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CATEGORIES III: NORMAL APPROACH METHOD AND PEARSON SYSTEM

METHOD

ABSTRACT

In the present study , two new variations of the Conditional

P.D.F. Method for estimating the operating characteristics of

item response categories are introduced. They are called the

Normal Approach Method and the Pearson System Method. Just

like the Two—Parameter Beta Method , these two methods are charac—

terized by such facts that: 1) no prior mathematical models are

assumed for the operating characteristics ; 2) we use a relatively

small number of examinees in the whole process; 3) the joint

distribution of the latent trait 0 and its maximum likelihood esti-

mate is fully utilized , and 4) the method of moments is effectively

applied. In the Normal Approach Method , the conditional distri-

but ion of 0 , given its maximum likelihood estimate , is approx—

itnated by a normal distribution , with its two parameters derived

theoretically , by using the estimated probability density function

of the maximum likelihood estimate. In the Pearson System Method ,

the conditional distribution is approximated by one of the Pearson

System distributions , depending upon the value of the criterion

K computed from the four conditional moments of 8 , given its

maximum likelihood estimate. The same simulated data for 500

hypothetical examinees and ten binary items are used , as in the

Two-Parameter Beta Method. The results are compared with those

obtained by the Two-Parameter Beta Method.
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I Introduction

In estimating the operating characteristics of item response

categories, such new methods as the Normal Approximation Method and

the Two-Parameter Beta Method and its variations have been developed

and tested (Samejima, 197Th , l977d , 1978). In the present study,

two more methods, the Normal Approach Method and the Pearson System

Method ,~ are presented and tried an a set of simulated data, and the

results are compared with those of the previous studies.

Data used in this research are the same simulation data adopted

in the previous studies, and are summarized as follows.

(1) The number of hypothetical examinees is five hundred.

(2) Their ability levels:

Each subgroup of five exaininees are located at each ability

level of —2.475, -2.425, -2.375, -2.325, ... , etc., up to

2.475 with the step of 0.05

(3) The Old Test:

This is a set of thirty five graded test items, each having

four item score categories, which provides us with an approxim-

ately constant test information function, 21.63, for the

interval of ability , [—3.0, 3.0], following the normal ogive

model on the graded response level (Satnej itna, 1969 , 1972).

(4) The examinees’ ability estimates:

For each examinee, a response pattern on the old set of

test items, or the Old Test, has been calibrated by the Monte

Carlo method , and the maximum likelihood estimate has been

obtained on this response pattern .
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(5) The new set of binary test items :

This is a new set of ten binary items, or the New Test,

each of which follows the normal ogive model. Each examinee ’s

response pattern on this new set of test items has been

calibrated by the Monte Carlo method.

The common procedure is to estimate the item characteristic function ,

i.e., the operating characteristic of the item score 1 , of each of the

ten binary items, without assuming any prior mathematical model. Once

it has been accomplished , however, the two parameters in the normal

ogive model on the dichotomous response level, i.e~ , the discrimination

and difficulty parameters, are estimated by a simple least square method ,

as an additional information .

The asymptotic property of the maximum likelihood estimate, i.e.,

the normality of its conditional distribution , given ability 8 , with

0 itself and the inverse of the test information function 1(0) as

the two parameters (cf. Samejima , 1975 , l977a, 197Th), is fully utilized.

In the Two—Parameter Beta Method , g(~) , the probability density function

of the maximum likelihood estimate ~ , is approximated by a polynomial of

degree 3 or 4 by the method of moments (Elderton and Johnson, 1969;

Johnson and Kotz, 1970), and two cases, Degree 3 and 4 Cases, are

distinguished from each other, depending upon which degree is used for

the polynomial. We will deal wi th these two cases in the present

study also.



—“ . ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1

—3—

II 
~~~i~i ~~ c~~J! !i~~~~ 

j
The Conditional P.D.F. Method has been introduced as a variation

of the Two—Parameter geta Method (Samejima , 1978). Let 4’(OlO) be

the conditional density function of ability 8 , given its maximum

likelihood estimate 0 . We can write

(2.1) ,(0Ie) — *~)(OIO) f(0) f_:~
0) f(0) dO) 1

— ~‘(~I0) f ( O )  ( g (
~

) )
~~ ,

where p(~~O) is the condition al dt’n~ ity function of fl given 8

which is approximated by n(0,02) , f(O) is the probabil ity density

function of ability 0 , and g(O) is the probability density function

of the m ax imum l ikelihood estimate ~ . For t he  present set of data ,

or the Old Test , ~~ (21.63)
_l 

— 0.046 , and f(O) — 0.2 . This

function , 4 .(0I~) 
, is not observable in the empirical situation .

By virtue of the uniform test Information function , however, we’ have

the following relationships for the conditional expectation and

variance of 0 , given 0 .

(2.:’) E(O~~) - + log g(~) — + o 2 [_ ãd~ g(~~) ] [ g ( ~~) ) ~~
1

(2.3) Var.(eJ~ ) ~,2 [l 4~ ~~~~~~~~~~~ g(~~~) 1

+ ~~ ~ —~ g(~ )~ g(ö) 
— t~~ 

g(O) ) 2){g(~)Y
2
)

Using these two conditional moments , in the Two—Parameter Beta Method ,

with g(~) approxim ated by .i po l y n om i a l  of degree 3 or 4 , 4 1 ( 0 ( O )  is

approximated by a Beta density function with a priori set two parameters .

Then the estimated Item characteristic function Is given by 
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N
(2.4) ~ (6) — E ~( O J Ô ) [  E ~( O ( Ô ) ]~~g seG s 1

where s is an individual exaininee , N ( 500) is the total number

of exaininees , C is the group of examinees who answered item g

correctly, or the “success” group , and 41(0(0 ) is the estimated

conditional density function of 0 , given the maximum likelihood

estimate of the individual s -

In the present study , instead of using a Beta density function,

4 a normal density function is adopted for 41(0(0) , and used in (2.4)

to obtain the estimated item characteristic function .

The estimated probability density function of 0 is given

by

N
(2.5) — 

s~ i 
0
~~~
)

as an additional information . The simple least squares method (Samejima,

1977d, 1978) is used for estimating the discrimination and difficulty

parameters in the normal ogive model.

