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erosive burning rate , the pressur e coupled response , and the veloc ity
coupled response.~-

The results of calculat ions w i th  the steady s ta te  burning rate model are
compared with the experimenta l results of Miller (6 ,7) for twenty one HTP8/AP
prop ella nts containing a wide range of oxidizer particle size distributions .
The calculated values of both the burning rate and the pres~ure exponent are I
good agreement wit h the experimental results . The 700rest agreement with the
experimental result~ occurs for pro pe llants that cont ain a very wide overall
particle size distribution. It is demonstrated that the poore r agreement is
possible due to tL lack of consideration of flame interactions between the
n ames of in d ivid ~ i l oxidizer particles .

The steady state burnin g ra t e model was extended to include erosive burn-
• ing effects by cot4;i i ng a mo~~l for the turbulent boundary layer over a flat

plate with blowing to the steady state burni ng rate model . The erosive burn—
tu g model is based on the hypothesis tt~at the erosive effect is due to enhance
mont of the transport properties in the reg ion of the gas phase reac ti on zone .
The enhancement of the transport propert ies is assumed to be due to the

• presence ot a turbulent boundary layer.

The results or calculat ions wi th the eros ive burning model are not corn-
pared ~.‘ i t ~~ experimenta l data . However 1 calculations a r e  presented which
i l lust rate that the lIOu±l correctl y predicts the experi m enta ll y observed
trends in erosive aJ r f l i  ng. A cr1 ti ça~ par t ic le  di ameter t or erosive burning
is det i  nod si iico t~ o combust ion of óx i di zer parti d e s  of di aineter below the
u r i t ica l  Jia~eter i~ nit influenced t y the pre~ ence of a cros s f low ve loc i ty .

Two pro UF~ e upled response models are pres en ted . One is based on the
Cohen hypet  ns”~.i s w ch related the resonant. freque ncy a r id peak inagni tude of
the pres .~o i e  coup l~~d response function of the ox iul ~‘er pal-ti c le  di arueter . The
other model i~~ b~s~ i on the Lei dov ic h-N ov oz h i lov formalism which relates the
no ns teady ~. ta t ~ pr ;e l lan t  propert ies to steady state prope llant properti es .

The t t i e o r ’ t i ~~.~ I pressure coupled response resul ts c U i : a r e  favorably wi th
the exper i mental re~ ul ts of sever a propel lants . The addi ti on of small par-
ticles to the ox ie i i ! e r  par t ic le size distr ibut ion of a propellant is shown to
increase the pro , e~ lant ‘s resonant frequency and tno mayni  tude of the response
Convers el y, the add ition of coarse particl es is shown to decrease the resonant
f requen~ y and 10 ~~~~~~~~~ i:~a~j n tude of the response. A sample calculation is pre
,~~ri t . d  which i I las L a t e ;  th e d rwnat i  e f f ec t  of t b ’  ox id i  zer par t ic le  s i ze
di s t r i  bull an on t he shape of the curve wh ich represents the pressure coupled
response ~o; a nl ct  ion of f i ~quency

The mode l for he v e loc i  ty coupled response is based on the previously
descr i  bed ero l V i  irni riq model and the re lation between the pressure coupled
response and I t o  v e loc i t y  coup led response as der ived by Lengelle (43) .

The resu l ts u~ La l c a la t ions  w i th  the ve locity coup led response model In-
di catc t ha t  t~ . d 1 i t  ion of coarse particl .:’ s to the oxid izer part ic le size
dist ri bution of a ~-rop ei . lant increases the potential for velocity couplin g.
Mcre ver , it ~s s;k~ n t u t  the vel oc ity coupled response vanishes as frequency

ir reased .
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NOMENCLATURE

English Symbols

A Empirical constant in the Denison and Baum nonsteady
anal ysis

AAP Arrhenius frequency factor for the AP flame

Af Arrhenius pre -exponentia l for fuel pyrolysis

A Arrhenius pre -exponentia l for oxid izer pyrolysis

APF Arrhenius frequency factor for the primary flame

B Empirical constant in the Denison and Baum nonsteady
analysis

.5 -

B Blowi ng parameter defined by equation 257

b ‘Bunsen burner ” diameter in diffusion flame analysis

C Empirical constant defined in equation 135

Cf Skin friction coefficient

Cf Skin friction coefficient with no blowing

Constant in the equation for the oxidizer ignition delay

• C~ Specific heat of the propellant

C’ Constant described by equation 281

c ’ Prandtl mixing length constant

Do 
Oxidizer particle diameter

Mean intersection diameter of an oxidizer particle with
the fuel p lane

df 
Distance of the fuel regression8
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NOMENCLATURE (cont’d.)

Distance of the oxidizer regression

V Molecular gas diffusion coefficient

Turbulent diffusion coefficient of gas below the final
flame

Turbul ent diffusion coefficient of gas below the prima ry
flame

Ac ti va ti on energy for the AP flame

Ef 
Activation energy for fuel pyrolysis

Activation energy for oxidizer pyrolysis

EPF Ac ti va ti on ener gy for the prima ry flame

F
k 

Ox idizer particle size distribution function given by
equat ion 153

L Fk 
. Oxidizer particle size distributio n function for particles

in mode j

Fp d k  Distribution function defined by equation 123

f~ Resonan t fre quency

h See F igure 21

KAP AP flame rate constant

KPF Primary flame rate constant

k Therma l conduct i v i ty of combustion gases

L Flame height for determining the average eddy diffusivity r

Mk 
The number of distribution modes of oxidizer specie k

in Natural log of the oxidizer particle weight mean diameter

Mass flux from an oxidizer particle fuel surface pair

rnf Mass flux from the fuel surface

Mass flux from the oxidizer surface

Total mass flux from the propellant burning surface

- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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NOMINCLAT URL (Cont ’d )

m t Aver ~i ‘p’ ma ‘.s f lux pei’ un it planar burn i ntj surf ace area

rn” Mass f lux at an~ point on the burning surface

~~~~ 
~ 

Max s t lii x per un It burn i nq x urfa t’ a rea from the subarea
t i t it~~itiiilq Ox ~,tL’(’t ~‘t u t  U li’s of size between
P and U dU and ox i di :er spot les k

0 0

m~j k Ave ’rat ie of  the’ above

d k Avera ot ’ n~ ss f lux per on it planar sort at 0 area from a
- - s i i f ’ ’ ur i  ~R t ’ ont~m in m i t  ox id i  ior t r  stal of x i :t ’ between

1) and I) I dO and ox I di ? t ’I’ spec los k
0 0 0

H) • 1 ~t a I ,n~1 ss of ox Id :ei ’ mm juOtit’ j and ox id i ze r  spot Ic k

HI’ 1 uc tua t i nq mu ss  f lux

din I ho o I omen (a I mass of ox di .‘er w i t  ii dia mete r between
a ,d k U ) and 

I) dU0 and O\  id i .or ‘.pet i c  k

tim T he ol oInt ’uu ta 1 na’ . x of ox I ~t e - w i  t h di ame t or ho tween [1
(~ • ‘ aiit.i U I tiP i i i d s t i  bu t ion ~ot1t ’ u a nd ox id I ~or 0

s~~i ’~ i~~ K ~

N I ~i 1 number of pa rt It 1 ox at t ho burn I nq surface

n Pro sure ox1’oiiefl t

Nuntht’r ~~f t a r t  1 1 o . at t hr horn in~ sur f a~e of size
P~d ,k tw’’n P0 and D~1 dI)

~1 and of speci e ’ . K • per unit of
I anai - [‘urn I nq su i f  , I t : t ’  a rca

dN d 1 111 numbei of  ox id :oi’ r~ ‘~ta Is ~‘er on it volume with
0 , it aunt ’ t o  i s  h ot  ~t’ t ’i i  U0 and U0 4 dO0

dN d K ~~ O ’tht 9 Of  p~ I’ ( i t . I es ~i t t he horn I nq ‘.u rf a e of  s I ~~~‘ hot woon
and 4 dO0 and ‘.pot. los K per on it  of p 1 anau’ burning

‘.ur I a t ’ area

P Pres sure

P ‘ I 1u~ tua Int i pressure

• ( l x  I di :0%. net surtat ~o heat re lease ’

Qf Ilea t to vapor I ~ t’ the fool binder

QAP ,FF lIe~ t t i ux at f lit’ so r tar t ’  from t he AP and f I na I f l a m esur f

11)
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NOMENCLATURE (Cont’d)

~surf Heat flux at the surface from the primary flame

P See Figu re 21

Rex Reynolds number based on down st ream posit ion

R~ Pressure coupled response

R Veloc ity coupled response

Rp r  
Real part of the pressure coupled response function

R~~1 
Imaginary part 0 the pressure coupled response function

Rp d k  Pressu re cou p le d response of u p .~’udoprope1lant

Rv d k  Velocity coupled resonse of a pseudopropellant

Average propellant burn ing rate

rd k  Burning rate of a pseudoprope llant

• 
Sb 

Burn ing surface area

S Planar burning surface area

Sf 
Fuel sur face area

S0,
~ 

Ox idizer surface area

s~ Planar  fuel sur face area

Planar oxidizer surface area

sç Plana r total burn i n g sur face area — 
-

d k The exposed sum - -face area of o-idi zer in a psuodopiope l là f lt
• with ox id i ze r particles of size between D~ and D~ + dO 0 and

ox idizer specie k

S A Pl anar sur face area of a psueClOp rop f’llant contain ing
oxid i zer particles of size betwee n P and D + dO and
oxidizer specie k 0 0 0

S Number of oxidizer types

d k Burning surface area of a psuetlopropel lant containing
oxidi zer part i le’. at size between P and D

~ 
+ dD and

oxidizer specie k 0 0

11
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NOMENCLATURE (Cont ’d)

AS d k Planar surface area of a p.uo iopi-opel Lint containing
‘ t ’x id i : i r p~ rtI t  l”s of ‘ize between 0 and 0 + dO and

oxid ize r cpt ’i.les k 0 0 0

Ave rage of A Sp d k

d k ~~ av era~o vulu ~ of S
a , • o ,d ,k

t ’unperut ur e

S u r f a c e  tei per.~ ture

TAP Adiabatic AP flame teuperature

Adiabat ic final la i c tempera ture

T ( X AP ) cmp~’r~ture a’ the locaL ion of the AP flame

t ~u u~n t ~:t?

t j gfl 
Oxidizer p r L ~ c le i~mition delay

U U I iwo ter ox , omen t in the equa t ion for the ox I d mzer
Ii) I ~ ion delay

u Ve loc i ty  paral le l to the burn i n g surface

r iiii ~ avora ~io ~‘t ’ loc i ty p a r a l l e l  to t he burn i ng surface 
I -

Ue Roc ket c h i u h er core ~i .m s veloc i ty $

u ’ i Iuc~oatinq vo loc~ t y  parallel to the burning surface

v ol t i t .  i t~ noni ,i 1 to the burning surface

v lime ,m.r ra~ic ve l or ty  norma l to the burning surface

• v i 1 luc t uti t i n u  ~~ or I ty norma l to the burn ing surface

W I’ r ec c : r e  exponent in the equation for the ox idizer
iq n u ti iui delay

XAP Locat on of the AP l imo hea t release

Lot -a~ 1on of tc’ final flame heat release

AP f lame s t a nd of f  distance

Final  f lame standoff distance

• 1 ’U t
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NOMENCLATURE (Con t’d .)

XpD Prima ry flame di ffusion distance

XPF Primary flame Kinetics distance

x Natura l log of the oxidizer part icle diameter

y Oxidizer particle number density

Greek Sym bols

Oxidizer mass fraction

* Mass fraction of oxidizer s pe c ie  K in t h e  psut i propellant

B Spec ies concentration term in the dif fus ion flame analysis

Be Erosiv e’ burning strength

6 Pistance between the i nner and ou ter annulus  of the
“Buns en burner ” confi guration

Eddy d i f fus iv i t y  of momentum

Vo lume fraction of oxidizer

I ho volume frac t ion of a psuedopropel Lint nt ul ning
o x i d i ; ’ r  pa r t i L les  ot s ize between Do and  D~ 4- dD 0 and
specie K

dz.d The ’ volume fraction of oxidizer pa rt ic ’es w i t h  d i a m e t e r
between D

~ 
and D~ ~ dO0I I T1 d k The fract ion of pa r t i c l e s  in the propel l a n t  wi t h d i ameter

between 
~ 

an d D~ + dO0 and oxidizer type k ~~
“ 

~

The complex frequency parameter

4 The therma l conductivity of the propellant

A 1 The imaginary part of A

A r The real part of A ¶

~~ 
Turbulent therma l conductivity of gas below the AP flame

‘ I
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NOMENCLATURE (Cont’d)

A FF Turbulent thermal conductivity of gas below the final
flame

Turbulent thermal conductivity of gas below the primary
flame

v Stoichiometric related variabl e

p Viscosity of combustion gases

‘)e 
Density of the core gas

Pf Density of the fuel binder

~ox Density of tne oxidize r

Density of the oxidizer specie k

p Density of the propellant

Pt 
Pro pel l an t dens i ty

Density of the P:eudoProPel lant

Natura l log of a

o Standard deviat ion of oxidizer particle size in the log
norma l distribution

c life time of an oxidizer partic le at the burning surface

Shear stress at the burning surface due to a cross flow
W velocity

Dimensionless frequency

Frequency of the gas phase pressure oscillations 
p

Non-dimensional flame standoff distance

* Non- dimensional AP flame standoff distance

Non-dimensional primary flame standoff distance - - 

I

E Non-dimen sional final flame standoff distance

14 
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INTRODUCT IO N

Composite solid prope llants are currentl y used in the majority of

the solid propellant propulsion systems . Composite propellants are a

mixture of a plastic fuel binder and finely ground oxidizer crystals.

The fuel binder is initially a liquid but is polymerized to a solid

after m ix i ng. The oxidizer crystal range in size from less than a

micron in diameter to several hundred microns.

The mixing properties , conibust~~ri properties, and mec han i cal pro-

perties of composite pr op ella nt s i ’ bo c han ge d  by c h a n g ing the mixture —

ratio of binder to oxidi zet- and by changing the overal l solids particle

size distribution within the propellant mixture.

In the formulation of compos ite propellants to satisfy specific

mission requirements , the propellant chemist is faced with the formidable

task of satisfying several stringent simultaneous constraints.

The basic variables the propellant chemist has at hand for formu-

lating composite propellants are the amount and type of binder; the

amount, type and particle size distribution of the oxidizer; the amount

and type of burning rate catalyst; and the amount, type and particle

size distribution of metal additives. . I 
-

In determ i n i ng t he propel lan t formu lat ion , the p ropel lant  chem i st

must first consider the desired ballistic properties . That is , the

I propellant must burn at a specified rate at any given pressure and

initial propellant temperature within some specified range of pressures

15
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and initial propellant temperatures. The particle size of the oxidizer

— has a profound effect upon the ballistic characteristics.

Curren tly, much attention is being given to nozzleless rockets.

In this configuration the propellant is subjected to very high cross

flow veloc i tes which cause enhancement of the prope llant burning rate.

This effec t is termed erosive burning. It is suggested tha t the

oxidizer particle size distribution has a pronounced effect on the

erosive burning characteristics of composite prop ellants. Thus , the

propellant formulator m ay have to meet constraints regarding both the

steady state and the erosive burning characteristics of the prop ellants.

In addition to the importance of the steady state ballistics , the

nonsteady burning characteristics of the propellant are also significant ,
; 

since the combustion processes may interact with spurious pressure

oscillations present in the combustion chamber. Tha t interaction can

be such that the amplitude of the pressure oscillations is increased

resulting in a condition of unstable combustion so dest’~uct ive that the

rocket engine itself is destroyed.

Spurious cross f low velocity osci l lat ions can result in a similar
r *

condition of unstable combustion . Recent work (1-5) suggests that

both types of uns tab le  combus t ion ar e stron gly depen dent on t he ox i d iz er

particle size distribution . Thus , the propellant chemist may be forced

to meet constraints on combustion instability .

The process ability of the propellant must also be considered. Van-

ations of the particle size distribution have a pronounced effect on the

*

Numbers in parenthese indicate references listed in the List of References.

16
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— a f te r  nmi x v iscos i ty  of the prope l lant . The prop 11 tnt  I!U~, t have a v i- . -

cosi ty low enough to p erm nit it to f low into every co rner of the rocket

chamber in order to insure repeatability of performance of the pro-

pu l s ion  system .

Having determined a propella nt that meets the balli s tics and pro

cessing constraints, the propellant must now also meet constraints on

its mechanical properti es. These properties are also influ enced heavi l y

b~ the particle size distribution of the solid oxidi :or as well ~I S t~~’

metal addit ive.

Unfortunately, de f i n It i ve  a priori n~’thot1olo~ I t - ~ r~~ a~ in - i  t i l l  i st  irs

process a bi l ity  and mechanical properties do not ot i s t .  Thii ’ • t b  pro-

pel l a n t  formul a tor is l e f t  onl y wl t h empir ic i cms and h is  ~n int i t Ion

- - - to guide in the m i  xi ny of propel I ant s tha t me t S 
~~ 

i Ic ‘ 1  ‘S ~ Ott  - 1 c

ments.

It is evident , then that a combos t ion model ~ c i  1t~~ I - the

steady and nons toady hormi i ng processes of comnpos L o ~ol 1.1 propel I ant s •

with particular emphasis on part i cle size effects , should c ul t  in a

valuable tool for the propellant formu lator. The co mbust i o n uodt I when

used in conjunction wi th avai lable empirica l data (6 , 7 ) 00 the e f f e c t

of ox id izer part icle s i z e  and s i re  distribution on the prope llant ’ s

viscosity and mechanic al proper ties should result in a compl ete descrip-

tion of the desired p~’opellant fonmim ulation.

The objective of th is research program is to dev elop such a

combustion model for com posite propellants. -

11
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• RLVIH~ OF TH~ LI1LR AT UR E

~~e i c m J I [ii \ c us s  ion

The me ~- iei~ of the 1 t e ra t u re  is concerned w I t h  t f i ose  per t inent

• references p e r t  a 101 n~; to the mode Is of the t t ’jd~ ~t j  to ombus t ion of

- . so l id  coinpos It o  ~tru~o 11 ants ~m s we l l as eros i ye burn i n~ •ind non s teady

state combustion . Pof ore -e~ iewin y th e modeI’~ •m b r ie t (lcs (r)pt ion w i l l

be g iven of t I’e col i lpos it o  sol id propel Lint and the p h~ s i~~il amid &h oaiic .m l

nr~s- esses  that occur neat - the hi t r i i i ~ s~.I face ot th at o~iç 1osi to pt -opoi —

lant . 
.

Hi i t o  ~o)  Id Propellant

The co; posi t o  propel lout is a heteroq t ’neous ml ~t u m e  of t inely

ground oxidizer par t ic les , w i t h  a p last  Ic fu e l  b inder  w h i c h  is i n i t m a l l )

a l iquid but Is f inally polymeri:ed to a so l id .  TIme es~di:er particles

used in ceir~o’- to propel 1 an ts  are usually ground amman ~ i perc hl orate

(AP ) cr vs ta l s w i th  a pa rticl e si :e range of fromit 1 o s s  than a micron Ui

di ame t or to d mont e ters As I ~rge as several humid red m im ic rons . Other ox I —
di zo rs w hi C h k i t - i’ u- .t’d to a less o r ex tent inc lud e c y L  lot e t rame th y lone —

te t r an  t - mc ~ t i  ( ) ‘ I\ ‘I , hvd rox v l1iinmno mi ium perchlora to (IIAP ’i , potass iumn

put -c h I  o c t  to ~~~‘ ) and •Irflhl Ofl ium tm m trate (AN) •

lf~- nc her d e n - i t  ‘I Ot  o~ idi zi’r pa r t ic le ’ . iii ~1 otn;~o s i t o  l’t\ ’Pel Lint

usuil ly van e in a ioq norma I d is t r ibut ion t’as h b i t  w i t h  the Si :0 of

the part ide. This v a r i a t i o n  of part  ide numb er dc~ si t w i t h  p a r t i c le

tIimett ’r Is termed a p articl e si ze d i s t r ibu t ion .  Fi j u r o 1 depicts a

~LA  
- -  

-
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Figure 1. A Typical Particle Size Distribution
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typica l part ic le s i z e  d ist r ibut io n for a nominal diameter of ten microns.

Composite ~ropol~ ants t 4s u a i i y  conta in sever a l d ist r ibut ion modes.

The fuel nuder ~sed in the to rm: u la t io n of composite prope l l a n ts

is typically hydro xyl-ter ’;inati i polybutddiene acry l ic ac id (HTP B),

other bindcrs Inc udc , deniv~ t~ves o~ the po vbu tadiene s , pul ysulf ides ,

polyurethar.es, and pcl y v i i y l chlor~uos .

In marty ins OflCt ’s add i t i v es  such as b u r n it i  rate catalysts and metal

powders are audt u to the ~t -ope 11ant :o m o d i f - - the ba l l i s t i c  properties

of the propellant. - 
-

D ’sc r ;  ~t ~on o~f t he ( O ;;; i ust ior of Co-;p~ s Ito cond Propel_ ants

The combustion of coti posite solid ~iropellants i s  a very complex

process. This i s  prirzari Hj due to the heterogeneous nature of the corn-

posi~ e. Cc ris qc - a t l~ , n~ ny as pects ~f the comb ust ion process are

determined by. or at least dependent upon , the prope l lant ’ s physica l

structure. Therefore , in an d~ tCW r t to describe the combustion of

composite prope liants it is advantageous to first look at the propellant ’s

physical characteristics.

The sketch in Figure 2 depicts the structure of a typical composite

prope llant mixture. Composite solid prope llarits are literally a packed

bed of pol ydisperse oxidizer particles where the interstitial voids

between the packing of the particles are filled with a continuous binder.

the oxidizer particles are ground to a desired si:e before the pro- I -

pellant is mixed . However , the oxij-izer particl es formed during the

grinding process are not of one size but rather are a distribution of

sizes. This distribution ca~ be enaracterized by a log normal distri-

butlon.

20
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Figure 2. The Structure of a Typical Co mpo si te Prope l la nt  Mixture .
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F igure 3 shows the effec t of the d ist r ibut ion w i : ’~ parameter on

a typical part icle size d istr ibut ion. In Fi gure 3 pa r t ic l e  number

density is plotted as a function of diameter. The wei ght median

(or 5O~) diameter is g iven by that diameter where the number density

curve reaches a maximum. The width of the distribution is representa-

t i v e  of the  number of particles differing in size from that of the

wei ght median diame ter.

A distr ibution where all of to! part ic les are of the same s i ze i s

termed monodisperse. Such a -d is t r ibut ion would plot as a vertical
i i

strai ght line located at t~e w -~ y r t  redian diameter. That is , no

part ic les would differ in s ize from t~at of the median diameter.

A polydisperse dist rib~ t i on , on the other hand , c o n t a i n s  p a r t i c l e

sizes other than that of the median diameter. Furthermore , the wider

the distr ibution , the more particles there are larger than and smaller

than the median diameter. A wider distribution is depicted in Figure 3

by the dashed line. A more comp lete explanation of the part ic le size

distr ibution can be found in Reference (8).

Composite propellants contain a high loading or weight percent of —

oxidizer part icles so tha t high values of specif ic impulse can be

achieved . In order to contain a high oxidizer loading, the oxidizer

must be made up of severa l different oxidizer grinds in which the

smaller partic les can fill the voids between the packing of the larger

part icles. Thus , it should be clear that propellants contain a poiy-

dispersion of oxidizer particle sizes. For those prope llants it has

been demonstrated (9 ,10) that above some length scale characteristic of

the part icle size the arrangement of the particles wi thin the propellant

i s total l y ran dom due to com p lete m i xin g dur ing  the p ro pe l l a n t  fo rmula t ion .

- 
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The combustion process can best be described by following the evo-

lution of one oxidizer particle from deep within the propellant until

it emerges at the surface and is consumed in the combustion process.

Since arnonium perchlorate is the most extens ively used oxidizer

in composite propellants , attention is directed toward that oxidizer

throughout the following discussi on.

A particle in the undisturbed propellant has the initial , undis-

turbed propellant temperature . As the burning surface moves toward the

particle , the particle reaches the thermal wave penetration depth where

upon i t begins to receive energy from the burning surface. Eventually

the oxidizer part icle reaches a temperature of 513°K undergoing an endo - I 
-

thermic change of crysta line sta te from orthorhoiHbic to cubic.

When the - particle emerges at the surface , it beg ins an exotherniic

decomposition to gaseous products.

The combustion process of the prope llant in the immediate vicinity

of an exposed oxidizer particle involves several different chemical

reactions. Each of the important steps in the overall chemical reaction

wi l l  be isolated for the purpose of discussion :

1. The exotherniic heterogeneous reaction between the binder and

the oxidizer interface.

2. The endothermic pyrolysis of the binder or fuel.

3. The exothermic decomposition of the crystal.

4. The monopropellant reaction between the decomposit~on products

of the oxidizer.

5. The exothermic gaseous reaction between the oxidizer decomposi-

ti on products and the fuel pyrolys is products.

24
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As the oxidizer partic le emerges at the burning surface , some of

the oxidizer undergoes a heterogeneous subsurface reaction with the

surrounding fuel binder (11). There remains , however , a great deal of

controversy in the literature pertaining not on ly to the rnport ance of

a subsurface reaction but also to the actua l existence of such a

reaction.

The strongest case for heterogeneous subsurface reactions comes

from ignition studies of Anderson (12 ,13) and co-workers. In those

studies , oxid izers such as fluorine and chlorine trifluoride were used

to ignite composite prope llants hypergolically. The experiments demon-

strated that the i gn it ion process could procee d as a result  of

spontaneous heterogeneous reactions occurring at the oxidizer-binder

in terface. However , extens ive elec tron m ic rosco pe stud ies a t Lockhee d

(14) on slices of extinguished propellant samples have shown no trace of

subsurface heterogeneous reaction. Moreover calculations by Beckstead

(14) and co-workers have indicated that heterogeneous subsurface

reactions are not required to sustain combustion .

A portion of the fuel or binder surround ing the oxidizer crystal
- 

I can be associated with that crystal . As the crystal nears the burning

surface, the surrounding binder located at the surface pyrolyzes due to

the heat transfer to the binder from the various exothermic reactions

occurr ing nearby. The result is the thermal degrada tion of small frag-

inents of the polymer binder which serve as reactants in the gaseous

fuel-oxid izer reaction zone above the burning surface.

At the burning surface the oxidizer in i tially undergoes a decom-

pos i t ion step from sol id  crystal to gaseou s an~iionla and perch loric acid.

25
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The perchlorlc aci d then further decomposes (15) to oxygen , chlorine

monox ide, and hydrox.yl . The reactions are as follows :

NH4C 1O4 -, NH3 + HC 104 1

HC 1O4 -F O H + C l O + 0 2 2

The AP monopropellant flame occurs followthg the decomposition of the

perchloric acid. The AP monoprapellant flame is a kinetics controlled

reaction between the aninonia (which resulted from the first step in the

AP decomposition) and the chlorine monoxide (which re’ulted from the

perchioric acid decomposition). The reaction produces oxygen and inert

products.

The final reaction to be considered is the gas phase reaction be-

tween the pyrolized fuel binder and the decomposed oxidizer. The

reaction may result from either or both of two paths. The first is the

reaction between the binder pyrolysis products and the perchloric acid

from the decompos i t ion of the oxidizer. This results when the perchioric

acid and binder pyrolysis products diffuse and mix near the burning p

surface. The second path is the reaction between the binder pyrolysis

produc ts an d the pro ducts of the AP mono prope l lan t flame . Thi s flame

results when the binder pyrol ys is  products and the products of the AP

monopropellant flame diffuse and mix. The hea t generat ion from these

two reactions occur at vary ing distances above the burning surface due

to the irregular nature of the propellant burning surface and the

inhoniogeneities of the reaction zone . Both flame s are strongly depen-

dent upon the diffus lonal mixing of the reactants and , ttierefore , are

very dependent upon the oxidizer particle size.

26
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Qu ite clearly , the combustion process of composite solid propel lants

is a very complex situation. Attempts to model this process have evolved

from very crude and simple models of the late 50’s which only attempt

to predi ct gross trends , to very sophisticated models of the 70’s which

attempt to predict quantit iative results. Of the severa l models which

have attempted to describe the combustion of composite propellants ,

three models have received the most attention as well as acceptance in

the solid propellant propulsion coninunity . Those three models are, in

chronological order: the Suninerfield Granular Diffusion Flame Model

(16), the Heterogeneous Reaction model of Herniance (11 ,17) and the

• Mul tip le Flame Model of Beckstea d , Derr and Price (18). A complete

description of each of the above models follows .

- 
- 

Composi te Propella nt Combustion Models:  St eady State

A comprehensive model which describes the combust ion of a solid

propellant should be based on the key physical and chemica l processes

involved in the combustion zone. Those processes should include the

heat release and associated kinetics due to steps such as fuel pyrolysis ,

oxidizer decomposition and gas phase flame reactions including the dif-

fusional mix ing process. It should also account for the effect of

oxi dizer partical size and concentratio n on propellant burn ing rate.

The Granul ar D if fus ion Flame Model

The granular diffusion flame (GDF) model was formulated by

S’ininerfield (16) to describe the burning cha racteristics of amonlum

perchiorate (AP) based composite propellants and is of historical value

since it was the first attempt to model the combustion of composite

27
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propellants. The model was primari ly for.nula ted i n an attem pt to pre-

dict the effects of pressure , oxidizer particle size , and the ratio of

fuel to oxidizer on the combustion process.

Description of the GOF Model. The physical structure upon which

the ODE model is based is presented in Fi gure 4a. The model is a one

dimensiona l model which assumes that the decomposition process at the

propellant surface is controlled by conductive heat feed back from an

oxidizer/fuel flame occurring in the gas phase. In the model ’ s or ig inal

form i n 19 60 (16),  a premixec~ ammonia/perchloric acid reaction zone (AP

monopropellant flame ) •~as assumed to take place at the surface of the

propellant followed by a reaction between the oxidizing products from

the aninonia/perchioric acid reaction and the fuel products from the

pyrolized binder.

The cr i t i ca~ assumption of the model was that vapors of fuel or

oxi dizer or both are released in the form of pockets of a certain mass

content. The average mass content of a pocket was assumed to be much

smaller than that of an average oxidizer crystal and to be i ndependent

of the temperature and pressure . However , the size of the pockets was I -
assumed to be related to the average oxidizer particle size. The rate

at which the pockets are consumed in a chemical reaction as they pass

through the flame zone was assumed to be controlled by diffusiona l

m ixing and the chemical kinetics. The burning surface was assumed to be

dry such that the mixing of the oxidant and fuel occurs only in the

gas phase.

Development of the Burning Rate Equat ion. The propellant burning

rate relationsnip for the GOF model is based on an energy balance at

the burning propellant surface. The temperature distribution through

28
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FIgure 4. The GDF Physical Description

L 29

- - —--.--~~~~~~~~~~~~~~~ 
- - --- -~~~~-- —~~~~~~~-~~~~~-—-—~~~~~~

- - -- _ _ _ _ _



F— - — -

~ 

— - - --

the propellant and the gas phase reaction zone is presented in Figure

4b. The significant feature of Figure 4b is that a linear temperature

profile is assumed in the gas phase reaction zone. Thus , the temper-

ature gradient above the burning surface is given by (Tf 
- T5)/L where

Tf is the flame temperature , T5 is the average temperature of the

burn ing surface ~nd the thickness of the gas phase reaction zone is

gi ven by 1.

- An energy balance at the burning surface, as shown i n F igure 5,

can be written. Thus

A
9

(T f 15)/L = 
~t

cp (T 5 - T0) - ~~~ 3

where A is the thermal conductivity of the hot combustion gases , C~ is

the average specific heat of the propellant , T~ is the initial temper-

ature of the propellant , 
~t is the mass flux of propellant consumed per

un it of surface area and is the surface heat release per unit area

and per pound of propellant consumed at the burning surface . The sur-

face heat release includes the heat required to vaporize the fuel binder ,

the net heat released by the AP decomposition and the net heat released

by the heterogeneous surface and subsurface reactions.

The only remaining problem is to determine the gas phase reaction

zone t hi ckness , 1. In the determina t ion of 1, two pressure ex tremes

were considered , low and high.

Since the mass diffusion coefficient for the reaction species is

inversely proportional to pressure while the chemical reaction rate is

directly proportional to pressure , the molecular diffusion rate is much

faster than the chemical reaction rate at low pressure. Thus , at low

- 
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uressure , the gas phase reaction occurs in a premixed gas and the re- P
act ion rate is the controlling mechanism. Conversely, a t high pressure

the chemica~ reaction rate is much faster than the intermolecular dif-

fusion rate so that the combustion mechanism is controlled by the mixing

process.

In the determination of L for the low pressure premixed flame ,

Sumerfield treated the flame as a stream of veloc i ty u in which a

second order reaction was taking place. The mean gas veloc ity in the

flame zone is given by

u~~~~ /p9

where is the density of the gas in the flame zone.

The flame zone thickness for the premixed flame is given by

L u t  5

where t is the time it takes the chemical reaction to occur. Assuming

a globa l second order reaction for the premixed gases , the reaction

time is given by

T = [ ( 1  — 1)
2
PgA cxp (-E/RT 9

)) 6

where an Arrtienlus expression is assumed for the rate of reaction , T
9 t -

~

is the average gas phase reaction zone temperature and c is a function

of the products of reaction , I.e., c is equal to zero at the propellant

surface and c is equal to unity at the completion of the reaction .

For sim plicity , Suiunerfield assumed that the average value for

( 1 - ~) 2 over the flame zone is unity . Physically this means that most
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of the overall roa~t~on ’ take’. place near the prop ellant surface.

Combining equations 4, 5 and 6 , yields the followin g for the f lame

zone thickness for the low pre~sui’e premixed flame :

cx i.’ (-E/Rr 9)] 7

When equa ti on 3 is so lve d for the tota l m ass f l u x  an d toe r e su l t  sub-

stituted into t quation 7, t h e  following expression for the thickn ess of

the low pressure flame zone Is obtained :

- T~)
t~ [~~(J ~~~ ~~~ ~~~~~~~~~ 

8

For tP1~ h~gh pressure diffusion flame , Sun~ierf ie ld assumed that the

S mass of a pocket could be expressed

