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A Finite-Element for Plane-Strain Plasticity

1. Introduction. 1In an earlier paper (11" we pointed out

that classical finite element methods suffer from two potential
drawbacks when applied to plane-strain problems of contained
flow of an elastic/perfectly-plastic material. On the one

hand, plastic strain increments are incompressible, a constraint
which greatly reduces the number of degrees of freedom in a
finite element model. Secondly, some continuum solutions of
plasticity problems are known to exhibit discontinuities of
tangential velocity across certain boundarys, and classical
models cannot handle this feature.

In [1) we proposed a "slip model" which consisted of rigid
triangular elements which were free to slide but not separate.
Applied to a particular example, the slip model predicted
good approximations to the yield-point load, collapse mechanism,
and shape of the elastic displacement field. However, all
results were obtained in terms of a fictitious elastic modulus
which is essentially unknowable.

The present paper is concerned with a "combined model® which
apparently has all of the advantages and none of the drawbacks
of the classical and slip models taken separately. Further, the
computations essentially reduce to a sequence of solutions for
classical models and slip models so that the large body of \
knowledge available for the elastic/plastic classical model

can be applied immediately, as can the experience gained in

(1] with the slip model.

Hlll|l|l|
Numbers in brackets refer to the references collected at the

end of the paper.

All three models are based on triangular elements. For
simplicity of exposition and application we shall consider the
reqgular array of right-isosocles triangular elements shown
in Fig. 1. The kinematics of the classical model [2] are
defined by the dimensionless nodal displacements ?w. <xv . 8
These displacements define a continuous, piecewise uwmnonmnnwaﬂb
displacement field and a piece-wise constant strain field over
the entire domain. Figure 2 shows the basic unit mechanisms u
associated with a "small node" (Fig. 2a) and "large node"

(Fig. 2b); the v, mechanisms are similar.

k
As shown in [1), the kinematics of the slip model are

12 0

defined by nodal rotations ox defined in Fig. 3. The resulting
deformation field consists of infinitesimal rigid-body moticns
of the triangles accompanied by slip of one triangle relative

to another.

07

The proposed combined model has three degrees of freedom
at each interior node: a horizontal displacement uy defined in

Fig 2, a similar vertical displacement v, , and a rotation mx

8

defined in Fig. 3. We recall that in the classical model uy
and v, can also be interpreted as the actual motion of node k.
However, in the slip and combined models the rotation mx gives
a different motion to each vertex at a node, so that the concept
of "nodal displacement” has no direct physical significance.

The kinematics of the combined model are fully defined by
Figs. 2 and 3; obviously they are the sum of the kinematics of

the classical and slip models and there is no coupling of the

two models.
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X X x x x x
8 1 2 3 4 5 6
+ax< +qx< +~x< ) - ~4x< +ax< +ax< +4x< ) =0
(7¢c)

2 3 4 5 6 7 8

+ax< +ax< ) A4x< +ax< +ax< ¢ax< )

8 1 2 3 4 5 6

+ - + + + =

+q< +o< o< ) Ao< a< o< ow ) 0 (7d4)

We consider an elastic/perfectly-plastic material in plane
strain. In each element the stresses and strains will be constant,
so that the constitutive equations relating the generalized
stresses and strains for element a are trivially derived from
those for the continuum:

a 2

o & d a
£ (o o< )°/4 + Aax< )¢ <1 AT >0

X

mxa = ~An\xv~mxo+<.mxa+m<a,\~H-<,_ - 1% %6 % /2

ca (B sl > AR T a a
e wao\wv~n<.+<ﬁnx tey )/ (1=2v)] = A (o, -0, )/2

At ”n\x,«x<a - N»nax<a

x<
1IF £ <1 or £* <0 THEN A% = 0

a Ky 78 @S X as o
=0y e, =€ ") + Yz}

y Txy Yxy \8)

ELSE i* = (6/2K) [0,

For the slip model, the dimensionless generalized displacement

at nodes D and G in Figs. 3a and 3b, respectively,is

bp = d/2 8 = d/L (9)

A dimensionless generalized strain w is defined for a generic

edge PQ by

2
“pg avo an\p (10)

where nv is the relative motion of the two triangles along PQ,

Q
defined as positive clockwise. As shown in [1l], generalized
strains are defined for each horizontal and vertical edge between
nodes, but a single generalized strain is defined for each
diagonal of a square. Thus, the only non-zero strains associated

with the elementary mechanisms in Figs. 3a and 3b, respectively,

are
EMG = EOW = Eg = E’m. - QU EPB - Ewﬁ. - - NOU (lla)
Caa e G R S T i T
(11b)

