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TI
An a l g o r i t h m  tha t  may be used for the c l a s s i f i c a t i o n  of 1) er io( i1ca l ly

am l )h t t t d e  modulated (I ’~N) targets  is  presented . The data base used to

test  t h e al gor lth III is  der ived  from radar  r e tu rn s  from veh icles  mo~’ in ~’

at var ioulo  v e l o c i t i e t :  and aspect  ang les , but the  techni ques are appli-

cable , as we l l , to other  act i ’~’e w aV e deviecs such as sonar and laser .

The rece ived radar s i i ’n a l  is considered to be a t ime  ser ies  tha t  i s  a

function of target typ e , range , vc ’loc i t v , or i~~it a t ion and noise .  Class-

ifica ti on is i mp ]  rmcntc c l  in tile frequency doltla in; short—tine sp ect r a I
are c o ; : : 1u t t o d  u sin ’ the Fast Fourier Transform (FFT) . Features are

~ixt r actcd f i nn th e  i n f o r m a t ion  bear ing sideb anci s of the  r e s u l t i n g  spectra .

1 ic r a d : t o  s i gnaturc ’ ; t i r e  c l a s s i f i ed  us ing  both l i n e a r  dj scr i tn inan t  and

nea r est n ei~ !ibo r c lo s c i f i e r s , and per formanceS 
~~ presented for tw o ,

th r ee , f i v e , and s ix  c lass  cases us ing s ing le  and sequent ia l  looks .

P r o b a b i l i t i e s  of error of less t i t a n  ten percent are achieved for f i v e

or f ewer c l a s ses
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Preprocessing thc’ Data Basc ’ . As p rev ious ly  descr ibed , the data  ba se

used in th is  exper iment  consisted of the radar  return s from var ious  typ es

of veh ic les  be in g  dr iven  through the beams of two types of radars at

d i f fe ren t  a z i m u t h  ang les . Both the in -p h ase and quadra ture  components

of the received s ignal  were recorded on analog tape for the f i r s t  data

base and only one component for the other .

In i t i a l l y ,  the s ignatures were sampled at twice the bandwidth  of

the tape and r esu l t ing  spectra were analyzed . It soon became apparent ,

consistent with observation 4 about PAM L,J 1 .”Sets , that the doppler spread

was essentia1ly confined to the band between 0 and 2u
D
. Accordingly,

the data was sampled at a rate compatible with the highest target radial

velocity .

Because of the physical considerations previously detailed , the

pattern space chosen was the space of short-time discrete Fourier

amplitude spectra. An PFT integration period (corresponding to a 1024

point FFT) was selected that was short enough to approximate quasi-

stationarity of the time series and long enough to ensure sufficient

spectral resolution . As discussed in the previous section , several

time windows were considered for spectral smoothing,  and it was con-

cluded that the Hanning window provided adequate perforiuanc~ at  accept-

able computational cost.

A FORT RAN computer program cal led WRENC h was written to perform the

required preprocessing on the Wr ight-Patterson AFB CDC CYBF,R-74 computer.

A flow chart of the progr am is shown in F ig 14.  First the program reads

a time record from the input , digital , time domain tape . If the i f lp t lt

tape has been completely processed , the program stops . Otherwise , the

time data is niu ltip i led by a Ilanni ng Winslow and PFTc,,l - The ITT is , of

coursc , an ef’ficient imp l ementation of the DF’F:
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to insuz’e that the skiii line dopp ler  was p o s i t  ivs ’ for a l l  Spect i’si - A f t e r

this opera t ion , the nega t ive  h a l f  of the ansI’)l it ud~ Sp es’trtl?ll was d i  scarsl &- d

Then the  skin l i n e  frequency was compared to a freqtts ’ncv t h r e sho ld  tha t

corresponded to a r ad ia l  v e l o c i t y  of about two mils’ s pci’ hour . I f  the

S skin l i n e  frequency was below tha t  thre sho ld , there was not enoug h dopp ler

spread to ex t rac t  usefu l features , and the sample was re,i ected . If the

sample spectrum passed th i s  f i n a l  test , the p o s i t i v e  h a l f  of t i t s’ anspl i-

tude spectrum was wr i t t en  on the output  tape.

In summary , the ac tual  preprocessing consistes i  of a ser ies  of trans-

S formations and tests appl ied to the data. First , the  da ta  was  p r e f i l t s ’r s” d

and d i g i t i z e d  - Then i t  was win dowed and transformed v ia FF’F , and o n ly  t he

ampli tude spectrum was saved . The skin l in e  was ex t r a s-te d and th r e sh o l s i

in frequency and magni tude .  The resulting Output was the  p o s i t i v e  h a l f ,

ampl i tude  spectrum of the selected samp les .

The resulting basebautd ampl i tude  spectrogram for Target  1 at  :ero sle—

-~ gree azimuth  is shown in Fig 16. The series of hi gh amp i i tusit’ spikes at

about 300 lIz is the skill  l ine  of the v e h i c l e .  ‘I’h e lower 1111515 i i  tuds’

periodic sp ikes are due to running gear modula t ion . There is no s i g n i f i -

cant si gnal beyond the second harmonic of the skin line . It is apparent

that  the amplitude of sin p a r t i c u l a r  sp i k e  va r ies  with t lust ’ in a random

fashion . There is some t ime  c o r re l a t i o n , however - ailsl a c e r t a i n  siegiee of

frequency cor re lat ion  ex i s t s  among nei gltbot’ i usg sp ikes . Both the time and

frequency corre la t ion  are due to the s c a t t e r i n g  geometry and how fast it is

chang ing .  The geometry, in turn , depends on the t e r ra  in SLfl sI t h e  st e e r t l i g

of the v e h i c l e ,

Fi g 17 dep ic t s  the spectrogram of the  ~siI1se veisi s’le at 135 dc’ s~rees

a z i m u t h  aspec t .  As seems to he t rue  in  ge l lor a l  , the  t i m e  coheri’ t ’usce of

the s idcbss nd sp ikes for this t . . l l’ gt ’ t  is  Slot as great as s iz  i m u t h s  othes- th ais
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ATI at t ellI pt W a S  Illasl e to hi  gisi i gist t h e  forIlIslISts 1)’s ’ i istegrat  i Ug over

several  spect sal obse s-vat i O i l s  . The pro ceslus-e s’oiss i sted of cons isleri  1511,

sev eral  t i l l Ic—COn SeC Ut ive Spect ra l  S i  gnatul-es at tise SaIlle ass illIUtil angle.