~~~ Pgd
3 9

~here d is the oxidi:er particle diameter. The lifetime of a pocket is

determined by the ra te  of gas di f fusion to the su rround ing flame . The

i:~olec ular diffusivit ies of the fuel and the oxidi :er are assumed to be

the ~ar~’ and are ave raged ove r the gaseou s reaction zone. Under these

cond it ions the lifetime of a fuel poc ket is 
p

d2 10
Dg

where D
9 

is the average diffusivity of the oxldi .~er an d fuel vapors .

The thickness of the flame zone is the product of the veloc i ty of the

gas stream and the life t ir ”e ~f the tuel pocket. Thus
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Combining equations 9 and 11 yields the diffusion flame zone thickness

2/3~
I 

~~~~~~ t
~2 513DPg g

Solving equation 3 for the total mass flux and substituting this into

equa ti on 12 y ields

(I f - T ) 112A 112
~

113
L2 = 

~
112 516[c (T - T:) - 

13

• Expressions for the flame zone thickness in the two extreme cases

can now be written . For the general intermediate case , Summerfie l d •

assumed that the flame zone thickness varies with pressure partly as if 
—

it were reaction rate controlled (11 ) and partly as if it were diffusion

control le d (L 2), and that the flame zone thickness could be expressed

as the sum of the above two. Thus , the general expression for the flame

zone thickness becomes
p

1/2 1/2
L = 

[C~ (T
5

- T0) 

S 
~9

[A 
- 

(~ [/gf
9

)] l/2 ~~~~~~ 
14

Substituting equation 14 for L into the energy balance , equation 3, the

following expression for the burning rate is obtained :
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P~ [C~(T 5 - T

~
) Q

5
] 

1/2 RI
9 

-:

r X
9

(T f — T5) P[A c~x~

ij1”3(RT )5h/6

+ 
pi/~ 

15

or by lum p ing parame ters , equation 15 can be simplified to

1 _ a b 16

where a i s rela~ed to the chemical reaction time and b is related to the

diffusion time. Furthermore , all of the parameters which make up the

• two constants are assumed to be independent of pressure.

Discussion of the GDF Model. Suninerfield used equation 16 to

correla te exper imental burn ing  ra te da ta for a ran ge of styrene base

polyester-ammonium perchiorate propellant formulations. The equations

provided excellent agreement between theory and experiment in predicting

the effect of oxidizer crystal size , fuel to ox id an t rat io , an d pressure

on burning rate.

Although the burning rate equation is empirical in nature and does

little more than give a means for curve fitting data , it was the first

burn ing rate equation based on a theoretical premi se. Another signifi-

cant advantage of the Sumerfield burning rate expression was that It

provided , In a compact equation , a means of estimat i ng the effects of

• varying the important propellant combustion parameters on burning rate.
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The model was later modified by Summerfield et al.  (19) to take into

accoun t a distended AP monopropellant flame . This was an attempt to make

the model applicable to low pressure combustion.

Miller and co-workers (20) extended the GDF model to polydisperse

propellants by app ly i ng a s t a t i s t i ca l  technique.

The Herrnance Heterogeneou s Reaction Model

The f i r s t  attempt to develop a model capable of predicting in-

fluences on burning rate due to propellant formulation changes was that of

I-lerrnance (11).

The model is based on a detailed combination of the steady state

decomposition processes of the fuel and oxidizer. The model was fivst

formulated in 1966 and later revised in 1967 (17).

Hermance postulates an exothermic , he tero geneou s reac tion between

the solid fuel and the oxi dizer decompositon products and assumes that

the gas phase flame posi tion is the sum of the len gths associated wi th

diffusional mixing and chemical reaction . Incorporation of these pro-

cesses into one-dimensional energy equation allows the calculation of the

burnin g rate as a function of the propellant composition and ambient

pressure. Hermance ’s heterogeneous reaction (HR) model was a si gnificant

advance in the state of the art of combustion modeling since it was the

first model to deal directly with the heterogeniety of the solid phase

by taking into consideration an arbitrary distribution of particle sizes.

Decription of the HR Model. The model assumes that the steady

state combustion of a composite propellant occurs in three regions; the

propellant surface , the gas phase flame zone, and the region between

- 
the surface and the flame . The surface chemical processes are 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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I
endothermic fuel pyrolysis, exothermic oxidizer decomposition and an

exothermic heterogeneous chemical reaction between the fuel binder and

decomposed oxidizer in small regions surrounding individual oxidizer

crystals. Each of these reactions produces a mass flux from the pro
’
~ ~

pe l lan t surface.

In the gas phasc lame zone, an exothermic chemical reaction occurs

between the oxygen rich products from the decomposed oxidizer and the

pyrolized fuel . Heat from the flame zone is fed back to the propellant

surface by conduction .

In the region between the surface and the flame zone , the surface

• decomposition products mix by diffusion and undergo a chemical kinetic

delay before ignition at the flame . In the original model (11) only the

i gn i t i on dela y was cons idered.

The processes depend on the pressure level and/or the temperature

a t the location of the process an d are l inke d toge ther by the temperature

distribution in the gas and solid phases .

The physical model is depicted in Figure 6a. One of the more

important aspects of the model is the calculation of the intersection

d i ameter of an oxidizer crystal with the burning surface as depicted

in Figure 6a. If the pro pe l l an t burn in g  surface i s v i sual i zed as a

plane passing through a randoml y packed bed of spherical oxidizer

crystals, it can be shown (21) that the statistical average intersection

diameter is

D1 = /27~~D0 17
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~~~~~~~~~~~~~ the 8u_ j ~~~Ra~~~~quat1on. The propellant burning

rate can be determined from the total mass flux issuing from the pro-

pellant surface. It is the sum of the mass fluxes of gaseous species

produced by each of the surface decomposition processes multiplied by

the fraction of the total propellant surface area associated with each

of the processes. Thus

r = ~~~~ [I~~f
(S

f
/S

0
) ~ I10~

(S 0~
/ S0) + t~~~(S /S fl 18

where is the density of the propellant, mi is the mass flux and S is

surface area . T he subscripts f , ox , o and sr designate fuel , oxidizer ,

total propellant and surface reaction respectively. Assuming a planar

surface , the ratio of fuel and oxidi :er surface area to the total pro-

pellant surface area can be expressed as a function of the vo lume

fraction of oxidizer in the propellant. Thus

19

and

~~~~~~~~~~~~~~ 20

F The area on which the surface reaction occurs is calculated by

postulating that an oxidizer crystal decreases in si:e during decom-

position as shown in Figure 6a. This size reduction produces a fissure

H of depth c between the oxidizer crystal and the fuel binder which is the

region where the heterogeneous reaction takes place. Arrhenius type

func tions are used to describe the ~ur face regression of both fuel and

ox idizer.

L - ~~~~~~~~~~~~
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The model divides the steady state combustion process of composite

propellants into three regions as shown in Figure 6b. The differential

form of the energy equation is solved for each region simu l taneously.

The required boundary cond i t ions  resu l t by ma tch in g temperature and

heat flux at the interface of each section . The analysis results In

three equations with three unknowns. They are the burning rate equation ,

the surface temperature equation and the lame temperature equation.

These equations in condensed form ar-2

r = a 1 e~xp (- .E f / EO ) + —
~-p~ i:~

A - —•~:i exp C~~~ EO 
sr 

~ 
21

= b2 + 
~~~~~~~ 

f~~~~~
- — ~~ 

OX sr

S
a -.E 

*
- —i exp (~~~~~~~~~) 

+ a3 exp (-F~ ) 22

+ a3[l 
- ( C * )] 23

where a 1, a2, a3, b1, b2, b3, d1 are cons tants con ta in in g the physical

and chemical properties of the propel lants. The burning rate, surface

temperature and flame temperature are calculated by numerical iteration

using the above thre equations.

Discussion of the HR Model. Hermance solved the above three simu l-

taneous equations with a set of input data which represented the

r combustion properties of a polysul fide - AP composite propellant. He

obtained a ~air1y reasonable fit of the theoretical model to experimental

- 40
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burning rate data taken over the pressure range from I to 400 atmos-

pheres. The model qualitatively predicts the effect of oxidizer

particle size on the propellant burn i ng rate at pressures above 200

atmospheres but the model over predicts the effect of initial propellant

temperature on burning rate.

At low pressure the model predicts very little heterogeneous reac-

t ion whi le at h ig h pressure the crev ice becomes huge an d the

heterogeneous reaction dominates , as depicted In FIgure 7. Moreover,

the calcula ted surface temperature is almost constant with increasing

pressure indicating that the temperature dependent Arrhenius type

function will be essentially constant. Thu s, the burn i ng rate char-

acteristics predicted by the HR model are determined almost completely

by the crevice and its formation . Yet there is no physical evidence

to support the formation of a crevice as postulated by Hermance (14).

The Beckstead Derr Price Multi ple Flame Model

After extensive experimental observation of the surface structure

of a burning composite solid propella ,~c , Becks tea d , Derr and Price for-

mulated a multiple flame composite propellant combustion model based on

the postulated existence of three flames In the region of each exposed

oxid izer particle.

Description of the Multi ple flame_Model . The model is based on

the assumption tha t the gas-phase heat release can be represented by

mul tiple flames surrounding individual oxidizer crystals. The geometric

relationship between the oxidizer crystal and the binder matrix is

• evaluated statistically as in the Hermance HR mode l (11) . The geometric

relationship of the multiple flame is shown In Figure 8. The distance

41
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from the flame to the surface, the standoff distance, is an important

consideration in the model.

Three flames are considered: the prima ry flame , the AP monoprope l-

lant flame and the final diffusion flame. The AP flame occurs between

the decomposition products of the AP forming 02 and inert products.

Thus

NH
3 

+ HC 1O4 ~ Inert Products + 02 24

Since the AP decomposition products are premi xed , the AP flame stando ff

distance is dependent only upon chemical kinetics.

The primary flame occurs between fuel pyrolysis products and the

AP decomposition products. Thus

25
Fuel Products + HC 1O4 (decomposition products) -

~ Pr imary Flame
Com bus tion Produc ts

The primary flame height is dependent on diffusional mixing as wel l as

kinetics.

The final diffusion flame occurs between the hinder decomposition

products and the oxidizing products from the AP flame . Since the re-

actants of the final diffusion flame are preheated, the kinetics are

very fast, thus , the final flame height is dependent only on diffusional

mixing. ~~ •

The flame standoff distances are a function of the combustion

pressure. At low pressures (<100 atm) the propellant is considered to

burn as a premixed flame wi th the oxidizer and binder decomposition

products mixing completely before a reaction occurs. As the pressure

44



increases, the mixing path length increases , and the reaction path

length decreases so that the two reaction paths (amonia + oxidizing

products and binder products + oxidizing products) become competitive.

At higher pressures (lOO atm) the amonia reacts with the oxidizing

products before the binder products can diffuse into the oxidizer

stream and react. Due to the fuel rich nature of composite solid

propellants , a final diffusion flame always occurs above the AP flame .

The flame structure variation with pressure is depicted in Figure 9.

At the propellant surface the initial decomposition step of both

the binder and the oxidizer is endothermic . However , while still ad-

sorbed on the surface, either set of products can undergo a condensed

phase reaction before passing into the gas phase. Products from the

surface decompositions then pass in to the gas phase and begin mixing

and reacting .
— 

The burning surface of the exposed oxidizer particle is assumed to

be spherical in shape. Due to an i gnition delay , the burning oxidizer

surface protrudes above the planar fuel surface at low pressure but Is

recessea below the planar fuel surface at hi gh pressure . The oxidizer t 
-

regression Is assumed to be the overall rate control lir’g mechanism , and

an overall average temperature is defined for the entire burning sur-

face. In the model ’s original form, the oxidizer is assumed to be

monomodal , monod-isperse and spherical. However , the model has since

been extended to bimodal and trimodal mondisperse prope llants (23,24).

In addition to the above assumptions , rad iation heat transfer is —

neglec ted , an average value for the solid and the gas phase specific

heat Is assumed , and the mass diffusion coefficient and thermal
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conductivity of the reacting ya~es is averaged over the gas phase

reaction zone.

Development of the tlasic Ec1uations. In the development of the

bas i c equat ions , the intersection diameter of the statistically average

oxidizer particle at the burning surface is (21)

20

From the equation of continuity for a burning propellant the total

mass fl ux is

= r, = mf(S f/ST) + r
~~

(S /ST) 26

where rn i s the mass flux , r is burning rate , p is propellant densityp

and S is the surface area . Subscripts f, ox and I represen t the fuel ,

oxidizer and total area , res pec ti vel y. Equation 26 can be simplified

further by requiring that stoichiometry be maintained over a long

period of t ime; i.e., the ratio of oxidizer censumption to fuel corn-

sumption is equal to the weight ratio of oxidizer to fuel in the

propellant. Thus

i~ (S /ST) 
____

ox ox - a
I$f (S f /S1) — 1 - a

The ratio of oxidizer surface area at the bu rning surface to the

total burning surface area is evaluated from geometric relations and

from employing the same ignition delay concept used by liermance. Thus

p
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s t.16(1~—)
2 
~ 1]

28
~T [6~(~ .-) + 1]0

where ç is the volume fraction of oxidizer In the prope l lan t  an d h/D0
has the form

= ~ (1 ~~) ( l  - 
0*

) + 
~~ 

29

The ignition delay is assumed to have the form derived by Shannon (25).

Thu s

C DU+l
- ~g n o  30ign ~m

The model utilizes Arrhenius expressions for the mass burnin g rate

of fuel and oxidizer. Thus

mf 
= Afexp[-Ef/RTS) 31

and

‘box A0~
exp[ _ E0~

/RT
~
) 32

where A is the Arrhenius frequency factor, E is the activation energy

P is the gas constant and T5 is the average surface temperature.

Since the oxidizer regression is rate controlling, the Arrhenius ex-

pression for the mass burning rate of fuel Is used only in a secondary
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sense. Tha t is , it is used for the determination of the area ratio

(SoX/ST) .

A one-dimensional energy balance at the burning surface as depicted

in Figure 10 yields

— 
~t

c
~
(T5 - T

~
) = 

~~ox (S ox /ST )Q
L 

- mT f T ~~f 

I 

~fQpF mt~~~~~ pF )

+ (1 - 
~ f

)m
OX OX

/SI) AP~~~~~’AP~ 
+ 
~~~~~~~~~~ ~

where C~ is the average specific heat of the gases and the solid , and

T
~ 

is the initial propellant temperature , 
~L and Q f represent the energy

required to vaporize the oxidizer and fuel respectively, 
~FF’ 

GAp ’ .nd

~PF represent the energy released in the final flame , and AP flame and

the primary flame respectively , 
~~ 

is the  fraction of reactants t h a t

react in the prima ry flame , and E-r~ ~~ and 
~rF are the nondimensio nal

flame standoff distances for the final flame , AP fl ai~c and the pri-

mary f lame , respectively.

A fter rearran g ing equation 33 and combining with equat ion 27 , the

equation for the average surface temperature can he written

- - (1 - ~ )Q f/C~ + (1 - 

~f A P /t p~~~~~~ AP
)

+(Qff /C )exp (-~~)) + 
~f p F p ~~~~~~PF~

The AP flame heat release is evaluated from the energy balance-

depicted in Figure 11 . Thus

~AP = C
P

(TAP - T0) + 0L

I~IIIIrj 
______ - -
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Figure 10. The BDP Surface Energy Balance
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where TAP is the adi abatic AP flame temperature .

