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INTRODUCTION
~~~~

This is the final report for ONR—Contract NOOOl4—~~—C ,~~~~~~~~~~~ “Investi-

gations on the Dynamics of MMD Flows.” The contract has been concerned

with MMD flows in diffusers and liquid—metal brushes, and , to a minor

extent , with the spectroscopy of Helium plasma flows in homogeneous

magnetic fields.

In Chapter II, an exact similarity solution is presented for MMD

flows in plane diffusers when the external magnetic field is homogeneous

and parallel to the apse line of the diffuser walls. For this geometry,

• the induced magnetic field is in the axial direction, too, so that the

Lorentz force is irrotational, V x (3 x = ~~~. It is shown that the

magnetic field changes the pressure distribution in the flow, but does

not directly affect the velocity field of the flow and the onset of flow

separation. MMD diffusers with axial, homogeneous magnetic fields are,

therefore, not of advantage for MilD generators since they do not permit

to control flow separation by means of the applied magnetic field.

In Chapter III , a similarity theory for MUD diffuser flows with

viscous stress relaxation is presented when the external magnetic field

is azimuthal, l (r) r~~~0 (induced magnetic 
fields are neglected

assuming small magnetic Reynolds numbers, RM 
<< 1), together with a

kinetic discussion of viscous stress relaxation. We show that viscous

stress relaxation changes the form of the velocity field at low Reynolds

numbers R and reduces the critical duct angle e~ for flow separation for

Hartmann numbers H
2 

< 2R/3 , and that flow separation is inhibited for

H
2
> 2R/3 at any duct angle 0~ < 

~~~‘

In Chapter IV , an exact similarity solution for MMD diffuser flows

(without viscous stress relaxation) in an azimuthal magnetic field

- _~
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l (r) ~ r~~~0 
is presented , under consideration of the induced mag.aetic

field which is radial. Since the magnetic Reynolds number of MMD flows

is generally not large, R~ ~ 1, we could demonstrate quantitatively that

the effect of the induced magnetic fields on the velocity distribution

and the onset of separation is small. This result justifies the neglec—

tion of induced magnetic fields in various previous investigations on

MMD flows.

In Chap ter V , the Stark—effect in Helium plasmas with homogeneous

magnetic fields is evaluated for absorbtion spectroscopy in presence of

laser radiation of advanced generator flows. It is shown that the laser

radiation changes qualitatively and quantitatively the satellite spectra,

and that the investigations on this subject in the literature are insuf—

ficient.

Considerable analytical and numerical effort was expanded in studying

the influence of the Hall—effect on MMD diffuser flows. Unfortunately,

this investigation could not be completed in time for this final report.

An account of the latter work will be communicated as soon as the doctoral

research of S. H. Choi has been completed.
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NONLINEAR BOUNDARY-VALUE PROBLEM FOR SELFSIMILAR MAGNETOHYDRODYNA NIC DIFFUSER FLOWS -

ACROSS HOMOGENEOUS MAGN ETIC FIELD S*

By

H. E. Wilhelm and S. H. Choi

Abs trac t

Similarity transformation8 and selfsimilar solutions are derived

for the incompressible radial flow of conducting, viscous fluids across

an external, homogeneous magnetic field (parallel to the apse—line) in

a diffuser with electrodes in the planes 0 ±0 (cylindrical coordi-

nate system). The conducting flow across the (axial) external and

induced magnetic fields induces radial and azimuthal current densities,

of which only the azimuthal current density produces a net current flux

I ~ 0 through the electrodes, presumed that these are connected by an

external circuit. The eigenvalue problems for the radial velocity and

induced magnetic field amplitudes f(o) and ~js(0) are solved in closed

form. The external and induced magnetic fields are shown to change signif-

icantly the pressure distribution in the flow, but do not directly influence

the velocity distributioi& and the onset of flow separation. This is due to

the irrotational nature of the Lorentz force, V x [V x x 1] = 
~~~, due to

the axial (non—curved) magnetic field ~ (r ,0).

Supported by the U.S. Office of Naval Research
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- INTRODUCTION

Analytical similarity solutions for electrically conducting,

incompressible flows between inclined plane walls (“diffuser”) exist

in presence of azimuthal external magnetic fields if induced magnetic

fields are neglected~~ or considered~~ (depending on the magnitude of

the magnetic Reynolds number), and even if viscous stress relaxation is

taken into account-p . For compressible plasma flows in diffusers with

azimuthal magnetic fields, closed—form solutions were obtained in the

4)
polytropic approximation— , whereas the general case with heat transfer

and Ohmic and viscous heating required both similarity and numerical

methods~-~-~~. If the applied magnetic field is azimuthal, the force

field x ~ resulting from the interaction of the current density T and
magnetic induction is rotational, V x (1 x = V x

since ~~V1~ ~ ~ (curved ~—lines) . As a consequence, the velocity field

in the diffuser is modified by the Lorentz force, whereas the pressure

distribution is similar to that of the (nonconducting) Hamel flow~~.

Similarity solutions for magnetohydrodynamic flows in diffusers with

homogeneous external magnetic fields have not been found previously. We

will demonstrate that a two—dimensional (r,0) similarity solution exists

also for incompressible magnetohydrodynamic diffuser flows, if the

applied magnetic field is homogeneous and in the axial direction (z).

The induced magnetic field is then also axial (and z—independent) so

that the magnetic force density is irrotational, V x (
~~ x i~) = since

x -V(~
2/2~~) + p~~ ~~~~ where ~•V~ = ~ (straight b—lines). In the

latter case, therefore, the magnetic volume force changes the pressure

distribution in the flow but does not affect the velocity field directly.

4 
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We present a similarity transformation which transforms the magneto—

hydrodynamic equation of motion for the velocity field (r,0) and the

induction equation for the magnetic field ~(r,0) for the incompressible

diffuser flow with an applied homogeneous field in the axial direction

into nonlinear coupled differential equations for the amplitude fields

f(0) and *(6) of (r,0) and ~(r,6), respectively. The boundary—value

problem for f(0) is solved in closed form, whereas the eigen—value prob—

lem for ~p(0) is treated by means of perturbation theory assuming magnetic

Reynolds numbers < 1 (R
M

> 1 is generally not encountered in experi—

ments)~~ . Graphs of the velocity and magnetic field are presented . The

pressure distribution and the onset of separation of the laminar boundary

layer from the walls in the magnetohydrodynamic flow are discussed .

BOUNDARY—VALUE PROBLEM

We consider the radial outflow = {u ,O ,O} of a viscous, electrically

conducting incompressible fluid (liquids such as mercury or subsonic,

quasi—incompressible plasmas) in a diffuser with plane walls at 0 =

and a homogeneous magnetic field = (0 , 0, b }  in the axial direction

(Fig. 1). The diffuser walls extend radially from r
1 

> 0 to r2 <

and are ideal conductors which collect the aximuthal currents j0 which

are induced by the radial flow of the conducting fluid across the magnetic

field in the z—direction. The electrodes are connected by a load

circuit through which the current i (amp ) is transported . Boundary effects

at the remaining insulating walls in the planes z = ±z~, are not considered

by assuming that 2z >> 8(r
1
+r 2)/ 2 , so that all flow fields are two—

dimensional of the form F — F(r ,0). Similarly, hydrodynamic and electro—

magnetic entrance (rat
1) and exit (r—r 2

) effects are disregarded. In

~~~~

, 

~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~

L J ~~~~~~~~~~~~~~~~~~~~~~ 
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actual diffuser flows , end—effects  are minimized by operating the diffuser

in a similar, larger diffuser duct through which the working fluid is

pumped.

For fields independent of z, Maxwell’s equation V x m di-

cates that the azimuthal curr ent density j
0
(r,0) produces an axial magnetic

f ield b ( r ,0), which in turn requires a radial current density j(r ,0)

since

u i 0 
= _

~
b
~
/ar . uoir =+r

1 ab/ 3e.

It is also seen that the fields = {j ,j0,0} and i~ {O ,0 ,b + b }

satisfy the basic equations V T  = 0 and V~~ = 0. In accordance with the

current transport equation, 
~ 

= a(~ + x ~~
) in absence of the Hall—

effect~~, the electric field is of the form = {e , e8, 0) and satisfies

the basic equation V x ~~~. We introduce dimensionless flow fields and

independent variables in accordance with (p = pressure f ield) ,

U(p,0) u(r,0)/u , P(p,0) = p(r,0)/p , J 8 (p , e) = j (r,0)/j
0 0 p , r, o

(1)

B(p ,0) = b (r,0) /b , B0 
= l~ E~~ 0 (~~ 0) = er 0 (r ,O)/ eo . , (2)

and

p a r / r , r € (r 1,r2) , (3)

where

2
u,~ — u(r 0 ,O) > 0, p0 = P u , e = u b , j 0 = ~u b  . (4)

Based on the magnetohydrodynamic equations for constant density p .

viscosity ~~~, and conductivity a and Maxwell’ s equations, we derive for

the dimensionless fields U(p,6), P(p,6), and B(p ,0) of the plane diffuser

with axial external magnetic field the nonlinear boundary—value problem:

6
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= — [P + ~~
. U(l+B) 2 ] + ~~~

—
~~~

- ~~~ ‘ 
(5)

0 - [-P - ~N( l+B) 2 + 2R 1

(7)ap p

, ( 8)

with

U(p,0)
0~~0 

0, P] ~~~ P .~~ P2

H
[~B(p ,O)/30]0~~0 0, ~ ~ ,(l0)

5 U(p,0) pdo = Q > 0 ,(l l)
—0

0

H ‘~2f [aB(p, 0)/ap]040 ~p = _R
MI .( l2 )

p
1 

0

q — p u r  Q and I = j r l  are the dimensional flow rate and dimen-

sional load current, each per unit length t~z = 1. Although asymmetric

Hamel flows are compatible with the basic equations and boundary condi—

tions1~ , we consider exclusively symmetric outflows with

U(p ,—0) = u(p ,+0),  B(P ,—O) = B(p ,+0) . (13)

The flow Reynolds number R, the magnetic Reynolds number 
~M ’ and the

energy ratio W are defined as

R — u r p / u ,  Rm a p u r , N = (b2 /p )/ p u2 
. (14)

Eqs. (5—6), (7), and (8) are the equation of motion (r and 6 components),

the continuity equation, and the induction equation [V
2
~ — —~~a V x ~~x~ ) J ,  -

respectively. The boundary conditions (9) and (10) consider that the

7
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fluid does not slip at the walls 0 = ±6 and that E (p ,± 6 )  = J~ (P~ ±O Q) 
a

R~
1p~

1 
~B( p ,±0 )/~0 = 0 at the electrodes of inf ini te  coniuctivi ty,

respectively. Eqs. (12) and (13) specify the (given) mass (Q) and

current (I) flows.

From the solutions IJ(p,0) and B(p ,0) of Eqs. (5)— (l3), the remaining

(dimensionless) flow fields are obtained as

= ç1 ~—l ?B/ae , = aB/~p ,(l5)

E = iç~’ p~
1 aB/~ e , E0 

= U(l+B) —R,~ ~B/3p .(l6)

SIMILARITY TRANSFORMATION AND EIGENVALUE PROBLEMS

The boundary—value problem in Eqs. (5)— (12) has selfsimilar

solutions of the form F(p ,0) = p” G(0) for the velocity field U(p,0) and

the magnetic field B(p ,G), whereas the pressure field P(p,O) has a more

complicated structure. Integration of Eq. (6) yields for the sum of

hydrostatic and magnetic pressures

P + ~~
- N(l+B)~ = 2R~~ 

IL + ~~~~ (17)

where 3(p) is an integration “constant” with respect to 0. Elimination

of P + ~H(l+B)
2 from Eq. (5) by means of Eq. (17) results in

~ IL g l [9~~ d3( p )
2 p 

~P 
2 
~~ 

dp

Alternatively, V [P + .~~ N(l+B)
2] could have been eliminated from Eqs.

- 
. S (5)—(6) by taking the o.irl of the equation of motion. Since 3(pU)/~p = 0

by Eq. (7), Eq. (8) can be reduced to

(19)
ap 2 ~ ~ p 2 ae 2 “ 3p

It is now seen that Eqs. (18) and (19) can be reduced to ordinary

8
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different ia l  equat ions by means of the similarity transformation

U( p ,8) — f(e)/p”, n — 1 , (20)

B(p ,0) ~p ( 6 ) / ~ m in > 0 , (21)

where n — 1 by Eq. (7) and in is a still undetermined eigenvalue,

namely:

+ Rf2 + 4f = ~~~ 
dB(p) 

-~R , (22)
dO p

+ m (m+R~f)~, = 0 . (23)

In Eq. (22), aR is a separation constant, and the p—dependent con—

S 
stituent of the pressure field becomes

3(p) = ~ap~
2 ÷ p (24)

where P is the hydrostatic overpressure. Combining of Eqs. (17) and

(24) gives for the total pressure field

P(p ,0) + ~~ [l+B(p ,0)]2 2R~~ 
~~~~ + + P . (25)

Note that the sum of hydrostatic and magnetic pressures is of the same
7)selfsimilar form as the pressure field in the classical Hamel flow—

Eqs. (20)—(2l) and (25) represent the similarity transformation for the

nonlinear magnetohydrodyn amic flow problem under consideration.

Eq. (22) and the boundary condition (9) give for the determination

• of the velocity amplitude f(0) the nonlinear eigenvalue problem with

eigenvalue ~:

d2 2_— f+Rf + 4 f + a R — O  , (26)
dO

f(±00) 
— 0 , (27)

9
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with

f ( — O )  = f (+O), f (O)  E 1 . (28)

Eq. (23) and the boundary conditions (10) and (12) give for the

determination of the magnetic field amplitude i~(O) the linear eigenvalue

problem with eigenvalue p:

+ u 
½~~ f(O)* , m2 

, (29)

dip(±0 )/dO = 0 , (30)

with
½ ½ l

~p (—o) = ~p(+O) ~~
±O
~
) = R..~I(P~

u_P;u) . (31)

In ~q. (4), the identity f(O) 1 is due to the nondimensionali—

zation of U(p,O) with respect to u = u(r ,O), Eq. (4). Since B(p ,0)

is non—dimensionalized with respect to the arbitrary (external)b ~ 0,

I~(O)I ~ 1 in general in accordance with Eq. (31). In the eigenvalue

problem (29)—(3l), f(O) represents a variable coefficient which is

assumed to be known from the solution of Eqs. (26)—(28).

Since ~~O) is an even function of 8, by Eq. (31), dip(O)/dO is an

odd function of e. Hence, the flux of the radial current density J~(~~O)

through any surface p1 < p = constant < p2, ~~ .~.. 0 , vanishes [Eq. (15)],

+00 +00

• 
pd0 — ç

1 p~
51 dO = 0 . (32)

SOLUTION FOR f(6)

We seek symmetrical solutions of the boundary—value problem (26)—(28)

which represent pure outflows , 0 < f(O) < 1. Net outflow solutions (Q> 0)

with backflow regions where f(O) < 0 are not discussed since they are in

all probability not stable (flow separation). A first integration of

1.0

~
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Eq. (26) gives

(df ) 2 
a ~~~[C - f~ - 6R~~f

2 
- 3 f ]  (33)

where (df(±O )/de]2 = (2/3)RC > 0 for R > 0. Since df (0 )/dO 0 and

f(O) a j

C l + 6 R ~~~+ 3 a > O  . (34)

Backflows occur at the walls 0 — ±0 if df/dO ~ 0 for 0 ±0
0 0

Accordingly, the eigenvaluea a of pure outflows are larger than a

critical value which is negative,

a > &, & — ~~(1+6R~~~) . (35)
-

~~ In view of Eq. (34), the trinomial in Eq. (33) has the roots

= 1, f 2 = 
~ +‘ f 3 f _ (36)

-
~~~ where

= ~{-(l+6R~~) ± [ (l+6R~~ )2_ l2a_4 (l+6R )] l~
’2 } (37)

with

~
± : conj ugate comPlex ) for:  a — 

~ (l+6R~~)(l—2R~~) . (38)

Formal integration of Eq. (34) yields , under consideration of f (O)  =

f1 — l ,

S i t  - 

l’2 f (O) —l ’2(2R/3 ) ‘ 0 = ± 5 [ (—1) (f—f 1) (f—f 2 ) ( f— f 3) ]  ‘ df . (39)
1

In the evaluation of the elliptic integral in Eq. (39) for pure

outflows, 0 < f(0) < 1, two cases have to be distinguished:

CASE I: f
~ 

— conjugate complex.

