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A NUMERICAL SOLUTION OF

SUPERSONIC AND HYPERSONIC VI SCOUS

FLOW FIELDS AROUND THIN

PLANAR DELTA W IN C S

by

Cuion S. B l u for d , Jr. , Ph .D .
Major USAF

Major Roger Crawford , Advisor

A numerical technique was used to compute the supersonic and

hypersonic , viscous f low f i e lds  around t h i n  p l a n a r  delta wings .

These so lu t ions  were obta ined by solving the Navier—Stokes equations

subject to a conical approximation . The integration technique used

was the second—order accurate , finite—difference scheme by MacCormack.

This numerical integration was pe r fo rmed  on a constant step size ar r ay

generated by a conical  coord ina te  t r an s f o rm at i o n .  So lu t ions  were

obtained for  the upper—onl y ,  lower—only , and t o t a l  f l ow f i e lds  a round

delta wings w i t h  supersonic leading ed ges . These so lu t ions  span a

Mach number  range of 2 . 9 4  to 10. 17 , a local Revue I ds number range of

3.345 x io~ to s.o x io 6 , and var ious  ang les of a t t a c k  fr om — 1 5 ° to

+150 . Numer i cal  o s c i l l a t i o n s, due to shock c a p t u r i n g ,  were  reduced

by app ly ing  no rma l s t ress  damp t u g  and a føu r t  h—ord t ’  r dens i t v  damp ing

term to the  f i ni  t e— d i f  fer encc  equat ions. A s t a b i l i ty  c r i t e r i a  was

developed and used w h i c h  accounted for both  the  v iscous  and tn v i s c id

f low reg ions . Good agreement was ob tained  be tween  the  numer ica l

results and the experimental flow field dat a  by Cross , Sp u n l i n , and
4
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Banntnk . The shock—Indu ced  vo r t ex  w i t h i n  the viscous region and the ’

hypersonic  v i scous  “bubble ” on top of the boundary  layer were computed ,

for the first t ime . A unique e x a mi n a t i o n  was made ct the  vor t  t e a l

singulanit tes  in the  conical cross—flow p lane of the di’ Ita wing. This

invest igat ion demonstrated the t eas  lb l i l t  v of app ly ing the  ecu I c a l

approxima t ton to the  N ay i cr — St o k e s  equat  ions in order to  solve f l o w

ftc ida a round t h i n  tie it a wings .
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A NUMERICAL SOLUTION OF

SUPERSONIC AND HYPERSONIC VISCOUS

FLOW FIELDS AROUND THIN

PLANAR DELTA WINGS

I. Introduction -

Aerodynamicis t s  have been i nves t iga t ing  the supersonic and hyper-

sonic flow fields around delta wings for a number of years . These flow

fields are essentially conical at high Reynolds numbers and thus are of

great in te res t  both  t h e o r e t i c a l l y  and exper imenta l ly .  In i t i a l  e f f o r t s

at studying this problem were directed towards analyzing the lower sur-

face or compress ion side flow f ield . However , from recent experiments ,

it was seen that the most striking features of the flow exist in the

upper s u r f a c e  or leeside f low f i e ld .  At angle of attack , an embedd ed

shock is formed on the expansion side of the delta wing. The inter-

action of this embedded shock wave wi th the attached bounda ry layer at

hypersonic speeds gen~’rates two important features of the leeside flow

field. These include embedded streas~~lse vortices in the boundary layer

at low angles of attack and flow separation at large angles of attack .

Both of these features increase the temperature and pressure gradients

on the upper surface of the wing. The purpose of this Investi gation is

to develop numerical solutions for this flow field which are valid for

both supersonic and hyp erson ic  speeds. The de l ta  wing  which is being

modeled in th i s  s t u d y  is a t h i n  p lanar  wing with supersonic leading

ed ges. So lu t ions  t~~ t h i s  pr obl em f or bo th the upp er and lower sur f a c e

flow f i e l d s  are of great  p r a c t i c a l  impor tance , s ince l i f t i n g  r e — e n t r y

vehicles such as the Space S h u t t l e  have d e l ta  w i n g  c o n f i g u r a t i o n s .

I
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Description of Flow

For a comprehensive understanding of this complex flow , it is neces—

nary to examine the flow fields on both the compression and expansion

sides of a planar delta wing at subsonic , supersonic , and hypersonic

speeds. Particular attention is placed on the leeward side of the wing ,

since this flow has a significan t effect on the lift , drag , stability,

and control effectiveness of the vehicle.

Subsonic Flow Field. Several investigators (Refs 1—4) have examined

the flow characteristics around a slender delta wing . At subsonic speeds ,

the flow around a thin delta wing with sharp leading edges changes

significantly with angle of attack. At small angles of attack , the flow

rema ins attached , h ut as the ang le of attack is increased beyo nd some

cri tical value , the flow field becomes dominated by a large region of

separated flow . The principal features of this separated flow are

j  illustrated in Figure 1. The primary flow separation occurs at the

leading edge where a vortex sheet is formed. This vortex sheet curves

upward and inward and even tuall y rolls up into conical spirals that

form concen trated vortex cores above the wing surface. The vortex

causes a reattachment of the flow inboard of the leading edges , crea ting

two flow pa t t e rns , a prima ry vortex flow and a secondary vortex flow .

The prima ry vortex flow consists of concentric spirals about the core ,

the core flow, and the flow over the wing surface. The core flow is a

highly rotational flow field , in which the velocity and pressure fields

are approximately axially symmetric (Re fs 5—11). The viscous e f f e c ts and

compressibility effects are confined to a region near the vortex axis.

The spanwise’ flow nex t to the wing su rf ace  is initially induced outward

toward the leading edge . Shor t ly  a f t e r  the f l u i d  passes undernea th  the

2
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Vortex Core

Vortex Subcore Conical
Genera to r

P r i m a r y  Sc ’parat ion

7 ~~~~~~Secondary Separat ion

Fig. 1. Subsonic Flow Field Over Let’side of P l a n a r  D e l t a  W i n g  With a
Leading Edge Separat  ion.
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vortex core , the adverse pressure gradient  causes the boundary layer to

separate and form a secondary vortex just inboard and above the l ead ing

edge. The circula tion of this very weak secondary vortex is opposite in

sense to the pr imary  vor tex  and has a c ir eu la t  Ion of approximate ly  I lye

percent of the primary vortex (Ref h).