When ~(O (Ô ) is replaced by the true conditional density ,

41(0(Ô5), In (2.4), 
the resulting function is called the criterion

item characteristic function (Samej ima , 1978). This function is used

as a criterion in evaluating the estimated item characteristic functions

obtained by the Conditional P.D.F. Method.

The Normal Approach Method has a convenien t property of requiring

only the first two conditional moments of 8 , given § , just like

the Two-Parameter Beta Method. Since the estimation of the moments

of higher order tends to be more inaccurate , it is desirable to use a

_____  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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fewer number of conditional moments . In so doing , however , the variety

of the shapes of the density function will be restricted by the use of

too few conditional moments , and the estimation of the operating charac-

teristics will become inaccurate. How to counterbalance these two

opposing factors and produce optimal results Is the crucial point ,

and is the focus of the researcher ’s effort.

In the Normal Approach Method , we have for the conditional

density of 0 , given Ô

(2.6) 41(0(Ô) [2tr )
_1”2

exp.[_{9 — E(0(0))2/{2Var.(8(O)}] ,

where E(6j~ ) and Var.(0(~~) are given by (2.2) and (2.3) respectively.

Since this function is always unimodal and symmetric , it is conceivable

that the approximation of 41(0(Ô) by (2.6) will cause a substantial

distortion and result in an inaccurate estimation of the operating

characteristics. We will wait and see the result to reach any

conclus ion .

L - .~~ J . 
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III Results

As was mentioned earlier (Samej ima, 1977d) , the maximum likelihood

estimate for the examinee No. 2 turned out to be —3.0555, i.e., much

lower than the other values . Because of this , this examinee has to

be excluded In Degree 4 Case, since the estimated probability density

function at this value of Ô assumes a negative value , although

the approximation to g(~
) by the polynomial of degree 3 provides

a positive density at this point of Ô There are six more examinees

whom we have to exclude in Degree 4 Case, i.e.., subjects 99, 101, 201

296, 299 and 300, since the estimated conditional variance of 0 , given

turned out to be negative . Thus we could use the total number

of 500 examinees in Degree 3 Case, and 493 examinees in Degree 4 Case,

in the presen t research . We actually used 499 subjects in Degree 3

Case and 486 subjects in Degree 4 Case , however, excluding one sul’ject in

Degree 3 Case, and seven more subjects in Degree 4 Case, whose fourth

conditional moments turned out to be negative . This exclusion reduces the

number of subjects used in the present study in each case, but makes the

comparison with the results of the Pearson System Method , which will

be introduced in the following section , easier. Thus the exarninees

excluded in the present study are Subject 2 (0 = —2.425) in Degree 3

Case, and Subjects 1, 101, 201 and 401 (0 = —2 .475), Subject 2

Subj ect 3 (0 = —2.375), Subject 4 (0 = —2 .325), Subject 296 (0 2.275),

Subject 98 (0 2.375), Subjects 99, 199 and 299 (0.— 2.425); and Subjects

300 and 500 (0 2.475), In Degree 4 Case.

Figure 3—1 presents the estimated item characteristic functions

of the ten binary items En both Degree 3 and 4 Cases , by a broken curve

and a dotted curve respectively, along with the criterion item character—

_____- - _ _ _ _ _
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istic functions . From these graphs , it is ve ry clear that , in both

Degree 3 and 4 Cases , the estimated item characteristic function in

the Normal Approach Method is practically identical with the criterion

item characteristic function for every Item in the interval of 0

[—2.0, 2.0], where the accuracy of estimation is important. This means

that the present method has provided us with practically perfect results

within the limitation of the Conditional P.D.F. Method , as far as the

presen t simulation data are concerned.

It should be recalled that the practically same results were

obtained by the Conditional P.D.F. Method of the Two—Parameter Beta

Method (Samejima , 1978), in both Degree 3 and 4 Cases. We must conclude ,

therefore , that , without waiting for the results of the Pearson System

Method , that these two methods have produced most successful results

that the Conditional P.D.F. Method can possibly achieve , as far as the

present data are concerned.

The fact that the Normal Approach Method has provided us with

results as good as those produced by the Two-Parameter Beta Method

somewhat puzzles us, however, since the normal density function does

not have the kind of variety in shape as the Beta density function does.

There Is a strong possibility that the “too good” results by the Normal

Approach Method are partly due to the nature of the simulation data ,

and this will be discussed in a later section .