In this case , the eigenvalues a lie in the region defined by Eq. (38).

The substitution f — f 1— X 2 ( (l—cos$)/ (l+cos~ ) ] ,  0 < $ < it , reduces

Eq. (39) to (2R/3)1”2 e — ~ F($,k). The solution f(O) is obtained

- , 11 

.. .. • . -— - — — 
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by inversion of the elliptic integral F($,k) of the first kind as:

f( 0) 1 ~2 l—cn[(2R/3)~~
’2A0;kJ (40)

1+cn[2R/3)1 AO ;kJ

where

x2 [3(l+cs+4R~~)] lh/2 (41)

k
2 

~[l4A
2
(l+2R ’)] . (42)

The eigenvalue a is given by the boundary condition (27) as the real

root of the transcendental equation ,

S 

cn[(2R/3)~
12AO ;k] (A 2 1)/ (A 2+l) . (43)

CASE II: 
~± 

= real.

S 

In this case, the eigenvalues lie in the interval, —(l+6R~~)/ 3  <

a < — (l+6R~~)(l—2R ~~)/4 , and f1 
> f 2 > f~ by Eqs. (36) — (37)  since

< 0. The substitution f = f 2 + (f
1—f2

)cos2$, 0 < $ < ir/2 , reduces

Eq. (39) to (2R/3)1”2A0 1 A~~ F($,k). Inversion of the elliptic integral

yields the solution:

S f(O) a f 2 + (l_f 2)cn2((2R/3)h12A0;k] (44)

where

A2 = (1—f 3)/ 4  , (45)

k2 
— (l—f 2 ) / ( l—f 3) . (46)

The eigenvalue a is determined by the boundary conditions (27) as

• - 
the real root of the transcendental equation,

cn
2
[(2R/3)l~

’2AO ;k1 — — f
2 / (~~— f

2
) . (47)

S For large Reynolds numbers , R >> 1, as encountered in most exper—

iments, both Eqs. (40)—(43) and Eqs. (44)—(47) indicate that A , k, and

a — and , hence , the solution f(8/00) - depend only on the combination

12 
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i ~l /2~ This means that flows with different R and 0 , but w ith the

same I , have identical velocity distributions f(O/e
~

) .  Th is

S invariance principle is a special case of the one ftrst discovered for

compressible inagnetohydrodynamic f1ows~~.

At the transition from pure outflow , f (O) > 0 , to backflow f ( O )  < 0

in the vicinity of the walls 8 = ±8 , the azimuthal velocity gradient

drops to zero at the walls. This transition point is usually defined

as the onset of flow separation in incompressible fluids~~-~. Applica—

of the condition df (± 8 0) / d O  = 0 to the solution in Eq. (44), which is

valid for eigenvalues down to the separation value & =

gives for the critical duct angle 
~~ 

beyond which separation occurs

(2R/3)hh1’2
~i = K(k) (48)

where K(k) Is the complete elliptic integral of the first kind~~ .

Substitution of Eq. (48) into Eq. (47) shows that f 2 = 0 so that at the

onset of separation
~
i. 1, = ~, = —(l+6R~~ ) (49) -

and

(l+3R
1)/2 , i(2 = (l+3R 1

)
1/2 (50)

Combining of Eqs. (48)—(50) shows that the critical duct angle O~

beyond which (0 > 0) flow separation sets in decreases with increasing

Reynolds number R,

— [3/(3+R)1~~ K(/R/(6+2R)) (51)

-
. 

Since the eigenvalue a a — (l+6R 1)/3 is negative at the onset of

separation, the total wall pressure P(p,±0) + ~N[l+B(p ,±8 )]
2 is

positive at the onset of separation by Eq. (25) if the overpressure

is sufficiently positive.

In order to have a stable, unseparated diffuser flow, experiments

L 
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are generally operated at sufficiently positive eigenvalues, a > —(l+6R
1
)/3.

Fig. 2 gives the eigenvalue a for pure outflows versus the invariance

parameter I — v’~~ 0 (R >> 1) based on Eqs. (43) and (47) for the solu—
S 

tions of types I and II , respectively, a decreases monotonically from

- - large positive values (for large i—values) to its minimum value a = — 1/3

S 
(for 1 — 3.18704) below which backflows occur at the walls.

Fig. 3 shows the azimuthal distribution f(x), x = 0/0 , of the radial

flow velocity of pure outflows for eigenvalues a = — 1/3 to 5.0 (1 = 3.187

to 0.591) based on Eqs. (40) and (44) for the solutions of types I and II,

respectively. It is seen how f (x )  changes from the shape of regular out-

flows for small values of I = /R 0 to the critical flow with the maximum
0

value I = /~~O = 3.187 (of a pure outflow), at which the transition to

mixed flows occurs. The curves in Fig. 3 imply large Reynolds numbers,

R >> 1, for which the invariance principle holds.

Fig. 4 shows the critical duct angle 
~c~’ 

beyond which (O
~ 

>

- 

backf lows occur , versus the Reynolds number R based on Eq. (51), It is

recognized that decreases rapidly with increasing R. Pure (unseparated)

outflows can, therefore, only be achieved at large Reynolds numbers ~
if the duct angle Is sufficiently small, O

~ 
< 0 (R) . It should be noted

that in the present case of a homogeneous, axial 
~~~~~~

‘ 
the external mag—

netic field can not prevent flow separation, in contrast to an azimuthal,

external magnetic field ~~(r) which inhibits flow separation for Hartinann

numbers H2 > 2 R/3~~~-~. The physical reason for this is to be seen in

the different nature of the Lorentz force, which is irrotational

[V x (T x ~
) — in the former case and rotational [V x (~ x ~) ~ ~] in

the latter case.

14
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SOLUTION FOR ~J(O)

For magnetohydrodynainic flows, the magnetic Reynolds number is

commonly not large, R.~ ~ 1. For this reason, the eigenvalue problem

(29)—(31) for the amplitude ~~O) of the Induced magnetic field B(p,0)

can be solved by means of perturbation theory, assuming that R~f( O )~1 is

a small term in Eq. (29). Since f(O) < f (O)  = 1, this assumption is

valid for

n = 1,2 ,3 , . . .  ( 52)

In the O-th approximation, R.~ ÷ 0, the eigenvalues and eigenfunctions of

Eqs. (29)—(30) are:

— (nlT/8 )
2
, n 1,2,3,... , (53)

c cos (nir8/ O ) ,  n = 1,2,3,... , (54)

with ~,
(0)

(e) — 0 for n = 0 by Eq. (31). For the determination of the

eigenvalues and eigenfunctions of the perturbed problem (29)—(31),

> 0, we set

= ~
(O) 

+ + ... , (55)

= 4,~~~~(0) + E a~~~ q~°~(e) + ... , (56)
v l  S

in accordance with 1—st order perturbation theory. Substitution of

Eqs. (55)—(56) into Eq. (29) yields in the same approximation

/ O )  RMf ( O )  ~ (O) + aW ~ (O) ~ (O) ÷
S v—i

(57)

— ~~(l) 
~~~~~ + a~~~ *

(0) 
+

S v—l

since the terms of 0—th order drop out. Multiplication of Eq. (57) by

15
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and integration over (—0 , + O~) yields for the perturbation of

the elgenvalues

+0
(1) 

- RM(nlI/8 ) I cos
2
(nlTO/0 )f(O)d(O/0 ) , (58)

upon consideration of Eqs. (53)—(54). Multiplication of Eq. (57) by

v n , and integration over (_O
~
, + O~ ) yields for the expansion

coefficients of 1—st order

+0
( RM(n

u/O) C o
a~~~ = 2 2 ~~ f cos(vii8/O ) f(O)cos(n~iO/O )d(O/O )

( v i n e )  —(nin,~~) v —0

, (59)

upon consideration of Eqs. (53)—(54). Combining of Eqs. (58)—(59) and

(55)—(56) yields for the eigenvalues and eigenfunctions of Eqs. (29)—(3l):

+1
= (nin/O ) [ (n in / 0  ) — R~ 5 cos2nhrx f(x) dx], n = 1,2 ,3,... , (60)

—l

-/
~
- -,/

~

-

~n (8 )h 1~~~l 
n 

~~~ 
n ) l 

=

[cos (n1r0/0 )+RM (nin/ O ) E t b cos (n ir O/ O ) ]  S

n l ,2,3,... , (61)
[(_l)tl+RM(nit/O ) ~ (_j • )

V b )
v— i 

S

where

+1
b = 5 cosvinx f(x) cosnnx dx/[(vin/O )2— (z-iir/9)2] . (62)

—l

In Eqs. (60)—(62), x = 0/0 as previously , and the expansion coeff i—
S 

d ents c~ have been determined In Eq. (61) by means of Eq. (31). The

parameter m, which determines the radial decay of the induced magnetic

16
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field B(p,O) p~~
’ 
~,(0), is obtained from p .

m~~~m u ’ v ç , n l ,2 ,3, . . .  . (63)

Since an infinite number “n” of eigenfunctions ~~(O) exists

mathematically, the solution for the induced magnetic field , B(p ,0) =

S 
~—m(n) ~~(O) is not unique. Probably, only the eigenfunction with

n l  is physically stable, and can be observed in actual diffuser flows

across an axial, homogeneous, external magnetic field. A similar non-

uniqueness exists for the velocity field U(p,O) — f ( O ) / p of the Hamel

I low1~. For one and the same flow rate Q > 0 and duct angle 8
0

, up to

an infinite number of eigenfunctions f(8) exist mathematically , which

represent pure outflow (f>O), symmetrical mixed out— and inflows (f~O), 
S

and asymmetrical flows (f~O)D. The solution for f(8) established above

is only insofar “unique” as we have excluded all types of mixed flows

(f~0) for given values of Q > 0 and 0 by means of physical arguments.

In Table I, the first few (n—l ,2,3) eigenvalues in are compared

with their values m~~~ in the O—th approximation for 0 = 5~ , a = —1/3,

5, and RH 
= io

_2
, 10

_i
, 100 based on Eqs. (60) and (63). It is obvious

that in differs hardly from m~
0
~ and varies very little with a and RH,

as long as R
H 

<< rnn/ 00 .

TABLE I: Eigenvaiues in ~
l/2 n = l,2,3(0 .5°).

S 

• cv—l/3 a 5

i~io 2 
RiO~~

’ R”l0
0 R”l0 ’2 R—lO’4 R”100 xi :

in
1 

35.9976 35.9760 35.7589 35.9969 35.9694 35.6927 1 : 36.0000

F •
~ 

• m2 71.9977 71.9770 71.7695 71.9968 7 1.9675 71.6748 2 : 72.0000

in
3 

107.9977 107.9770 107.7696 107.9967 107.9672 107.6717 3 : 108.0000

17



t _ _  

~
— -  -

~~~ 
— • --

~~ ~~~~~~
:——-“- - --

~~
-
~ 

_
~~_v_ 5 - -~~~1 . v~~~. ~~— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

Figs. 5 and 6 show the first few (n= l,2,3) eigenfunctiona ~p (x)/R.~I

versus x = 0/0 for a — —1/3, RH = 100 and a = 5~ RH = 10 2
, respectively .

In both cases , it is assumed that 0 = 5
0 and p

1 
= 1 (r 1 r )  and

— 100(r 2 — lOOr ). It is recognized that ~~(x) varies little with a and

RH’ and that $ (x)

Thus, a homogeneous, external magnetic field in the axial direc-

tion has the following effects on the radial flow in a diffuser with

electrodes in the planes 0 = ±0
0
. The radial motion of the conducting

fluid across induces radial, J (p,0), and azimuthal, J0(p,O), current

S densities. While the net radial current flow due to J (p,0) is zero

S 
[Eq. (32)], the net azimuthal current flow due to J

0
(p,O) is I ~ 0

[Eq. (12)] if the external circuit is closed. J
0(p,O) = mR~~p~~~~~~$ (O)

changes its direction at those coordinate values 0 where J~(~~0) =

ç
1 ~—(m+l) dp (0)/do assumes an extremum [Eqs. (15), (21), (61)] as

illustrated in Figs. 5—6. The external, 
~~

, and induced , ~ (p,e),

magnetic fields in the axial direction produce an Irrotational Lorentz

force , which changes the pressure distribution in the flow [Eq. (25)],

but has no direct influence on the onset of flow separation [Eq. (51)].

The selfsimilar solutions derived are based on the assumption that

the flow is two—dimensional (r,8), which requires a quasi—infinite

extension of the flow in the z—direction . Whether the selfsimilar solu-

tions are realistic enough remains to be shown by comparison with actual

S 
magnetohydrodynamic diffuser flow experiments, since the condition of

S 
similarity may impose restrictions on the generality of the solutions

obtained.

S 

- 
The radial, two—dimensional diffuser flow considered represents

an idealization which is analogous to the fully developed, axial

18
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Hagen—Poiseuille flow between parallel walls. For a more realistic

S 
theory, hydrodynamic and electromagnetic end—effects would have to be

considered, as well as z—dependence of the flow fields due to insulating

walls in the planes z ±z , z < ~~~. These complications would render 
S

it extremely difficult to find selfsimilar solutions, presumed that

- similarity transformations exist in the three—dimensional case at all.
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Similarity analys is of magnetohydrodynamic flows with viscous stress relaxation

H. E. Wilhelm and S. H . Choi
Dep aru nt-nt of Electrkal Enginccr i, tg. Coh,rudo State Unircrs ii ~. I-or ! CoI I,,is. Ci,Iorado 80523

(Received I March 1977)
S A novel similarity solution in terms of a hyperelliptic integ ral is given for a magnetohydrodynamic flow

across an azimuthal magnetic field In a diverging duct , under consideration of viscous stress relaxation.
Ve locity profiles and the critical duct angle for flow separation are calculated as a function of the Reynolds
number and the Harimsan number. Ii is shown that viscous stress relaxation modifies the velocity
distribution and reduces considerably the critical duct angle for flow separation at low Reynolds numbers. At
large Reynolds numbers, v iscous stress relaxation is less important , and the results approach asymptotically

S those of ordinary magnetofluiddynamics, which is based on a static relation between viscous stresses and the
ve locity component gradients.