Supersonic Flow Field. As the Mach number is increased , the flow

on the leeward side of the delta wing transitions from a separated flow

to one characterized by a Pran dt l—Meyer  expansion in the cross—flow

plane . The condi t ions  under which th i s  t r a n s i t  ion occurs depends on a

number of parameters , such as lead ing edge shape’ , a i r f o i l  prof ile , and

angle of a t t a c k  (Ref 12). Intuitively, the range of conditions over

which t r a n s i t i o n  occurs fo r  various w i n g  co n f i g u r a t i o n s  is a p p r o x i m a t e ly

centered around M 1.0 (where M Is the Mach number norma l to then

leading edge) . For t h i n  wings , the  t r ans i t i on  occurs we l l  b efo re  t h e

leading ed ge becomes supersonic .  On t h i ck  wings , at r e l a t i v ely low

angles of a t t a c k , a strong detached shock wave forms in f ron t  of the

leading edge w i t h  a subsonic reg ion behind i t .  In this  case , the wing

leading edge is ac tual  ly subsonic  even though M 1.0. Thus , for  a

wing of f i n i t e’  thickness , i t  is possible to have leading cdge’ flow

separat  ion for  a supersonic and hypersonic  f r ee  s t r e a m .

In this  invest iga t ion , we are concerned w i t h  the superson ic  and

hype rson Ic f l O W  f i t ’  Ids a round a tIe 1 ta w i n g  w i  th  supe’ rson ic  l e a d i n g  ed ges

This study w i l l  ex amine  b o t h  the  f low in the  bounda ry  l ay er  as we’l l  as

the flow in the m isc i i  reg ions . The I nv I sc Id Ft ow f l e ’ Id is ~ipprox I—

mate ly  conica l  ( Re f s  13—1 8) on both si tie’s of t h e ’ di’ I Fe wing. The’

genera l fe~ t ures of t he  f l o w  are showii In F I gur e ’ 2 .  On t he  lower seer —

facc , the  at tache (1 shock wave’ at the 1 ead I ng edge p roeiuees a c r o s s — f l  ow
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away from the plane of synune’t ry . Ins ide the  Macit cone , the f low ex-

pands and ev e n t u a l l y  becomes p a r a l l el to the p lane of symmetry . On the

expans ion side , the region between the Mach cone and the leading edge’

contains attached isent rop Ic f l ow . The Pranel t i—Meyer expan sion  of the’

free St ream ye’ b c  I ty  component no rma l to the [e’ad ing edge cau~ee’s a de—

fleet ion of the total ve locity vector  toward the  w I n g  root chord.  An

interns I shock wave along a radial f rots the  vertex re’s! [gus the e Ft ow

with the p lane of symmetry so that no flow crosses the’ center plane .

If the internal shock is weak , th e.’ di’ f l e e ’ te’d fl ow rem~e ins  at  t ached.

However , if the  shock wave is strong, t h e  bound ary  I aver  w i l l  se’pa r a t e ’

resulting in a rolled—up vortex sheet.

Since the m v  iscid flow around the’ eli’ 1 ta wing Is con [eat , the  f l o w

field in any i lane norma l to the wing e’hord has a simil ar solution.

Thus, the ent  ire flow ft&’ Id can be’ represe’nteel by se.’ I e’ct l ug  a cr o s s — i  low

p lane norma l to the ax i s  of symme’ t rv . By n e g l e c t  lug  t he’ v iscous  ci f e e l s ,

a quali tative ske’tch of t h is  cross—i low plane Is shown in Figure’ 1

(Ref 15).

On the’ expansion s tile ’ of  the ’  w i n g ,  t h e ’ reg ion hounded by AB1t G Is

hyperho tic . El I ipt I cal equat  tons ele’sc r the’ t ict’ t low in t ile’ re’g Ion OCill)G

The I inc RD Is the c r o s s — f l  ow s o n ic  i i  tie wh ic !e merges i n t o  t h e  I U t  e’rna 1

ohi ique shock DEC . The P randt I—Meyer e’XpaliS ion is e’ on I (ned 1 0 t h e  a e’a

MID where the  I Inc AB ret ’ re’se’uts the ’  I i  rs I F . I V  0 I he t ’xpatis  Ion tan.

The l ine  8FF Es the  re’ f I e’c t ion o I ti c is e’xpans ion l as’ I rots l i c e ’  seer t a c t ’

of the Macit cod e BC wit I cit e’n~ luJ I es f FoUl I i t t ’  Vi ’ rt cx o I t h e  w I n g . Kx -

pans ion wave~ t rave’ 1 a 1 otig tlte’ sI  ta I glet elca r.t’’ t e’ r 1st I C ’S in t i l e ’  t’ranel i i  —

Meyer expansion and a F e’ r e E l  e’e ’ C eel ~t s  e’onlpr e ’ss Ion wave ’s a t  the ’ cross —

flow sonic I Inc . in l ice’ reg ion bet  we’d l ice ’ c t o s s — f low sonic I [itt’ anti

6
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BF , the expansion waves are along one family of characteristics and the

compression waves are along the other family. The compression waves

below the characteristic AFD are stra ight characteristics which are

eventually absorbed by the internal shock wave. The line OCA is the

wing surface and the line COK represents the plane of symmetry (Refs

14—15).

For the compression side of the delta wing ,  the l ine AHK is a bow

shock wave. The curvature of the shock wave at KU makes the flow rota-

tional in the central region OKIIJ. The strength of the shock is red uced

between the point H and the plane of symmetry . The flow in the region

AHJ (within the bow shock wave) is isentropic and un i fo rm w i t h  the area

JHKO being subject  to the inf luence  of the wing vertex . The Mach cone

or sonic line Jil intersects the shock wave ARK at the point H where the

shock beg ins to bend.

