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INTRODUCTION

During the last decade considerable progress has been made in
understanding the seif-diffusion of metal atoms on well defined crystal
planes [l]. This advance has occurred through the use of the field ion
microscope, which makes it possible to visualize individual atoms, and to
prepare highly perfect surfaces., With this microscope it is possible to
determine by direct observation the mean square displacement of atoms ad-

sorbed at a surface, and thus to derive their diffusion coefficient D

from Einstein's relation, which for one-dimensional motion assumes the
form [2]

((AR)2> = 2Dt g (1)

A considerable fund of information about the directionality of surface
diffusion, about the role of surface structure, and about the energetics
of atomic jumps has been built up this way. Despite that, very little is
known about the actual atomic motions involved in the diffusion process.
It is by now customary to assume that in moving over a surface
an atom hops, at random moments in time, from one site to an adjacent
nearest neighbor site. For the sake of simplicity we shall confine our-
selves to one-dimensional motion only, and postulate that the surface sites {
are separated from each other by a distance 4. The probability that an atom
will be at a distance nf{ from the origin after a time t is then given, in

terms of the rate o at which jumps occur in one direction, by [3]

p_(t) = exp(-20t)I_(2at) )




B ot poe i

where In(x) is the modified Bessel function of order n. The mean square

2
displacement ( (AR)“) is then

((AR)Z) = Zatzz 4 3)

The validity of this model cannot be established from an examination of the
mean square displacement alone. This requires a detailed comparison of the
probability density, determined from experiments, with the values predicted
by Eq. (2). One such comparison has been made [4], for the behavior of

Re atoms on the (211) plane of tungsten. Within the sizable statistical
error, arising from the limited data set, it appears that Eq. (2) is
adequate to describe the actual diffusion process.

It still remains to be established, however, that surface diffusion
involves only jumps between nearest neighbors. With the data available right
now, it is not possible to exclude the possibility that occasionally, an
atom might carry out a jump spanning two nearest neighbor spacings instead
of just one. The aim of this thesis is to examine the feasibility of
detecting such double jumps in diffusion measurements. To this end we
idealize the one-dimensional diffusion of an adatom as involving single as
well as double jumps at random moments, the former occurring at a rate 2u,
the latter at a rate 28. The statistical consequences of this model are
developed in Chapter I; Chapter II,is devoted to a detailed discussion of
the conditions that must be satisfied in an experiment designed to measure
the contributions of multiple jumps. Especially important in these con-
siderations are estimates of the statistical errors involved in such

determinations. These estimates rely on a fairly complicated mathematical

apparatus; this is developed, at some length, in separate appendices.
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I. RELATION BETWEEN PROBABILITY DENSITIES, JUMP RATES, AND MOMENTS

Oddly enough, the behavior of random walks involving jumps of

different lengths has been neglected in the literature. Lakatos-Lindenberg

and Schuler [5] have examined the statistics of a particle making transitions

to both nearest and next-nearest neighbor sites; however, they considered

only jumps at fixed time intervals, a model which is not strictly appropriate

to actual diffusion processes. We will therefore develop here the conse-
quences of extending the usual model for one-dimensional diffusion, in which
atoms are presumed to execute jumps after random time intervals, by allowing
displacements both between nearest and next-nearest neighbors. Transitions
in a given direction are presumed to occur at a rate & to the nearest
neighbor site, and at a rate 8 to the next-nearest neighbor. Motion to the

right and to the left is equally probable.

A. Probability Densities and Jump Rates

The first step in developing our model is to find the probability
that an adatom starting at a site m be at site n after a time t. We
designate this probability as p:(t) and find it via the Kolmogorov

equation, which for this system assumes the form [6]

dp®
n m m m m m
= - 4 (Xp + 8 s
dt Bpn-2 e Z(Q-Ps)pn i el T *Ppyg B *)

here o is the rate at which adatoms execute unit displacements and B is
the rate at which adatoms execute double displacements., The distance 2

between adjacent sites is taken to be unity.

Lo ca e o o B o ol
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In order to solve the Kolmogorov equation and thereby find the
probability density p:(t), we need to uncouple the time variable from the
position variables. This is accomplished by the use of the well known
generating function for the probability density. The generating function

G(t,z) is defined as

G(t,2) = L 2P (€) . (5)
n

The symbol £ is throughout used to designate summation over the limits
n

n=-o to ®, that is

-}

z .

T =
0, N¥==cp

We use Eqs. (4) and (5) co derive a simple differential equation involving
G(t,z). Once the generating function has been obtained from this, p:(t)
can be found using the definition in Eq. (5).

To derive the differential equation for G(t,z), we note that z

is time independent; it therefore follows from Eq. (5) that

dp™(t)
3G 3 n
5 (t,2) = E i an ! 6)

Multiplying the Kolmogorov equation by z" and summing over n, we find that

90D L o, ran 2@ e B vl 48] g
Note that

E znp:_2 = ZZE znp: (8a)

T2p ,=zZep, (8b)

n n
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a1 Phtl Py
- SO 2-22 2P0 (84)
Ph+2 ’n
n n

From these five equations above, we conclude that

3G(t,z) Bp 2 B m m.ao = b m
"L {Bz"p  +azp ~2@+B)p +7 Pa* 3 P 3. 9

This can be written more simply as

a"'GaL“lE 22 - £ " (5 @2y ra@rz 2@ 48] . G
n

Recalling the definition of G(t,z) in Eq. (5), Eq.(10) can also be written

as

a_L_z_).Gaz 2) o oge,2){BEl+2 %) +a(z+2 H)-2(0+B)) . Wil

It is apparent that the differential equation for the generating function
is much simpler than the original Kolmogorov relation. Equation (11) has

the simple solution,
Rt = -1. :
G(t,z) = Cexpl[B(z"+z “)+a(z+z )-2(x+B)]t} .

The constant C can be found from the boundary conditions. Given

that the adatom begins its random journey at m, we know that

m
pn(t"o) 3 5nm ’

where 5nm is Kronecker's delta. Therefore

: n m
G(t=0,2) = ﬁ Dnm? =z

and

a(t,z) = tRexpl (Bt +2 Yy +ae+1" ) -2@ +B)]] . (12)

e S s ah oo
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In order to determine the probability density p:(t), we must
expand G(t,z) in a Laurent series. This can be done using the Schldmilch

series [7].

-1
exp[ 5 (7+y D] = £y I (x) . (13)
n

This allows us to express G(t,z) as a series involving modified Bessel

functions L of order n. Equation (12) can be written in the equivalent

form
m 2 -2 -1 ;
G(t,z) = z exp{Bt(z°+2 °]} explat{z+z ']} exp{-2(@+8)t} . (14)

According to Eq. (13); however,

2n
exp(Bez’+272]} =L I (@Bt)z U,
n 1
1
7 A5
exp{at[z-+z ;s =% 1 (2ut)z A
n2 n2

From the definition of the generating function, in Eq. (5), it

follows that

G(t,2) =T po 2"

L (2n; +10, +m)
= exp[-2(@+B)t] £ L (ZBt)In (2at)z : (15)
n,n 2
132
Identifying n as
n= an + n2 +m,
we have

n, = (n-m) - 2n1.

From Eq. (15) the probability density p:(t) can now be written as

-2@+B)t

m
pn(t) e -Zk(zat) ’ (16)

I, (2Pt)1
ok

(n-m)

el

i
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where k has been substituted for n, the dummy variable. When only unit

displacements occur, 3 =0 and

ZdtzI

m -
p (t) =e
B k

k(0) I(n-m)-Zk(zat) .

Note that Ik(O) # 0 if and only if k=0; for that case IO(O) =1, so that

20t I

m -
pn(t) =e ¢

(2xt) (17)

for 3 =0. This agrees with the standard expression for an adatom dif-
fusing via unit displacements. When only double displacements are allowed,

pl(e) = & PE

i I, (2Pt) T nemy-2k (9

=28t

1 (2Pt) (18)

(n-m)/2

for « =0; here n-m must be an even integer.

B. Jump Rates and Moments

In order to determine the rates § and @ at which a diffusing
adatom makes double and single displacements, we must reduce the above
equations into explicit expressions for observable quantities. Such
quantities are the moments .u.; of the displacements executed by the adatom
in the one dimensional walk.

Suppese that an adatom is initially at position m We allow t

10
seconds for the adatom to perform a random walk and call its position at

the end of the walk ng- The i-th initial and final positions that we

observe will be designated by m, and n, . On M occations m, and n, are

recorded; we are thus able to define M displacements x5 where

X; = (my - ny) . (19)

Rl Sl i,
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If we were to make an arbitrarily large number of observations we would be

able to find u;, the r-th moment about zero, which is defined as

8

{ ; 1i iy 1
| phi e z (xi) . (20a)

i=1

=
)
< I

As shown in Appendix B, the r-th moment about the mean

, lim

i 1 r
e = o M

(xi = ui) (20b)

N

i=1

is often a more useful quantity than u;. The one dimensional random walk

is symmetric about the adatom's initial position, so the odd moments about

zero vanish in the limit of an infinite number of observations. Because
the mean ui is an odd moment and therefore zero, we know from Eqs. (20a)

and (20b) that for our example

= 1

e S i g

In order to find these moments in terms of tne jump rates o and
8, we must seek a way of relating the moments to the generating functions

given by Eqs. (5) and (12), that is to

G(t,z) =2 p:(t)zn
n

o e
SRRV b SR . A ¥ A

= 2" expt (B (zz+z-2)+°l(z+z-l)-2(°‘+5)]t} .

From Eq. (20a) we know that the mean displacement for the adatom per-

forming the random walk is

o im
Ml s

M
z LI (22)

<4 Ly

1
M
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We also know that the probability for the diffusing adatom to occupy site n,
b4 having started at site m t seconds earlier, is p:(t). An equivalent
expression for the mean position of the adatom is then
‘ ' =z p™(t) 23)
™ po(t) . (
n
The similarity between the relation for the generating function and for the
{ | mean causes us to realize that |
%
d =1 |
5T G(t,2) = i pr(t)nz"
1
S S
dz 2 Py
n
& o) ete.ail | =%
oz 2 = Pys
z2=1 n
= d
B = (2 3=) C(t,2) . (24)
1 dz
z=1
Without loss of generality, we define the initial position m of
the adatom as zero, so that the generating function in Eq. (12) assumes a
3 simpler form: ]
2 =2 -1 } i
.- G(t,z) = exp{B@E%*z “)+a(z+z )-2@+8)]es . (25)
By substituting Eq. (25) into Eq(24) we can write the mean ui as
- u'l = z(-aa?) exp{[B(zz-f-z-z)+a(z+z-l)-2(c!+5)]t}
z=1
- = z{ [P (22 -22-3)-+d(1-z-2)]t} exp[[ﬁ(zz-+z-2)-+a(z‘+z-l)-2(a-kﬁ)]t}
z=1
: it = 1{[B(2-2) +a(1-1)]t} exp{(B(L+1pa(l+1) -2(@+B)]t} =0 . (26)

Just as expected from symmetry, ui vanishes,

ORISR A e




Any r-th moment can be found by the same route that lead to

Eq. (24). Notice that

@.r nm _ r nm
(z az) Zz pL Znz P °
n n

Evaluating Eq. (27) at z=1 leads to the well known relation

_B_r i r m
(59" 6®)| = En%py (28)

257 6(t,2) 29)

z=1

We now have accessible any r-th moment of the adatom displacements occurring
during a random walk lasting t seconds. The derivation of moments via
Eq. (29) is conceptually simple; the actual calculations of higher moments
are tedious and are therefore reserved for Appendix A.

Knowing the moments of the adatom displacements as a function of
the jump rates & and 5, we are ready for the problem of finding @ and  in
terms of the moments. In Appendix A, Eqs. (25) and (29) are used to derive

the first two non-zero moments

ué = 2B + o)t (30a)

by = Tel + 3@? - 12028 + o) . (30b)

For the case where no double jumps occur and so B =0, the second moment is
“é = 2ot , (31)

just as we would suspect from Eq. (3) for £=1. Equations (30a) and (30b)
are linearly independent; hence @ and 8 can be expressed, in terms of pé

and uA, as

i ————— —————
» "..,‘__ e e Tt ool TS S i
PR > & AR e ag e T oG8 L

H ) yotgs)




1 ] 1 2 1
at = = [4) + 30, - w,] (32a)

Be =55 B - 357 - k3] . (32b)

We recall from Eq. (21) that W ={L;, so that ot and 3t can be found in

terms of moments about the mean as well as about zero.

C. Moments and Probability Densities

From Eq. (16) it is obvious that the probability density p:(t)

for a random walk involving double and single jumps is uniquely characterized

by the two jump rates B and @, and by the diffusion time t. We can reduce

the number of parameters necessary to specify the distribution by repre-

m ; -
senting pn(t) as a function of the second moment ¥, and the ratio B/a.

Equation (30a) gives the second moment in terms of @, B, and t, as

= 88t + 20t . (33)

5t ]

We can find 28t and 20t in terms of By and B/a from Eq. (33):

i
20t = 2

T (1 + 4B/a) aita

b, My 8/a
Bt =TTy T A+ @R ko

o 1+ Bla
QQat + 2Bt) = }.Lz '%m-r/é-)— » (34c)

Substituting Eqs. (34a), (34b), and (34c) into Eq. (16) for the probability

density p:(t) yields this quantity as a function of uz and B/o :

po ey, Bla) =
148/ by Rla P2
xp*y W+adr! £ hTam7) Taemy -2k TraRY - 09

:'*en¢.~m~~'*~
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In Appendix D is listed the FORTRAN program PPLOT [8] which
calculates and plots the probability pz as a function of lattice position
n for various values of “2 and B/o. In Fig. 1 we show the behavior of an
adatom executing a one-dimensional random walk. The distribution of
distances for an adatom only allowed to make single jumps is compared with
the distribution in which the adatom can make both double and single jumps
as well as that in which only double jumps are allowed. As we vary the
second moment from 10. to 1., the distribution where only double jumps are
allowed begins to resemble that for single jumps more closely; the mixed
distribution, for which B8/¢ =1., seems to become less like the distribution
for single jumps. This is the sort of trend that we are looking for. 1In
order to do an experiment aimed at detecting double jumps there must be
differences between the distributions for different juﬁp rates B/x. The
trends in Fig. 1 suggest that the diffusion experiment should be done
under conditions such that the second moment of the displacement distri-
bution is much less than 10.0. Figure 1 also indicates that the second
moment should be larger than .l; at this value all three distributions
look very much the same, as little diffusion has occurred for any of the
three examples.

In Fig. 2 we see how the probability distribution pg calculated
by PPLOT compares with available data. The experimental distance distri-
bution is taken from Stolt's observations on one-dimensional diffusion of
Re atoms over W(21l) [4]. These observations were not made with the
intention of looking for double jumps, so it is not surprising that the data
are inadequate to show whether or not adatoms make occasional double jumps.

The experiment that can answer this question will have to be planned

specifically for the purpose of detecting such double jumps.
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1§ ] II. PROBLEMS IN THE DETERMINATION OF JUMP RATES

A, Estimating Jump Rates from Diffusion Data

The problem now is to determine, by experiment, the values of

the jump rates & and 3 for single and double jumps. From Egqs. (32a),

L

(32b), and (21), we know that

-n 1
E { g ot = 6 [&MZ + 3(u.2

3t = 35 by - 3% -] . (36b) |

)2 -yl (362)

i
S .

The moments entering here are defined by Eq. (20b) as

. lim 1 o r

= - 1

G7)

where X is the i-th observed adatom displacement and Hi is the mean of the

displacements.

The moments L and 4, in Eqs. (36) are quantities established

2

? from an infinite number of observations. Such an infinitely large set of

observations is called a population or parent population; quantities such

A | Bl e W 9y o i

as b, and M, that are derived from a population are referred to as popula-

tion values. Specifically, My, and My belong to a class of population
98 values called parent moments. In order for By and u, to be of any use to
7™ us, we must learn how to estimate them from a finite number of observations.

-

Given a finite sample of observatiocns taken from the parent population, we

SRS

T T T T e g DY g
= . - g
‘ . . ’
v M 5

can generate statistics. A statistic is defined as any parameter generated

?, -

by a finite number of observations; for each population parameter there is

usually a corresponding statistic. The statistic that corresponds to a

Pty

parent moment is called a sample moment. The r-th sample moment about

RS kiAWl O\ i
. gl ¥ FEIIIE . SRS hoths, 4o "8 DY i o, e B O T e BV
e IR WS o W B O Y PPN m.‘..t_.9-;*.‘4li‘.3‘f‘v ::..."k P ..—\.‘.‘ IEN: 2 Bl
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zero, m;, is defined as

m' =
¥

< Lo

M
Zo(x) . (38)
i=1

The r-th sample moment about the mean is defined as

m = i ? -m')F 39
R Bty (x;-my)” . (39)

The statistic that corresponds to the second parent moment about

the mean, uz, is the sample moment about the mean, m From the definitions

20

of uz and mz, we see that m, is a crude estimate of Mz. If m, were an

unbiased estimate of HZ’ the average or expectation value of m, would be

equal to Hye This, however, is not the case. In Appendix B we find that

the expectation value of m,, <m,> is actually

y gy

M=1
i i e (40)

P S S

A better estimate of By is then

By =57 m, - (41)

By definition, ﬁz is the unbiased estimator of Mye In general, the statistic 3

5 is the unbiased estimator of the population value & if and only if [9]

~

<§> = § . (42)

s N Vi S i

Not all expectation values are quite as simple as ﬁz. For

example, the expectation value of the fourth parent moment about the mean

is
A 4 12 18
B, =m, |1l + ur +
2 2M 3M
- 3m + 43)
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where M is the number of observations and

ulPl s M-1ye2)... @0 +1) .

(44)

The formal procedure for finding unbiased estimators and expectation values

is left to Appendix B. Here, we are only interested in giving the motivation

for such formal techniques. In Appendix C we employ these techniques to

find the expectation values of ot and Bt as given by Egqs. (C8a) and (C8b):

A

at = R m2 + S m2 + 'ram4
5

t = Rﬁmz + Ssm2 + T3m4 .

are
9 1 M
Bs ™ 3 (M-1)
M 1 4 6 j)
s =& + +
a 2 <(M—l) (M_l)[Z] (M_l)[a]

3
]

R <E A SORPNIAY. | R :>

PAEE Ws
Rg = = 2% W-1)

w7 1 4 6 j)
§ =~ = + +

1 <: 7 24 36 j)
T, el L #* + .
B 2 M1 7 gy 2T 7 oy B

(45a)

(45b)

(462)

(46b)

(46¢)

(47a)

(47b)

(472)

We can substitute Eqs. (46) and (47) into Eqs. (45a) and (45b) to obtain

expressions for ot and 8t. That is,
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R L
3 (1) "2

+.§<: 1 h 4 4 6 ‘> m2
2\ (M-1) (M-l)[2] (M-l)[3] 2

- }-<l e SR PR m (48a)
6 M-1) (M_I)IZJ (M_l)[3]> 4
A 1
BEN - 4
M/ 1 4 6 2 %
- + + m :
1 ( 7 24 36 1
24 Q1) gy (2] (M_l)[3]> & 4

The diffusion time t can generally be determined with arbitrarily good

accuracy. Then knowing t, Qt, and 3t gives us @ and B directly, as

& = ar/e (492) ,
JERYE (49b) 4

We now know how to estimate the jump rates o and B from an
hypothetical data set. This knowledge is of little value, however, unless
we can also estimate the random error incurred in making the measurements.
The next problem we therefore consider is that of finding a measure of the

random errors inherent in an experiment.

B. Estimating the Random Errors

The magnitude of the random error in the random variable at is

indicated by the variance, defined as

R R ..
var at = (@t - (@))?) . (50) ;




Ry P S

AP sl o

st

W“sz\‘ >

e ————— A S At

am

e

=3

S —

The variance of ot is thus given by the well know relation ]
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|
i
%
8
:

According to the definition of an unbiased estimator as expressed in

Eq. (42), <A N
Q- stae

-
P

Equation (50) can be reduced to the equivalent form

A\ A 9
var at ((at - at)")

tan)? - 20 B+ @)% -

The expectation value of a sum is equal to the sum of the expectation values

for each term of the sum so that

A N\ A
var at = ((at)2> - {(2at at) + ((at)z) ;
Because ot is a population value,

(2ot 42) = 2ut (él) = 2(at)2

and

<(at)2> = (at>2 ‘

var & & (Y 4ol (51a)

AN
Similarly, the variance of Bt is

var é\t = <(é\c)2> - (at)2 A (51b)

However, the variances according to Eqs. (51) are population values, and
therefore cannot be determined from a finite experiment. The unbiased
estimators of var QE and var §E though are random variables that are
accessible through a finite number of observaticns. Using the operator U

to indicate that an unbiased estimator is being taken, we write the unbiased

A
estimator of var @t as

U(var c/z\t) = g (c/z\t)2> - (c’:\t)z) . (52)
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The operator U acts linearly, so that
A A
U(var at) = U[((at)2>] - U[(at)Z] A

The untiased estimator of the expectation value of a random variable is

equal to the random variable itself and therefore
A2 N2
U @t)] = (at)” .
An equivalent expression for U(var at) is then
A A 2 )
U(var at) = (at) - U[(at)"] .
Similarly, the unbiased estimator of the variance of 8t is
A A 2 N 2
U(var Bt) = (Bt)" - U[(BL) ] . (53b)
The error in measuring t is negligible compared with the error
in @ and é. That is,

U [var &1,= U[var é}]
&* Gt)>

(54a)

~ A
Ufvar B] ~ Ufvar Bt]
% Be)?

(54b)

Substituting Eqs. (45a) and (45b) into Eqs. (53a) and (53b) respectively, we

arrive at

2 | ular)?]

N\ 2
U[var at] (Rdm2 + Sam2

b TamA)

2.2 2 4
Ram2 + 2RaSam + 2RaTam4m2 + Sam2

25 T.m mg + Tom® - U[@t)?] (55)

2
(o oo 4

where the coefficients Rd’ Sa, and Ta have already been defined by Eqs. (46a)-

(40c). In Appendix C, we find that U[(at)z] can be expressed in terms of




aslitibestieih i i

S s e S o g

e R e

i i

-

L1
e
»
a
*
e
"
-
-
-
.-
b
i
. -
:
§ -

parametars X

. : { o S
22° ‘42’ and <,,2 €0OWD as X stacistics, as
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As shown in Appendix C,
g 3L 2 3 > £l 4 g\
ko, = m'uz + + —— -m, M + %
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o :n :1 “12 5 i e e = e
-l 47 & U IS T BT T e e
131 _ . 1080 _ 6840 _ 25920 , 43360Y\
+ m, \1 ( + + B .+ - +
Tl m @l 8 el I ey
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By substituting Eq. (56) into Eq. (55), we can estimate the variance of

A
at in terms of sample moments about the mean and the k-statistics. That

is,
7 2 2 3 2 4 2
U[var at] = Ram2+2RaSam2 +2R01Tcrm4m2 +Sc‘m24—250‘Twmam2
22 4 2 1
TP, F Bao Y5 Kuo "3 Kus (58a)

The coefficients Ru, Sa’ and Ta are given by Eqs. (46a), (46b), and (46c).
A
Similarly, the variance of 8t can be estimated by

A T S 3 2 4 2
U(var 8t] = Rﬁmz + ZRﬁSBm2 + ZRﬁTBm4m2 + SBm2 + ZSBTBm&’m2
2 2 1 1 1

+ Tomy = 576 %25 * 385 42 " 576 “u4 (58b)

where Rg, Sg > and TB are given by Eqs. (47a), (47b), and (47c). The

details are available in Appendix C.