Each o b s e r v a t i o n  was rasi ia l  velocity normali z~~sI , S in C e  the  skin  1 inc

f requency may clsang e c o n s i d e r a b l y  from one issi egra t ion  p er iod  to the next  -

Then , the n c s r m a l i  :cd Si guatureS  were s imply  summed , w i t h  the  home that

the coherent si gu a l  wol,il sI 1)5’ emp h a s i z e d , whi  I e an y  noi Se , bci ng i f l C O —

here ls t , woi~lsl not - -

This procedure  worked fail n y  well at zero an d iSO siegr ees a :111111th ,

as shown b Fi g 19 , where the formants were already rather apparent -

In F ig  19 , i t  m a he noted t h at t h e lowe r s id e band sp ikes , between zero

and 500 lIz , are qu i t e  d i s t i n c t .  U n f o r t u n a t e l y , t h e tec h ni que d i d not

eusphasi:e the formants at other  az imuth s , as in apparent  from Fi g 20.

This is probably due to th e l ack of specul ar f l a shes f rom t he  ro ta t in g

running gear at headinos other than zero or iSO degrees. Recause o~

these pooi’ results , this scheme was abandoned ; Isowever , i t  could poss ibl y

be made workable by a more refined normali zat ion and i n ter p o l a t i o n

scheme than was u s e d  here.  A bet ter  pl ws i ca l  model t h a t  more c lose l y

s imulates  the s ca t t e r ing  cha rac te r i s t i c s  at other than ca rd ina l  h e a dj ug s

would prov ide greater  i n s i g h t  and n i g h t  i n d i c a t e  what m o d i f i c a t i o n s  In i ght

make an integration scheme practicable.

The cepstr al s ig n a t u r e  of the ta rgets  seemed an obv i ous choice for

ex t r ac t i ng  the period of the a m p l i t u d e  m o d u l a t i o n , since a ser ies  of

eVefli)’ spaced spectra l spikes will integrate into a sing le large spike

in the ccpstrum at the period of the  s p a c i n g .  ‘the cep st s ’l im , first

descr ibed by Rogert ansi Tukey (Ref 5), is  f o r m a l l y  de f ined  as the po~’e~

spectrum of t h e  log pos%’er spectrum .

C ( t )  (F{ Io HS( 1- ’) I 2
~ ~ 
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of the tree represents the se t  o f a 1 1 features , sutid each of i ts ii

Successors i’e~ rese rit the exhaustive set s i tu a di Iferent featui’e removed .

Fach sticcc’edsiip, set of nodes represent sets resluCed by one f eatu r e

over their pi ’edecessoi ’. The flask’S w it h  no successors represent the sets

of in features . The Savings in the top—dow n seai’ch procesltsre an se

because no successors must be evaluated , if perfol’uulance fa l ls  below

an a 1 read)’ estab 1 i sllesl lower bouusd . As Fukunaga notes , the sclicttse

only works i f the  performance criterion i S nionotonic on the number of

features used . Performance ifliprovellient of c subset of features over

the superset from wis i cli they al’s’ drawis cannot he a 1 1 owed . Thus , th i s fea —

ture selection techni que w ill  work wel l  when perfoi’nsunce measures

that presuppose exact knowles1 5~e of the s tat is t  j cs  of t h e  processes , such

as B a t t a c h ar v v a  d i s t a n c e  or divergence, are used . However , i t s  optima—

Ii tv will not be r et a in e d  for p r a c t i c a l  problems where 1)robabi ii ty  of

error is the performance criterion, and an optimssl cotisputat ional

complexity e x i s t s .

Since the only optimal feature selection technique for a p r a c t i ca l

pattern recognition problem is exhaustive search which is coluputat ional  ly

exorbitant , heurist ic search procedures are requis-ed . Mucciardj and

(
~ose (Ref 46) have provided a compisrison of seven heuristic feature

selection techniques - Stearns (Ref 64) has proposed a “pists ri

take away n” sear ch al~ oi-ithm that is intuitively appealing . Others , e. i~.

Chang (Ref 9), have applied dynamic programmiusg to the feature select ion

problem . Ste pwise discriminant anss lvs is , as slescr ihed in the next sect ion .

was chosen as the feature selection technique to he used for the present

problem, because it results in a simp le c la s s i f i c a t i o n  rtil e A lso it

is rel at I t-eh- robust as ]on~ as the data is sm inssj al by c lasses .
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5 
St (‘(Ils’ t SC d I ~c i ’ I it  I is t lst 111551 1 i’ s i S (S1)5\) i s a t ccliii i qtte of feat  Ui’ s’

select lois Illi d e\’ .i lust I ~1)5 . Frotus a t raining set of ex t rac ted fe at t iu’sss

SPA W i 11 se lec t  t h e  l’ls.’55 t  Usefu l ( in a SPeC j f i~~s1 sense ) features ansi

eV Il lUSltt .’ the s 1 i s c s - i i s i s s a t i i s c ~ I)OWCI’ o those features using linear d i s —

1 c r i i n i n a r s t  f lul let ions . Tisere is no reason to bel I eve that SI)A i s an

I Opt i 15111151 i’t~~ces1ure , j 71 .lflV 1111111 ~~ ~ CII i ~~~~~~ , for the ps’obi em at isand

~ 
nor is it opt i~::uuus for almost any problem to which it I us 151)15 1 led .