The spherical cross—flow streamline pattern for the Inviscid flow

field is shown in Figure 4. Outside the influence of the delta wing,

the velocity and entropy are constant and the cross—flow streamlines

are a family of straight lines that intersect at a point on the plane

of symmetry . However, when the c ross—flow s t r e a m l i n e s  cross a shock

wave , these streamlines become curved lines t ha t  t e r m i n a t e  a t  one or more’

singularity points called vortical singularities . These p o i n t s  are  cross—

flow s tagnat ion po in t s  where the en t ropy  is multiv alued (Refa 19—21).

Thus, Figures 3 and 4 depIc t areas of interest for which the numerical

solution of the problem is desired .

In this descri ption of the  sup ersonic  f l o w  f Ie ’ld , the viscous

effects and the shock wave—boundary layer inte’ract ion effects were

ignored . The bow shock was dep icted on tu e compression side of the

I

8

,

‘ 
1

~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
—

~~
-—-

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1



at
a, a,

~1 
S

U ‘-4

I i .~~ I
I 0 5
I .-4

g ‘~~:~~~—~e A \ ~~/ I \1/ 1 \ /~~~ , I \ /°
I I
/ / \I u /

\ I / I 5
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ / > “ -4I —4/ EI Cs a,

a, 1 5 )
, -l•0 I 

•

~
‘
~‘ Ci (5 05

is / 
—
‘

14 /p4 / 0
I ,.-.4 .‘.4 (5
I ‘e-e —4
A - I
, Cl) 405
1 cs
I 0I I-e Ci
I c_,

Ci
•0~~~I
Cs

“.4 40

S.-. _ ‘— — 4-4 0

. 5 W
u s  00

~~~L)

N I~~

I
9

_ _ _  

‘ I
~~~~ 

~~~~~~~ 
— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~
--

