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1. INTROI )UCTION

I he use of an adaptive linear predictiv e filt er to detect the presence of a sinusoid in
white  noi se h~s been discussed by Widrow et ~ ‘ ( R e t .  I ) in a comparison of two detection
methods. I he tl rst uses as its test statistic the frequency response magnitud e of an adapti ve
linear pr edict ive filte r (LPfl ,  the second employs incoherently averaged discrete Fourier
trans f orms (DFTs ) of ’ the input  data. Widrow ’s comparison is based on OL i tp u t  signa l-to—
noise figures-of-merit  (FOM ) I’or the two processors and indicates that  the 11)1: technique
may oIle r  significant improvement over the DFT when incoherent averaging is required to
process the available data.

Tu fts (Ret ’. 2) has challenged Widrow ’s analysis on the grounds that  the l)FT should
have been allowed to process the data coherently. In their reply. Widrow el at (Ref .  3) h ave
agreed that  a detector uti l izing a coherent DFT of ’ the data would indeed perform better
than the L1’F detector and suggested that a diffe rent FOM is appropriate for describing LPF
pertorm~ince.

l)espit e this interchange , the fundamental  question of detector performance remains
unresolved. Analysis published to date (Ret ’. I ) is based on FOM arguments , and these can
he mis leading when used in the comparison of processors with different statistical properties.
In order to provide a definit ive answer, the Problem should he addressed from the standpoint
of decision theory (Refs. 4 ,5) . This paper represents a further step toward del ining the per-
f ’orniance of detectors uti l izing LPFs by fi rst extending Widrow ’s analysis to account for
adaptation of the LPF, then using statistical decision theory to determine performance .

II. PROBLEM DESCRiPTION

The detection of’ a sinusoid in Gaussian white noise is to be considered. i’he frequen cy
of the sinusoid , f5, total noise power , o 2 

, and noise power per hertz , o~ , arc known.  Phase
and ampli tude of the sinusoid are unknown , hut are constant over the observation inter val .
I :~icli detector is to observ e the data over a fixed interval ,  then decide which of (lie two
possible hypotheses is true:

110 noise alone present

H 1 sine wave and noise present.

The ~ p r iori probabilities ot ’ these hypotheses are unknown.  Hence, a Neyman-
Pea rson test (Ref.  4) will be used to decide whether  I1~ or hl ~ is true. A scalar test s ta t is t ic
generated by each detector will he compared to a fixed threshold I’or that detector. ‘[he
thr eshold is set to achieve a desired probability ot ’ I’alse alarm (i c. , the probabil i ty of choos-
ing 1l~ when H~1 is true ) .
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t:otir detector structur e s described in th e fol lowin g section are to be con sider ed

I 1 [he optimal detector ( I  ig . I 1.
( 21  Averaged spectral estimates of the data ( Fig. 2 )

~3) Fourier trans form of th e LPF weight sector (Fig. 31 .
(4 ) Fouri er transform magnitude squared ot the LPF weigh t vector (Fig. 4 1.

H The predi ctive tillers of Figs . 3 and 4 are described in the Appendix.
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Figure 3. Coherent linear predictor (CLP) detector Figure 4. Incoherent linear predictor (ILP ) detector
for a sinusoid of frequency f~ in ba ndlimited for a sinusoid of frequency f5 in bandlimited
Gaussian noise of known spectrum level. Gaussian noise of known spectrum level.

HI . ANALY SiS

OPTIMAL DETECTO R — COHERENT DFT

The likelihood ratio detector for a signal 01’ unknown amplitude and phase is
discussed by 1-lelstrom (Ref.  5) . This optimal detector, which is the coherent DFT mentioned
Esy Tuft s (Ref.  2). can he imp lemented by splitting the input data into two channels as shown
in Fig. I . The first channel is multiplied by cos( 2 ir f5t )  and integrated over the observation
interval. The second channel is multiplied by sin(2 1r f~

t )  and integrated. At the end of the
observation period a test statistic. denoted by 7coii in Fig. I . is formed by squaring and
summing the two integrals. The Neyman-Pearson test is app lied to ~coti in order to decide
signal presence or absence.