~ 
Although SP:\ j S genes-al 1>’ suhopt ima l for select  lag features , the optimum

~ 
teclmi quc is too ex isensive in terms of comisutation to consider . The use

~ 
of SDA h a s  been w idely reported in the literature w i t h  good resu l ts ,

I for example , by Mohn (Ref 45 ) .

I Besides perforllling feature se lect ion , Sl) ,-~ e f fec ts  c lass i f i ca t ion

using I i neat’ discriminant funct ions . Nilsson , in his c lass ic  book

~Ref 49) , details t he theory of I inear di scriminant fuact ions for pattern

recognition - It is well known that 1 incas’ di Scr ininant functions are

not optir~:s 1 for c lass i f icat ion except foi- certain t\Tes of c lass  con-

ditional probability density functions , includinl5 j o int ly  Gaussian

with equal covariance matrices (Ref iS: 2~)) . Use of linear discrinuinant

functions may he j lsstif ied on the basis that if acceptable perlormance

results , then such d iscri ns inants are useful , thow~h suhopt imal

The coal of SI),\ is to find a linear discriminant function that

maxim izes the ratio of between-class scat ter  to wi th in— c lass sca t te r .

Since it is an iter :st ive process , adding or deleting a feature on each

pass , it is referred to as ste pwis e - The riot ivation for the procedure

is based on the classical work of j lj sher (Ref 21) -

The iisput to the SE)A .ii i,’~ri thin is a set of n—dimensional feature

vectors X
1 

, X ,~~, . - .X
k 

assigned to tw o  or more c l asses :  1
1 ~ 5s , , . . - The

I
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m d i  cates the total  scat ter  of all of the samples - For the scalar case ,

it may be not ed that the s~itl’. i n—c1as s scatter is the sum of the normali:ed

class variances , and the total scat ter  is the overall norma1i~ cd variance.

It may also he observed that
in

S = .T~ 1 (X-~~. + - ~ ) ( X - +S~. -i)
5 T ],r’l X LW . 1 1 1 1

1

m in
~ ~~~~~~~~~~~~~ , ~ ~~~~~~~~~~j=1 Xcw,1 1 1 i’l Xc s.sj . 1

= ~~~~~~~~~~~~~~~~~ 
- (81)

The second term in Eq (81) is frequently termed the between-class scatter

matrix S
B 

(Ref 18:119) , and thus total scatter in the sum of the within-

class scatter and the between-class Scatter

S
F 

= S
1~ + S

B (82)

The method of selecting those features to be added or deleted at each

step of the analysis is based on the ratio of w ithin-class scatter to

total scatter . This quantity, which is the ratio of the determinants of

the with in-class and total scatter matrices , is referred to as iVilks ’

A-criterion (Ref 36:77)

de t S (Y) 
83( )  de t ST (Y) C

where Y is the vector of features that have been selected and det re-

presents determinant . Wilks ’ A-criterion has values between zero and

unity , with larger values indicating poor separation , while smalier ones

indicate rood separation . At each step , the features are di~’ ided into

two disjoint groups , those that have been selected at some pi’e\’iOuS Step

and those th:st have not. A partial A - s t a t i s t i c  is defined

83
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wite iT ii I s a ft t u i c ’  t h a t  h i  a n o t  been ael cct cd a s ve t  . Th I s qu an t i t  y

p i  yes a me asu re  of i mprov ( 1- en t of t I ~t c xpancled feat  ure set OVO r

t h e on y i n n  I ac t  A Corr e sp o n d  i fl5~ 1 — s t a t  ist  Ic  computed

p --- 
r n — i  A (u . Y)

where  p iS  t ll’ nuc~)er of ~~atu res  i f l e l t i d e d  in the a n a l y s i S . The F—

s t a t i s t i c  i s  u . e J  to con t ro l  t he  add i  t ion of new fe at u r e s  or the

d c i  Ct  On of al  ) ( a i ~’ se lec ted  f e a t u r es . The F — s i  at i s t i c  i S c: : l c d  e i t h e r

the F - - t o — e n t e r  s1 t i  s t i c  for  t h e  e n t ry  of u int o the set  V t — (y
1 
,y

2 , . • •
~~~~~)

Or t h e  1 — t o -  1’C1 ( 0 0  s t a t  I ~.t C ~or th O d c l c t i u ; i  of u fro ~ c t ia: ~-~~t (V 1 ,
V~

• . , v ,u) . A n c - .: f e a tu r e  ~: 11 no he added i ~ i t o  F — s t a t  i a t c i s hc~1 o’~:

a sp ec i  f i e~ ~ i~~~. c ~l d , or an  o l d  one ~:i 5 1  no t  h~- ( l e l ct t e ~ i f  i t s- F—

s t e - i ; s t i c  i s  a e r e  a $ p c - c i . H L - .~ t h r . e~i e i d  Fa~ 1c t 5c  c~~1io 1ds, a rc -  in p u t

p am : t era  in  ~:hc c o o p u t  or rc v : u c .

At each st ep of the  an:t  vsi S , ufle  fea  tuic  i a a or d e l e t e d  a c c  o r 1  —

in~ to t h e  m l  l ’ i n  L h r ’~e r u l e s :

1 . ie fea t u r e  t -:ith t he a’ :o ilest. F- t o—r e move v a )  tic un les s

t h i s  v a l u e i s  r c : c t o r  t u rn: or equa l  to  the F — t o  r en rn ve  t h r e s h o l d .

2. I f  i t  i s  not p o s s ib l e  to r c -rsnVc ’ a fe~~t u c  , ~tdd the fea tu re  w i t h

the  h i  eh e st  I - - t o — c n t  cm s ta t i s t i c  t h a t  .i s g reat e r  t h an  or equal  to the F—

to en t e r  t hr e s l i a ]  d

3 .  I f  i t  i s  i-t ot p eas  ib)  r to d e l e t e  or add a f e at u r e , t he  stepp in p

p r o c c d t :r e  is c c n - p l e t e

A f t  ci’ I hc I t ema t  i (OF ho vt ’ ceased , a l i n e a r  d i 5cr u n i  i t a n t  func t  ion

computed ~or each c 1::  a a

I 
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\~ ~IIIiI \ t t .  I III~ ‘ i  IF I i i  ~~ I i~ F I h I i i  I i i .  . ‘1 1 t ’  I””

~ i t 1iIii I i’ . . ‘~~~ i l t’  ~~~l t i l l l ’  F l t t l i \  I II  I t ~

k ii

i t t  t iR ‘ F l t ’~~t~ I t t t  Ilie I I i i t ’ ; t r  ~II ,t ’ r i r ; l l  .~~ t i t  ‘ t t Iu& ’ t  i~~’ i t ;  ~~~ t u t u I~v

I q I ~~~) ~i ’ c ~~ t li ii h r  (
~~~i ; . t  t ; t i t  c i t .  ~~ it~h I u ’ i t . t I  di ii ; i t  i ’  i t  t l t  u ’ u j t t . L l