~~~~~~~~~~~
- - -  

_ _ _ _ _  

_ _ _ _



~~~~~~~~~~~~~~

_

delta wing and was attached at the leading edge. The boundary layer was

very thin for high Reynolds  number flow and thus the supersonic flow

field could be approximated as an inviscid conical flow field . However ,

it was found by experiment (Refs 14—15) that a weak shock wave does

exist on the expansion side of the delta wing near the leading edge .

This very weak shock occurs because the boundary layer as well  as a

f i n i t e  leading edge thickness prevents the compression side shock wave

f rom a t t a c h i n g  i t se l f  at the leading edge , thus  forc ing  i t to par t ially

encircle the expansion f low field. A qualitative sketch of this cross—

flow pa ttern wi th viscous e f f ec ts a t low Reynolds number is shown in

Figure 5.

Hypersonic Flow Field. As the flow is accelerated to hypersonic

speeds , the shock waves become stronger and the boundary layer bec omes

thicker. The interaction of the Inner shock with the at t a ched  bounda ry

layer is responsible for two of the most important features of the lee—

side flow field. These are the generation of embedded vortices in th~’

boundary layer at small angles of attack (Ref 2fl and the shock induced

flow separation at large angles of attack (Refs 17 , 18, 2 3 — 2 4 ) .  The

embedded vortices lie fully within the’ a t tached  boundary  l ay e r  and are

convected downstream through the boundary Lever. The interaction of

these vort ices  w i t h  the tipper wing su r face  resu l t s  in increased shear

and heat trans fer. Experimental measureme’nts (Refs 1$ and 20) indicate

that these vortices occur at smal l  values of the  viscous i n t e r a ct i o n

parameter

X M ~ /4Re L 
(1)

such as \ 0.1.
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For shock induced separation , the shear layer rolls up into a pair

of conically growing vor t i ces  as seen in Figure  6 , These vor t i ces  re-

main fully submerged in the boundary layer at low Reynolds number and

form a large viscous bubble  inboard of the i n t e r n a l  shock. With an

increase in ang le of at tack , the in ternal shock and boundary layer

separation line move outboard until eventually the separation line

reaches the leading edge. The flow pattern in this case resembles the

classical subsonic leading edge separation patt ern as shown in Figure 1.

Increased pressure and heat transfer rates are produced on the leeward

side where the vortices imp inge on the surface. Under some conditIons ,

as the embedded shock increases in strength the reattached flow under-

neath the primary vortex might give rise to a secondary vortex as it

moves outward from the centerline and separates . Experimental measure—

ments made by Cross (Ref 17) and Narayan (Ref 25) at M 0(1) exhibit

the characteristics of shock induced separated flow. Further discus-

sions on the flow field details are presented in the follow ing sections .

Experimen tal Fl ow F ie ld Stud ies

Because of the complexity of this problem , particularl y at hyper-

sonic speeds , a large amoun t of experimen tal da ta exists on del ta

wings. However , most of this information is surface pressure and heat

transfer measurements (Refs 25—55). The majority of the boundary layer

and flow field data comes from shadowgraphs , s c h li er e n  pho tographs , oil

flow pictures , and vapor screen t e c h n i q u e s .  Only  a smal l  amount of

published detailed information has been found for the supersonic and

hypersonic flow over delta wings with seepersonic leading edges. Some

of this detaIled data consis ts of p i to t pr essure measuremen ts made in

the plane of symmetry (Refs 22 and 26). ~tosC of t h i s  i n f o r m a t  Ion c o n s i s ts
I .
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of impact pressure surveys made in the expansion flow of a delta wing.

These pressure measurements were made by Fowell (Ref 13), Bannink Ct al

(Refs 14 and 15), Spurlin (Re f 16) , Cross (Ref 17) and Monnerie and

Werle (Ref 18). Fowell and Bannink examined the supersonic inviscid flow

field over a delta wing while Spur l i n , Cross, Monnerie and Werle in-

vestigated the hypersonic flow regime.

Fowell (Ref 13) used a pressure rake to measure the spanwise pitot

pressure above a flat delta wing. His measurements were made at a Mach

number of 2.5 and at an angle of attack of 10
0 
5’. He found that an in-

ternal shock does exist on the expansion side of the delta wing and that

it increases in strength as the angle of attack is increased . The

strength of the internal shock was quite small , bei ng of the same order

as the weak bow shock on the expansion side of the wing.

Bannink , Nebbeling, and Reyn (Ref 14) did a more detailed investiga—

tion of the supersonic flow over a delta wing . Spanwise pit o t pressure

measurements were made in several planes perpendicular to the wing sur-

face at various distances from the wing ve r t ex .  These measurements 
—

focused on de t e rmin ing  the locat ion and shape of the internal shock.

It was found that the internal shock was approximately conical and tha t ,

away from the wing surface, it bends towards the p lane of symmetry o f the

wing.

In 1971, Bannink and Nebbel ing (Ref 15) repeated the i r  investigation

of supersonic , inviscid flow field over a flat delta wing . Tests were

conducted at a Mach number of 2.94 and at a Reynolds number of 2.65 x

io6 . The main purpose of th i s  study was to determine the shape and

location of the internal shock and of the conical—sonic line , the latter

being the locus of po ints where the conical Mach number is equal to one .

I
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A comparIson of p ressure measurements was made in different planes

normal to the root chord to show that the inviscid flow is approxi-

mately conical. The conical streamlines were traced and were found to

end at the wing root chord. Thus , the conical stagnation point or

vortical singularit y is very near the ori gin. The results of -this

investigation suggest th.it the internal shock wave ends with zero

strength at the point where the conical—sonic line begins .

Spurlin , Cross , Mo nnerie , and We rle’ examined the expansion f low

over a sharp leading edge delta wing at hypersonic  speeds. Monneri e

and Werle (Ref 18) made static and p ir o t  pressu re measurements  of the

6flow f ield at a Mach number of 7.0 and a Reynolds number 01 4.5  x 10

The an gle of a t t ack was va r ied f rom 00 to 20 0 w i t h  f low separa t ion

occurring at ~ ~0 The impact pressure data was presented  as contour

curves on the conical plane . No spec i f ic  exper imenta l  po int  data  was

given in the reference .  Spu r l i n  (Ref 16) made impact pressure measure-

ments at a Ma ch number of 10.13 and a Reynolds number of ~ .2S x 10~.

Th is data was used to supp lement the ex peri men ta l  data Cross ob ta ined  fo r

the same flow condi t ions  (Ref  17). Q ua l i t a t i v e  f low in format ion  was ob-

tained from sh~dowg rap hs , sch l ie rens , vapor screen , and oil  f low p i c t u r e s .

Surf ace p ressu res , sur face  temperatures , and impact pressures were

measured at  various p o i n t s  in the leeside flow f i e l d  to det ermine’ t he

magnitude and ex ten t o f the flow phenomena . The cha ra c t e r  of the

hypersonic flow was sepa rated in t o  th ree  d i f f e r e n t  re’gimes by severa l

specific and dominant  flow prope’rt I es. The f i r s t  regime . wh li-h occurred

for angle of at t a c k in  the range ~ < 7°. was domina ted by an .it t ached .

quasi—para l  li-I f low across the  surface. The second regime’ was domin at e d

by a conical , shock—induced separation of t h e  viscous l ay e r  for  the ’  range ’
I
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7
0 < ~ < 20°. Finally , the thi rd  reg ion was identified by a base pres-

sure induced separation of the upper surface flow for ~ > 20°, which

eventually resulted in the separation of the entire surface flow.

Because of the conical  n a t u r e  of the  second f low reg ime , most of the

comparison of numer ica l  and exper imenta l  h ypersonic  resul ts was done

for this regime .

For angles of attack from a = 9~ to 200 , the  upper su r f ace  f low

f ie ld  was domina ted b y a shock—boundary laye r interaction that caused

a separa t ion of mos t of the  wing  boundary  l ayer .  Separation of the

bounda ry layer  was caused by the in te rna l  shock which  was located near

the Mach cone . A viscous bubble  occurred near the p lane of symmetry

as a result of this shock—induced separation. The s u r f a c e  f Low between

the wing leading edge and the separation line ~as a t t a c h e d  and character-

ized by a two—dimens ional  P r a n d t l— M e v e r  expansion.  Resu l t s  of the impact