One pra ctical method of implementing this detector uses the l)FT. The observed data
are sampled at Nyqui st  rate and the re sulting data sequence is trans formed wi th  the known
sinusoid frequency. f5 . at one of ’ the DFT frequencies. Real and imaginary parts ol th e  l)Fl ’
at this  frequency are squared and summed to form the test stat is t ic .  Note that  the data must
be transformed coherently. That is . either a single DFT must process the entire data sequence
in one tr an sformati on . or short DFTs can he summed in phase before the test statistic is
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COHE RL’ST FOURIER ‘I R ANSFOR M OF THE LPE WEIGHT VECTO R ICI P )

I he L P1 used in t h is stork is discussed in the Appendi s . The weight sector is

modeled .i~ .i sinusoid of time ’s .iry tng amplitude summed ss i t l i  ,i ( ; . I5 iS%i . t I i  ‘‘misad~u st tnen t
n oise I q u . i t m o n %  t 2 2 ) .  i 2 3) . 2 S 1. ~intl 2 s )  describe the tPF  weigh t vector.  Wt i .k  1 . wh ere
i denotes th e  ind iv idu a l weight number tO ‘~. t ~~~ N— I t and K denotes the number  of adapta-
tion it e rJ t i ons  t k  = I .2 . ‘ - ‘ 1, The CLP detector ( I:ig , 31 Uses ,i s I ts  test st a t i s t i c  th e
measured .tnlpl it t i dt ’ of t he weigh t sector  cosine ~‘t) fli pOn&’fl t - This ampli tud e is est i ina t ed
by the sUill

N- I
= W(i . k )  cos( 2ni’~(i + ~S ’) .~ h . ((s)

i=0

where 15 is the  sinusoid t’requencv t o be detected. ~ is t h e  LPF prediction delay (Fi g . 31. and
~ is the s.ii iiphi n g period ot ’ the digit al syste m . ‘11w test s t a t i st i c  is computed . as illu strated
in Fig. 3 by fi rst forming the DFT of ’ the weight sector ( i c .  ev aluating the LPF frequen cy
response ,it frequency f~). then rotating th e phase of ’ this complex quan t i ty  as indicated ,
The real part of ’ the result ts used as the test statistic. Since the weigh t vector misadju s tmcnt
noise is assumed to he Gaussian. the test statistic svill also be Gaussiatt - The variance of the
misa djus tment.  and hence the sariance ot ’ the test s ta t is t i c ,  is constant und er h o and
In the pre sent analysis it is assumed that all weights art ’ ini t ial ly set to iero ( i c . .  W(i .O’t
0. 0 ~~-. i N— I 1 and that a single l)FT is calculated at the end of the observation period.
When n oirmuahie d to unit variance, the probability distributions of ’ th e test sta t i s t ic  under
H 0 and II~ are (see Appendix )

P7(~1~~( 5 ’1 N t $ 0.l )  ( “1

il l P,y~,1 1, ( ‘1 Nt Icl .l )  . ($ 1

where Nt x . v )  denote s the normal density wi th  mean x .inth s.ir ianct ’

N ~ N N
~‘-~~SNR I - ( l - 2 p o ’ ( l + — - S N R 1 I 1
- 

—
- 

S (0) )

I + ~~~ SNR (N 2 1

p is th e adaptive feedback constant of the 1 l’F.

I’h~’ probability of sinusoid detection can be ma ~m m i i t ’d h~ sep.11 . m l i i ig th e t est
s ta t i s t i c  di stributions under H 0 and li~ as tar as possible. z . choo sing th e con t ro sllah sle I I - P
parameter s N and p so .ts to m ake v as large as possible . Assum ing N to be t ’ixed h~ hardw are
limitat ions . t h is is accomplished by choosing