Equations (58), (57), and (54) allow us to estimate the

~
variance of & and B from a hypothetical data set, consisting of M obser-

vations of adatom positions. We do not yet know, however, what experi-
mental conditions yield the smallest variances for & and é; nor do we 1
know how many observations are needed to insure statistical errors small

enough to make @ and 8 meaningful. These problems are addressed in the

next section.

C. Experimental Conditions Minimizing Random Errors )

To minimize the random error in determining unbiased estimators
for the rates of single and double jumps, we consider the variance predicted !
for different combinations of the rates @ and 8. We can calculate these

\‘.
variances from Eqs. (5la) and (5lb): ‘j

s

e ——
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var é\c = ((é\c)2> - (an:)2

var Bt = (BH)D - @e)? .

A A
The evaluation of ((at)2> and ((Bt)z) requires techniques developed in

Appendix B, and is detailed in Appendix C. It is convenient to express
A A

the variances of @t and 8t in terms of the cumulants "2’ o "6’ and KS

which are in turn defined in terms of the parent moments uz, Ma, ue, and

us in Eqs. (60a)-(60b). That is,

n 16m n

" B T 62 , (M+33) 2 72 M 2
var at = 30 {  + 55+ el .t 2] 2
M-1)
4+ oameel) 4 %6 _ 8at+7) b
M-l 2 M M-1) "42
16 eMel) 25 . 2
e L L (59a)
Varé\t = L { uﬁ + 16”‘6“2 5 M+ 33)n2 s 72M e ’AZ
576 * M M-1) M-1) "4 2i-"ae
M-1)
L M@l 4 Ing p 20M+7) w1,
2 »
(M-l)[3] M M-1)
)
§ . AMrl) 2 2
+H teeD "2 lc Y (59)

The properties of cumulants required for this work are discussed in Appendix

B. Cumulants are related in a simple way to parent moments. Thus,
KZ = uz (60a)

2
Ry = Wy ° 3u2 (60b)

|
|
]
]
|

ISR ———————
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3
A = -
6 = Hg - Lowu, + 3047 (60¢)

&

2 2
g = Hg m2Bugh, = 35y 4+ 420005 - 6304, (60d)

6 2

A A
Though the exact expressions for var at and var B8t are very complex,

the corresponding approximations, to first order in 1/M are fairly simple.
In Section 4 of Appendix C, Eqs. (C20) and (C22), we show that these

approximations are given by

A 1 2 2 4
var at = 360 6"’3 - 12p.6p.2- 2u.4 - 1&"4“'2 +17lu2 + 136&-1-4#1-2
3 : 2
- T - 8+ 16K, - 325 ) (61a)
e IR TREVINIE e o T R BT g
576M 8 672" “4 42 2 Hg
3 2

Both of these approximations are within 67 of the corresponding exact
variances for any value of B/o ranging from O to 1000, as long as M > 100

and b, < 10.

2
We can find the parent moments in terms of @, 8, and t from the

generating function, using Eqs. (25) and (29). These tedious calculations

are preformed in Appendix A and yield the following:

b, = 2048t + at) (62a)
b, = ey + 3@2)2 - 12(28t + at) (62b)
b = 1288t + 2at + 60(4Bt + at)? + 7208t (4Bt + at)

+ 120046t + at)> (62¢)
g = 5128t +2at +64,512 @e)2 + 252 (at)® + 12,09 (at) (Bt)

+ 20,1608t + ot)? +1680 (48 +at)> + 1680 (4Bt +at)™. (624d)

e
o e, ol & TR
S M oy il Al i
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The aim of all this is to find the random error inherent in
estimates of the jump rates & and é. The variances of QE and QE are given
by Eqs. (59), (60), and (62). Inasmuch as the error in the diffusion time
t is insignificant, the error in measuring & and § is identical to that of

A A
at and Bt; that is,

~ A\
a var at

e e o (63a)

(@) (at)

var é var IE

v e . f (63b)

®) Bt)
We recall from Eqs. (34a) and (34b), that at and 8t can be expressed in
terms of By and 8/a as
"
L B
%t =72 +bd/a) .
1 P 8/«

8t = 3 G+igla (64b)
The relative error ca/a and cB/B in @ and 8 is defined as

%9 o ar §1/2 ©52)

a ~2

a

c ~

N (65b)

: 8

Equations (51), (59), (60), and (62)-(65) allow us to calculate
exactly the relative error in « and B as a function of by for given values of
M and B/a. These calculations were performed by the FORTRAN program KPLOT
listed in Appendix D. Figure 3 shows ca/a and GB/B for B/a = .1 and .2 for

M = 100, 1000, and 10,000. From Fig. 3 and Tables 1D-3D in Appendix D, we
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see that ca/d and ca/B achieve their minimum values in the neighborhood of
b, = .237 for the values of M and B/x given above. It is for this value

of the second moment that measurements of the jump rates « and B are the most
advantageous. Using the FORTRAN program MPLOT to calculate ca/a and o_/3 as
functions of M for by = .237 and 8/a¢ = «1 and .2, we find that only after a
few thousand observations have been taken does the relative error drop to
40%, as shown in Fig. 4. For M > 5000, further increases in the number of
observations have little effct. Precise determinations of the rate of double
jumps therefore appear to be difficult; however, it should be possible in
experiments of reasonable length to ascertain semiquantitatively if double

jumps participate to any significant extent in the diffusion of single atoms

over a surface.
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APPENDIX A

CALCULATION OF PARENT MOMENTS a

l. General Approach

The aim of this appendix is to derive relations for the moments of
the parent population of adatom displacements in terms of the jump rates «
and B, and the diffusion interval t. Specifically, we are interested in
finding the parent moments about the mean “2’ My Beo and hge Equations (21),
(25), and (29) give us an algorithm for deriving the k-th parent moment

about the mean u

k
we = (z g%)k G(t,z) . (Al)
z=1
where
G(t,z) = exp{[B (2 +2 %) +a(z+2z b)) -2(a+8)]t} , (a2)

or equivalently

by = T (E,1) (a3)
where

Fk(t,z) = (z g%)kc(t,z) : (a4)

Though the calculations for ko and u, are easy enough to perform,
finding Mg and kg requires a bit of forethought and careful bookkeeping. In

order to facilitate the bookkeeping, we introduce the definitions

G = -aé; G(t,2z) (AS5a)
&= 7% o,z (A5b)
6™ = (% ae,2) (A5¢)

e e ar————————————— i ——

I : : K T I T medte, I WERA L G 8.0 T B 7 w5 pee=or e



==

Sormaa——

30

F= F(t,z) = [B(z>+2 %) +a(z+2z D) -2@+B8)]c (46)
F = g% F(t,z) (A7a)
F = (gi)z F(t,2) (A7b)
P - & ren) (a7¢)

The procedures for utilizing Eqs. (A2)-(A7) to find uz, By u6, and wg are

outlined in the next section.

2. OQutline for Moment Calculations

a. Find [(t,z) through Ys(t,z) in terms of G(t,z) and G(S)(t,z)
i 15 = -a— T
using the recursion relation k+1(t,z) (z az) k(t,z).

b. Find é(t,z) through G(B)(t,z) in terms of %(t,z) through

£ (® (+1)

(t,2) = (B/az)c(k)(c,z).

(t,z) using the recursion relation G

c. Find ?(t,z) through F(8)(t,z) in terms of t,z,¥, and B using

(k+1)

the recursion relation F (t,z) = (B/bz)F(k)(t,z).

d. Evaluate f(t,l) through F(S)(t,l) in terms of o, 8, and t.
e. Evaluate é(t,l) through G(S)(t,l) in terms of ﬁ(t,l)
through F(S)(t,l).

f. Evaluate Fk(t,l) for k=2,4,6, and 8 first in terms of
f(t,l) through F(S)(:,l) and then in terms of &, B, and t.

g. Keeping in mind that By ® Tk(t,l), find Bos By Bes and Mg in

6

terms of ¥, 3, and t.

R et et ot et oy
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3. Determination of _I"I(t,z) through fs(t,z)

- We use equation (A4) to generate the following recursion relation

| Pk+l(t,z) (z E,z) P (t,2) . (48)

This recursion formula will be used to find I'l(t,z) through Fs(t,z) in

g terms of G(t,z) through G(B) (t,z). For the purposes of these calculations
we introduce the symbols
¢ = M,z (A9a)
{
j ‘ Fk = I‘k(t,z) . (A9Db)
! ‘ s Using these, we now write the Fk's as
_ P wde oty @ an (Al0a)
i 1 dz
T,=@3z) T, = (z3) (20

= z(é+ z.é)

- 20 + 2°6 (A10b)

.
i
i

= (z _aa_;) (& + 228)

| 4 H 3

B o o 2 . 3.(3
E? ) =zG+zG+ZzG+zG()
' i : & . 3.43)

=2G+ 32"G+ 2z G (AlOc)

' r =(z—-) (26 + 3226 + 2569

“ 4
- = (26 + 226) + (62°G + 3256,
: o + 3256® + 4¢@)
| 2 - 26 + 7226 + 6276 & 4™ (AL0d)
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.-1.4

(z ——)[zG + 7z ¢+ 6z3GT37‘ +‘z 6(4)]

(zG + z G) + 7(22 G+ z G(3))

363) 4 he® by (4)

+2 G )+ (bz G + z G(s))

4) + ZSG(S) (AlOe)

6 (32

2G + 15226 + 25226 + 10z%

& —) (26 + 152%8 + 25:3 3} & 102%c (4) 2260y
(zG + z G) + 15(22 G + z G(B))
2532363 + 226c®)y 4+ 10wt ® + 5O

(SZSG(S) + z G(6))

3) 4)

zG + 31z G + 90z G( + 65z G

152°¢¢) + %¢® (Al0£)

36 4652%6™) 11527657 + 560

(s -aa?) (26 + 31226 + 90z
(3))

4 _(4) ZSG(S))

(zG + z G) + 31(Zz € + 2 G

3P 4 2™ +gsuac
%) 4+ 2%6%)) + 6256 + 2761

3.(3)

90(3z°G
15 (52 G(
2G + 63226 + 3012°¢

3502°6¢4) + 1402°60) + 21256©) 4 7

(Al0g)
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A . .
= (= §;)(zc + 6322G + 30123G(3)

it |
|

+ 3502%6¢%) + 1402260 4 21256 + 7D

3)

)

= (zG + z G) + 63(22 65z G(
3 (3)

)
+ 2z G(a)) + 350(4z G(A) + z G(S))

+ l&O(SzSG(S) + 266(6)) + 21(626G(6) + z7G(7))

(7 | B,

+ 301(3z°G

+ (7z G

3 P L 3
: = 2G + 127226 + 96z 6(3)

| + 17012%6¢™) + 1050276 + 2662%¢®

1 5 '
E ] + 288 ¢ 4 2%e® (A10h)

‘ This completes the first stage of the derivation.

? 4. Relations for G(t,z) through G(S)(t)z)

We use Eq. (A5c) to generate the recursion relation

gt 2y = %; "t R S (Al1)

(8)

This recursion formula will be used to find é(t,z) through G in terms of

(8)

é(t,z) through F (t,z). For the purpose of these calculations we simplify

the symbols to read

F
k)

F(t,z) (Al2a)

¥ ®) e 0y . (A12b)

L}

l
Using Eqs. (A2), (ASc), and (A6), we can now write the G(k) functions as

|
| G(k) = (%;)k exp(F) . (A13)

The recursion relation given by Eq. (All) implies that the first eight

4 ] derivatives of G(t,z) can be written in terms of the first eight derivatives

| of F(t,z) as
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G = % (exp F) = F exp F (Al4a)

|0/

! G = (% exp F) F exp F + f(é exp F)

o

z

G=FexpF+ (?)Zexp F (Al4b)

«®

IOI

Sl s oo 3 N 3 it

(% exp F + (f)zexp F)

3

o/

z
= [F'"’exp F + f(f exp F)]
ii + [(fo)exp F + (f)z(f exp F)]

3)

=F" ‘exp F + FF exp F + Zﬁf exp F + (f)sexp F

| 3) e
3 =F " ’‘exp F + 3FF exp F + (F) exp F (Al4c)
G(4) = %; (F(B)exp F + 3%% exp F + (f)3exp F)

(a)exp F + F(3)(f exp F)] i

a = [F
+ 3[F(3)§ exp F + %% exp F + FF(F exp F)]

o + [3(O%F exp F + () (F exp )]

L WO C ] BREE S A e
; + 3 %exp F + (@) exp F + 3(F)ZF exp T+ () 'exp ¥
# = D 4 a5 PF r 3® @2+ @)Y ) exp F (AL4d)
i
¢® = #® + 4@ W5 + rOF) + 3080 P

+6 F )2 28 (F)2 )+ 4(F)F] exp F
3 + [F(a)? + 45(3)(ﬁ)2 + 3% + 6%(?)3 + (F)°] exp F
= F® 445 @F 4 ar ¥ + 677 P) £ 65D ()2
+ 12FEY + 4(%)3% + F®F + ar P (52

+ 3(0)%F + 6F(F) + (F)°) exp F

| &5 S

= el s

. w ik @ AT SR T WIRT (RO L
) ‘ 2 . .
A ’

Sl e vy st F e




= FO% st ®5 + 10r 3% + 10r ) ()2

+ 15)2F + L0F@E)° + (£)°) exp F

= (F® 4 5@®F + 5D F

+10EY%F + % + 106® )2+ 27 D5y

%k + ®3) + 106D @)+ E3(%)2%) + 50)°F) exp ¥
%) (3

+ 15(2F

+ FD%F + 57® )2 10 D58 + 100D 5y

+ I5FF)2 + 10FE)* + (#)°) exp F

= {F® 4+ 55O 4+ se®F + 10rWF

+ 10EP)? + 10k @ ()2 + 208 D + 30r DR
+ 155> + 10 ()3 + 30GF) 2 + SEE)*

+ FO% + 5E® ()2 + 10 D¥E + 10r ()3

+ 15FD)% + 10F@E* + ()%} exp F

= FO4 6rF + 15r®F + 106 @)% 158 @) )2
+ 60F DFF + 15> + 208 (8)3 + 45FF)?

+ 15F@E* + @5 exp F (AL4£)

= FD +6@®r + rO)F)

+ 15EDF + F@EC) 1102 P ®)y £ 153 O )2+ 285 @)
+ 60 @5k + r Pt 4 r O,

+ 153E D) + 206 ® @)° + FP3) %

+ 45 EHEDF + ®2 + 15 )%+ Fo )’

+ 6(F)F} exp F

+ F®F + 655 @)%+ 155 @FF + 106 %

+ 15E® ()3 4 60r PFE)? + 1568

+ 208 ()% 45 @2 ()3 155@)° + ()} exp F
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PP 627 £ 678+ 159B07 + 155 @F P 4 20p @
5 « 2 - )es @ .o ' .
58O 5y + 30 @8 + s0r@FF + 60 PN - s0r ) (32

452D £ 20 ()3 + 50rPFE)? « 90rPE )% - s0) 3

&

BED H)* v 50)%@) +63)F + rOF + 655 (32
158 ™% + 10N « 5r @ )3 s sorPrE)? + 15337

208 () + 45E)2 @)} £ 15F@E)° - ) ) exp T
FD 4 75®5 4 215G & 355 @B L 51:5) (52

G2 4 105 P §)% + 355 @ )3

105 *%F + 70¢
200F D %+ 105 + 357D Bt + 105 ® 2’

2057 + () } exp T (Alsg)

It is now convenient to define the functiom H,, so that
!

GtS)

=Hoexp F + H.F exp F

= (7® L D5 e 2 OF) 21 ®F 4 2D
£ 358 p®®)y L2158 1y 2+ 2888 O
+ 105 + FYrPF - e @ Y

+702EPE®: + ¢y & 10s@® @2 5Pz 3y

3569 )3+ s‘“’3<é)2§

+ 210D 02 D)2 : DR2m)F)

% 105(3(E)ZE<3)5 + B rise@ @ e P

105 @GR O 3 EH HH 06D B s

+ 7(B) 63 exp T T-H-i axp F . (Al4h)

. ..,,,‘¢,an,1~
N W %
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.5. Relations fori(t,zl through F(S) (t,z)

In order to find i‘(t,z) through F(S) (£,2) Iin téxms of £, z, O,
and 3, we need only take the first eight derivatives of F(t,z). The

function F(t,z) is defined by Eq. (46) as
2rE=2 . -1
F(t,2) = [B(z"+2 ")+x_+z 7)=-2(x+3)]t .
As a way of simplifying Eq. (A6) we define

A= ot (Al5a)

BE 8¢ . (AL5b)

These definitions result in a new expression for F(t,z):

F(t,z) = (Al6)

B[zz+z-2] + A[z+z-l] -2(A+B) .

The first eight derivatives of F(t,z) with respect to z now are given by

FeBl22-2273) + a[1-2"2) (Al7a)
" b -3
F=B2+627%) + 242 (AL7b)
' o 0™ - sae™
. SEs & Y (Al7¢)
P® 2 24(5827% 4 a2 (A17d)
FO) = c120068277 + a2”%) (Al7e)
£©) = 720078278 + az”") (AL7E)
F7) = Zs040(882"7 + az”d) (A17g)
” % :
F® = 40,3200982710 + a2”%) 2 (AL7h)

S e
~ r‘{v‘."};-..‘.;:‘“‘...)“ o gy
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6. Evaluat@ggLé(t,z) through F(a)(g,z) at z = 1

38

Sections 3 through 6 give us all of the information necessary to

find Tl(t,z) through Ts(t,z) in terms of t, 2z, @, and B. In order to find

“2’ My u6, and us in terms of t, o, and B; we only need to find Tz(t,z),

r4(t,z), T6(t,z), and fs(t,z) at z=1. Because all the Fk's are in terms

of the G(k)'s, and all the G(k)'s are in terms of the F

must first be evaluated at z=1.

Substituting z=1 in Egs.

F(t,1)
F(t,1)

F(e, 1)

F(3)(t,1)

RO

=

F(7)(t,1)

3

7. Evaluatiqg;é(t,z) through G(s)(;,zlfat z

¢yl
€,1)
F(6)(t,1)

(t,1)

b*2 + A2 - 2(A+B) =0
B(2-2) + A(1-1) = O

B[2 + 6] + 24 = 8B + 2A

-6 [4B + A]
24 (5B + A]
-120{6B + A]
720[7B + A]

-5040 (8B + A)

40,320[9B +A]

)

(Al7a)-(Al7h) and (Al6), we find that

(A18)

(Al9a)
(A19b)
(Al9c¢)
(Al94d)
(Al9e)
(AL9f)
(Al9g)

(Al9h)

Rather than immediately expressing é(t,l) through G(S)(t,l) in

terms of @, B, and t, we choose to first express these functions in terms

of #(t,1) through F®)(t,1). We find that Eqs. (Al4a) through (Al4h) are

considerably simplified by making the substitutions F(t,l) = 0, f(c,l) =0,

and z=1. That is,

G(t,1) = exp F(t,1) =1

G(t,1) = F(t,1) =0

NSRS Bt

(A20)

(A21a)
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G(t,1) = Fe,1) (A21b)
¢ e,1) = F® e, 1y (A21c)
@i Lt 3('1?*)2 (A21d)
: O = 50O 4 10rPy (A21e)
¢® - FO) 15 ®5 4 10BN 4 153 (A21£)
¢ = rMy 215 ¥ 4 35 @Gy 1055 )2 (A21g)
¢® 2 p® L 3p® oy 215®) 5 4 2By 355 GIpB) . 355 ®))2

+ 105F® 2%+ 70 7PN %+ 105r @ )2 + 2105 ) 2F + 105 (Y

=7® 4 ogr®)5 4 s6pCIp3) | 355 @2

+ 210F® #)2 + 280 PN % 4 105 ()* . (A21h)

8. Evaluating Fz (ST F“_ e, 1), T6 (t,1), and Ts(t,l)

We can find I (t,1) in terms of F(t,1) through F()(t,1) by
substituting Eqs. (A21la) through (A21lh) into Eqs. (AlOa) through (AlCh).
The Fk's can then be found in terms of o, B, and t by using Eqs. (Al5),

L § (A18), and (Al9) to evaluate F(t,z) and its first eight derivatives at

.- z=1, That is,

Fz(t,l) =G=F =2A+ 8B (A22a)

T, (e,1) = G+ 76 + 663 4+ ¢@®

0+7@ +6 ) + @+ 32

T +6[-6 (4B+A)] + 24(SB+A)+ 3(‘-“2)2

7u2 - 144B - 36A + 120B + 24A+ 3(u2)2

7u-2 + 3(&-1-2)2 = 248 = 124 (A22b)

A M

A




——

Fgle,1) =

40

& + 316 + 9064 656@) &+ 15607 4+ ¢©

0 +31F + 90F® + 65G@ + 3%

15 + IOFO)E)'-*- % 15r®F + 106?24 150
31F + 90F® + 65F ™) + 195@)% + 157 + 150r PF

F® £ 15r®% 4 10@CNH? 4+ 1503

31(8B +24) + 90[-6 (4B +A)] + 65[24 (5B +A)]

195 (8B + 24)% + 15[~120(68 +A) ] + 150 [~6 (4B + A) (8B + 24)]
720(7B+A) + 15[24(5B+A) (8B +2A)] +10[-6 (4B+A) ]2+ 15(83+2A)3
62 (4B+A) - 540 (4B+A) + 1560 (SB+A) + 780 (4B +A)>

1800(6B +A) - 1800 (4B +A)> + 720 (7B +A) + 720 (5B +A) (4B + A)
360 (4B +A)2 + 120(4B +A)°

62(4B+A) - 540(4B+A) + 1560 (5B +A) - 1800 (6B +A) + 720(7B +4)
780 (4B +A)° - 1800 (4B +A)% + 360 (4B + A) + 720(5B + A) (4B + A)
120 (4B +4)°

-478 (4B +A) + (7800B + 15604 - 10800B - 1800A + S040B + 720A)

660 (4B +A)> + 720 (5B +A) (4B +A) +120 (4B +A)°

19128 - 478A + 20408 + 4804 - 660 (4B + ) + 720 (4B + A)°

720B (4B +A) + 120 (4B +A)3

1288 +2A+60(4B+A)> + 720B(4B +A) + 120(4B +A)° (a22¢)

¢+1276+9666) +17016“) + 10506 + 2666 + 2867 + 68
1275 + 966 ) + 1701 @ @) + 3¢ + 1050@ ©) + 10r )

266 #®) + 155 + 10 3))? + 1569

28(F 7 421 D5 + 35k W F®) 41055 (7))

F® 428r® 5 4568 PF®D 435 @) 2

(3).2:

210F ™ (#y2 + 280 @) 2F + 105 (0

e s
s o

A AT
(7700 . T gt T3 P DA AR
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= 1275 +966F ) +1701F M) 4+ 5103 (5)°

+ 1050F ) +10,500F

+ 266 ® +3990F @)% + 2660 (F 32)% + 3990 ()

+ 2857 4+ 5888 )% + 980Fr “r @) 4 2040r P )

®) 1 28r®)F + s6rCIFP) 435 @))?