pressure survey i n d i c a t e d  t h a t  to a good a p p r o x i m a t i o n, the f low was

conical , thus  making possible a theoret ical  or numerical  analys is  of

the flow in two dimensions .

Theoretical Flow Field Studies

Several analytical techniq ues have been developed to describe t h e

superson ic and hypersonic flow around de l ta  wings . Most of these

methods provided satisfactory solutions for a limited number of flow

conditions . Very few techni ques have been developed which  can solve

the comp lete supersonic and hypersonic  f low f i e ld  around delta wings

with supersonic leading edges.

Superson ic Flow Field. Initial efforts at solving the supersonic

problem were direc ted towards using linearized conical flow theory .

I
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Busemann (Ref 56) introduced this procedure and Stewart (Ref 57) and

Lagerstrom (Ref 58) extended it to thin delta wings . This method was

applicable to thin conical delta wings with weak shock waves. Clarke

and Wallace (Ref 59) extended the linear theory to second order in

incidence, still based on potential approximations. However , with

increasing Mach number and angle of a ttack , nonlinear e f fec ts became

important and the results of linearized theory were of little value.

In fac t , a t high Mach numbers even the second order theory was not

adequate. Therefore, in order to ob tain meaning ful  results, nonlinear

effec ts were included in the theoretical analyses.

One of the first nonlinear solutibns to the delta wing problem was

obtained by Maslen (Ref 60). In his treatment of the problem , he

assumed that the expansion side had no shocks and thus was irrotational.

I
Maslen computed the flow f i e ld  character is t ics  in the  hyperbol ic  region

by using the Prandtl—Meyer relations and the method of characteristics.

The remaining subsonic domain was solved by using relaxa t ion methods .

On the compression side of the delta wing, the supersonic flow properties

were calculated by using shock tables while ’  the remaini ng e l l ip t ical

region was solved by relaxation techniques. The sonic line location

was determined empirically by using the free stream Mach ang l e and

the shock wave angle from a wedge. The primary difficulty encountered

in Maslen’s techni que was tha t  the relaxation procedure did not con—

verge at high supersonic speeds .

Fowell (Ref 13) improved on Maslen ’s treatment of the problem by

solving the  governing equat  ions for  s teady inv i scid  supersonic  f low over

a plane del ta  wing wi th  supersonic  l e a d in g  edges. He showed that  two

solutions e,ilst fo r  the  f lows over the expansi e~n su r f aces ; a con t inuous

I-
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molution for flows below a critical angle of attack and a discontinuous

solution for flows above t h is  angle  of a t t a c k . An exact  s o l u t i o n  was

determined fo r  the f low over the compress [on s u r f a c e  and fo r  the con—

tinuous flow over the expansion surf~ice. The’ l’rand t I—Meyer equat tons

were used to c a l c u l a t e  the  f l o w  p r o pe r t i e s  ou t s i d e  the  Macl i cone’ whil e

~ the re laxa t ion techn iques we’re used to det e rm[ne’ the’ f l o w  p roper ties

w i t h i n  the ver tex  domain. An ~n te ’r ac t 1ve  procedure was needed to

locate the curved shock on the compre’saie’~ side.

For the  d i s c o n tin u o u s  f low ove r the ’  leeward side of the de l ta  w tu g ,

an approx ima te  s o l u t i o n  was developed by Vowe l 1. He assumed the ex-

istence of a p l an a r  shock norma l to the ’  w i n g  surface- and of such s t r e n g t h

to change the  dl  r .’ct Ion of the  outboard velocit y ve’c tot to paralle l t he’

wing root chord . Two—dimensiona l shock relations were used to determine

~
-z l

the flow st a t e ’s on t-’i t her  s ide  of the’ shock wave’. Vowel 1 v e r i f Ie d  his

predic t ion of an m t  e’rna 1 shock WaV I’ 1w e’xper Cmental study on th e ex—

pansion side’ of a supersonic d e l t a  w i n g .

F 

It was argued by Re ’vu (Refs b 1— 63 ) that i f  an I r t - o t at  t onal  so lut  ion

for the f t  ow on the  expansion s ide of t h e  d e l t a  w i n g  did e’x 1st • n i l  ~

wave p at t er n  w o u l d  lead to 1 m itt—line s in g u l a r i t  ten . Th is con ica l  l i m i t —

l ine  won id cons I st of t h e  1 [H e ’ 8FF (H g 3) ext end ing  as .1 St r a I g h t  1 the’

to the w i n g  s u r f a c e .  Since l i m i t — i  inc ’s do not e xi s t  in real f lows ,

Bulakh (Ref 64) e’xpec t e’eI a shock wave’ to occur In t h e  flow ftc ’ Id. Rul akh

tn t  roduce’d shock wave’ ups t ream of 1IFFI ( F I g  3) and f u e l  I e’a t eel th at a

shock wave ups t re am of HC ( F i g 3) may a l so  he’ tnt rodu e-ed . The mimer

cal c ut  at  ions fo 11 owl ng such a p ioc e ’du re ’ we ’ Fe’ mache ’ by hiab .uev (Re ’ f 65)

F and the shock wave van I ~he’d al ong BC (FI g 3) and a long t he e’ hi.u rae’ t e t i n t  Ic

SEE (F’ ig 3) . A s t ra I glut shoe k wave’ pe’rpe’neh lent ar to the wing sur face

I
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and extend ing to the characteristic BFE (Fig 3) was found . Babaev showed

that it was impossible to have a continuous f low solution over the ex-

pansion side of the delta wing, as descr ibed by Fowell (Ref 13).

In his t h e o r e t i cal  development , Babacv used the  Pr a nd t  1—Meyer  re’—

lations and the method of characteristics to d et e r m i ne  the hyperbol ic-

flow f i e l d  p r o p e r t i e s  on the expansion side of the delta wing (Ref bS)

He obtained the elli ptical flow field properties from the  irrot ational

po ten t i a l  f l o w  theory by using the method of successive approximations .

On the compress Ion side , Babaev (Ref  66) app l it’d t h e ’ oh 1 iqut ’ shock re ’—

lations to the u n i f o r m  f low bounded by the  p lane’ shock , t h e  Mach cone ,

and the wing . The f low prope’r t ies  in  t he  cen t r a l reg ion OKhi . l (FI g 3)

were c a l c u l a t e d  by the method of successive’ corre’e’ t ions  s i m i l a r  to the

method used for  the uppe’r w i n g  s u r fac e .

South and KI t inker (Re f  67)  improved on the co~npress ieitl s ide ’  [1 ow

f ie ld  r e s u l t s  of Babaev , by us ing  the method of l ines .  In t h e i r  w o r k ,

the’ f low reg ion was t rans formed In to  a ret- t a n g u lar  domain  with an

or thogonal coordinate  gr Id  . The shock wave and body s u r fa e ’e were ’

mapped an pa r a l l e l  boundary 1 m e n  in the  t r ans fo rmed  p lane . On e’;i chi

grid l i n t’, the  sys tern of &‘quzi t ions was reduced to or l  I na rv d 1 f f  c ’rt ’n t I a I 
I -

equa t ions wh ichu we’re in t egra ted by a foci r t  h—c rde ’ r Runge —Ku t t a mc’ t heel

The re’sul t s of th u  Is t e chn i que ’ we’re’ eonipare’d w i t  Ii the ’ nurne’r t ea  I resu 1 t

of Voskre’senskt I (Re’ f 88) and we’re found to  be’ in good agre’eme’nt

Hy_p c rson(c  Flew FLeld . For hypersonic flow , most ci t  t lie’ t hue ’eret I e’al

anal ysis was feicuse’ei e)t l th e’ compress ion nic he f l o w  l ie tel . Only t w o  re’ 1—

erences were found wit I cii at  t empt  cci t o  c-a l  en la t e t i le ’  I cc ’S I de’ hyp t ’i’so n Ic

f l ow  p rope ’ rt  f t’s (Re’ Is 1 7 antI 68) . in Cross ‘ e’xpe r I m ent al I nyc’s t I ga t I tin

I
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(Ref 17) , a simplified analytical model was developed to describe the

significant flow properties over a delta wing. Beeman and Powers (Ref

68) used a three—dimensional method of characteristics to describe both

the expansion and compression side flow fields. Both methods provided

a fair agreement with experimental results, even though neither tech-

nique included viscous and rotational effects . More significant

variations between theoretical and experimental results were noted in

regions of viscous—inviscid interaction.

For the compression side flow field , several methods were used to

calculate flow field characteristics. Thin shock layer theory was used

by Messiter (Ref 69) and others to determine surface pressure distribu-

tions and shock shapes. This theory assumed tha t the shock wave lies

very close to the body and tha t  the p ressure on the bod y is de termined

primarily by the shock shape. Under these conditions , the f low variables

in the intervening shock layer can be w r i t t e n  as a series expansion In

c , where c is the density ra t io across a p lane shock ly ing at the same

angle of a t t ack  as the wing . The zeroth—order solution of these series

gives the well—known Newtonian results , mod ified possibly by the Busemann

correction for body curvature . Messiter derived a set of approximate

nonlinear equa tions for  the conical f low and produc ed limi ted resul ts

for the lifting flat delta wing wi th a detached shock. lie pointed out