The final flame heat release is calcu lated from in energy balance

as dep i cted In FIgure 12. Thus

~1F 
(C~/~ ) [ ( T~ - T0) 

-- 

~
(T AP - T )  + ( 1 --~~)Qf/~~J 36

. here I
~ 

is the f ina l  diffusion f lame temperature .

The primary flame heat re lease is evaluated in an ana logous mann e~

to the final flame heat release. Thus

~PF 
- c (Tf 

- 1 )  + (
~Q1 + ( 1 a)Q f 37

Finally, the nondirnensiona l gas phase tlame standoff distances are

evaluated by considering the react ant. mix ing  length and the time It

takes for the chemical reac t ion to occur a f t e r  mi -~inq has taken place.

The mixin g I ent~ th is eva 1 ua ted by cal u 1 at i nq the peak he i qht for

a two d imens i una I di f fusion flame and then t ran’. t erm i nq the two d imen —

s i onal flame in to a one dimensional flame at a he i qht- abo~ t ’ the su ,‘face

which ~s sonic fraction of the peak height of the two dimensiona l flame .

The height of the one dimens ional flame Is su c h  t h a t  t h e  c o n d u c t i v e

heat transfer to the surface is approx imately the same for the one

I . dimensional flame as for the two dimension al flame .

The chemical k m e t  ic reaction length is  t ’~ .m luat ed by cons ide r ing

the reaction to take place in a 1 am i nar ct ream niov I n~i at some veloc i ty

in which a chemical reaction of arbitr ary order is ta king place. 
l 

- -

The AP flame Is prernixed and is therefore , dependent only on kinetics.

The AP flame standoff distance Is approximated by

52

J



I .

t
111T C~~~~T~

m.r oFF

j  ~,,~~~~~ .=( I - c x

-
. Z777777~j 77777777Y777 77~~ 

i’/ 7,~7//// //

I 
I I
L 

mT cPl

FIgure 12. Energy Balance for the Final Flame

I
1.1 53

- - 
U j L  -~~~- - --- ——~~~-



—~~~~ - -- - -— — —- —-- -_-.-—_~~w,~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
______________________

4
~~T

H 

a
X ur 38

where Is the standoff distance , u is the average gas stream veloc’ty

and -t is the time it takes for the reactants to react.

For an arbitrary reaction order the reaction time can he written

- 
. .‘-. r~ ~AF~ 

— I ),—l 391AP - p

where ~ is the m ite constant and is the reaction order. Combining

equations 4, 38 and 39 yIelds

* ~APXAP U1 / KAPP 40

where now includes the proportionality constant of equation 39.

In nondimensional form the AP flame standoff distance is

= ~~~~~~~~ 41

where A is the average thermal conductivity of the reactive and combus-

tion gases.

The reaction distance for the primary flai ’e is evaluated in an

analogous manner. Thus

* . ‘~PFX PF mT /K PF P 42

Burke and Schumann (26,27) solved the differential form of the mass

conservat ion equation for Bunsen burner type of di f fusion f lame . Be- - -

r 

cause of the simi larity of the Bunsen bur1mer to the burning oxidizer
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particle In a pyrolyzing fuel/oxidizer matrix , the Burke Schumann

analysis was used in the model to determine the diffusion mixing length.

The calculated diffusion flame height represents the maximum flame

height above the center of the oxidizer crystal . The actual flame

sha pe was not calcu late d , however , a paraboloid of revolution was

assumed for the flame shape.

To avoid the complications of solving a ~wo dimensiona l hea t trans-

fer problem , an average effective flame height was defined , ~~~ The

average flame he ig ht factor , A fh~ 
is that fraction of the calculated

— flame height which corresponds to the distance a one dimens ional flame

- I wou ld be from t he sur face to provide the same energy to the surface as

the actual f lame . Us ing this factor the effective heat t ransfer dis-

tance is

= A~~X~ 43

In the pr imary flame the components must mix together and then

react so that the standoff distance is a d i f f u s ional mi x i ng len gth

followed by the distance that it takes the ingredients to react. Thus

X;F = + X;R 

*
where X PD is th e effective mixing length and X PR 

is the reaction length.

In nond imensional form the primary flame stando ff distance is

r . ~‘PF 
= (Y~ + x;p)c mt/A 45
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Since a final diffusion flame exists above the AP flame , the final

flame standoff distance is composed of the AP reaction distance plus

the effective diffusion length for the mixing of the AP flam e products

and the fue~ binder pyrolysis products. Thus

= (x ~~~~ , + ~~) 45

In nondi m cnsiona~ form , the final fl am e standoff distdnce Is

~ ~~)C~mn 0~A 47

The o n y  e’~~i n i ~~ ‘ nknown is 
~~~~~~

, the f rac t ion of reactants that

react in the prima ry flame . It was not poss ibl e - a rig orous deter-

nijnation of t h - di ft ~ c ion flame shape from the Burk -Schu rnann analysis.

Thus, a parab ol c c 1m p e  was asswned for the iiffusion flames.

The para~t~t r  ~ is the determined by assuming that the flow from

the oxidizer surface is perr~ndicu lar to the planar burning surface.

The intersect ion af the flat AP f lame wi th the parabolic primary

diffusion flame (an be projected onto the surface of the oxidizer and

the area corresp rn dir g to each flame determined . The parameter 
~ 

may

be considered as tha t f r ac t io n  of the  AP surface whose products enter

the primary flami - . This is shown schematically in Figure 13.

The pressur ’ dependence of ~ resul ts from the pressure dependencef

of the primary and AP fla me stan dof f di stances . At low pressures the

combined ;riniary flame mixing and reactin g dis tances are less than the

AP f lame he i ght. Therefore , all of the oxidiz ing species react directly

wi th the binder products rat ime r than wi th the ammonia giving a value
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of un i ty for 
~~ 

By i ncreas i ng the pressure , the AP flame height is

reduced , the k ine t ic di stance of the primary f lame is reduced and the

— 
primary diffusion distance is increased . At higher pressures the dif-

fus ion flame in tersects the AP f lame . Near the cen ter of the crysta l

where the diffusion distance is greatest the oxidizing species will

react preferentially with the armionia. Under these conditions Bf Is

between zero and one .

At very high pressures the AP flame standoff distance and the pri-

mary flame reacting distance become very small while the diffusion

distance becomes very large. Under these condit ions a ver y sm a l l  amoun t

of the oxidizing species will react with the binder products in the

primary fl amre near the  oxidizer binder inter face and 
~ 

app roac hes

zero. The above processes are illustrated i n  Figure 9.

The propellant burning rate is ca?cu1.~ted by s o l v i n g  equations

26, 27 , 28, 29, 32 and 34 , usin g an iterat ion procedure. - -

D i scuss i or~ of the BDP Mode1. The purpos e of t h e  BOP model  was to

descri be t he combustion process of composite propella ri ts in as r~a l i st i c

a manner as possi ble and then relate the effects of ~am’~t 1us combustion

trends to propellant compositional variations and ’nr co i ~ihuct ion mechan-

i sms . Comparisons were made with a series of uninroda l AP -poly sul fide

propellants. The predicted dependence of burninq rit.e on ox idi zer con-

centration was essentially the same as observed (‘xp( ’i I  I ’ n t a l l ~ - , while

the dependence of the burning rate on the oxidi:er pa rt i d e  size was :
somewhat greater than observed experimentally. The dependence of the

burning rate on the init ial temperature was found to be in qualitative

agreement with the data .
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The original BDP model applied solely to an additive free propel-

lant wi th spherical , monodis perse oxidizer. Cohen , Derr , an d Pr ice

subsequently extended the model to propellants with aluminum and bi-

modal oxidizer (24). Beckstead (22,23) has since ex tended the model to

tr imoda l propellants . However , i n a l l  of the a bove ex tens i ons of the

model severa l limitations remain. The limitations will be discussed

in detail below.

The fi rst limitation occurs in the calculation of the diffusion

flame standoff distances. The ori ginal BOP model utilized the Burke-

Schumann (26) diffus ion flame analysis for the calculation of the dif-

fus ion fl ame standoff di stances . The general solut i on for the posi ti on

of the d i ffus ion flame front i s given by the following series solutio n:

v~c
2(~+1) = [ i Jo~~i~~

J 

exp [(1 -~-~ f4 ~ ) q/ 2~
2

J 48

where v i s a f lame sto i ch iometry related coeff ic i en t , is the

zero of J 1, a Bessel function of the first kind , c is the ratio of the

oxi dizer diameter at the surface to a diameter associated with the fuel

binder , rp is related to the gas diffusivity , gas veloc i ty and surface

geometry , and ~ and r~ are nondimcnsional radial and axial coordinates ,

respect iv ley .

In the BDP model , only the firs t term of the series solution is

considered . This truncated version of the Burke-Schumann analysis

yiel ds the following expression for the nondimensional diffusion flame

heig ht n:
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2(v+l)c J (4 c)

~4+4~~~~-l ~
1

(v~c2 (v+l ))  ~~J2 (~~ )

for the ax ial nondimensional coordinate ~ equal to zero.

Figure 14 depicts the nondimensional standoff distance as a function

of the oxidizer volume fraction . The dashed line represents the exact

solution to equation 48 while the solid line represents the approximate

solut ion (equation 49). As can be seen , the approximate solution is

onl y valid for over-vent ilated flames near stoichiometric conditions.

Real composite propellants , on the other hand , contain oxidizer

mass fractions wh ich are much l ower than the stoichiometric oxidizer

mass fraction . Consequently, substantial errors in the calculated

diffusion flame standoff distance may exist. In recent work wi th the

BOP model by Beckstead (22,23), the d i f fus ion  flame anal ys i s was re-

placed by a one—d imensional approximate analysis similar to that of

Suninerfield (16).

Another l imitation of the BDP model involves the assumption of the

packing structure for the oxidizer particles. Figure 15 illustrates

the packing assumed for the BDP model where each box contains an oxidizer

particle and the fuel associated with that oxidizer particle. Letting

n be the number of particles per unit volume , then n 1”3 is the number

of particles per unit length for the assumed packing structure . It is

clear that

+ D1n
1”3 = 1 50

60

- - - - -



_ 
----~~~~~~~~~~~~~~~~ 

_ _

i ~ m i i i i

8
APPROXIMATE SOLUTION 

- EXACT SOLUTION j i
7 . Ii

(LI I
J1~~I5.O Is

IIo Ii
Ii

(A. I
0 II0 Iz II

Ii
U)
w 5 -
4
.J I

- -4 U

z
0

- - - I
2
(&i S

z
o~~~ I

I
I
I

/
2 -  /

/
/

/
/.

— t• ,
—
—

—

— — — 
— —

;
OXIDIZER VOLUME FRACTION

Figure 14. DiffusIon Flame Standoff Distance as a Function of
Oxid ize r  Volume Fract ion

61



- 
-- --

F ~~~~~~~ ~~~~~~~~~~~~~~~~~ 

., -

~ 

.

~~~~~~ 

— — —- -
~ 

— — - — _ _ _ _ _ _

--1 ~

II

~~

‘ 
t

I t

- :  / 
H

_ _
/

/

/

/ 1  H
_ _  _ _  

/ 7
/ / L

//
_ _ _ _ _ _

/

Figure 15. The BDP Oxidizer Particle Packing Structure

62



r 

—C 

~~~~~~~

where 6 is the distance between particles at the burning surface and

D~ is the particle intersection diameter at the burning surface. There-

fore

5 =  1/n1”3 - D1 51

The number of particles per unit volume is

n = V.~
__ 52

where ~ is the volume fraction of oxidizer and V0~ i s the volume of an

oxidizer crystal. Thus

n = &/(ir D~) 53

Combining equations 20, 51 and 53 yields the fellowing equation for

6 :

6 = (J ~)
l/3

D - ~~~ D~ 54

s ince

b - 6 + 1
2 2

Combining 51 and 52 yields

b -  1 7T
~~

1/3 D

Since the packing structure of composite propel lants is not ordered ,

but rather is a completel y random structure , equation 56 for b is in—

correct , for It desc ribes an ordered packing of particles . -:

This Is further illustrated in Figure 16 where ~/D0 i s p lotted as

a function of oxidizer volume fraction. Clearly, for oxidizer volume
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fractions approaching unity , the ratio ~/D0 should approach zero . How-

ever , for the BDP method , the ratio of 6/ D0 actual ly goes negative at

a volume fraction 0.78. This is physically unre alistic.

The final lim itation deals with the determ i nation of t h e  mean state

of an oxidizer particl e undergoing combustion at  the b u r n i n g  su r face .

In the BDP approach, the burning surface is generated mathemat icall y by

passing an imag ina ry plane through a randomly packed monodisperc ion of

spherical oxidizer particles. The mean state in terms of the diameter

of particles at the burning surface is assumed to be the av e rage int e r—

se c t i on diamet er of the part icles w it h  the imagi nary plane. Since the

particles are assumed to undergo an i oni t iot- i delay , the mean sta te in

terms of the diameter for oxid ize r crysta ls  described above is incor-

rt ’ct .  A more deta i led explanation a long wi th  a descr ip t ion of a

bet ter determinat ion of the mean  s ta  e d i a m e t e r  o f  the ox Id i z e r  pa r—

ti d e appears in a subsequent section.

(le~c r i pt io r r  of m s  l y e  Rurninj

Requirements for ever higher prope l 1 ant 1 ~ad i ng in soi l  ti propel lant

rocket motors have led to the development of grain co nt ig urat ions w ith j -

relativel y low port-to-throa t area ratios. This , in turn , resu lts in . -

hi gh veloci t ies of propellant combustion gases flowing across the burn- ‘

ing prope Tlant surfaces In the aft region of the propellant grains . The

presence of a high cross flow ve loc i ty  over a propellant b u r n i n g  su rface

•cau ses enhancement of the propellant burning rate and this enhanc ement

of the burning rate is t~’rmed ero~.ive burning , rot’ hi~jh cross flow

veloc i t i es the burn i ng rate can be subs tan tia l l y hi gher than the burning

ra te of the same prop ellants not subject to a cross flow velocity .
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Moreover , the effects of erosive burning are critica l in that the ero-

sive burn ing rate contributions strongly influence performance level and

performance repeatability of propulsion systems.

Since erosive burning is present in many solid propellant propulsion

systems and since there is such a strong interaction between the local

flow environment and the propellant burning rate, it is necessary to be

abl e to predict this Interaction in order to design and calculate the

performance of a low port/throat area ratio rocket. At present there

is no unifying model which can be used to predict the propellant burning

rates under erosive conditions.

~~perimenta1 Observations of Erosive Burning

There are several general observations of importance which can be

attributed to past experimental studies (28-36). A few of the obser-

vations follow :

1. Threshold velocities are usually observed , i.e., burn ing ra te

is not affected until the core gas reaches a certain velocity .

2. Slower burning propellants are more strongly affected by cross

flows than higher burning rate formulations.

3. At high pressure, the burning rate under erosive conditions

tends to approach the same value for all prope llants (at the same flow

velocity ) regardless of the burning rate of propellants at zero cross -:

flow.

4. Erosive burning rates do not depend upon the gas temperature of

tt’e cross flow.

Most of the above observations were made in systems with cross flow

velocities having a Mach number less than 0.3.
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Erosive Burn i ng Models

A large number of erosive burning models have appeared in the liter-

ature (37-46). Of those models, all fall into one of four basic

categories . They are:

1. Models based on heat transfer from a core gas flow i ng parallel

to the burning surface.

2. Models based on the alteration of transport properties in the

region of the gas phase reaction zone.

3. Models based on chemicall y reacting boundary l ayer theory .

4. Models based on displacement of the flame by the cross flow.

The only existing model of the third type (45) assumes a homogeneous

propellant system. Therefore , since composite propellants are far from

homogeneous, no fur ther di scuss i on w i l l  be offere d for t hi s class of

model . The model representative of the 1st type is the Lenoir and

Robil lard (37) model . Lenge11~ ’s (43) erosive burning model is repre-

sentative of the type two models , and the erosive burning model of King

(46) is the only model of the fourth type in existence. A discussion

of those three models fol lows.

The Lenoir Robillard Model

Lenoir and Robi llard proposed an erosive burning rate law for solid

propellants based on the postulate that the erosive component of the

burn ing rate is proportional to the heat transfer rate from the core I -

of the combustion gas s tream to the propellant burning surface. A

transpiration model for the core gas was used to compute the heat trans-

fer ra te. 
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In the deve lopment of the basic equations, it was assumed tha t the

bur ning rate wa s dependent upon the amount of heat the propellant re-

ceives. The mai n source of heat was assumed to be from the prima ry

burn ing zone in the first few microns adjacent to the burning surface.

Furthermore , the heat transfer from the primary combustion zone was

assumed to be i ndependent of the core gas veloc i ty. The pressure de-

pendence of burning rate was assumed to be controlled by the pressure

dependence of the locat ion of the prima ry combustion zone above the

burning surface. As pressure increases, the flame becomes nearer to the

surface , heat flow to the burning surface from the flame increases and

thus the burning rate increases. t~ second source of hea t was assumed

to be from the core of the hot combustion gases. This second source

— of heat was assumed to act through a convective mechanism and was there-

fore dependent upon the cross flow gas flow rate . The total burning

rate was assumed to be the sum of the two effects, a rate dependent upon

pressure and an erosive rate dependent upon combust ion gas cross flow

rate. Thus,

r = r p + r e 57

The pressure dependent part of the burning rate was assumed to

correlate to the well known l inear burning rate law

r~~~cP
1’ 58

where c and n are constants for a particu lar propellant and are i nde-

pendent of combustion pressure.
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The combustion gas cross flow velocity dependent portion of the

- ~
- . burning rate was derived by assuming the erosive burning rate to be

proportional to the heat transfer coefficient. Thus

• re kh 58A

• where h is the heat transfer coefficient and k is the proportionality

constant. The relationship between the heat transfer coefficient, h,

under conditions of transpiration , to the hea t transfer  coeff ic i en t i n

the absence of transpiration was expressed in exponential form as

h = h0exp (-~Q/G) 588

where ~ is a dimensionless constant, Q is the mass velocity of the

transpiring gas and G is the mass velocity of the core gas. The heat

transfer coefficient under conditions of zero transpiration was assumed

to correlate by the Chilton Colburn equation of flow over a flat plate .

h0 
= [0.0288 c~u

°2 P~°
667) 58C

where C~ is the specific heat of the combustion gases , c is the visco-

sity of the combustion gases , L i s the len gth from the hea d of the 
- - 

—

grain , and is the Prandtl number of the combustion gases. The ex-

pression in the brackets of equation 58C was assumed to be insensitive

to changes in propellant identity so that the expression in the brackets

could be combined wi th the proportionality constant of equation 58A to

form a consta nt ,
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= [0.O288C~IJ°~
2P °’667]k 58D

Combining equations 57, 58 , 58A, 58B, and 580, resul ted in the

follow ing expression for burning rate:

r = 
~~

p’
~ + c~G0’8 /L°’2 cxp (-~Q/G) 58E

The Leno i r Ro bi l l a r d theory has been compa red wi th  experimental

da ta and sa ti sfac tory a greement i nd ica ted. However , the agreement was

obtained by watching ‘Nuation 58E to the experimental data in order to

determine the constants - .~~ and ~. Thus, the Lenoir Robi llard theory is

empirical in nature. Furthermore , the model predicts a dependence of

burning  rate on the ma i n st ream gas temperature . Later ex perimental

-~~~~~ work by Marklund and Lake (33) indicated no such dependence. The

Lenoir Robill ard model has , however , served the test of time and is

probably the most w id ely used model in the solid propellant propulsion

community .

The Flame Disp lacement Mode l

The erosive burnin g model of King (46) postulates the mechanism for

erosive burning to be an enhanced icat transfer to the burning surface.

The enhanced heat transfer results from the displacement of the diffusion

flames by the cross flow of combustion gases.

The burning rate is hypothesized to be dependent upon the heat

feedback fron two flame zones. They are the AP monopropellant flame

and a diffusion flame between th~ binder pyrolysis products and the

products of the AP monopropellant flame . Thus, the burn i ng rate is

- 

70

LI. ~~~~~~~~~~~~~~
-—.- - -~



-• ~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~

t dependent upon three distance parameters associated with the two flames.

The three distance parameters considered are the distance from the pro-

pellant surface to the average location of the kinetical ly controlled

AP monopropellant heat release , the distance associated with mixing

of the oxidizer and fuel for the diffusion flame , and the distance

associated with the fuel oxidizer reaction time subsequent to mixin g .

Those distances are then assumed to be modified in the presence of a

cross flow velocity by the fol l owing equation :

L = L 0
~~

Ln8 59

where L0 is the flame standoff distance in the absence of a cross flow

and e represents the angle of the average flow vector in the mixing

region.

This analysis was combined with an analysis of the boundary layer

flow (which gives the cross flow velocity as a function of distance j
from the propel lant surface, mainstream velocity , and propellant burnin g

rate) to permi t the calculation of the ang le of the average flow

vector in the mixin g region. The resulting equation for burning rate in

the absence of cross flow is 
- 

.

A ,l/2
r AP Il + ~ 

2~ 
60

~ L 1+A 5~~P J

where P is the pressure and 5 is the average oxidizer particle size in

the propellant. A regression analysis using no-cross flow burning rate

data must be performed to obtain best f it values of the constants A3,

A4 and A5. The product of A 5 w i t h  ‘52 appearing in burn ing rate expres-

sion may be lumped Into one parameter during the regression analysis

- - 
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such that an average oxidizer particle size need not be defined.

The data of Mickley and Davis (47) were used to develop empirica l

expressions for the local cross flow velocity as a function of distance

from the prope l l an t bu rn i n g sur face , mains tream cross f low veloc i ty ,

and transpiration rate . The resulting analysis yielded eight equations

and ei ght unknowns for the burning rate of a g iven composite propellant

at a given pressure and cross fl ow velocity . A computer code was used

to solve this system of equation s yielding a predicted burning rate for

a given pressure , cross fl ow veloci ty and s- at of const a nt A 3, A 4 and

A 5~
2. The model ernplojs no emp irical constants other than those from

the analysis of the no-cross f low burning rate data .

Discuss ion of the Flame Di~ p~ acement Model. King has hypothesized

th .’t the flame displacement is due to the cross f low induced distort ion

of the flow field in the region of the gas phase react ion zone. In-

herent in the model is the assumpt ion that transport properties are not

affected by the cross flow . T hus , the characteristic kinetic reaction

times for the gas phase reactions taking place above the burning sur-

face are the same for both the case of zero cross flow and the case where

a strong cross flow is present. How ever , since the flame is assumed to

be conical in shape , thc effective distance for diffusiona l mixing is —

decreased in the presence of a c ross f low velocity . The reduction in

the diffusional mixing length is due to bending of the fl-nii e such that

i ts central axis is pointed in a direction paral lel to t h~ averag e ve loc i ty

vector for the flow of gases near the burning sur ñce. Thus , the flame IS

“squeezed ’ such that the rad ial distance from the cer~ ral axic ~~f the -eie

to the outsiue surface of the cone is redut ed . ~~~- - - e c j - r t l v . ht’ m’~~
,q

length is reduced~ Thus , the cross 1 1 w  ‘.cleUty l~~1ut ~d ~~ • - - im t ‘

7-,
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the burning rate is realized by a decrease in the diffusion flame stand-

off distance. This effect is exactly the same as the effect due to the

en hancement of the di f fus ion  coe ffic i en t i n the gas p hase react ion zone

by the presence of a turbulent boundary layer. However , in this case

the effect of the turbulence on the thermal conductivit y in the gas

phase reaction zone was assumed neg l ig ible.

Lengellé’s Eros ive Burn i n g Model

The model is based on the combination of Sumnierfield ’ s (16) gran-

ular diffusion flame combustion model with a model for the turbulent

boun dary layer on a flat plate wi th injection. The basic assumption

adopted was that of a turbulent boundary l ayer developing above the

pro pel lant  surface . The transport coefficients of diffu sion and heat

conduction are then modified in such a way that the heat flux to the

surface , and consequently its burning rate , can be enhanced .

The turbulent  boun dary la yer model used i n the anal ysis assumes

incompressible flow over a flat plate with injection. The continuity

an d the momentum conserva tion equat i ons were s imp l i f ied by lett i n g

an d u 
~~4~

- be negligible where u is the gas velocity pa rallel to the

burning surface. The resulting approximate relationship for the velocity

p r o f i l e  is

£.n (l + B ~) = f l n bl (1 + B )  61

where B is the blowing parameter , 4~ 
is the ratio of downstream velocity

at position y in the boundary l ayer to free stream velocit y , r
~ is the

ratio of y distance to the boundary layer thickness and n is the well

known empirical velocity profile exponent for the case of no injection .
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The imp licit relationship for the veloc ity profile given by equation

61 was awkward for obtaining analytical relations for the turbulent

boundary layer parameters. Therefore, the implicit relationship was

approxima ted by the following explicit expression

• .
~~~~~ 

. n(l + B )~~ (1 + 8) 62

The mix ing length hypothesis of Prandtl was combi ned with the

velocity profile given by equation 62 resulting in the following ex-

pression for c, the coefficient of turbulent diffus ivity of momentum :

- = .1 6Re6 c*n~~
1 63

The average value of the coe99clent for turbulent diffusivity of

momentum in the flame zone is given by

~~~ave = 
f

L 
p ~ dy .l6Re6 ~2+~) 

(1) 
+1 

64 -

•

where L is the flame zone thickness and Re6 is evaluated from an approx-

ima te expression which relates the ratio of the boundary layer thickness

in the case of blowing ~nd the boundary layer thickness 
in the case of

no blowing, to the reduction of the wall shear stress. Thus

f 2(l+c~) ía - Lo (1÷~)1 65
Cf n 6 (l+n) L s~ -J

where

~~~ 
= c’~ (1~~ ) [B - 1o~ (l+B)] 

~~ (1 + ae~~~ i 
66 /
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Lengellé also assumed that the turbulent Lewis and Schmidt numbers
— 

- are close to unity . Then , the thermal conductivity and mass diffusion

coefficient of the combus t ion gases can be related to the viscosity .