+F
+ 210F@ 2 + 280 )% + 105 (1)
= 127[2(4B+A)] + 966 [-6 (4B +A))

+ 1701[24(5B+A)] + 5103[2(4B +4)]°

+ 1050([~120(6B+A)] + 10,500(-6 (4B+A)][2(4B+4)]

+ 266 [720(7B+A)] + 3990[24(5B+A)] [2(4B+4A)]

+ 2660[-6 (4B +4)]° + 3990(2 (4B +A)]°

+ 28[-5040(8B +A)] + 588[-120(6B +A)][2(4B+A)]
+ 98024 (5B +A)] [-6 (4B +A)] + 2940[-6 (4B +A)][2(4B+A)] 2 |
+ [40,320(9B+A)] + 28[720(7B+A)][2 (4B +4)] ]

k| : + 56 [-120(6B+A)][-6 (4B +A)] + 35[24(SB+A)]2
.

¥ + 21024 (5B +4)] [2 (4B +A)]% + 280(-6 (4B +A)12[2(4B +4)]
E | + 105[2 4B +4)]"
= B[127(2)4 - 966 (6)4 + 1701(24)5 - 1050(120)6 + 266 (720)7

- 28(5040)8 + 40,320(9)] +A[127(2) - 966(6) + 1701(24)

- 1050(120) + 266 (720) - 28(5040) + 40,320]
4 ' + Bz [5103(4)(16) - 10,500(12) (16) + 3990(48) (20) + 2660(36)(16)

- 588(240) (24) - 980(144) (20) + 28(1440) (28) + 56(720) (24)

b + 3524)%(25)]
| + A2(5103(4) - 10,500(12) + 3990(48)

+ 2660(36) - 588(240) - 980 (1l44)

+ 28(1440) + 56 (720) + 35 (24)21
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+ AB[5103(4) (8) - 10,500(12)(8) + 3990(48)(9)

+ 2660(36)(8) - 588(240) (10) - 980(144) (9)

ERaiaecie i

+ 28(1440) (11) + 56 (720) (10) + 35 (24)2(10)]
+ (AB+A)3[3990(8) - 2940(24) + 280(72)]
+ 210(96) (5B +A) (4B -l-A)2

+ 105(16) (4B +A)4

This completes the derivation of l'z(t,l), F4(t,l), T6 (t,1), and I"S,(t,l).

= 512B + 2A

§ + 64,512 B + 2504°

B + 12,096AB - 18,480 (4B +A)°

f} ‘ +20,160(5B+4) (4B+A)° + 1680(4B+A)* .

{ ‘ Note that

q -18,480(4B +A)> + 20,160 (5B +A) (4B +4)2]

! = -18,480(4B+A)° + 20,160[B(4B+A4)2 + (4B +4)°]

;i = 1680(4B +A)°> + 20,1608 (4B +A)°.

'r!: This makes it possible to write Fs(t,l) as

; Tg(t,1) = 512B +2A+64,512B% + 2524% + 12,096 AB il
;3 + 20,1608 (4B +4)2 + 1680(4B + 4)° + 1680 (4B + A)". (A22d)
3

9. The Parent Moments in Terms of a, B, and t

We know from Eq. (43) that ¥ =T (t,1); Eqs. (A3), (ALS), and iF

(A22) therefore allow us to find the even moments of the parent population

in terms of the jump rates o and B and the time interval t, as -
\ Wy = 2(48 + at) (A23a) . B
b, = 7H-2 + 3(&1-2)2 - 12(28t + at) (A23b)

- — sy —————
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1288t +2at +60 (4Bt +o¢t)2 + 7208t (4Bt +at)

=
(]

6

+ 120(4Bt +at)> (A23c)
Bq = 5128t +2at +64,512(8t)> +252 (at) + 12,096 (at) (Bt)

+20,160(4BE +at)’ + 168048t +at)> + 1680 (48t +at)” . (423d)

This completes the derivation of the moments expressed in terms of the

jump rates for single and double jumps.




S Aaiaa

APPENDIX B

UNBIASED ESTIMATORS OF MOMENTS ABOUT THE MEAN

This appendix is meant to serve as a tutorial for the statistical
techniques employed in this thesis. The major source of this material is
Kendall and Stuart's book on advanced statistics {9). The reader is
assumed to have a knowledge of statistics at the level of Bevington's
book on data analysis [10]. Topics covered here include power sums, augmented

symmetric functions, cumulants, and k-statistics.

1. The Second Moment

As an introduction to the statistical techniques used in finding
the variances of the jump rates « and B, we will consider the problem of
estimating the second parent moment about the mean oo given a sample con-
sisting of M observations. It is well known that the unbiased estimator

of u, is
=2

by “ 81 ™ (81)

Here m, is the second moment for a sample consisting of M observations.

If Eq. (Bl) correctly estimates Hz, then Eq. (42) implies that the expectatiom

value of ﬁz is & That is,

2°

(ﬁ2> =u, . (B2)

Because the number of observations M is not a random variable, we know that




i1 45

E v

Equation (Bl) can be verified by finding the expectation value of m, .

From Eqs. (38) and (39) we find that m, can be expressed in terms of the

2

r M observations x, comprising the sample as

T x - Sty e (B4)

Here and throughout this éppendix, we will omit the bounds on the summation
symbol and assume that every index is summed from 1 to M. Equation (B4)

can then be written equivalently as

SO e o v ot TS

| :

b 1 2

% } L] m, =5 I(x; - L xj/M) 5 (BS)

,; We can reduce m, to a simpler form by expanding Eq. (B5):

i

‘ i

i : s 2

B m, = ¢ Ilx] - inij/M + (ij/M) 1

i Roal 2 2

4 =M "3 (2"1)(2"_1) + (ij/M)

L M

2 "e

| 13

B 1 2 1 2

:5 e o Zx. Sy (Zx.) . B6)

gt M i MZ i (

B |

p} S Because the expectation value of a sum is the sum of the expectation values,

b

' Ll

i skl ok 2

= (my) = ( GZXP - (5 @x )7

i M

; — 1 2 1 2

;' =5 L (xp) -5 (Ex)) . (B7)
M

We already know that
2
(X)) =w, ;
the first term of Eq. (B7) is therefore obvious. In order to write the

second expression on the right in terms of parent moments, we must first

B N e e

SUNNESEPRSNSS—— S —————
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observe that

2 2
(Exi) = Exi R R O

(88)
iy >4

Because i#j for each uncorrelated product xixj, assigning M different values

to i would leave only (M-1) values to be assigned to j. The second term of

Eq. (B8) therefore consists of a sum over M(M-1l) uncorrelated products

xixj. By substituting Eq. (B8) into Eq. (B7) we find that

et e R
() =GB (=) -5 (3 + Bxxp
ik

v DKXD) + (- 1)(xx )]

1
By

v ML)

Z B9)

The expectation value of the product of statistically uncorrelated factors
is the product of the expectation values of those factors. Therefore,

(xixj> = (xi>(xj)

() = ST g - S (e Ga)

NG
M 2

- SMeR) o
V)

From Eq. (20b) we know that
2
= = 1
wy = (G = 1Y)
L Y 2
(xi 2% 1y + 1)

= (xD) - (2xpud) + WD

R T v Y
L 5, B O e
o b E
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The parent mean ui is not a statistic, so that
2
ik

=
"

{ \ =) 1
5 % {xg 2u1<xi> + U

- jp] ey

(]
kS
~

2
=y =By (B12)

We substitute Eq. (Bl2) into Eq. (Bll) and find that

- M=1)
(m2> = M u‘z ’

which agrees with Eq. (B3). We have proven Eq. (BLl), though not in the

most elegant manner. In the next section, we introduce techniques that

simplify such calculations.

2. Augmented Symmetric Functions and Power Sums

We noted that by writing @, in terms of Zx? and ¥ x.x,, we
i#]
could easily find <m2> in terms of parent moments. From Egqs. (B6) and

(B8), we know that

1 2 1 2
m. = = zx. - — (Ex_ -+ z x.x.)
2 M i M? i 1] s iy
-1 2 ik
= Bk, = 2 u XX (Bl13)
Ve b g ggy v

The sums in and T x.xj belong to a class of statistics known as augmented
i#j
symmetric functions. In the notation associated with this class of

statistics, these two sums are represented by

2] = T xi (Bl4a)

2
L] =g 2= . (Bl4b)
14y +J
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In general, augmented symmetric functions are defined as

p1 p2 Py

PPy «-- ps] =Ix Xy T eee X, & (B15)

The indices i through v are summed from 1 to M, though in no term of the sum
are any two or more of these indices allowed to have the same value. As

an example of this notation, we will compute the augmented symmetric function
= 3.5

[221] from the four element data set: X = -1, x = -1, and X, = 0.

2 3

We can express [221] as

- 2.2
[221] = ¢ xixjxk

where i#j, j#k, and i#k for every term of the sum. The number of terms
belonging to [221] is equal to the number of permutations of 4 objects taken

3 at a time. This number is

4.
(4-3).

= 4(4-1)u..(4-3+1) = 432 = 24,

These 24 permutations and the corresponding term of each is given in Table
Bl below. There we find that [221] has a value of -30 for this data set.
There is a more elegant notation for expressing augmented symmetric
functions.than that shown in Eq. (Bl5). For example, we could write [221]
as [221] or (333 2222 11] as [322412]. In general, augmented symmetric
functions can be defined by this notation as
A A A

. Lp. 2 5
pl pz f el pS

2, Lew % D S e 0 (816)
xa e o0 d e L ] ﬁ e e m LI ] .
where ki indicates the number of powers Py in each term of the sum. No

two or more of the indices a through r, as they are summed from 1 to M,

T L B R et N e % |

bl Do st e S RS o e




49

[211] computed

TABLE Bl - The augmented symmetric function
from the data set {-1, 3, -1, 0 | §

xixjxk

e

VL e T

cl
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may be equal for any one term of the sum. Specific examples of this notation

are
2 2
[217] =% xaxbxc
3 6222
[6271] = ¢ X X X X X,
2.3 7.7.2.2.2
[7727] = ¢ X X X XX .
£ b s
Each term of [p1 Py aer B ] is a product of p factors
where

_QE}\1+)\2+oo-)Ls .

Ry A 7
Each term of [p1 1p2 < eee Pg s] then corresponds to an element of the set

(B17)

of permutations generated by M objects taken p at a time. The number of such

e A

s
permutations and therefore the number of terms in [pl 1p2 2

eee Py ] is

ulPl = me1) L. p D) (B18)

It follows that any augmented symmetric function characterized by M
observations and a given value of p can be expressed as a sum of M[p] terms.

The expectation value of such an augmented symmetric function is
Ny ik A
Lo s
%
(Ipy Py “eee By "D
P P P P P
i 1 1 2 2 s ]
(}:(xi oo Xy )(xq ceeX_ Teaa(xy ceeX )

p p p P P P
- M[p]<(x1 1...xj 1)(xq 2...xr 2)...(xu s...xv s

Each of the p subfactors is statistically independent so that
(lp )\lp "2 P KS]) =
Lo B Sy

P P P P P P
M[p]((xi 1)...<le>)(<xq 2>...(xr 2))...((xu s)...(xv b

- [D] [ ' ' ' [ '
MY (e ...upl)(sz...upz)...(pps...ups)

Py

ey

|
' |
4
|
|

—
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! TS . (B19)

It is Theorem (B19) for the expectation value that makes augmented symmetric i

functions so useful. Returning to the example discussed at the beginning of |

the section, we can write m, in terms of augmented symmetric functions by !

substituting Eqs. (Bl4a) and (Bl4b) in Eq. (B13), leading to |

_ ) [21 _ 1 1%
MZ

m

|
2 . (820) !

There are easier ways of finding m, in terms of augmented symmetric functions !

AT st A A i S e

than that employed above.

o

Moments can be expressed in terms of power sum
statistics which are in turn tabulated in terms of augmented symmetric

functions. Examples of power sums are
(1) =% X, (B21a)

@) =% xzi A (B21b)

D

The r-th power sum can be defined as

(r) = % xz (822a)

or

face oo r
B e st

Mné (B22b)

as can be seen from Eq. (38). From Eq. (B6), we know that

2 1 2
mz‘mzxi'Mz Ex,)

or in terms of the power sums (1) and (2),

2
el L)

. (B23)
! 2. M Mg

R AT v A




We can evaluate (1)2 in terms of augmented symmetric functions by sub-

stituting Eqs. (Bl4a), (Bl4b), and (B2la) in Eq. (B8):
5y O (B24)

By comparing the definitions for augmented symmetric functions and power
sums, Eqs. (Bl5) and (B22), we can see that

gl = ) ;

21 = @) .

We substitute Eqs. (B24) and (B26) into Eq. (B23) and find that

PLE ORI
- a
et ) LR

MZ

Equation (B19) shows us how to find the expectation values of [2] and

n’,
(2D =My, (B28a)
<[12]> M(M-1) uiz (B28b)

The expectation value of m, is then

<m2> . <£M:£l (2]

B o
W Ve

_aen (D 1 dn
N N

Q=DM MEED) 2

M? 2

o L), 0, 02
Gl e - et o T S

{
1




We arrive at the same result for (mz} as given by Eq. (Bll).

Equations (B24) and (B26) were derived only for heuristic pur-

poses. Ordinarily, if we wanted to find a power sum or product of power

sums in terms of augmented symmetric functions, or vice versa, we would

consult a table such as Table B2 below.

TABLE B2 - Augmented symmetric functions and
power sums of weight 2.

(2]
I

1

This table implies that

2) = [2]

2 - 121 + 0%

1
(21 = @)

(5] = w2y 4 (1),

ﬁ 1
%

E b

To express a given augmented symmetric function in terms of
power sums, read the corresponding column from top to bottom, down to

and including the diagonal element. To express a given product of power

sums in terms of augmented symmetric functions, read the corresponding row

from left to right, up to and including the diagonal element. Note that

in Table B2 and elsewhere, each diagonal element "1" is written as I:

"capital" one.
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Table B2 is said to be a table of weight 2. The weight of a table 5
is the same as the weight of the augmented symmetric functions in that table. @

Rk A |
s
For the augmented symmetric function [pl 1p2 2... Pg ], the weight p is

defined as i

The weight of both [2] and [12] is 2; clearly then the weight of Table B2

must be 2, i

3. Direct Calculation ofJiZ {

So far, we have only confirmed a stated relation, i.e. that

ﬁz = Mmz/(M-l). We still require a routine procedure for arriving at the i
unbiased estimator of an arbitrary moment. For this, uz must be reduced
to a sum of population values that have easily derived unbiased estimators.
The most obvious class of population values possessing this property are
the parent moments about zero. From Eq. (B19) we can deduce that the

unbiased estimator of a product of parent moments about zero is

% X A
3 B s) =

S

U(upl upz
Nk A :
[Pl 1P2 2"' Pg s]/M[p] ’ (B30) %

where p = Kl i KZ + ...xs.

From Eq. (B12), we know that u, can be expressed in terms of parent moments

about zero as 2
= L} - 1

Because the unbiased estimator of a sum is equal to the sum of the unbiased

estimators for each term, we know that

: M e S et e
= s S X S oo g

et " ; S L R TTIMNE SRS T, S . P -5 b B 6
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- ' ,(2

Equation (B30) allows us to conclude that

N

PN ¢ R ¢
p EoE U
1B v e
M M(M-1) °
Table B2 implies that
2] = @)
[1°] = =(2) 4 €)%,
so that
5= e g
2 M MM-1)
e e ey
M M(M-1) MM-1)
@) @)?

M-1) ~ M(M-1)

2
Gp (& -4y,

¥

We recall from Eq. (B22) that
- 1
(r) MEE .

Equation (B32) can then be written in the equivalent form

£, = G (mg - @D? .

(B31)

(B3)
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Equation (B23) implies that m, = mé - (mi)z; therefore

g e
2 M-1 2 °

There are other ways of achieving this result., First, however, we must

introduce additional functions - cumulants and k-statistics - which reduce

the derivation of unbiased estimators to a routine,

4. Cumulants

We have seen that the parent moments about zero are both simply

defined and easy to use for finding expectation values and unbiased

estimators. There is a major drawback however, in their application; the
value of any moment about zero is dependent on the choice of the origin.

Because many calculations involve quantities that are independent of the

choice of origin, there is a need for an origin-independent population value,

We can gain some insight into this problem by examining the

r-th parent moment about zero u; for a continuous probability density

function £ (x),

-]

Wl o= [ * teyex, (B33)

-0

Also corresponding to f(x) is the characteristic function ¢(t) which is

defined as

L}
2

o) = [ '™ fayax . (B34)

The argument of the exponential is complex, so that the integral can be

defined for a wide variety of functions. We can expand the exponential

iﬁ’ﬁq. (B34) and obtain a different though equivalent form for ¢(t),

s —————————
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: bs 2en ot o e Sl 4
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® : e
Joa+ -(——-”i’.‘ + -L—-)——lg’.‘ + ...) £(x)dx,
o 7 v

o) =
= ( £@dx) + ( x £@)dx) %—‘,‘)—
(fn 2 git!z
+ (J x" £ (x)dx) 51 + e 3 (B35)

by substituting Eq. (B33) into Eq. (B35), we find that

: 2
S5 = Tapr SERE L0 SBEN. L0

1. iE - Tig TR . (B36) |

We can use the characteristic function to generate u; by employing the

simple algorithm

bl = 1 o) . (837)
t=0

We have previously remarked that one of the disadvantages of

working with moments about zero is that the value of such moments depends

on the choice of origin. If, for instance, we were to augment the value

of the origin by c, the corresponding moment u;(c) would be

d.r it (x-c)
) J_ e

M;(c) (-i f(x)dx

-

t=0

S [~
= (-1 é%)r e-ltc I eitx f(x)dx
-

t=0

4T I 5] : i

= (-j_
lewo

In general, u;(c) promises to be very different from u;. Suppose however,

that we define a new population value - by the cumulant generating
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function log ?(t) so that

d..x s
® % (=i ac log 2 (t) . (B39)

If we were to change the origin by c again, but this time generate %r(c),

we would find that

B (c)

]
—~
1

=]
Sedior P it (x-c)
i3t log({°° e dx)l
t=0

=]

= (-1 ) log(e M | e“"dx)|
-® t=0
LR i e l
= (-1 EE) (-itc + log ¢(t)):
e=0
o e %
= [(-1i at ) -itc + r]l
t=0
= - "
c 51: + -
or i for r > 1 , (B40)

where 61r is Kronecker's delta. These population values, called cumulants,
are invariant with respect to the choice of origin except for the first,
which is decreased by c.

Cumulants can also be related to the cumulant generating function

by
2 v
log p(e) « AEEL w L AEL x ., QB o (B41)
Es 1 2 2 T v
this is simply a solution to Eq. (B39). We can substitute Eq. (B36) into

Eq. (B4l) and see that cumulants are related to moments about zero through
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w! (it) u;(it)r

*—ﬁ-—+... = e )

P 2 T
=nliﬁl+n2%2—+...+ﬂrlﬁl+... (B42)

log(l +

or equivalently
et K
log (1l + BE 5 et LR

+o (B43)

and

ulc uzc "t
exp{—fz'+-7:——+... -?E—+...} 5 (B44)

An explicit expression for the r-th cumulant 'Ar in terms of moments about
zero can be found by expanding the logarithm in Eq. (B43) and picking out

r :
powers of t . That is,

|)\ |')\

i w!\tyfw
v = SN et o) (Pz\z et
i Ve g ey TR dR T S (B45)
TR 3 \2/

where the sum is over the partition of the integer r such that
plkl + p2>\.2+... = r and Nt ?\2+ eee = 0. Similarly, an explicit expres-
sion for the r-th parent moment about zero in terms of cumulants can be

found by expanding Eq. (B44),

it wret
1+——1+"'—r—1—+”'
K.t "t w e
1 & T
= exp(—lT) exp(——zT) eee exp( ! 3 e
: nlt Kitz uztz 1 [,/”-Zcz\,2
= i_l+-i:—-+-?:-—+ ...}{1+ ¥ +'2-\ !/} Bsit win
r Krtr : /n tr\‘z
X (14 —— + 57 | bl s g e (B46)
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and then picking out the terms in the exponential expansion which, when

o ; r
multiplied together, give a power t . We therefore have

fu 1A " A
2
e f otk [Te
p! o=y N 'I'; T | } %i coe (B47)
r L. 9 ...x Py- Py

where the sum is over the partition of the integer r such that pl\l +

A =
p2 2+... r.

By choosing the origin of the distribution so that ui = 0, the

cumulants can be written in terms of moments about the mean. For example

2 2 -
p o {94 M 1 Tyt = '
My 4“-3. 1 3U-2 + 128 W 6K

A 9y 1

L hoph T
=k, - ¥ .

Equation (B47) can be used to show that 1 =Hi. If we assume that p! = 0,

1
the expressions for parent moments about the mean, in terms of cumulants,

are often considerably simpler than the corresponding expressions for parent

moments about zero. For example, for the fourth moment about zero, we have

e 2 2 T4
Ve B 44+4%3%1+3n2+6n2n1+/.1 ;

for the moment about mean, however,

; 2
H4 = 44 + 3n2 o

Therefore from Eq. (B47), we can write the second through eighth parent

moments about the mean in terms of cumulants as

(e, &8 1% o g
& s

)
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by = %y (B48a)
Mg = g (B48b)
T (B48¢)
4 4 2
p.s = s + 10;4.314.2 (B484)
b =+ LSk, 4 1002 + 1503 (3422
6 6 42 3 2 LR
2 :
by = A7+21A54 +35K443+ 10514342 (B48E)
2
wg = " +284642+S6n 43+35r‘4+210r442
&
+ 280n 342 + 1054, . (48g)

Similarly, Eq. (B45) can be used to show that

", = p.z (B49a)
"y = b (B49b)
Ky e, = B B49c)
o W (Rrene
g = g = 10p3p2 (B49d)
K e S B0 b O (B49e)
5 " g 42 3 2

— - - 1 l2
g = by 21u5,u2 35,..4;43 + 21m3p2 (B49E)
e g = OBk = 58 - 33?4+ 4o0u,u2
o ol 62 s 4 i

+ 560u2u, - 6302 B49

5. k-statistics

So far, we have only shown how moments are related to cumulants.

We have not yet shown how cumulants can be used to find the unbiased

estimators of parent moments. Because every parent moment can be expressed
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as a sum of cumulant products, a way of finding the unbiased estimator of
i a cumulant product could facilitate the search for an unbiased estimator

of a parent moment. Equation (B45) gives us an expression for a single

cumulant. The equivalent expression for a product of cumulants RS RS

is

nn -;.=r:S: eeo! A 1 T \ }‘ \ _I-‘,' eeef 3
I ‘ 1- Xzo ....pl. / \ pzo/

/

! Ao/ b\ A
S A AT p\ 1f Hpo N
Nt eentt Br bl R s

the symbol ™ indicates that we are taking the product of the sums corre-

sponding to the cumulants that comprise the cumulant product HoHgees

In Section 10, we find that this product can also be expressed as

P S ———

1

o4
!
1
Al

RN N i
——y » Z(p‘l) b 1 ~— p 1 P 2 -’
e L) {-1)t] I £> ( é)

Sl i
nt(kllkzi e : pll \pzl i (Bt

i
-

where for the index of the first cumulant product, namely r, we have a

e A

partition of the integer r such that plkl-+p2K2‘+... = r and K1-+k2-+... =p.
There are similar partitions of the indices s,t ..., and inside the large
k| summation the symbols T and £ are used to denote multiplications and sums

to cover all of r, s, t ..., while the large summation sign denotes that
s we must sum over all partitions [11].