I F ~ ‘‘. (lh’ ‘
~ 1 :

I Fl ’  .1 C F ’ t ’ F t i . . i l  ( t i ’ ~P I F t u  l u ’  , t ’ t i t , l t I u ’ ’ l  Ft  ~;I’ S , • t~’ t l  I

~~~~ 

t I l t  t u  ,‘ ,~~~~~~ ‘‘  t ;  ‘~~ c F I c ~~I I i ’  I f l i l u h l ( I !  ‘ i ’ . ‘Ut ~ ;‘ u t l t  1

d . ~ I t  I . F C ! F ’ , i t  hF ~~~~~~ ~ I

I F ,  t t ~ c t  l~ i u ;  , : t  , i t ’ . ( t ~~ l~~ . 1 1 1

I , ‘ I’ I I I .  I I I • I ‘ 1 ‘I I i’

i t c h  ‘
~~ . u i . , ,  u t  1 . .  I ’ \ , . tt u l  ‘ u ’ ’ i  ‘ ‘ i t t  i ’ ’  u ’~ ’ , I i t ’

• C . •i F I ’  r~
, . 

~‘ , ii:1’t I . 1 ~ 1;. ’ , . I c , : 1  i t c t  i i  i t

l I t  H ti ~ . 1 i l” u ’ C ’  ii  1 F’  t ’  I’ ’ ,~ I~ i t  I h i  i ’

I, ’ . ~~~~‘ t~~~ ; , ‘ I t  j~~ . :.~ .‘~~, i  t ’~~I hi  1’ ’ h’ ’~ I t  • t 1 ’ l L ! l u ’ u ’ ‘ ‘ i t  H

‘ 1 i t ’ ’  i~~ l j t .  F ‘ i t t  ‘ c. F ,  \ ‘ •‘ i ’ , ’ , Ii ‘ u ‘ F . ‘ i~ I

1 ’ 1 i t t I  ‘c ‘ ‘‘ b’’,’ i ’ ’ ’  ‘ ~
‘ I t i c  ~~ I F t c ’ C i t .  F ~ ‘ Ic I i I .1

I I c i i i  t ’ t i .  ‘
• . , ‘~~ ~~~‘ t t ’ ”  1 i i  F I i i ’ . A ’ I ~ui~ c ’  I I t ’  c 

~~~
‘ , F l  I

II,  I i ‘ , t t ~~ i , . .  I ‘ , i~ I I i ’ ;  , l I t ;  ‘ . i F iF’ 1 c i  I c i i ’ , 
~l i t t , ‘ u  1 ri

It t ‘ i ’  ,~~~ . u ’ t  li j . ’ I t u ’ i ’ i’ i ’ J i t ’  ‘;t it  1 j ,’ c , i ~ c C ; I I  Iu’r t n t ’  ~‘ !  i ,t 1’I~’ c i ’

‘ M t . L I  I i i  C v t . i  ‘ 1 \ t ’ j ! t c i t  I I Ii \ t c F It ~‘ , i i I  u t  V F I

i i’ .i l i i t ’ i’ H u i  i t ’ I  I ’ t F ! ’ I u ’ ‘ . I t . , ;  i l e t . ;  ‘ l i t t’ ; i t u d  i t  ~~‘ , r i ’ I ’ t t ’ . t n i ’ ’ , . Al it , t t c’

t i c  l i i i  I ’  ‘ I  I’ ’’ Ic ,i~~ul c l ) ’ , i ll I F F 1 ’ ’  it’  F~ ‘i’ \ ,iu~i

‘I . 1 I u~’ ‘ I ,t  I r’~ ’ i t ’ i t  I



~~i’ . i , ’ , ’ ’ ,t  Nt ’i  ‘ C ~ I ’ ’ i  t ’ h ; i~~ .i C i t  u t  ‘I t t t t  I t ith

Fhie & u l i t i ’ I’ I t  i t t  t ’ i’ i ’ l t , i ’ I l i t  I t t . i t ’ t t l ’ ’  i F  .1 i ’ t t ’ , I ’ . t i t ’ (’ c t  “ h u t  i , i i ’ i V i t

h I ; l u I t c i t  i t t  d l ‘ 1  t t s t i ~~iI ‘ 1  i i u ’ l t  i ’ F i u ’ ”i i I I  I’ l l I u ’ t c i i l , i C  i u ’ i i ’ , ‘ l iii’ in ; I I , ’ ’ . l

f l F I t ’ I ; I ’ i ’ l ’  ( ‘t” )  u ! , t ’~~t l i ~ i t  t u u n  n i h ’, l i t  ~~~F~
1i 1 id  i t  I i ui.i

(I~i’ I , ‘ , ‘ )  , I t u t U  i It t,’ ; I ~ l t  it ‘
~~‘‘ . ¶ i i F  c i i  l i t  . h ’ h t r  V~ I r i  t n t  i t c  ~~ I cc i i ’ . ‘ . 1