Thus
— A~~ CgPD 67 

—

and 
~D )J(1 + pE:/M) 68

where A is the thermal conductivity , D i s the mass d i f fus ion coef ficient

and ~i is the viscosity . Utilizing equations 67 and 68, the transport

parameters in the GDF model were expressed in terms of the coefficient —

for turbulent diffusivity which in turn could be evaluated using

equation 63. The resulting expression for burning rate is

r = 
Cg(Tf.Ts) r~ + ~~~~~~~~~ (

~~
)
fl~~~ 69

P~~ Re~~
1 6 J

where

= ~~~ +B 
[i 

+ B(~-)
’
~
] 

/(2+cz) 70

is the core gas density , u5 is the core gas veloci ty and the velo-

city profile exponent has been approximated by

n .52Re;°1 71

The predicted results of the model compared favorably to the

experimenta l results of Mark i und and Lake. The appear ance of a t hreshold - •

velocity , below which the norma l burning rate is not effected , was
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determined to be due to the blocking effect of the transp ir ing gases.

The wel l known observation that high burning rate prope llants give rise

to high threshold velocities and low burning rate propell ants give rise

to low threshol d veloc i t ies , was also explained on the basis of the

bl owin g parameter .

It shouldbe noted that , although the philosophy behind the ero-

sive burning mechanism of Lengellê’s model is sound , the model is little

more than a curve fitting device due to the empiricism of the GOF model .

It should also be noted that the model is in serious error due to the

assume d i ndepen dence between bu rn i ng rate an d the b low i ng coeff ic ient.

In order for the model to be correct, the value  of the bu rn i ng rate

must be determined by an i teration process accounting for the change in

the blowing parameter wi th changes in the burning rate. Thus, the con-

clusion by Lengeilé that the erosive burn ing effect is additive (i.e.,

the overall burning rate is the sum of a noneros i ve ra te an d a co n t r i —
bution due to erosive burning) is incorrect.

Nonsteady State Combustion

In evalua ting a propellant ’s combustion stabil ity characteristics,

there are two parameters of importance : pressure coupled response and

veloc i ty coupled response. The pressure coupled response represents the

coupling mechanism between the gaseous pressure oscillations and the

combustion processes , wh i le the veloci t y cou pled res ponse represen ts the

coupling mechanism between the cross flow veloc i ty transients and the

combustion processes. The interaction occurs principally in a relatively

thin region near the burning surface.
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Fol lowin g tra di t i onal acoust ics prac tice it has usually been

assumed for the pressure couplin g that the fluctuation of velocity , v ’ ,

normal to the surface is proportional to the fluctuation of pressure p ’

at the b ’rning surface. The coefficien t of proportionalit y , in nor-

malized form, is the admittance function , Ab, for the burning surface.

Thus

A - ~ [(rn’ /mj (p ’/ p) 72
b 

- 

~~~ 
- ‘/‘rw)

where M is the average Mach number of the flow leaving the surface, ~

is the gas dens i ty, p i s pressure , -y is the ra tio of specific heats and

m is mass flux. The primes denote fluctuating values and the super-

script bars denote average values.

The admittance function is , in general , a complex quantity depend ing

on the properties of the materials involved and the frequency of the

osci llations. The real part of t h~ admittance function gives that por-

tion of the norma l velocity fluctuation which is in phase with the

pressure . Thus t he at tenua ti on or g rowth constant for s t ea dy  w a v e s  has 
—

a part proportional to the real part of the admittan ce function such tha t

the waves are driven if the real part of the admittance function is

positive. A larger value of the real part of the admittance function

implies a greater tendency for combustion to drive the waves .

A similar interpretation of the admittance function arises in con-

nection wi th the veloc ity fluctuation u ’ parallel to the burning surface.

Due to its possible erosive influence on the burn ing rate the veloc ity

fluctuation parallel to the surface causes a fluctuat ion of velocity

norma l to the burning surface. -;
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If one assumes that the oscillations are isentrop ic the second

term in equation 72 is unity and the admittance function becomes de-

pendent only on the value of the first term. The first term , divided

by the product (M y), i s usua l l y referre d to as the response funct ion

of the propellant and is given the symbol R. The real part of the re-

sponse function has the same characteristics as the rea l part of the

admittance function. Thus , waves are driven if the real part of the

response function is greater than 1/ ‘y and a larger value of the res-

sponse function implies a grea ter tendency for the combustion process

to drive the waves.

4 The pres sure cou pled response is

I ~~~~~
- .  ~m ,ni j 73— 

~~~~~4 / ~~~
)

and the ve ’oci ty  cou~ led ~c -~~~rse is

Nonsteady State Models

It is the objective of the nonsteady state combustion models to

predict the effect of propellant composition on the propellant response

function. In the past, models attempting to describe the nonst~ady com—

bustion of propellants (48) have , i n general , addressed only homogeneous

propellants. Al though the homogeneous models have been applied to

heterogeneous prcpellants wi th a limi ted degree of success, there is a

formidable deficiency in the models. That is , the models are entirely

— 
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unable to predict the effect of oxidizer particle size and particle

size distribution on the pressure coupled response.

Several of the more pertinent models which have appeared in the

literature are: the Denison and Baum (DB) model (49), the Cohen (C)

model (51), the Zel’dovlch Novozhilov (ZN) model (50) and the veloc i ty

coupling model of Lengellé (43). A discuss ion of these models follows .

The Denison and Baum Model

The 08 model was an early attempt to model th e pressure coupled

response of propellants. The model is based upon the so’ution of the

nonsteady energy equation for the solid phase.

The model assumes a quasi-steady gas phase with harmonic pressure

osc i l l ati ons an d d p lanar  flame front.

The energy equation for the solid nhase Is, for the case of no hea t

generation ,

X~(~
2T/Ix 2) - ucC~(~T/~x )  - ~C~(~T/~t )  0 75 I 

-
-

The crucial boundary condition is the ma tching of the heat flux at

the so’~ id/gas phase interface.

ihe resultlr~j expression for the pressure coupled response is

n pr R~1 -k ~ (A / k )  ~~~1~A)~~~A~

wPw r, Rpr and are respectiv~ly the rea l and imaginary parts of the

~ ..ss . ’ -  ~oup1ed response normalized with respect to the burning rate

- ‘ ..~~ponent . The parameter , \ , is a complex functIon of the
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nondimensiorial frequency , ~:. The rea l par t of A i s

A ~ [1 ( l J I ~) ( l  + l6~2 )
l/

~ + l]
l
~~

w hi ~e the imiq inary part of A Is

- ~~ 1/2
= I ~~ • + lt~ ’ ) — 1] 78

where the nondimensio nal frequency can be written

= A p Pp ~‘/ ~ ~
2C p 79

The const ants A and B are related to propel lant propt rti ~~~~~~ the

parameter A ic “oli:t ~d to the -~urf~ce pyrolys is

A = 1 ( 1  -- i / r 5)/R~ 80

where E5 is ~hc act  va t ion  energy assoc ia t ~ J w i t h  t ht s urf ace pyrolysis I 
-

T~ is the m i  t i t i  pro~cl hint ‘n pocat u~t . 
~~~

. is tf n.~ iv raq~’ surface
tetuperature and R is the gas constant.

The par am eter B is d~’~.~ ndent on the t t inp~ raturc sons i i ~ i t~- of the

propellant. Thus 
! 

-

B ¼ T / 15)/j(l 
- 1/ 1 ) 8J -

where j is the i n i t  m a 1 tempera ture I ndt’ ~ in t h~ hum i nq rate law

r = Cp~T~, 62
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. 1
The model must be class ified empirical , at most , since the A and

B parameters are adjusted for the fitting of experimental data . Fur-

thermore , the model has not met with a grea t deal of success at fitting

the experimental data of composite propellants. This is probably due

to the ht.~nogeneous nature of the model .

The Cohen Model

• The most complete attempt at accounting for the oxidizer partic le

size effects on the pressure coupled response was developed by Cohen

et al. (1). Cohen postulated that the combustion response will peak

at a frequency given by some characteristic transit time for an oxidizer

particle in the condensed phase. Thus ]
• ~~~~~ 83

p D

where f~ i s the fre quency a t whi ch the response fun c t i on for a parti-

cular mode peaks, r is the propellant burning rate and () is the average

particle diameter for the mode.

Furt hermo e , Cohen postulated that the magnitude of the peak re-

sponse Is proportional to the concentration of oxidizer in the propellant.

Thus

84
n D

where R~~/n is the normalized peak value of the pressure coupled re-

sponse and cx is the mass fraction of oxidizer in the particu lar mode.

Cohen assumed that the response function Is only a function of

propellant type and may be obtained from data for a representative
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propellant type. Propellant data for A-13 were used to construct a

calibration response function which could then be used to obtain the

response function for each weight mean diameter particle size distri-

bution mode in a propellant of interest. The response function of each

mode in the propellant was then superimposed to obtain the total pro-

pellant response function . This method has potential but is still

deficient in that It treats a multimodal polydisperse propellant only

as being a multimodal monodisperse propellant .

The Zel ’dovlch Novozhilov Model

The ZN approach to nonsteady modeling employs the same assumptions

— as those of the OB model . However , the ZN technique allows the ~;eudo--

propellant response functions to be related to steady state propel )ant

combustion parameters in a more realistic manner.

In the der- -’ vation of the ZN pressure coupled response th’: propel- .

lant mass flux , mi , can be written as a function of burning surface

temperature , T5, combustion pressure
, p, temperature grad ient a t the - 1

burning surface in the condensed phase , f, temperature gradient at the

condensed/gas phase interface i n the gas phase , f’ , and the surface heat

release , Q5. Thus

= ~ (T stp~f
ifS
~Qs) 

85

Similarly for the surface heat release.

Q = Q ( T
5
,p,f,f’) 86
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Conservation of energy at the condensed/gas phase interface yields

Kf = ,c ’f ’  + rn 87

where ~ and K ’ are the therma l conductivity of the sol id and gas repec-

tively.

The mass flux in the gas phase , m ’, can be characterized by the

surface temperature, the temperature gradien t i n the gas phase , the

hea t release in the gas phase , Q~, and the combustion pressure.

The heat release in the gas phase can be cha ’acterized by the surface

temperature , the temperature gradient in the jas phase and the combustion

pressure. Thus the mass flux and heat release can be written

= ii’(T ,f ,Q’ ,p) 88
S

= Q ’ (T 51f’ ,p) 89

Si”~e the gas phase is assumed quasi-steady , mass continuity yields

I;1’ = f;1~ 90

Thus , there are six equations for seven unknowns: ~~ , f’ , I~~ Q~
Q’ , m and m’ (the pressure is assumed to be a kn~ vn function of t ime).

Therefore , it is possible to express any va l ue as a function of pressure

and the temperature gradient in the condensed phase at the burning

surface. Specifically ,

~~~~~~~~ 
91

= T5(f ,p) 92

83



— Thus,

~ - ~m) df ~ (~~~ i 4~P. 93
dt ~ r~~dt ap f dt

and

= (_
~

) 
~~ 

+ (1)  ~2. 94dt ~f ~ dt ap f dt

Nondimensiona lizing, and taking a first order approximat ion for the per-

turbations yields

V
1 

= 
~~~~~ ‘

~l 
+ 

IV

~l 
(~~~~~~ )~~~ 

~l 
+ 96

where v1, 
~l’ ~ 

and ~i are the nondimensiona l perturbation amplitudes

in burning rate, temperature gradient, combustion pressure, and surface

temperature respectively.

Equations (95) and (96) provide the means for obtaining the desired

func tional relation between the burning rate perturbation amplitude and

the pressure perturbation amplitude .

With the aid of Jacoblans and an energy balance in the condensed

phase at the burning surface, the partial derivatives appearing on the

right hand side of equations (95) and (96) can be expressed in terms of

the following steady state parameters:

PS
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u = (T O 
- T )( a~nr ) 970 o P

- 

3T~
l 

98

,~ 
~t~ir~ 99

T
0

~T
O

= - 

(T~~- T0) 
(s )  

~~, 

100

where the superscript o indicates steady state, T
~ 

i s the sur face temper-

ature and is the initial propellant temperature.

The remaining needed relation between the nondimensional burning - 

-

ra te , the nondimensional surface temperature, the nondimensional temper-

ature gradient , and the nondimensional pressure perturbation amp litudes

can be determi ned by solving the linearized energy equation in the solid

phase. The result i s

- ~1Z1 + iv 1/12 = 0 101

where Is a complex function of nondimensional frequency given by ‘

1/2 2 1/2 1/2
= ~ {c~[~

. ( l W 2÷l )  — 1) + I ( l 61~ +1) - l]} 102

The desired relation between the burning rate perturbation amplt-

tude and the pressure perturbation amplitude can now be written. Thus
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n + (nv - p u)Z 1
V

1 
= 1 - u + (v - iu/c~jZ1 

103

Assuming an Isentropic fluctuation in the cembustion pressure , the

response function is defined -

r 0
R =12... 104
~ r~~ 1

where r1 and p 1 are the fluctuation amplitude of burning rate and pres-

sure respectively. Thus

r1 v1r
0 105

p1 
= n 1p° 

106

Therefore, the pressure coupled response for the ZN technique Is

n + (nV - pu)Z 1R~ V -  u + (v - iu/c~)Z 1 
107

Equation 107 can be used to determine a pressure coupled response

function by evaluating the steady state parameters for the propellant.

The problems with this approach are that some of the steady state para -.

meters can not be evaluated experimentally (specifically those involving

the surface temperature) and the assumptions employed in the model break

down for heterogeneous propellants when the characteristic therma l

wave penetration depth is not much larger than the scale of heterogeneity

in the solid phase.

I
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Lengellê’s Model

Lengellé formulated a nonsteady combustion model for velocity

coupling based on the linear perturbation of an erosive burning model

based upon the GDF combustion model . The erosive burning model was

discussed in a prior section of this review and will not be discussed

here.

The gas phase reaction zone was assumed to respond quasi-steadily

to external oscillations so that only the condensed phase introduced

inertia into the process .

The energy equation for the condensed phase with harni ..iic pertur-

bations was solved for the heat flux penetrating into the solid phase.

Thus

q 5 
= C~~ [~~~~~~~ 

- T0 ) + T~ + 
~~

‘
(
~~S 

- 10)fs} 
108

where is the average surface temperature, T0 is the initial propel—

lan t temperature, T~ is the amplitude of perturbation of the surface

temperature and C~ is the propellant specific heat. The parameter s is

s = [1 + (1 + 4i~)~~2]/2 
- 

109

where £~ is the nondimensional frequency and i designates an- imaginary

number.

From the GDF model , with transport properties modified to account

F . 
for turbulence , the following may be written :
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C (T f - + pc)/L 110
~~ 

g

L mM2”3/p2”3 (~ + pc) 111

PC pu~ ~~~~~~~
- I (i-. ) 112

where the terms were defi ned in the previous section on erosive burn i ng.

Equations 110 , 111 and 112 were then perturbed . The Arrhenius law

was also perturbed to relate transient mass flux to transient surface

temperature. Thus

~~~
‘

_
~~~~~~~~~~ i~i 113

I~r R T 5

Combining the perturbed versions of equation 110 , 111 and 112 with -
‘

equations 108, 110 , 111 and 112 results in the following relation be-

tween pressure and veloc i ty coupl ing:

ç 

= - 1 + A~~/s-1) + ABC ’) - (1 ‘3+O.9~ )A B/ R 1 114

where

B = {Yf/(~s
..T

o
)][(

~ f/Ts)C(055 
÷ 

~
) + - 0.96 ] 115

C’ = 1 + 6 + C(0.5 + B)1 /E5 116

C fs Tf~~s
) + Cg15/Q 117
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and Q i s the energy requi red to heat the propellant to the surface

temperature and to transform it into gases. The parameter A is defined

the same as for the Denison and Baum model , i.e. , it is related to the

surface pyrolysis.

Thus the linearized response of the burning rate of propellants

to small pressure and velocity oscillations around a mean turbulent

boundary layer flow was obtained. The results of calculation s by

Lenge1l~ showed that the pressure coupled response is rather strongly

amplified when the erosive effect becomes more and more pronounced.

The veloc ity coupled response follows the same trend.

Lengellé’ s nonsteady state combustion model represents the only

attempt to model theoretically the phenomenon of velocity coupling. An

important implication derived from Lengellé’s work is that erosive con-

ditions must ex ist before velocity coupl ing can manifest itself. There

exists some disagreement in the solid propellant propulsion community

regarding whether or not erosive conditions must be present in order for

veloc ity coupling to occur. This argument is based on claimed evidence

of velocity coupling in T-burners operating in the velocity coupled

mode in the absence of erosive conditions. The T-burner results are,

however, subject to interpretation.

Lengellé’s technique offers the most logical and physical ly plaus-

ible mechanism for velocity coupling. The nonsteady model formulated

by Lengellé is , however , based on a burning rate model which is primarily

empirical in nature and thus leads to a nonsteady model which is emp irical

in nature and has little predictive capability .
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THE PETITE ENSEMBLE MODEL

Introduction

Conv entional analyses of nonmetalized composite solid propellant

combustion are restricted to either one flame or one spatial dimension.

Thus , the details of the combustion process that are related to the

physical structure of composite propellants are smeared or lost in the

anal yses and the calculated results are qualitative at best. Statis—

ticat analys s of composite propellants combustion , on the other hand ,

offers the p ssib il ity of quantitative results. The history of this

approach bega n when C. E. Hermance (11) combined statistical concepts

with a detailed quasi-one dimensional physioche mical model in an

analysis of the steady state combustion of composite solid prope llants.

In thi s work , statistical concepts were employnd to relate the char-

acteristic dimension in the physiochemica l model to the oxidizer particle

size.

In 1970 Beckstead , Derr , and Pr ice ( 18) con ti nued the same “statis—

tical plus physiochemical model” approach adopting Hermanc& s statistics

but advancing an improved physiochemical model.

Un fortuna tely, the Hermance and Bec kstea d , Derr and Price approaches

are questionable on two accounts , the physical validity of replacing

the behavior of an ensemble of different flames by that of a single

characteristic flame and the statistica l process employed to select the

characteristic dimension.
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In 1970 Miller , Hartman , and Myers (20) overcame the aforementioned

problems by assuming that the burning surface was an ensemble of quasi-

one-dimensiona l flamelets . Miller , Hartman and Myers approached the

statistical aspect by showing that, for a plana r burning surface, the

population of particles at the burning surface was the same as in the

propellant. Thus, it was assumed that the area associated with each

particle size at the surface was relited to the distribution of par-

-ti d e sizes in the propellant. The Sumerfield GDF model was imbedded

in this statistical frame work resulting in a model capable of cor-

relating the effect of oxidizer particle size distribution. The ana-

lytical results of this model agree well with experimental data. How-

ever , the model is based on an empirical burning rate model . Thus , it

is itself empirical.

The statistical formalism presented in this paper was originally

conceived by Glick (51). The combining of Glick ’s sta ti s ti cal frame

work wi th a physiochemica l model similar to that of the BDP model was

first reported by Glick and Condon (10) in 1974. In that model the

macro flame ctructure above the burning surface of a composite propellant

was treated as a collection of different, non-interac ting , quasi-one-

dimensional flames and the burning surface was treated as a fuel plane
I-

• dotted with concave and/or convex oxidizer surfaces. The model has been

termed the Petite Ensemble Model (PEM). A complete description of the

model follows .

F
The Physical Model

The burn ing surface of a composite propellant can be visualized as 
4

a random arrangement of polydisperse oxidizer particles/fuel surface 
4
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pairs . A planar section along with an elevation depicting the burning

surface of a polydisperse propellant appears in Fi gure 17. The poly-

disperse propellant burning surface is comprised of individual oxidizer

crystals protruding above or recessed below the planar burning surface

depending on the combustion pressure. There exists a distribution of

particle sizes at the burning surface due to the random mixing of the

var ious oxidizer particles during the propellant mixing process.

Each oxid izer particle at the burning surface has associated with

it some portion of the available fuel at the burning surface. The dif-

fusion flame above the surface consumes the decomposed gaseous AP and

fuel binder. As a result , each oxi dizer/fuel surface pair will produce

a un it flame.

If it is assumed that all oxidizer/fuel surface pairs or uni t

flames burn independently of each other , the propellant surface can be

rearranged into imaginary families of monodisperse propellants (pseudo-

propellants) containing one oxidizer type. This  rearrangement into

subareas is depicted in Figure 18.

Since the burn ng rate of the propellant is a necessary parameter

for both the steady and unstea dy models , the burning ra te of a polyd is-

perse propellant is calculated from the sum of the monodisperse subarea

mass fluxes as determined from an appropriate unit flame combustion

model . The unit flame combustion model selected should be capable of

predicting the effects of oxidizer size , oxi dizer mass fraction , oxidizer

volume fraction and psuedopropellant density on the combustion processes

of a unit flame. These desired characteristics are satisfied by a hi grily

modified version of the origina l Beckstead Derr Price (BDP)
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Figure 17. The Packing Structure and Burning Surface
of a Polydisperse Propellant
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multiple flame combustion model (18).

In order to treat the distribution of oxidizer particle sizes on

the surface correctly1 the statistical formalism for describing the

heterogeneous surface structure of composite propellants derived by

Ghck (51) will be used In deriving the burning rate for the steady

state model.

The Theoretical Steady State Model

The theoretical model for the steady state combustion of a poly—

disperse composite propellant is concerned primarily with specifying a

rela~.ionship for the burning rate of the propellant as a function of the

requisite physical and chemical parameters outlined in the physical

model .

Derivation of the Statistical Formalism

The derivation is initiated by applying the conservation of mass

equation at the burning propellant surface. Thus

p 
118

where is the average mass flux per unit area from the burning surface

ni ” is the mass flux per unit surface area , S denotes surface area,

is the average burning rate, p~ is the propellant density , and the sub-

scripts b and p designate burning and planar areas respectively.

The oxidizer particle/fuel surface pairs wi th common particle

diameters and species can be rearranged Into pseudopropellants so that

those wi th coniiion particle diameters and species are neighbors. Each

oxidizer particle/fuel surface pair is then assumed to burn Independently
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of all other oxidizer particle /fuel surface pa i rs. By rearranging the

burning surface area into Q monodisperse pseudopropellants with s

oxidizer types, equation 118 becomes

o s
m ~ 

( 
~ J m~ kds)/S 119

£=1 k~1 ‘ 
p

~
Sb d )k

where m~ is the average total mass flux per unit area , AS b,d,k is the

portion of the burning surface occupied by the pseudopropel lant and

1
~d k  is the mass flux from pseudopropellants possessing oxidizer par-

ticles with diameters between and D0 + dD0 and oxidizer specie k.

Application of the mean value theorem for integrals to the right

side of equation 119 yields

o
~ ~ k ~

Sb d kb’S 120
£~1 K 1  ‘ ‘ ‘  p

The mass flux term n1
~~,k 

is based on the burning surface area . The mass

flux based on the planar area , mP,d ,k~ 
can be written

rTl
Q k  

i
~
Sb,d ,k = mP,d ,k i

~
Sp,d k  121

where 
~
Sp,d k  is the projection of the inonodisperse pseudopropel lant

burning subarea AS b d k on the propellant planar surface.

If 
~
Np,d k  is the number of oxidizer particles on S~, the planar

surface, having diameters between and D0 + dD0 and oxidizer specie

k ’per unit plana ’ area , then

t
~
Sp d k /Sp ~~p.d ,k ~~p,d ,k 

122
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where ASP,d,k represents the average value .

A distribution function , F 
~ 

k1 can be defined such that

dN = N F d dD 123
p,d,k p, ,k o

where N is the total number of particles on the burning surface.

Combining equations 120 through 123 yIelds

N~~1 L~1 
mP d k  ~~p,d ,k 

Fp d k  AD0) 
124

Evaluating the sum over all t as Q -
~ yields

mu = N 
k~l f00

~~,d,k ~~p,d ,k 
Fp d k  dD0 125

Equation 125 is the statistical formalism that enables the mean burning

rate of a propellant with several different polydisperse oxidizers to

be computed from the mean burning rates of a sequence of monodisperse

pseudoprope llants assuming the combustion of each unit flame to burn

independently of adjacent ones. The above development permits consider-

ation of the real propel lant having an oxidizer size distribution as wel l

as having several different oxidizers . It represents an improvement over

the conventiona l requirement that a single particle be selected to re-

present a polydispersion of oxidizer particle sizes.

Equation 125 is not, however, in a useful form since the average

planar surface area of a pseudopropellant subarea , ASp d k I and the

distribution function , Fp d k I  have not been related to propellant for-

mul ation variables. Moreover , relations for the pseudoprope llant

properties : oxidizer mass fraction , oxidizer volume fraction and
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pseudopropellant density must be formulated since they along wi th

oxidizer particle size, determine the mass flux , ma*k, emanating from

a pseudopropellant subarea~
In order to derive the above relations the mean statistica l char-

acteristics of the fuel surface in each monodisperse subarea must be

determined. This requires that a statistical determi nation be made of

the arrangement of the smaller partic les inside the packing of the larger

particles. Such information is unavailab le. However, an examination

of the characteristics of regular geometric packings (52) suggests that

the mean volume of fuel associated with a particle should be roughly

proportional to its surface or

AVf d ctD~ 126

where AV f,d is the average volume of fuel associated with an oxidizer

particle of diameter between D0 and D0 +dD 0. To permit some variation

of fuel volume for a sphere, it will be assumed that

AVf,d = CD~ 127

where C is the proportionality constant and n is an empirical constant.

Once a value is assumed for n , C can be determined in terms of propel-

lant formulation variables and pseudopropellant properties by considering

conservation of mass.

Since particle diameter alone is important in a packing, the average

volume of fuel associated wi th an oxidizer particle is independent of

the composition . Thus
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* AVf d ,k ~ ~~f,d 
128

Finally, the volume fraction of fuel associated with particles having

diameters between D
~ 

and D
~ 

+ dD0 and oxidizer type k is

dVf,d ~~f.d 
dNv,d 129

where dNv d  is the number of oxidizer particles per unit volume wi th

diameters between D0 and D0 + dD0.

Similarly, the volume fraction of oxidizer particles with diameters

between D
~ 

and D~ + dD0 is

d~ = AVO d  dNy,d 130

and the mean volume of oxidizer partic les with diameters between D0 and

D0 +dD 0 is

V 
AVO,d = iiO~/6 131

Combining equations 130 and 131 , the number of oxidizer particles per

unit volume with diameters between and D0 + dO0 can be written

dNv d  6d~/iiD~ 132

If the fraction of particles with diameters between D~, and 0~ 
+ dO0 and

oxidizer type k in the propel lant is 
~d ,k’ 

the number of these particles

per unit planar surface area is

dNp,d,k 
= (6/1TD~) ~d,k’~’d 

= (6/irD~) d~d,k 
133
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The total volume fraction of fuel Is (1-c) where c. Is the total

volum e fraction of oxidizer. The total volume fraction of fuel Is also

given by the integral of equation 129 over all oxidizer particle

diameters . Thus

(l-~) J dVf,d 134

Emp loying equations 127, 129, 131 , 132, and 134 and rearranging yields

an expression for the proportionality constant C.

C {1T(1-c)/6)/ I D’~
3dr.~ 

135

0

With both particle diameter and mean volume of fuel associated with

that particle diameter known, the volume and mass fractions and the

density of a pseudopropellant formed from an oxidizer particle/fuel

surface pair can now be computed. The pseudopropel lant volume fraction

of oxidizer is

cd k  
= AVo d k /(AVO,d ,k + AVf,d,k) 136

Thus

~d ,k 
(1 4- 6CD

n_ 3
/~~

_l 
137

The mass fraction of oxidizer is

a 

~
‘
o,d,k Po,kI’~~

’
o,d ,k ~o,k 

+ A
~f d k  ~~ 

138
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Thus

~d,k 
= t l  + 6CP fD~~

3/1TPo,k
) 139

and the pseudoprope llant density is