I ,25 s4 3
N A ‘ ( l O t

20-N 1( l  + —  SNR 1
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’SN R is a ito i it i i i .il s at t ic o I SN R to iso’ dt ’t th ’It ’d . ,iitd t Ilt ’ i t t i i i l t ’t .1101 of q 1 l 0 ) t s  the

m io n .’cio i o’ot of th e i ,Jn sco ’iit ht ’uital  ~‘~ t i.iIion I ‘ste ‘‘ I ~ i th i  t hu s ~I i O t o o ’ of ~i ,

ole te~’ t o t  I’d t O i l i i . l t l o  o’ I’ opt i i itiied ss hen SN R SN K t iii ses pi cscn It ’d in Se~ it omt I \ ss ill
shioss tit . i t  detec t om per! ot t i t a m le e is not st i oi ig l~ u mt t lt io ’iic ed t ’5 S~~ K. ,in~f I Iio ’i ~‘ I oic i t s  S ,due
is not c r i t i c a l

Sub st i t u t ing  1 q. i 10) int o I qs ~~ an d S I gist ’s it to ’ ~l et t s i t ~ 01 tht ~’ t e st s t . i t I~~t io ’ .1~

t ’t i it~’t Io m u of ’ N . N I ‘ ~~ K. ,iflt t SN K these I’. I t an t e to ’is ot et e r uut int ’ t hit ’ ( ‘ I P tkteo’(or
pt’t I’ormtlaih ’ t’

INfl)H ERF N I’ F OL 1R IL R I’R ANSF ORM OF l’IW LPF WEIGH I’ ~‘L’1ClOR (II. P

h it s detector ( L ’tg 4) otot’s not u t ih i , e  ti lt ’ de t em i n in t s t i c  phl.ist ’ ot ti lt ’ L. Ph” ss’t’mg htt
%t ’o’t Ot. ‘the test s t a t i s t i c  is the m .mgni t uott ’ soluare d of the weight sector [iF I’ (I , the
[I’F t i o’o luo ’no ’\ tx’sponse nia gni tu de squaredl at frequency I ,, [ho’ tuodel 01 the st eigh t
sc~ for is develope d in t hto ’ App endi x Prob ability ott ’:isities of ’ h i t ’ test s ta t i s t i c  under
It~ liotheses I l~ and iI ~ are (ss ith  noruuhii ,i I ton to uni t  .irm ,Inc e 1

hI d : 
h L P ~~

1 ’1~~~
1 t i l )

LI I p~ 1 1 , ( ’)  ~~ (S  I~~~1 ( 1 2 1

sshere ts is given by 1 01. (‘11. .I us t .is tot the CL Il detector. pr ob abi lity ot ’ sinusoid the W~’lmoil
is maximized by choosing h i t ’ adap t i ve  t’o’eolbat ’k constant according to ~~ ( 101 .

IV. PERFORM ANC I-’ COMPARISONS

h i t ’ olo’tist t~’ funct ions of Sect ion I l l  ss’tl t nosy be used to tleselop comparisons of ’
detector pt’rtornni tuco’. Results .ire based on th e \c~ m an ’ h’o’, imso n it~ polht ’sis lt ’sI .m , id ., m’t’ i i i

t he l’orm ot ’ poster cur s t’% showing detection ptobab i l i t ies as a t’unt ’t ioil ot ’ fith ~t’ .da t -in piob.i
tst l t t ~’ ,it itl SN K of t hto ’ ro’ct ’is o’t l sigita l .  h i t ’ hi I~ ts published by M.i tcun i (R et ’. (~‘I antI th e
nomogram of ’ I, i’koss i l /  ( R eI ’. ~1 ss t’it ’ used ~n obt aining these ~‘ur’es-

Figure S con ip ,imes the coherent 1*1, ,.\S 1 , antI IL P delo ’ctots t o t  t h e  ~‘ ,ise of ’

102, 40(1 input  d.m t .i sainplt ’s. the .~ Sl- 1)1 1’ length ot ’ 1024 pott l t s  ss .is t’iiosett t o ’ t’qt i~t t  tilt ’
5’