I. INTRODUCTION According to the first equation, viscous stresses
would prop agate in accordance with a (parabolic)

In classical fluid mechanic& and magnetohydro- diffusion equation (continuous “signals” and in-
S dynamics,2 It Is assumed that Inhomogeneities finite speed of propagation ) . According to the

- S S V 17 1 In the velocity components z’, produce Instant - third equation, viscous stresses would propagate
aneously viscous stresses TI1,. Mathematically, in accordance with a (hyperbolic) wave equation
this Is expressed through a phenomenological (discontinuous “signal” and finite speed of propa-
“flwc”-”force” relation, given for incompressible gation). This is readily shown, e.g., by combining
fluids or subsonic flows by”2 the equation of motion for the viscous fluid with

H = ‘V V ) 
the first and third stress transport equations,

I l  M~ 1 V,+ ~? respectively, for the case of a small one-dimen-
In a real continuum, velocity inhomogenelties do sional velocity perturbation. Thus, these equa-
not switch on viscous stresses instantaneously but tions give rise to a qualitatively significant dif-
rather in accordance with a relaxation process fere nt behavior in viscous stress transport .

S of characteristic time r . Indeed, the moment Quantitatively, the term e ,n 1, is of importance
for short processes with a duration time 1 ~ T =

1111=nz f ff (c 1c ,_ *c 2o 1j ) f (~,~ ,1)d3~ p. A criterion for the quantitative significance of
- the term t ,V5fl 1, is not as easily establishable ,

of the Boltzmann equation yields , for an Incom- since V,1fl1, may be quasisingular at certain points
pressible viscous fluid (V .~~~= 0), the relaxation of the fluid. Similarly , the rigorous theory of heat
equation (discussed in connection with the 13-mo- transport has to be based on a (hyperbolic) wave
ment approximation in the Appendix) : equation. 3

We consider herein subsonic flows of dense,
8,H1 + 1- NV LI , —T ~[1~ — p(V ,v + V v,)

‘ ‘ .‘ ‘ ‘ ionized gases across an external azimuthal mag-
If thermal forces and terms of higher order in the netic field B0 in a duct with Inclined walls (so-
field derivatives are neglected. The viscosity M, called diffuser , FIg. 1). The analysis is based on
the fluid pressure p , and the viscous stress re- the magnetohydrodyna mic equations with viscous-
laxation time r are interrelated by ~ =pr . This stress relaxation , i.e., we disregard effects of
equation satisfies the basic requirements of a “magnetic” viscosity (which occur in highly rare-
(classical) ~~ , 1-dependent field equation since It tied plasma flows) assuming that ~~1T 1 << 1, where
(i) conta ins space and time derivatives , and (II) = e 1 B0/m1 and r1 are the gyration frequency and
Is Invariant against Gaillel transformation. The collision time of the ions , respectively. By means
static Navier-Stokes relation is not In accordance of an exact (nonlinear) similarity solution , we
with either requirement , demonstrate that convective-stress relaxation

The third equation Is in the typical form of an affects the onset of flow separation , I.e., the
Inhomogeneous relaxation equation , with a forcing first occurrence of wall back flows which , in gen-

S term , —p(V ,i- ,+ V,v ,). It is seen that It reduces eral , are unstable arid result In a turbulent bound -
to the first equation if the temporal (a ,fl,,) and ary layer. Flow separation is commonly observed

S convective (v 5V,fl11) relaxation terms are dis- If for given Reynolds (R) and Hartmann (3C) num-
regarded. bers, the duct angle 8~ is Inc reased beyond a

16 2135
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critical value 9,~. The calculated velocity dist ri - that the Hall effect Is negligible (w 1 ~~~~~ I),
butions are qualitatively In agreement with velo- r= a(E ,+ ~~~~~city profiles observed in diffusers.4

Magnetohydrodynamic diffusers with transverse The resultIng L.orentz force density Is a purely
S magnetic fields and nonvanishing electric load are radial field which opposes the Inducting flow ,

S f requently used to study the transformation of Tx ~~ = —a(E,+ uB 5)B ~~,.kinetic flow energy (due to thermal expansion) Into
electric energy. For the experimental realization , Because of V x = 0 and v . j”= q(V . + ~~~. V ~~~
It Is suitable to install the diffuser In a similar — • V )( B) aV ‘E =0 , the axial electric field is
larger diverging duct through which the working Inhomogeneous , and vanishes,
fluid Is pumped at a constant rate In order to mini- 

~~~~~ Ô , R • 0,mize three -dimensional entrance effects. The
development of the boundary-layer with entrance since the load of the external cIrcuit is zero. In
effect is a complex problem which has been aria - thIs case , the current in the external circuit as-
lyzed only for magnetohydrodynamic flows between sumes the maximum value
nonincllned walls by means of Goertle r series cx- r~ ••o
panstons.5 i-a (‘ f uB~~dr d 9.

u.s

II. NONLINEAR BOUNDARY-VALUE PROBLEM These equations are based on the assumption that
the Induced magnetic field Is small compared with

Let cylindrical coordInates (r , 9,z )  be introduced the external magnetic field , which implies smallfor the description of the magnetohydrodynaznic magnetic Reynolds numbers,5flow model (Fig. 1). The conducting fluid is bound-
ed in the surfaces (9=+80,r,~~r~~r5)and (8= —80, R5 =i ~pu (r, 0)r <<1.
r , ~ r �r 3) by insulating walls, and In the surfaces In this elementary radial-flow model , fluid dynam-(z — + z  _)  and (z — —z _) by electrodes , which are Ic and electric end effects at r —r , and r=r ,(l °lconnected through an ideal circuit (R —0). The 

~ are disregarded.conducting fluid Is Injected through the inner cyl- The magnetohydrodynamic diffuser flow underInder section (r— r,, — 9~~ 95 + 9~, — z _ ~ z ~ + a..) consideration Is described by the nonlinear bound -
and removed downstream through the outer cylln- ary-value problem for the radial velocity Luder section (r .’r 2, — 9~~ 9~~+ 9~, — z .~~~ 9S +z .). =u(r , 9)] ,  stress [fl,,=T1 ,,(r , 9)] ,  and pressureThe boundary layers at the electrodes are disre- fp.p(r, 8)J fields:

S garded compared with those at the Insulating walls
by assuming that the Interelectrode spacing Is Bu 

~~~ 

(~~ 
:~ 

(rf l ,,)+ ! ~~~ —large, a. >>~ (r 1+r 2)90, The magnetic field has l~’ Br — — Br — 
— — 

r B O r
Its sources In an electric current! flowing through 

(1)a conducting rod (O~~r~~r0, 
_ o~~z~~+ o ,r 0 <v ,) . —a B~(r 0)

In accordance with Stokes’s law , ~ B.d~ — I~ 1, the
magnetic field Is azimuthal (M0 is the permeability 

~~_ — 
~~ —(;~i i

! (r 5f l f r ) +  ! ~-!~I~ (2)r o e ) ’  Sof vacuum) and has the induction r B 0

B- ( u0/2 w) (I/ r)~., r 0~~r < ° . Bu u— - + — — 0, (3)Br rThe radial flow ~~— u~, of the conducting fluid
across the magnetic field ~ Induces axial electric where
(E ,) and current density (j,) fields, presuming

~~ ~~
,. ,,~~—2M j~~ (4)

l O u
p Or Ll fr • — U ~~ j-~~ (5)

(6)
~ 

Br

and

u(r ,8—a9 0) — 0 , (7)

FIG . 1. Geometry of diverging duct with radial velo—
city field ~‘ and azimuthal magnetic field ~ . Pf u(r , 9) r d 9 —Q .  (8)
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Equation (8) specIfies the flow rate Q through the From the stress-relaxation Eqs. ( 17)—(18) one oh-
dIverging duct. For similarity reasons , Eq. (8) ta ins the conventiona l static stress relations for
Is equivalent to inlet ( r=r 1) and outlet (r = r 5 ) P fl : ~‘r ~- — ’ . g0,——~f’, g~)0— —.1, P ”~’ III.bou nda ry conditions. Instead of Eq. (8), It is
more convenient to assume the Reynolds number 

~ (EOSI- l ) -I-OR M SOLLiHON
R(0)  of the cent ral st reamline to be given ,’ Substitution of Eq. ( 16) into Eq. ( 19) gives the

~~~~ 8 = 0 ) r / u s R (0 ) .  (9)  pressure f unc t i on  I ’( 0)  in terms of the velocity
function f(8) ,Equations ( 1) , (2)  are the r and 9 component s

of the equation of motion of the conducting fluid P H2I+P0 +(4 12 p~)1 /2J ( 24)
in the azimuthal magnetic field [a ,= B,(r 0)r 0 / r~. The minu s sign of the square root is not app licableEquation (3) represents the continuity equation as one verifies by means of Eqs. (20) and (22) . Byfor Incompressible radial flow , and Eqs. (4) — (6) eliminating P (9) by means of Eq. (16) and g~, bydescribe the convective stress relaxation wit h a means of Eq. (18), we find from Eqs. (15) and
~~~

0nitY ~ =pi . It is noted that for pu re radia l (20) the nonlinear boundary-value problem for the
velocity fu nction f( 9) ,

~.vf l  =ua f l / er .
f”[2f+ P0 + (4/ 2 + ~~2)l /9 + 2P0(4f2+ p2)~1 /2f2

III. SIMILARITY TRANSFORMATION + [P 0 + (4f 2 + P~
) 1 ‘9{j2 + (4 — 3C2) f

The dimensions of the flow fields and the fluid + 2~P5 + (4f 2~~ P~) ’ 
~9}= 0, (25)

constants are interrelated by S
S where(u) —  (u /pr) ,  (p) (fl ,1).. (~ O/p r 2)

f (0= *90 )=0 . (26)Accord ingly, we try to reduce the partial Eqs.
(1)—(6) into ordinary differential equations by The differential equation for the corresponding
means of the similarity transformation: flow without stress relaxation 7 is obtained from

Eq. (15) asu(r , 8) — ( u/ p)r 1f ( 8 ) , (10)
f”+f2+ (4—3C2~f+4P0=0 forP>> f

~

.p (r , 9) = ( 2u2/p) r 2P ( 9) , (11)
The substitution, Sf l , ,f r , 0) — ( 2u 2/p ) r 2g~, (9) , (12)

S 

df d2f 1 d4’2 
(27)— = 4; , ~~~~~~ = — —nfr(r,e)=(2u2/p)r ogfr(o), (13) dO du 2 df

f l ,,(r , 9) ’ ( 2u2/p) r 2g,, (9) . (14) transforms Eq. (25) int o a nonlinear differential
The functions f(9), P(9 ) , and g,,(8) are nondimen- equation of first order for 4= ~b (f ) ,
sional. Upon substitution of Eqs. (1O)— (14), we ob-
tain from Eqs. (1)—(9) the ordina ry boundary. ~~ .4,

2+F(f)42+G(f)=0, (28)
value problem:

f 2 s —4P + 2g~,+ 3C2f , (15) where
P =P ,_g ~ , (16)

[P—1 /P) g..,. f ,  (17) F ( f )  4P0{1 2f + P 0 .t- ( 4 f 2 + p 1 t9 ( 4 fo4,p ~ ) 1m}~1

S E(P—f)/PIg,,-= -41, (18) >0 , (29)

(19)
G (f ) e  2[P 0 + ( 4f2+P~)s F2]

where
x {f~+ (4 _ 3c’)f+ 2[P0-i. (~f 2 +P9 ’10J }

- S f (9.*9~) — 0 , (20)
x [ 2f + p 0 + ( 4 f 3 +p ~) l/2 J - i

r ’o
J f ( 9 ) d9 *Q/ u,  (21) ~0. (30)

~~0

and
The general solution of Eq. (28) Is found by theP 0 .P (6 *0,), f(0)R(0), (22) method of variation of the Integration constant of
the solution of the associated homogeneous equa.S 1C2 .‘ (_2

~)B:(r)r a 
II (a/ u)( i ~,t/ 2or)2 . (23) tlon as

29
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/ ,/ cu 4)
43(f) exP (_ J F(f)d ,)  *9.J H 1 ( f ) d f ,  f0~

f (Q), (33)

x [ ~g _ f ’e~~ ( +f
’F v ) d4 G ( f ) df] , (31)  where

S H ( f ) u . . - i exp (_  I F ( f ) d f )

S 
where 

~{~~
_ 

f
l

exp (+ f
I

F ( f ) df ) G( f ) df] } t I ! .
S 

4~~ 4 ( f =f ( 0)) _ (-~~) . 0  (32) (34)

for symmetrical flows. Combining of Eqs. (27) Equations (33) and (34) represent a closed-form
and (31) yIelds an Integral solution for 9— 8(f) solutIon for the magnetohydrodynamic diffuser
from which one obtains the analytical solution flow with viscous stress relaxation in terms of a
J =f ( 9) by inversion hyperelliptic Integral, sInce by Eq. (34),

-i

H 2 (f ) —  
j~~

° 
~~~2 1(f

~~~~~~~~~~~~~~~~~~~

°

~~~~4 ~~~ 

— (f~ —f ~) + ~ (16 — ~ C2 —P 0) (f °  —f ~) + P ?C °(f —f e )

— (4f~+P~
)312 ]

F + ~(8 _ 3c°)[f (4 f2+P~)~’°

+ ~ (8 3C~)P~{lnf2f+ (4f 2 
+ p~)~ ~] — ln[2f0+ (4f~+ p

~ )1

(35)

S 
In Eq. (33), the * sign has to be used depending Figure 3 shows f (O) for the moderate Reynolds

on whether df/d 0~ 0, or 9~5 0 in case of pure out- number R = i0~ and 3C2 0.7R — 5R(90 ’ 5°). In this
flows , f ( 9) > 0. The integration constant 4~, Is case , l df ( 8 =  ±95 )Jd O) decreases with decreasing
determined in Eq. (32) for symmetrical flows K so that a well developed flow exists only in the
with an extremum at 9=0 , which are of main central region for small 3C2> }R. Figure 4 shows
practical Interest. The remaining integration f(9) for the relatively large Reynolds number
constant P0 contained in the solution of Eq. (33) B = 10° and 3C2 = 0.7R — 5R (°~= 5°). For small Hart -
is determined by the boundary condition In Eq. mann numbers, K2> ~R , the flow is considerably
(26), which gives depressed in the extended regions adjacent to the

walls so that Reynolds numbers R(O)~ 10° are
60 J  H ’( f ) d f .  (36) realized only in the limited central section I

<j~Oof the duct. Thef(8) curves in Fig. 4 show
Based on Eqs. (33)—(36), velocity distributions clearly the transition to the limiting velocity dig-

f(9)~~0 of pure outflows have been computed for tributlon, for which j d f ( 0 —  i9,)/d91 assumes the
the typical duct angle 8~— 5 ° and given Reynolds smallest realizable value, as K — IR. It Is con-
numbers R . . R( O) —f (O)  of the central stream line

S 0—0, with the Hartmann number K as parameter,
3C° uO.7R>IR . In the presence of viscous stress I.O(xIO’

relaxation, the onset of flow separation, as will
S be shown, Is Inhibited at large Reynolds numbers -S

ft for Hartmann numbers 
/

3C>3C4,; K~.,~~4R f o r R > > l .  /
The velocity distributions in FIgs. 2, 3, and 4 - 

S

represent net outflows without backflow regions 2 
5

since 3C> 3Cr,~ Figure 2 shows f(0) for the rela-. S

tively small Reynolds number B = 102 and X~ = 0. 7R ________________________________________

— 10 R(O ’r. S°). The velocity distributions become ~~ ° ~~S• ~~SS 54 - -4 2 4 4 0

flatter and the velocity gradients at the walls
S 

9~ ± O~ increase In magnitude as K increases. FIG. 2. f ( O)  vs B for n — iO~ and various 3C (O,’. 5~) .

30

________________ 
_ _ _ _ _ _  

-



—~~~~~~~~~~~~ ~~~ .555~5SS~ ~~~~~~~~~~~ S _ ~S .55.5~.5__5___~~~~’ 5 ~ - —  
.55 - -S-S- -S — — - .5 - _ S

16 S l M l I . A K I I ’ ~ A N A I . Y S I S  0)- M~~~.NI -~T0Ifl I)ftofl~~\~~ M Ic ~~~~~ 2)39

cluded that well developed velocity distributions 2R > 8 —3C 2 :
ex~i$ for suffic iently large Hartmann numbe rs
IC.3C(R; 0,), e.g., 3C3 >4 R f o r f t — l 0 °  (Fig . 2) and
3C’.r2R forR.104 (Fig. 3)andft.1O’ (Fig. 4). - 3 

_____

( S R)  iFs

Velocity distributions of the typical form shown ~ ~~ ~~ -(8 ~ 3C° + ~R) [_  ~ ~. 
(~~ 

+ i .e ’+ ~~~~) 
]

in Figs. 3 and 4 have been observed In magneto-
(42)hydrodynamic diffuser-flow experiments.4 A

qualitative comparison is, however, not possible, Equation (40) contains an elliptic integra l which is
since a conical diffuser was used in the experi- resolved by means of the substitution
ment..4 Velocity distributions without stress
relaxation ha ve been calculated previously.’ f ( 9 ) — 1 _ A 2 1’l —co sØ\ 