~~~ ~d ,k
fC
~d ,k 

140

* * *The above pseudopropel lant propert ies 
~ d ,k’ ~d ,k ’ 

and

along with the particle diameter , D~ are used in the un it flame com-

bustion model to determine the mass flux (rn~ d k~ 
emanating from the

pseudopropel lant subareas.

In order to relate the average planar surface area of a pseudo-

propellant subarea , •
~~~~ d k’ to propellant properties , it is firs tp .

necessary to consider the statistical characte ristics of the intersection

of a plane with a randomlj packed polydis persion of ;pheres. It can be

shown that the mean statistical characteristics of the intersection of

a plane with a randomly packed polydispersion of spheres is the same

as tha t for a randomly packed monodispersion of spheres. Namely, If

one considers all particles being intersected that have diameters be-

tween and D~ + dO0, the Blum and Wilhel m ( 2 1 )  mean intersection

diameter applies . Thus

~ ~‘2J~~D~ 
141

where ~ Is that mean intersection diameter.

The average oxidizer particle intersection diameter can now be

determined . Thus,
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~ o,d ,k ~~ /6 142

Since the volume fraction of oxidizer in the pseudopropel lant subarea Is

S d,k/S d k  = o ,d ,k~~ p,d,k 
143

equation 142 becomes

‘~ p,d ,k u t )  /6 k 144

Equation 1 4-1 provides th~ necessary relationshi p for determin ing

the average pla nar surface area of a pseudopropellart subarea with

oxidizer particles having diameters between D~ and D~ ~ do0 and for

oxidizer species k.

During the derivation of the expressions for the pseudoprope llant V

properties a new unknown , d:V d k, the volume fraction of oxi duc er having

particle sizes between D~ and D~ + do0, was introduced . It now become s

necessary to relate 
~~d ,k 

and the only other remainin g unknowns Fp d k

(the distribution function) and 
~ 
(the propellant density) to the in-

dependent propellant formulation variables cLk j~ the m ass fraction of

oxidizer of specie k and mode i. 1k j  the distribution function of

oxidizer particle size of oxidizer specie k and mode j. M~ the number of

modes for specie k and s the number of oxidiz er species .

The volume fraction of oxidizer specie k having diameters between

and D~ + dO0 is defined

dcd k  
a dVo d  k~~t 

145
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Since

dVo d k  
= dmO d ,k/PO,k 146

and

F = mt/p t 
147

Combining equations 145, 146, and 147 yields

dcd k  = (
~~O,d ,k

Im
~
)(PttPO ,k) 148

The distribut ion function can be defined

= dm A I, ./(m ~, . dD ) 149
r ,J 0 ,u , r ,J O ,r. ,J 0

where the element of mass of oxidizer of specie k and mode j and of

sizes between D and 0 + di~ is
0 0 0

Mk
dmO d k  =

j~1 
dmO d k ,J 

150

Combining equations 148, 149, and 150 yie1ds

Mk
dcd k  t~~o,k~ j~l ~k ,j 

Fk j  ~ 
151

Since the volume of oxidizer with diameters between D0 and D~ + do0 is

given by the summation of volumes associated wi th each specie , then

d
~d

=
~~ ~~~~~~ 

Fk dO 
152
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where

k 1  
F
kj  ~k ,j  

153

The volume fract ion of ox id izer is

= V /V 1~ 4
o u t

but

~ 
Mk

k~ 1 j~ l 
V o k i  

155

Combininy equat ion S 147 ~ 154 , and 155 y ields

0 
= 

~ k i  j~ l ~~O ,k,~
/m
~
) 156

Since

~k ,j  mO ,k ,~
mm t 

157

and

fl ./V . 
158

o.k o ,k ,j o .k ,j

Combining eq~at ons 155 , 157 . and ~~~ the vo lume f ra c t ion of oxidizer

can be written

~ 
Mk

0 
c
~ k~1 j~l 

( t k ,j ~~~O , k
) 159
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The propellant density can be written as follows :

= m
~
/V
~ 

160

where

~ 
Mk

= 
k~l ,j~ 1 

V o k ,J + Vf 161

Since

~
= ~ (V 

k ~
mt ) + (Vf/rn~

)(mf/Vfpf)}~ 
162

k=l =1 ‘

Combining equation 162 wi th equations 157 and 158 and noting that

(1 - cx) = mf/mt 163

yields

~
= 

k~l j~-1 
ak j~~o k ,j + l 1~~ + cx/P f } 1 164

but

M
S k

~k=1 j=1

Therefore

5 
Mk

+ 

k~l j~l ~ ‘~o,k 
- 1/Pf) aki l 166

Employing equations 123, 133, 144, and 152, equation 125 can be re-

written

105

IL V V 
VV

~~~~~~~V~~~~~~~~~~~~ VV — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



V_- - - V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ a~~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~t ~~ ~
‘o ,k f~ d,k” ,k~ 

Fk dD 167

Therefore

r 
k~l ~~~~ J~ 

(m d k /
~~~k

) Fk dO0 168

Equation 168 expresses the polydisperse propel lant burn ing rate in terms

of propellant formulation variables and the mean state subarea mass

fluxes.

In order to implement the computation Indicated by equation 168,

it is necessary to specify a mathematical relationship for the distri-

bution function , Fk, representing the distribution of oxidizer particle

sizes.

A log normal distribution was selected as representative of the

particle size distribution . The assumption of a log norma l distribu-

tion permits each particle size distribution to be characterized by

two parameters: the weight median diameter , L of particles in the

distribution mode and a parameter, a , which reflects the width of the

distribution of particle sizes about the weight median diameter of

parflcles In the mode.

The log norma l distribution may be represented by the following

relationship:

y = 1/ (u 2u) ~xp [-1/2 (
x~m)

2
) 169
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where

170

m = L n ffrn 171

o tna 172

y F~, ~ 
D 173

~~,J 0

Thus, the weight percent of particles less than a given diameter

is

p
(l/(2dna)) ~ e~p [- ~ ((L~iD4nff)/Zno)

2)dD 174

This two parameter method of representing the particle size distribution

of a mode is in excellent agreement with experimental particle size

data for most oxidizer grinds.

Figure 19 depicts a comparison of the log normal distribution to

particle size measurements made by Miller (6,7) for severa l different

particle size distribution modes. The standard deviations of the experi-

mental data from the log normal distributions which result when the

weight percent of particles less than a diameter is plotted as a function 
V

of particle diameter was never more than 3.1% and on the average was

only 1.7%. Thus , it is apparent that the log normal approximation is

in good agreement wi th the actual distribution .

The formalism has now been written for computing the burning rate

of a polydisperse composite propellant given the average mass flux from

each pseudopropellant.
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Derivation of the Physiochemica l Model

The BDP multiple flame model was used as a foundation upon which
V to build a more realistic physiochemical model. A complete description

V 
of the BDP model can be found in the literature review . The major

V similarity between the BDP and PEM models is the assumed flame structure .

However, the assumed surface geometry and statistical approach difftr

extensively. The diffusion flame standoff distance and the AP flame

rate constant calculations also differ from the BDP approach. A

complete derivation of the physiochemical model will follow .

The Mean Defiagratin~ State. A critical problem in statistical

combustion modeling is to define an oxidizer particle ’s mean deflagrating

state. The method employed is to calculate the burning rate of the oxi-

dizer particle as a function of time during the entire lifetime of the

particle from its birth at the propellant burning surface until the

particle is fully consumed. The regression rate is calculated at

specific increments during the regression of the particle in order that

a rate versus time curve can be generated . The mean mass flux can then

be determined by the numerical integration of the curve.

~~~~ 
175

where T is the lifetime of the particle at the burning surface. This

process is illustrated in Figure 20. The calculation of the pseudopro-

pellant mass flux at the indicated increments is based on the assumption

that the mixture ratio of oxidizer to fuel remains constant during the

combustion of the oxidizer particle. A complete description of the
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equations used to calculate the mass flux as well as the solution

methodology will follow.

The Flame Structure. The flame structure is depicted in Figure 8.

A complete description of the structure was given in the BOP section of

the literature rev i ew and will not be discussed here.

The Conservation of Mass. For a burning propellant , the equation

of continuity may be written

in.1. = rp~ = rnf(Sf/ST) + rnOX (S
OX

/ST
) 1/6

where ~ represents the mass flux , S the surface area, and the subscripts

f, ox and T stand for fuel , oxidizer and tota l surface area respectivel y.

This equation can be simplified further since it is assumed that the

ratio of oxidizer consumption to fuel consumption remains constant

during the consumption of the oxidizer particle.

m (S /S) *ox ox T ...
~~~~~~~ 177

mf(Sf/S1) 1-ct

V where is the mass fraction of oxidizer in the pseudoprope llant. Thus

= (So /ST),~Ox/cx
* 178

or

rnT = (S f /ST )m~f/ (1 _ cx * ) 179

L: . 
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Thus , the burning rate can be calculated from either equation 178 or

equation 179. Since It Is assumed that the oxidizer regression controls

the overall burning rate, equation 178 is chosen as the contiiiuity

equation.

The Pseudoj~rqpe11ant Surface Geometry. To eva l uate the area ratio

in equatIon 178, the geometric relationship between the oxidizer and the

binder must be established . The oxidizer surface area at any point

during its consumption is calculated by assumi ng that the regressing

oxidizer surface is spherical in shape as depicted in Figure 21 , where

R is the radius of curvature of the surface. it is assumed that the

tuel binder regresses continual ly, but the oxidizer is assumed to

undergo an ignition delay upon reaching the burning propellant surface.

The ignition delay time Is assumed to have the form derived by Shannon

(25). Thus

tign C1 D~
’
~
1/~ 

180

where ~~~ U and W are constants. D0 is the oxidizer particle diameter

and P is the pressure. Therefore, the distance d0~ 
In Figure 21 is

tb-tj9~
d0~ 

= l’
~ox m0,~ dt 181

the distance df 
is

df = l/Pf dt 182
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and h In Figure 21 is

h
~~

dOx~~
df 

183

The radius of curvature , R, can be determined by trian gle I In Figure

21. Thus

R2 = (R - h)2 + (p1/2)2 184

where D’ is the intersection diameter of the oxidizer particle with the

fuel plane at any instant. Therefore,

R = h/2 + (D’/2)2/2h 135

The surface area of the spherical segment representing the burning

AP surface Is

5ox = 2~RIh I 186

Combining equations 185 and 186 yields

S0~ n [h2 + (D’/2)2] 187

The intersection diameter , D’ , can be determined from geometric consid-

eratlons

2 1/2
0’ = 2[d f D0 

- df ) 
188
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The total burning surface area for the pseudopropellant is given by

the sum of the planar fuel area wi th the oxid izer surface area . Since

the mixture ratio of oxidizer to fuel is assumed to be constant through-

out the combustion of the oxidizer partic le, the plana r surfact~ area of

the fuel binder associated with the pseudopropellant can easily be

determined . From Fi gure 22 , it Is clear that

0 *t, 189

f ox

where :.
* is the volume fraction of oxidizer in t he pseu doprope l l a n t  V

and S~ is the projection of the oxidizer surface on the fuel plane .

V The planar oxidizer area is

S~ = ~!(D’/2)
2 190 V

and

V 

S~ + S~ iTb2 191

Combining equations 189. 190, and 191 yields

b D’/(2vt~) 
19.~

T he planar fuel surface area can now he determined. Thus

S~ n (0 /2)2[1/c - 1] 193
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and the total surface area is

s~ s~ + s~ ~{[h
2 ( rY /~Y J  ‘ (V’ :)’[l/~~ - lii

The ratio of oxidizer surface area to total p~eudoprope~11ant surface V

area is

(s /s 1) Lh ? (p l / ) ) ?]~~f [~~2 + ( DI /
V V
~~~~)~~~~~ + (D I V

:)Y[1/  - i J ~ 
195

Surface i’O1VY S 1S~ The mass flux of the oxidizer , ~~ is cal-

~u1ated by assuming thut globa l kinetics adequately desl ribes the

decomposition of the o V’~idizer and the fuel. Thus , u t i l i : i n g  an

Arrhenius expression , the mass f lux of ox idiz es ’  can ~~~~ ex pressed

iii 4 ~~~~~~~ ( -E /RT ) 32 V

ox ox ox s

Si:i i la rly for the fuel pyrolysis the mass flux can be expressed

rnf = A~ ~~ 
(
~
Ef/RTs) 31 

- 

V

where A is the pre-exponential const~mt , E is the effective act ivat ion V

energy , R is the gas constant and T~ is the surface temperature. It

should be noted that t’~;u3t ion 31 is used only in the d e t t lrluination of

th~ surface geometry and is not used directly for the burn ing rate

~ilcu la tIon. The surface temperature used in equat ions 31 and 32 is

VIs sume d to be the average surface temperature for the ent ire pseudo-

propella nt surface.
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The Conservation of Energy at the Surface. It is apparent from

equation 32 that the surface temperature plays an important role in V

determ ining the pseudopropellant mass flux. The surface temperature

is determined by an energy balance at the burning surface. The energy 
V

balance is depicted in Figure 23. The energy required to raise the pro-
V 

pellant from the initial ~ro pel 1an t temperature , T~, to the surface

temperature , I~, plus the energy required to vaporize the oxidizer ,

plus the energy required to vaporize the fuel binder is equal to the

energy arriving at the surface from the gas phase flame zone. Assuming

constant specific heat, the ener gy balance at the surface can be

written

+ (Xrn
TQL 

+ (l~a)~1Qf = ENERGY ARRIVING FROM FLAME ZONE 196

where Qf is the heat of pyrolysis of the fuel binder and is the heat 
V

of gasification of the oxidizer. The heat of gasif ication of the V

oxidizer includes the endothermi c decomposition step pl us an exothermic

decomposition step plus the exothermic reactions which occur on the de-

compos ing sur face.

In order to evaluate the amount of energy received by the surface

from the flame zone, it i s assume d that the two di mens ional flame sha pe

can be represented by quasi one dimens i onal flames for the purpose of a

heat transfer analysis. This is illustrated in Figure 24.

If it is assumed that the gas phase energy release is concentrated

V onl y at the flame location , the 1-0 energy equation for the region be-

tween the final flame and the AP flame becomes
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0 197

The boundary conditions are

@ X = X AP T = T (X AP ) 198

199

where X AP and XFF are defined in Figure 24, TFF is the adiabatic final

flame temperature and T(XAP) is the temperature at the location of the

AP flame. With the above boundary conditions , the solution to equation

197 becomes

I T
~F 

+ (TFF
_T(XAP ))[cxP(rnOX CP

XIk)

- cxp(
~
n

OX
C
P
X FF/k)]/[eVxP(I1OX CP

XFF/k)

- c
~
xP (rn

OX
C
P
XAp /kfl 200

An energy balance at the final flame yields

rnOXQFF 
= k 

~: 
= X FF 

201

where 
~FF is the hea t release in the f inal f lame per unit of mass flux

of oxidi zer.

Eva l uating the derivative of equation 200 wi th respect to X and

letting

~ i~CpX/k 202
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yields

rnOXQFF = ~OX
C
P
(TFF - T(X Ap ) )cxp (

~ FF )/ (exp (
~ FF

) - 203

• Equation 203 can be rearranged to yield an expression for the AP flame

temperature. V

T(XAP) = TFF - QFF(1 - exp(
~Ap 

- 

~FF~~’~~ 
204

The energy equatiok (197) can also be solved for the region between the

AP flame and the burning surface with the following boundary conditions

@ X X AP I T(XAP) 205

T = T ~ 206

The solution is

I = T5 + (T(X AP ) - T 5 )(~ xp (C) - l)/(
~
xp (

~Ap
) - 1) 207

The energy received by the surface from the final flame and the AP fl ame

may now be determined

r n Q AP
~
FF 

= k 
~~ = 

208
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V Evaluating the derivative of equation 207 and comb ining the result
V 

with equation ~~ ~ie1ds

V 

= (T(xAp) - - 1) 209

The surface temperature in equation 209 can be eliminated by performi ng

~n energy balance at the AP flame

k 

~~ 

+ 

~‘OX~ AP 
= k 

~~ 
1 X=X AP 

2)0

where 
~Ap 

is the hea t released in the AP flame per unit of mass flux of

oxidizer. The derivative on the left hand side is evaluated wi th

equation 200 while the derivative on the right hand side is evaluated

V with equation 207. Equation 210 becomes

T(XAP) - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
211

Combining equation 211 wi th equation 209 the heat flux to the surface

from the final flame and the AP flame becomes

~OX~SUrf = rn
OX QAP 1~~~ AP ) + rn

OX
QFF~XP(-~FF

) 2)2

In a similar fashion , the heat flux to the surface from the primary

flame is

rnTQSurf ~T
QPFCXP(-~FF

) 213
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The surface energy balance can now be written

V ~,1C~(T f -T 0 ) - cim1Q~ - (1_a )~1Qf 
+ 

~f
QPFrnTexp (-~PF

)

+ 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
214

where the parameter, 
~~~~~~

, appearing in equation ~~ represents the

V fraction of the reactants that react in the prima ry f lame . Equation

214 can be rearranged so that the average pseudopropellant surface

temperature becomes

V

. 

T~ - 

~
QLtCp 

- (l cz)Qf/C~ + (1 f )ci/CP
[QAp CxP (

~~Ap
)

+ QFF~~P(~
EV FF )I + 

~f
QPFexP)~~pF)1CP 

215

The energy balances for the gas phase heat releases 
~ Ap ’ ~pF’ 

and

were presented in the review of the BDP model . Thus

~AP 
= C~ (TAP - T0) 

+ 216

~FF 
- C~ (I~ - T

~
) 
~~

Cp(TAp - T
~
) + (1 - 217

and

~PF 
= C~ (Tf - T0) + + (1 - c~) Qf 218

where is the adiabatic flame temperature of the AP flame. Thus, the

energy equation at the surface yields a value for the average pseudo-

propellant surface temperature which is a necessary parameter for the

burning rate calculations.

Flame Standoff Distances. The nondimensiona l flame standoff dis-

tances appearing in the surface energy balance are defined 
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~~~~~ ~ ~AP’~ 
219

= 

~~ 
C~, (X~~ +

~PF 
= 

~i 
C~ (X~~ + XPF)/k 221

where and X
~F 

are the kinetics distances for the AP and prima ry

flame respectively. The diffusion distances for the p r i m ar y  antl fina l

V . * *flame are , respectively, XpD and XFF.

The kinetics distances were evaluated by integration of the re-

action rate for a reaction of arbitrary order. Thus

* 222
X =

where K represents a pseudo rate constant and is evaluated by an

Arrhen ius expression. The primary flame rate constant may be writ ten

KPF 
= APF cxp(EPF/RTFF) 223

where TFF is the adiabatic f~~~arn e temperature . Similarl y, the AP flame

ra te constant is

KAP AAP cx
p(_EAP/RT(XAP )) 224

where T(XAP) is the temperature of the AP flame given by equation 205

(not necessarily the adiabatic flame temperature).

The diffus ion distances are evaluated by a Burke Schumann Bunsen V

burner type of analysis (26). The geometry for the ana lysis is depicted

in Fi gure 25 where thc d imens i ons 5 , D’ and b were described previously

in the section on surface geometry. Burke and Schumann solved the mass
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Fi gure 25. The Burke-Schumann Bunsen Burner Configuration
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conservation equation for a Bunsen burner type of flame .

The di ffus ion equation can be wr i tten

1 ‘ 5 1  68~ u 68__
~~

+ _ K r
~~— I = 6~~~ 

225

where ~3 is a concentration term. In the oriqinal solution to equation

225 by Burke and Schumann the second der i vat i ve of ~ with respec t to Z

was assume d negl i gible. This assumption is valid for tall flames where

the peak flame hei ght is large compared to the burner dimensions. The

Purke—Schuui~ nn culu t ion uf ~‘qu~~t ion ‘5 is

= 

~ ~~~~~~ 
J0(~:V )/[~(J (. ))2 ~~~~~~~ ( V ~~~~ f l)]  226

2(l+v)c 1 1  1

where J represents a Bessel function , v is a stoich iometric ratio, c is

related to the burner geometry , 
~~~~ 

represents roots of the first order

Bessel function , ~. is the non-dimensional radial d istance.  n is the

nondimensiona l axial distance and the burner geometry parameter . c , may

be defined

c = D’/2b 227

The solution to equation 226 was modified by Beckst ead et a1. (18 )-

to include the second derivative of ~ wi th respect to t he axial direction ,

thus yielding a solution that is valid for short flames.