Ph st eight sc t ot iengtht  flit ’ pa ra lul t ’ le t SN K required in ot dci to choose ~i t o t  th e II  I’
ss .is selected equal to I \ I 0 ”  m, —30 dl) ) I ‘ iguic ~ shoss s th at  the II  I’ , iittt A Sh pt o0’essoi
ate  r oughI~ equal tn perf ornl.tno ’e. Iho’ I I  P ot ’I ’~’t a t’r .ieti on ot a ~l i) ads .int ,tgt ’ at th e highe t
SN K t . i lno ’s sitoss n , but t i it ’ \SI pci form s slightl ~ b etter ,it siu.tllct SN Ks hu it s result t h I I t d t s
f t  t ’in t l ie 0’on clu sm omi ot ~s\ ittross ‘

s anai ~ ‘is (Ret ’, 1 )  b,tst’ol ott .t I I \f ¼ ¼ ’i l i f ’ . i t  oson St Ii icli
induo ’ it o’d a l. mr go’ d i l l  o’rent ’e bet ss ccii th e ASi , i t iot  IL P pi Oo ’t’sso ’t s -\s p1 t’oti ~’t ed l’s t u f t s
i Ret ‘I - the ~‘oht’ro’n I DI” I ’ do’ t o ’o’ t ot  is nia r Kt ’otl ~ bet t e m t iu , tn ~ i t i i t ’i the \ Sh o ’t 11 P ~le I O ’ s t 01’ 

~~~, _ _ _ _ _ _ _ _
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~~~ SNR ~~~~~~ B~~~~~~~~~~~ / ,~ 
ASE

‘ 10’ io~0.:’ /
0 1 \  -~

4:~ -40 .35 30 ~25
INPUT SNR ((18)

I i~~uii o’ ‘ (‘OiUp .u i isot i of o’Oh tCrt ’li t L)FI’ . I l l ’ , atio l .‘\S l
dctce tot P~i t ot nuance .

I tgur e (~ comp atc s t u e  coherent 1)1’ 1’. A SF . and ( ‘LI’ detectors ft -it t u e  case of ’
I t ) , 4t)t ) input data samples. All parameters art’ t he same as those of ’ I : i~z , ~ - Figure -i sh ots’s
that  the ( LP ot ’fers about a I —ti Ll in ipr o setuent  over fl i t ’ ,-~Si processor. but is stil l  far ~h io ’i
of opt tm . il performanc e.

5’
I’ Ig urt’ i l lu strates the ef f e c t  of s. i m ’ymng SN K on ( Li’ performance .  I lie ch ange in

A
pci t’orn i.mnce is  negligible as SN K is reduced from 10 ’  to 10 . The SN K ro’quiret l to ,iciiies e
.u gmse n 1’[i in the range illustrated increases ot ily about 3 dl) as SN K is increased t’roni i i  ‘~ to

I ( 1” Thus the choice of ’ SN K is not critical to I PF detector p er f ’ortnanc e in t h i s  example .

Figure S shows the effect of s’ ,m ry ing the ss’eug ht sector length of ’ f l i t ’ CI I’ det ector ,ino l
[i}: F length of the AS1-’ detector , The re l , it is c per forni~~ce of ’ the tss o detector s is t to t
signiI i cant l~ a ffected. In both cases the (‘I P detector ot’f’ers about a I- ~hh ) .i~1s .i iu t , t ~e in th e
SN K required to ,tciiicse a given P~~.

l ’ igurc ‘1 compares A Sh and CLP detector r ert ’ormil ance t’or tw o sa lut es of N 
~~
. t iu t ’

t otal nuntbo ’r ot ’ data samples processed. Rela t i v e  po’rf ’ormance ot ’ t hit ’ two rt Oo’~’5s0i ’5 is not

str otig l~ .if ’ fcct t ’d At t u e  smaller value of N 
~~
. the (‘I P detector ot’t’ers sl igiit l ~ i i i o ’it ’ t l i at i  a

I -dU ads ~int ago’ in the SN R required to ac iiic s c a given P1).

— —=“~~~~ ~~~~~~~~~~~~~~~~~~~~ -“;‘--—~‘—.--“.~ ~~~~ ~~
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V. CONCLUSIONS

tour detectors of ’ sinusoid of known frequency in Gaussian wh ite noise have been
analyzed. Two) of ’ these ut i l i z ed (lie frequency response of ’ an adapt i ve linear predi ctive
f i l te r .  and two employed Fourier t ran sforms of ’ the input  data. The results .,how that  nit ’