~~~~~~ (4 3)ki + cosq> )

which gives
V. MAGNETOHYDRODYNANIC FLOW SEPARATIO N

*9— ~(3/R )~~X ’ F(4~, k) (44 )
The Integral solution derived In Eqs. (33), (35), whe reand (36) describes physical flows as long as P0

. .P( O. *8,)2~0 for the given parameters B , K , and X*{3[l+(8 _ 3C2)R~~)}~’~, (45)
9~, since the pressure field has to be positive 

k’.~ {1+ ~A-’(2+ (8 _ 5C’)R-’J }. (46)everywhere, P (e) �0 , I °I ~ 0,. The boundary-
value problem in Eqs. (25)—(26) becomes, in the Inversion of Eq. (44) and substitution of ~ in Eq.limiting case P,— 0 , (43) yIelds the explicit solution for the case

.0:(37)
1 .-cn[UR)~”AO,k1 (47)(38) J ( e) . 1 1+ cn[( ~R) ”~A O , kJ

where According to Eq. (44) , the critical duct angle
f( 9) f( 9) 8~(P,..0) at which the wall pressure is zero isIe •  — — — ;  f(9.O).. 1; R ~R(O) . (39) given by the boundary condltion J(9= *O~)=0 as,f(0) R

Since P0.0 In Eq. (37), it cannot be reduced to the e,(P0 ..0) .(3i~~yI2x~~~(Ø0, k), (48)
relaxatIon-free case (P, F, >>f). The solution for — arc cos1(A.~ — I )/ (A2÷ I )J, (4 9)
the limiting flow with vanishing wall pressure P,
is by Eqs. (37)—(38), in terms of the characteristic flow numbers R and

K [x .x(R ,K), k = k (R ,K) by Eqs. (45)— (46)j. Since
“~~ dl f,~ —O for 3C2 — 8 =  ~R by Eq. (42) , the integral in*8. (3/R )1/5

f [_ ~~(J )JUi~ (40) 
Eq. (40) diverges for J(9-±9,)=0. Similarly, Eq.

where (47) diverges in this case since k-. 1 for K’ — 8
— !R by Eq. (46). It is recognized that

Q(l~•f 3 + ~~~(8—3C’)J ’— ~~~(8— 3c’) —i (41) O~ 9~~ 9,(P0 .0 )u i r  for 3C’~~8+ 4R , (50)

isa trinomial in? which has one real and two 0< ~~ 9,(P0 .0 )< v  for 3C’< 8+ ~R. (51)
complex conjugate roots since , In general , Accordingly, physical flow solutions with P( O)

08) fIt)
1.9 .‘IO I fl1.3R 55
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0, 0~, exist for all duct ang les 0< 90~~t if a negative wall pressure , P 0 <0. For this reason ,
the Hartmann number is the onset of separation was determined from the

condition P ( O = t 0 0) s 0 .R Similarly , here we have
~~~~~~ .1C~,= 8+ ~R . (52 ) associated the onset of separation in flows with

On the other hand , if ic S1C~~~ , physical flow solu- stress relaxation with the vanishing of the wall
tions with P (0) • O  91 

- 9~ , e*ist only for duct pressu re . P,, = O . The observed stabilizing effect
angl es 0 - .- 0 ( J ~ , .0)._ n . of the magnetic field is due to the Inc rease in the

In FIg. 5 , the critical duet angle 0~ 9~(P .~.0) wall pressure (Fig . 6) with Inc reasing Hartmann
for vanishing wall pressure is plotted versus number It . In conventiona l Incompressible fluid
R R(0)  with -It as a parameter. It is seen tha t dynamics without stress relaxation , the conditions

°i’ decreases with increasing R , but increases df ( O = ±9 0) / d O =  0 and P (8 = t9~)= 0 lead to the same
wi th increasing IC. The stabilizing effect of the separation criterion.
magnetic field at sufficiently large Hartmann num - Interest in this theoretical problem arose in
bets -IC is apparent , in particula r , in the regions connection with experiment s on boundary-layer S
IC.>IC,,(R) . separation in incompressible liquid meta l flow

The critical duct angle 0~’= 9~) (P O = 0) is also ob- and subsonic magnetogasdynamic flow in nonuni-
tam ed from the condition dJ(0= t60 ) / d 9 — 0 , if vm s- form magnetic fields and ducts. 4 9  If the Hart-
cous-stress relaxation is not taken into consider- mann numbe r is set to zero , the closed-form solu-
ation.7 The corresponding curves 9 =  90(R , IC) are tions presented reduce to those for the flow of

S shown dashed in Fig. 5. Comparison indicates electrically nonconductin g ordinary fluid s with
that for the same R and ~~~ , 9 “without stress re- viscous-stress relaxation in diverging ducts. S

taxation ” is conside rably larger than 9 “with
stress relaxation” for relatively small Reynolds ACKNOWLEDGMENT
numbers , R< 102 . Accordingly, viscous-stress This work was supported in part by the U. S.relaxation has a destabilizing effect on the flow , 

~~f ice of Naval Research. S

which , however , is completely negligible for
large Reynolds numbers , R 102 . As the wall APP E N D IX:  % (SCOLJ S STRESS TRANSPORT EQUATIONpressure d rops to zero , the laminar flow solution
can no longer be realized, and flow separation Incompressible magnetohy drody namics is appli-
sets in for duct angles 8~> 9~’(R ,.TCk~~. cable to conducting liquids such as liquid metals ,

In the classical similarity theory for incomp res- and also , as an approximation , to collision-domi-
sible viscous flow between inclined walls ,’ solu- nated ionized gases and plasmas at subsonic flow
tions with a (positive) homogeneous overpressure speeds. In each case , the viscous momentum
p0 exist so that one does not have to be concerned transport is due to the heavy atomic particles
about negative pressures in back-flow regions at while the electrons affect only the stress relaxa-
the onset of separation. The similarity analysis tion time r through cross-collisions. For this
of the corresponding compressible flow’ no longer reason , conducting fluids can be described by
permits solutions with over pressure , and the one-fluid magnetohydrodynamic equations.
limiting flow solution with d f (O.  *9 0)/d G= 0 exhibits The stress-relaxation equation for incompres-

H .  0 1  2 3 5 ‘0 20 50 100 200I-c
~~ \ T

.8 ~~~~~ 0 20 50 100 200
FIG. 5. Critical duct

.2 p for va rious IC, with (—)
and wi thout (— ——) viscous—
stress relaxation -~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

angle O~ for se~~ ration vs
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relaxation equation can be derived from the Born-
Green kinetic equatIon which differs from the
Boltzma nn equation through the collision integral
for many-body collisions. The most elegant meth-
od of solution for the Boltzmann equation is the
13-moment approximation due to Grad ,’°~~ whichI0’

R 

R ’ 1 0 1

Is mathematically also more rigorous than the
Chapman-Enskog and HUbert methods.” The

R ~ (0’ closure of the 13-moment approximation is forced
-~~~

by t runcating the third-order heat-flux tensor

(

/

4:
-
los

~~~ in terms of the heat-flux vector ~

Q,,, JJf mc ,c,c~,f ( ~ , P ,t) d ’~

— ~(q1615-i- q1651+q,611), (A l )

where fl~,F,t) is the distribution of the rmal vel-
ocities ~~. This truncation affects mainly the
heat-flow dynamics , and is, therefore , an excel-
lent approximation for qu4si-isothe rmal magneto-

Id 
________________________ 

hydrodynaznlc flows (~=~ ).
0 I 2 3 4 5 Following the original deduction of Grad for a

H’/R neutral one-component gas ,’° we multiply the
Boltzmann equation for particles of mass rn, and

FIG. 6. Wall pressure p0 vs IC for various R(0 0 — 5 0) . charge e,. in an electromagnetic field E — B by
jm~rc~a — (+) c~f l  and integrate it over the entire
space f f f d ’~~ of the thermal velocIties 

~, 
of the

sible (V .~~. 0) flows is derived as a special case r particles. Thus, the following xnoment-conser-
of the stress-relaxation equation for compressible vation equation is obtained for the nonhydrostatic
(V. ~ #0) flows based on the Boltzrnann equation stress tensor fi,. - Y’, —p , $ of the r component
presuming that the fluids are sufficiently dense and (summation s over the remaining components s of
collision dominated. For liquids a similar stress the fluid):

x w,,+ [fl, X + i,.’ Vfl ,+ ri,v . ~,+p,(V~,+ [v~,J-’ — Iv. 
~~~)+ I(v~,+ [vi,]-’ — ~v .

+ (fi , • V~ ,+ [ii ,. v;,]-’ — : V~~~~) =E Jff nz,[~~, — i~,Oj c ,..A, (A2)

where where r, is the viscous-stress relaxation time’4
and v ,.5 is the relaxation time describing the linear

C,,— f f ( f,~!f ,’ —f ,f ,  )~,,(g,,, f l)g , ,df l d ~, (A3) momentum exchange” between the components r
and s*v. ~, is an abbreviation for the remaining S
tensor terms on the left side of Eq. (A2), andIs the binary collision Integral,” and w,— —e,.B/m,.

Is the gyration frequency ([ 1” designates the in- 
a n, are numerical coefficients. For representative
times I>> r,, the term efl,/et In Eq. (A4) Is roegli-verse tensor). In the 13-moment approximation,

the distribution functions f,.(~,, 7 ,1) and 
~,, ~, 

1) 
gible , and one obtains the quasi-equilibrium , fl,
proportional to the sum of the various drivingare expanded In Hermite tensorlal polynomials , force tensors.’° The tensor §, reduces not alwaysthe expansion coefficients being the first (scalar) to the velocity gradients V~ , of the Navier-Stokes13 moments of the distribution functIon.” By

S means of these expansions and Eq. (A3) It can be relation ,” and for representative times I ~ T,, the
13-moment approximation does not approximateshown that Eq. (A2) Is of the form the phenomenological Navier-Stokes relation and

_.i-;’ fl , — 
~~ 

a,,v;~,n ,, (A4) gives better results.’°
For rnagnetohydrodynamic applications, a sim-
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pie-stress transport equation for the electrically of the inverse relaxation times v ’, r ’, r~~• The
conducting, incompressible fluid as a whole can Reynolds number in the preceding so’~utar ity ana-
be deduced from Eq. (A2) by neglecting those lysis and r are related by R(0) ’. [~~(0) r /p ( 0 )j r ’.
terms which are small compared with the leading Equation (A5) can also be derived directly from
terms. The contribution of the electrons (e) to the elementa ry physical arguments. The Navier-
fluid of Ions (I) and atoms (a) as a whole Is Insig- Stokes driving forc e _p(V~ + [v~J-’) of ii follows
nificant since rn ,<< m, ,  and1’ cs ,,, a,, c~ 1. The from the symmetry a rgument of Einstein. The
magnetic anisot ropy terms are negligible since term 811 /a results from the fact tha t the Navier-

‘< 1 for the heavy ions , and vanish for the Stokes quasi-equilibrium f l / r~ _ p(V~+[V ~] ’ )  de-
neutral atoms (w,= O).  The V .~ , terms can be velops within a time of the order of the “collision ”
disregarded for incompressible fluids and sub - time r . Finall y ,  the convective term ~~Vfl has
sonic (compressible) flows . Thea,. terms are to be added in order to make Eq. (AS) invariant
negligible for quasi-isothermal flows, and the against Galilei transformations ( ‘  = — ~ (, t ’= I).
te rms B ,. V~, are of the order of magr.itude of We have based the deduction of the stress trans-
quadratic terms In Vi ,, and therefore small corn- port equation on Grad’s 13-moment theory , which
pared to the linear ones. The stresses in the elec- gives all driving forces (for the viscou s stresses)
tron gas have no effect on the stress distribution which have a simple physical meaning , i .e., not
of the fluid as a whole (m ,-.-’zrn 1 5 ) .  Thu s, one ob- only the Navier-Stokes forces —V~ and —fv~J ’ .tam e from Eq. (A2) as stress tra nsport equation It is seen that the 13-moment theory is more corn -.
for Incomp ressIble , quasi-isothe rmal fluid as a prehensive ~nd more rigorous than the Navier-
whole: Stokes theory, and ~‘refuses to predict results

which may be inaccurate.” On the othe r hand ,
91l/at+~~.v j j =_ 1-ifl —p (vc+ [v~ J-1) (A 5) the failures of the Naviei--Stokes stress equation S

may assume catastrophic proportions , e.g., it
where ~~~~~~~~~~~~~~~~~~ is the mean-mass velo- “predicts smooth solutions for shock strengths of
city of the fluid. The relaxation frequency T ’ of infinite magnitude (with a transition from negative
the total stress tensor ~ is a linear combination to a pcsttive density).””
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Self-similar magnetohydrodynamic diffuser flows with
induced magnetic fields

S. H. Choi and H. E. Wilhelm
S Deportment of Electri cal Engineer in5 Colorado State Univers ity. Fort Collins, Colorado 80523

( Received 22 February 1977; fInal man uscript received II  July (977)

The steady diffuser flow of a viscous incompressible fluid with a finite electrical conductivity in the
presence of an external magnetic field is analyzed by means of similarity theory. Power series expansions
for the velocity and induced magnetic fields are presented, and discussed as dependent on the Reynolds,
Hartmsnn. magnetic Reynolds numbers, and duct angle. Short-circuit current and the critical values of S

magnetic Reynolds number and duct angle for flow separation are calculated. It is shown that the induced
magnetic field change. the velocity profile and considerably reduces the critical duct angle at which flow
separation occurs . The critical magnetic Reynolds number for flow separation becomes smaller as the
Reynolds number increase..

I. INTRODUCTION been investigated previousl y. ’ The conductin g fluid is
Extensions of the Jeffery—Hamel flow theory” to injected through the inner duct section at r = r0 and re-

magnetohydrodynamics have been made by a few au- moved downstream through the outer duct section at r
thors. ‘~~~ These approaches to magnetohydrodynamic = r1. The boundary layers at the electrodes are disre-
flows In a diffuser are based on the approximation , ~~ 

garded compared with those at the insulating walls pre-
that the induced magnetic field is negligible (magnetic suming that the inter-electrode spacing is large , z _
Reynolds number M << 1) , 3 6  or (ii) that the working fluid >> ~(ro + r,) 8,. The external magnetic field has its source
(a an ideal electric conducto r (electrical conductivity in an electric current f , fl ow ing through an infinitely long
a — conducting rod located in the z axis. In accordance with

S Ampere ’s law , ~~~~~~~~~~ the external magnetid fi eld
In the following, the steady flow of an incompressible is azimuthal and has the induction Us, is the permeabili-

viscous fluid with finite conductivity between two inclined ty of vacuum) ,
walls (diffuser) In the presence of azimuthal , external ,
and induced magnetic fields Is analyzed . The electrical B, = (~, /2r)(I, I r )  -
conductivity is assumed to be constant throughout the
diffuser. This approximation Is applicable to conducting In the absence of flow sources or sinks at the walls ,
liquid and incompressible (subsonic) gaseous plasma the velocity field is radial , i .e., v = [v( r , 9) , 0, 0J . The
flows.7 flow of the fluid across the external magnetic field B,

It Is shown that the steady motion of the conducting induces a current density field in the axial direction ,
S 

fluid does not induce a magnetic field in the azimuthal J , = cy (E 5 + tB 9 ) presuming that the Hall effect is negligible.
direction, but does induce it in the radial direction. An A magnetic field B, is induced in the radia l direction by
analytical solution to the mag’netohydrody namlc flow the current density J ,. Since V ~E = 0 and V - J = aV - (E
problem Is accomplished by reducing the nonlinear par- + v~ B) aV - E = 0, a homogeneou s electric field E is pos-
tial differential equations to ordinary ones viaasimilari- sibl e. However , E 5 =0 , since the terminal voltage is
ty transformation , and solving the latter equations in zero due to the short-circuited external circuit , and

S terms of power series . The magnetohydrodynamic E ,.,9 =0 since the boundary conditions for E ,,8 are ho-
field profiles are presented In dependence of the Rey- mogeneous . The H all effect is assumed to be negligible,
nolds (R) , Hartmann (H) , magnetic Reynolds (M) num- Wi << 1 (w eB/ m is the gyration frequency and r is the
bets, and duct angle (9,). collision time of the electrons). Thus, Maxwell’s equa-

In the limiting case of small magnetic Reynolds num-
bers (M<< 1) , the nonlinear boundary value problem re-
duces to the conventional magnetohydrodynamic diffuser
problem,’ which Is based on the approximation that the INSULAT OR 

ELECTRODE

plied magnetic field. x

S induced magnetIc field Is small compared with the ap- 1

ç