Now that we know how to represent a cumulant product as a sum

of moment products, we can use Eq. (B30) to find the unbiased estimator
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We call the unbiased estimator of At e the k-statiscic k_s... . Thac
-

is :

% B0 o)

rs £'s (853a)
or
kl Xz
LSent Sl sl niste, : (Mep; 2, "...)] (B53b)
T T T Kyt eeel x, Y w(Z5] y

ﬂi@lb‘sz {-J

where the sums and products are taken cver chz same partitious and indices
as ia Eq. (BSL).
To illustrate, let us work out k32. The partitions of 3 are 3, 21

3 2
and 17, and of 2 they are 2 and 1. We shall therefore have terms

-
o
)
w
(3]
(i

: :
(31%1, [2*1], 2171, md [17]. fus fizet vern s
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This is followed by

Gay g g g T O
2 oy e NE)
and by
T S b S T pre] - ety
4% e poree g Sla L e e

The fourth term, however, consists of two parts, namely

o iy T o LSRR L R )
3.1 il g :
ity
1+1 2 3 ulé]
and (25 ) ok 1% G o [2L.1%] . 31
1:12.2! atns.an? w2 g8l

while the last term is

o0 it L I NN 1 L R s e
3727 Y YRS I L

Therefore, we have that [11]

Dl o G e
- TS B e wlel 03]

Fortunately, many k-statistics have been tabulated in terms of
augmented symmetric functions. These tables are arranged according to
the order of the k-statistics and the augmented symmetric functions in the
table. The order of a k-statistic is equal to the sum of its indices;
the order of an augmented symmetric function equals its weight as defined

by Eq. (B29). For example klll is of order 3 and k321 is of order six.
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The first order table is
kl = [1]/M . (B54)

The second order table of k-statistics and augmented symmetric functions

are shown in Table B3.

TABLE B3 - k-statistics and augmented symmetric
functions of weight 2.

kll k2
2y ml?! 1 i
(21/M 1 T

The conventions for reading Table B3 are the same as reading Table B2.

Thus
2imt? -k
[21/M = ku + kz
a2 128
k11 = [17]/M
k, = ~2ym® 4 2.

We have now acquired most of the tools needed to find the

unbiased estimator of a moment. Next, we will state an algorithm for

using these tools and apply the algorithm to two examples.
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6. Algorithm Bl: Finding the Unbiased Estimator of a Population Value

At this point, we choose to outline the preferred method for

calculating the unbiased estimator of a population value.

a. Find the population value in terms of cumulant products.
If the population value is in terms of parent moments, this can be done
by employing Eqs. (B48a)-(B48g).

b. Convert each cumulant product to its corresponding k-

statistic, in accord with Eq. (B53a).

c. Using the k-statistic/augmented symmetric function table of
the same order as the k-statistic, find each k-statistic as a sum of

augmented symmetric functions.

d. Using the augmented symmetric function/power sum table of

order r, find each augmented symmetric function as a sum of power sum

products.

e. Replace each power sum (r) by a power sum about the mean

S, defined as
3 r
= = 1 =
S, -.2 (xi ml) Mmr ‘ (B55)
i=1
This substitution is justified by the fact that the value of any

k-statistic is independent of the choice of the origin, so the con-

venient choice is one such that mi==0 and therefore sl==0. The resulting

unbiased estimator can then be expressed in terms of sample moments about

the mean.
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7. Algorithm Bl as Applied to “2

a, Find Ky in terms of cumulants by Eq. (B48a), uy = NZ.

b, Find the k-statistic corresponding to # According to

2.
Eq. (B53a), KZ = k2 and therefore #2 = kZ.
c. Find k2 in terms of augmented symmetric functions via a

2nd order tahle such as Table B3. We thus find

k, = -2 4 2gm.
Therefore

:”2 =k, = [2]1/M - 1121/ mMee-1)) .

d., Find the augmented symmetric functions in terms of power

sums. From Table B2, we know that

2] = @)
(121 = -2 + 2.
The unbiased estimator ﬁz can thus be expressed in terms of power sums
as
i - 1121/ (M-
G, =4 (121 - 1°1/ 1)
L 2
=5 (@ - (W @)/ M-1)]
=z lon+ ey - w¥eend .

e. Replace each power sum by a power sum about the mean as

defined by Eq. (B55),

(s, o) - szll(M-l)} 3

e Lo

U'2=

However because sl==0, this simplifies to

e ——— BSOS
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f. Express the unbiased estimator &_ in terms of sample moments

2

about the mean. That is

e S agtion
o " M-I M " M1 2

8. Algorithm Bl as Applied to HA.

a. Equation (B48c) enables us to find Hy in terms of cumulants as

A 2
—44"'3%2 °

'
b. Because of Eq. (B53a), we can express ﬁé in terms of k-statistics

as b
u4 = k4 + 3k22 .

c. These two k-statistics are both of fourth order; we can find

each of them in terms of augmented symmetric functions via a fourth order

table such as Table B4 below.

TABLE B4 - k-statistics and augmented symmetric functions of

weight &4,
L5 k211 k22 51 %
(1t ] I -3 1 2 %
(212 /! 1 1 3 w3 12
(221 /m!?! 1 2 1 %
(31]/ml?] 1 3 1 -4
(6] /M 1 6 3 4 I

AP
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From B4 we find that

k, = st 41202021 mBY 232t gyl
+ [41/M
kyy = ntyml - 23 22 l?l

Therefore, ﬁh can be expressed in terms of augmented symmetric functions

as '
SRR s T T B O
L ] 3] wl2] ul?] M

4 2 2
sac il BB Ly
wl%] ME) (2]

s s Y E |
Gt ¥R e

d. Table B5 gives the relation between augmented symmetric

functions and power sums of weight 4.

TABLE B5 - Augmented symmetric functions and power sums of

weight &4,

| ]
| (4] (31] 12%1 121%) n*
! *) I -1 -1 2 o8
EIYe 1 1 -2 8
e 1 I .t el
! 3 ‘l

@) @) 1 2 1 : T
} Wy’ 1 4 3 6 S

- ..‘, - j».~ .'A[” "“‘m‘”M\:“’fg‘@ "
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In Section 2 of this appendix, we learned how to use a table of this kind

for finding augmented symmetric functions in terms of power sum products.

We therefore know that

4

itl-=

21%] =

[31] =

[41 =

We can now find ﬁa, in
G, =
e

Table BS5 implies that

6% +83)() +32)2% - 62) Mm% + ¥
28) - 23 - @% + @7

- + (3

@)

terms of power sum products, as

S3-6G) + 83 M) + 32 - 6@ + mld
612(4) - 23) (1) - @)% + @ @?1/m3!

al-) + AW IMP 4 @y

@) [-1-+ -

2 6
+ @) [
W3]

12 18 ] [-4 12 24 ]
% ¥ + () (1) 2 s
R 3 e R e

4
9 A ko) 18 3
- ow [——+-——1
1 G317 AT |7

L 13]

3(2)2{—2— +

K 4 12 18 <2 (35 1 i 3 6
@ [M e g e ] s )[Mm peiri o MM]

lw

£

3 ] 3’

2 1
+ 6(2) (1) [ 5
4 ] T e |

e. The expression for ﬁ& can be greatly simplified by substituting

power sums about the mean for the power sums; without loss of generality

we can assume that s1 =

0 and obtain the simplified expression
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f. In terms of sample moments about the mean, £4 now appear

’ 4 12 18 2 _2u M :
8 =m [1 + = + ] = { % J
4 A M-1) (M—l)[zl (M-l)[3] 2 (M—l)[2] (M-l)[3]

9. Algorithm B2: Another Method for Evaluating k-statistics [12]

We have already shown how to find a k-statistic of order m in

terms of augmented symmetric functions from a table of order m. The

purpose of this section is to show how to evaluate a k-statistic of order
m, given a table of a larger order n. This method is outlined below.
a. We want to find the m-th order k-statistic krs"’ from on

n-th order table. This is accomplished by first finding the n-th order

k-statistic krs 1(n-m) in terms of augmented symmetric functions.

For instance, if we wanted to find kz from a fourth order table, we would

first have to find k or equivalently k .
2LE 2]_2

b. Notice that the k-statistic krs

1(n-m) can be represented

as a sum of symmetric functions which all contain unity to at least the

(n-m)th power. For example, Table B4 implies that kle can be represented }

in terms of augmented symmetric functions as

- <11%1 nltl 2, . 13]
k211 [17]/M 4 [21° /M.

In this case, (n-m) is equal to 2; we can see that each augmented symmetric
function contains unity to the second power. It is also true that the

argument u for all M[u}'s in the expansion for krs 1(n-m) is as least
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as large as (n-m). For the case of k 1 arguments of M[al and M[3] are )
both obviously greater than two. i

¢. In order to find kr from kr (n-m), we simply reduce

Sl b

all powers of one in the associated augmented symmetric functions and all

arguments of M[u] by (n-m). From k212, we could then find that k2 is

kyp (2-2) = k,

[4-2] [3-2]

-[14'2]/M + [21(2'2)]/M

=-[12]/M[2] + [2]/M ,

as can be verified from Table B3.

We can prove this algorithm by considering Eq. (B53a), the

definition of the k-statistic k 3

krs... = U(Krus...). (B56)

o IR VA A ey Y R S R

It follows that

k L(am) = UG # ...nl(“'“‘) )

Sy v (857)

Because % = ui, we also know that

kg, . . (@m) =00 ... uim-m)) ‘ (B58)
From Eq. (B51), however,
”'r”’s”'“']'.(n-m) 5
. 7 “'l \)\ /p‘l \}\ \: o
r!s:.“T‘(-l)z(p'l)'ﬂ{(p-l)!} ﬂ-\(—p—]ﬁ} ; {"'_?; 2-'.;5 U"(n-m) . i
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We can use Eq. (B30) to find krs l(n-m) from Eq. (B53b). That is,

Ees. . pivm) = %
e |
5, 2 (n-m) }
T HECD a{g-11 rls! Sk T L ?
TR ARt susl : A A i i
s Mikg ol i % +(n-
n{(pl.) (pz.) send M[Zp (o) ]
(B60)
i
However, we know from Eq. (B53b) that krs can be represented as ]
k =
Edes.
P
1154
C:"“(_l)Z(p-l) TTL(‘C‘I):I r:S: [TT (Pl P2 -..)}]
PR e A A (Zo] :
Locriad SNy e ne see i 9 &0
Ke? 8 Lpgl) ety T B
1
Notice that the coefficient corresponding to each term
X oA
[.’r(pl lp2 2...)]/M[z°] in krs is identical to the coefficient corre-
X I.I. g
sponding to each term [ﬁ(pl 1p2 2 )l(n_m)]/M[Zp-F(n m) ] in kr= 1(n-m) .
For example, the coefficient corresponding to each term [2]/M[1] in k2 is

identical to the coefficient corresponding to each term [212]/M[3] in

k211. This, of course, is the same principle used in the algorithm out-

lined above.

10. Partitions as Employed in Defining Cumulants and k-statistics

We have already noted in Eq. (B45), that

¥ B A N R A
S e P 1{ Pol <
Krgr. Pl ) ')\ 1 p "- .l——r‘ ese
e .1- 2;-.. lol \ pznl

where the sum is over the partition of the integer r such that

>\ = )\. = 1 1
plkl + Pty tee = and ;2 kz + ... = 0. An example will clarify the




74

term partition. Consider the integer 4; the set of combinations belonging

to the partition of 4 according to the above prescription is

{4, 341, 242, 2%1#1, Lel+lsl) .

This partition can be represented more elegantly as

{4, 3+1, 2x2, 2+1x2, 1x4} ,

or better yet as

ok, gl 2% L2 %

Every positive integer has a corresponding partition. One possible combi-

nation belonging to the partition of r is

A
B g A
pl p? LIS pt bl

where, of course,
plkl + pzkz *ogas pckt =,

We could be more specific and consider the j-th combination of the partition

of ¥

or

The quantities pij and Xij respectively will be called the i-th base and

the i-th power of the j-th combination of the partition of r. To each

j-th combination there corresponds a sum of its powers pj:

pj -)\lj +)\2j = s /\tj

M MR o AR ot -
SN A N R Sy ot
o s ol e B AT o)
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or

= E Kij .

Using our new definitions, Kr can be represented as

p.~1
coel(=1) 4 (p.=1)! A
n, = it mogr 3, (B61)
i e ) At P
or equivalently as
L A
n = N 1 1.]
C, 7™t ) . (B62a)
J
where o=l
r!(-1) ? ¢~
Cj = K 5 (B62b)

{ ] 1}

As an example, we compute %_ using Eq. (B61l), by first noticing that the

3

partition of 3 is

{3, 2+1, 1+1+1}
or

s, 24, ),

The first term of ». is then

3
pl-l
A, 3i(-1) (p.=1)! i,
Clﬂ(“" )11= }\1 -n-(“‘,)ll
i pil . il il i Pil
Tl )t T
p 8
33:(-1)1'1\1-1): &,)1
rxloae 3
(39) (L)
=p5 "

- -
v e e
AT v T
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This is followed by the expression for the term corresponding to the com-

bination 2111 and j=2:

\ 31 ( 1)92_1( 1) )\
’ = po=l)e -
ng Q"’;, 2) §2 > - 2 - (“‘jl_z) i2
i v 32 |
3 -2 2-1)! i
e -(' ) KZ‘ )4 é) (y,ll>

tehranitantan)

S T
3\&21.1.1 .
The third term, which corresponds to 13, is

Pyl

X 3!1(-~1) (p4-D1)! A

Cya ™ G ) = T )
15

P s ; P.
o wle i e s
1

i3

saen Ol gy
{an’a@n)

¢’

3
o '
2“1 o
We add these 3 expressions together and find that

& C 1t 19
”3'“'.:5 3A2u1+2u1 . (B63)

In Eq. (B61l) we represented a single cumulant in terms of parent moments.

When dealing with cumulant products, however, more than one partition is

is required. For example, in order to express nyty in terms of parent
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moments, partitions of 3 and 2 are involved. An index is necessary to show

which partition a given kij’ P S or pj belongs to.

1]

identify the particular partition to which Kijm’

rmth cumulant is then

il
-~ :(-1)p3‘“ e o
Kn m jm

Mz e T !
r ___J l. - p..
m , 1jm q 1 ijm
or
- ‘:? N ) ijm
Ladm g " Pyap ¢
il
where

' pjm-l '
: i rm.(-l) (pjm-l).
jm s ki m :
™ ey 5t B, ytd

ijm

A product of cumulants is

,,..‘_ Syt Pyt (D!

i . ' :ij '

=

or

As an example, we compute %3%2. We already know 13 in terms of parent

moments from Eq. (B63). The partition of 2 is

ijm

o -

We let the index m

ijm

and p

ijm

The

(B64a)

(B64D)

(B65)

(B66a)

(B66b)

T




: bl S il s ey
ol ¢%ea, BASHEIE Ve
g ¢ AT S »0-7—--~i

or

Chie o

.

The term corresponding to the combination 21 is

gt fery Gty 1y 1

&,)
@Hal) 7
o [}
- uz .
The term corresponding to 12 is
D a0 S
7% i 1
(1)7(20)
- '2
Therefore
n, =4t z

il ales WO

From Eqs. (B63), and (B67), we know that

- D 1 1 ] ’3 1 |2
Moty = Ghg = ey + Ay ) Uy -0y )

P L Te e U 2 v 12, ' '3_ 5
Mo =By = 3up By domal T - 7

Now that we know ) in terms of parent moments, we can use Egs.

and (B53a) to find the k-statistic k32. That is,

e e e e e e .

x
~
A

S o nr-y ‘ !’

(B30)

(B67)

(868)
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kga = Ultyny
] 1 1 l2 '2 1 ] |3 ls\
=UREH,)) - Uk ) - 3UE, Wi) ¥ SUGEIT) - 206 )

. (B69)

Cpeey . gl ety osed’ am
w7 e e ) Iyl v )

In order to express a given k-statistic in closed form, we must first
change Eqs. (B66a) and (B66b) from a product of sums to a sum of products.
In order to accomplish this, we must change our indexing system somewhat.

For example, it is clear from Eqs. (B64b) and (B66b) that we could repre-

sent %, and ®_ as
3 2

3
. = ' 1y, t '
Mg ®Spiha T Sodhaly T 60y

2
- 1 \J
"o =GP t Sy

and % %, as

32
Wty = €4 JCL Wlaplip e ¢ ' u'z
3ty = ©11%12 3y F €180k 3H
2
0oty ! TR T
+ oy Cqighy By * Sy Codhh g

I3' 1 |3 |2
e3¢ P F €315 *1 ¢ (870)

+

In Eq. (B70), the first index of ij labels the j-th combination of the

m-th partition. We could, however, allow j to lable the j-~th combination

pair of the partitions 3 and 2. The partitions of 3 and 2 are

{3, 2+1, 1+1+1} and {2, 1+1]}

or

{31, 2111, 13} and {21, 12} .

L ST

Gy

AT T AT W : " g - i ’
RISl B ™9 A0 R 2~ 8 P 5
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The corresponding set of combination pairs is

f3tmat, st ot nlind alal Gdaly

If j is the index for combination pairs, “3“2 would be represented as

e = (el v 12

e B DA P ot S S Ty sk R

P CoayCadbderallt 6, €, ! '-u'z
31832 P 1My T SR

; |3‘ ' D g2
. T Sstsd P D Entedty By -

For a product of three cumulants, the equivalent sum could be over

combination triplets; in general, a cumulant product could be expressed
as a sum over a set of combination multiplets. Using this new notation, B

any cumulant product can be expressed as

/ 3
forh / X ;
Nl 5m ) »
non P P T ) S (B71)
e e A R ]

e e e — g A

;<

i

Because multiplication is associative

E 4 !
Z e, YT e )kijm (872) !
& o = : ; B ]
% rl r2. .o J < !‘n Jm )L‘, i pijm ’i
; / ! pjm-l ! ; Nia
gl e Tl Gt A L P =
17 lh % T S S
{ ! ijm l} i" ijmg i

or employing Wishart's notation as in Eq. (B51), Section 5,

[ Nee——

L«N
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s
HEC-1) ‘ | ApiBpiady o
D = 1 1 . -oo) .
N r's'“'»« n{(A. T e “ P, ;
From Eq. (B73), we can easily find that the k-statistic corresponding to
x is
He W
rl r2l..
Jm 1 Kijm
—/—r t(-1) (s 25 L [ i Piim ]
k =5 . A (B74)
S ey U ¢ A L 0.1l
A T Teie oWl iy on R
i ijm’ "’ ijm’°
because we know from Eq. (B30) that
A
ijm
/ B X [ P ijm 4 ] |
) 11 ats
gl oy T m[z ] :
\.“ m,i ijm Mmme
Using Wishart's notation, the k statistic kr can be expressed as
k =
£Sous
Koot
SR : O T
i ( 1) ffrnalyil eltal.. g I e e
{Klokzoo-tvf h 7\2’ M[Z p]

ity b S

Let us, for example consider computing k the unbiased

3

estimator of A3K2, in terms of augmented symmetric functions. We apply

Eq. (B74) to this problem and let r1=3 and r2=2. Therefore

kyp =

)
P

N
i el P 141 iRy
\ 3t (-1y dt (® 1oL 21¢-1) 32 -1)! 0 Pij1 " Pijp

—

A A TETIS
1 ijl ! ] jl _]2
Tyt TRy . (o)
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We recall that the partitions of 3 and 2 are

(3t bt 13 ad (2%, 193,

and the set of combination pairs that Eq.(B75) is summed over is therefore

The term corresponding to 31-21 is

A A
0.,-1 S| i1l 112
RN S vee1y L2 -1y! [ *p P ]
31(-1) (py,-1)* 2! (-1) (py,~1)! i i12
A, A fe.; € 9,,]
v LLL ' T2 f 11 12

sieay P gy sray@hao: ptaly

ahl an @y ab Pt
= (32120,
: 1.2 .
The term corresponding to 3 1" is
A A
e §oio 121 122
Croty ok PEC oy e S gl P
31 (-1) o,y 1) 21 (-1) (0,51 ;T 22 ]
A A 05y + Pool
L ! Mo ; 21 ¥ P22
. (gt 77 ()] 5 flogg)t gttt W
_ e Vaay. aen ) gant i3l 2

aotan anael) ull+2]

- - p1*ym!d
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The term corresponding to 2111~21 is

3@ Ve T A
fentanitantan) ehtan yle+ 4
- . - 321wt

The term for 2111-12 is

| 31-1) @ Voo O D i o ¥ O e i |
% | (entanitantan: anal) w[2+2]
{ = 32084,

{

The term for the combination pair 13‘21 is

35y S Wyt o givaii G- B or
anzah eHrab y3+11

e ot £
. g

— 2[213]/M[4]

o The last term, which corresponds to the combination pair 13-12, is

31¢-1C V3yr 20-1@ Doy 3.4
an3ah anan uld+21

= -2[IS]/M[5]
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Therefore, we know that

2 2 3 3 5
(321 131} 3[2'1] = 32l l,+ 2p2r 12
3 S o oo o) s Lo e U

kyp =

=

by apbuy csiddy cant
By e e ¢ SRS s

which agrees with the expression for k32 obtained in Eq. (B69).

11. Another Application of Cumulants

In Appendix A, we found that in order to compute the parent

moment s Uos My Mg and Gg» it was oJavenient to define G(r)(t,l) in

Eq. (Al3) as

% dor
Ve = G e Fen)]|
z=1
Sections 4 and 7 of Appendix A were spent in finding G(r)(t,l) in terms of
7

(t,1) for r ranging over the integers from 1 to 8. These tedious

calculations can be circumvented however, by observing that u; is related
: ¢ ; : r ; T ¥
to #e in a way similar to that in which G( )(t,l) is related to F( )(t,x).

From Eqs. (B37) and (B39), we recall that

d
) o= (ko= T o(t)

t=0

%= (-1 log ¢(c)‘ g
£=0

et e e e

ey o . ——r -

% e o “‘. "‘*‘f‘:v"_ vilt;':- B 280
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We can define p(t) ® log ¢(t) and make the change of variables x=1it, to

find that
g (f;t)r exp [p (x)] (B76a)
x=0
o= (T o B76b
r dx’ P s ( )

x=0

We would expect then that G(r)(t,l)canbe expressed in terms of F(r)(t,l)
in the same way that u; is expressed in terms of Moo For instance, from

the fact that ua can be expressed in terms of cumulants as

+M.4

i 2 2
p.a n, +4n K1+3K2+6K2"‘-1 1

5 "%y
ve know that
¢® ey = F® 0 + 45D a0 M ey + 3@ 1,0)12
+er P,V a0+ Va0,

as is confirmed by Eq. (Al4d). Therefore, the method used in expressing
moments in terms of cumulants can also be used to express G(r)(l,t) in

terms of F(r)(l,t).

B —— s.m,h — T—
SN o 2 n Foat A
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APPENDIX C

VARIANCES AND UNBIASED ESTIMATORS OF at AND 3t

1. Introduction

The purpose of this section is to give detailed derivations of
quantities mentioned in the main body of the paper. Here we derive the
A A
unbiased estimators of ot and Bt, the variances of ot and Bt, and the

unbiased estimators of these variances.