that In the case when the shock wave is attached to leading edges ,

d i f f i c u l t i e s  may ari se in m a t c hin g  the u n i f o rm  f low near  t h e  leading

edges wi th  the n o n u n i f o r m  flow in the cen tra l  or wing roo t region .

This work ‘.,as expanded by h l i d a  (Ref 70) , who made an a p p r o xim a t e

allowance for wing  t h i ckness .  Sq u i r e ’ (Re f s  7.1 and 72)  and S l ianhhag

(Ref 73) obt a Ined  the exact n u m e r i ca l  s o l t i t  Ions t o  t he  governing

20
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equations for the f low, wi th detached shocks , on the compression surface’ .

Their results sht~~ed excellent agreement with experiment , as did also

the work by 111111cr (Rcfs 74 and 75), who extended the analysis to

include the effe’cts of yaw. Squire (Ref 76), Woods (Refs 77 and 78),

Roe (Refs  79 and 80) , and Conor (Refs  81 and 82) a l l  cons idered conica l

flows f o r  attache’d shocks , again showing good agreement with the

limited experImental results and exact solutions available.

For hypersonic flow a t low ang le’s of a t t a c k  on the compression

side , the t h i n  shock laye r theory is nOt v a l i d .  In t h i s  regime! , l inear-

ized byperseinic smal l  d i s t u rbance  theory was used by M almuth  (R e ’f 83) ,

Ter—Mina sy ant s  (Re f 84) ,  and Hul ( Ref s  85 and 861 t o  treat plana r delta

wings of moderate aspect ratio. Mal muth calculated the pressures  on the

compression side of a p lanar  delta w i n g  at  in f , in i t e’ Machi number.  lie ’

assumed tha t  the  f low inside of the  Mach cone d i f f e re d  s l i g h t l y from the’

corresponding two—dim ens iona l f low over a f l a t p late at the  same’ ang le

of a t t a c k .  Based on th i s  assump t iein , a l i nea r p e ’r t u rh a t  ion met hici d was

used to c a l c u l a t e  the  n o n l i n e a r  f l o w  ins ide’ the Mach cone . 1’er—

Minasyants  (Re f 84) and hl u l  ( R e f s  85 and 86) c- . i lc u l  at ed  the f l o w  f i e ’ Id

on bo th  s ide’s of t he Maclu colic’ a t  Mach numbers  1 e’SS t h a n  In  f i n  i tv

They use’d a I ine ’arl ze’d pe ’rt urha t I din t echun I que to ca ic -u i  a t e ’ t h e  11 ow

w i t h i n  the  Mach cone and th e’n cised l~1g h u t h u I i l ’s st r a ine ’el  e’e or d i n at e ’

techni que’ to m a t c h  t h i s  s o l u t i o n  w i t h  th ue  ex act  s o l u t  ton of the u n i f o r m

f low out s i d e ’ of t hu t ’ Maclu eon ’. When e’onup areei w i t h  a v a i l a b l e ’ cx.n’

numt ’r l e.i 1 seul cit tons , t h is met h Oet gave’ almost (den t  i cal  re’su I t s , excep t

near the ’ c ross— I’ low senile l in e , whe ’re ’ t hue ’ nume’r ( c -al methods f a t  led to

describe’ the  ci (scent  inuou s f l ow . At t i i c ’ son ic  I I  ti e’ , t h i s  techn i que

pre’d Ic t i’d the’ d i s c -out I mu I t  y ~ t itl shøwc’el t h a t  t h e ’ ci i  5c’Lin I I nuous p re’ssu re’

I
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III

slope has a square root singularity similar to that described by super—

sonic linear theory.

Numerical Flow Field Studies

Several references (Refs 87—93) were found which used finite—

difference techniques to solve the supersonic flow around delta wings.

Most of these references presented a detailed analysis and description

of this conical flow problem. These references included several papers

by Voskresenskii (Refs 87 and 88), Kutler (Refs 89—91) and Bazzhin (Ref

92).

Voskresenskii used a three—dimensional implicit finite—difference

scheme to determine the bow shock shape and the pressure distribution

on the lower wing surface . On the leeward side , the Prandtl—Meyer

rela tions were used to calcula te the flow near the lead ing edge while

the Implicit numerical scheme was used to calculate the flow within the

Mach cone . In this well—posed ini t ial  value problem , Voskrescnskii

approximated the In i t ia l  shock wave shape and flow conditions near the

wing vertex and then numerically in tegra ted the governing equations

until conical similarity conditions were sufficiently satisfied . This

technique produced a sa t i s fac tory  solution for  bo th  the expansion flow

field (Ref 87) and the compression flow field (Ref 88), even though It

required a large amoun t of computer storage and time .

Kutler numerically computed the supersonic , inviscid , expans ion

side flow over a planar delta wing. lie used the MacCorm~uck f i n i t e’—

difference schu eme and a shock c a p t u r i n g  technique to c a l cu l a t e  th is

flow f i e l d .  The numer ica l  I n t e g r a t i o n  was done in the  conical  co—

ordinate direction , since the governing equa t ions  were hy p e r b o l i c  in

that direction, ills numerical results showed excellent agreement with
I
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the experimental data by Bannink and Nebbeling (Ref 15) as well as with

the method of characteristics results by Beeman and Powers (Ref 68).

Bazzhln (Ref 92) used the MacCormack finite—difference scheme to

solve the time—dependent governing equations for the supersonic flow

around a thin delta wing at low angles of attack , He used a coarse grid

in the computa t ional p lane and thus was unable to ob tain a true solut ion

in the vicinity of the leading edge. This loss of accuracy did not

prevent him from obta ining an accurate solution in other areas of the

flow f i e ld .  His numerical  resul ts  compared qu i te  favorably w i t h  the

analytical solutions by Voskresenskii (Refs 87—88).

Present Approach

Although quite a few solutions were found for the supersonic and

hypersonic flow over delta wings , none of these solutions provided a

complete description of the flow field. A number of exact and approxi-

mate methods were discovered which could accurately calculate the

invisdid flow field around a delta wing . However , no satisfactory theory

was found which could describe the expansion side flow over a delta wing

with shock—induced separat ion (Ref  3). Thus, the purpose of this re-

search was to develop a numerical solution for the supersonic and hyper-

sonic flow around a t h i n  delta wing which  could adequate l y describe the

viscous in te rac t ion  phenomena of the flow wi th  ~- u ock— Indu c ed s epa ra t ion .

In order to solve t h is  prob l em , i t  was assumed tha t  the flow was

both conical  and l a m i n a r .  A leically  conical  approx inu a t  Ion , developed

by McRae (Re’f 9 4 ) ,  was s u c ce ss f u lly  a p p l i e d  to  the govern ing e q u a t ion s

for a compressible , viscous , hea t conduct l u g flu id. Both a time—

dependent f i n i t e— d i  f fe rence ’  nuet huo eh and a s h o c k — cap t u r i n g  techn ique we’re

• used to solve these equations . A conuputt’r program was written to solve’
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the governing equations in a generalized conical coordinate plane . In

order to verify the accuracy of this computer code , the supersonic flow

around a cone was solved and these results were compared with both

experimental data and computed numerical results. The conical , viscous

4 approximation was tested next by computing both the expansion and corn— 
f

pression flow fields of a delta wing at supersonic and hypersonic speeds.

The results of these calculations , when compared with experimental data ,

verified the applicability of this technique for solving the flow above

and below a planar delta wing. Finally , the total flow field around

a thin delta wing was solved at supersonic and hypersonic speeds to

determine the Interaction between the upper and lower surface flow

fields. These numerical calculations were compared with experimental

data. The results of this research demonstrated the feasibility of

obtaining solutiorts to both the supersonic and hypersonic viscous flow

fields over a planar delta wing by solving the conical governing

equations.

I
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II. Governing Equations

In this chapter , the unsteady governing equations for a viscous ,

compressible fluid are defined along with the basic fluid flow

assumptions. The equations are transformed into generalized conical

coordinates by using the relations in Appendix A. A conical approx-

imation is applied to the resulting equations and then these equations

are put in nondimensionalized conservative form.

Navier—Stokes Equations

The fundamental governing equations for a compressible , viscous ,

heat conducting fluid in Cartesian tensor form are given by

Continuity :

+ a(pu1) 
= (2 )3t 3x1

Momentum:

1~u- I 1 + u  i

~Lat
(3)

~T j .
- — + F  +

~xi i

Energy :

~‘ri

(4)
r .11 3 e  ae I I

+ ui i-J  + p~~—

I
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where

rjj — 
~ [~.& + ~~~~~~~ + AcS~~ A

$ — tjj  
(6)

4 — — k -
~~~~~ 