(‘LP processor ( Fig. 3) . which utili zes t h e  det erministic phase oI~ t h e  LPF frequency
response. otters about a I -dil advantage over ti te ASE detector , which utilizes averaged
spectral estimates ol ’ f lue input  data (Fig. 2 ) .  ‘l’hie I LI’ detector ( Fig. 4) . wh ich does not
uti l ize the LI’F phase , per -f ’orms about the same as the ASF detector. Th e  ASE, I Li’, and
(‘LP detectors all require significantly higher SNR than the optimal detector , which employs
a coherent DET of the input data. In all cases, the (‘LI’ and I LP adaptive feedback constants
were chosen to yield the best possible adaptive filter performance .

The work presen t ed here has t rea te d the use of adaptive LPF f’requency response as
a met h od of’ signal detection. Spectral analysis of ’ the LPF output ,  discussed by Zeidler and
Chabries (Ret ’. 9), is an al t ernative techni que. It  should he noted tha t  the detection problem
treated in this paper assumed that (lie receiver had a considerable amount of in f ’orrn a t ion
concerning both the signal and noise charact eristics. As suggested by (‘.rif t it h s (Ref.  1 0).
conditions of ’ greater signal uncertainty (e.g., non stationary noise or non-white noise of
unknown spectral den si ty )  may result in adaptive processor perton uance superior to tha t
of nonadaptive techniques.

- - 
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AP PF N I ) IX :  LPI ” WE IGII1 ’ Vl’( ’TOR %IOl )I’l

Fi gure 10 i l l us t i  , i t t ’~ f lue l i n e a t  predi ctor t’ t l i tsttleR ’ LI i i i  f l i t s  repor t A t hu or tu i g li
tli scui s s iot i of ’ thi s ss st cu i (a lso knoss’u as th e adap t i t t ’ l ine enhancei  t has been prt’sen ted t ’~
W~drow ~‘i al Ret .  I and I’i’eichkr ( Ref - I I ) .  Only .i bri e sui i i~i i i . i i ~ is given here , ‘I lit’
adaptive l’ilte i ’ of ’ Fig. 10 is a t u ne dotna iti  di gita l f i l t e r  which atl ~a st s i f s  impulse r e spo i i%t ’ SO

as to n iin inui l .e fl i t ’  mean square of . fl i t ’ d i f f e r ence  I - i etwe eti  the desired f i l t e r  re sponse . x
ant I i ts  actual ~‘e sIit ’i i se .  v When f l i t ’ l’iI Icr . idj ust ,neii t  is couip k ’fe . y approximate s the
mini n u ui u i  mean square error predi ct Ititi of ’ x over flit ’ i n f e r s  al ot ~ sam p1t’s I ’ or f l i t ’ ;t n alv ‘is
which fol lows , it is assumet i that  x is stat is t ical l y st al i o tu ary and coiuposctl of ’ a sine st at e
in whi te  noise . The updat ing alg ori thm for the k f lu t t t ’t a t i o l u of ’ the ~~ fi l ter  weight  is

W ( i , k + l ’t W f i , k ) +  2pe (k ) x ( i ,k i ( 1 3 )

where x ( i, k ) is the dat a sample’ at She’ ~t h f i l ter  tap d urin g th e k th i teration atid W( i.k
denotes t h e  1th weight at the k i l l  ite u ’atioti - ‘the constant p controls the feedback magnitude
of ’ f lit ’ adapti ve syst eni. For s t ab i l i t y .  p must  be chose n greater than zer o atid sn ialler tliat i
t h e  reciprocal of ’ the largest eigenvaluo’ ot ’ t he inpu t data correlation matr i x . K. ‘flu e
elements of ’ R are

E k I x( m,k 1 x (n ,k ) I .  0 < tn ,n ~~ N -I , ( 14 )

where R~~11 is the element in f lue  ~~~ row at u d ~ ~ co lu t iun.  and I’ k I I denotes e x p e c t a t i o n