I I i ’ , i I i I ” u ’ \ r u ’ t u ’ i ’  \ ,\ \ I t h i t
I , ii

I t t  I I~ ¶ 1 . , ’ i t u t u ’ I,i’ . t ’’ , ,tu , , . . . ,u u ’ . ‘u ‘ i i i  I i i i  Ii’ i i i ’ t  l i t ’
I . Ill

I’ ’ ul i  I ~i u ’ i! ‘ t i  t l i c ’ ’  . t ’ . i u u ’ I i ’  %~li Iu Ii l I t i~ i t ’ . t I t i t ’ t ’ V Fi ’ t F i ’ ’ , ¶ ‘ u’ I cp ’ ’ ,

I u ” . t  V t ’ c t u ’ I  i t t  i ; i .~ lu ’ i , i ’ u t i ’ . ’ l i l t I i’ ; , ’ ’ , I n t ’ l  1. ’ t I m  l,i’ . ’ . ~. ‘

t C i , i I ,

i”IIF F(’ ul ~\ , \ , 1 IF i t  ~I \ ) (
~‘I ‘

‘ I I’ i’ ii

l i t  t u t l ’ i l l  F I ! h i i ~~’ t u 1  ~‘ I . i ’ . ’ . i ~~~~~~ i t i t  ‘ . I ’ , ’ , l t ’ t i ’ ’ u~ i t t  l i i i ’ l . t ’ . ’~ I t ’ I’ L i t  ii

i t  ‘ , i t t ’ , t ~~~ ¶ Ut I “I’ ~‘ i 1 n h i ’ ’  ii ’ ’ .

‘ ( I ~~ .‘<\ Fl i t ’ I ., . i t ’ l l  , “ ‘ t t ’ u ~ f ~ c I k ’ ~~~ ’ L i t . ’ i i  i~~ , i cc

1t t’ , ’ I u , ,~~’ i t  )~ i ’ t ’ , , i I ’ ( u t ’ i t .  l i m I t  t i l t ’ ,n c’ , ;i~ IF  F ’ ” ”  i~~i~ i,~ ’ l u ’ ’ ’ , ’ I’ u ; i t i t ’ l l , Cml

i t  F i ’ u~~~’ i t ” t  l i t ’ . ‘ I t  ‘
~~‘ “ ‘ ‘ t ’~ C t i ’ i t  ‘ ‘ “I t ’ t n ”  1 , ’ ‘ 1  i i  F u i ’ t I n  k ! . ’ C ‘ . I i . ’

~ I F F i I’ ~ . , t ni t C ’  t ,  t I I t , 1 1 l u ’ ’ ’, ‘ Ii ’ I ‘ C u ‘ , ‘ l I ; u  u ‘ l u  F

c I i ’ . ’ I I ’ I c I” ; I ,i I I , c . t ’ . tli , : ‘I’ I i’d i i ’ ‘
‘ .1 i t  I i l l” I’ I! F’ F.  ‘ u i ’ , I’

d c ’  . I I t iu F ’  t I c t ’ . , i~ ‘I t i l t ’ ~~ I t i  Ii d i i  I i . , ‘ 1.1F F I F C lii ’ I .  ‘ ‘ u

i t  i t ; ’ ’ ’ ’. C i t  t i  i i ’ ’ ’ F I’ C lic Ic I ,i . .t~ d l i t ; ’ . i I ‘ , I ’  L C ‘ i t ’ ; ;  ‘ , ‘ i i  u I i i ’ , I iF

uI ~~It i ’ . I~~c lUl ” F F I’ i I ‘; ‘ I I IF ¶ L I  V t ’ . I t i  F I t i  c c ‘Il 
~~~

‘ u ’ u i ’ u ’ I’  i’ ‘i i i ” i i i  “ t ’

Iu ’ii ,Ii’ u ’ l t l  I lit ’ d i

t i i u l  l i nt  (!I~’ t ’ I .1  li l t ’ “ I i,u ’ u l l  I ti. t I  t i n’  ~~~~ i’ i i l t ’ i t  ;1 ’ i u it  I t ’

l h I’ u t l , l l t  I h i I ~ ‘ I u ’ ’ i ’ i’ i ’ t ’  , I’ i .  I ’ u ’ t l l t t ! i ’ ul , ‘ i ’ u ’’u t ’ f ’ t ’  I t s  i i i ’ I l1~’ l i t ’ ’ , 
~t t  u ’l’ ,iI’ I I I t

ii i n l ’ l ’ u ’ t ’ , I’~ . I I ’ 1’ ( i ’ ’) I ’ ;  t i~n N\ 1,i .’. I I t t  i t  i t ’ i’ . I t i ’ I ’  : 1Cc  ) t i ’ u ’ ’ t ,i l s  I I i t t ’ u ’ ’

U

t ’ l ’ i 1 , 1  l i i i ’  ,i d i ’’ . i  “ i i  F F 1  t ’ u ’f l t  lii i t i ’, it ‘ i ’  i~~~ ’ ’ . , t u t u  I l t i ’  i t ’  ‘ C ’ 1 ’ ’1 1 1 1 cr

t ’ . i t  i’ I’ .
1



( l’C~, ) )

Co v e r and I I I  t ’ t t u n it dnni imt i t  t t ’ ;i t t ’ t lt: i

p * ( )  
~i t , _ I’~ ) (90)

where in i t .  t i t i ’ i’it i i :t ls t ’r o f c i i  ‘;~~e’ . . The I c~~~’t ’ hotit id on I’ I’; otis’ j o l t ’ ;  Iv t ho

Bayei~ C i’rot’ ra t e .  ‘l’Ii iF neat ’  ‘~~‘ t I ii~:t l i t  v of ’ t li t ’  NN i’ ti l e f’or  1 a t’~~~’ t t’ :t i i i iii ~’

se ts , t heii , p r o v i d o t ;  t ’t irt ln’i’ i t1 ’ t I f ’ i t ’ ; It  I t ’ l l  for i t t ;  w ide t ot e fin’ c I t ’ . ’ I

f I cat  i cii tint,! lea t t ire eva 1 t i a  I I ott

1’Iie ex pect  ii prob;ih I I it v o f ’ tS i~t t i r  fo~ t he N\’ vu 1 e I F ( ‘ : I F V  t o  ~‘ot i i~i t I 1

anti i’ ; re ii t I l t  1 e ; l t;  t ;tin i t i~ l i i i ’ do it i ii ‘
~~~‘ t I c t’ t ’p l ’v ” ,t ’ I t  t a I I I n ’) F 1i ~~ F o: t t ’ii