2. Unbiased Estimators of at and 8t

Equation (36a) gives ¢t in terms of parent moments

=L S
at = 6[4912 + 3@2) u-4] .

Algorithm Bl given in Section 6 of Appendix B shows how to find the unbiased
estimator of a population value such as at. Tirst, we find ot in terms of
cumulant products. Equations (B48a) and (B48c) give the parent moments

“2 and ua in terms of cumulants:

e

s 2
By =%, + 3n2 “

Therefore, at can be expressed as

at = 24(x,) + 307 - (5, + 35)]

Lo, ;
T 6[4"'2 "‘4] . (Cl)
The unbiased estimator of ot is then, by Eq. (B53a),
L T RS ) TR
at = 6[4 = KQ]
- Lok, - k] (€2)
G (N

R DTSR S W N RN W R st
Ea2 g s 1 At P Sha i o34
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Because k2 and k4 are of orders 2 and 4 respectively, tables of orders 2
and 4 are necessary for finding the k-statistics in terms of augmented
symmetric functions. Using Tables B3 and B4, we find that

2

oA 3 1 121
at=6{4(-i[—2]l+ e,

oSBT R agty sl g
il - el - ol il

Ak (C3)

From the second and fourth order augmented symmetric function/power sum

Tables B2 and B5, and Algorithm Bl, we see that

¢ 4 6 a
{ - 12 (8,0 + = (8,) + LA (-6s, + 3s; )

O |1~

ot =

2
s

4 (),
ghbT £ GT2) Sl e

—

2 3 2
(2s, = s8°) * ~==— (-8, + 5.) +
M 4 2 M[Z] 4 2

2 2 2
i { 452 3 452 363‘+ ].852 2454 1252 7s4 332
6 M[2]

S

4
- + - + - 57 - s 1}
RS e e R ST € e e -

|
[o N

La( s+ =rgey 5, + A~ g ol o 0 Yo
Mo 217 72 ml21 7 31 7 (4] 2

1 7 24 36
- (= + + + Y8}
Sl e R

6 2 2
\1[4] ) Mm2

OV

{6¢2+ Loy m, + 32 + o s
LY MRS

7 24 36 5

1
=t o B ) Mm
CIE R R 1 R B

&

{—M—m + 3M( A - it + 6
1™ ML) T ey T ey

Lo o

2
7)m

7 24 36

+ - +
1) T o BT Y T

-1 7O m, ). (C4)
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A
Similarly, 8t can be found in terms of the sample moments. From Eq. (36b),
we know that

1 2
8t = 5% [, 35 u-?_] .

In terms of cumulants, 8t is

2
Bt = 24 [ny, + 3n = 35 - nz]

s,

e T (c3)

Again we use Eq. (53a) to find the expectation values of the cumulants:

A
Bt

= 3% [y = 7l
=L [k, - k] (c6)
24 4 2 i
We already know k4 and k2 in terms of augmented symmetric functions from

N
calculating at, so that

4 2 2 2
fo ok -8, L0 3021 4O gl . L], B2y

ul4] ul3] ul2] uf21 M ui2l M
2
L 6f1%] . 13fa1*t - 3l 4[31] [4] e 5
o e M -fﬂ-LM i e Gl g

A
Tables B2 and B5, and algorithm Bl show that 3t can be expressed as
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12 2
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( 4(-54) (54)

+

3 2
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w31 "4 72 ial S A i

(=s,)  (s,)

M

&
24

e
+
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‘ < 2%

[2] M

4
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3 24 36_) s,

1
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24 36
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M[Z] M[3] M[4] 4
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where

R

+ +

i
wl2]l 03]

Yobmy, = ( ey ey
4] 2 wizh )

- 24 36

L +

4

+ )m
R R T e

6 M

™M-1)

A

N\
at R.am2

A
Bt = Rgm, + Sgm

+ S m

£

2 ——
o= 1y B3] ) m T2 3o (€7)

A

We can also express at and Bt, given in Eqs. (C4) and (C7), as

2
o2 * T (C8a)
2 * Tem (c8b)
2 8%

(C9a)

(C9b)

6 M-1) a3 i} + (M‘l)f3] ) (C9¢)
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3. Variances of ot and 8t

{ Equation (5la) gives the variance

‘ 7 "

' var ot = <01t)2) - (at)
A

We already know ot from Eq. (C2); the squar

2

@y = L 116l - s k. + 2 ]
36 2 e

It is not immediately obvious how we can fi

A
(at)2 from Eq. (C1l). However, the k-statis

R i sas st =

can be reduced to a more pliable state by r

a sum of individual k-statistics. Consulti

o L Ui s e

Appendix F, we find that [l1]

W e+ Pl O
M M-l (M) (M-1)

L leaM o 2aMMel) |
-1y 322 T o 0 03]
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We can now write
(o/:\t)z el { i§_ - 161<62 G 48k M+33) " 72M K
T 36 - M M-1) (M-l) (M-1) 4 T (M_l)[zl 422
+ 144M Kk 26MM+ 1) Kk
(M-l)lz] 332 (M—l)[3] 2222
e (a7 bkas M+ 1
- g( =2 4+ HED )+16( P EED -
M (M-1) 42 (M 1) M-1)
Performing the proper multiplicatiouns, it appears that
o I %5 0N Ve guaw o,
36 " M ™-1) T (M- 1) M-1) 4 t (M-l)fz] 422
164M gty o P MR
- 2 )
(M-l)[Z] 332 (M-l)[3] 2222 M M-1) 42 ]
(SOky 1 6 } i ﬁ
M-1) M M-1) 22 '
2
By Eqs. (B53a) and (42), however,
SR W SR - Moo SRR U S0 - S,
36 - M M-1) M-1) M-1) 4 (M_l)[z] 42
8u
poehy M ¢ g S0 e,
M-1) -1 i
2
e TR v i
(M-1) M M-1) "2
According to Eqs. (B49a)-(B49g), the odd cumulants involve moment products

that must include at least one odd moment as a factor. Because all odd

parent moments as defined by Eq. (29) are zero, odd cumulants are also

zero. Therefore, from Eqs. (5la) and (Cl4), we know that

R
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A
Equation (51b) gives the variances of Bt as

A A
var Bt = ((Bt)z) - (ﬂt:)2 .
A
We already know 8t from Eq. (C6); the square of this quantity is

A
@t)% = o=

Substituting Eqs. (Cl2a)-(Cl2¢) into Eq. (Cl6), we find that

48k53

M1y Ty, uk

T L
P =g { g + ey %2 *

a-1) 2]

2k
goad M o MM ALY K 6 2M+7)

= k
(M_l)[zl 332 (M_l)[3] 2222, M (M-1)

42

k
12, % Ml

D BT R Teen 8

39 4.3

A
By Eqs (B53a) and (51b), the variance of Bt is then

M+33) TR 72M

k22
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" 161 n
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JuMur) 4 M6 204, T4 :
M-1) [3] 2 M (M-1) 4 2 M 3
@+l 2y . 2 ?
o } - )" . (c18) {

A A
4., First Order Approximations for var at and var 8t

From Eqs. (Cl) and (Cl5) we know that the variance of é% can

be written in terms o

f cumulants as

A Mg LW gesady o 72M 2
var at = 35'[35 + M1 + ™-1) na + ——_——EET n4u2
M-1)
Jumary 4 e seeny L % l6irl 2
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% 16mn, 1
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To first order in 1/M, var 4§ is then

A\ i 2 2 4
var at =~ I6M (ns + 16u6n2 + 33u4 + 72n4n2 + 24n2.- 8"6
2
¥ 56n4n2 + 16"-4 + 16n2 Yo (C19)

We can substitute Eqs. (60a)-(60d) into Eq. (Cl19) and find

4 |
var at in terms of parent moments:

Y R 3 _ 2 Do 4
var at =~ oM [Qxa 28*6“2 35u4 + 420u492 630u2 )

3 S R
+ 16(P-6 15u4u2 + 30u2) By + 330i4 3u2)

2
* 72, - 3u§) by + zm‘z’ - Bug - LSugu, + 3ou:25 )

2 2 2 2
- 56(“4 BMZ) Wy + ls(u4 3u2) + 16u2]

e e 2 4
= e (Mg - 28ugn, - 354 + 42002 - 63043
+ 16p.u. - 2408 B2 + 480ut

HgHo 42 2

2

2 4
" 198u4u2 + 297w

4 2
+ 72M4u2 216}-1-2

+ 33 2

4
+ 2, - 8u, + 12004, - 240,:.:2’

Suyu, + 15&3 + g, - 48u§ + 16u§_ ]

1 2 2 4
36M[ Hg - 12u6u2 - zu.4 - 18u4p2 + 171u-2 + 136u4p2

7200 - 8y, + 16u, - 32u% ] . (C20)
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A
Similarly, from Eqs. (C5) and (Cl8) we know that the variance of Bt can

be written in terms of cumulants as

foi(y ey - ARl gpigay ol oy 2
WERLr e br e Y a6t 2T %2
(M-1)
21 n
20MM+1) 4 e 2M+7) 4
* 51 2T TR T el MRt
MM e L
* orn 2 138 15, - nyl
Sk i L63gny , e3d) 2. T 2
T 576 ‘M M-1) T T -1) "4 1) 2] Y

2y

24MM+1D) 4 B 2(8+7)

[

4
wA L+ =

M

+

M) I3 "2 M M-1) 42
M1y 2
+ M-1) Ry = Ky + 2n4u2 ”'2] s

AN
To first order in 1/M, var Bt is then

var B/}: & ke (m, + 61,0 + 33;(.2 + 721 w.z + 24;1.4 - 21
= 576M 8 6 2 4 42 2 6

- lbugu) +ow, + n (c21

Mty + g+ Re Y s )

VAN
By substituting Eqs. (60a)-(60d) into Eq. (C21) we can find var 8t in

terms of the parent moments:

var Bt = =i [, - 280, - 3su2 4 a20m u? -
= 57w (U 6" 2 4

4
42 630‘1-2

+ 16 (u-6 - 15u-4u-2 + 30u;) K,

2 R
)T T2, = 36y) KBy

+ 33, - 3u§




4

3
+ 24u2 & 2(}1-6 - 15;1.4“.2 + 3Q1.2)

2 2 2 | 2

= @, = 3k, + G, - 35 + ] |
1 2 2 4
= 37em “*8 - 28u6u2 - 3S|.|.4 + 420u4u2 - 630u2

+ 16ugp, - 240.!.4;1.2 ¥ 480»»‘2’

2 2 4 2 4
+ 33}1-4 - 198;&4;4.2 + 297;:.2 + 72;.:.4\.:.2 - 216;1.2
+24p.4-2u. + 30p, 1 -60;1.3
2 6 472 2
3 2 2
= lapgu, + 4205 + 4, - 3y +u]
1 2 2 4
576M [l-l-8 - 12u.6u.2 - 2“‘4 + 54u.4u.2 - 45&2
3 2
- 2u6 + 16H4H-2 - 18&1'2 + “4 - Zu-z ]. (C22)

A A
5. Unbiased Estimators of var «t and var 3t

Equation (53a) gives the unbiased estimator of the variance of

A
at as

A N\
U(var at) = (on:)2 - U[(at)Z] =
From Eq. (Cl), we know that
ot =2 fan, -]
6 2 4
2 1 2 2
(at)” = 35 [16%, - 8 ) + %, ] . (€23)

Using Eq. (B53a) to derive the unbiased estimator of (o:t)z, we find that

Ul(et)?] = 3% [16k,, - 8k, + k] . (C24)
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A
Now we need only square the right hand side of Eq. (C8a) to obtain (at)Z:

A 2 2 2 2 2
(at)” = (Ramz) + Z(quz) (So‘m2 e Tdmé) + (Swm2 e Tama)

22 3 2 4
= Rumz + ZRaSam2 + 2R.a’ram.4m2 + Sam2
4+ 2S T m m2 + szz A (C25)

The coefficients Ru, Sa’ and Ta are given by Eqs. (C9a)-(C9%). We

combine Eqs. (53a), (C24), and (C25) and obtain

%5

c E y(var &é)

at
2.2 3 4 2
= Ram2 + ZRaSam2 + ZRaTam.am2 + Sam2 + ZSaTamam2
2.2 4 2 1
T e T Ry L T Ml P (626)

A
Similarly, the unbiased estimator of var 8t can be found from Eq. (53b):

A
U(var ﬁ/}t) - (Et)2 - U[(Bt)zl
It follows from Eq. (C5) that
Bt = o= [1, - %]
24t 4 2

@t)? = 3%-6- lni o Pw, * ng] ; (c27)

.

Using Eq. (B53a) to derive the unbiased estimator of (B:)z, we note that

B[ Bt)?] = 3—§-6- [y, - 2k, + Kypl (C28)

A
Squaring the right hand side of Eq. (C8b) it follows that (Bt)2 is

A
(5:)2 = Rémg + ZRBSBmg + 2R3T5m4m2 + ngg
+ ZSBTBm4m§ + Tgmi . (C29)
NS R TR S TRVACR BT T e oPe s ot




98 ;

The coefficients RB’ SB’ and TB are given by Eqs. (Cl0a)-ClOc). We combine

Eqs. (53b), (C28), and (C29), to find

4 2 y(var bt
; th (Var )

L= 3 252 2
= Rsm2 + ZRBSBm2 + ZRBTBm4m2 + SBm2 + ZSBTBmamZ

G
o 4o - B
+Ta®, ~ 576 %22 Y388 " 576 ° (€30)

6. Evaluation of the k-statistics kzz’—kaz’ and k44

Equations (C26) and (C30) give the unbiased estimators of cai

and ¢ 2 in terms of sample moments and k-statistics. Here we find the

8t

relevant k-statistics in terms of sample moments also, so that the

unbiased estimators of the variances can be easily evaluated.

i . First we calculate the k-statistic k22' This k-statistic is of

order 4; therefore we can find it in terms of augmented symmetric

b s
Tr

> A',_Ag—..s.g.»-'i::g;v-\-u e

functions via Table B4, which is also of fourth order. That is,

4 2 2
-1 _ 221 ] (2]
Ky " + 7 (c31)

Applying Algorithm Bl to Eq. (C31) and Table B5, we arrive at

(2]

k22 * (-ﬁsa ¥ 382)/M[4] g 2(284 & sg)/M[:” + (-84+S§)/M

4

2.2, 'L 2 3 i 6 . (C32)
= moM( + + ) ~m,M ( + + )
PR e e S T e 1Y

We can express the sixth order k-statistic k,, in terms of

42
augmented symmetric functions by consulting the sixth order table in

Appendix E and find that

—— B

A @ x myce




g

-

[
1

-

k42

Applying Algorithm Bl to the augmented symmetric function/power sum tables

of weight 6 given in Appendix E, it follows that

42

_en®  1spat

2.2

L BRh%) s’ 3pd

o e ieee ) e Rt

_ep1] | [a1%) | [62]

%

M

6 (-120s, + 90s,5, + 403§ 2 1552)/M[6] z

18(24s - 18s

472

452

15(-656 + 55,8, + 2

43256 3248, s 14452 54s

42

2 4 3
4(-656 + 35452 + 253)/M[ 1 3(256 -3s4s2 + 52)/M[3]

4(256 = 8,8, = sg)/M[3] - (256 - 5452)/M[3]

= s+ 35;)/M[5]

52 ~
3

- S e - 1

2
3

s;)/M[Q]

472
- [2]
( s + 3452)/M
72036 540545 24052 9Os3
& 2 - 3. 2
w®1 | le) L8] = yt6l

472

3
3 2

+ -
P L R R e

=

90s 758, s 30s

6 4 2

2
3

1533

+ +
NIV TR

]

we]

2 3
2456 % 125452 3 883 A 656 3 9s452 : 382
e O R 3 R et 3 R ) B ¢

2
856 q 45452 3 453 ; 236 . s s2 ) S¢ 2 5452
2 S - W S ¢ T G e
. 720 _ 432 _ 9 24 R 2 sl gk )
CR 13 B 5 R 5 B 75 B 7:) R ) R ) B ¢ :
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540 324 75 12 4 ) 1 1
( + I + h )
61 Bl TR AT R LT T

2,240 144 30 8 4
meal eyt om C oHr T B e
. s3 90 54 S )

(- - -
gt SR TR

i i M?‘z] : M}gl : 321 : :?31 7%23 :
+ map( [21 [f]' 8[Z] i Mﬁ? : S‘Eg] i
W (ST + T + 5T * A7)
Ly il el e s R i

The k-statistic k44

a twelth order table; an eighth order table is not available. We there-

is of eighth order. In Appendix E we have

fore use Algorithm B2 from Section 9 of Appendix B to find k44 in terms

of augmented symmetric functions. This procedure gives

K 36 1187/m8) - 14412187 /ml7T & 18012214 /ml8) - 72123121 /ml8]

44

or2* /) + 4813171/ - 9632131 /mI5] & 2413221y /(4]

+

16 132121 /m* - 1216141/ 24 6212 M #] - 6 (422 0P

+

s1431] /M1 + [427/ml?]

Applying Algorithm Bl to the augmented symmetric function/power sum tables

of weight 8 given in Appendix E, yields

(Af'ttd‘htﬁ' \VL\"
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= 36 (-504038+33605 s +?688555

2 2 2
652 + 126034 - 12603452 - 1120333

3 2

i 10532)/M[8]

2 2
- 180s 352

- 144 (72038 - 480s S, - 384s A

2 e
6 553 + 1803452 + 160s 1582)/M

2 2 4, . 16]
533+3Os4 33s432 283382+382)/M

i i 2 2 , S [59
- 72(2438 203632 123583-6s£‘r+9sz‘.s?_+6s3s2 32)/M
2
2

+ 180 (-12088 + 8456 s, +64s

: 4o (4]
+ 9(-6s8 + 83632 + 334 6s4s + sz)/M

+ 48(-120s, +60s 32+6l+s

2. g 2 [6]
8 6 s, + 30s 15s s, 20s352)/M

573 4 4
2 2
- 96(2438-12s s, - l4s_s, -6s, + 3s s2

2 (5]
652 583 =68, + 5s43,)/M

+24(-636+4s65 + 4s_s, + s, - s

2 [4]
2 553 - 25352)/M

4
2 [4]

N BN

+16(-638+ss + 4s_.s, + 2s

652 5%y - 535,)/M

3 5 L Eas 2 {51
- 12(24s8 12s6s2 83533 654 + 3s452 )y/M

3 2 _ 2, (4]
+ 24¢( 658 + 33682 + 25533 + 2s4 3452)/M

b L ok 2 [3]
- 6(Zs8 23632 s, + 3432)/14

- 8(238 - Sg85 - SZ)/MD]

+ (-sg + sZ)/MIZ]

8. + 453608° - 453608,8°

= (-181440s 535 : .55

gt ].20960s6s2 + 96768s

i Z 4 [8]
403203332 + 378082)/M

+ 259208% - 25920s, s>

+ (-10368058 + 69120s652 + 552965553 4 452

4 2 4y, [7]
23040s3s, + 2160s,)/M
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(~21600s, + 15120s s, + 11520s_s. + 5400s2 = 5940sas§ - 5040s%s

8 652 583 3%,
+ 540sY - 5760s. + 2880s.s. + 3072s.s. + 144082 - 720s, s>
2 8 652 5%3 4 452
i 2 (61
9605332)/M
(~1728s, + 14dOa. 5. + G645.5, + 43055 = 6LBs s - 432a°s
8 652 5%3 4 452 352

+ 72sg - 2304sy + 11525 s, + 13hs s, + 5765°

2
652 553 4 - 28888,

- 480s - 28858 + l44s,s, + 96s_.s, + 7252 - 365435)/M[5]

8 652 3

w N

gshe. & Tia.s. ¥ sk - 54s.5° + Oa

8 6 2 4 4

NN
N B wm

- 144s8 + 963632 + 963553

Y T G 483§s

2
459 - 96s8 + l6s,s_ + 64s_s. + 32s

2 672 573 4

- 16s

W BN

< 2 2 [4]
14458 + 72s,s, + 48s_s., + 4854 245452)/M

Gy 652 553
(3]

2 2 2
(-1238 + 125632 + 6s4 - 63452 - 1658 + 85553 + 8s4)/M

(-sg + Si)/M[ZI

(-18144058 + 120960s,s, + 96768355

2 2
652 + 4536054 - 453603452

3

5 2 4. 181
40320s3s, + 3780s,)/M

7 2592052 - 259208, s>

(-10368038 + 69120s,.s, + 55296555 452

6152 3

g 2 Grer e
230405352 + 216052)/M

2

(-2736038 + 18000s_.s,, + 14592s_.s., + 684032 - 66605452

6 2 o3

¥, 2 4., [6]
60005352 +-54032)/M
2 2
(-432038 + 27365652 + 23045553 + 108034 - 9725452
X 2 oo 55
9125332 + 7232)/M
(-438s, + 256s,s, + 208s.s, + 13132 - 102s 52 - 64323
8 62 Sk 4 42 352

+ 9s§)/M[4]

oK
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- B 2 (3]
+ (- 283 + 123632 + 83533 + l.los4 63432)/M

+ (-38 + sa)/M[zl

= mgM( - L 28 438 4320 27360 _ 103680 _ 181440 ,
wi2) ~ 031 ° LIAT ° UI5] © (6] ul7] (8]

12 256 2736 , 18000 , 69120 , 120960
+ mymp e e e Bl Bl s Bl |

208 2304 14592 55296 , 96768
”2"'1‘31' = - e Sl ladiee o i

+m5

2 1 14 131 1080 , 6840 , 25920 , 45360
+ mae o G e il Gl s Tl o e B

ZN;( -k 102 972 6660 _ 25920 45360

g T g e e

2 M3( _ _64 912 6000 23040 40320

+ m3m2 M[lc»] B M[S] T M[6] T M[7] a M[8] )
4 4 72, 540 2160 _ 3780
b [41 S g et (c34)

This completes the present task. Expressions for the terms k22, k42’
and k44 appearing in the estimates of the variance for the jump rate are
now available in terms of sample moments, allowing an immediate estimate

of the errors from the experimental results themselves.
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THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED TO DDC —

THE PURPOSE NF THE PROGRAM PPLOT IS TO CALCULATE AND PLOT
THE PROBASILITY THAT AN ADATOM STARTING AT THE QRIGIN HOPS
TO A POSITION "I"® LATYICE SPACINGS TO TWE RIGAWT, THIS
PROWABILITY IS ASSESSED FQOR VARINUS VALUES QF THE JuMP
RATE RaTIO B8/A AND THE SECOND MQMENT M2,

IMPLICIT REAL (M)
OLIMENSION BOA(S),FUNC(35.%)

DIMENSION RIA(S@),PIR(SQ),BES1A(SA),BESIN(SA)