Tables 3—i and 3—2 present the estimated discrimination para-

meters and difficulty parameters respectively, for the ten binary items ,

using the range of the estimated item characteristic function , (0.05, 0.95),

within the interval of 0 , [—2.4 , 2.4]. The same least square procedure
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TABLE 3-1

Discrimination Parameter and Its Estimates of Each of the Ten
Binary Items Obtained from the Estimated Item Characteristic
Functions by the Conditional P.D.F. Method of the Normal Approach
Method , with the Corresponding Estimate Obtained from the Cri-
terion Item Characteristic Function: The Range of Each Estimated
Item Characteristic Function Used Is [0.05, 0.95], within the

Interva l of 0 , [—2.4, 2.4]

METHOD

A *
TRUE a from a from a fromg 8 8
a DGR.3 DGR.4 CRITERION
8

ITEM 0.05— 0.05— 0.05—
0.95 0.95 0.95

1 1.5 1.171 1.179 1.400
5 5 5

2 1.0 1.055 1.078 1.024

3 2.5 1.793 1.846 1.788

4 1.0 0.883 O.88Z 0.868

5 1.5 1.38 2 1.366 1.368

6 1.0 0.905 0.833 0.895

7 2.0 1.484 1.476 1.473

8 1.0 0.88 7 0.918 0.886

9 2.0 1.673 1.685 1.716

10 1.0 0.714 0.717 0.725

The n~u~~er of intervals used in estimation is shown as a subscript
when it is less than 6
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TABLE 3-2

Difficulty Parameter and Its Estimates of Each of the Ten Bi—
nary Items Obtained from the Estimated Item Characteristic Fun-
ctions by the Conditional P.D.F. Method of the Normal Approach
Method , wi th  the Correspond ing Estimate Obtained from the Cri-
ter ion Item Characteristic Function: The Range of Each Esti-
mated Item Characterist ic Function Used Is [0.05, 0.95],

within the Interval of 0 , [—2 .4, 2.4]

METHOD

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TRUE b from b from b from
8 8 8

b DCR .3 DGR.4 CRITERION
8

ITEM 0.05— 0.05— 0.05—
0.95 0.95 0.95

1 -2.5 — 2 . 7 9 2  -2 .799-  —2.651
5 5 5

2 — 2 . 0  —1.966  —1.957 — 2 .002

3 —1.5 — 1 .494 — 1.497 — 1.507

4 -1.0 —0.990 —0.989 —1 .005

5 —0.5  —0.468 — 0 . 4 7 2  —0. 472

6 0.0 -0.073 —0 .048 —0 .075

7 0.5 0 .522 0.527 0.527

8 1.0 0.939 0.958 0.981

9 1.5 1.502 1.508 1.502

10 2.0 2.128 2.131 2. 118

The number of in tervals  used in e s t i m a t i o n  is shown as a subscrip t
whe n it is less than 6 •
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was used by changing the range of the estimated item characteristic

function to (0.01 , 0.99), [0.10 , 0.90] and [0.15 , 0.85] respectively,

and the corresponding results are given in Appendix 1, as Table A— i—i

for the discrimination parameter a and as Table A-l—2 for the

difficulty parameter b

The estimated parameter values in Tables 3—1 and 3—2 are very

close to those of the criterion item characteristic functions , except

for item 1 , i.e., the easiest item with a relatively high discrimina-

tion parameter , and s~ met1mes are better than those of the criterion

item characteristic functions. The exceptional result for Item 1

is obviously due to the fact that the main part of the estimated

item characteristis.- function which is used for the parameter estima—

tion is outside the interva l of t~ , [—2.0 , 2.0), as we can see in
Figure 3—1. It should also he n o t e d  t h a t  the presen t r e su l t s  are

very simi lar to those obtained by the Conditional P.D.F. Method of the

Two—Pa rameter  Beta Method ( c f .  Samejima , 1978, Tables 6— 1 and 6 — 2 ) .

Figu res 3— 2 and 3— 3 presen t the estimated p robability density

f u n c t i o n  f ( @ )  , in Degree 3 and 4 Cases r espec t i ve ly ,  by heavy dotted

curves . In these figures , also presented are corresponding results

by the Conditional P.D.F. Method of the Two—Parameter Beta Method by

broken curves , those from the true ~(0~~) by solid curves , and the

theoretical f(0) by dashed lines . Since the total number of subjects

used in the Normal Approach Method is 499 in Degree 3 Case and 486 in

Degree 4 C~ise , the slanted area in the uniform density, f ( 0 )  ,
should he discarded in evaluat ing the closeness of the result of the

Norma l A pproach Method , in each fi gure . For an additional information ,
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in each graph , slanted lines in the opposite direction are used to

indicated the area to be discarded in evaluating the result of the

Two—Parameter Beta Method , to make the total number of subjects 499

in Degree 3 Case and 493 in Degree 4 Case.

These two figures indicate that the estimated probability density

function of 0 is very close to that of the Two—Parameter Beta Method,

and is reasonably close to both the theoretical and “semi—theoretical”

functions within the interval of 0 , (—2.0, 2.0), in both Degree 3

and 4 Cases. It should be noted that the fit is slightly better in

Degree 4 Case outside this interval of 0 , which is anticipated from

the fact that the probability density function of 0 is approximated by

a polynomial of a higher degree in Degree 4 Case.

• •—• -— __4 0
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IV Pearson System Method

This method also belongs to the Conditional P.D.F. Method. So

far, in the other methods , some specific mathematical formula was

assumed for the conditional density function q(0~ê) 
, and used in

(2.4) to obtain the estimated item characteristic function ~g
(0) -

In the present method , however, we let the conditional moments of 0

given 0 , decide which mathematical formula should be used for a

specific value of the maximum likelihood estimate , or for a specific

examinee, out of all the Pearson system density functions . For this

reason , the method is called the Pearson System Method .