~~~~~~~~~~.
____.

~~~~~~~ 

SII . PHYSICAL PRINCIPLES

The electrically conducting fluid flows between two
nonparallel , insulating walls and two parallel electrode ~ ___________________________

plates as show n In Fig. 1. The electrodes are short- ELECTRODE TERMINcircuited so tha t there Is no potential difference between
them. The influence of a load In the externa l circuit has FIG. 1. Diffuser duct geometry .
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tion s and Ohm ’s law give , for the magnetic field B = (B ,, i’(r, a ) F(8)/~ . (13)
8,, 0), the induction equation, For dimensional reasons, the pressure and magnetic In-

V~~B ~s, a = v ’B  . duction fields are written as

p( 3;, 9) G ( 9) / 3; 3 
, ( 14)

III. BOUNDARY VALUE PROBLEM L(3, &i=i’(9)/3; , (15)
In nondamensional form , indicated by the overbars,

the radial velocity i~~ , 9) . the pressure ~~~ 8) , and the ~.(3;, P) (l/3;)[l+4(8)1 . (16)
magnetic field ~ IL(~, 9) . ~~~ A) , 0) are described In Eq. (16) , 4/3 ; represents the induced magnetic field

S by the nonlinear boundary-value problem: In the azimutha l direction , and 1/3; is the external field .

~ (3 ;F)~~O , ( 1) SubstItution of Eqs. (15) and (16) Into Eq. (5) (con-
3; 83; t inuity equation for B) gives

8b 1 1 8v 1 ‘v t) d4/ do =0 . (17)1! = —  --
~~ + —

83; 83;
Hence ,

_~~~ ~~[1 ~~~(~~~9)._! ~~~~~~~~~ (2) 4(8)=const~~O, and B,=1/3; (18)R M P 8 3 ;

I 2 1 ai~ H ’ 1 1 r ~ 
~~~~ 

by Eq. (9) . Thus , the azimuthal component of magnetic
0 3 88 ~~~ ~~~~~~~~~ 

— ‘‘ induction is not affected by the steady motion of the con-
(3) ductmg fluid . Substitution of Eqs . (13) , (14) , (15) , and

S .~L 
~~~~~~~~~~~ 

1. ..!.1 
(18) into Eqs. (1)—(5) yields the coupled nonlinear ordi-

— — 3; 98 j  
= (4) nary differential equations:

i d ’ F H ’ 1 dtp
— F ’ = 2G + (19)1 8 _ — 1 

~~~=o (5) R~~~~~~~~~R M d 9 ’=r 8 r 99
2 H ’ 1In Eqs. (1)—(5), the Reynolds (R) , Hartmann (H) , and 1e’(G

_ 
~ F +~~~ 

~~~~ 

0 , (20)
magnetic Reynolds (M) numbers, and the dimensionless
variables are defined by 

— 
1 

~~ =F (21)
M d 8

S R= ~~~
_j 1—) , H * =( ~

)
~’~ thL\ , M :,j.s,v~r, , (6) where
~, 2ir /

and F (8 = *8 ,) = O  , F ( + 9 ) = F ( — P ) � 0  , (22 )

P~~p / p ,v8, , B,=B./Us,4/2ir r,) , 4(+e) —4(...9) , (23)

(7) and
S where v0 is the input velocity at r =r 0, and 8=0 (cen- ‘~ 

Fd O = ! ~ (24 )
tral stream line), The solutions to Eqs. (1)—(5) are i4, R p.
subject to the following conditions: Since the velocity field is symmetrical and greater than

i7(3;, ±8~) = O  , (8) zero for pure outflow [ F ( + 8 ) = F ( _ 9 ) n O J ,  d4/ d ~ ~~0
everywhere and 4 ( + 9 ) = — 4 ( — 9 ) b y  Eq. (21). Thus, the

~,(3;, aO ,) = B, (rl (9) condition in Eq. (23) , or Eq. (11) is justified .
15(3;, +o) =~7(3; , — 8 ) ~~0 , (10)

S Integration of Eq. (20) wIth respect to 9 yields

~,(3;, + o) = — ~ ,(~, — 8 )  , (11) 2 H ’ 1
S 

______ = 5 0 
1Y3;d8 . (12 ) 

G F— ~~ 4 ’ +g, , (25 )

S 
P0V0r0 ~o where g, is an integration constant . In the limit of large

Equation (8) contains the boundary conditions for no slip Reynolds number R , G(8) in Eq. (25) becomes the con-
of 17(3;, 8) at the walls. Equation (9) considers the con- stant g,, i .e ., the pressure field would no longer depend
tinuity of the normal component B, at the wall Inter- on the transverse coordinate (8) (in agreement with the
faces [B,(3;)=i/3;J . EquatIons (10) anc. (11) represent so-called boundary-laye r approximation’).

S the symmetry condition for 17(3;, 8) and the asymmetry Elimination of G(8) in Eq. (19) by means of Eq. (25)
condition for ~,(3;, e) , respectively [Eq. (11) will be jus leads to
titled later). Equation (12) gives the flow rate Q per unit
depth (~ z = 1 ).  d’F RF ’+4F + ~~ — “~ ~~~~~~~~~ 

, (26)
M ~d8

IV. SIMILARITY TRANSFORMATION AND SERIES whe re C, a 2Rg, is an Integration constan t proportional
EXPANSIONS to g,. Hence, the problem reduces to solving two cou-

pled nonlinear differential equations [Eqs. (21) and (26)] .The continuity equation (1) indicates that the velocity
S field Is of the self-similar form In the limiting case of vanishing induced magnetic
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36

~~~ J 
- -- 5 - S~ S5-~~~~~5- 5 - . S -~~- - 

_ _ _ __ _ _ _.1

~

.J~~~~~~~~~~~~~~~~ .~_aa. S5-5-~ 5- S~S•S~S~ 
_. S 5_55- 5__ 

~~~~~~ ~~~~~~~~ V’Mp~~~~ ~~ __,.__~__. — _S~I•__ _ _ ... SL55,s_ . — ~~~~~~~ -.~ _— ..——_~.—_.



TAB LI~ I . tnte grat lort con etantC 0 o ZR go Substitution of Eq. (35) into Eq. (28) gives
l o r R = 1 0 4 , M~ - i , 8,= 5~, and va r l o u sH .
— 

SR 2.0004 * 10’ a 7 =~~~[R (1Oa 1 a , +9a ~) —  5(4 — H ’~~,— 2MH ’a 1a,1,

H’ C, a ,=~~[6R a~a 3 — 3 ( 4 — H 5) a ,—M H ’4I , (38)
ZR 1.0 101 * j O’

SR 3.9999 * 1O~
1OR 8.9999 * j~

I a0 = *dR(l4a i a, + 30a,a,) — 7(4 —

—M H ’(2a ,a,+a ,’) J

field (M 0), by eliminating dip/d O in Eq. (26) by means
of Eq. (21) and tak ing ip ( e)— 0 and F ( 6) — f (8 ) / R , Eq. (26) 1
reduces to the equation, f ”+ ( 4 — H ’)f + J ’+o =0 , which 

= ~~(4~1_ 1) [ Co olf l _ (2n — 1)(4—H’)a,~.,

has been solved In closed form In terms of elliptic func-
tions,’ +R ~~ (2k ÷1)(2n — 2k— l)a~~.~ a3,,4~~

Normalizing ip(0 ) by the factor M, ~~N4

— MH ’ E a25,1 0$p,.,95 4(27) ]‘ ~ =1 , 2 , 3, . . .
(39)

and eliminating F(8) from Eq. (26) by means of Eq. (21), where 8,,, = 1 for n = 1 and 8,,, =0 for n � 1. Equation (39)
one obtains a single nonlinear inhomogeneous differential is a two-term recurrence relation from which for a
equation for *( e) given a2,,,, one can readily compute ~~~ and then 03,4 ,

a2,,,7 , and so on, as far as desired .
d’* Id*”S .
~ j r  .~ R~~~ -) + ( 4 — H 1) . +MH ’$’= C, . (28) The nondimensiona l functions *(9)and F(9)=—+’(9)

S are , by Eqs. (35) and (37),By Eqs. (21) and (27), the conditi ns In Eq. (22) and (23)
reduce to 

$(9) = — 0  + a2,,,, 92 f l 1  
, (40)

s(0)=0 , (29) ,,.1

d*(* 8,) / dO = 0 , (30) F (0)  = 1 — ~~~~ (2n + 1) a2,,,, 0 . (41)Zn

n-I
d”~’(0) / d9 ’=0 . (31) The condition in Eq. (30) determines the integration con-

The flow rate is given by stant C, in Eq. (39) ,

F dO = —p.R =f 40 s.:: (~~L) d8=v 2$(*8o) , 1= ~ (2n +1) a ,,,,, 8~’ , a,,,,, =a ,,,,, (C0) . (42)

I . e., Equation (42) is a function of C, for a given duct angle
8,. By Eqs. (25) and (27) , the pressure field G(o) is,

(32) in terms of ‘l~(8) given by (C,a 2Rg,) ,
EquatIon (32) could be used as a boundary condition for G ( o) = [ 2 F ( o ) — MH ’4”(o) / 2+c ,/ 2 ]  . (4~ )
*(8) presuming that the flow rate Q Is given (R would
then no longer be independent). It is, however, inathe- Equations (39)—(43) represent the formal mathematical
matically more convenient to assume the Reynolds num- resolution of the boundary- value problem under con-
ber R(0) of the central streamline to be given by’ sideration .

R s R ( 0 ) =p , v(r , 9 = 0) r/ ~ , (33)
V. DISCUSSION AND RESULTSwhich Implies
Based on a numerical iteration of Eq. (42), the values

F (o “ o) = l  (34) of the Integration constant C, are given for various Rey-
The solution *(8 ) of Eq. (28) can be expanded in terms nolds (R), Hartmann (H), and magnetic Reynolds (M)

S of a power series with respect to 8 , which satisfies the numbers In Tables I and U.
conditions In Eqs. (29) and (31)

- A. Flow fislds* ( 8) — Y
~

— a,,, , 9 . (35)
In Fig. 2, the nondimensiona l velocity amplItude 1(6 )

The equivalent condition to Eq. (34) Is, by Eqs. (21) and Is shown for R = 10’, M = 1, 9, = 5°, and various values of
(27 , H. The width of the boundary layer Is consid erably re-

duced as the Hartmann number H increases. The In-
d$/ dO = — 1 at 8 = 0 . (36) fluence of the magnetic Reynolds number M on the ye-

Equation (36) determines the first power coefficient u~ 
b etty profiles is exhibited for R = 10’, 10’, and H’ 3R ,

Eq. (35), 80 =5° in Figs . 3 and 4 , respectively. It is seen that
the velocity distribution becomes flatter in the center,

a , — 1 . (37) but the boundary-layer width remains almost constant
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TABLE II . Integration constant C,.ZRg0 for Jj2 — 3R , 9~=5’ , 1.0
Si and various M ~~~~~~ ~~~~~~~~~~~ la_l,

Al 
R 

10’ 10’ 10’ 
~~~~

1 2 . 1226 X ~~ 2 .0004 X 10’ 2 .0000 X j o’ / •‘ 30 .

10 2.14l6~ L0~ 2 . 0055 X 10’ 2.0006 * lO~ / ,5 S FIG) —
20 2 1620 * 1t1~ 2 .0107 * 10’ 2 . 0012 * 10b • S 222.27

24 .6 2.0014 * l0~ 
S 5~~

30 2.1219* iO’ 2.0157 * 10’

ZZ2.$7 ~~~~~ 
2 0215 *10’ 

-I.0
’ 

~~ ~~ 

.2 

~ .e ~~~~0/e,

FIG . 3. PlO ) versus 0 for R = 1 0 3, H ’=3R , 9~= 5 , and van —
as M decreases. The veloc ity profiles for the critical 0U5 M. J,, is proportional to F(0) .

magnetic Reynolds numbers, above which flow separation
occurs, are plotted with a dotted line In Figs. 3 and 4.

In Ftp. 5 and 6, the nondimensional Induced magnetic 
. -

field amplitude *(8)[ ~~ip(8) / M 1 is shown for R= 10’, 10’ j ,. . .
. 

. • ‘ 
—.

~~
-— ... 

. . : -

with H’ = 3R and 8, = 5° , respectIvely. In these figures, - S - 
U • I - ‘

*(6) increases In magnitude from the center to the walls 
!~~~

S •
’ . 