tra In i nj ’, s e t  satn p le m a y  1) t ’ t ’ t ’ l l F  derod h u h  Iv I I I I I : I  i i  V a’~ a t e’; t Fet of ’ one

o b s e r v a t i o n . ‘ft i~; unt ’th od of ~.‘st h’;t t iii~ t he ex I’ i’c t  ed pt’oli:i!ii I it t ’  of  eri’or

Is it ( ‘eflert i  i i: ’ at I i’n It f t hu II tilt ’ t i1o~I iii’s ii’ I bi’ti liv ‘lout; ~;a h i t  ( lie I t i o )  , who

CoilIj itires it S t~t t t t  i Ft i eti l  p ropel’ t I tcs t F t lluF C’ of  (i t iu ( ’j ’ methods

The procedure i t ;  t F det e i’tti i i i ’ ,’ t l i t ’  flUtlll)~ i’ of F; IU1l i i t ’ S  ii eticl i  c i t t ’ ;  t .  t ha t

have nea r est  ito I clIi)o i’s out t~ 1dm ’ of ’ the el t IFF , di v i do liv the iutinfi ’r ii i ’

samn p i  ot . in I he ci ; it ; s • nui l t i1li~ ’ b the ( ‘ 1:1 FS p1’ i on  pi’oIFIh I ~ i t t ’ , tint 1 si t u

over a l l  t h e  cl ;int;n’; . To expr ~’t ;’; t ) t i ’  t’ortita l iv , i t  is f i r s t  cu ’nvt ’ nht ’nt

to d e f i n e  a set membershi p f t t i i t ’t ion 1or t i t i’ t leal’est ilel fhhor of ’ t i

~~ i yen feature vec to r X

u ~~ i f  V1t ’ (91)

0 , i f  X !  h i t

where X is  the  nearest ne i t’ht ioi’ of ’ X , , i . e •
,1 ‘ .1

d (X .  , X ’ ) 111111 d ( X ,  , X .  ) (fl ,’’)
,1 J i ? i  .‘

Thc~ the ( ‘X I i t’ (’t (‘ ii 1~i’c 1t ,t bi l i l t ’  of error i

1
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nu P t , ,” , )
P(t” ) ~‘ 

~‘ t~ (X , \ ) ( t i ’S)

c- I n I ’ .1

t,s’) l i ,’i’ t’ P ( .  ‘) s h i t ’  p1’ I iii’ I’ t’ t’li ,.it i i i  Iv t ’ t ’ c I ,I ’~ ’ c t u tu i t  I’. I Iii’ tittt ;il t’ I’ i, ’ f ’

sauip t es  :t ’ .c I i’ ite d to ~u • it sliotil ! bt’ ii;’t i’d t ht ,It the Pt~~ t z ’ i t,’ i t t i s ’ ’ I f’ m’ e

qtIt’nt Iv t t F c d  w i t h  1 ht ’ N.\ ru le • an~ t iio ou t’ Ut; t’~I in i b i s  ~~~~~~ •

I u t ’ ii tle,ui ~ii’~ t ;l ilt’ t ’

d (x ,Y )  = ~~~‘ V [ t , x  1) 1 
X .\ ‘) I / ,

u 

( 9 4)

The’ l’c , i t t ’s ’: di’:tw l’,tt ’k t o  t l t . i i l t ’ t i  NN t’ I;t ’ , ’;i I’ i n m ’  f~’i’ oti ~~1 i i t e l t a t t t ’ t ’ n

rt ’t’ t ’i’il i t  ion i F  the 1 ;t l’ t t ’ , i i t tu ’ l i t it  o f  t ’ i l t t i 1 ’ t i t  . t t  I u ’ l I , i  I i ’ C i tu ’ t t t ’ t ’O’ ; l’el lLI i rod

I ;ich of’ t ii~’ dt ’’’. i t ’ 1 1  t ; ~ C \ ‘O t ’ t o t ’ s mut t ; I l”e st o i t’d , and a l l  ci’ t lie ~li t t i t i c  e

must be t ’ i ’ t , c ’ t i t  i ’d uts i ‘‘;ic h t o ’ ; t ~‘ec t ‘r . ‘ic ti l Ii ’v h at e  t h u  F i
. t t I , i~ t t t  at  t c t t .ii

I’eIitii t ’ i’ri ~~i it  ‘ ; , ‘ t ’ ;u ’ s l i , i t  , II.Il’t I,Iiet “ “ ‘C hUt ’ ’ t~~t t ’ t idttu ,’~ d 1 hi’ t’ i’it lt ’ii’i,’d IU’ , i i ’ u ’ ” t

Jt t ’ sthbor (t~’IN u’ til i.’ , ‘ihi’ CNN u’utl e usos au t F i t t  I Vt’ I ’ t ’ i ’ t ’ i ’ u ! t i r t ’ Ic C ’ i t~ I

ot t lv thos e ‘ ,i i;;~
u 1 (‘5 t h a  t a t’ e neat’ t h~’ c ia’: ’; bi ’ tut la i i i ’’ ; , iii rot  ,i i l l i l i t ’ u ’ ! t  I c

t hose s;Il’iI~lt ’ t’; • the CNN c i ; t ’ ; c i l’ j u ,’ ;It ion pt’ocedtt i’ t’ li t ’; th~ pu s’ ; ’t lii i l i l t  c C

rej tit ,’ I i i~~ t in’ out — h u e  cc’ :t ’sit t i t  i t ’i l, i I i’eulU I t’ Ol l l t ’ t i t  c on s nlt’i’ ,i l’ i t ’ , w I t  I~~’ ut t

ef ’ f ’ect hiui ~ per ‘cr1’ . Iii~’e s i yui Ii c a n t  Iv.