wi th  respect to the  index k . Thit ’ opt im a l  I I’F wei ght vector . r csu lfi i ig in the t i i inin lut u mean

~~uare of’ . is given lit’ t h e  discrete Wieti et’ - l i t up t ’ ed lt id t i oiu

W (i )  { R ’~ I ik ~k ’ (I < i . k ~~~ N -I . ( 1 5 )

where 1’k is th e k t l i  eot~ poiiet uf of ’ P . f lit’ co rt’e la f io tu  S ecto r of f lue desired t’ilt er response and
the dat a contained in t lie f i l t ~ r. , i ’

= t ’ 11~t x ( — ( S .fli ) x ( k .il u ) j .  U ~~- k ‘ N — h  l o )

SAMPLE

\~~TERVAL .~

INPUTj,,_ ‘- I ERROR
DELAY ~~ ADAPTIVE F IL FE II FEEDBACK

SA M PL L S~~~~j~~f DELAYS 
I k~ 

USTMEN
T
T

‘ ~Yv tO - kI~-~W U ~ tW N I

- -~-\~ - — I ~- 
- i OUTPUT

UPDATE UI IRE i~~WE IGHT Al T H E  K~ ITERATION
W u kt W ~~ 

I - 2~~3 ~(k) x ’ i , k)

t i  gui le  I 0. thio ~ adai ’ I i i  c I incu i pi edit ’!

to - 
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For t i l t ’ cast ’ of ’ a sine ss-as e of i i i agni f ud e  A and f ’re quency 1,, in wh ite noise ot ’ to t al power
ii iii f l i t ’ i l i pLi t  ban dwid t Ii. f l i t ’ ek ’men ts of ’ ~ are

o 2
~ ti~n + 4 cosI2~ f ’5 ( rn—n ) 

~~l (1 m .n < N — I , ( 1 7 )

wh ere ~ is the samp ling period of the d igit a l LPF system and is t h e  Kronecker delta.
The components of P are

~m = cosI2irt ~ (m+~ ) 
~

) 0 < ii) < N — I .  ( I S )

In the followit ig it will be convenient to assume that is neither zero nor the Ny quist
fre quency of ’ the digital system.

Since 15 is known , ~ and the predict or weigh t vector length ,  N , can be chosen to
equal au intege r number of sine’ wave periods.

t~~ N intege r ( 19 )

When N is chosen in this way ~ becomes circ ulant (Ret ’. 5) . The cigenvalucs , X(m) , kind

eigenvectors , U (m) , of ’ ~ are given by

Atm)  = ~~~ expI-j 2~rnmn / N I 0< in < N - I  (20 )

= ._.L. ~~~~~~~~~~~~~~~ ~‘-j2i r m ( N —l  1-N 1
1’

0 < m < N — l , (2 1’)

where ‘I’ denotes vector tra nspose . Note that  and ti ( N 1~~ are comp lex conjugates.

‘flie cigenvectors are comp lex expon entials , each with an integral number of’ cycles in the
Ie’ngf h of ’ the LI’F wei ght vector. Because N has been appropriately chosen and t’5 is su itab ly
restricted , two of ’ (lie eigenvectOrs correspond to frequency f5. Fquat ion ( 15)  can be solved
using I’ 015. (20) and ( 2 1 ) .  l’lie optimal weight vector is f’ound to be a sinusoid of frequeuicy f~ -

= cosI 2ir f5(i+~ ) . ~ l O < i ’ — N-- l
l + — - S N R

where SN K denotes flit’ sint isoid to h oist ’ power ratio. This is the I’or iuu to which flue  I Ph
weight vector would converge , given an infini tely long adaptat ion in t ers- ’al and the absenc e’
ot ’ mi sadjust nient noise. The opt imum weight vector is orthogonal to all hut  the 1st o coiu ~u ’
gale cige’nvectors of ’ ~ which corre spot id to fr eu lu et i cy I ,,

h i



~1 I

The eigenvalues associated ss-ifh these eugenvectors are eq ual and are giv en by

= o~ (I + ~~SNR ~. ( 2 3 )

Treichlo ’r (Ret ’. I I )  has shown that  these eiget ivalues control t h e  speed w ith  svh ich the LPF
ss’e i gh t vector converge s to its optimal  value. They are inversely prop ortional to the con—