In so doing, we need the Pearson ’s criterion K (Elderton and

Johnson , 1969; Johnson and Kotz , 1970), defined by

(4.1) K + 3) 2 [4 ( 2 B  — ~~~ — 6 ) ( 4 B 2 
— 3B

1
) 1

where and B
2 

a re obtained f rom the conditional moments such that

(4 .2 )  B1 
{E( [ 0  — E ( 0 I O ) ]~~I~~) ) 2 {E( [0  — E ( 0 I ~~)]2 I~~)}

3

and

(4 .3) B2 
E ( [ 0  — E ( 0 j ~~) ] 1’I~~){E [0  —

If , fo r instance , K turned out to be negative and f i n i t e , then the

dist r ibu t ion  should be of Pearson ’s Type I , or a Beta d i s t r ib u t ion , and ,

if it is a pos i t ive  value less than un i ty , then it should be of Pea r son ’s

Type IV , and so on. In computing K for each value of the maximum

likelihood estimate , we need the third and fourth conditional moments

of 0 , given ~ , which are given by the following formulae.

(The first and second moments necessary for (4.2) and (4.3) are the

conditional O ’XPeCtatiOfl and va~ lance gtven as (2.2) and (2.3).)

L... - ~~~~~~~~~~ 
-
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(4.4) E[{0 - E ( 0 IO ) ) 3 ~ O~ - - o6[~~~ i log g(~~)]

(4.5) E({0 — E(0I0)}0410]

— ~~ [3 + ~~~~~~~~ log g(ê)} + 3o’{—~~~2 log g(~ )}2

+ o ” { —
~~~ i, log g(~ ) ) ]

The second through fourth derivatives of log g(O) are given as

follows .

(4 .6)  —fr iog g(~~) — ( g (~~) -f rg(ê)  — (_%

(4.7) -
~~~~~

-
~ log g(~~) — [ (g(~~

) }2  
~~~~

-
~~g(~~) — 3g(~~) - ~~- g(~ )~~~~~~g(~~)

+ 2 {— ~~- g(~ ) ) 3 ] [g ( ~~) ] 3

(4.8)  -~~,, log g(~~) [{g(~~
) ) 3 • ~!~~ g(~ ) - 4{8(~ ))2.

d g(~ )•-~~-~g(~)

— 3{g(~~))2(_~~~~ g(~~)}2 + l2g(~)(---~~- g(~
))2 

~~~ 2 g (6 )

— 6{—Th- g(~ ))”][g(~)]
4 

-

After a specific type of function has been selected according to the

value of the criterion K for each value of the maximum l i k el ihood

estimate , or for each examinee s , the conditional density function of

0 , given 0 , is es t im a ted  by the me thod of momen ts, and used as

~ (0~ 0) in (2.4), to obtain the estimated item characteri stic function .

The estimated probabi lity density func ti on , ?(0) , is obtained

through (2.5), usIng the s- s t Lmated conditional density ~(0I0
) for

,~ sch .x.-uninee S , as an a d d i t i o n a l  inform ation .