The k nr . Iu ’ o s t  t iel i tbor (I~NN) t ’tt l e j s  an ob v i o u s  ext  en’. I c it of  t lit ’ \ ,“~

t’ l a s s i f i c at  ion rule, As t iut’ name imp l i es , thi,; i ’ t t i t ’ ~ iinp lv ; l S s i y u l s  ;t

t t ’ ” t  vect or  to the c h t i s ”~ which is mccl I I’ t ’ t i t I t ’ l l t  1\ ’ • ‘ p I e s u ’ T i t  ‘d iil ’ i( ’ll l, ii F k

nearest  t it’ I t ? i b o r s  . A s i  tnp l e I’ot& ’ i,s t t iken t o  dot ei’ini no the c la s s  I abe I

for the t es t  vee tot ’ . The t i  svmp tot i c upper l’otitid for the kN\ pi’obtt li ii i t  V

of ert’o r mn;iv not be ex1iu’ esst’ d s I up lv ; howevet ’ • t he as vit’tpt t it  he pet’ t’oriii,ttit’e

is  monotoni c on k , 1)uud,i and Hart (itt ’ f ’ i S :  lOS) prc ~’ ide a chart  dep ic t  i ii
~~

a cvni pt ot in I.,NN per fo t’tnan~’e as  a func t i It it of  Ilavi’ s e i’rot’ lot’ v,t i’ i t ” t t t ; ~al t i e s

of k.

i t e s i u l t  c

I
To t e’ ; ( t h e  e f f ’it ’,it ’u ’ o f fl it’ c~t t t ’ ,R’ tCt i  f’o,’ i t i i t ’ es , sCI’ i’)’tI l e i ; ts s u  f i t  . It  lout
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F I , , ’ !  C t~~~l i u t l ,  ‘~~‘ , C , i  i i i ’ ‘ I l  m l  ‘ ‘ . I, ’ . ’ . i i  n i t  i t ’ U .  l it  ,m i  1 o f

I f i t ’ F S ‘, I’ I Pi l l ~~~~~~ ; ‘ ‘ 1  l i t  I I I ‘, “ O u  ¶ i ‘ t i  , t i t  ~~~~~ t ’ t i t t ’t ”uu ’ 1 5 1 ’  I ltu i  I~ i t  1’d

t i t ~’ I t ’ , t t i l i ’ t ’ I O u  t u ’ l  u ‘ ‘ I ’ ’ t ’ ’ i  u u l  , ‘~~ 11’ i t t  C l  I t ’ . i I ’ t l  i i ’ ’ . , l u m ’ t ’t t u F t ’ . l v  u l ,  ‘ ‘ u ’ i ’

t ’ \ t  i n t ’ l i t , ’  . m ‘ C  ‘ ) ‘ . ‘ : m t t  . i t  H i t t ’ , . t ’ .~ u l  I t i t u ! t ’ ‘l ’t ’ u I  ruiti , l’, m t , i  ‘ u ’

ls , i ’ . u t ’ t ‘ u ’l u u ’ ‘ 1  ‘..‘‘ ‘ t C ’ I u ’ ’ ’ , ‘ t  t , ; i  i ’ ,’ t  ~~~~~ 
~ ~~i i .‘ , ; iu i ~ i 1 ‘1 u ’ t ~

l u ~~~ ,~ 1 ,~ u ’ C ’ h.td . 1 1 1  .i , l ,’ Ii t u ’ i ; . ii ‘ C  F i;Fp l u ’ c C  t , L I ’ i’ u ’t  I it ; . !

t s f ’ c i  ‘ t  ,‘ 

~‘ 1 i t  ‘u ‘ .i’’i~ ’ ~., ‘, • I ‘I c i i ’ t .1 , I U C i i  ‘ ‘ I  I ,iu it l  i t ’  ~‘ t

U , , . t ’ I~’ \V i t ,  ~ . , t m ’  \ ‘ . ;‘. , ‘‘ u I ‘ i ’ ’ . ‘ Iii’ i n t u i t .  t u , ’ i ’ i ,  ; i ’ Ft  ‘ ‘ i’c I t , ’ ,‘ t

l i i  I l t u ~ I . ‘ ‘ t  ‘~~ t u ’ I ~ t n t ’ I i t t .  i ‘ ‘ , ‘ ‘ ‘ . t , t ’ , \ I. C ’ . i t ’  t I  it t Mt C ’ , ri ni

ut  S l l ~~ ‘I ’ t ’  t ‘ ‘ , ‘, F ‘ I u u ‘ . F’ , , ‘ t i l t  F 1 C m ’  ‘ t  I I  0 t ‘ I ‘ I ’ ’  I 1 .~~i I ‘ . ‘ . ‘ 1 m m . ’.

t o t  i i  ~ t u . u ’ u I. u , , , ’ ,  
~d’ I ’ t ’  t u  i . i t ’ r,’ , ‘ , ‘ ‘. , ‘ i ~ u t m .  ii Ct u ’ i t ” ’ , C u ‘ . ‘ .‘ ‘ I .