Generalized strains may be related to continuum strains
by regarding the edge as a rectangular domain of small thickness

26. 1In a generic edge PQ the only non-zero strain is

<x< = Wpq F\ApMOQv (i2)
Since <x< is constant, the only non-zero continuum stress is
the constant ~x< and we define a generalized stress by

T dA T

Tpg = lim / oo = XL (13)

22§00 A % Yy :
Then the internal work done in edge PQ is

PQ 2
:w:n = k2 4voevo (14)

Therefore, if no external work is done in the mechanism motions

in Fig. 3, the linear, homogeneous static equations are easily

obtained:
amo + TeB + aw> + TaF " Nabn - nqwm =0 (15a)
T Y Ten* Tue Y TaF T "re ~ e - TG " Tme

=0 (15b) m

SR
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Therefore, in order to balance the total system of equations
and unknowns, there must be one equilibrium equation for each
generalized displacement.

For the classical model, each of the interior nodes has two
displacement unknowns uy and Vie and the same number of equations, »
Egs. (7). On the boundary, u = 0 for nodes G-M and v = ¢ for
nodes M-S. The vertical displacements at nodes A-E, H-L, and T-X
are not subject to any constraints. Therefore, we can use Eq.
(7d) for these 15 additional unknowns, keeping only those
stress terms which correspond to triangles in the domain.
Similarly, we can modify Eq. (7c) for the 5 unknowns Uy-Up-

-

The remaining nine nodal displacements are given by

= = = = = = = = - 0
Ug™ Up = Uy = Uy = Uy = Uy ® U, S U, ¥y = Vg -V, (20)
Applying the principle of virtual work to motions defined by
u, and Vgr respectively, we obtain

i4q il i3
20, 7 )T, T )] (21a)

65 L
VoL » sy

6
T, =(1/12) Ll-(o,

- g 71 72 82_ 84
aw = (1/2) [ Aax< +nx< +qx< 4xw )

4H+o q~+~a mw+o m~+a B4

~i9y 9y i e

)] (21b)

where xa~ and xaw are, respectively, the dimensionless forces
pushing SA to the right and FG down. If an is given, (2la)
is

is the necessary equation for the additional unknown u,; if u

0 0
given, (2la) defines the necessary force T, Similar interpretations
apply to aw and Eq. (21b).

For the slip model, we first note ns»n if all ow were equal,

the entire domain would remain unchanged, so that we may arbitrarily

10

set wz = 0. Next, we regard displacement boundary conditions
as being applied by fictitious triangles external to the dormain.
For example, the fictitious triangle above line FG moves down
a prescribed distance <on.

The fictitious triangles along MS cannot move vertically,

so that 6, = 0 implies mz = 0. By similar arguments we see that

M

-6,. must vanish. Since 6_ = 0, we must have

all of on s s

6, = u (22a)

The mechanism motion defined by (22a) would move the fictitiocus

\
triangle on the TU a distance u, to the left. Therefore, to
satisfy the boundary condition that it move ug to the right we

require

= (22b)
oc ~=o 2

Continuing this argument, we see that

I I I IO NNO
o< u:o oz pco ox w:o o> u,y A v

Finally, along on the top surface

n| ﬂumnv
ww Vo

and awoom are four new variables.
As shown in [1] boundary mechanisms are somewhat simpler than

interior ones, so that the equilibrium equation for node B is

+ T - =0

Tax: cx' ~ "ax'
with similar expressions for nodes C, D, and E. The mechanism

motion for vo involves only node F and leads to

23
+ 4mn\~ (23)

HH = - .—,Mu.. AQN. OAMW.
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V. +v, =v (27)

vV, = Vv, = -V 0, = -v oc 0s

r G Oc F Os 0
Examining the boundary value problems for the three models,

we see that the combined model equations are the totality of

those for the other two models except for the eguations based

on motions u, and Vo- Thus, a combined model problem can be

almostly completely uncoupled into separate classical and slip

model problems. We shall discuss the details of this phenomenon

in the next section.

4. Solution. We consider a specific case of the boundary value

problem defined in Fig. 1 where uy =0 and Vo is slowly increased
from zero.

For Yo sufficiently small, all elements will be elastic.
Therefore all classical elerments will follow the first branch
in Egs. (8) and all slip elements will follow the first in
Egs. (19). Thus, Eq. 19c will lead to the vanishing of all

real slip displacements, specifically including u and v

0s 0s”

=0 and v =v and the combined problem is

Oc Oc 0
identical to the classical one with prescribed displacement

Therefore, u

conditions. Therefore, it can be solved without reference to
Egs. (21) which are then available to determine qw and aw.
and T

But with T known, the remaining combined model equations

1 2
are identical to those of the slip model with alternative \
kinematic variables and prescribed loads. Therefore, in the

elastic range we can solve the combined model by solving the

classical and slip models in order.