- 

(7)
i Xj

2
Ui

e — c
~~
T+ -i—- (8)

e c~~ T (8a)

In addition to the above equations which express the conservation

of mass, momentum, and energy, it is necessary to include a state equa-

tion which, for a perfect gas, is given-by

~~— pRT (9)

The viscosity coefficient ii is a function of temperature and is ade-

quately approximated by Sutherland’s semi—empirical equation

ii — (f) 
½ [ 1 + C0/T~ 1 (10)

L 1+ C 0/TJ

where the constand C0 has been experimentally determined to be l98.6
°R

for air. The Sutherland law takes into account the weak attraction

field surrounding the nuolecule and therefore provides a more rapid

‘viscosity variation than the rigid sphere result of kinetic theory

which gives the result ii T½ .

Equations 2 through 10 provide seven basic equations in the seven

unknowns, u, v, w, p, T, p, and ~i , if the bulk viscosity coefficient

is set equal to zero. This implies that the second coefficient of

viscosity A is equal to — 2/3 ~ For a monatomic gas, this step is
I

justified since thuc bulk viscosity coefficient vanishes when the
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molecule has no internal degrees of freedom. However, for a poly—

atomic gas, the bulk viscosity effect is not always zero and can be of

the same order of magnitude as the molecular viscosity in sound propa-

gation and shock wave structure. A more detailed discussion of the

significance of bulk viscosity is given by Vincenti and Krug~r (Ref 95).

In the present investigation it is neglected since the numerical grid

spacing used in the shock transition region is too coarse to allow

resolution of the shock structure. This lack of resolution causes

numerical difficulties which will be discussed in chapter three.