,~ 
., 2 ~ ~ J 1(c4~)

_ _ _ _  
I I I

L. 
~~~ r i ~‘ +, ~~~~ o’~ i

1=1 L ~~‘. Wj I J

r (El+(2~~ )
2J

l/2 
- 1)n

~~~~~~~ ~~~ 2 - 228
L 2~’
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which is identical to equation 226 with the exception of the term in

the exponent , and where

V
229

Equation 228 could be used to calculate the actua l flame shape ,

however it is not necessary since the heat transfer to the burning

surface from the flame is assumed to be one dimensional. Also , a cal-

cula tion of the actual flame shapa would be prohibitive in terms of

computational t ime. Thus , a parabolic flame shape is assumed and equa-

tion 228 is used only to calculate the peak hei ght of the di ffusion

flame . The value of the peak height calculated by equation 228 is then

multiplied by a constant factor so that the result is the approximate

height of a one dimensional flame above the surface in order to transfer

the same amount of heat to the surface as the parabolic flame.

The equation for the flame hei ght at the center of the flame

becomes V

v - (l+v)c2 - i J~(c~~) [ ([1 + (2 ) 2 J
l/2 

- 1)~ 22(l+v)c i~ l ~ ~~~~~~ 

-— 

2~
2 30 V

If, however , the flame is underventi lated , the equation for the flame

V height becomes

r 1/2
v - (1-v)c 2 - 

J1 (cq~ ) (El + (2ip$ 1 )
2] - l)r~ 2312(1+v)c 

- 

i~ l ~i 
~‘(~‘ 

2~p
2
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The diffusion mixing distance then becomes

bn/~ 232

Determination of the Fraction of Reactants that React in the Prima~~

Flame. The only remaining unknown in the surface energy balan ce is

the fraction of reactants that react in the primary flame . The

parameter is determined in the same manner in the present model as in

the BUP model . This method was discussed in the review of th~ BDP model

and will not be repeated here.

Suninary of the Basic Equations. The equations of the physiochemica l V

model have now been derived and the main equations are sunuiarized below .

Total Mass Flux from Surface of Pseudopropellant

= (SoX/ST) ~Ox/a
* 178

Surface Geometry

(S0~
/S1) 

= [h 2 + (D’/2)2]/([h2 + ( 01/ 2 )
2
]

+ ( D’/2 ) 2 [l/~* - 1] ) 195

Ox idizer Mass Fl ux V

rn~ = A0~ ~
xp (_E 0~

/RT5) 
196

Surface Temperature

= T~ - 
L/Cp - (1 - ~)Qf/C~ + ( 1 - ~1)~/C~

~~AP 
p4) + 

~~~~~ FF~
1 + 

~f~PF~~~~~ PF~~~p 
215
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Solution of the Basic Equations. The simultaneous set of equations V

which make up the model are solved numeric ally by a secant it~ra ti on on V

the surface temperature . Embedded within the iteration on the surface V

temperature are two inner iteration loops. One is a Newton iteration

on the solut ion of equation 228 for the diffusion flane standoff dis-

tance. The ~t h e r  is an iteration on the AP flame standoff distance.

Once the surface temperature has been determined , the mass flux from a

~seudoprope 1lant at a given instant in time can be determined using

V I equation 178. V

This process is repeated at time increments over the lifetime of a

particle in a particu lar pseudopropellant. The mean state or average

mass fl ux for the pseudoprope llant can then be evaluated by equation

175

V

-

I 

~~II = 

~~ J ~~~~ dt 1/5

This entire process is then repeated at increments in oxidizer

particle diameter such that the total oxidizer particle size distribu-

tion is represented by a series of pseudopropellants.

Hav ing obtdined the mean states for each of the c;Vsetjdopropellants ,

as well as the physical properties of the pseudopro pell~ nts , the over

all composite propellant burning rate is determined L-~ ~~i~ tion 168.

1 1  *

k 1  ~~~~~~~~~ ~ pdk~
’
~dk~ 

Fk dO0 
168
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Modification of the Model to Include
V Burn ing Rate Catalysts

The equations of the PEM were modified so that the effect of burn-

ing ra te ca tal ysts could be evaluated.

There are two flame zones in the PEM model in w hich the catalyst

can manifest itse lf. One of those is the primary flame which is the

reaction of the oxidizer decomposition products w i th the fuel binder

products. The other is the AP monopropellant flame which is the re-

action between the AP decomposition products to form oxygen and inert

products . An Arrheni us expression was assumed for both the primary

flame and the AP flame rate constants. Thus

V KPF = APF cxp (EPF /RTFF) 233

= 4AP exp (EAP/RIAP) 234

where A is the Arrheni us frequency factor , E is the act i vat ion energy,

R is the gas constant and I is the flame temperature.

The action of a catalyst on solid propellant combustion was assumed

to be through the decrease of the activation energies of either or both

of the AP and primary flames.

The catalyst is assumed not to affect the final flame kinetics

(the reaction between the binder decomposition products and the products

of the AP monopropellant flame). The reason being that the reactants

V V for the final flame are preheated to at least the AP flame temperature, V

thus , the kinetics are instantaneous compared to the mixing time.

A primary problem ‘in including the effects of catalysts in a V

propellant combustion model is a lack of knowledge of where a particular

catalyst acts.
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Si nce the primary flame i s more predomi nan t at l ow pressures and

for small oxidizer particles , one would expect that a catalyst which

acts on the prima ry flame kinetics would have a more pronounced effect

on the burning rate at low pressure than at hig h pressure. Moreover ,

a shift in particle size distributio n to finer oxidizer in a catalyzed

propellant would be expected to produce a more pronounced effect on the

burn i ng rate than the same shift in particle size in a comparable Un-

catalyzed propellan t. The AP fl ame , on the other hand , is more predom-

inant at high pressure and for large oxidizer particles. Thus , one

would expect that a catalyst which acts on the AP flame kinetics would

have a more pronounced effect on the burning rate at high pressure than

at low pressure . Moreover , a shift in particle size distribution to

coarser oxidizer in a catalyzed propellant would be expected to pro-

duce a more pronounced effect on burning rate than the same shift in

particle size distribution in a comparable uncatalyzed propellant.

Thus , a smal l amount of experimental data coul d be employed to

determi ne the ac ti on si te of var ious burn ing rate catal ysts.

Experimental evidence (53) suggests that there are two parameters

of importance , other than the type of catalyst employed , in determin-

ing the effec t of ca tal ysts on propel l an t burn i ng ra te. They are t he

mass fraction of catalyst present in the propellant and the specific

surface area of the catalyst. Furthermore , con ti nue d i ncreases in

either of the above two parameters in a specific propellant produces

diminishing returns in terms of an increase in burning rate. A point

is finally reached where further increases in the mass fraction of

catalyst produce reduced burning rates .
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The actual effect of burning rate catalyst on the chemical reaction

kinetics is not completely understood and , at the present time , is be-

yond the scope of this modeling effort. However, once the site of the

catalyst action is determined , the effect of catalyst on the reaction

V kinet ics can be handled in a semi-empirical fashion .

V The catalysts are accounted for in the present combustion model by

modifying the rate constant-s through polynom i al expressions for the

activation energies. The constants in the polynomial expressions are

determined by a regression anal ysis in which the parameters of impor-

tance are the mass fraction and the specific surface area of the catalyst.

Since catalysts comprise a distribution of particles , the addi tion

of catalyst particles to a propellant shifts the particle size distri-

bution of the oxidizer particles such that there is a redistribution of

the fuel binder associated with each particle. This part icular aspect

has not been accounted for in the present model . However , since the

amount of catalyst usually present in a propellant is quite small (on

the order of 1% or less by weight) this effect is expected to be

negligible.

The only other modif ication to the steady state model to account

for catalysts is in the energy balance at the burning surface.

The Erosive Burning Model

The erosive burning model is based on the hypothesis that the

erosive burning effect is due to enhancement of the transport properties

in the region of the gas phase reaction zone as suggested by Lengell~

(43). The enhancement of the transport properties is assumed to due to

V th€ presence of a turbulent boundary l ayer.
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The turbulent boundary layer is modeled by an approximate solution

of the Nav ier-Stokes and continuity equations in the region near the

burning surface for flow over a flat plate with injection . In the

analys is it is assumed that a turbulent boundary layer develops above

the propellant surface and that the transport coefficients of diffusion

and heat conduct ion are modified in such a way that the heat flux to the

surface an d, consequently, the propellant burning rate are enhanced .

3 
The model for the turbulent boundary layer is coupled with the PEM

to form the erosive burning model . The basic assumption s and the

development of the PEM have been discussed in a prior section. A dis-

cussion of the turbulent boundary l ayer model and the development of the

equations which relate transport properties to the cross flow veloc i ty

wil l follow.

The Turbulent Boundary Layer. The turbule nt boundary l ayer model

is based on an approximate analysis of the flow over a flat plate with

injection. The basic equations used in this anal ysis are the Navier-

Stokes equations representing conservation of momentum and continuity .

These equations are applied to turbulent flow by representing the de-

pendent quantities in the equations as the sum of a time averaged

‘iuantity plus an instantaneous quantity . When the resulting equations

are time averaged and the usual boundary layer assumpt ions are imposed

the resulting boundary layer equations are (54):

— — I .
~~~~~ (ku) # 

~~~~~ (pv + p v’) 0 235

236
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V where the barred quantities represent time averages and the primed

quan tities represent instantaneous values of the fluctuating quantities.

The coordinate system and a physical description of the model are de- 
V

picted i n Figure 26.

For the present analysis it is assumed that the fluid properties

of viscosity and density remain constant throughout the flow field. In

order to achieve an engineering solution to the problem it is also

assumed that the variations of the dependent variables wi th respect to

x are negligible compared to their variations with respect to y. The

latter assumption allows the pa rtial differential equations for con-

servation of momentum and mass to be replaced by ordinary differential

equations. It has been found (54) tha t this assumption combined with

V assumpti ons concern i ng the mechan i sm of turbulence can lea d to solu tions

for the sk i n fri ct i on coeffi cien ts wh ich agree well wit h experimenta l

results . Moreover, the present analysis is concerned primari ly with

the inner region of the boundary l ayer where gradients in the y direction

are much larger than gradients in the x direction. Thus, the assumptions

shoul d be vali d even in the case of an im posed veloc ity and pressure

gra di ent pa ra l l e l  to the surface , as is the case within a rocket motor

chamber.

W i th the above assumptions equations 235 and 236 can he simp l i fied

to

d(p~~ = 0 237
dy
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Fi gure 26. The Physical Model for the Turbu l ent Boundary Layer
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Integration of equation ~
‘. yields

pv = constant = (pv)
~ 

239

where i s the mass flux from the burn i ng propellan t surface. Thus ,

equation 238 becomes

d~ d2~ diP~~(pv)
~ dy 

= 
~~ 

~~2 
- 

~ dy 240

The fl uctuating terms in equation 240 can be dealt wi th by employ i ng

the Boussinesq relation for the eddy viscosity.

V - pjjT~T = 
~ ~M. 241

where c is the eddy diffusivity of momentum.

Combining equations 240 and 241 yields

(pv)
~ ~~~~~

. = (p  + pe) . 242

Note that the bars representing time-averaged quantit ies have been

dropped as all of the terms are mean values and the fluctuating terms

no longer appear.

If It is assumed that the Prandtl mixing len gth hypothesis is valid

for the case of blowing, the eddy momentum diffusivity can be written
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Substituting equation 243 into equation 242 results m a  non-linear

second order differential equation. It was anticipated that a solution

of this non-linear boundary value problem would be too prohibitive in

terms of computer time to be of va lue in the erosive, burning rate

iteration. Thus , an approximate solution of equations 242 and 243 was

deemed appropriate for the present analysis

The govern ing equation can be approximated (43,66)

c pv ) u~~( u+ p c )~~~tw 244

for the case of constant properties where the no slip condition at the

wall

@ y = 0  u 0  245

has been used and TW i s the shear stress at the wall.

Substituting equat ion 243 into equation 244 results in the follow-

ing non—l i near first order ordinary differential equation relating the

parallel and normal components of velocity :

pc 1y2(~~)
Z 

+ p - + (Pv)
~

u) = 246
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Equation 246 can be linearized by use of the quadratic equation

= - 

~ 
p 

2)
2 

+ ( r  + (3 V v )  u) / (pc ly2)] ’ 247
2pc ’y 2pc ’y w

Since adverse pressure gradients or flow reversal are never con-

sidered , negative velocity gradients are physicall y unrealistic. Thus ,

only the plus sign of the “plus or minus ” in equation 247 needs to be

considered. Thus

= + (~ + ~v) u)/(pc ’y2)] - 248
2pc ’y w w 2pc ’y~

The boundary condition for equation 248 is

@ y = 6  u = u , 249

where ~s is the boundary l ayer thickness and U,, i s the free stream

veloc ity . Obviously, a numerical solution is still required. However ,

by assuming a value for -r~ , the above system can be treated as an

i n i ti al value prob lem wit h the init ial condition

@ = 0  du t / p  250y d W

139

V V V V V ~~V V~~~_I_~~~~~~~~



V
~~

V
~~~~~~VV V~~~~V V V . V V V~~~~ ~~~~~

A numerical solution of equation 248 can be determined by empl oying a

marching scheme. The solution must be determi ned at several down

stream positions in the vicinit y of the position of interest in order

that a relation between the shear stress at the wall and the x position

can be described . The resulting velocity profiles can then be used to

check on the assumed value for the surface shear stress by use of the

von Karman momentum integral equation. For the case of surface blowing

at constant pressure , the von Karman momentum integra l can be written

+ (cv )~u,, = 

~~~~ 

pu (u,, - u)dy 251

The derivative in equation 251 can be determined numerically after

performing the indicated integration at severa l locations about the

position of interest. If the calculate d value for the wall shear does

V not agree wi th the assumed value , the wall shear stress must be deter-

mined by an iteration process.

A less rigorous but acceptable alternative to the iteration process

is to use an empirical relation for the wall shear.

At this point it is convenient to define the skin friction coeffi-

ci en t

r1 - w 252

For the case of no blowing the skin friction coefficient is well

represented by the empirical relation (55),
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~~
- Cf 

= 0.0296 Re 0~
2 253

where Re
~ 

is the Reynolds number based on down strea m position. The

relation for skin friction given by equation 253 is va l id  for Reynolds

numbers in the following range

5 x l O 5 < R e
~~

< l x l O 7 254

Another empirica l relation for the skin friction coefficient is the

Schultz-Grunow equation (56)

-2.584
V .

~~ Cf 0.185 ( Ve O9 ~~~~~ Rex) 255 
V

wh ich is valid to Reynolds numbers based on length to as high as lOs.

The reduction in shear stress at the wall due to blowing can be

expressed by the empirical relation (43,57 ,58)

Cf/Cf 
= £n(l + B)/B 256 

V

V 0

where Cf i s the local sk i n fric tion coefficien t wi th b low ing and B is

the blowing parameter defined

V 

B (pv)
~
/(
~
- Cf P,, u,,) 

257 
V

Figure 27 compares the prediction of equation 256 to the experimental

data of Simpson and McQwaid as indicated by Mills (59).
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FIgure 27. The Reduction in Shear Stress at the Wall Due
to Injection
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Combining equations 256 and 251, the blowing parameter can be

V written

B = exp [(pv )
~
/(
~ 

Cf p,, u ) )  - 1 258

It is now possible to obtain an empirical relation for the wall

shear stress T
~~. Rearranging equation 252 and combining with equations

255, 256, and 258 yields

-2.584
Tw 

= u
~
(Pv) w/[exp ((ev )w/ (O.l8S(tog 10Rex ) u,, pj) - 1) 259 V

An approximate solution to equation 248 can now be formulated in

terms of an empirical expression for the shear stress at the burning

surface. The boundary condition given by equation 245 is changed to

@ y = O  dy twhlP 260

After evaluating the wall shear , I
~~
, wi th equation 259, equation

248 can be solved by a numer ical ma rching scheme. In the present V

anal ysis a modified Euler predictor corrector (60) scheme is employed .

Fi gure 28 depIcts several velocity profiles calculated at various

blowing rates and free stream velocities. It can be seen that as the

blowing rate is increased or the free stream velocity is decreased , the V

veloc ity gradient in the region near the burning surface decreases (as

woul d be expected). It is apparent that the behavior of the predicted

veloc ity profile is at least qualitatively correct.

Havin g obtained a solution for the velocity profile , the eddy

momentum diffusivity in the region near the wall is computed by
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employing the Prandtl m ixing length hypothesis

V 

~~~~~~~~ 243

Thus the eddy diffusivity varies with ordinate in the flame zone.

An average value for the eddy diffusivity In the flow region between

the propellant surface and the flame of interest can be determ i ned by

the following expression:

rL
(c) = l/L~~~cdy 261av

where I is the pseudo one dimensional flame hei ght. Fi gure 29 depicts

the average eddy diffusivity as a function of distance above the surface

for the veloc i ty profiles presented in Figure 28. It can be seen that

the effect of blowing at the surface has a dramatic effect on the cal-

culated values for the eddy diffu sivity . Increased blowing by means of

an increase in propellant burn ing rate or by means of a decrease in the

cross flow veloc i ty results in a drastic decrease in the average eddy

diffusivity in the region near the propellant surface. V

The effect of cross fl ow veloc ity on the propell~ n~ burning rate V

can now be determined. It is assumed that in the norma 1 noneros i ve ,

combustion regime , the transport coefficients of therma l conductivity

and mass diffusion are the molecular ones. -However , under erosive

condit ions the transport coefficients are modif ied by turbulent com-

ponents which are dependent upon the nature of the flow. Moreover , In

the present analysis it is assumed that the ratio of the molecular V

transport property to the transport property in the presence of 
V
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V turbulence Is ~opor t I ona 1 tO 1. hi’ rat 10 03 t he I am I nii r V I ‘~~_ ~ I t~ to the
V average va l ue of the tota l viscos ity in the presence of turbulence.

V 
Thus

1!! c*~ ~~~~ - -_—. 262
t (p + 

~
-
~~

)

Since there are three flames considered in the propellant combustion

model , and , in general. al l are of differing hei ghts above the surface ,

separate average turbulent transport properties must be c.tlculated for

each flame . Thus , there are turbulent therma l conductivities associated

with the AP monopropellant flame , the prima ry flame and the fina l di ffu~

slon flame,

= k ( 1  + pt /p )A 263

A PE k
~
(l I. 

l~~ 
/ti)X 264

k fF k
~

( l  4 ~ t ’/ ~t ) A  265

and there are ma~.s diffusion cot’ffjcients • issoc lated wl t .h the pr im ary

f lame and the fi nal di f f u s i on f lame

1 + ~it /p )f3

V
~F 

kD
(l + ~ i~) v 2ti l

where and kd are the proportionality constants for  equation 262. ~

Is the average eddy diffusivity of momentum evaluate d by equatIon 262,
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and A and V are the molecular thermal conductivity and m.is’. diffu sivi ty

respectively.

Since the PEM burning rate calculation Is an iterative solution

of several simultaneous equations , a closed form solu tion for the ero-

sive burning rate is not possible. Furthermore , the transport properties

V used in the burning rate calculat ion are a function of the propellant

burning rate with a stron~g coupling between the propellant blowing

effec t 1 the burning rate and the transport property calculation.

An i terative solu tion for the erosive burning rate in which the

transport properties were averaged between the values for consecutive

Itera tions was found to be successful . The scheme employed for the

solution was as follows :

1. Calculate the burning rate using the molecu lar transport

properties.

if 2. With this burning rate , calculate the b lowin g parameter

and the veloc ity profile in the turbulent boundary
V 

layer.

3. Using the calculated velocity profil e , calcula t~’ the transport

properties for the three flames. 
V

4. Averaging the latest calculated values of the transport V

properties with the values computed for the prior iteration , V

recycle to step 1. 
V

The process described above is repeated until the desired conver--

gence is reached. Step 4 of the above method has proved to be extremely

significant In obtaining a solution since convergence is often speeded

up by a factor of ten or more (61).
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The erosive burning model described above was derived for the

purpose of velocity coupling calculations and was not expected to pre-

dic t quantitative erosive burning results. However, as wi ll be pointed

out in the results section , the model has several unique and desirable

features. For example , the model predicts a threshold velocity .

Furthermore , it predicts the correct dependence of the threshold

velocity on the combustion pressure and burning rate. In addition .

the model is able to predict the effect of oxidizer particle size on

the erosive burning characteristics.

V The PEM Nonstea~y Sta te Combustion Model

As discussed in the introduc tion , the two parameters of importance

i n the nons teady sta te combust io n of com pos ite pro pe l l a n t s  are the

V pressure coupled response and the velocity coup led response. Those

parameters were defined and discussed in the nonsteady state combustion

section of the literature review.
V 

V In order to evaluate the nonsteady state burning characteristics

of a composi te pro pe l l a n t , a nonstea dy state statistica l combustion

model was derived from the steady state PEM.

Derivation of the Statistical Nonsteady State Model

The total propellant mass flux from a burning composite propellant

is

~ k~1 ~o,k ‘D0 
(mP d k /

~~~k
) Fk dD 167

149

____________________________________________ — 
~~~~~~~
_V~~ V V ~ 

V V V - V~_



-V V-V~~~~~V V 
~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V VV ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~

The linear perturbation of the above equation wi th respect to time

V 
yields

= 
~ 
~~ ~

o,k p,d ,k d ,k k  dD 268

where the primes denote perturbed quantities.

The pressure coupled response func tion i s

R = Lm’/m~) 73p (p’/p~)

Combining equation 73 and 268 yields

—-1 ~ -1 * *R~ = ptm k~-l ~
o,k p,d ,k Md k  Fk/cd k dD 269

where R dk is the pressure coupled response of the pseudopropellant

with diameter between 0~ and D~ + do0 and of oxidizer type k.

Similarly for the velocity coupled response

1 ~ -l * — * 
V

= 

~ k~1 ~o,k 
RV d k md k  Fk/r,d k dO 270

Equations 269 and 270 provide the formalism for computi ng the over-

all composite propellant response functions. All that remains is to

determine the pseudopropellant response functions. Note that the use

of equat ions 269 and 270 provides the contingency for predicting oxidizer

particle size effects on the nonsteady state combustion. Furthermore ,

the equations reduce the large scale heterogeneity of the burning

1 50
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surface such that , to a good approximation , a homogeneous nonsteady

model can be employed to calculate the pseudoprope llant pressure

coupled responses.

The Pseudopropellant Pressure Coupled Response Function

Several methods are available for calculating the pressure coupled

response of each pseudopropellant: (a) a small perturbation technique

can be applied directly to the steady state PEM to determine the pseudo-

propellant response; (b) the Denison and Baum model for nonsteady

burning can be used by calculating the “A” and “B” parameters directly

from the steady state combustion model ; or (c) the “A” and “B” parameters

of the Denison and Baum model can be calculated from the Cohen postulates;

and (d), the pseudopropellant response functions can be calculated using

the technique of Zeldovich and Novozhilov.

With the exception of the first approach , the above models were

discussed in the literature review. The first approach , that of per-

turbing the steady state PEM , was not employed in the present research

program. Method (b) reduces to method (d) and , therefore, was also not

included in the present program.

V The Cohen Postulate Method. For calculations utilizing method (c),

the Cohen postulates were applied to the Denison and Baum pressure

coupled response function to obtain the pseudopropellar it response func-

tions. The expression for the Denison and Baum pressure coupled response

Is

~ 
(R + 1R 1) 

= AB/ [A + (A/A) - (1 + A) + AB) 76
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where Rr/fl and R1/n are the real and 
imagina ry parts of the pressure

coupled response normalized with respect to the burning rate pressure

exponent , and the parameter A is a complex function of the nondimen-

V 
siona l frequency , c~. The real part of the complex frequency Is

A r 
= 

~~ 
{l + (1/~7)[(l + 1&~

2
~~
/2 

+ 1) 1/2 ) 77

The imaginary part is

2 1
~’2 1/2 78

= (1/2/2V)[(l + l6~) ) - 1)

V 
where

= kP~~/~b~C~, 
79

V k is the therma l conductivity of the propellant , 
~~ 

is the tota l pro-

H pellant density , C~ is the specific 
heat of the propel lant and ~n is the

mass flux from the burning surface.

Separating the real and imag inary parts of equation 76, the re-

sulting relation for the real part of the pressure coupled response is

Rr 
= AB(A~ + A~ ) t ( A ~ + A

~
)(Ar - (1 + A) + AB) +

+ x~)[x - (1 + A) + AB] + AA r]
2 

+

211

[(A2 + A
~
)[(Xr 

- (1 + A) + AB)2 + 2(X~ - X
~
)AA r

- (1 + A)) + AB))2)
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The frequency at which the response function peaks and the magnitude of

the peak of the response function are given by the Cohen postulates

Thus

= H r/D0 272

R /fl = Ga/D0 2/3

where H and G are proportionality constants and ~ is the mass fraction

of oxidizer in a particular particle size distribution mode.