Now for some critical value of Vqe some element must reach

yield and from here on all equations must be written in rate form.

14

If a triangle yields we must take the second branch in (8),
but the method of analysis remains unchanged. When the first
slip element yields, either before or after yielding of any
triangle elements, the second branch of Egs. (19) must be used
for that element. However, it is not possible for any one wwo
to be non-zero, so that we must continue to use the alternative

kinematic slip variables. Thus, at this stage also we are in

the uncoupled plastic range where the combined model is solved by

sequential solution of the classical and slip models.

As v, is still further increased, more and more elements
will reach yield and require the second branch in Egs. (8)
or (19). Eventually, sufficient slip elements will reach

yield so that, if Uss and v g are both regarded as free variables,

0
a combined mechanism motion of the slip model would be possible.

Since all rotation displacements in this motion can be expressed

in terms of Ui and Vos? the mechanism will be defined by som
relation
pnom + m<om =0 (28)

where o and B are not both zero. It turns out that no external

work is associated with this mechanism, so that

o . . .

6T, Uge + T) Voo =0 (29)

hence

aT; = 68 T, = 0 (30)

For further increase in Vo the boundary displacements for

the classical problem are now defined by

o *“Uos Vos™ Yo = Voa (31)
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under conditions of plane strain. Details of the solution
and a discussion of the computer program may be found in (5].

The slip model solution [1]) is independent of Poisson's
ratio; for the classical and combined model we took v = 0.3.

The yielding sequence of the edges and the triangles is
shown in Fig. 4. 1In the uncoupled range the classical part of
the solution is exactly the same for the classical and combined
models. However, the slip part of the solution with the combined
model is not identical with that of the slip model (1], since
the stress solution interacts with the reaction forces of the
classical part, even in the absence of slip. As might be expected,
these differences grow as the load increases. A comparison of
Fig. 4a and results from [1] shows that the first three edges
to yield in the slip model are the first three to yield in the

same order in the s' > part of the combined model. The first

eight edges to yield in the slip model are among the first nine,
but in different order, to reach the yield stress in the slip
part of the combined model. However, the ninth edge to yield in
the slip model is only the 1l4th to reach yield in the slip
part of the combined model, and the tenth yielding edge in the
slip model is the 23rd in the slip part of the combined model.
As in the slip model solution, more than one edge may reach
yield at the same time, as in stages 72, 73, and 76. In this
example we never find two triangles reaching yield at the same
time, although the phenomenon could certainly occur.  However,
at the end of stage 68 we find both one triangle and one edge

reaching yield. None of the above coincidences cause any

T TR T T

CATAS. |
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computational difficulty.

We also find that several stages are ended by in 0.001
increase in f. Specifically, this happens to end stages 19,
25, 29, 34, 38, 47, 50, 55, 57 and 69 in the uncoupled range.

Load deflection curves for the three models are shown in
Fig. 5. It is interesting to note that even though edge yieldinc
in the uncoupled range does not influence the load deflection
curve, the elastic limit of the combined model occurs at T, = 2.52,
vy = 1.92 G/k when edge FF' reaches yield, whereas the fully
elastic range in the classical model is terminated when triangle

72 yields at T, = 2.76 and v, = 2.10 G/k.

1 0

At the end of stage 73 we find an undetermined rotation
variable in the lower right corner. Although this nonuniqueness
of an alternative kinematic variable is a computational nuisance,
it does not affect any of the stress variables or real kinematic
variables, and does not lead to =oupling between the classical
and slip parts.

At the end of the stage 76 seven edges yield and produce
several independent slip mechanisms of the true kinematic slip

variables. However, all mechanisms involve the same moticn at

the boundaries, and Eqs. (28) and (30) become, respectively,

Vog = 6 u

ba ik *N =0 (33)

As described in Sec. 4, we enter a new phase of the soluticn,
where we have one interacting force between the classical part
and the slip part. As a consequence the loading conditions of
the classical part change. This change has a dramatic effect

on the behavior of the triangular elements in that more than

e e
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elastic-plastic history, it is important to note that the . VeV,

combined-model time is only slightly more thar the sum

" el g/
of the other two. m
W 74 72 | 39 22 t
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d. 4 Yielding sequence for Prandtl punch

(a) edges
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1 3 ." 4 Yielding sequence for Prandtl punch

(b) triangles
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