As we can see in (4.1), Pt arson ’s criterion K requi res  the f i r s t

four conditional moments of 0 , g ive n § 
- Th is f act imp lies that

S 

~~~ ~:~~
--
~ - - - • • - •
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the method is useless, or even harmful, unless the estimation is

accurate up to the fourth conditional moments of 0 , given § 
-

It is -
~~ teresting to f ind out , therefore , if the method works with

the presen t data , which consist of only five hundred observations , and

in which the method of moments is used for graduating the set of five

hundred maximum likelihood estimates by a polynomial of degree 3 or

4 . If the estimation of the conditional moments is accurate enough ,

then the Pearson System Method should have advantage over the Normal

Approach Method , since it allows a variety of d i f f e ren t  shapes for the

conditional density of 0 , given 0 -
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V Results

The classifiction of the 500 maximum likelihood estimates 0

with respect to the types of their conditional distribution of 0

has been made , using the first four estimated conditional moments

of 0 in compu ting Pearson ’s criterion K , which is given by

(4.1). The detailed results are shown in an earlier research

report (Samej itna, l977d , Tables A—i— i and A—l—2), in both Degree

3 and 4 Cases. To summarize , in Degree 3 Case, 318 distributions

are of Pearson ’s Type I, 181 are normal distributions , and for one

case the dis tribu tion is undefined because of the nega t ive value

of the estimated fourth conditional moment ; in Degree 4 Case,

432 distributions are of Type I and 54 are of Type II, and for 13

cases the distribution is undefined because of the negative value

of the estimated fourth moment , and sometimes of the negative value

of the estimated second moment as well , and for one case it is

undefined because of the negative value of the estimated probability

density of 0 . Thus, except for the one undefined distribution in

Degree 3 Case and for the fourteen undefined distributions in Degree

4 Case, all the other conditional distributions turned out to be

either Beta distributions (Pearson ’s Types I and II) or normal

dis tributions.

The above results were obtained in such a way that Type I

is assigned if the criterion K is less than , or equal to , -0.001,

Type II is assigned if it is greater than -0.001 and less th.~~ 0.001

and (8
2 

- 3) is less t han or equa l to -0.001, and the norma l

distribution is assigned if (B — 3) is greater than -0.001 and

less than 0.001 . If we increase the range of er ro r  f rom ~0.00l t o
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±0.025 , however , the configurations of the frequencies change sub-

stantially, i.e., in Degree 3 Case , only 6 dis tributions are of Type I,

10 are of Type II , and 483 are normal distributions , whereas in Degree

4 Case these frequencies are 41, 41 and 404 respec tively. This rather

radical change in the confi gura t ion s of d i f f e r e n t types of dis tribu tions

in both Degree 3 and 6 Cases takes us as surprise , but a cl ose examina tion

of the values of 8
2 

reveals tha t many of them are ve ry close to 3

like 2.999, 2.998, etc. (cf. Samejima, l977d , Tables A—i— i and A—l—2),

and also there are many values of the criterion K wh ich are negative , but

very close to zero , like —0.001, —0.002, etc. For this reason , it will

be meaningless to treat them as Pearson ’s ‘l’ype ‘I cases, since they are

prac tically normal d istributions. The second range of error , ±0.025,

therefore , was adop ted in the pr esen t study.

Thus for the 483 values of the maximum likelihood estimate in

Degree 3 Case and for the 404 values in Ilegree 4 Case the conditional

densi ty function of 0 , given 0 , is appr oxima ted by 3(0I~~) given

by (2.6). For the other values of the maximum likelihood estimate

it is approximated by a Beta density function such that

(5.1) 3(010) [B(p~~,q~ )]~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where B(p~~,q~) Is the Beta function with the parameters p~ and

and a~ and h~ are the other two parameters of the Beta density function .

This incluth~~hoth Type I and Type I I  densi ty functions with p
~ ~ q~

for Type I and for Type 11.

The four parameters of the Beta de~n~~ity function are obtained

from the firs t four condtt tonal momet~ts of 0 , given ~ , through

the following formulae .

L 
_ _ _ _ _ _ _ _ _ _  •



(5 .2)  r — 6(8
2
_B
1
_l) / (6+38l~2B2)

(5.3) p~~, q~ — ( r/ 2 ) [ l  ± (r+ 2) {8 j [ B ~ (r +2) 2 
+ l6(r+l)]~~~)

1/2
]

(5.4) b~ — a~ = {E((0 — E[0 I~~])~~I~~1}~~
2{8

1
(i.+2)

2 
+ l6(r+1))~~

’2 /2

(5.5) a~ E[0I~~] 
— p

~~
(b ê_a

~
)/r .

(5.6) b~ - E [OI~~] + q~~
(b~ —a~ )/r

Since B
~ 

— 0 for the Type II ca tegory , it is easily seen from (5.3)

that in this case

(5.7) p
~ q~ r /2

In programming this process for the computer , the subroutine for

the gamma f unc tion was used by virtue of the relationship

(5.8) B(p~~,q~) r(p~) r(q~) (r(p~+q~)]~~ .

Because of the restriction of the size of the parameter of the gamma

function for the subroutine , the following approximation , which is

obtained from the Stirling ’s Formula ,

(5.9) B(p~~,q~) ~ (27T)~~
”
~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

was used when (p~+q~) exceeds 57 and both p
~ 

and q~ are greater

than 15, and , in similar situations ,

1= r(q~) ~~~~ for  q~ ~ 15
(5.10) B(p~ ,q~) ~

(i
.. I’(p

~) ~ 
~~ for  p

~ ~ 15

we re used , howeve r. 

- - n--- 
- -



The estimated four parameters of the Beta density function

for each of the 6 examlnees of Type I and the 10 examinees of Type

II in Degree 3 Case is presented in Tables A-2-l and A—2 --2 of Appendix

II , and those for each of the 41 examlnees of Type I and the 41

examinees of Type II in Degree 4 Case is sh own in Tables A-2—3

and A—2—4 . We notice that in Table A -2- t the two parameters ,

and q~ , for Subjects 100, 104 and 1Q8 turned out to he

negative , although they are very k-lose ~e zero . For this reason ,

these three subjects are excluded from the total group of subjects

in Degree 4 Case , to make the total number of subjects 483, i .e . ,

three less than the one in the Norma l Approach Method , whereas in

Degree 3 Case the total number of subjects Is 499, as it was in the

Normal Approach Method .

It is apparent in Tables A—2-2 and A— 2—4 that for these

examinees the parameters p~ and q~ are no t reall y one half of

the value of r , and in some c~tses the difference is substantial.

This fact is due to the relatively “generous” amoun t of error perm itted

in the categorization of the subjects with respect to Pearson ’s

criterion K and 8
2 
. For this reason , the computation ot the

conditional density was performed through (5.1), just as It was b r

the subjects of Type I, without recalculating p~ and q~j t ’ r u ~ h

(5.7) .

To check the accuracy of the app t ex t  mat ton n’; I ug St I r I tug ’ ~

Formula , (5.1) was used by rep lac i ng the Beta ftin , t Ion by ( S .Q~ t o t

all the six subjects of Type I in Degree 3 (‘ase .md the thi~~tv et ght

subjects of Type I in Degree 4 Case. Table 5--I ~‘i  , - i ; e -n( s t w o  ( - \ . s ~~~’le5

from these r esul ts , whose pa ram ete r v a l u e s  ar e •- l a t  ivel y small , Ins t
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TABLE 5-1

Comparison of Pearson ’s Type I Density Function with the One
Approximated by Stirling ’s Formula When the Parameter Values

Are Relatively Small

Subject 101 Subject 392

p~ — 11.9187 q~ 8.1981 p
~ 

10.2720 15.5651

0 True Approxi— 0 True Approxi—
• mation mation

—3.6 0.00000 0.00000 1.6 0.00009 0.00010

—3.4 0.00137 0.00139 1.8 0.06382 0.06448

—3.2 0.06110 0.06190 2.0 0.76473 0. 77261

—3.0 0.51138 0.51808 2.2 1.86010 1.87927

— 2.8 1.52044 1.54037 2.4 1.62962 1.64642

—2.6 1.90820 1.93320 2.6 0.59455 0.60067

— 2 . 4  0.90790 0.91979 2.8 0.08366 0.08453

— 2 . 2  0.08937 0.09054 3.0 0.00324 0.00327

—2.0 0.00006 0.00006 3.2 0.00001 0.00001

-

~ 

- _ _ _ _ _ _ _ _
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not too small. As we can see in this table , even with relatively

• small parameter values like 11.9187 and 8.1981 or 10.2720 and 15.5651

the approximation using Stirling ’s Formula for the gamma functions

through (5.9) provides us with considerably good results, although

there is no need to use the approximation in cases like them . For

further information as to how the approximation works, a similar

comparison was made for each of the six subjects, whose parameter

values are given in Table A-2—l, of Pearson Type I in Degree 3 Case

and is presented in Table A—2— 5 in Appendix II, and also for each

of the thirty four subjects , whose parameter values are given in

Table A—2—2 , the sum of which does not exceed 57, of Pearson Type I

in Degree 4 Case, and is presented as Table A—2— 6, and for each of

two subjects of Pearson Type II in Degree 4 Case , whose parameter

values are given in Table A—2—4, the sum of which is less than 57,

and is presented as Table A—2— 7. These results indicate that the

approximation is not only good enough for larger values of the parameters ,

but also reasonably good for considerably small values, although for

some subjects whose parameters are extremely small , like Subject 397,

the discrepancies are larger.

Figure 5—1 presents the estimated item characteristic functions

obtained by the Pearson System Method for Degree ~ Case (broken curve)

and for Degree 4 Case (dotted curve), together with the criterion item

characteristic function (thin, solid curve) and the frequency ratio

(broken and dotted curve) of the “success” group of individuals to the

total group for each suhinterval of 0 with the width of 0.25 , for

each of the ten binary items . The results are almost identical with



-.

~~

•________

Iu
~~~~~~~