COMMON FUNC

TYPE 95

ACCEPT 1ga,N

IF (N,EQ,d) STOP

SET THE NUMBER UF TERMS "N® EQUAL TQO ZERO IN QROER TO

TERMINATE EXECUTION OF PPLOT,

ACCEPT 112,80A(1)
ACCEPT 11@,80a(2)
ACCEPT 11@,8NA(3)
TYPE 149

ACCEPT 11Q3,M2

TYPE (1S

0Q S@ J=t,3

DQ S@ NSTEPsa,24
AsM2/ (2,+8,2804(J))
8880A (J) A

CALL IC(2,*A,RICA}
Call IC(2,#8,RICAH)
CALL INYE(2,2A,N,RICA RIA)
CALL INUE(2,28,N,RICA,RIA)
NP3=N44

NTE2aeaN

No t1o tsy,N
BESIA(NPa=T)SRTIAC])
BESIA(IeNpPA}sRIAC]Y
RESIB(NPA=T)sRIB(I)
BESIB(IsNPA)SRTIB(]Y
BESIA(NPA)SRTCA
RESIB(NPa)aRICH
NONDs2w» (N/2) «}
NEVNE2a (N/2)
ISTRT28 (2<NEVN) /2
ISTOP2s (2+NEVN) /2
ISTRT1s(1<NQNDY /2
ISTUPL{s(1eNONDY /2
osLP2=9,

0Q 2@ KXsISTRT2,18TDP2

OBLP2sNBLP24EXP (=2, 28) 2BESTIB (K +NPG)
1 PEXP (w2, 2A) 2B8ESIA(NSTEP ek oNPA)

CONTINUE

FUNC (NSTEP,J)s0BLP2
CONTINUE

00 62 Isﬂ.b

FORMAT(* GIVE THE # OF TERMS, AND THE 3 VALUES FOR 3/aA*)

FURMAT (I2)
FORMAT (G12,6)
FUAMAT (2Hy )

T '.;-:\;'mn'k,b" - t:-

~“““1=======2==ﬂlﬂlllilll!
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130 FQRMAT (S ,12,9H 13(E12,6,24 )
189 FQRMAT(’ GIVE THE vaALUE NF THE SECAND MOMENT?)
168 FORMATI(IH ,G12.2)

CALL PLQT

GO T0 §

ENO

THE SUBROUTINE "I1C" CALCULATES Ao ZEROTH ORDER MCDIFIED
SESSEL FUNCTION FOR A GIVEN ARGUMENT "X" ANO ASSIGNS THE
VALUE QF THE FUNCTION TQ *QICw,

o000 an

SUBROUTINE [C(X,RIC)
RTCa433(Y)
IF(RIC3,79)¢,1,2
t ZaXgXa?, 11111182
Qttnf(((ta.sblli “30Z23,50768E=2)42¢2,659732Ewi)22s1,20673963) 22
193,089942€2) #2+3,515623EA) 070y,
QETURN
2 2a3,7S/R1g

{ R1Ca ExP(RIC)/SURT(RICI #((((((((3,92377E=3aZe1,687633Ee2) 7
{ 1¢2,635537c«2) 022, 7577365-2)gz.5 16281FeT)eZe],57S652e3) e
242,25319€23) 22+ ,328592E=2)22+3,989323E=1) |
?Efunn |
| END

I s

THE SUBROUTINE "INUE" CALCULATES A SET QF MONTFIED 3ESSEL 3
FUNCTIONS CF QOROERS { THRQUGH "N™ FQR A GIVEN ARGUMENT é
"X" AND THE VALUE QF THE CORRESPONOING ZERQYH QRDER BESSEL i
FUNCTION "ZI®, TME VALUES QOF THE RESSEL FINCTIONS FOR

ORDERS | THROUGH "N® ARE ASSIGNED TQ THE QNE OIMENSIONAL
ARRLY "RIT,

OO0 0N OO0

SUBRQUTINE [NUE(Y,N,21,RI)
NIMENSTION R1(34A)
IF (N)19,:0,1
{ FNBSNeN
1ax/FN
IF (ABS(2t)e5,2=4)0,8,2
2 Aasy,
Alea, *
8@sg,
LEE SN
Fl afN
B 3 FlsfFle2
2 ANsFT,ABS(X)
ASAN#AL924Q
SsANed {39
Agsay
Roedy
Alma J
31%d |
peay :
NleAa/l l
IF (ABS((Q1eG30)1/71) et Exb)a,a,s :
IF(X)S,6.8 3
Cluagy ‘
XaN
[1ax/(FNsX»Q1)
RL(x) =43}y
FNgFN=g
LE 1 3

e ST i . e R
. e e g
s v AN - s o S

~N Ty A e
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IF(x)8,8,7
8 Flalt
00 9 ®%ti,N
s FlsfFlarI(D)
9 RI(l)sFl
19 RETURN
£ND

THE SUBROUTINE "PLAT™ PLOTS THE PROBABILITY IN GUESTION
AS A FUNCTION OF LATTICE POSITION,

aoon

SUBROUTINE PLQT
REAL LINE
[ DIMENSION LINE(SA),FUNC(25,5),ALPHA(123)
\ CUMMON FUNT
9 : TYPE 178
1

‘ ACCEPT 182,SCALE
i TYPE 164
: ACCEPT 12@, (ALPMA(I),1%1,5)
TYPE {Se
pg 39 12,77
33 LINE(I)sALPMA(])
TYPE 11Q, (LINE(I),131,7T)
00 5@ lag,6
0Q 3S Ka3,7s
35 LINE(KYSALPMA(S)
DQ 49 Jlto!
IFUNCaFUNC(,J)272,/3CALEs,S
42 LINE(TFUNC+2) sALBHA(J)
Sa TYPE 13,1, (LINE(X),Xs1,77)
123 FORMAT(iIRL,A7T7)
113 FORMAT (1™ ,77at)
129 FORMAT (gay)
139 FORMAT (1~ ,12,7741)
188 FQORMAT (2My )
149 FORMAT(’ GIVE THWE FIVE ALPHMANUMERIC VA ‘
1Y FORNETLS wiay 1% TG meacatey T huew AReS, B 320
183 :onnAr(Glz 8}
NO

s b o g

.- oo s
I o A A "-ﬁ

qwrk.omhﬁ""-\"‘ X s ;
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303 £5T QUALITY PRACTICABLE

THIS PAGE IS B

FROM COFY FURNISHED IO DDC

KPLUT

THIS PROUGRAM "XwLQOT" 18 NESIGNED T0O CALCULATE THE VALUES FAR THE
STANOARQ CQEVIATIANS OF ALPHA=T AND SETAeT, THE FOLLOWING SYMBNLS
WILL HE USED THROUGHOUT THE PRAGIAM, ANO A4ILL 3E GIVEN THE
AQJACENT QEFINTITTIUNS!

ALPT,, . THE PRQNUCT QF "4lLRHA™ AND "TM,

ATAT,,,THE PRQDUCT OF "SETA" AND "Tn,

M2  ,..THE 2MD PARENT MQMENT,

ERRA,,, THE STANDARD NEVIATION OF ALPT NIVINED AY ALPT,

ERRB ., THE STANQARD NEVIATION 7F BTAT AIVINEN BY 3TaT,

INOX.,.A LABEL FOR THE 24 VALUES aOF ™2,

NUTE, THAT FOR THIS PROGAAM, THE DISTANCE BETWEEN AQJACENMT SITES
IS ASSUMEQ TO BRE UNITY,

IMPLICIT REAL(X,M,N)
NIMENSION FUNC(25,5),AP(5)
CUMMCM FUNC
ITABLE=Q

TYyPe (8a

ACCEPT 1S@,M

IF (M,LT.l.) 8TQP
THaM
ITABLE=[TARLE»!
TYPE 140

TYPE 17Q,[TARLE,M
TYPE 1349

TYPE (3¢

TYPE 164

ng 5@ J";a

TyPE |30

D0 S? Cst,,28,
RynJ

TaCs!,

xeC/8, <2,
M2814,anX

A IS EQUIVALENT TQO ALPHAT) 8 TS EAUIVALENT TOQ BEYAQY.
DIFFUSING AQATOM,

AaM3/(2,+,82R])
BaRJ*a/12,
WCETE NS

Iisgad

NBBS12,9B42,#A+64512 2R ew2223%2 aA2e2+13096,24e8+20160,#8
L9 (3289A) vule1 680, 7(3eBoA) 0351530, 2(30B+4) 02
N68128 ,2842,74963 2 (3, *842) 222+720, 282 (3, 28+2)+1202,
Le(4,e804) anl

NGSQ 2As32 ,#R412 s (UaBeA)an

N2®R2 2 (4,2R94A)

K8BNBa28 , aNo#NIw3S, sNU 2224820 , aNQaN2 222430, 2Nl
XoeNbe!S, aNGaNI+3Q #N2wnT

K4sNGa3 aN2an2

LA LT .

VAS (X3 /Mol b, akbak/(Mal,]}s(Me33,)akdved/ May,)
LoT72, oMKk 202/ Ml ,) /(M=)

Sl T ¥ A S
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1028 ,2Me (Mol ) aK202d/ (Mo, )/ (Me2,)/(M=3,)
led Ko/ Mg 2 (MeT7 ) aK3aK2/ (Mal,)
l"‘.'“‘/”.lh..(".“J .“2"2/(".‘ «)) /38,4022,
VHI(Kalﬂttb.tKO-KZI(ﬁat .’ .(”.33.’ aK3exd/ (May,)
1072, 2MeRBak 2002/ (Mol , )/ (Med,)

1928 ,aMa (Mal Y 0K208d/ (Mo, )/ (Me2, )/ (M=3,)

1o, 0K/ Me2, a(MeT, ) *KAaK2/ (Mal,)
LoK8/Me(Me] ) eK20v2/ (Mul 1) /ST, =Ran2
STASVAge,5/A

STAsVEew 5/8

PUNC(L,In)sAL0G1A(STA)

FUNC(1,11)3ALUGLIA(CSTR)

THIS STATEMENT CREATES TME TABLE ENTREES,

ICsC

TYPE 11Q,A4,8,42,8TA,878,1C
CONTINUE

FOQRMAT(Im ,5(aM ,ha,3M 1)
FORMAT (1M ,SE12,.6,18)

POAMAT (A4)

FURMAT (2% )

FURMAT (21 )

FORMAT (G12.2) : A ' '
FORMAT { 1™ ,4X,”ALPT*,8X, °BTAT’, 8¢, n2°,10X, *ERRA’,8Y,
L’ERRB?,ax, *INOX ) : .

FURMAT (LM , “TARLF N’ 11,8, ’Ma *,£9,2) :
FORMAT (1™ ,*WHAT 1S THE NUMBER QF OBSERVATIONS?®)

THIS SUBRQUTINE PLOTS ERRA AND ERPRS AS FUNCTIONS QF M2 ON A
THREE T1ERED LNGeLO0G SCALE, THE KEY BELNW INQICATES
WHIcH SYMBOLS CORRESPOND TN WHICH VALUES:

1.0.ERRA WHEN Bsa/1@
2.0.ERRB WHEN BszaA/10
3. co.ERRA WHEN B3A/S

Q,0,ERFE WHEN B3A/S-

CaLL PLOT
GO TO 18
ENO

SUBROUTINE PLQT
REAL LINE
OIMENSION LINE(9A),FUNC(25,5),ALPHA(1Q)
COMMON FUNC

TYPE (60

ACCEPT 120, (ALPHA(T),I21,5)
TYPE 1S@

0o 3@ 1st,77

LINE (1) 3ALPHA(S)

TYPE 113, (LINE(L),T81,77)
00 Sa I=y1,24

00 35 Ks2,7s

LINE (K)2ALPHA(6)

NU 49 Jai,a

IFUNC3FUNC(],J) #25+49,5%
LINE(TFUNG+2) sALPHA(J)
Mialet




Sea

{2y
119
129
13y
1So
189

110

TYPE 133,[M1, (LINE(K),X21,77)
FURMAT(L1HL,A77)

FURMAT (1H ,7741)

FURMAT (5ay)

FURMAT(;H A T2, 171

FORMAT (1H1)
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FURMAT (15 , *WRITE 1234, AND A BLANK?)

END
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THIS PAGE IS BEST QUALITY PRACTICABLE

FROM COrY FURNISHED TO DDC

MPLGT

THIS PRQGRAM "MPLQOT™ IS NESIGNED TO CALCULATE THE VALUES FOR THE
STANDARD QEVIATIONS OF ALPHAeT AND BETAeT, TWE FOLLOWING SYMBOLS
WILL BE USED THWROUGHOUT THE PROGRAM, ANQ WILL BE GIVEN THE
AQJACENT OEFTINITIONSS

ERRA,, ,THE STANDARD DEVIATION OF ALPT OIVIDED BY ALPT,

ERRB oo THE STANDARD NEVIATION OF 3TAT OIVIDED B3Y BTAT,

INOX,..A LABEL FOR THE 24 VALUES OF THE SECOND MOMENT M2,

NQTE, THAT FOR TW[S PROGRAM, THE QISTANCEZ BETWEEN AQJACENT SITES
IS ASSUMED TN B8E UNITY,

IMPLICIT REAL (X,M,N)
DIMENSION FUNC(2%5,%),AP(8)
COMMON FUNC

TYPE 18q

ACCEPT (S@,m2

00 So Jsy,2

TYPE 13a

Rlsy

00 sa Isy,25

Me§50Axl

A IS EQUIVALENT TO ALPHA=T) B IS EQUIVALENT T3 B8ETieT,
M2 IS EWUIVALENT TO THE MEAN SQUARE DISPLACEMENT GF TWE
DIFFUSING ADQATAM,

AsM2 /(2 ¢ 8aR])
JeRJ*a/10,
1982w =)

I1s2ed

THIS PART OF THE PROGRAM CALCULATES ERRA & ERRS,

NEaS12, 2Re2:, .‘.,45,3,.3..3.353;.A.-aozzaee..A.aoeztsa.-e
L(32PBeA) 42291752, 2(0aBoA) 9341680, ,2(3aB30d) 008
N68128,2Be2,04+00,2(0,98+4) a22+720,2R¢(3,28+4)9120,
1x(8, -d*A)tiS

Na-g,.A,sa,.noga;-(a-etA)--2

Nela‘g(ﬂ..ﬂ'l]

K38NBa28, aNb#N2=3S  aNU# 229420, eNaaNZn22w6 30, 2N "l
KosNe=1S,2NGeN2+33, aN2*23

KUsNd=3  oN2ung

K2aNg

Vas(Ka/Melh oK6eK2/ (Nal ) o (MN233,10K30ed/ (Mey,)
1e72, 'nanA.xa--a/tﬂ-l J/("-a )

1920, 2Me (Mol I 4K2a2a/ (M=y, )/(H-!.)/tH-S.J
1-6.-xg/N-a..(nor,J.nc.na/cn.;.)

116,788/ Me 18, 2(Mel ) 2k2222/ (Mol ,))/3h cAend,

VoS (X3/Malb, aKkbaK2 /) (Ml Je(Me3T ) ekaned/ (Mey,)
1972, #MeKA2K2 422/ (Ml )/ (Med,)

{928, aMa(Matl T aK202d/ (Mal )/ (Mad, )/ (Ma3,)
1o2,9Kp/Ma2 a(MeT7 ) aKaaK2/ (Mel,)

LoKB /My (Ma] ) 9K2022/ (Ml , 3)/576 afewg

$STASVAew,S/A

STBavBex , 5/8

FUNC(I,[A)s8Ta

FUNC(I,I1)=873

CUNTINUE

FURMAT(I™® ,eoldn YL L N
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132
14y
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184y
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35
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349

129 .
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123
139
1989
164
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FORMAT (W ,5E12,6,1I3)

FURMAT (A4)

FQRMAT (2% )

ForMAT (2H) )

FURMAT (G12,2) )
FQRMAT({H ,*WHAT IS TWE SECOND MOMENT??)

THE SURROUTINE "®LAT" 2. QTS ERRA AND ERRB 48§ FUNCTIONS OF THE
NUMHER OF OIFFIISTON INTERVALS "M", THE XEY BELOW INOICATES
WHICH SYM3OLS CORRESPQNQ TO WHICH VALUES,

{ ERRA WAMEM 334,19
2,...,ENRE ~HEN Rwa/13
3, ..,EHRA NHEN Rza/S§
4,,.ERRB WHEN RB34a/S

CALL PLOT

END

SUBROUTINE PLQY

REAL LINE

DIMENSION LINE(994),FIINC(25,5),ALPHA(L1)
COMMON FUNC

TYPE (64

ACCEPT 12@, (ALPHA(T),[=1,5)

TYPE |5S@

ny 3@ tst,77

LINE(L)sALPHA(S)

TYPE 113, (LINE(I),Ts1,77)

0uU S@ Is1,24

DO 3S X33,7»

LINE(K)saLPHA(S)

NG &M Jsi,4 o
IFUNCaFUNCI(TI,JY27d, 9.5
LINECIFUNC*2)3ALPHA(J)

IM1zlay

TYPE 138,[M1,(LINE(K),Kal,7T)

FORMAT (1H1,A7T7)

FORMAT (R ,77A1)

FORMAT fpAy)

FORMAT (1% ,113,77A1)

FORMAT ((1Hy) v
FORMAT ({® ,*WRITE 1234, ANO A RLANK?)

ENO

bgon )
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1 4 TARLE D1 M= 0,10E+03
aLFET RTAT M2 ERRA ERRE INDX

+A7H2G8E-D2 J4762SBE-03 ,133352E-01 L114313E+01 .3T9410E+01 1
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S1EQ0808FE=0L J1S0808E-02 L,421697E~-0L .773097E+00 .2408629E+01 =
L200838E-01 L200836E-02 .3862341E-01 .720378E+00 ,Z233B4E+01 3
L28TGLFE=-01T L 247819E-02 L749894E~-01 .680033E+Q20 .209845E+01 7
2 3STLAZE-Q1 L3ST7143E-02 L 1000C0E+00 J4S50772E+00 . LF9424E+01 3
LA78298E-01 ,A47S82S8E-02 L13333J2E+00 L&316L3E+00 L1P233?E+01 ?
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s Li293BE+Q0 L 112938E-91 ,31A228E+30 8306T4E+00C . 13814TE+CL 12
LSUA0AE+O0 J13Q0A0KE~N1L JI21&8PTE+00 LAZ0133E400 L LIBR121E+01 13
L200830E+90 J20083I8E-01 LZ62J4LEHFD0 LH814343Z0E+00 L 1951Z8E+01 14
+2ATBLFESOQ L 287BLFE~CL L7498F94E+00Q JT7TA787E+O0 L 204581E+01L 15
A +ITT7LATEFQYC L 357143E-01 L100000E+01 .78940FE+00 .218184E+01 15
’ +375258E+00 JA7AS2S3E-01 L1333S2E+21 J873743E+00 JL23T148E+01 17
+A3T1P0E+0Q LA43T100E-Q1 ,177828E+0L .98S8483E+00 ,253006E+01 13
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* . »112938E+Q91 .112938E+00 ,316228E+91 ,13294F5E+01 .3448618E+01 20
+1S0804E+0L L1S08CKE+Q0 L, 4214895E+01 L1Z87IZBE+I1 . 407089E+Q1 21
i L2DI83EE+NL L 2VABIEE+IQ .562331E+01 ,192798E+31 .4P0452E+21 28
{ JOA7BIFEFOL L2878 LPEFNQ L T49894E+01 L 237PC8E+OL L SQ0L620E+D1L 25
¢ W3TT7LAZE+0L L3ISTLIAZEF00 L 100000E+02 L297744E401 .749836E£+01 24
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; +878410E-02 .17%5482E-02 ,316228E-01 .113205E+01 ,210354E+01 3
% »1LI713BE=NL L2TA2T7AFR=-02 JA214897E-01 .107043E+0L . 172983E+91 &
i 2158208E=-31 J312412E-02 .582341E-01 ,10Z370€4+01 .178988E+91 3
t s 20B304E-01 L 3413808E-02 .7498%4E-01 .7898482E+0Q .147988E+C1 7k
{ J2TVT7778E-01 J3ITITTIJEE-GZ . 10Q000E+Q0 ,PA73IS2E+D0 L1TPTSEE+O1L 3
i »370423E=01 . 74084TE-02 ,1333F2E+00Q .PTTL3IBE+O0C L 1334712+01 ?
A re +B893F47E-01 .P87F33E-02 L177828E+Q0 .9S5254SE+0Q 1493%3E+91 13
+65871355-0L +131743E-01 ,237137E+00 ,939933E+00 ,.147195E+01 11
% 03 +37841L0R-01 ,175882E-01 .313Z28BE+00 P774673E+00 .146802E+01 12
‘ SLLT13BEFCD L2A34278E=9L +A4Z18P7E+FIQ L 100728E+01 148IZ4E+0C1 13
e L3H206E400 .3124125=01 .S482341E+00 1050712401 +131709E+01 14
»208304E+00 ,415008E-01 ,7498F4E+00 Li11182E+01 JLTTA77E+O1 1S
e 277778E+00 .IITTTTEE~-01 J100000E+O01 .11%442E+4+01 .1848037E+01 1é
WJIT70A2TEHCC L TANBAFTE-OL L 13IISZEFOL L 130443E40L L 1TFQL0LEHOL 17
»H93P54E+00 LP8793TE~-01L L 177828E+CL J1435038E+01 . LP4430E+01 18
i +ESB71ZE+00 L131743E+00 ,237137E+01 .144311E+4+01L ,217038E+91 12
+378410E+Q0 ,17546825+00 ,314228E+01 (18983LE+01 ,247092E+91 20
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APPENDIX E

TABLES OF POWER SUMS AND k-STATISTICS IN TERMS OF
AUGMENTED SYMMETRIC FUNCTIONS

In Algorithm Bl of Appendix B, we outlined a procedure for
finding the unbiased estimator of a given population value. We found that
this estimate could often be simply expressed in terms of k-statistics.
In order to generate a given k-statistic from a data set however, it is
best expressed in terms of sample moments about the mean. By expressing
a k-statistic in terms of augmented symmetric functions and then finding
these augmented symmetric functions in terms of power sums, we can easily
write the k-statistic in terms of sample moments about the mean.

Because the expressions for k-statistics in terms of augmented
symmetric functions and augmented symmetric functions in terms of power
sums are often long and complex, these quantities are best expressed in

terms of one another via tables such as Tables B2 through B5. For the

reader's convenience, we have collected and reproduced many of the
relevant tables from the literature in this appendix. These tables are
reproduced from four sources. Table El is taken from Xendall and Stuart
j‘; ' [14], Table E2 is from David and Kendall [13], Table E3 is from Wishart

(11], and Table E4 is from Abdel Aty [12].
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TABLE E1

Augmented symmetric functions in terms of power sums

weight ¥
weight 2

weight 3

weight 4

weight 5.

f

(5)
(4) (1)
3 ()
I3 ()
I (2)2 (1)
fo(2) (n)?
il

w_eighl 6

i (6)
i (s) (1)
- (4) (2)
[ (4) (1)*
;o (3)
1 (3) (2) (1)
i) (1)
| (@
| (2)*1)*
| (@) ()¢
1)

)
(3) (1)
2 ]
(2) (1)t
()¢

L S S o )

N e e e

(s]

Weights 1-6

(1) = [1]
B [?ln ? ~_fl~']~l
(2) 3 -1 l
| 1 \ 1
o el T e e
(5 e s R B SR I
(2) 1) 1 I & =3 1
() | 1 ! 3 | z
I
X =1 ~1 2 -6 |
1 ! -2 8 |
1 I { -1 3 {
1 2 1 P =06
1 4 . 3 6 ; b 4 |
W | - e B e
= -1 2 2 -6 24
X -2 ~1 6 -30
. I -1 -2 [ -20
2 1 b ¢ . -3 20
X 2 - b -3 15
3 4 3 3 | -10
5 ‘ 10 10 15 10 1

) e N e o

(-2 % 1

A OO 1o | 6o 20 1§ | 45

O 0 G2 W G G @ 6N e

-1 2 | =t 2 -6 2 -6 24 -—120
s -2 L -1 6 = 4 —24 144
1 -1 ’ = 3 -3 [ -18 90
1 b3 g . ~3 . -1 12 -9o
. g 1 -1 2 J 2 -8 40
1 - 1 T -3 . -4 20 =-120
3 3 t 3 b s R T 40
3 - - - « 1 B | == T
3 1 2 4 Lt e Y | =6 45
7 6 4 | 16 PO e P RN T R

18 1

; V'I.‘o expm; the [ ] functions in t;r;u of () rén& fbwnwurds u;t; and including the ;min
diagonal, e.g. [41%]) = 2 (6)—2 (5) (1) ~(4) (2)+(4) (1)*. To express the () functions in terms
of [ ), read across up to and including the main diagonal, e.g. (4) (1)* = [6]+ 2 [51])+ [42] + [41%].
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TABLE E2

Augmented symmetric functions in terms of power sums.

