) 3(n + 5) k422/ (nn (21 )
+ 4(n + 5) k~~/ (nn(m) + k5111j n ± 3(n + 5) k4211/n(2) ÷ 3(n + 5) k3311/ n(2)

+ 3(n + 5) 1c3221/ n<” +(n+ 5) k32111/ (n— 1),
1414 = k~j m’ + 2k71/n3 + 4(is + 2) k62/ (n 2n125 ) ÷ 2(3m2 ÷ iOn — 17) k~ J (n ( n(2) ) 2 )

+ (3n 2 
÷ 14n — 25) k681

1
~n(n(21)2} ÷ k511/ n2 + 6(n + 3) k521/ (nn (21 )

+ 2(3n2 ÷ 14n — 25) k491/ (n(2) ) 2 + 6(n + 3) k422/~(n — 1) n(2))
+ 2(3112 + 14n ÷ 5) k~2/ (n(23)2 + 3(n + 3) k4211/n(2) + 4(n — 2)  k3311 j~(n — I )  n(2~}
+ 6(n+ I) (n~ 3)k3221/~(n— 1) n(2) } (n+ 1) (n ± 3)1c2222/{(n— 1) ~ (2)}

-s- (n + 1) (n + 3 ) k22211/ (n —  1)2 , 
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1
k~14 = k8/n5 + 5k71/ n 4 + 10k52/ n4 — 1 lk~/n’ + 5k44/ n’ ± 10k 811/n3 + 30k5211’n3 + 251c431J n3

+ I 51c422/ n3 + 10k~ ,/n
3 + 1 0k5111/ n2 + 30k4211/n2 + 1 0k~~~/ n 2 + 1 5k3221/n2 -i- .5k411111 n 

-

+ 10k32111/n+k311111,

/414 = 1c8/n 5 + ~~‘C71/~~~ + 4(2n — 1) k53/(n¼(2)) + 4(3n + 1) k~ / (n3n’2~) + (Tm +5) 1c~ / (n3n(2) )
÷ ~~~~~~~~~~ + 4(Sn — 1) k531J ( m¼(2~) + 4(7n + 5) 1c431/ ( n2n(2 ’) + 2 (Sn + 5) k422/(n¼(2))
+ 20(n + 1) k~~/ ( n¼(2)) + ~

k51I1J ~~ + 6(3n + 1) /c4211) (nn(2
~) + 12(n + 1) k2211) (nn(2 >) —

+ 28(n + 1) 1c,~,1/ (nn(2) ) + 3(n + 1) k2222/ (nn(2) ) ÷ k41111/n + 8(m + 1) k32111/ n(2)
+6(fl+l)kmii/n~”+(n+ 1)1c221111/ (n — 1),

= k~/ m’ ÷ 6k71/ n5 + 16k5 J n 5 + 26k~ / n5 + 15k~ /n 5 + 15k511/n4 ÷ 66k521/n4 + 9Ok~1/n’
+ 60k422/n’ + 70/ 225/ 114 + 20k5111/ n3 ÷ 1 05k4211/n3 + 60k2211/ n3 + 1 50k3221/n3
+ 1~~m~/~

3 
÷ 15kH111/ n2 + 80k321111n2 + 45k22211/ n2 ± 6k311111/ n

+ 15/221111/n + ~~~~~~~~~

14 = 1c5/n 7 + 8k~ / n’ + 28k,~/n6 + 56k53/n8 + 35k~ Jn5 + 28k511/n5 + I 68k551/n5
• + 28Ok~ Jn3 ÷ 210k422/n3 ÷ 280k~~/n5 + 56k5111/n4 + 420k4211(n4 + 280k~11/n’

+ 840k3ftj/n4 + 1O5k2,,_Jm4 + 70k41111/n3 + 580k32111/n3 + 420k22211/n3
+ 561C311111/ 11 + 210k221111/n’ + 28k2111111/n + ~~~~~~

- l

ii
11.
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