a
W ’-4 4 ~1-4 O U
OO~~~~ Ii
~ l 0 ~~

~ 4 .-. -~II
~~w 0
— 4.~ ~~

— .
~~~~~~~ 4O UI e . i O
.n o
I J W

a

B.5 ~J S
0

0, ~D ~~~~~1— _.
~~S s

S Ql W~~~~.I— 
~~~~— I -~

< a o I a 4J
a

LI.
O 

.-4 Q l 4 J . C W
, )—.— s .e u ‘s e.b

— Ir~ ~I O  U
-a

~~~~~— ,-‘ ‘a

~~~~~ ~.4UJ ~a -.*~~~~~U

a 0~~~- h~~~~~~

N

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

a,., ~ ~
~m c i - i .e
‘I

— 
0

‘a —’  U
I ~~~~~~

a
• ~~~ H O O S

aS

O ~e 0 ‘aa .
eSi S C

a

I I _ I 1

q 
cq c~0 0 0 0 0

NOII3Nfl 1 311S11I3IOVdVH3 V~~1I



~~~~~~~~~~~
— . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

q
C’)

q

c~1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

<~~S
-‘4

w
‘~~~ I i-i

.—
. -

.‘ 0~
_, a

~ ..
4.-I

0

NOIL3N f l J  3I.LSW~~.L3VHV H3 Vfl~LI

- - _ _ _ _ _ _



-. —~ 
-
~ ~~~~~~~~~~~~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~ 

- -

- 4

—35—

0
c~S

< a

‘— -a

- 
- 0

~~~~I _ ‘-4
I 114

-J

I

a .

0- C:)
I-I —I,

I I I

q (0 Q
0 0 0 0 0

NO I.L ONfld  OIISIH3IOVHVH3 V~l31I 



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - - 
-

—36—

p 0

0a / a,

F.,.— .

0~~~~N - o

.-
,-

. < ~-• 
J

—~~~~~ I-.
— .— . —. — • — . 

. I— ~
Z Ifl

II, 11~

~~Ci1 <
• 

‘

S
S

q
C:)

I

I I I
0 ~0. Ci 0~0 0 0 0 0

NOIIONfl I OIISflJ 3IOVUVHO Vg311

L - -- ~~~~~~~~~~~~~~ --~~~~~~~~~~~~::T ____________



—37—

0_ CE)

- QcsJ

a,
’
-

0. ~~~
0

I— .-

z~~Ui ~0, I— ~_
,;- < ~-J

q
c~1

ir,

U
I

I I I I I

q cq ci 0
1~~ 0 d 0 0 0

NOI.LONfld OIISIH3IOVHVHO Vd3.LI 

. - - - -- -------:- ~~~~~~~~~~~~~~ ~~~~ ~,4



-
~

~~~~~ ~~~~
T

~
- <

-J
.—

(# ‘ Q
1

I ‘0

(4)
• U I

H 
I I
0 (0 

~i0 d 0 0 0
I 

NOI.L3Nfl I 3I.LSIU3.L3V~IVH3 V~13iI

L -: ~ ~~~

-

~~~~~~~~~~~~~~~

-
•~~~~~~

- -  

- •  •



- 

~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~ ~~~~
“

~~~J 
-

~~~~~

-39-

H

-
~~~~~~

0
H

r
— I

-... 
~~4
41

- 0 L ~ C
— ,. I—

I-. -
~~

\
•_._..__ .

__
_ .

H 0 1—’ ~d <

I’

t
0

I
I I I I

0 co (0 Ci

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ V~I 3J.I
: i 1 ~~ -~-- - - — -  ..•_

~L. - —~ - -



-.-~~r --z~~~~j~~~_ , _~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

TI

-40-

0
- (4)

~~~~~~~ 

-

~~~~~~~

—

-
I 

\ - ,
~~~~ I-
‘-
,
~~~~~ .-

— •0

• 
. 

. . S

E’

— .—. — . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ < SI

Z I ’ ~
l

Cs

— S
U

I

I I I I I
0 (0 Ci Q

0 d 0 0 0

NOIJ .ONfld 3I.LSIId3I3V} IVH3 vg3J.I



——_
-

-
. 

- •-••
~~
--.