Weights 7 & 8

w=7 (21| t6n) | s2) | (51" | (43) | L421) | L42%) | [3%1) | (327 |(321%)| (339) | (a"n) | [(a"1%) | (1] (]
I -1 -1 2 -1 2 -6 2 2 -6 24 -6 ~ 130 20
8 (n) 1 I 5 -2 o ~1 6 -1 3 4 —-24 2 -1 120 -
(s) (2) 1 . ¥ -1 5 ~1 3 s -2 3 -12 6 -18 84 — 504
zs (1)* | 1 2 1 1 - . -3 b 5 -1 12 5 6 —60 S04
4) (3) | 1 . & . ~3 2 -2 -1 4 — 14 3 —-14 70 -

54 i:‘.(l) |1 1 1 ; 1 x -3 2 a -2 12 -3 l: —: ":
1 I 1 X 1 o & 5 - s - -
g-uz RS e e 0 R 0 R R R R e (s "l 6| -4 | 280
3 53; 1 a 2 o 1 . o ) 4 -1 3 -3 -35 210
(3) () (1)* l 1 2 2 1 3 2 2 1 I -6 % -6 so — 420
3) (1)* ‘ 1 4 6 6 5 12 4 4 3 6 I . -5 70
2)} 51) 1 1 3 . 3 3 A = 3 . . r 4 -3 15 — 108
20 (1) |1 3 5 3 7 9 1 6 ¢ 6 3 7 -10 108
2) (1) | 1 5 It 10 15 3s 10 20 25 40 5 15 10 4 —-21
1)! i1 7 21 21 35 | Tos is 70 | 105 | 210 35 | 10§ 108 21 1

RS RS-
T
w =8 (i) ) | b (621 | [61%) | [s3] | [s21) | [s1’] | [4'] | [431) | [42"] | [421%) | [41)
1 e e et
8 I I -1 -1 2 ~1 2 -6 -1 2 2 -6 24
37 gl) I | b 4 . -2 « -1 6 A -1 £ —24
6) (2) 1 ' " r -1 A -1 3 . A -2 —12
6) (1)* 1 2 1 4 F 5 -3 f . . -1 12
s) (3) 1 & . s I -1 2 s -1 -8
s, §z; (1) I 1 I : 1 b -3 . o -3 12
s) (1) 1 3 3 3 1 3 7 . . 5 -
4)* 1 = . . 5 . 5 b 4 -3 -1 =
4) (3) (1) 1 1 ‘ . 1 1 4 5 -3 8
4) (2)* 1 % 2 . : T . z -3 3
4, {a) (1) 1 2 2 1 2 2 3 1 2 1 -6
4) (1)* 1 4 6 6 4 12 4 1 4 3 z
3)* i: 1 v 1 . 2 . - . . 5 .
3) ls' 1 2 1 1 2 . . 2 4 . .
3) (2) (l! 1 1 2 c 3 2 . I 4 T .
3 z;.(l) 1 3 4 3 s 6 1 3 9 3 .
3) (1 1 s 10 10 1 30 10 s 25 1 3 5
2)¢ 1 o 4 0 . 5 . 3 5 i *
3: * El)‘ 1 2 4 1 6 6 . 3 6 6 i .
2)* (1)¢ 1 4 8 6 12 20 4 7 28 16 bt 1
(2) (1)* 6 16 1 6 66 60 b 1
(1)* ! 8 28 zg :6 168 :: ;; zg: 210 4:: 7:5:
w=8 (i) | (3'2] | [3'1% | [32"1] | [321") [31%) (2 | [2*1% ("1 (219 ey}
(8 -6 -6 -12 -6 - 2 -
) (1) : ‘ 2 | -1 120 e % | 7% p
(6) (2) -1 1 4 ~12 6o 8 —-20 —480 3360
(6) (1)* ‘ ~1 . 6 -6o G 2 -3 360 —3360
(s} (3) -2 4 4 -14 64 5 -12 -384 2688
(5) (2) (1) . . -2 9 —6o . 12 -72 504 —4032
(s) (1)* . . -1 20 . . -120 13
& : ' - % . % 5 - 3360
3) (1 i = 2 - 3 - =

2:) (2)* ‘ -1 l3 —Z: -6 9 -i; :g: —::;60
(4 iz) (1)* . 5 7 ~3 30 . -3 30 -270 2520
(4) (1)* . . ¢ 5 -5 ¥ % -1 o —420
(3‘?3) 4 vl -2 s -20 ¥ 6 -28 1 -1120
(3)* (1)* v r 7 -3 20 . q 12 —120 1120
(3) (2)* (1) 2 ' I -3 1s . -6 32 —2a10 1680
(3) (2) (1)* 4 3 3 I -10 ¢ . -8 100 -1120
3, 1) 10 10 15 10 z : ; a -;: :;;
2)* (1) 6 : 6 : 3 =z - F -

(2 'fx;‘ 20 12 28 8 i ; Z ; -33 :::
(2) (1)* 6o 150 8o 6 -28
(l;‘ J: 280 S:o 560 56 l::; pie a:g a; r

. aiiiacas - i o it R
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TABLE E3

k-statistics in terms of augmented symmetric functioms.

Orders 1-6
1st order ky = [1)/n |
2nd order '
b [ 5
o i |
[123)/n® 1 = | ‘
[2)/n 1 Ll |
3rd order ‘ ’
|
ki ky ks f
[1%)/n® 1 -1 2 1
[21)/n® 1 1 -3 1
(3)/n 1 3 1 e
q
4th order |
T i
kllll | klll 1 kll ’ ku kl ?
é s G T S |
[14)/n® 1 i on B l 2 -6
[(213)/n® 1 1 -2 =3 12
23]/ 1 2 1 -3
[31)/n® 1 3 . } 1 -4
(4)/n 1 6 3 ! 4 1
o)
5th order
[ f [
klllll kllll z k:ll ! k!ll kll ku kl
G g # SIS bt 0. £
E|
(15]/n® 1 e M 2 -2 -6 24 _
[213)/nt®) 1 1 I -2 -3 5 12 —60
{231]/n® 1 2 1 i 5 -3 -3 30 3
(312]/n® 1 3 e e =1 -4 20 |
[(32)/n® 1 4 3 1 1 . -10
(41)/n® 1 6 3 4 ; 1 -5
(5)/n i 1 ‘ 10 15 10 10 5 1 3
6th order

; kllllll klllll kml "nu klll k!ll k‘ll kl' k‘l kll k‘

I~ —— n e - ;
l‘]‘/n"'. 1 -1 1 2 =1 -2 -6 4 6 24 | -120 i
21 ./n“" 1 1 ~2 -3 3 5 12 -12 | =18 | —60 360 3

! 2'1, ]/,';"» 1 2 1 : -3 -3 -3 9 15 30 | ~270
;,llll'{g, : g : 1 : wl -4 4 4 20 | ~ 13

: ; : < -3 :
32'11/1‘:,’ 1 4 3 1 : 1 : -6 -4 | =10 120
41 ]/z, 1 6 3 4 . : 1 . -1 -5 30

' [3%)/n - 1 (] 9 2 . (] v 1 : . -10
ﬂllnﬂ 1 7 9 4 3 4 1 i 1 § -15
51)/n® 1 10 15 10 . 10 5 . ¢ 1 -8
6)/n 1 16 45 20 15 60 16 10 15 (] 1
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k-statistics of order 12 in terms of augmented symmetric functions.

TABLE E&4
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Weight 12 (i) | Ape | Age L5y ke Reotv | Agms | Retme [ Ay
(19) = — 2 4 -~ 4
:':%7.((:: ’ - l; -6 -1 | -2 £ —;;
) - 1 .
:‘:“I':“‘ 1 ; 1 —u’: 2 5 -3 9 -30
2414 /n® 1 4 -5 1 5 5 14 5 °
2% /n(" 1 i 1 - - 3 -3 . . .
20t 1 6 1 . £ : - 2
31 n(“'.’) 3 3 : . : : 3 _: =4 e
Pt rlg A - f el R | 4
st -6
32l 17:;1 1 6 . Z 1 3 4 A o
. 1 z . ’ .
:f}]‘.):(-) : Z 3 i P 2 . z -1 1
(" 1 4 2 8 % 1 z -3
4 1 Z . 2 10 . 1 3 4
1 9 9 2 12 6 1 3 3
1| e : a8 4 D L 0
[34)nt® 1 12 4 36 3 36 4
41°)/n(® 1 6 4 . § ’ 3
n(® 1 5 5 4 & a - 5
E:ﬁ’-::: 1 Z . & 4 .: . 5 . .
n 1 . 4 2 : 5 . s
2 Ua® S5 "] 3l e Y] : :
431 17"(’“ 1 . W ; :I . : . .
1¥)/n 1 . ; .
:;:h] n(®) 1 9 z J 3 4 ‘ 4
| 5 HIE il 3| B 4
:?l‘]ll(“ 1 : 8 48 . .x 3 5
121%)/n(® 1 9 5 8 6 i 16 16 s
::::V(“"’ 1 s4 9 8 % 24 16 33 ;:
1)/n 1 27 . 9
:'il’ ) 1 162 27 144 u‘ 3 zn 144
St 1 . . 10 . . . .
(" 1 . 20 5 A .
sz‘ll')lu“) 1 X 30 . h .
52°1)/n(®) 1 18 40 10 . .
14)/n(9 1 i ao . 10 10 .
$321%)/n® 1 1 3 10 20 10
9 2 e 10 30 30
gifu | . % Rl BB
s41%]/n(® 1 : 110 o © ‘: 7
sa21]/n(e) 1 4 1 30| 4 40
543 n(® 1 138 1 600 138 sS4 a7 270
s‘1f)/nte) 1 : 20 [ 220 a: . 100 300 100
z'z /n(® 1 238 20 az: 300 | 100 300 300
14)/n(" 1 g 20 4 v 10 5 ‘
6214)/n(® 1 7 20 8o 5 5 10 10 :
62°1%]/n(® 1 18 20 | foo 60 G 10 20 10
62°)/n(®) 1 90 18 20 120 200 60 10 30 30
631%)/n(® 1 . ¥ 21 13 18 . 30 90 .
6321]/n'® 1 4 21 18! 240 15 30 120 90
:2 'I“‘)" 1 138 22 | 216 ::: 90 :; gg “:g
1¥)/n 1 4 g 24 3
bai (9 1 270 4| 24 :3: 840 40| 90 390 330
651]/n(® 1 aag % 420 1500 150 | 210 900 7%0
/n(® 1 1380 23§ 720 6000 1800 | 420 2700 4500
71%)/n(® 1 v 5 a10 § ¥ 70 . .
721%)/n(® 1 ¥ 248 108 70 70
7;'.14-::: 1 108 a8o :: 10§ lz: :: lz:
731%)/n 1 1 .
7;1 n(® T 38 1260 430 | 10§ sas 28
741)/n(® 1 318 1680 15 | ato 1260 30
zs] n(® 1 1878 6300 25 | 420 sm 4200
1)/t 1 . v .| 280 .
821)/n(® 1 10§ s 840 280 60 a8c
82%)/n(® 1 630 108 2240 840 | 280 a:
831)/n(® 1 1s : 2040 108 | 336 1 L
84)/n'® 1 318 8400 504 4200 s880
0] ¥ 260 + as20 ¥
:;l ':.“) : s ‘g:: 1260 .l:: igoo 2820
93)/n® 1 38 1 4728 | 924 Sl 1340
10, 1*)/n'® 1 m .| 12600 . | a100 6300
10, 2}/n(® 1 [l 048 | 2$200 12600 | 2100 zm 8900
11, 1)/n® 1 10308 el 69300 17328 | 4620 | 40200 | 69300
12)/n ' 62370 | 10398 207900 | 9240 | 138600 ' 418l
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TABLE E4 (continued)

Bt B ey

']

o Weight 12 (i) | A | Ane | Ao Ao Rat | ket | Rt | Rt | Rt | Rt | Reet | heet | R
‘. -4 8 -8 16| -6 6 -6 6 -6| -13 13 -13 ~-24
34| ~36 44| —96| 12| -18 24 -3 36 4 -n 66 120
-a s4 - 216 | -3 1s -3 89| = -4 -138 | -a10
-27 1| —216 . -3 1 -t 1 [') -5t 138 144
®w -39 . -27 81 & & -3 n -273 . ['] - -39
9 . . . . -3 a; 9
. - 13 -13 33| -4 4 -‘ 4 - -14 1 -14 -4
1 ~36 - .z & -4 -13 b1 24 - t; 133
-3 27 -03 a1 A . -4 12| -a4 -3 27 - -130
- 23 27| —108 . -4 16 . -3 30 8
= S 2 e AT GRS S GRERL
3 -9 1s| -73 5 -4 | 3
=2 -9 s . . -4 -3
{ -5 . x -1 L3 -4
1 | ~i13 % 5 .
4 12 z 5 .
A 5 r -1 1 -1 3 2 -3 2 4
. . I z -3 3 - -3 s - -12
‘ : . » 1 2 z -3 i 5 -3 1 9
s . . I 3 z 7 -4 . : -3 .
3 - 1 4 4 b 4 . s .
‘ : 5 I 3 . . 5 z -1 -4 z
. 1 4 ; . . 1 z -: -
. T 3 3 1 3 .
4 1 i 9 s 5 2 6 . 7
3 4 4 T 7 :z 9 . 3 8 6 1
" - o 2 12 . . ] . . .
2] . . 2 3 18 6 ] ] .
i - . o 2 b1 32 a‘ 6 16 8
F I 16 . 2 18 4 1 : 10 36 6 8
3 64 5 ; 36 136 108 27 24 144 72 48
{ . s s - 0 = 5 2 .
P! s 10 [] . . . .
i 3 13 13 s . ; A <
, - s 18 v . (] .
] i 5 20 18 s s
! - 10 . . s s 3s 18 s 10 s
- . 10 10 z 30 48 5 ¥ 10 30 s
E . . t 3 30 . 30 10 .
4 . 72 30 . 30 4 10
- | T 30 40 40 6 s8 180 90 36 140 60 30
7 v ; 10 100 180 » 5 100 100 .
3 i‘ 100 10 110 280 150 100 200 100
\ . . 18 18 . . .
3 18 30 18
L . o | 18 4 4 18 .
8 % 10 15 60 90 60 1 .
Y & P 10 . . 18 60 43 . . 18 18 .
' . 10 10 .| 18 78 10§ 4S { 18 30 18
§ - 13 40 120 10/ 3 108 228 138 5 a: 120 90 18
; . 40 5 . 1 120 180 120 s 10 2
30 40 40 16 136 z: 240 60 8o 200 120 10
- . 100 100 . 20 i:: aso 600 150 $o
: 300 400 1300 100 | 30 3: 1800 1 450 2400 1800 300
. . ' | 38 108 ‘ . 38 ¢ » .
i . . 3s 140 108 . 3s 3s .
. . .| 38 178 248 108 3s 70 3s .
bad . . 3s a10 318 210 . 3
- b B 70 -1 3 24 ag s 70 280 ato 38
. . . 3 3 420 ato 840 210 210
3 1080 700 700 .| 40 s 2100 2100 s60 2800 2100 700
= o . . “ 70 420 zxo . m e . .
K . . ] % 30 310 . . .
4 a8o . v .| 7 523 1130 840 at0 180 $60 280 .
: > 380 280 .| 9 'z: 1470 630 ¢ 330 1260 210 280
% 840 | 1130 1130 ol 3180 2040 738 16 3920 2820 1400
. a8o . « | 126 | 1360 1890 . 1260 1260 . .
‘ 280 ao . | 126 1 3180 1890 1260 2820 1260 %
1260 | 1130 3360 280 | 126 | 1038 867 s670 1386 m 670 1260
{ .| a8ee0 ¥ | ate| 31 $0 3180 .| e300 | 1 s 2100
b | 6300 | 2800 2800 210 1 12600 | 3180 [ 4300 | 16800 | 13600 2100
E . llc 1 . | 330 éa: 34680 .| 11850 | 60300 | 34680 | 23100
g 138600 | 61 1 18400 | 408 | 1 103980 | 207900 | S1Q7S | 27720 | 277200 | 415800 | 1)
E

k v - ——— T —

UM TSNS D7, e B 2. WP - 5 it Tt
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T TABLE E4 (continued)
i {
i aw
i 2
| E
[r—— I T
s Weight 12 (iii) I Raty ‘ ke hoar | ke | ey ke ' L B T B T A B e I
3 it et e 1 i
]
1) | 24 | 61 —361 36 2| -216 24 | -24 -24 48 —48
;l‘]‘ln(") - 144 -1%: 1 -216 -3;6 1296 -60 84 -.:3 ©o132 | —192 240 —zﬁ
211%)/n00® 330 1 -324 ’;3 2 | -2916 30| -9 174 | —282 240 [ —432 672
i 201%)/n® -354 -92 333 | = - 39;3 4 30 | —120 204 -9 330 | —762
. 241 /n(:) 71 9 -8 333 234 - 148 8 . 30| —150 . -0 420
z:]:l'nl‘»"‘“ -2a7 | . 9 -90 -27 | 3:;_ . A . 30 . . -90
2 < . . . - . . . . . . .
3:']/:1(‘" 40 48 —48 48 132 | -432 20| -a0 20! -20 64 ~64 123
321 llu(" -172 ‘ —-96 144 | —192 | - 1728 -10 30 -s0 70 -lz: 204 | —
‘ 32'1%)/n® 252 ! 24 —120 184 §16 | —2160 5 -10 40 -90 —200 404
f g:::’ Lv::;’ —l;l,g | : 24 144 -u: 8:3 2 -10 _f: - 60 —zg: 3
3 314 n® a2 | 16 -16 :z 8o | -288 5 : . 20 -20 20
3 J:le‘/’l‘::, -8 i 16 | =32 | —144 576 5 4 : % -10 0| -so
,}i i J.:‘ll'/(:l) 39 & : 16 24 - 144 5 5 . 5 -10 _::
3 ‘ : J1]nto 4 : 5 : 16| 64 5 : . : » :
4 { 3%21)/n® -4 i 3 : 8 . s ; 7 3 : 5
"! K 4)/nt® % i . : - . . 2 - -
2 41%)/nt® -4 -12 12 -12 —-24 108 - s -5 s -10 | 10 i -10
421°%)/n(® 16 -36 84 -432 . ~s 10 —18 15 -2s 3s
u:xg In‘:' -21 -’Z 30 -g —83 sio : -5 18 . 15| —40
3 41‘1/"1(?)( ) 9 3 -6 32 1 -:;g 3 - z -5 . a 18
3 42 . A . - i 4 : - 3 . 7 :
? QJl]']I”(" ~4 -8 8 -8 -28 1 5 . “ . -8 s - 4
§ 4321 In::: 10 3 -8 ng 8| - - . 5 . . -5 1o E |
; pe m e g e e el e i T |
i 43°2]/nc0 I : 5 . . ; ; ; p X 2 :
i 4714/ 3 I -1 1 2 —18 ( . R A . :
3 1313]/n(® o o 9 2 5
i I Sl ne i s e TR Y SR R TS S R
! 4'31)/n(9 . 1 4 I -12 & - > 5 ; .
: 4'?/!“" 3 la 9 12 1 Y : . . g 3
) s1')/n® i 1 -1 1 -1 2 -2 2
E 521°]/n() 3 - 5 K : 3 T z -a 3 -3 By =
* A R SR AR R S i el (S ¢ (S SRS g
| s2’1]/n® 5 : . . . 1 3 3 I . shbiio=y
t ssl‘].ln"’ a i \ 7 1 3 . £ 1 -1 1
f §321%)/n(® 3 g 5 5 ; % 1 s 3 v 1 1! -2
T /(¢ |
2 §32%)/n(® ‘ y 5 . v . 1| 3 1 2! z
k| A % st [oe S e [ Etor MR o3 SRR R £
s41°)/n(® J s < 3 i 3 1 6 3 . 4 7 ¥
{ s«lllr.‘)" s 5 . A . 1 ) 9 3 4 g .
(’ sgs)llnm 10 s 15 f s 3 X 9 21 9 s 1 3
sy /7“ as 3 2 ‘ d 2 20 30 v 20 20 i
a,z. ;:m 28 2§ i 1 ¥ z _ 22 50 30 20 40 20
i bt S R RO S SR
1 62'1%)/n'® ; s A ; ¥ 6 | 12 6 & :
{ ! 62*)/n(® R da : ; ; : 6| 18| 18 6 ; : ;
b 631°]/n'® il . 5 5 . . 6 18 g 7 6 y .
- ! 6321)/n9 el ; i ; . . 6| a 18 s 6 6 .
» t - 63 /n""' 15 | 3 s 5 5 i Sl s . 12 36
( 641 ll” el 15 15 s i [ 36 1 24 .
,L' Nz]/nl" 10 15 30 15 ; g 6 . 42 s4 18 24 24
g r 6;1 /'v:,' ‘ 78 78 . ¥ . 7| s 138 15 80 120
bl).lu"m joo | 22§ 450 228 i g ;z | 180 $40 180 240 720
C . . . . 1 21 . . . .
721%)/nt¥ 5 . , 5 5 : 21| 42 at 5 5 ¢
: 72'1])/n(®) ¢ % v % ¥ a1 63 63 a1 . .
731%)/n® + . v : 21
| [ 732)/n(0 35 ’ . . . 21
3 741)/n " 38 108 21
(1) b . 3s
;g]i;'nm o | 178 82§ . 178 p o
2, it : 3s 3s s : ) 56 |
| g 83:&/-1') ;: .3: J? 3; i ;0 !
: (84)/nt® 280 | 10§ 630 | 315 | 420 3s : 56
E Nnle {
1 . :;l]l’l':"." , 3:3 318 ; » : I ::: |
E | i 03)/n% - 1260 318 048 ¢ 318 ! 126 |
i 10, 1 "'.'-. .| 1878 1575 . . Sape
\ P 10, 2 Inm 2100 1578 3180 157§ 3 .0 as2
! 1 alin .| 8775 | 17328 .| 8778 . 402
P | 12)/n 138600 | 17325 | 103950 | 51975 | 69300 | 8775 | 792 |
-
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TABLE E4 (continued)

DR AL, AT

§ l
i
{
I N"ﬁlhl 12(iv) | Rehy Rear? Runa ke LA LAY L Reart Kot hopt Reas® Reans ket
——
11%)/n(0® 96| -1 1 -288 —g76 | —120 120 ~-120 120 ~ 240 -
. 211%)/n (00 —528 -z;: 1138 -.ﬂg 3456 360 | - 600 | ~720 1 -1320 | Jﬁ
2'1%)/n(1 1056 | -972 1 ~ 3888 s040 | —7920 | =270 30 | —I1i0 1710 | —1620 2700 | - 6480
2%l m(® - 900 $40 --3 sggg ~ 3600 uoo 30| -—300 930 | - 870 -:-33: 6600
2'14]/n® 270 -90 -1 900 | —~4800 v 30 -330 12! -90 -27¢0
24" l‘n.n)t") - . 270 . 900 . . 30 - 360 5 -90 270
2%)/n 2 A g . . . . 30 . . .
31 /n(®) 176 -216 216 —576 - -120 120 -120 120 ~360 360 - 9o
ln"’ - 540 — 256 2376 ~zg6° 3&35 120 —240 60 - 480 -1320 4080
33’ )n(® 980 | —300 o | ~3102 2400 | ~§ y 120 | -360 920 { ~630 1590 | —g$760
:'l /n(" -2 o -330 1500 - 600 000 . 5 120 —480 30 ~ 660 2820
7 (9 ” 3. nf.'a -?&: . 3600 5 : . 120 & 30 ~180
J‘x'/n“’ 104 -80 30 - Zg 400 —gg -10 10 -10 10 - 140 140 | ~:3:
1 3‘:1‘] [nt" —-220 40| =—120 g — 400 . -10 20 -30 150 { ~—290 It
3214 /n® 90 : 40 —420 100 - 500 7 A -10 30 A 150 | —1080
3'2%)/n® . v ¢ 0 : 100 . : . -10 . ; 10 |
3*1%)/nt® 20 { S - z g . ; . . -10 10| —~1bo
3Par]/n'® ~10 - < 40 A 4 . & 5 . ; -10 180
4)/n(® a ol & A . ; g A . i o % -10 |
4 41%)/n® -20 s4' —s4 108 —240 240 30 -30 30 -30 60 —60 120 d |
431‘ /n® 60 -120 . 114 —402 600 -840 -15 45 -75 los -120 180 - 420 {
42*1 ]{n*" ~45 45 - 450 | —300 900 : -15 60| -135 45| —165 450
! , 42°1%]/n® . o 48 | —138 | 5 —300 . . -15 75 . 45 -135
42°]/n® B . Tt e % 5 R 4 o -15 o . .
43 |]./n(" ~20 40 —~40 134 —200 200 r & 4 & 30 -30 120
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APPENDIX F

FORMULAE FOR POWERS AND PRODUCTS OF k-STATISTICS, ORDERS 2-8.11

2nd order
k} = ky/n+kyy

3rd order
kzkl = k,/ﬂ + kgl,
] = ky/n® + 3kgy /0 + Kyyy,

kxlkx = 2k’l/n+klu.