S

for M bess than a certain critical value , for which ~!j’,’ 24.6
flow separation sets in . s (o ) for the critical magnetic .6

Reynolds number is plotted with dotted line. Unless 1/ r I O )

S M is of the order of unit y or larger , it is seen that .4
S ip ( = M4 ’)  is small compared with the applied field . In pure

outflows , the induced magnetic field does not vanish at .2
S the walls since the net current flow across the d iffuser

in the axial direction Is nonzero . ~~~~~~ 
.• ::~ ~4 -.2 ~ 

- 5i
~~

5
~ .~~ 

~~~~~~ 
.2 1.0

In accordance with Eqs. (6) , (7) , (13) , and (18) , the 0/8~
axial current density is FIG. 4 . F ( 8 )  versus B for R= 10’, H 2 ’3R. 0~=5 ’, and van —

J , ovB, = (.1, /2ar ) MF(O)/3 ;’ ous M. .T1 is pro portional to F ( B) .

in dimensional form, or in dimenslonbess form

(45)

where J,=J ,,/ (4 /2 ir r ,’). For pure outflows, the current _________ 0 -* 8)
flows everywhere In the same direction as 1, since F ( 0)
>0 In Eq. (45). From Eq. (44), the short-circuit cur- 11

M .

rent flowing across the electrodes Is I / 20
L~1

- S~~l0
‘‘i ~ ••0 •~ I ~

In- = J J J , rdOdr (~_.1t) in(!l ) j 0 
F(9)dO 

,06

~ -. ~ 2r sr,, -. -0 0 (46) 5 222 .~~\ 
.04

“p2

I.0 
________

S - - — S ,~~~
‘ .0 ~S .8 -.4 -.2 I .~~ .4 .è .è 1.0

H . I OA ‘ -.02

-It ~~ o:T 1~~T. I.O _

~~~~~~~

_
S 8/•,

S 
FIG. 2. 1(8) versus 8 for R 10 ’, M - 1.  ,o ” 5 ’, and variou s FIG. 5. •(9) versus 8 f or  R= 10~, II’ = 3R , I~ -5

’, and van —
H . ous M. In- Is equal t o M l * ( *8 0) l .
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-~~~~~~~~

- - — .10 ~ (9).- ———-.— wfl ~~~~~~~~~~~~~ ~~~~~

0 4’
*0 .02

.04

02 
vM2

24.4 
~/4 0

I . 0 - I - .6-~~~2~ .~~ .~~ .~~ .~~ 1.0 

I-.02 10’ 0’ iO’ i~~
-I

S FIG . 8. The critical duct angle 8~ for flow separation versus
A for H -  3 and various M, with (—‘-—-) and without (- - —)

-.04 Induced magnetic induction.

-.0S 
~o

F - - .‘o 
__________ 

The power series solution derived in Eqs. (40), (41),
and (43) describes physical flows as bong as G,, =G(e
= *0~) >0 for any set of parameters R, Ii , M , and 6,,,

S FIG. 6. * (8) versus 8 for A = 10~, H2 = 3R, 80 = 5’. and van - since the pressure field has to be positive everywhere,
S I,,, is equal t o M )  *(* 8~) l .  

i.e., G (8)~~0, I 8 I ~~ 0,. Since F (0 ) = 0  at the walls, G,,
in Eq. (43), which Is related to the wall pressure, is
given byor in terms of the flow rate,

Tn- ” (M/R)~~ln(r 1/r,) (47) G_ ’(C ,— M H ’~~,
2.~,, ) / 2R . (49)

S 
. where 4~ =6~ /(‘~ /2ir ) and Q = Q/p. =R 1 :~ F ( O)  do . In an- As the pressure field drops to zero at the walls, thecordance with Eq. (32), the flow rate Is given in terms laminar flow can no longe r be realized , so that flowof *(*8 ~) , separation occurs for duct angles larger than a critical

S = M *(* 8,) J  ln (r , / r ,)* . (48) duct angle 0, at which separation first sets in.’ Hence ,
at the onset of separat ion, Eq. (49) yie ldsThu s, the axial current density in Eq. (45) and net short -

circuit current In Eq. (48) can be visualized for various C, =MH 2
* ,~•, . (50)

A, H, and M numbers with O,=5° In Figs. 3, 4 and 5, 6, For the limiting flow of vanishIng wail pressure , Eq.respectively. An additional Illustration for 1,, is given (50) reduces Eqs. (40) and (41) toIn FIg. 7 as a function of M for various values of H.
0’”.’ (51)B. Flow 

— ( C ,/MH ’)”= — ~ ,+ ~~ a5n-,
n-I

Magnetohydrodynamic flow separation sets in If one of and
the flow parameters goes beyond its “critical” value, 

1 = E (2~ + 1)a ,,,,, 8~” , (52 )S e.g., if the duct angle 0, is larger than a critical value,
8, = 9,(R, H , M) .  U R, H, and M are assumed to be giv-
en, 8, cannot be chosen independently since it assumes where as,,.i =a ,,,.1(C,). The critical duct angle 8, 9 0(R ,

S the role of an elgenvalue . M , H)  Is, therefore, obtained by solving the two coupled
equations, (Si) and (52), numerIcally. In Fig. B, the
critical duct angles are plotted as a function of A for2.S . , , , ,  var ious values of M and a given If . It is seen that 8,
decreases as R Inc reases. As M increases, the critical

/7 duct angle 8~ decreases for tow Reynolds numbers (R2.~
S 

Sb ) and increases for intermediate Reynolds numbers
(105R510’), while 8, varies little with M > 1 at high

S

. 

S for the limIting case of vanishing induced magnetic field
Reynolds numbers (R ?iO’). The critical duct angle 6,

(M— 0)’ is shown with a dashed line in Fig. 8. Compari-
son indicates that th. Induced magnetic field reduces
the critical duct angle by about 50%.

S 
0 A simple way of simulating the self-similar flow in-

Jection Is to put the diverging channel with free entrance
FIG. 7. I,, t.f,,/ht In (r ,/ r ,) ’I versus M for various H. and exit openings into a larger, similar duct through
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S Stark effect In three-dimen sional stoch astic electric fields
and a statiC magnetic field of a helium plasma’

S. H. Kim
S Dvp~rimens ~( Niicker EitgrneerM~ Hmrpsasg Uteicv,Uy. Semi! !Ji. Ko,ve

(Racelved 14 December 1976; accepted for publication IS April 1977)

AtomIc absorption spectra of the He I plasma in the static magnetic field in the sbsence of isser rsdialion
are different front spectra in the presence of laser radiation. Especially, it has been theoretically predicted
that the ,psctral shift of the satellite line, which is seen in the latter case, does not exist in the former
case. In this paper, the effect of three.dtmenasonai hig)i.ftoqsiency eiectnc fields on the o , 0 , and w

S components of the allowed I ‘S0.3 ‘P 1 t ransition and the forbidden I ‘S,-3 ‘D, lines in atomic absorption
spectra of the He! plasma in a static magnetic field in the absence of a laser beam is investigated from
the coupled equations for the probability amplitudes of atomic state,. It is shown that they should give
rise to a spsctr aJ shift of the allowed line, and satellite, shout forbidden line,. The calculation reveals that
the shift is propor tional to the nwen.Iquare stoch astic electric field , and that the ratio of the intensity of
the near ,at.llite to that of the far satellite is different from the ratio obtained by the se.ond-ordcr
pertuibstion theory or the three.Ievel rotetinj.wave approunsation. Discuision is given for the validity of
this theory.

PACS numbers: 3260+1, 32.7OJ0. 52.70.Kz

I I. INTRODUCTION with the final lower state by the Induced abeo~~tlon or

~ 

S the Induced and spontaneous emission of a photon.S The transitions between the bound states of an atomic Therefore, their theory is, In principle, valid only Inspecies in the collislonlees plasma are mainly produced the absence of the strong radiation field. Furthermore,by absorbing or emitting an optical photon of the radla- they assumed that the upper states have equal popula-tion field or the multiple microwave photons of the Lions, a fact that is certainly not In general true.turbulent electric fi elds.
It the radiation field Is composed of only the ~~~~ 

Recently, Prosnltz el a! . proposed a (nonperturba-
ground rad iation field which covers a wide spread of tioh) theory which explains rather well the line shape of
frequencIes and polarizations , all upper levels of the both the satellite and allowed line in the presence at
allowed transitions are resonantly pumped by the baC~k- laser radiation. Their theory Is based on the coupled
ground radiatIon field . Accordingly, the probability for equations for the probability amplitudes with phenome-
fi nding the atom In the upper level of the allowed transi- nologlcal damp ing terms , but they do not include any
tion is greater than those In the upper levels of the for- ter m for the optical excitation or the radiation field. In

S 
bidden transitions . Hence , the probability for finding their theory, the spectrum of the satellite lines would

S the atom in the upper level of the forbidden transition is be the same whether the laser radiation is present or
strongly dependent on those In the upper levels of the not. Hence, it is obvious that their theory cannot explain
allowed transitions which are coupled with the former most characteristic effects caused by the radiation
level by turbulent electric fields according to the elec- field. In par ticular , their theory will give rise to in-
tr ic dipole selection rules. In this case, the tu rbulent valid results for the spectral positions and intensities of

S electric fields produc e primarily Stark shifts of the the satellite lines In the absence of the laser field . Even

allowed lines but do not significantly shift those of the in the presenc e of the laser radiation , the satisfact ory
forbidden lines (“asymmetrical Stark repulsion”), agreement between experiment’ and theory’ appears , in

part, to be due to the use of adjustabl e phenomenologi-
Theoretical treatments of the high-frequency Stark Cal parameters.

effect, based on second-order time-dependent perturba- For these reasons , I recently have developed atlon theory, have been given by Baranger and Mozer,’
Reinheimer,’ and Copper and Rlngler.’ Kunze et ~~~ 

compr ehensive theory which is valid for strong electric
fields and inc ludes Stark shifts of the levels for a three-extended the per turbation calculation up to fourth order , level atom with two closely spaced upper levels, bothHowever , these theories did not include Stark shifts of In the absence and in the presence of the laserthe levels. Recognizing th is, Hicks et al .1 have dev el- radiation, ’S 

oped a theory which can include Stark shifts (ac tually
prof ile). TheIr theory is based on two consecutive The formula for a apectral shift of the allowed line in
perturbation calculations, the first calculation being for this theory is not obtained in the theories mentioned
the electric field and the second calculation being for above. Further , this theory explains the the expenimen-
the zero radiation field (spontaneous emission). They tal observation that the ratio of the intensity of the near
have neglected the fac t that at least one intermediate satellite to that of the far satellite in the absence of a
upper state is not only coupled with the Initial upper laser beam is different from the one predicted by the

S state by the Interaction with the electric field but also second-order perturbation theory , ’ or the three-level
rotating-wave approximation,’ and that the Stark i epul-

atsupported In part by the U.S. Offic, of Naval Research. sion is asymmetrical.
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This paper is an extension of the previous theory ’ to The perturbing radiation field Ia Only the background
Include more than two upper levels and the interaction field. The background fleid covers a wide spread of
of a magnetic field with the excited atom. I applied frequencies and polarizations with no phase relations
the theory to the a•, a., and w components of the allowed between the different frequency components and polari-
1 ~S,-3 ‘P, line and the forbIdde n 1 1S,-3 11)2 lines of the zations. Since it Is Inconvenient to use the summation
magnetic He! plasma In the absence of laser radiation, notations for different frequencies and polarizations
P’or mathematical convenience, I treat the abeorp- everytime we write the radiation field , we will choose a
t ion spect ru m rather than the emission spectrum. The typical monochromatic and Linearly polarized fIeLd to
emission spectrum can be obtained similarly by taking calculate the probability of a transition between station-
the upper state as the initial state. Generally, both ary states and omit the summation notation [therefore,
spectral profiles are not the sanse since the collision- we shouLd bear in mind that A(r) is the summation at
lees turbulent plasma Is not In Local thermodynamic such fieldsL The vector potential A in the Schrödknger
equilibrium. ’ picture for the monochromatic and linearly polarized

wave field ls~’
II . THEORY

A(r) = (fl/2e iw) ’ ‘2~ia exp(tk. r) + e exp(— 1k. r)J, (9)
The time-dependent Schrödinger equation for the

helium atom and the radiation field with the Coulomb
potential Vfr) and the scalar and vector potentIali~~ 

where e, is the dielectric constant, a and a’ are annihth-

and A ~ 
tion and creation operators , respectively , i’ is the sys-
tem volume , w Is the fr equency of the wave mode, ~ is

— / ~ 
(p — cA)’ + e~ + V(r) + ~~ XA) .8 + i~

) 

the photon polarization vector , and k i~ the propagation
8 ~2m m vector ,

IC (t)), (I) The term H,. In Eq. (1) is the energy of the quantized
source-free radiation field in the absence of the atom,where If , is the quant ized free radiation field Hanifl-

tonlan and S is the spin angs.alar momen tum operator . H,=aw (a’a + 
~~

). (10)

Here, the sIngle-particle (one-electron) state is used The energy eigenstates of the radiation oscillator of
for describing the atomic state since , in most optical- polarization direction ~~, mom entum 6k, and energy ~
field-producing and turbulent-field-producing transI- satisfy the eigenvalue equation
tions, the initial and f inal states differ only In the mo- *wa •a I N) = E W N I N >  (11)ticrt of one electron. Further, the central field approxi
matk’n” is used for the electrostatic interactions be- where N Is the occupa tion number ,
tweer two electrons and the spin-orbit interaction is
neglected (Russell-Saunders ~~~~ 

The numerical value of the ~uath’attc term (eA212m)
Is negligibly small even in more than the second-order

In Eq. (1), the scalar and vector potential can be perturbation calculation. Hence, we neglect it in the
decomposed In the form following. Then , by choosing the Z direction the same

S as the B direction, the Namiltonian in Eq. (1) Is wri tten
A =A 5 +A’ + A ’ (A5 =0), (2)

•~~~~~+~~‘+• (6~~=~~~=0), 
H=N 0 +H’ , (12)

H, = — (K’/2m)V’ + V(r) — (e/2m)85. (L 5 + 2Sa) + II,
S where superscripts R , M, and S denote the radiation ,

static magnetic, and stochastic electric fields , (13)
respectively. If’ = — (e/ m)(f l/ 2e 0 7w) t “[a exp(ik . r) + a’ ezp(’- 1k. r)]

Since the stochastic field E’ is homogeneous within x (
~ 
. P) — er ’ E(t) . (14)

atomic dimensions, its potential ê’ =6 can be written
An u,~~ertu rbed elgenstate of If ~ may be written

S 
•(t ) = — r ’E (t ) ,  (4)

where a ,N )  = a) IN) (15)
E, (t) = ?.~ E~cos (W+~~,) (j=x ,y, s) with eigenvaluea

are the vector components of the stochastic field, E~ S

are its amplitudes, (2 are It. frequencies , and 4,
~ 

are E ,1, ~~ = + Nf lw, (16)

S Its random phases. For convenience, we omit the sum-
mation notation in Eq (5), where a refers to the atom.