vergence time constant.  Assuming the weigh t vector to he ini t i a l l y zero , and neglecting
transient behavior as the pre dictor ini t ia l ly  ti lls with dat a ,  the mean va lue of ’ the ~th weigh t
at the k th update is

W(i ,k) = [ I  — ( I  _ 2pX) k l W(i ). (24 )

In addition to this mean value , the weight vector also contains misadjustm ent noise. Widrow
~Ref ’s. 1 , 12) has shown that the mean value of ’ this noise is zero , and its variance is
approximated by p o~ . Misadjustment is uncorr elated from wei ght to weight. In order to
extend Widrow ’s anal ysis of ’ detector performance, the f’ollowing two assumptions will be
made concerning misadjustment noise :

I ) The misadjustment distribution is approximate ly normal.
(2 )  Variance of the misadjustment is equal to the steady—state value of pa 2 at all

times , and is not influenced by the presence or absence of the sinusoid.

Ref erence 13 pre sents data f rom t’.stensive Mont e Carlo experiments  with the system
of Fi g. 10. These show that the steady state weight inisadjust ment is normally distributed
when the fil ter is driven by uncorre lated Gaussian input  samples. The results presented in this
paper are for un corre lated Gaussian input plus a sinusoid of ’ less than —20 dB relative noise
power. The presence of the sinusoid would there t’ore seem to be unimportant  inso t’ar as
misadjust ment is concerned. In addition , the optimal value of p (Eq. 10) can be shown to
iniply that  the observation inte rv~l of ’ N T input  data sam ples is equal to about I .  2~ con-
vergence time constants when SNR is near the true SNR. Convergence is therefore about
“C) percent complete. In view of this , the use of ’ the steady state misadjust ment distr ibution
and variance assum ed here would seem to provide a reasonable representation of ’ f’ilter
misadjust ment.

Under the above assumptions, the noise component of the 1th LPF weight is

= N( I0 , po 2 ) . ( 2 5 )

Flue LPF weight vector is modeled by the sum of E qs. (24 ) and (25 ) :

W( i ,k) = I I — ( I  — 2pX 1k I W( i) + (2 ( i )

In svorking wi th  Eq ( 26) it is convenient to note tha t ,  for the situation s of intere st in this
paper , fli t ’ square-bracketed term is of the form ( I — ( I  —x )~ I where x ‘~-_ ‘.-. I y ~

“
~~

- I . atid
y << I . This term is closely approximated by I I  — e xY I . as can be shown by t ak ing  the ’

natura l logarit h m of ’ ( I — x)~ and expanding iii powers of x .

l ’ l
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Suhs t if cit i u u g I q . ( 2 2 )  for W( i)  and eva l uat ing the 1) 1’ F of ’ E q.  (2 (0 al f requ ency t~ results in
a compk’x numb er  wi th  det erminist ic  and random parts . The d e ’ter in i t i is t m c part  is due to flit ’
fi rst term of ’ Eq. i 2(s ) and is equal to

N
-; SNK

- — I l  - ( I  - 2 p X ) ~’l exp Ii 2ir I~~6~~I , t 2 ~~)

I -+ T SNR

‘Flue r an d om part is clue to the noise component of ’ Fq. ( 26) . ‘I’he real and im uagimu a r y compo-
nents of the rando m part are independent , identic ally d istributed normal random vari ables

N
s tu t h u  zero ti iean amid varian ce equal to ‘ —  pa 2 

—-‘— - - --- --- - — ---- - - ‘  ‘ _ _ _
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