4th order
ksky = ky[n + kg,
k3 = kyn+ (n+1) kyp/(n—1),
kyk3 = ky/n? + 2kgy [0+ kog/n + kgyy,
k} = ky/nd + 4kgy /02 + 3kog/nd + 8Ky /1 + kypyy-
kg by = ka1 + Koo/ + Kgyy,
kykyy = 2kqy/n — 2kge/n® + kgy,,
kyy K} = 2kqy [0 + 2kag/n® + 5kgyy [0 + oy,
kyia By = 3kayy/n+ Ky,
K3y = 2koe/n® + 4Ky /1 + koyyy,.

5th order
kyky = kg/n +kyy,
kgky = ks/n + (n +5) ksg/(n—1),
kgkd = kg/n?+ 2kgy/n + kyg/n + kayq,
k3ky = kg/n?+kg/n+2(n+ 1) kag/n® + (n + 1) kgqy/(n — 1),
kok = kg/nd + 3kyy/n? + dkigg/n? + 3kgyy /0 + 3kggy /7 + Kgy1y,
k3 = kg/nd + 5k /n® + 10kqq/n® + 10kg;, /02 + 15kag, /02 + 10kgy,1/R + Kyyyys-
kaykey = kgy/n+ ksg/n + kg,
kykyy = 2k [n — Bkeg/n® + kyy,,
kagky = 2kye/n + kpgy,
kg = kgy/n + (n—3) kyg/n® + (n+ 1) kagy /(n — 1),
kg1 k3 = kgy/n? + 3kyg/n® + 2ksyy /1 + Bkiggy /7 + Kgygq,
kakyy by = 2k [+ 2(n = 3) kgg/ (n0®) + Bkigyy /1 + 2(n — 2) Kggy /n® + kg,
ki kg = 2k /03 + Bkgg[nd + Thiyy [0 + 12kgg /12 + Okgyyy /1 + Kyyaa1,
ki ky = Kayy/n + 2kogy/n + kgyyy,
kgyleyy = 2kgg/n® + 2kigy [0+ 2(0 = 2) kggy /0D + Kgyyy,
kakyyy = kg1 /n — Biggy/n® + Kigyyy,
k111 k% = 3kqyy/n® + Bkagy 0 + Thgyy/n + Kygany,
k3 fey = 4kgq/(n0®) + dlogyy/n? + 2(5n — &) Kggy[(n0®) + 8kgy11/n + Kyyy1zs
kynna by = dkgyyy/n + kyyaggs
kyga gy = Bkogy/n® + Bkgyyy /7 + Kyyyyy
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Bth order ;
Ksky = kg —kg;, i
kykia = kg/n=(n+T7)kyg/(n—=1)+Bkyy/(n—1), |

k3 = kgjn =09k p/(n—=1) = (n=8) kyg/(n— 1) + Bnkana, (n — 1},

= kan?+ 2k /n kg n+ kg,

kyloalkiy = kig/n? +kgyn +(n+3) kAP = (n +3) kiggnP +(n +3) kg (n=1), ,

3 = kg +3(n +3) kg n® = (n = 2) kyg/ ()2 + (n+ 1) (B + 3) Kaag/(n — 1), ;

kg kel = kig/n® + 35y n® + Blogy MP + Kiggn? + 3Ky M+ Bkiggym = kgyyy, 3

k3id = k,, N3+ 2k /2 + (30 + 1) kyp/ (D) £ 2(n + 1) kyg/(nP) = kgy; /1 + 4(n + 1) Kygy/n®

N 1) Kaag/n® = (1 + 1) Kgyyy/(n— 1),
kakt = ky; n‘«--&k,l/ﬂ + Thogy/ N8 + thogq N3 + Blyg ) /12 = 18kygy /12 + 3hane 12 = 4455, M
+ Bkagyy/ 1+ Kay1ya,s
k8 = kyn® + Bikgy/nt + 13k 5/t + 10kyg/nd + 15k, /n3 + B0kyq) /03 + L5kgua nd
= 20kgyy1/n? + 45kagy 1 72 + 15Kayy11/7 = Kypa1na-

ey ky = kg/n+kgin+kq,
kykyy = kg /n ~ 8k o/ n® = Bgy/n® = &gy,
Kqg &y = Kygi M + Kgg{n + Kagy,
ke kg = kgy/n = 2k n® + kgg/n = (1 + 5) kggy/(n = 1),
kykgy = ksy/m+(n—4)kg/n® = Jkgg/n® + (N = 3) kggy[(n = 1) — Bnkgga/n?,
Kaa&oy = 2hyy n~ 2hiqqin® = (1 = 3) by (n = 1),
Kar b3 = kgy/n? + 2k 451> + kggim® = 261/ 1 + 3hggq (7 + kgqyy,
kylyy oy = kg0 + 2(n —4) kg (n1P) — Bhigg/(nn®) =3k gy /n + 2N — 1) kggyMD + gy,
kioggk = 2Uoig|n? + 2higy(n? + thingy M + Ky + Kagyy,
kaykoley = kgyin® +2(n = 2) kyp/ (nA®) + (1 = 3) kgg/ (MA®) + kyyy/n + (30 = 1) Zggy /0
+ (M 4+ 1) kpgg/n® = (R + 1) kagyyj(m = 1),
k3kyy = 2kg1 /0% — 8k (M) - 2(n? = 20 = 3) kgg (N¥)2 + kg + 4(n = 1) kggy 1P
— 4R + 1) koay/ (RPN + (R + 1) Kgayy/ (R — 1),
Koy K3 = fogy |3 + 4,913 + Bhigg 13 + 3higyy  n® + 13kiggy /N2 = Jhana/N? + 3hgyyy 7
+ Bngyy [T = Kayy11,
kalery k3 = 2Uegy/nd = 2(n = 2) kg (n* D) £ 2(n = 3) kg (NPNP) + 345,/ 7% + 4(3n — 3) kyay/ (n0'®)
+ 2(7 = 2) Kygaf (NAD) + thogs1 /B + (57 = T) Kgayy [ 2P + Kgy111,
kyy kit = 2kgynt & 3k g nt = Bhing/n* = Ohygy 1P + ddhiggy /1P + 12Kgge{ 03 + 13kyyyy 02
+ 39Kgnyy 12 + 140y 111/7 + K13011
kg Ry = kgpy/m + 2ksq0 /7 + keaqyy,
kg = 2kyg n® & 264/ + 2(n = 4) Kggy 0P + &gy,
Ragy Ky = 2kig) [N+ Koga/ 7+ kgayy,
koghiyy = 2kgg 7D + 4hingy [Tt = +hong/ 7P + koays,
kgkyyy = 3kqpa/m = 18Kagy [0 + 1 2hage n® = Kgyyy,
Kagp kg = kggy/n + 200 = 3) kiggy 2P = 2age n? + (n + 1) kguyy/(m = 1),
kdy = ya/n® = kpg/ P = kg /1 = 2N = 3) kiggy 1P &+ (N2 = 0+ 1) kggen'®
+(n+1) kogyy/(n=1),
Kagy K3 = Kypyn? = Bkagy (2 = 2knge/ n? = 2hgy 1 = Shgnyy M+ Kagyyy,
Jegy Kyq Ky = 2hoyq (AMD) & 2lege] (MDY = 2o gyyi NP = 257 = B) Rgqy/ (MAD) = 2(n = 2) kygg, (n0®)
= Bhigygy = (31 = T) kagyy/ 2® + Kagpays
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kakyy by = 3kyyy/n2+ 8(n — 3) kagy/(n0®) — Bhygo/ (NAD) + 4higy 1/ + 3(n = 3) Kagyy /7P + Kayy1y,
kakdy = 4k, (M0®) = thigg, (M) = 2kyyy 12 = S( — 3) kygy, (W1D) = 2(n2 = 0 + £) Kgg, (n®)?2
+ 4kg111/ 1 + 41 = 2) kg gy 0P + oy,
kg fd = 3kqy/n® + 18Ky 13 + BRgga n® + 10kg1yy /02 + 2Thagyy n? + 12Kayyyy /1 + Ryyyngy,
k31 b} = 4k (nPnP) + thogg/(n*0®) + 4hgy /03 + B(4n = 3) kggy/ (n*P) + 2(50 — 4) Kppy/ (nP02)
+ 12kgy1/0% + 2(177 = 16) Kgyyy [ (nn®) + 13Kayy 3/ + Ky,
kary by = Kgyyy/n+ 3Kagyy/m+ kgyyy,
Kayyoyy = 4higg)/n® + kg n® + 2kgy1y /1 + 227 = 3) Kagyy /2P + kg,
kgyKyyy = Bhiggy n® — Blongy[n® + Bhigyyy n + 3(n = 3) Kggyy /0P + Kagyyy,
kokyyy = 4hypy/n = 12ka0) /0P + Kgyyyy,
kipn k3 = thigyyy 0 + 12609y, (02 + 9kay g/ 7 + kyppay,
Ry kyp by = 12kgg)/ (MN®) + Bliage/ () = Bkgyy) /N2 + B(40 — 3) kg / (n0P)
+ 1kpyyn/m + ks
K3y = dhag (nP)3 + 24kgq, [ (n0®P) + 8(1 = 2) kagy/ (n®)2 + 3k 1,/ 02
+68(3n — 4) kagyy/ (nn®) = 12k51310/ 70 + kyyany,
Ry £y = 5kayyyy /7 + frpag,
Ripna Ry = 12K599y/n® + 8kayyyy /7 + Kryay,s
ki = Bhigg/n™ + 18Ky 1™ + Okigy 1y /7 + Ky

Tth order
kyky = ka/n + kyy,
ksky = kqofn+ (n+9) kgg/(n — 1) + 20k 4/ (n — 1),
keyky = kofn+ 12kgy/(n— 1) + (1 + 29) kyg/(n — 1) + 36nksaq/(n — 1)@,
kgk} = kqfn2+ 2kgy/n + kgy/n + kgyy,
kykaky = kand+kg/n+ (n+T) kgg/n® + (0 +19) kyy/n® + (R +T7) kygy/(n— 1) + 8k3q, (n— 1),
3%y = kon? + kogy/n + Wosy/n® + (20 + 25) kg + Wk ygy/(n — 1) + (n + 8) Kggy/(m— 1)
+ 18kgg/(n = 1) + 6nkygg/(n — 1)®,
kykd = ko/n? + 2(n + T) kgg/n® + (n? + 227 — 35) kg {(n ~ 1) n'¥}
+(n+35) (A+T7) kg (n — 1)2,
kykg = kofnd + Blogy /12 + Blogy/n? + kiyg/n® + Bkgy /1 + Bhygy/n + gy,
kykia k3 = loa/n® + 2kigy /1 + 2(n + 2) kgy) (n®) = 3(n + 5) kg (n0®) + kg, /7
+ 2(n + 3) kygy /1D + 2(n + 5) kgqy /0P + (1 + 3) kgga/nNP + (1 + 3) kggyy/(n—1),
KBky = kaf/n3 + kg /02 = 3(n + 3) kgg/ (nnP) = (302 + 14n — 25) kyy/(n®)2 + 3(n + 3) kygy 0P
+ 41— 2) kygy/{(n = 1) P} + 3(n + 1) (n+ 3) kyge/{(n — 1) '}
+(m+1)(n+3) kogqy/(n—1)3,
gkt = kofnt + dlogy /03 + Blegg/ 13 + 5k yy/ 3 = Bligyy /M2 + 12k 90 /N2 + dhogqy /n? + 3kggqin?
+ 41 /n + Bkagyyn + Kgpan
k313 = kojnd = 3kgy /13 + (5n = 1) kgg/ (N*n®) = (T + 5) kyg/ (n*D) + 3ky;, /02
+3(3n + 1) kygy/ (D) = 8(n + 1) kygy, (n0®) = T(R + 1) kggq/ () + kgyyy/n
+8(n + 1) kggyy /0D + 3(n = 1) Kgggy /1P + (1 = 1) kggyyy/(n—1),
kok} = kq/nd = 5kgy n® + 11kgy/nd = 15k gq/nd = 10kgyy 3 + 35k gy, 73 + 20kyqy /03 = 25kg99 n®
+ 10kyyyy/n? = 40kygyy 12 + 15kgeqy /A2 + Skigy 13/ 7 + 10kagy 13/ 7 + Karyana,s
K = Jeg/n® = Thgy /1 = 21gy/n® = 35k g/ 0 + 21kgyy, 04 = 105k gy /0t + T0kgqy nd + 105kqg9, n*
+ 38k g0/ 10 + 210kyqyy/ 1% + L05Kagqy /N3 + 35kigyyyy/n? + 108kagyyy 0t
+ 2 kg aa/ ™+ Kygpaaan- v
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FROM COPY FURNISHED TO DDC -
8th order

ko ky = kg/n+ kyy,

kgky = kg/n+ (n+ 11) kgg/(n — 1) + 30kyy/(n — 1) + 20k,/(n — 1),

ksky = kg/n+ 15kgy (n— 1)+ (n+44) kgy/(n — 1) + 30k, /(n — 1) + 80nk,pp/(n — 1)@

+ 90nkygy/(n — 1)@,
k2 = kg/n+ 18kgy/(n — 1) + 48kgg/(n~ 1) + (R + 33) kyy/(n — 1) + T2k g5/ (n — 1)@
+ 144nkyge/(n — 1)@ + 24n(n + 1) kggps((n — 1),
. : kgh? = kg/n2 + kg /0 + kgg/n + kgyy,
H kskoky = kg/n2 + kqy/n + (1 +9) kgg/n® + (0 + 29) kgy/n® + 20k, /n® + (n + 9) kgp, /(n— 1)
+ 20k, /(n— 1),
kykaky = kg/n2 + kyy/n + 12kge/n® + (1 + 1) kgg/n® + (1 + 29) kyy/n® + 12k5, /(0 — 1)
+(n+29) kygy/(n — 1)+ 36kyga/(n — 1)@ + T2hge/(n — 1)@ + 36nkyg,/(n — 1)@,
{ kyk3 = kg/n2+ 2(n + 9) kego/n® + 8(50 = 7) ky5/{(n — 1) n®} + (n2+ 260 — 39) kyy/{(n — 1) n®}
| +(n+7)(n+9)kgge/(n—1)2 4+ 12(n + 9) kygq/(n — 1)2,
.. k3 ky = ky/n2 + (1 + 20) kgy/n® + 2(n2 + 220 — 32) kg, [{(n — 1) n®} + 9(3n — 5) kq/{(n — 1) n®}
+9(n2 + 9n — 20) kypo/{(n — 1)% (n — 2)}
‘ + (n3+ 172 + 104n — 320) kygp/{(n— 1)2 (0 — 2)} + Bn(n + 5) kggey/{(n — 1)2 (n— 2)},
ksk3 = kg/n8 + Skqy /n? + Bkga/n® + ksg/n2 + 3kgyy/n + Bhgy, [+ k5109,
kykok3 = kg/nd+ 2kqy 02+ 2(n + 3) kgy/ (nn®) + 2(n + 13) ksg/(nn®) + (n + 19) kyy/ (nn)
+ kg + 2(n+T) ks /n® + 2(n + 19) kygy [0 + (1 + T) kyge/n® + Blegge/n®
+(n+7) kygyyf(n = 1) + 8kyyyy /(0 — 1),
k3k2 = kg/nd + 2kqy [n? + (1 + 8) kga/ (W) + 2(n + 17) kgy/ (nn®) + (21 + 25) k[ (nnf®)

& + g/ + 18k, 0D + 2(2n + 25) kg /n® + W ggy/(n — 1)@ + (n2+ 6 + 20) hgga/n®
g | + Wgany/ (R — 1)+ (n+ 8) Kggyy /(7 — 1) + 3Bkiggqy/ (n — 1)® + Bhizggy/(n — 1)

3 2 + 6nkgagy,/(n— 1)@,
E’ ] kyk3ky = kg/n3 + kgy/n2 + 2(n +7) kgy/ (nnw) +4(n? + 140 — 21) kyy/ (n@)2

¢ : + (n2+ 221 — 35) kyy/(NP)2 + 2(n + T) kgpy /n® + (02 + 220 — 35) kygy [{(n — 1) n®}
ki +(n+5) (n+T7) kggy/{(n — 1) n®} + 2(n + 5) (n +T) kg {(n — 1) n'®}

+(n+3) (n+T) kgan /(R — 1)?,
* kS = kg/nd + (1 + 5) kigg) (D) + 32(n — 2) kyy (n®)2
2 + (313 + 2302~ 63n + 45) ky,/{(n— 1) (n"")z} +6(n +3) (1 +5) kygo/ {(n — 1) n(®}
' +168(n —2) (n+ 3) kgge/ {(n — 1)20®@} + (n+ 1) (1 + 3) (1 + 5) Kagge/(n — 1)3,
kgt = kg/nd + 4kqy /1P + 6kgy[n3 + 4ks5/n3 + kyy /1B + 6kgy /02 + 12k, /02 + 4k yq, /02
+ 3kigaa/n? + dhosyy1 /0 + BKigny /7 + Kyg111s
kgkokd = kg/nt + 3k11/n® + 2(2n + 1) kga/(n?*n®@) + (5n + 19) ksy/(n20?) + 3(n + 5) kyy/ (n2n®)
- + 3legy /1% + 6(n + 2) kggy/(n0P) + O(n + 5) kygy [ (n0®) + B(n + 5) kypo/ (n0®)
. : + 4+ 5) kggy/ (NAP) + kgyy1/M + 3(n + 5) kygy1 /7D + 3(n 4+ 3) kygyy /0@
+ 3(n + 5) kgge /NP + (m+5) kgyy,/(n—1),
K3k = Ko/ nd + 2Ky 03 + 4(n + 2) kgy/ (n*nD) + 2(3n2 + 10m — 17) kgg/{n(n®)?}
+(3n2 + 14n — 25) kyy/ {n(n@)2} + kgyy /02 + 6(n + 3) kyyy | (nn®)
+2(302 + 147 — 25) kg (N®)2 + B(n + 3) kyaq/ {(n — 1) n®)
+2(302 + 147 + 5) kgga/ ()2 + 3(n + 3) kyay, /1D + 4(n = 2) Kiggy/{(n = 1) n®)
+6(n+1) (n+3) kygy[{(n — 1) 0P} + (n+ 1) (r + 3) kagga/{(n — 1) n®}
+(n+1) (n+3)kagays/(n— 1),
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k3k3 = kg/n® + 5kqgy/n + 10kgy/nt + 11legy/n + Skgq/nt + 10kgy, /n® + 30kgy, /3 + 25k 5, /03

+ 15k 499/n3 + 10kygq/n8 + 10ks,,, /0% + 30ky21,/n2 + 10kygyy /0% + 15kg90, /02 + 5kg111a/n
+ 10kagyyy/n + kgyy110

k3kt = kg/nd+ 4kqy /08 + 4(2n — 1) kgy/ (0®n®@) + 4(3n + 1) ksg/(nPn®) + (T + 5) kyy/ (n*n@)
+ Bkigyy [0 + 4(5n — 1) kgyy /| (n20®) + 4(Tn + 5) kggy [ (n2n®) + 2(8n + 5) kg9 (n*n®)
+20(n + 1) Kyga/(n2n®) + kigy; /02 + 6(30 + 1) kygyy/(nn®) + 12(n + 1) kggy,/(nn®)
+ 28(% + 1) kyqq, /(nn®) + 3(n + 1) kaage/ (nND) + kgp/n+8(n+1) k3g191/n®
+8(n + 1) kagayy /n® + (1 + 1) kygpyy/(n — 1),

kok§ = kg/n® + 68ksy/n® + 18kgg/nd + 26kgy/nd+ 15k, /nd + 15kgy,/nd + 86kgq, [né + 90Ky, /nd
+ 60k g09/n% + TOkggg/n + 20ksy;, /03 + 105k g5, /n3 + 60kgg,1/n3 + 150k 495, /03
+ 15K3999/73 + 15k 331 /02 + 80ksgyyy /02 + 45kiggqy, /12 + 6kgyyyy, /0

+ 15kagy101/m + kgyy1a11

K} = kg/n7 + 8kyy/n® + 28kge/n® + 56k 5/n + 35k 44/ 18 + 28kgy, /03 + 168ksy, /nd
+ 280k 5y /15 + 210k g9 /nS + 280k g/13 + 56kyy [ + 420k, /nb + 280kyqm®
+ 840Kk ;59,1 + 105K g999/18 + TOk 4311, /03 + 560kgg, /13 + 420k g9,, /03
+ 56kg11111/n% + 210kggy, 1, /12 + 28Ky 1100 /1 + Kygyyapg-
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