Differentiating equation 271 with respec t to nondimensiona l fre-

quency and setting the result equa l to zero , results in a fourth
V 

equation valid at the frequency were the response peaks. Thus

274

Thus, the system reduces to a set of two impl icit equations with

the two unknowns A and B. The system can be solved by a numerical

secant i teration technique to determi ne A and B for each pseudopropellant

i n the polydisperse propellant. The result i ng pressure couple d res ponse 
V

function for each pseudoprope llant is then integrated over all part icle

diameters using equation 269 to determine the pressure coup led response V

of a polydisperse propellant at a specific frequency . This integration 
V

is repeated at finite frequency increments to determine the response as

a function of frequency.

The ZN Techntg.~~ Method (d), the ZN technique , allows the pseudo-

propellant response functions to be related to steady state propellant

combustion parameters . The ZN techni que was descr ib ed i n the lit era ture
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review. The expression for the pressure coupled response given by the 
V

ZN technique Is

n + (nv -
= 

1 - 
~ 

+ - 107

where
= T ~13bir~ 97U 
~ 

- 

o’’ 3r ’P V

V 31
v = (~ y~ )

p 
98

0
n = 1 3~ ptr ‘r 99

9T°1 (—
~~
—) 100 V

(T°- T~ 
3i~”P V

5 0’

The superscript o indicates steady state, T~ is the surface tem-

perature and T
~ 

is the i ni t ial propellant tempera ture . V

Equation 107 can now be used to determi ne the pseudopropellant

pressure couped response functions by eva l uating the steady state

parameters of each pseudopropellant with the steady-state polydisperse

petite ensemble combustion model . The polydisperse propellan t pressure V

coupled response can then be determined us ing equation 269.

The Pseudo propellant Veloc i ty
Coupled Response Function

The subject of veloc i ty coupled response , although not new, has

received very little theoretical treatment in the open literature. The

present state of the art of understanding the mechanism for velocity

1 54

V _V VVV~V~VVV V VVV VV V_ _
~_ VL V~~~~~ _~ &V~~~~aV 

__
~

__ 
~~~ V__ V VVVV ~ ~V_ -V__ VVV_ ~~~ _V V V VVVV~~~_~~~ V~VV V V V;flS VV=~V:.~ V V V - • t V V V V V :; 

V V  
V



~
_ ..,__-V _V.V_ VV V VV__V _....VVVV VV_ VV_V..:_V.VVVVV VV,~-VV~VVV_V_ ~,._V_VV V_ 

_____________________________________________________________

V. .  
V

coupled response is further exemplified by the following statement

taken from the JANNAF Erosive (~urning/Velocity Coupl ing Workshop (62):

“ .... Veloc ity coupli ng coul d not be discussed due to a lack of kn~w1edge

V on the subject and/or the unwillingness of researchers wor king on the

subject to present the i r results ....”

The work of Lengellé (43) is one of the few comprehensive treat-

ments of the subject; see the literature review section. The mechanism

of velocity cou pling propose d by Lengellé represents a log i cal and phy-

sicall y realistic approach to the velocity couplin g problem. Therefore

a similar approach was taken in the present research effort. The onl y

di fference between the present app roach and the app roach taken by

Lengellé is that the present model is based on a more physic ally real-

istic and more complete erosive burning model.

Severa l methods are avail able for determ in ing the  pseu doprope l lant

veloc i ty coupled response by the Lengellé philosophy . The most rigorous

approach is ta perturb the steady state PEM erosive burning model , and V

thus follow the same formalism Lengell é used on the Summerfield

(modified for erosive burning by Lenge llé ) combustion model. This V

app roach involves a very lengthy analysis and was not included in the

p resen t research p rogram for tha t reason . V

Another method involves the utilization of the ZN technique. This V

method can be implemented by replacing all of the pressure terms in

the ZN formalism by cross flow veloc i ty. The velocity coupled response

is then rela te to the followinq steady state erosive burning parameters :
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3
v = (

V~~~~~~~~) 276

- 277- 

~~LflV~~~~

310
= 

z~~~T0
/(T

~ 
- T

~
) 278

and the veloc ity coupled response of a pseudopropellant can be written

n + (nv — ~u)Z1 V

= 

1 - u + (v - iu/c1)Z 1 
279 

V

The present approach for velocity coupling was to employ the

closed form relation between pressure coupled response and velocity

coup led respons e i n the p resence of erosive condit ions der i ved by

Lengellé. tt is realized that this does not represent an advancement

in the state of the art of the modeling of the velocity coupled response.

However, this method does of er the capability to estimate the oxidizer

particle size effects on the veloc i ty coup led component of the res ponse

funct ion (an effect which has not been calculated previously).

The expression which relates pressure and veloc i ty coupled response V

can be written
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9
~eAB/ t [\ - 1 + A (1/A - 1) 4 ABC’]

- ( 1 / 3  + 0.9~) A8/R~) 280

where 
~e 

is the erosive strength , A is the Denison and Ba um constant

which is dependent on the solid phase , and \ is the comp lex frequency .

The parameter C’ arose in the Lengel1~ formalism due to the inclusion

of surface cou pl ed reac t ions . Thus

V C’ = 1 + 
~

V
e 

+ C(1/~ + 
~~

)RT
~
/Es 281

V where R is the gas constant. T5 is the surface t emp era tu r e  and E5 is

the surface decompos ition activation energy . The parameter C is re-

lated to the surface heat of pyrolysis and typicall y has a value less

than unity .

In the present analysis it is assumed tha t the term on the right V

in equation can be neglected since the parameter C is ‘ess than unity

and the surface activ ation enerqy is of the order 1O~. Thus, equation

.$l becomes V

C’ 1 + 8 e

The above assumption is necessary since the Den i son and Baum

analys is used to compute the pressure coupled response did not include

surface coupled reactions. With the above assumption , the Lengelle

pressure coupled res ponse for the case of no cross flow velocity re- 
V

duces to the Denison ~nd Baum pressure coup led response. Thus , by
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ut~lizing equation 282 for the parameter C’ , equation ~~O remains com-

patible wi th the pressure coupled response calculation in the limiting

case of ze ro cross flow ve l oc i ty.

The Velocity Coupled Response Solution Me 1 .  The erosive

burning rate is first calculated by the erosive burn i ng model described

in  a previous section. The A and B constants in equation 280 are then

determined for each pseudoprope llant by the method used for determ ining

the pressure coupled response. The pressure coupled response , ~~ of

each pseudoprop ellant is computed by employing the Cohen postulates as

in the case of no erosive burning. The erosive strength of each pseudo~

propellant is calculated with the following expression

= (r e - rn )/rn 283

V where re is the pseudopropel lant burn ing rate in the presence of erosive V

conditions and rn is the pseudoprope llant burning rate in the absence

of a cross flow veloc ity . The parameter C’ is also calculated fur each V

pseudopropel 1 ant.

The veloc ity cou pled response of each pseudoprope llant can then

be calculated by equation 280. The overall polydisperse propellant V

veloc ity coup led response is computed by inteqratin g the pseudopropellant

veloc ity cou p led res ponse over all pseudopropel lants by equations 270. 
V

Thus

= ~~~~ Y 
~~~k J R

~ ,d,km kFk/~d k dD O 270
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The integration indicated above is repeated at finite frequency incre-

ments to determine the veloc i ty coupled response as a function of

frequency.
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ANALYTICAL RESULTS

V Introduction

The results of calculations wi th the theoretica l model for the

V combustion of composite solid propellants are divided into four parts.

They are the steady state burning rate , the eros i ve burning rate, the

pressure coupled response and the velocity coupled response results.

The results of calculations with the steady state burning ra te and the

pressure coupled response model were compared to availab le experimental

data . However , experimental data containing an adequate description of

the propellant ’ s composition in terms of particle size and size distri-

buti on were not ava i la bl e for compar i son w ith the res ults of calcula ti ons

for the erosive burning or velocity coupling models.

Stea dy State PEM Burn i ng Rate Resul ts V

The PEM, not unl i ke the earlier BDP model and other burn ing rate

models , relies on the numerica l va l ue of severa l constants whose

magnitude are known only to a small degree of precis ion. The constants

include activation energies , pre-exponential factors , reaction orders ,

hea ts of react i on , spec i f i c heats , thermal conductiv ities , etc., for V

the various flames , gas and sol id phase reactions. V

In order to determine the appropriate values for these input con- V

stants, the experimental burning rate data presented by Miller (6,7)

was used. Miller determined the burning rate and pressure exponent for 
V

a s~ries of AP/HTPB non-meta lized propellants at a pressure of 68.03 atm

V 160
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and an ini tial temperature of 294°K. These composite prope llants were

formulated from eight individu al oxidizer grinds with the total oxidi-

zer mass frac tion held constant at 87.4 percent for each blend. Figure

19 presents the particle size distr ibution as weight percent less

than diameter versus partic le diameter for some of the oxi di ce r grinds

used in the Miller formulations. The soii d lirw s through the data

points represen t a least squares fit of the measured particl e size

distribution to a log norma l distribut ion function . The values of the

we~qht . median diameters , ~~~, and the di stri but ion w i d t h  parameter. u,

are presen ted in Table 1 for each of the oxidizer grinds. Also appear-

in g in Table 1 are the standard deviations of error for the log norma l

fit of each of the grinds. Thus, the particle sice distributions of the

eight grinds are accurately represented by the log norma l a p p r o x i m a t i o n s .

Ta b le 1

Correlation for the Log Norma l Distributions V

Nomina l Stn d.
Diameter (~~VI) 

_
( )  ~~ Dev. (

~
)

400 448 .0 1.222 
V

200 195.0 1.628 3.079
90 71.0 1.370 2.382 

V

50 44.2 1.445 .979 
V

20 22.6 1.676 2.075
10 10.8 1.808 2.830
6 5.23 1.878 1.04 1
2 1.89 1.305 1.134

0.1 .686 2.716 2.204
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V

The twenty—fiv e Mi li e , •~p~ 1 lant ~, ~~ ,s
~~~

V
~~(~~f i t i ~~li ly f i v e  si nt i la,’

groups of five families of propellants (in ~ernis of the ox~dizc r par-

ticle size distribution). The families range from very broad overall

distributions to very narrow distribut ions , all with the same percentage

of oxid izer. The compositional grid for the twenty- live prope ilants

are presented in Table 2. The total percentage of oxidL~er for each

propellant equals 87.4, a constant for al l V f  the prope llants.

The burning rate and the burning rate pressure exponents deter-

mined by Mi 11cr t
V
or the twenty- five propellants arc presented in

Table 3. Tt1O V ,O prop eilants ~or which no data at e presented are pro-

pel lanLs that ~rest ’nted problems during the pro;~ei lant ‘1  ug operation.

The results of ca1~ ulat ions w i t h  the Fl N are prese nt ed in Figures

30 and 31. F i V ~1urc 30 depicts the theot ’et i ( V al b u r n i n g rate versus the

exper imental burning rate for the twen y V V  
~~~ prope 11 au t . cnf i gura t Oti s

considered , anLi Figure 31 dep ic ts  the theore t ic a l  p,e~~~ure exponent

versus t tie exp e rimental expon e nt for the sai~e p ,Vepel 1 ant  ‘~ . In both

V 

~:ases , the PE~1 prediction matched the experiitx’n ta 1 da t quite well Wi th

over seventy-five percent of the data being w ithin ten percent of the

predicted values. The PEM input puu’ ~~~ 
V~~V~~ t~~

V
~~ed b r  he above

calculations arc ~rcsented in Table 4.

In add i tion to the parame ters listed in lab Ic 4. the flame temper-

atures for the primary and final fl ames were c a l  c i  a t  c i  ~ i th the NASA
V equ 1 ii br I urn thermochemistry pregram (63) . The f I a Inc i;~era t ures are

stored in the FEM computer code in ta bu lar  form V~ f u  u. t ion of counbus—

tion pressure and propel lant composi tion. Quadra ti ~ i i  eIT Olat ing

polynom ia ls are used to retrieve data at pressures an i n~o~ it ions

hc Lw~eo the tabular grid points.

l 6.~
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Table 2

Miller Propellant Compositiona l Grid

Propellant Per Cent Nominal Partic le Size
Designa tIon 400 200 90 50 20 6 2 0.7

SD 111—88— 1 — - — - 45.26 31.58 - 10.53
SD 111-88- 2 - - 31 .58 - 13.68 - - 42. 11
SD 111-88- 3 - - - - 55.79 - - 31.58
SD 111-88—6 - 31 .58 - - 24.21 - - 31 .58
SD 111-88-5 42 .11 - - - 13.68 - 31.58

SD 111-88-6 - - - 31.58 13.68 31 .58 10.53
SD 111-88—7 — - 31.58 - 13.68 - 42 .11 -
~D 111-88—8 

- — - 31.58 24.21 - 31.58 -
SO 111-88-9 - 31.58 - - 24.21 - 31.58 -
SD 111-88-10 42.21 — - - 13.68 - 31.58 -

V SD 111-88-11 - - - - 45.26 42.11 - -

SD 111-88— 12 - — 31.58 - 13.68 42.11 - -

SO 111-88—13 — - — - 55.79 31 .58 - -
SD 111-88-14 - 31.58 - - 24.21 31 .58 - -
SD 111-88-15 42.11 - - - 13.68 31.58 - -

SD 111-88-16 - 31 .58 - 31.58 24.21 - - -

SD 111— 88— 17 - - 31.58 - 55.79 - - -
SD 111-88-18 - - 42.11 - 45.26 - - -

SD 111-88-19 - 31.58 — - 55.79 - - -
SO 111-88-20 42.11 - - - 45.26 - - -
SD 111-88-21 31 .58 31 .58 - 10.53 13.68 - - -
SD 111-88-22 31 .58 - - 42.11 13.68 - - -

SO 111-88-23 - 42.11 - 31.58 13.68 - - -

SD 111-88-24 - 31.58 - 42.11 13.68 - - -
SD 111-88-25 42.11 - - 31 .58 13 .68 - - -
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Table 3

Strand Burning Rate of the Miller Propellant Compositions at 1000 psia

V Propellant Burning 
~
. Pressure

Designation Rate scm/sec, Exponent PS

SD 111-88-1 - -
V SD 111-88-2 2.977 0.916
V SD 111-88-3 3.636 . 0.689

SD 1 11-88-4 2.847 0.797
SD 111-88-5 2.253 0.928

SD 111-88-6 2.903 0.621
SD 111-88-7 - -

SD 111-88-8 2.786 0.692
SD 111-88-9 2.743 0.771
SD 111-88-10 2.278 0.841

SD 1 II~88~l I - -

SD 111-88-12 2.626 0.617
SD 1 11-88-13 - -

SD 111-88-14 2.477 0.613
SD 111-88-15 1 .824 0.690

SD 111-88-16 1.417 0.451
SD 1 11-88-17 2.118 0.474

V SD 11 1-88-18 1.803 0.437
SD 111-88-19 1.974 0.529
SD 111-88-20 1.405 0.610

SD 111-88-21 .828 0.430
SD 111-88-22 1.316 0.458
SD 111-88-23 1.171 0.463

V SD 111-88-24 1.364 0.449
SD 111-88-25 1.120 0.528
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Table 4

PEM Input Parameters for the Miller Pro pellants

Descr iption of Parameter Value Units

Number of oxidizer types 1 - V

Start Pressure 34.0136 atm. V

Stop pressure 136.0544 atm.
Number of pressure points 3 -

Max imum number of terms in
series solution 50 -

Maximum error in series solution .0000001 -

Number of integration steps for rate
calculat ion 40 - 50 -

Fuel volume parameter from Vf=CD~ 3.0 -

Diameter to start integration .1 microns
V D i ameter to sto p integration 1100.0 microns

Fuel binder HTPB -

V 
Initi al propellan t temperature 294.15 °K

V Mass fraction of oxidizer .o737 -

Heat of pyrolysis of fuel 433.0 cal/gm
V Dens ity of fuel .9030 gm/cm~Pre-exponential for fuel surface

decomposition 4000 grn/crn2-sec

Activation energy for fuel surface
V decomposition 16,900.0 cal/mole

Ox idizer type AP -

Molecular wei ght of final V

flame products 20.78 gm/mole
Final flame stoichiometry variable 4.18 -

Primary flame stoichiometry variable 3.0 -

Mo l ecular we ight of primary
flame products 28.0 gm/mole

Oxidi zer heat of pyrolysls -120.0 cal/gm
Density of oxidizer 1.95 gm/cm3
Arrhenius factor for oxidizer

decompositIon 4 x gm/cm2-sec
Ac tivation energy for oxidizer

decomposItion 23000.0 cal/mole
AP Flame temperature at 100 psia 1388.0
AP Fla me temperature at 2000 psIa 1413.0

V 
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Table 4 Continued

Description of Parameter Value Units

Oxidizer ignitio n delay
proportionality factor 190.0 sec atnPi

cmS
Oxidizer ignition delay

pressure exponent (m) .721 -

V Oxidizer ignition delay V
V diameter exponent (x) .80 -

V Ac ti va ti on energy for
pr imary flame 15,000 cal/mole

Activation energy for AP flame 29,000 cal/mole V

V Arr henius frequency factor for
primary flame 188.0 sec~ 

V

Arrhenius frequency factor for
AP flame 70,000 sec~

Prima ry flame reaction order 2.0 -

V AP flame reaction order 1.8 —

Specific heat of solid and gases .3 cal/gm
Thermal conductivity of gases .003 cal/cm-sec-

P 6Diffusion parameter 7.6 x 10 -

Average Diffusion flame standoff
parameter .3 -
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The effect of oxidizer particle size on the polydisperse propellant

• burning rate can be demonstrated by presenting the pseudoprope llant mean

state burning rate and pressure exponent as a function of oxidizer

• particle size. Figure 32 presents pseudopropellant burning rate versus

oxidizer diameter and Figure 33 presents the pseudopropellant pressure

exponent versus oxidizer diameter.

Erosive Burning Results

The PEM erosive burnin g model , not unlike the PEM steady state

burning rate model , requires a very complete description of the propel-

lant composition in order to make quantitative predict ions. Especially

important is a complete description of the oxidizer particle size

distribution .

In the past, experimental results have not attempted to systemati-

cally correlate erosive burning characterist ics with propellant 
V

composition. Furthermore , current erosive burning da ta i s incomp lete

In regard to a complete description of the prope llant composition.

Therefore , it was not practical to attempt a quantitative comparison of

the theoretical erosive burning results with experimental results . How-

ever, in order to illus trate that the PEM erosive burnTng model does

indeed predict the experimentally observed trends, the model was employed

to predict the erosive burning characteristics of a “computer propellant ” .

The computer propellant considered was a composite containing 87.4

percent amonium perchlorate with a HTPB fuel binder. The constants

used for the Miller propel lants as listed in Table 4 were also employed

in the computer propellant.
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The effect of free stream velocity on the propellant burning rate

is depicted in Figures 34 and 35, where the propellant burning rate is

plotted as a function of the free stream veloc i ty. In Figure 34 the

combustion pressure was 68.03 atmospheres while in Figure 35 the pres-

V sure was 34.02 atmospheres.

The effect of burning rate on the threshold velocity i s presen ted

i n Fi gure 36.

The effect of combust ion pressure on the threshold velocity (the

veloc i ty below which the burning rate is independent of the velocity )

is illustrated in Figure 37 where threshold veloc ity versus combustion

pressure is plotted .

The effect of oxidizer particle size on the ero ,ive burning rate

is illustrated in Figure 38 where the pseudoprope llant burning rate ‘s

plotted as a function of oxidizer diameter for several free stream

velocities.

Fig~ire 39 presents the critical partic le diameter for erosive

b~~ning as a functlon of free stream velocit y.

Pressure Coup led R~~ponse Results

Two techniques were employed to calculate the pressure coupled

response , the .‘~ l dovich Novozh ilov (ZN) method and the Cohen-Denison

and Baum method . Both methods were compared to experimental data for

severa l propellants.