The vector potential A5 for a uniform magnetic field Let the wave function 4’(t)) of the perturbed wave
of inductIon B is equation [Eq. (1)1 be expanded In terms at this com-

plete orthonormal set {la ,N)}  by
A5 = h Bxr , (6)

S v .A M =0 , (7) I*(t)) = ~~ cI,,, 51(t)exp(— Ir’EI,, ~~,t)Ia,N). (17)

S (ie6/m)A’. v =— (e/2m)B. L, (8)
By means of the orthogonality property of a, N), one

where L = — i*r x ‘ is the angular momentum operator . obtains the differential equation for the expansion coil-
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ficients (probability amplitudes), U

dCi . M)(~) = .i_ 
~ (a, NIH ’ Ia ’, N’)C11. ~.~(h) ° ‘p

dl 16 1., r; -~

(18) a
2where

W i.. It,. .~ ~~) = 1~~(E~~ ~~ 
— ~~~~ ,,.,) 

3 0 , 0
=~~4(E 1 > — E 11.,) + (N— N ’)w. (19) -,

If we use the definition of creation and annihilation
operators and the orthogonality relations , we obtain by
taking only the electric dipole term In expansion of

S exp(ik . r)

S iewi.,, i..,(f l/2c ,Tw) ’”( . ( a I y I a ’))
S ‘( ( (N’ + 1)i~*6~, ~..i + (N ’) ’ l~6 ~— e E . ( a l r l a ) Ô N., , ,  (20)

S where
l’s.W 1~ , 1.~=f l ”(E 111 — E 11.,), (21)

Since (a , N J I f ’J a ’,N~ does not Involve the spins and FIG. 1. Schematic diag ram for transiti on. Wavy line: tr aaai -
S the spin functions for differ ent S’s are orthogonal, the tion produced by the radiation field. Straight solid line: transi-

tion produced by the etothastic elec*ric field.S spIn state does not change In the transition . According-
ly, it will not be specified In the following.

tric fields, but the n = 3 , J = l , 2 states are considerab-By If ~ in Eq. (13), the unperturbed sInglet atom state ly affected by these fields.In the static magnetic field is specified by quantum num-
bers is, J, and M (L =J for the singlet state), and it. For convenience, the states in the n = 1 and a = 3
energy level 1,0,0), 13 , 1, 1), 13 ,1 ,0), 3,1,—I), 3, 2, 2),

3, 2, 1), 13,2,0), 13 ,2,—I), and 13,2,—2) are denotedE I,~J .MI EtI. J , + MIWL, (22) by 0,1,, ..,8, respectively .
where W L Is the Larxnor frequency and Es,,,, Is the en- If the atom and rad iation field are Initially In theergy of the level I a, J)  when no magnetic field is applIed 10, N1) states, the probability amplitude C,(1)to the plasma. Here the Intensity of the static magnetic = C 1~, ,,~ ,,(t ), I = I , , . . , 8 f or finding the helium atom infield B Is limited to the range the I sube tate of level a = 3 after absorbing a photon

of energy 6w at time I Is (C,=C i,,N,))B < B •, (23)

where B1 is a critIcal value above which the ~aschen- dl — (1 111’ Ii) exp(1w1,,1)C ,(t)
Back effect becomes Important.

+ E’ (1 If ’ a , N) exp( 1w1, I., ~,t) C ,1,S The selectIon rules of the singlet helium states are, II. N)
S because of J=L and Eq. (20),

where I a ,N) Is now the abbreviatIon for Ia ,J ,M , N) ,
M’=M , Mu , (24) and ~~~~ Is the summation for all I a ,N) except
J’=J± i (25)

for the transitions both by the radiation field ~~ by Neglecting tar-off resonant terms which are small by
orders of magnitude compared to the nearly or exactlythree-dimension al stochastic fields .
resonant terms as weU as the terms associated with the

In this paper, the transitions from the a = I level to high-order optical transitions (a> 8), and using the
the a=3 level of the singlet helium are of intereit. The selection rules described by Eqs. (24) and (25), one
atomIc state l1 ,0, q) is negligibly affected by the cisc- i can reduce Eq. (26) to”

= P, exp(d(w, + — w)l)C,(t) + C’f{[z~ exp(14~) + IE~exp (i~ ,)] expfl(w, — lej  + 12)1]dl
+ (R~ exp(— 10,) + iE~ezp(— t~ ,,)] exp(i(w , — w ~ — fl)t]}C4(t).+ cfR~{exp(i~ ,) exp(1(w i + (1)1]

S 
+ exp(— 10,) e~qi(i4,s~ — i2)lflC ,(t) + Cf {J R exp(iO ,) — tR~ exp(i ØJJ exp(i(w, + + (2)11
+ (E exp(— it,) — IE’,.xp(— i~ ,)J exp(I(w , + — fl)tj}C,(fl, (27)

S ~..&fJ = P~ exp(i(w, — tit)IIC,(l) + CI{(E~ .zp(f~ ,) ~~exp(t*,)1 ex~(i(w , — + fl)t)S dl
+ (E~exp(— 1$,) + iE~exp(— it,)) exp(i(w, — — f 1)t )) C,(t) + C~R~{exp (i~ ,) exp(i(wi + 12)1]

3663 J. Appi . Pity,., Vol . 49, No. 9, Supt.tnb sr 1977 LH. Kim 353

43

~ 

-

~~~



+ exp(— i’,) exp(i(w 1 — fl)I]}C,(1) + C1{[E’, exp(i#,) — 1E~ ezp(10,)] exp( i (w , + W j  +

4 (E~exp(— 10,,) — iE~exp(— ,Ø,)ì exp(i(w, + W L — 12)C,((), (28)

= P, exp (i(w, — — w)l)C , ( l)  + C~{(E~exp(i0,) + tE~exp(i~,)] exp{i (W , — W I, + 12)11

+ [E~ exp(— 10,) + iE exp(— lO ,~] exp(1~w 1 — W Z. — l2)l]) C , (1) + C E ~(exp(i ~ ,) exp(i(w 1 + 12)!]

+ exp(— 14,) exp(i(w~ — f l)1]} C , (1) + C {[R~ exp(i4,) — IE °,exp (i4 ,)] exp(/(w 1 + + Vt)!]

+ [E~exp(— 10,)— iE °,exp(— i’,)] exp(i(w i + W I, — r2)t))C,(l), (29)
S 

— c~’j F ~ exp (iO, ) — iE~, exp(t 4,)1 exp[i(- w1 + W I, + 12)1] + [E~ exp(— 10,) — iEt, exp(— i0,)1
)Cexp( i (— w 1 + — 17) 11}C 1 ( l ) ,  (30)

dl = — C~’E~{exp~.4,) exp[i(— w 1 + 12)1] + exp(— 14,) exp[1(— w 1 —

— Cf {(E exp(s4,) — iE~ exp (1Ø 17)] expf i(— W 1 + W~ + 12)1] + [E~ exp(— 14 ,,)— iE~ exp(— 14,))
S Xexp Il(— w 1 + W I, — f l) l ]) C , ( l) ,  (31)

= — C~’{[E~ exp(VO,) + IE~ exp(i 4 ,)] exp(i(— W 1 — Wj ,  + (2)1] + (E exp(— 14’,) + iE~ exp(— i~,,)1
x exp [i (— w 1 — — CZ)I)} C 1(1) — C~’F~{exp (i4 ’,) exp[i(— W i + 12) 1] + exp(— i4 ’,) exp( l (— w 1 —

S . . 5
S — C’~ {jE ~ exp(zO,) — sE,exp(,4,)] exp[s(— U 1 + W~ + 12)1] + [E~ exp (— iØ,) — sE ,exp(— sO ,) ]

xexp( i(— U 1 +W g,~~ i2)f ]}C , (l), (32)

S = — C~1{f~~exp(i~ ,,) + IE°,exp(14,,,) ] exp(i(— W 1 — W~ + 12)1] + [E~ exp(— 14,) + iE~exp(— 10,)]
x exp(i(— w1 — w , — lfll]}C2(l) — C~~E’,{exp (i4 ’,) expf i (— U j + 12)1] + exp(— 14,) exp(,(— w1 — fl)l]}C, (1), (33)

S = — Cr{ ~E°, exp(i4,) + iE~exp (i4i,)] exp(i(— w 1 — W I, + 12)1]

+ (E °, exp(— 14’,) + iE~exp(— 10,)] exp [1(— W 1 — W~, — (2)1] }C , (1) , (34)

where

— ~C(Wo + W I,)(C,— ie,)(llx +iy~0)(N/2s 57flw)’/’, (35)
S 

Pt=—eW oe,(21z10)(N/2e, rIW)u’2 , (36)

P3 = — ~e(w 0 — W j)( C, + ie,)(3 Ix — i~’ I0) (N/2eo7*~
1,)’ /2 , (37)

Cf= (ie/41fl(l Ix — i~ 4), Ct= (ie/2J1)(1 Ia 5), Cf (ie/411)(l Ix + iy 6), (38)
C~= (Ie/4?r)(2 Ix — i~ IS) . C!= (1e/2fl)(2 Ia 16), C~= (ie/4fl)(2 jx +iy 7), (39)

C~= (ie/41t)(3 I x— v 6), Cf = (ie/211)(3 I a Iv) , cI= (ie/4h)(3 Ix +iy 18). (40)

S In these equations , o~ represents the j  component of the polarization vector , C~
’ denotes the complex conjugate of

C~, w 5 =w 1,, and w,=N ” (E ~~,,— En,,,). Figure I Is a schematic diagram showing the transitions corresponding to
Eqs. (27)— (34).

The 0 — i  atomic fransltlon probabilities per unit time are given by
T1= 1c 1(nI ’ l—’ (i=l ,,.. , 8), (41)

where I is much smaller than the lifetime of level 0, but much greater than 2w/Vt. Accordingly , one can write
C,(t ) a l , (42)

S C,( t) << 1 (1= 1,... , 8).

S It should be noted that even ii C1 (1) <<1 , I = 1, ... ,8, there can still be an effect of observable magnitude if a large
number of independent systems contribute.

Substituting Eq. (42) into Eq. (27) and integrating by parts , one obtaIns

C, (1) = P, 
exP(i

~r+ w L _ w ) ]
~ 
— 1 

+ ct(i~~exp~i~,~ + 1E~exp(I4’,)] 
e~~~i(w j — w ~ + 12)1]

S 

+ (E~ exp(- i’,) + tEl exp(— i~,) J e~~~~~
t ‘ cr 1) C4(I) + c~~’, (e~~($4 ) expf~(w~ +i2 t]
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S 
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[ 

S 

•apf i(w ~~ + Cf~~~exp(iØ ) - iE~e~~(i4,)] i(w 1 + W~ + 12)
____________ + W I, + (2)1]

1(U , - Q)  )

) 

‘1’
+ (E, exp(— 14,)— i~~ exp(_ 14’ 

exP (i(W i + W,~ — 12)11 C,(1) — ~1 I Cfl(ElexpU4’.) +
. I ‘

______________ e,W(i(w, — W&— (2)1 1\ 
~~~Q)

S 

~ e~~ i(w~-w ~ + Q)1] +[E ,xp(_ iO,)+ i ~~ exp (_ 14,) ]  
#(Wi— W ~~—Q ) 

) ~ 
+C ~E,i(w~

_w
~+fl)

_____________ ____________ exp~i(w , + WI, + Vt)’]x (ezP(iO.) 
Ixp(i(wj + 12)1) 

+ exp(— 14,) ~~~[1(ui5j — 12)1] ‘~ ~ iQ1 + C1((E~ eq(iØ,) — eEl exp(is*,) 1G.,, + W I, + Vt)l(w i +fl)  l(w 1 — 12) / dl

+ (El exp(— 14’,) — iElexp(— ~~~~~~ 
e~~Ei(w t + Wj, — (2)11\ 

~~~IQ]Jd1 (44 )
1(w j +wI,—12) I dl

Because of the assumption on the transition probability as described In Eq. (43), the second , third , and fourth
terms at the right-hand side of the above equation are neglected in comparison to the rest. This Is also justifiable
by the direct estimation of these terms as will be seen in Sec. IV.

In view of Eqs. (30)—(32), dC4(l)/dl , dC,(1)/d~, and dC, (l)/ dl cannot be neglected.
S Substituting Eqs. (30)—(32) into Eq. (44) and differentiati ng with respec t to 1 yields

(45)dl
S which has the solution

C 1(1) = exp[ f ,’f( i ’) dl ’ ] ,[,,‘g 1(1’) expf j ,”f(I”) d l”] dl’ , (46)

where S

e~~(i2(2t) 
+ IEl exp (— iO,) + i Cf  exp (— ‘o,)l’f ~(1) = ICI I~~EElexP(i0,) + i~~exp(iO ,) I [ E~exp(i4,) — iE exP ~i4 ,) 1 f (  — W I, + 12)

— W I, — fl)]’ + I Elexp(l4,) +iE~exp(14’,) 2 (i (w , — W~ + (7)]4 + (E °, exp(— 14,) + iE~exp(— i~ ,)1
S 

x (El exp(— 1$,) — ‘El exp(— exp(— 12121) ~ + I Cf I ~E°’ 
( 

exp(i2 (21) 
+ 

1 1
i~w 1 — W I, — Cl)) 

exp(124’,) 
t(Wj + (2) i(w 1 — 12) 

+ 
i(W 1 + (2)

exp(— 121U)\ 
_____________________ 

exp(,2(21)
+ exp(— 120,) i(w — (2) / + exp(1 4 ’,) — 1E~ exp(i4 ’,) J (E~ exp U4 ’,) + iE~ exp(i4,)] t(w , + WI, + Cl)
+ E °, exp(— to,) — iElexp(— 14 ,) I 2 [1 G.~1 + W~ — (2)]’ + El exp(iØ,) — iElexp(io,) I 2 (i(W I + W I, +

ezp(— 12(21)
+ [~~exp(— 14,) — lElexp(— iØ ,) f f E~exp (— 14,) + 1E~exp (— 

~4”~
1• (W + W I, — 12)) 

(47)

and S

_____________ 
exp(1(w1 —g~ (I) -~ P 1 exp(1(W, + W I, — W)I]  + [ ctc~’E~(exP (14 ’.) 

exp(l(w, + 12)1) 
+ exp(— 14,) i(w , — (2) )

x((E~ exp(1O,) — iE~e~~(i4 ,) ] exp(i(— w 1 + W I, + 12)1] + (E~exp(— i’,) — i~~ exp(— 14,) ] exp[i(— U , + W~ —

expft(w, + WI, + ~f l t J 
~ (El exp(— i,,,~~ iE~exp ( 

~4 ) I  eXp(i(Wj + WI, —+ CtC~
*E~((E~ exp(t4 ,) — iE~exp (t $,) 1 1w 1 + W I, + (2) i(W 1 + W I, — (2) )

x {exp(1O,) exp(i(— w 1 + 12)1] + exp(— t~~ ,) exp(i(— W 1 — (l)t] }] C 2( t) + C?C~*((E O
I exp (iØ,) — iE’, expG4,)]

________________ 
exp[1(W, + WI, —~ e~~(1(w~ + Wj + 12)1 

+ ~~~~ exp(— 14,) — i~~exp(— 14’,)] :(w, + WI, — 17) /

x (fEl e~q,(i4’,) — 1E eap(l4’,)] exp(i(— w 1 + W I, + (7) 1] + [El exp(— 14’,) — i~~ exp(— 14,)) exp(i(— W 2 + .- (2)lftC,(I),

(48)
Because of the random properties of phase, the direction, and the amplitude, and the high frequenc y ((21 > ’ 1) of

the stochastic electric fields, J ,’J ~((’)dt’ fluctuates negligibly about

(J , ’f , ( l ’) d I ’) = — i A w,l , (49)

S where

___________________ ___________ 
I(lIx +iy)6 ) I’(wj + w j)\

2[(u,+ w~)’— Vt’] I— 
2((W i — w I,)7 — 122] W ,
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Q.!~E’~4( O(WI — WI,) 
+ 

3w, W I + W L
3 (w,— w ~)’—Vt 1 I.4_0T ’ (w I+ w L)I_ Cl1). (50)

In these equations, ( )  means the average over the plsue , the direction, and the amplitude of the stochastic fields,a5 denotes the Bohr radius, Q=6 7, and w1 Is 104 cm i 
~~ wave-number units .