~~~~
— - ,--•-- —— —-_

~~~~
--

~~~~
-_-.--

~
——- -

~
-- - -.-•

~
—--—--- - _ - _

—41—

0

:~~~~~~~~~~~~~~~~~~~~~~~~~~~

0 <  ~-J

T;.

•
0
,

I I I I I

q ci 0
d 0 0 0 d

NOIJ.3Nfl d 3IISW3J .OVUVH3 V~I3iI

— 
iT i~~~~ 

- _ _ _ _ _ _ _ _  “ -

I A



- ~~~~~~-~~~~-- --.—-.- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- -

-42-

0

(4)

0, D
•—
~ I-

‘
~~‘x._ .“~~~

“

1 - ~

- q

0
-4

a
4-a

1—4

I I I I I
0 (0 

~~~
‘ Ci

‘

S 0 0 0 0 0

NOIJ .ONflJ 3IiSIH3.L3V~JVH3 V~31I

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~- : .  

•

~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



,,— — ‘—----
~ 

~

--

~~~~~~~~

-- --

—43-.

those of the Normal Approach Method not only in Degree 3 Case

where only sixteen individuals have different density functions from

normality , but also in Degree 4 Case where seventy nine examinees

have Pearson’s Type I or II density functions and three individuals

are excluded. in other words , except for the range of 0 outside

the interval [—2.0, 2.0], these two curves are practically identical

with the criterion item characteristic function , for each and every

item.

Table 5—2 presents the estimated discrimination parameters for

the ten binary items by the same least squares method used earlier,

and the corresponding estimated difficulty parameters are shown in

Table 5—3. Just as in the Normal Approach Method , these values are

very close to those obtained from the criterion item characteristic

functions, except for item 1. In these estimations , the interval

of 0 used is [—2.4, 2.4], and the range of P
8
(0) included is

[0.05, 0.95]. As usual, similar estimates were obtained by changing

the range of ~g
(0) to [0.15, 0.85), [0.10, 0.90] and [0.01, 0.99]

respectively , and the results are shown in Appendix II as Tables

A—2-8 and A—2—9 .

These results indicate that , as far as the present set of data

are concerned , the Pearson System Method works just as good as the

H Normal Approach Method , and the estimation has attained to the level

• where the Conditional P.D.F. Method can possibly attain. It is worth

noting, however, that the Pearson System Method , which has more theo—

retical advantages than the Normal Approach Method , did not produce

better results than the Normal Approach Method . In fact , there is

a tendency that for very easy and very difficult items for wh ich the 
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TABLE 5—2

Discrimination Parameter and Its Estimates of Each of the Ten
Binary Items Obtained from the Estimated Item Characteristic
Functions by the Conditiona l P.D.F.  Method of the Pearson System
Method , with the Corresponding Estimate Obtained from the Cri-
terion Item Characteristic Function: The Range of Each Estimated
Item Characteristic Function Used Is (0.05 , 0.95], within the

Interval of 0 , (—2.6 , 2.4]

METHOD

TRUE 8
g 

from 8
g 

from 
~g 

from

a DGR.3 DCR.4 CRITERIONg

ITEM 0.05— 0.05— 0.05—
0.95 0.95 0.95

1 1.5 1.177 1.090 1.400
5 5 5

2 1.0 1.053 1.097 1.024

3 2.5 1.792 1.838 1.788

4 1.0 0.883 0.880 0.868

5 1.5 1.382 1.366 1.368

6 1.0 0.905 0.897 0.895

7 2.0 1.484 1.475 1.473

8 1.0 0.887 0.905 0.886

9 2.0 1.673 1.653 1.716

10 1.0 0.714 0 .707 0.725

The number of in tervals  used in es t imat ion  is shown as a subscript
I - ! wh en it is less than 6

- 

- 
- -

~~~~ - - ~~~~~~~~~~~~~~~~~~~
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TABLE 5-3

Difficulty Parameter and Its Estimates of Each of the Ten Bi-
nary Items Obtained from the Estimated Item Charac teristic Fun-
ctions by the Conditional P.D.F. Method of the Pearson System
Method, with the Corresponding Estimate Obtained from the Cri-
terion Item Characteristic Function: The Range of Each Esti-
mated Item Characteristic Function Used Is [0.05, 0.95),

within the Interval of 8 , [—2.4, 2.4]