‘ i. ” i i ;  I ‘ ‘ ‘ u , ‘ 1 . C t i  ‘ i  i u ” i f  ‘ t , ‘ !  C ’  I ‘ . F I t t u ’ i t , u I C , i C I u ‘F u ’ ‘

t t t  I u , , ‘ C ’ , ‘, u ’ t I .Ii,t C ‘ i  i , ‘ t ’ u L , t ~~’ 
~~~ 

,‘ . ‘. . C ’  i t  i;” ;. ’ t .  I ’ll,’ ,! . C b C , ’ II

‘.i;, ’Is ‘~ r~~t t ~ Ci C , ;  t i ,  , . ‘ F t ’ ’ I, ’ , I u I  u i ’ l u ” Ft . ‘,‘ .i , . t u  li ‘.i ,‘
~~
‘ ‘. ‘ C

Ft  . I ‘ . C I C • . 1 ’ . , C  ‘ I ’  t C I  iii C • i ,‘ t t  O t t  ~ ‘u , n u t  u C , IC ‘ ‘ i i  I I ’ ~ t ’ i t ’

I ~ ‘ t ’ .; i t ’  . ‘ ‘~ ‘ 
I t , ,  

,~ , . ni t ’ . , , ’ ’  “ c l  i t t  I .t 1’ , ‘ I i i’  I ‘ t , ’ ’ ~ . ‘ C I i s ’ a

~ ‘ ‘  I , ’ t ~ i t ’  u ’ \ t  t , ., ‘ , L i  \ ‘ . i c :  C ’ . ~. & i i ‘
i u t  Mt ‘. t ,~~‘: ,~ , ‘ t~~ , t i . ’ I , ’ , C

m ,  i i . ’ I i t ;  ., ‘ ‘ ‘ i .1. ‘ ‘ ‘ t i1 ‘, l i t , C i ;  ‘ I ’ t ’ Cc ’ ’ ., ’ ., ’i’ .1 1i. ;  t ‘ t u ’ i i  C u ’ , 1 ’ ’ 1 Ii. ’ I F i F ’ ’ i

I cc 1 : 1  u , C u ’ , i i i  F. ’ I ,‘ 1 I “ I ‘ t ,  I . ‘ t . u I , l I , ~~u ’ , I l i t  I C 1 , ~i ‘ F t i ’ . l i ’ ’ , ,  :‘ ‘, t I

i t ’ C ~~,‘ ~~ I ‘~ l i t . ’ ( ‘ ‘1 i l  1 , 1 1 ’  i , i t  I c  I I I  Mt ~’ . , ’ t i , u u 1’ , cC ’  ,

I t . ’ uL~ 1 I t ’ , ’ I t t ’ t C  l i t ’ C ’ O ~~i t  ‘ t I . ; I ’ . ’ C ; u ’ ; u u c ’ , , l ; l I ~ C t  C M  t , l i u u t u ’ , Mi5 ’ u ’ ’ t t t m u ’

t i lt i l l , ’ , ’ ,! , t “ i i  I u I  ~ t t ’~~~” , I , i I t C ,  ‘ u! I i i  c ’ ~
‘ i t ’  F I ’ r ‘ 1  . ; t  I ‘ 1  I c  , I , t ’ , , I I t t ’

I l  t ’ . l I i i ’ s ’ i ”  I ; i ’ .I t~s I  I, u t u , ’ ,i I~\ Mit ’ i ’ i ’ : ~~,i i ilu ’t ’  i t i  , I t ’ t . u ’ u ’ i i u l  l i lt ’ t~~i’ u 1 I ’ i  t u C

I I ’ . I’ I t t  f l u ’ ’ . ’. . I t  I “ t i l t  u ’ i ’ t ’ ’  I l i i ~ 1 c l i t ’ t i ~ I C ; i t  C ’ . ‘ t ’  I I’. i’~ ’ I I ,t Is I ~ ‘ t t ’  i t

111011 I ‘ii I , ‘ . t t t ’ t  i ’ t i ,  i l l I I  I ‘ s d , ‘ i t t  I I  i t ’  F t C m ’ , , . ii’ ’ ; ’ i u l i t ’ u i a I t i  ‘ ‘i

‘ r i  C u ’ C u I  , I iF  i t  i ” ; , ”t I I  .1 ‘,‘ r c C C c, . C i t  i t ’ ’ , ‘ F l  ,‘ tn , I  I . I li l t’ I t  C F, ; I~~”

‘ i i t  , l’ ,’~’ , i t u ’ .F Iii,’ :~ ‘ “ \  ,‘ I t ’ , ’ i ’ i I C  i t ’ s ’ i. ’ ,’I C u C  i t li ’ ‘ t I m ’  I I I’ ’ I , ‘ , i i  ,; ‘  ~~~

‘c C ’ i ‘ I t  , ‘i t C , I I. I I C m ’’  u ’ ,i l i t  ,.,~ t’ i i ,  C t i l t  I , I I ’ , ’ II m ’ i ’ , ‘ u F .~~ ‘ C ’  I I 0
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t r a i n i n g  se t,  Almost  ten percent of the samples were at these two

vehicle aspects , The runs wi th  aspects nearest these were 2 2 . 5  degrees

off , and no problem was encountered with those runs. If the exceptional

behavior is assumed to extend for oniy five de grees either side of the

cardinal headings , and all aspects are assumed equally likely, then

the cardinal heading runs should only account for about five percent of

the total samp le s . Thus the error rate would only be about half the

indicated one ,

Experiment 2 was the same as the first except that the Target 1

samples at zero and 180 degrees were included in a separate class. The

SDA iterations stoppt’d aytmin after thirty six f ea t u r e s  had b een

selected with an overall probability of error of .053 for a single

observation, The. confusion matrix is shown in Table V , where A repre-

sents the Target 1 samples at zero and 180 degrees . The probability

Table V. Confusion Matrix for Experiment 2

CLASSIFIED AS

A 1 2

TRUE A 32 2 23

CLASS 1 10 508 44

2 0 7 760

of error given above did not include class 1/class A errors , It is

interesting to note that less than one i ercent of the class 2 targets

were miscl assified , Also , the vast majority of class A targets that were

missident i f ied  were called class 2 . The scat torplot  for this  experiment ,

shown in Fi g 27 , provides more insight into the structure of the data .

Experiment 3 consisted of apply ing the NN classification rule to

the data as described in Experi ment 1.  The average p r o b a b i l i t y  of’ er ror

96
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