Accordingly, one obtains
C1( I)= exp(— 14w1I ) f ,’g,(l ’) .Xp (14w1 1 ’) dl ’ • P1 exp(— 14w11) f ,’ .xp(i(w, + W I, + — w) l’I dl’ (51)

and

TI 2 TI P I I ’ 8(W ,+ W L +4w i._ W) , (52)
In these equations, the second and third terms of Eq. (48) are neglected compared to the first term, It will be

just ified in Sec. IV,
Equation (53) means that the 0—1 allowed line (a. line) Is shifted as much as AU1, whic h is proportIonal to the

mean-square stochastic electric field (the quadratic Stark effect). Similarly , the probability amplitudes and the
transition probabilities for the 2 and S levels (w and a. lines) are S

C2(t) = P2 exp(— 1.Aw,1)J
’
,
’ exp(i(W, + — W)1’]dl’, (53)

T,= 2W I P , 12 5(w,+Aw,—w) ,  (54)
where S

+ 
I(2 1z1 6) I2Wj 

+ 
I (2 Ix+ i y I7 ) i~~W, + wI,)\— 2((w 1 — W I,) — 129 (14 — 2((w, + W I,) — (79 )

~~~*‘~s4( 3(W ~~— WI,) 4w, S(W j + W L)
— 

3*’ \ (W, _ W L)2 _ f l v +
w 1_ f l2

+ (w, + w I,)~ _ l~
2) ,  (55)

C,(t) = P a esp( —j e,w ,t) f , e,cp (1(w,_ Wj + AU 3 — w)t ’J dI ’, (56)
S T,=2 w I P ,I ’O(w ,— w a +~ .w,_ W) ,  (57)

when

~~~~~
(I(six—’ ,

~~~~~
w ,—wI, )  + I(3izi7~I

3u, I(3 Ix +4Y I)8I’~WI +w L)\
S Ai.~5 = 

2[~w, — W j) —09 wl — (23 
+ 2G.,, + W I,)3 — 12~ /

Qe
~~~

4( W I— I ~ &~~~~ 
W!.. 122 ( W ,+W L)’ _ tl’ )’ (58)________ ____________ 

Swj 6(wj + Ui)
3

SubstitutIon of Eq. (51) into Eq. (30) yields
S P,Cr ______________________________C,(I) = (w, + W~ + b.,, — w) [tElexP(i4’. 

— 1Elexp(1,,)](e~~~
1G1 1 — U1 + 2W I, + (7— W)tl — 1
U5 — U 1 +2W I, +12 — W

+ ex~[l(— i&,1 + w~ — ~~w1 + 12)1] — 1) 
+ [Ele,~

(.- 14,) — i~~ exp(— 14’,) ]— £i)1 + — Aw1 +1)

x (e~~E1(Ue—U i +2w~_fl_w)11_1~ e~~
[i(_ wi +wi_ o.wi_ (2)l]_1)]

‘ 
W~~— U ~~+2W~~ — C 2 — W

Accordingly , the probability for the tr ansition 0 — 4  Is

2nl P I 2eh J(Ix_ iYI4)I 2
~~~(6(U, w,+~~.,L +Q.,.U)+6(w,_U,+2w I,,..Q W)] (—W ~ +W ~~— 4w1u12*0). (60)7’lI = 12111 (ws +w L +Aw,_ w )

Similarly one obtains for the probabilities for the transitions 0— 5, 0 - 6, 0 — 7 , 0 — 8  as
S 2ve~ I) (  iP,i ’l( 1irl~~l’ 

+ 
iP2i ’I(2Ix_ lY I~~~*)[6(w, — U 1 + WI, + (2- U) + 6(w, — U1 + W j  —12- w) ), (61)U’ ~(w1+W ~ +AW 1_ W ) 3 2(w,+ Aci,, — w )

~~~~~~~~~~~~~~~~~~~~ P,i ’l (3$ x —l y I~~l’ +T•= 6*1 ~2(w,+w~ + o.w,_w) ’  + 2(W,~~ w~~+~~~,,—w) ’  (w.+ 4w, — w)~)

(62)
2ve’(Z’)(IP,l’I(2ix+i,I7H’~ IP,l’I(31s17) I’ \

6*’ ~ 2(u,+A~,_w )  (W1— U i+4W 3 _ W )1/ (6(w,— w 1— U~~+ c a — w )+ o(w,— w 1_ W ~~_ rj_ U) ) ,  (03)

2wi P~t ’e’I (3 I x +1 y i~~I 3(Z5) (6(w, — w , — 2 w ~ + V t — w ) + 5(w,— w ,— 2w~ -. fl— w)), (04)S TS = 12*’(w ,—w ~ +Aw ,-w )~

3656 J. Appi. Pttys., Vol. 49, No. 9. September 1977 S.H. Kim 3666

46

~~~~~~~~~



rP1
~~

r ~~~~~ ~~~S~~~~ 55 5 _ _ _

In these equations , we used I~~ 
2 p2 2 = P3 1 2, whic h 

— ~~c2a~LE)~ 5Qo 2 a~(E
comes from the fact that the radiation intensity does not (w 1 s (2) = 3*1G.,1 ~ 

(i~ 1,2 = 1OQ = 67)
change significantly in the range of w 1 + 2U I, about w 0. (72)

In deriving Eq. (62), we neglect P1PF and P]’P1 sinc e
the aver age of the c ross terms between the different ha.e a factor and a denominato r whic h are d ifferent from
frequency components with no phase relations of the Eq. (71) by 

~, 
and by Awl 0, respectively .

radiation field is zer o. The perturbation calculations by Bar anger and Mozer 1
EquatIons (60)— (04) mean that there are two satellites and Gnlem° could not include the detailed coupling

disposed symmetrically In pairs about each of the mechanism between the upper states of the allowed and
forbidden lines, 0—4 , 0— 5, 0 — 6 , 0 — 7 , and 0— 8 , forbidden tr ansitions and the Stark shifts of the allowed
and separated from them by (2. lI nes . The deficiency in the coupling mechanism gives

rise to the above differenc e in factor and the fault thatIt Is important to point out that the spectral shift 0f does not Include the Stark shif t to AU * 0 of the denomi-the satellite line is not seen In Eqs. (60)— (64) (“a.eym- nator. The three-level rotating-wave approximation ofmetrical Stark repulsion”). The spectral shif t of the Prosnitz el al . has the former deficiency as the pertur-satellite line can be seen in the case of the selective batlon theory and would give rise to a different denomi-excitation of the forbidden transition by the laser. This nator since their theory would claim Stark shifts of theresult cannot be explained by the coupled equatIons with satellites in the absence of the laser radiation,the phenomenological damping constants of Prosnitz
ci al . Similar results have been found by Gniezn” since III. CONCLUSIONSGrie m has not treated the laser radiation.

A theory of the spectral shifts of o~, a,,, and ti corn- SThe ratios of the absorption coefficients at these ponents of the allowed line (1 1S,-3 1 P 1) and the satellitessatellite frequencies to that of the allowed line are about the forbidden line (I lS,_ 3 2D3) of a He I plasma In
the static magnetic field has been developed from firstQe2a~(E 2) 

(65) principles, In whic h the atomic states ’are exposed to= 
*‘(U1 — W I, + 8w1 ~ ‘ (longitudinal) turbulent electric fields and (transverse)

~ 
Qe

~~
(E’) ( i I ) radiation fields, The a., a , and ir components of the

(U I + Aw1 ~ (2) ~ 
+ (w , — W~ + ~ (~ 3 ± (2)2 ‘ allowed line are shifted as much as 8w1, AU2, and 8w3,

respectively, while the satellite lines are not. The
(66) ratio of the Int egrated Intensity of the satellit e line to

— 
Qe

~~~
Ea) ( 1 that of the allowed line Is different f rom the ratio ob-

(w, + W I, + 8w 1 ~ (2)2 tam ed from the second-order perturbation theory’ or
the three-level rotating-wave approximation.’ From the

I 
+ ~ ~) , (67) observation of the distance In frequency between two+ (w, — W I, + Aw3* 12)2 (w1 + Aw2 * (2 satellites of a forbidden lIne and of the shifts of the

allowed lines or the ratio of the integrated intensity of
— 

Qe~s4(E ’) I’ 1 the satellite line to that of allowed line, a quantitative— 
2*! ~~(U 1 + W I, + AU2 ± (7)! determination of the fr equency and intensity of the

+ (w 1 + L33 ± (7)2) , (68) 
stochastIc electric field i~ possible.

IV. VALIDITY OF THEORY
~ ~e

2a](E~) (69) We discuss as to whether the solution s for C1(t) ,+ W j, + 8w3 * (2)2 . 
C2 (t), and C3(1 ) given in Eqs. (51), (53), and (56) ,
respectively, are good approximate solutions of the Sfo. 4, ~“~‘5, 0 6 , 0—7, and 0— 8 satellItes, re- coupled equations (27)—(24), In the following, we denotespecti “ly , ‘where the minus sign in the above formulas c5(1), 1 = 1,2,3 given in Eqs. (51), (53), and (56) asCOrresp~~-~s to the near satellite and the plus sign to the C f ( t ) ,  1= 1 , 2, 3 in order to distingu ish from the exac tfar satellites, 
solutions C1 (1), 1 = 1, 2,3.

If 8=0 (U L =0) , there are only two satellites dis-
(i) First, we prove that Ct(1) satisties the followingposed symmetric ally In pairs about a forbidden

1 ‘S,-S 1D2 line and separated from It by £7. The ratio approximate equation: S
S, defined above In this case is 

—f 1 ( t ) Cf ( t)  ~gj ’(l), (73)dlSQez4(En)
(70)S1 = *‘(w1 + 8w ± fl~~ ’ where g~(1) can be expressed by replacing C1 (1) with S

C1(t) in Eq. (48).where
Sinc e C~(l) satisfies S10Qe2a~(E3) Uj 

(71)Aw= 31 Uj 122 ’ 
~~~~~~_ f ( ) C~(t)=P,exp(i(W 0 +~ .I,_ w)t), (74)dlIt should be pointed out that S1 given by Bara nger and

Moser1 as the validity of Eq. (73) depends on that
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(exp
~
,•) 

exp(t (wj + Q)1’l exp[#(w , — (7)1’ I\I (I C t C t e E~ Cl) + exp(— i~~1) i(w 1— Q)  )J , (L

x((E~ expU~,) — iE~exp (i~ ,) I exp(i(— w, + + (1) 1 ’ I + (E~ exp(— it,,) — iE~ exp(.~ ~~~~ e,q,(i(— w2 + U I, — U)S’II
+ 1 E~([E~ exp(i~ 1) — tE~exp(l*,) J 

e~~j (w, + UI, + 1711’] 
+ [E ~ exp(— i~ , ) — i11~ exp(— i~,)Ii(w , + W I, + Cl)

, expii(w, + Uj — (fl
u) 

(ezp(i~ ,) exp(t(— w1 + (7)5’) + exp(— ‘0.) exp(i(— w1 — 12)l’f l] Cl (l ’)i(w,+w~~_ Q)

1e~~ 1(w, + WI, +17)1’]
+ exp(t01) — 1E~ exp(l~ ,,) f ( w, + W I, + 

~~~ 
+ [E~ exp(— iv$~,) — IE ~ exp(— i4’,) I

< 
+ ~~~~ 1~)){[~~exp(t,~) — iE~exp(i~ ,)] exp( i (— w 1 + W I, + (7)1 ’)

i(w~ + U I, (2)
3

+ [E ~ exp(— i~~) — iE~exp(— 1*,)] exp(i(— w1 + U I, — (2)l’I}CtU’)} exp(iAw ,I’) dl ’ 
j 

(75)

can be ignored In comparison to

(78)

S where the summation with respect to w has been made in Eq. (76), sinc e the radiation field covers a wide spread of
S frequencies and the contributions from various frequencies are addItive.

From the direc t calculation of Eq. (75) after substItutIng C!(l) and Cl (s) ,

Ict Iz . IC~I’, ~CtI’ , IclI1~ (Qe3a’,/*’) (77)

*nd S

W I, , (2, AU1, 8w2, AU3~~~U1 (78)

for most experimental cues, we can be sure that if 
‘

1 1 1 *~W 2

(W~~ + 2(72 + AU 1 — 8w2) 2 ‘ (.‘~ —2 17 + 8w1 — 8w2) ~ ’ (W j + 8w, — 8w2) 2 <
~ (Qaj) ~e~(E~)~ 

(79)

S and 
S

1 1 1 64w2 S

(2W I, + 8w1 — AU3)2 ‘ (2UI, + 217 + 8w1 — 8w,) 2 ‘ (2w i — 2(2 + 8w, — Aw3~ 
<< (Qa 2)2e4~((E 2)2) (80)

111(1) can be ignored in compari son with I C 1(t )I 2, InequalitIes (79) and (80) are the same as the criteria for the
validity of the perturbation calculation, which can be stated in a crude form that IWI, and I 1w~ — 211(2 1 are greater
than the peeturblng energy of the electric field 8,, where
£~ (10Q)taea((E~)

11 (81)

(ii) We proved that Ci(t) satisfies Eq. (73). Hence, C~(l) obviously satisfies

P 1 
expJ i(w5 + wa — w) t~ — 1 

— U(l) , (82)
i(W 0 +UI,—U)

where

(1(1) = — f  f Cf (E 11~exp(so.) + iE exp(i~ 
oxpj ~(w, — w~ + (7)11 

+ [E ~ exp(— i.$’~) + iE~exp(— i~,)1
, I .. i(w ,—w ~, +f l )

exp(s(w j — Ui — (7)11) 
~~iQ) + cf ~~ (exP(i4~.) 

exp(1(w, + ~)*I + exp(— i~~) exp[i(W j — (2)11 \ ~ 1Q~i(w,+Q) i(w1—fl )  ) dli(w,— w j — (2)

+ ct([s ~ exp(i~~) — iE~ezp(i0,)) 
exp(i(U, + UL + 17)11 

+ (E~ exp(— i~~) - iE~exp(— i ’,) ]
i(U 1 + W~ + 17)

X e~~1(w1 +wL~~12)1l\ IQ~l dl (83)
S i(w,+w~~— Q) ) dl J ‘ S

where dq(O/dt, dq(1)/dt, and dCl(l)/ dl is given by replacing C1(t), s = 1, 2, 3 by C~(1), I = 1,2,3 in Eqs. (30)— (32),
4 • 

respectively.
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Accordingly , If

I V(l) ( ’ , (84 )
where S

V(l) ci([E~exp(iø,) 4 iE~exp~iØ,)~ 
e

::+~~
h1 

+ [ E , exp(’- i~ ,) + IE’, exp(— i’,) ) 
I(w , — : I , — Q )  ) (.~ (1)

x c~m~ (ex~(i~ .) eXPI l (Ul + n)11 
+ exp(— i~~) exP[s(w l_ n)1 I )  Ci(l) + exp(14,) — iE exp(i~.,)J

x !xp~~ ’i ’ ” ’~ )h1 
+ [E~exp(— 50,) — rE~exp(— i~ ,))  c~~i~~~i_ )€ 1) C (t) (85)

then

11(1) + V(i)  — U(t),  (86)

that Is , C~(l) is an approx imate solution of Eq. (44).
From

S ICI(l)12, C~(f)I2 , 
(~I ( , ) 1 2 .,, Qea ~(E ~ (87)

and Eq. (77), we can be sure that if

<< 1, (88)

then Eq. (84) I s valid , that Is, Cf(l) Is a good approximate solution of Eq. (27). Similarly, we can prove the sameS for the remaining equatIon s.
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