METHOD

~~~~~~~~~~~~~~~~~~~~~~~~ TRUE b from b from b from
g g - g

b DCR.3 DCR.4 CRITERION
S

ITEM 0.05— 0.05— 0.05—
0.95 0.95 0.95

—2.5 —2.788 —2 .884 —2.651
-5 5

2 —2.0 —1.966 —1.942 —2 .002

3 —1.5 —1.494 —1.498 —1.507

4 —1.0 —0.990 —0.991 —1.005

s —0.5 —0.468 —0.472 —0.472

6 0.0 —0.073 -0.073 —0.075

7 0.5 0.522 0 .527 0.527

8 1.0 0.939 0.967 0.981

9 1.5 1.502 1.515 1.502

10 2.0 2 .128 2. 148 2. 118

The number of intervals used in es timat ion is shown as a subscript
when it is less than 6 .
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difference between normal density functions and Beta density functions

is expected to show, the estimation of the parameters is slightly

worse in Degree 4 Case, although in Degree 3 Case these two sets of

estimates are practically identical.

Figures 5—2 and 5—3 present the estimated density function of

0 (dashed curve), together with ti~e one obtained by the Two—Parameter

Beta Method (broken curve), the average of rhe true conditional density

functions (solid curve) and theoretical density func tion f(0) (dashed

line). Since we had to exclude three more subjects from the 486 subjects

in Degree 4 Case , they are excluded from the two extreme subintervals of

0 , to make the total 483.

It is observed that , in both Degree 3 and 4 Cases, the estimated

density function by the Pearson System Method is slightly closer to the

average of the t rue conditional density functions for the 500 subjects

than the one obtained by the Two—Parameter Beta Method . Also the same -:

is true if we compare them with the results obtained by the Normal

Approach Method , which are shown in Figures 3—2 and 3—3. 
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VI Comparison of the Approximated Conditional Density Functions

Figure 6—1 presents a typical set of the approximated conditional

density functions of 0 , given 0 , i.e., the normal density function

(dashed curve), which belongs to both the Pearson System Method and the

H Normal Approach Method , and the Beta density function (broken curve),

which belongs to the Two—Parameter Beta Method. In this example of

Subject 50, in both Degree 3 and 4 Cases, the normal density function is

almost identical with the true conditional density function , which is

drawn by a solid curve , while the Beta density function is flatter than

them.

In contrast to the above example, Figure 6—2 presents somewhat

different relationships. In this example of Subject 500, while the

relationship between the normal density function and the Beta density

function stays the same, they are substantially different from the true

conditional density function , especially in Degree 3 Case.

In the other two examples in Figure 6—3 , the normal density

functions are consistently closest , including the Beta density functions

which belong to the Pearson System Method (Broken and dotted curves).

This is rather an interesting result , indicating that the normal approx-

imation is better than the Beta approximation , even though the latter

uses the four conditional moments rather than two.

In Appendix III, Figure A— 3—1 presents 42 pairs of such comparisons ,

which show the general tendency . These 4..~ individuals were selected

f rom the total  493 subjects used in Degree 4 Case of the Two-Parameter Beta

Method , starting from Subject 1 and then picking up every twelve subject .

In both graphs of Degree 3 Case and Degree 4 Case for each subject , 
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the true conditional density of 0 , given 0 , is drawn by a solid

curve for the sake of comparison . From this sample of 42 subjects ,

it is clear tha t  the conf igura t ion  exempli f ied by the two graphs for

Subject 50 , i . e . ,  Figure 6— 1 , is true for the majority of the subjects.

L i t t l e  disc repancy lies between the normal density curve and the true

conditional density function , and the results are so similar between

Degree 3 and 4 Cases , for  these subjects .  The conf igura t ion  exemplified

by Figure 6—2 for Subject 500 is recognized for subjects with extreme —

values of the maximum Ukelihood estimate in both positive and negative

direction , and the estimates are much closer to the true conditional

density function in Degree 4 Case than in Degree 3 Case, for these

subjects. This reflects the fact that in Degree 4 Case the fit of

the polynomial to g(
~
) is better than in Degree 3 Case because of

the use of a polynomial of a higher degree , especially at the both

extreme ends of 0 . This did not affect the main parts of the

estimated item characteristic functions of the ten binary items , however ,

as we have seen in Figure 3-1 and F Igure  5—1.
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VII Discussion and Conclusion

We have seen the cesults of the Two-Parameter Beta Method , of

the Normal Approach Method , and of the Pearson System Method , all of

which belong to the Conditional P .D .F .  Method , in addition to those

obtained by the Histogram Ratio Method (Samejima, 1977d , 1978) and

by the Curve Fitting Method (Samejima, 1978) in the context of the Two—

Parameter Beta Method . It turned out that all the three in the Conditional

P.D.F. Method have produced highly satisfactory results as far as the

present simulated data are concerned.

This is rather unexpected , considering that each method has

somewhat different characteristics. It should be recalled , however ,

that, with the present simulated data, the majority of the conditional

density functions of 0 , given 0 , are normal density functions in

the Pearson System Method , and it is natural that both the Pearson

System Method and the Normal Approach Method produce almost identical

results. It is desired , therefore, to use different types of data

in addition to the present ones, before we try to extract some definite

conclusion about their characteristics.

The comparison of the estimated conditional density functions

has revealed that, in general, the normal density function fits slightly

better to the true conditional density function than the Beta density,

however. This may indicate that the counterbalance of the use of the

higher conditional moments and the inflexibility of the shape of the

function is in favor of the latter.

Since we have succeeded in attaining the level of.estimation that

we can possibly hope for as far as the present data are concerned , we
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should direct ourselves to overcome the limitation of the criterion oper—

ating characteristic now. One conceivable way is to try to approach , -

the joint density function of 0 and for each item score group ,

instead of approaching the conditional density function of 0 , given - 
-

0 . This orientation is closer to the Normal Approximation Method

which the author has tried previously (Samejima, l977b).
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