One of the most extensively characterized propellants . in terms 01

nonsteady combustion , is A -13 propellant. That propellant is composed

of 20.4 percent PBAN, 76.0 percent ammonium perchlorate and 3 .6 percent

~~~ 828 resin. The an’~iv’nium perch1~ r~.te consists ~ i monoir’odal
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particle size distribution with a 90 micron nominal weight median

diameter. Experimental measurements of the actual oxidizer particle

size distribution have not been reported. However , normal 90 micron

• grinds typically have a distribution width parameter of 1 .4 and a

weight median diameter of 71 mIcrons.

The above particle size distribution parameters were used for the

theoretical prediction of the pressure coupled response of the A_ 13

propellant.
V Figure 40 compares the results of calculatio ns of the pressure

coupled response of A-l3 propellant utilizing the Cohen-Denison and

V Baum method to the experimental results (48) for that propellant. The

proportionality constants in equat ions 83 and 84 used for th i s  calcu-

lation were those used by Cohen in reference (1).
V Figure 41 presents a comparison of the results of calculations

using the ZN technique to the experimental data for A - 13 propellant.

Another well character i zed propellant is NWC-SP-520. Pressure

coupled response data over a wide frequency range as wel l as complete

formulation data were available (64) for this propellant.

NWC-SP-520 propellant is composed of 13.1 percent HTPB binder and

86.9 percent ani’nonium perchlorate . The ammoniunl perchlorate consisted 
V

of a trimodal blend of oxidizer grinds. The oxidizer particle size

distribution data Is in Table 5.
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Table 5 V

Oxidizer Particle Size Distribution Data for NWC-SP-520 
- V

-If

-f Nominal Weight Weight Distribution
Diameter Percent in Median Width

Propellant Diameter Parameter

200 31.9 170 1.426
45 25.0 44 1.481
6 30.0 4.85 1.85

Figures 42 and 43 present a comparison of the theoretical results

of the Cohen-Denison and Baum and the ZN techniques respectively to the

experimental data for the NWC-SP-520 propellant.

A limi ted amount of pressure coupled response data are available

for the four HTPB/AP propellants of Miller (6).  The propellants con-

tam ed 87.37 percent ammonium perchiorate and 12.63 percent RIPS binder. V

All of the propellants contained a trirnodal blend of oxidizer grinds.

The oxidi zer distribution grid for the four propellants is listed in 
V

Table 6.

Table 6

Oxidizer Composition of Miller Acoustic Propellants

500C-870 5ODC-871 500C-872 5ODC-873

400 51.55 47.62 43.68
200 63.61
90 31.45 

V

50 11.36 12.93
20 21.84 28.39
10 10.83
6 12.24

L 
2 13.98
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The particle si ze data for the oxidizer grinds in the above pro-

pellan ts are presented in Table 1.

Figure 44 presents the results of pressure coupled response calcu-

lations for the four propel lants using the Cohen-Denison and Baum

technique while Figure 45 presents the results of the same calculations

using the ZN techn ique. Only one experimenta l data point was available

V 
for each propellant.

V 
In an attempt to illustrate the dramatic effect the oxidizer par-

ticle size distribution can have on the pressure coupled response .

theoretical calculations were perforiiied for two “computer prope llants ” .

The propellants were representative of candidate prope llants for the

Maverick missile propulsion system. Both of the propel lants were com-

posed of 14 percent HTPB binder and 86 percent amnionium perchiorate having

a bimodal blend; 70 percent of the blend being of 192 mi Cro n weight

V median diameter and 30 percent being of 16.6 micro n w e i g h t  median  dia-

meter. The only difference between the two propel lants i s i n the wi d th V

of the particle size distributions in the two distr ibution modes con-

tained in the overall distribution. One prope llant had distribution 
V

w id th parameters of 2.0 for the 16 .6 micron gr i nd and 2 .0 for the 192

micron grind whi le the other propellant had distributio n width parameters V

V of 4.0 for the 16.6 micron grind and 1.6 for the 192 micron grind. V

The results of the theoretical calculat ions for the above two pro-

pellants are presented in Figure 46. 
V

The effect of particle size on pressure coupled response is further

exemplified in FI gure 47 where the rea l part of the pseudopropellant 
V

response is presented as a function of oxidizer particle size for V

several frequencies. V
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Veloc ity Coupled Response Results

At present there have been no exper imental resu lt s for the veloc i ty

coupled response of composite propellants reported in the open liter-

ature. Therefore, It was not poss ib le to attempt a quanti tative

comparison of the theoretical velocity coupled response results wi th

experimental results.

Figure 48 presents the results of velocity coupled response cal-

culations for the four previously described Miller propellants .

The effect of the oxidizer particle size on the velocity coupled

response is illustrated In Figure 49 where the pseudopropellant velocity

coupled response is plotted as a function of oxidizer particle diameter

and frequency.

The effect of cross flow velocity on the velocity coupled response

of propellant 5ODC-870 is illustrated in Figure 50.
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DISCUSSION OF RESULTS

Introduction

The discussion of the previously presented results is divided in-

to four parts. They include a discussion of the results for the steady

state burning rate , the erosive burning rate , the pressure coupled

response, and the velocity coupled response.

The Steady State Burning Rate

Comparison with Experimenta l Results

The comparison of the results of calcu lations with the steady state

PEM to the experimenta l results of Miller (6,7) represents a very com-

prehensive test of the PEM’s ab ility to pred i c t stea dy state burn ing

characteristics of polydisperse composite propel lants. The Miller pro-

pellan ts spanned a wide range of burning rates and pressure exponents

along with a wide range of oxidizer particle size d istributions.

As is indicated Figures 30 and 31 , the PEM did a remarkable job

of predicting the oxidizer particle size effects on the steady state

burning rate and pressure exponent.

The propellants for which the theoretical results were in the

poorest agreement with the experimental results were , s n ge~ieral , those

propellants which contained a very wide overall distribution ( for examp le ,

propellants SD 111-88-5 , SD 111-88-10 and SD 111-88-15). Al so, the

th”oretical results for those prope1L~nt~ co nta in i n’  ~~ r~i cron nr
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were, In general , in poorer agreement with the experimenta l results.

• The PEM exponent prediction , on the other hand , was in good agreement

with the experimental results for nearly every propellant.

One possible cause for the minor discrepancies in the burning rate

prediction Is that the geometric considerations in the PEM do not

account for the micro scale surface roughness on the burnin g surface.

That is , for the case of a wide overall particle size distribution , one

would expect the burning surface geometric structure (on a micro

scale) to be much rougher than for the case of a narrow overall distri-

bution . This is due to the wide variation of burning rate with

oxidizer particle size and the higher probability that a large particle

will be surrounded by a large popilation of small particles (in the

case of a wide overall distribution). The rougher micro surface struc-

ture would result in an Increase in mass flux due to the increase in

the ratio of the total burning surface area to the planar surface area.

Since the PEM does not presently account for the roughness of the

burning surface, one would expect the PEM to underpredict the burning

rate of propel l ants which contain a wide overall particle size distri-

bution. That, however, was not the case. The PEM actually over-

predicted the burning rate for the two propellants with the widest

overall particle size distribution (SD 111-88-5 and SD 111-88-10).

Thus, it may be concluded that the surface roughness effects are of a

secondary nature in the burning rate determination .

Another possible explanation for the discrepancies is due to the

assumption in the PEM that the pseuciopropellants or unit flames1 which

compose the burn ing surface, burn Independently of the surrounding
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pseudopropellants. It is obvious that for the case of a wide overall

distribution , there is a higher probabi lity that the large partic les

in the distribution wi ll be surrounded by a large popu lation of small

particles. This situation would increase the probability for flame

interactions between adjacent pseudopropellants. Since flame inter-

actions are not accounted for in the PEM one would expect the

theoretical prediction to be in poorer agreement with the experimenta l

results in the case of propellants with wide overall distributions.

This was indeed the case.

It should be noted that the values for the constants used in the

PEM , as presented in Table 4, all represent physically realistic

values. Furthermore , most of the values have previousl y been reported

in the literature. One constant used in the PEM for the comparison with

the Miller data , however, was not a realistic one. Its value was

selected to achieve a good agreement of the theoretical prediction with

the experimenta l results. That constant is the partic le diameter ex-

ponent for the amount of fuel associated with a particular oxidizer

particle (see equation 127).

For an ordered packing of inonodisperse particles it can be

shown (21) that the value for the diameter exponent is two. In the

case of a randomly packed po1ydisp~rs1on of spheres ( t~~i’ case for a

coiiposite propellant) the value of the diameter exponent is expected

~o be near two but certainly between values of one and three. The

~~fect of the diameter exponent on the pseudopropellant properties of

density , oxidizer mass fraction and oxidizer volume fraction are

depicted th Fi gures 51 , 52. and 53 resnectively. Th~ t1~ect

1 9~;
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of the thameter exponent on burning rate is dramatic. A value of two

for the diameter exponent (the expected physicall y rea l’ stic value)

caL ses the smal l particles in the overall distribut ion to burn very fuel

rich while the large particles burn fuel lean. This in turn causes a

dramatic change in the shape of the curve which represents pseudopropel-

lant burning rate versus oxidizer particle diameter. Instead of the

S-shaped curve , as presented in Figure 32, the burnin q rate of the small

partic l’~s sta rts a t a lower value , increases wi th particle diameter and

reac hes a max i mum a t some i nterme di a te di ame ter and then decreases w i t h

increasing particle size to a value slight ly hi gher (for the largest

particle in the distribution) than the value shown in Figure 32.

I n  order to fit the experimental results of Miller it was necessary

for the diameter ex ponent to be a value of th ree . T hus all of the

pseudopropel lants in each of the Miller propellant ’ s particle size dis-

tributions took on the same density , oxidizer mass fraction and oxidizer

volume fraction as the polydisperse propellant.

Physically this indicates that there are indeed interactions between

the flames of adjacent pseudoprope llants. Thus, although on a geometric

basis the small particles have proportionally more fuel associated with

them than the large particles in an oxidizer particle iistr ibut ion , much

of that fuel is given up to the larger particles in the distribution

1~4ring the gas phase mixing process.

Oxidizer Particle Size Effects

Figure 32 dep icts the pseudoprope llant burning rate as a function

of particle diameters. The genera l S-shaped curve as shown in Figure

~2 is representative of both experimental and theo r~ti al burning rate

., Fs
~ 

,
~tS.
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• The small particles yield high burning rates. As particle size

decreases the burning rate approaches a limiting value determined by

the premixed kinetic reaction standoff distance of a kinetica lly

controlled primary flame between the oxidizer and the fuel binder.

Conversely, the large particles yield low burning rates. As particle

size increases, the burning rate approaches a limiting value determined

by the kinetically controlled AP monopropellant flame . The burning

rate for the intermediate diameters is detemin”d by competing processes

with in each of the three flames above an individual oxidizer particle.

Figure 33 depicts the pseudopropellant burning rate pressure

exponent as a function of oxidizer particle diameter . The exponent

decreases from a value of near unity for the submicron size oxidizer

to a minimum of about .34 for intermediate oxidizer particles of

diameters between 10 and 100 microns. Above 00 microns the pressure

exponent begins to increase approaching near unity for very large

oxidizer particles .

To explain the pressure exponent phenomena exhibited by the pseudo-

propellants, it is necessary to observe the controlling combustion

mechanism for the given oxidizer particle size . For small particles

the controlling flame is the primary flame. The limiting condition f~r

small particles Is a kinetically controlled primary flame . The physio-

chemical model then reduces to the following four equations:

= A0~ 
e.xp (_ E

0~
/RT

~
) 32
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T5 T~, - ~
QL/Cp - (1 - x)Qf/C~ + (QPF/Cp) e.xp 

~~~~ 
284

~PF 
= C~~~/(xkP6

~~) 285

= (S / S1)~i / c * 178

The above four equations can be differentiated with respect to

pressure to yield a closed form solution for the pressure exponent , n.

The result after simplification is:

- d 1ni~ 286

or

n = 6PFf(2 + CpRT
~
/(EoxQpf~;f ~~~ (-~~ ))Y ~J 287

Thus, the l imiting value of the pressure exponent for small

particles is determined by the value of the term inside the brackets

times the primary flame reaction order. The value of that term is

determined by the heat released in the primary flame , the specific

heat of the combustion gases, the activation energy for the oxidizer

decomposition process and the primary flame standoff distance . For

typical values of the above parameters , the term inside the brackets

has a value of about .5 and the pressure exponent is seen to be a little

less than half of the primary flame gas phase reaction order , or of the

order unity.
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The same reasoning can be appl ied to the limiting condition of

large oxidizer particles. For large particles the contro lling mechanism

is the kinetically controlled AP monopropellant flame , as the character-

istic times for diffusion are so great that the heat feedback from

the final diffusion flame is negligible. The physiochemical model then

reduces to the following three equations:

A~ ezp (_E 0~
/RT5) 32

- + (Q0~
/C
~

) ezp (-~~ ) 288

* 2 6
~ap 

C
~
m0~

/AKP 289

The above three equations can be differentiated with respect to

pressure to yield a closed form solution for the pressure exponent, n.

The result after simplification is:

= 

~AP~~ 
+ CpRT~

/(EoxQApC p exp (-~~ ))Y 1] 290

Thus, the limiting value of the pressure exponent for large

particles is analogous to the limiting condition for small particles.

The limiting value of the exponent for large particles is determined by

the value of the term inside the brackets times the aninonium perchlorate

monopropellant flame reaction order. For typical values of the para-

meters in equation 290 the term inside the brackets has a value of

about .5. Thus, the pressure exponent Is again seen to be a little

less than half of the AP flame monopropellant reaction order, or of

order unity.
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The pressure ex ponent for the Intermediate particle sizes is not

so easy to characterize since the controlling mechanism for the com-

bustion of the intermediate particles is a complicated competitive

process between the three flame zones. The surface geometry also

changes with pressure for the intermediate particles to further compl i-

cate the process. The value of the exponent for the case of competing

flames is partia lly diffusion controlled and the diffusion standoff

distance is only a very weak function of pressure. Thus , the pressure

exponent is lower for the case where diffusion takes a part in the

controlling mechanism. The higher the dominance of diffusion in the

controlling combustion process the lower will be the value of the

pressure exponent.

Thus, it is obvious that the oxidizer particle size has a pro-

nounced effect on the steady state burn ing characteristics. Furthermore ,

the burning characteristics can be tailored by appropriate adjustments

in the oxidizer particle size distribution.

The Erosive Burnin g Rate

Comparison with Experimenta l Observations

As stated previously, the primary objective of performing calcula-

tions wi th the erosive PEM was to illustrate that the model does indeed

predict the experimentall y observed trends.

One of the more predominant experimenta l observations is that, as

the flow veloc i ty across a burning propellant surface is increased , no

effect on the burning rate is observed until the cross flow velocity

reaches a certain value (the threshold veloc i ty). Figures 34 and 35

illustra te that the mode l does Indeed predict a thre~~.~ld veloc i ty.
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Physically, the threshold velocity Is due to the interaction

. between blowing at the burning surface and the cross flow Induced

turbu lent boundary layer. At low cross flow velocities the blowing

parameter Is very high. Consequently, the shear stress at the surface

is very low and the veloc i ty gradient in the flame zone region directly

above the surface Is very low. Thus , the contribution of turbulence to

the transport properties in the gas phase reaction zone is negligible.

The above situation is depicted in Figure 54a.

As the cross flow veloc i ty is increased , a point is finally reached

where the effect of turbulence is finally felt in the gas phase reaction

zone as fllustrated in Figure 54b.

Further increases in the cross flow veloc i ty result in increases

in the transport properties within the gas phase reaction zone due to

the increased level of turbulence in that region .

The effect of burning rate on the threshold veloc i ty has been widely

observed. Slower burning propel lants have lower threshold velocities

than higher burning rate propellants. In order to illustrate that the

erosive PEM predicts the correct effect of burning rate on the threshold

veloc i ty, it was necessary to compare the threshold velocities of

propellants which contain identical oxidizer particle size distribution

as well as Identical composition ; thereby eliminating the possible

effects of flame temperature and oxidizer particle size on the thres-

hold veloc i ty. The computer propellants chosen for the illustration

were all ident ical in composition and particle size distribution .

Changes in the burning rate of the base lire propellant were accom-

plished by simulating catalysis of the primary and AP flames . The
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Figure 54. Gas Phase Reaction Zone in the Turbulen t Boundary Layer
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catalysis was simulated by adjusting the activation energies in the

Arrhenius expressions for the prima ry and AP flame reaction rate con-

stants. The results presented in Figure 36 illustrate that the model

predicts the correct dependence of threshold veloc i ty on the propellant

burning rate.

The physical effect of burning rate on the threshold veloc i ty can

be explained solely by the effect of blowing on the turbulent boundary

layer. For low burning rates the blowing rate is such that the turbu-

lence penetrates into the gas phase reaction zone at l ower cross flow

velocities than in the case of high burning rate. As the burning rate is

increased , the blowing parameter increases. This , in turn , increases

the difficulty for turbu ’ence penetration into the flame zone.

The effect of pressure on the threshold velocity would , at first

thought , be expected to be analogous to the effect of burning rate on

the threshold velocity . However, experimental evidence (65) suggests

that this is not the case. Thus , the threshold velocity has been

observed to decrease with increasing pressure . The same effect was also

exhibited by the erosive PEM as illustrated in Figure 37. Thus , even

though the blowing increases with increased pressure , the effect of

pressure on the turbulent boundary l ayer is such that the shear stress

(or veloc i ty gradient) In the gas phase reaction zone increases with

pressure at a faster rate than the Increased blowing can decrease the

shear stress.

Oxidizer Particle Size Effects

The effect of oxidizer particle size on the erosive burning char-

acteristics was illustrated in Figure 38.
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Physically, as the free stream velocity increases , the turbulence

extends closer to the burning surface. Now , the combustion of the

large particles is normally dominated by the kinetical ly control led AP

monopropel lant flame (since the characteristic diffusion times are so

large). However, as the free stream cross flow veloc i ty is increased

and the turbulence finally extends into the final flame zone, the

average value of the transport properties for the final flame are

enhanced. This decreases the characteristic diffusion time and In-

creases the heat transfer from the final flame zone. The kinetica lly

controlled AP monopropellant flame , on the other hand , is driven away

from the surface due to the increased mass flow. Thus , as the free

stream cross flow veloc ity is increased , the kinet ically control l ed AP

flame becomes less dominant in the controlling mechanism and the final

flame becomes more dominant. A point is finally reached where the AP

flame has extended into the turbu l ence region . At this point the

controlling mechanism is divided between the AP flame and the final

flame.

As particle size is decreased , the characteristic time for diffusion

becomes smaller. Thus, the degree of extension of the final flam e into

the turbulent region decreases with particle size.

The critical particle diameter for erosive burning is presented as

a function of free stream veloc ity in Figure 39 ( for a nominal burning

rate of 1.3 centimeters per second and a pressure of 68 atmospheres).

Thus , for a free stream cross flow veloc i ty of 300 meters per second

and a burning rate of 1.3 centimeters per second , there would be no

erosive burning at a pressure of 68 atmospheres if all of the oxidizer
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particles in the propellants particle size distribution were smaller

• than 100 microns in diameter.

Lhe Pressure C~ p~ed Response

Comparison with Experimental Results

The two methods employed to calculate the pressure coupled response

were the ZN technique and the Cohen-Denison and Baum technique. The

latter technique utilizes two empirical constants (the proportionality

constants for equations 83 and 84). The ZN technique , on the other hand ,

enab1es the pressure coupled response to be calculated from first

principl es. Both methods predicted the correct order of magnitude of the

pressure coupled response for each of the propellants. See Figures 40

through 45 where the comparisons with the experimental data are presented .

In those propellants that conta ined a rnultimoda l distribution of

particle sizes , both methods predicted multiple peaL; in the response

function (Figures 42 through 45). The Cohen-Denison and Baum technique

predicted the correct magnitude of the pressure coupled response , at

least up to a frequency of 4000 hertz . The ZN technique , on the other

hand , appears to underpredict the magnitude of the response. The latter

technique did , however, correctly predict the frequency at which the ex-

perimental data indicated a maximum in the response function for both

A-l3 and NWC SP-52() propellants.

It Is interesting to note that the Cohen-Denison and Baum technique

predicted the pressure coupled response of the four Miller acoustic pro-

pellants (see Figure 44) to well within the experimenta l error in the

data. However, all four of the propellants contained 400 micron AP ,

209

_ _ _ _  
_  _ _  --~ A



~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

which proved to be troublesome during the steady state burning rate

predictions .

Oxidizer Particle Size Effects

The possible dramatic effect of the oxidizer particle size distri-

bution on the pressure coupled response is illustrated in Fi gure 46.

The particle size effect can be explained by looking at the response

of each pseudopropellant in the oxidizer particle size distribution .

Figure 47 presents the pseudopropel lant pressure coupled response as a

function of oxidizer particle diameter for severa l perturbation fre-

quencies. It is seer~ that the large particles resonate and therefore

dominate the response at low perturbation frequencies. As the frequency

is increased , the resonance moves to smaller particle diameters . Further-

more, the magnitude of the response at the resonant particle diameter

increases as the frequency increases. Thus , it is the small oxidizer

particles in the distribution which drive up the magnitude of the pres-

sure coupled response and the effect of the small particles is felt to a

greater degree as the perturbation frequency is increased .

The V e l o c it y~~oup]~ d Response

As stated previously, there have been no experimental results for

the velocity coupled response of composite prope llants reported in the

open literature . Thus, it was not possible to attempt a quantitative

comparison of the theoretical velocity coupled response results wi th

experimenta l results .
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The Oxidizer Partic ’e Size Effect

The velocity coupled response of each pseudopropellant is a com-

plicated function of the pressure coupled response and the erosive

strength of the pseudopropellant. Thus , it is much more difficult to

determine the effect of oxidizer particle size on the velocity coupled

response than in the case of the pressure coupled response alone. The

effect of particle size on the erosive burning characteristics as well

as the pressure coupled response of the pseudopropellants were described

previously. Since the erosive effect is more dominant with the large

oxidizer particles and the large oxidizer particles are only resonant

at low frequencies , the velocity coupled response has the potential to

be more dominant In propellants that contain large oxidizer particles.

However, due to the complicated interaction between the pressure coupled

response and the erosive strength , a~-d the fact that the magnitude of

the pressure coupled response of the pseudopropellants is higher for the

smaller oxidizer particles , the velocity coupled response is positive

only for the intermediate particle diameters . Figure 49 illustrates

that as the perturbation frequency is increased , the magnitude of the

velocity coupled response decreases. This Is due to the fact tha t the

resonant oxidizer particle diameter decreases to diameters where the

erosive effect is negligible.
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CONCLUS IONS

Introduction

The conclusions for the combustion of polydisperse composite pro-

pellants are divided into four parts. They are the steady state burning

rate , the erosive burning rate , the pressure coupled response and the

velocity coupled response.

The Steady State Burning Rate

The results of calculations wi th the steady state PEM indicate that

the model can accurately predict the burning rate and pressure exponent

of HTPB/AP class propellants wi th a very wide range of oxidizer particle

sizes .

Propellants containing a very wide overall distribution of particle

sizes along with large particle diameters were in the poorest agreement

with the experimenta l results . This was attributed to the PEM’ s lack

of consideration of interactions between the fl ames of adj acent pseudo-

propellants . The case for flame interactions was further demonstrated

by the va lue for the diameter exponent in the equation which relates ,

geometrically, the amount of fuel associated wi th a particular oxidizer

particle to the diame ter of that particle. A value of 3.0 for the

diameter exponent was necessary to obtain agreement of the theoretical

results with the experimental results . Thus, although on a geometric

basis small particles have proportionally more fuel associated with them
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than do the large particles in an oxidizer particle di stribution , much

of that fuel is given up to the larger particles in the distribution

during the gas phase mixing process.

The effect of the oxidizer particle size on the steady state

burning rate has long been recognized . However, the effect of the

oxidizer particle size distribut ion has not. The results of calcula-

tions with the PEM clearly indicate that the particle size distribution

should be considered during the tailoring of propellants to meet

specific burning rate and pressure exponent requirements . As will be

discussed in a subsequent section , the advantages of employing the

particle size distribution in the tailoring process becomes even more

pronounced when the nonsteady burning characteristics are also to be

considered in the tailoring process.

Some genera l conclusions concerning the effect of partic le s~ze on

the burning rate and pressure exponent follow:

1. The burning rate of small particles approaches an upper l imit

determined by the premixed kinetically control l ed primary flame between

the oxidizer and the fuel binder.

2. The burning rate of large particles approaches a lower limitin g

value determined by the kinetically controlled AP monopropellant flame .

3. The burning rate of the intermediate particles lies somewhere

between the above extremes and is determined by a competitive process

between the three flames above a pseudopropellant.

4. The pressure exponent approaches a limiting value of approxi—

mately half the kinetica lly control l ed primary flame reaction order for

small particles.
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5. The pressure exponent approaches a l imiting va lue of approxi-

ma tely half the kinet ically controlled AP monopropellant flame reaction

order for large particles.

6. The pressure exponent of intermediate oxidizer particles is

determined by the degree of dominance of diffusion in the controlling

mechanism for combustion. The higher the degree of dominance of

diffusion the lower wi l l  be the pressure exponent.

Th?_~L0S±v~.Q BUrfl~~~~ P te

In the previous section it was dernons tr~ t~d that the erosive PEM

predicts the followin q experimenta lly observed trends in erosive burning:

1 . Threshold velocities are usu ally ob~~r’-~d .

2. Slower burning propell ants are more strong ly affeLted bj cross

flows than higher burning rate formulations.

3. The threshold velocity decreases as pressure is increased.

The agrce .~nt of the theoretical l y predicted trends w i t h  the ex-

perimentally observed trends indicates that the proposed theory for

erosive burning is quite plausible.

Se~iera l conclusions concerning the physical rcchanism for the

threshold velocity can be stated :

1. At low cross flow velocit ies or high burning ra tes the blowing

parameter is very high. Consequently , the shea r stre ss or level of

turbulence in the flame zone is very low and the con ribution of tur-

bulence to the transport properties in the gas phase reaction zone is

negligible.

2. At higher cross flow velocities or very low burning rates the

lowing parameter is low . Consequentl y, the shea ’ s~ res~ or lev cl ~f
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turbulence in the flame zone enhances the transport properties in tha t

flame zone.

3. The threshold velocity results since the turbulence cannot

penetrate into the gas phase reaction zone (due to the bl owing) until

the cross flow velocity reaches a certain level .

4. The physical effect of burning rate on the threshold velocity

is due solely to the effect of blowing on the turbulent boundary l ayer.

5. The effect of pressure on the threshold velocity is due to the

effect of pressure on the turbulent boundary layer. Even though the

blowing parameter increases wi th increased pressure , the shear stress

in the gas phase reaction zone increases with pressure at a faster rate

than the increased blowing can decrease the shear stress.

6. Due to the complicated interaction between the blowing para-

meter, the turbulent bounda ry layer and the burning rate; the erosive

burning is not an additive effect.

The erosive PEM has also made possible several unique observations

concerning the effect of the oxidizer particle size on the erosive

burning characteristics of the polydisperse propel1ant. They are as

follows:

1. As the cross flow velocity is increased , it is the large

particles which are firs t affected as the turbulence extends into the

final flame zone of the large particles.

2. Further increases in the cross flow velocity extends the tur-

bulence into the f1ame zone of smaller oxidizer particles.

3. The dominant mechan ism for the combustion of the large particles
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shifts from the kinetical ly controlled AP monoprope llant flame to a

combination of that flame and the diffusion controlled final flame.

The Pressure Coupled Response

The two techniques employed to calculate the pressure coupled

response , the ZH technique and the Cohen-Denison and Baum technique ,

both predicted the correct order of magnitude of the response in the

comparisons to the experimental data . For frequencies below 4000 hertz

the Cohen-Denison and Baum technique prediction of the magnitude of the

response was in good agreement wi th the experimental results. The ZN

technique , on the other hand , underpredicted the magnitud e of the

response in every case. The ZN techni que did , however , predict the

approximate frequency where the absolute maximum in the response

function occurred in each case.

Multiple peaks in the response function were predicted by both

methods.

Several conclusions concerning the effect of oxidizer particle size

on the pressure coupled response follow:

1. At low frequencies the large particles are resonant; however ,

their response magnitude is low.

2. As frequency increases the resonance moves to smaller particles.

Moreover , the magnitude of the resonant responsi increases.

3. Addition of fine oxidizer shifts the resonant frequency of the

propel lant to a higher frequency while increasing the magnitude of the

peak. Conversely, addition of coarse oxidizer 1ower~ the resonant

frequency and the response magnitude.
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4. The shape of the pressure coupled response curve can be

adjusted so that relativ e minimums In the response oc(ur at harmonic

frequencies in the rocket motor chamber simply by adjusting the oxIdi i”~

particle size distribution.

The Veloc ity Coupled Response

The veloc ity coupled response calcu lations showed that for a

linearized analysis , the veloc ity coupled response is a very complicated

function of the pressure coupled response and the erosive strength of the

individual pseudopropel lants in the overall oxidizer particle size

distribution.

The conclusions regarding the effect of the oxidizer particle size

on the veloc ity coupled response follow :

1. At low perturbation frequencies the response is dominated by

the large oxidizer particles and Is negative.

2. As frequency increases the velocity coupled response becomes

positive due to the inf luence of the Intermediate sized oxidizer

particles.

3. At high frequencies (on the order of 5000 hertz , but dependent

on the propellant burning rat4 the veloc i ty coupled response vanishes.

4. In general, the velocity coupled response wil l be enhanced

by the addition of coarse oxidizer and conversely the response wil l

be depressed by the addition of fine oxidizer.

The theoretical results for veloc i ty coupling are suspect for two

reasons :

f 1. A linear analysis was employed so that the velocity and pressure

coupled response could be assumed to be independent of each other.
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2. The blocking effect due to injection at the surface was, for

the sake of simplicity , Ignored in the derivation of the relation be-

tween the velocity coupled and pressure coupled responses.
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