There are several approaches which may be used to derive the

governing equations. However, the most commonly used method is the

continuum approach. In this approach , a volume of arbitrary dimensions

is fixed in space and enclosed by an imaginary surface through which a

fluid is flowing. The continuity equation is derived from the law of

conservation of mass which states that mass can neither be created or

destroyed (Eulerian Method). Therefore, the time rate of change of

mass within the volume must equal the net inward rate at which mass

crosses the surface. The Navier—Stokes or momentum equations are

applications of Newton’s law of motion which equates the total force

acting on the mass in the arbitrary volume to the rate of change of

linear momentum . The total force consists of the pressure , the body

force, and the viscous stress which is assumed to be linearly related

to the rate of strain. The energy equation is based on the first law

of thermodynamics which states that the increase in internal energy of

the mass of fluid in the volume is equal to the sum of the heat added

and work done on the fluid mass, In the absence of chemical reaction

and radiation heat flux, the heat added is due to conduction and is
I
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given by the Fourier law of heat conduction. The work done on the fluid

is that due to the pressure and shear stress acting on the volume sur-

face. A more detailed discussion of this approach of deriving the

governing equations may be found in Schlichtlng (Ref 96), Yuan (Ref 97),

and Chow (Ref 98).

In this investigation , the following assumptions are applied to

the governing equations:

1. The specific heats , c and c , are both constant and t h u s  the
c 

p v

specific heat ratio ~ — is also constant .

2. The P rand t l  number Pr p c
e

/k is cons tan t  throughout  the

flow at a given value not necessarily unity.

3. The coefficient of therma l c o n d u c t i v i ty  is computed f rom

PC
(11)

Pr

4. Dissociat ion and ionizat ion e f f e c t s  are not present  in the

flow.

5. Stokes ’ r e l a t i o n s h i p  between the  f i r s t  and second v i s c o s i t y

coefficients is valid.

6. There is no external heat addition .

7. The body forces arc neg l i gible.

8. There are no chemical reactions and radiation heat f lux.

From the above assumptions , it can he seen that the  real gas

effects assoc iat ed w i t h  h igh Mach number and h i  ~h t empc ra t  ure’ f lo w s

arc neglected . However , fo r  c omparison w i t h  wind  tunne l da t a , the

calculated impact pressures are c o r r e c t e d  fo r  real gas e f f ec t s  by u s in g

the caloric imperfection charts in NACA Report 1135.

p
28
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Conservat ive Farm

In order to process the d i s c o n tin u i t ic s  in the f low f ield  corr e~c t l v ,

the conservative form of the governing equations is required. This con-

servative fo rm was initially used by Courant and Frledrichs (Re f 99) f er

inviscid , compressible flow . Later Lax (Ref 100) applied this form to

a finite—difference scheme . Gary (Ref 101) and Ahbett (Ref 102) showed

that using the non—conservat ive  equat ions  produced si gn if ic an t errors

in shock speed ~ad loca t ion , whi le Lo n g ley (Ref 103) showed t h a t  the

conservative form yie lded the correc t  shock speed for  a variety of

f i n i t e — d i f f e r e n c e  schemes.

When the governing differen tial equations are p laced in conserva-

t ive form , the independent  va r iab les  becone p .  pu , ~v , ~‘w , and p e. The

use of these variables in conservative finite—difference schemes

assu res the conse rva t ion  o f mass , momentum , and energy across a shock

wave. This can be easily demonstrated by considering a stationary

normal shock wave . The t r u n c a t i o n  e r ror  of a f i n i t e— d i f f e r e n c e  scheme

depe nds on t he s ize  of the  higher derivat ives in the Taylor series

expansions for  the d i f f e r e n t i a l s .  In the variab les  p,  u , v , w , and 1’,

the sh ock causes d i s con t inu i tie s  in the  co n t i nu um so lu t i o n , b u t  the

solution is con t inuous In seVe’ ra I of t lie e& ’usc - rva t I ye var i ab ic’s • S i nce’

Rankine— Hugon lot  re la t ions  fo r  normal shocks arc based on global con-

servat ion o f f l u i d  p r ope r t i es , t hese equations are independent of the

details within the shock structure. As a resu l t , t h e  conse r v a t i v e

f i n i t e— d i f fer c nc e  techniqu e ’s  app i  I e’d t o  the’ gove rn ing  equat  ions

s a t i s f y  the Rank I ne— flugenlet re- t a t  Ions and thus p r e d i c t  th e  cor rec t

shock cond i t ions  across .-i shock.

The cont tnuttv e’quat Ion is a l r eady in c o n s e r v a tiv e  fo rm.  The

29
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conservative form of the momentum equations may be derived by adding

~ (pu 1) 1
the term u~ L~ 

+ to the Navier—Stokes equations . Thus, the

conservative momentum equa t ions become

— + .
~ — (pu~ u~ + p — T~~~) — 0 (12)

The energy equation can be put in conservative form by adding the

~(pu.)1
term e + 

1 j to the energy equation. Thus the conservative

form of the energy equation becomes

3(pe) + —~~-- (peu . + 
~~~~~~~~~ 

+ ~ •) = 0 (13)

If we put the conservative equations in matrix form , then the

governing equations become

(14)
3t 3x ~y ~z

where

p pu

Pu Pu
2— 1 +  

~

U pv puv — Txy

pw puw - T

pe (pe — Txx
+ ti) U — TxyV 

— •t
xzw

I
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Pv

~ UV 
- Txy

— — t +  p (15)

pvw — -t
yz

(pe — T + p) v — LI — i w
yy xy yz

+

Pw

P~
_Iw — Ixz

- - p v w - t
yz

pw2 
— 1 +  p

(pe — i + p)w -_ i u — I v
zz xz yz

Conical Coordinate’s

The general  t rans  forma t I on f r o m  the  phv s I ca I p l a n e  (x , y , z ) to

the con ical  transformed plant’ (i ., q, ~• ) Is given by

4 r. ( r )

: 

— (16)

where

r ~~~ x ? + V  i~~~

Assum I ng t hat an Inverse’ e~ 1st , t lien

x x (~. ,q , f,)

- y(t., t),t.) ( 1 7)

7. z(t.,~~,t )

3’

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Thus, the Jacobian determinant is given by

3x ax ax
34 afl a~

J(4 ,~~~~ , F~ ) — (18)

34 3n a~;

It is important that the transformation equations define a mapp ing

which establishes a one—to—one correspondence between each point in the

physical plane to one and only one point in the transformed p lane , and

conversely. This condition is satisfied if (a) the transformation

functions are continuously differentiable and (b) if the Jacobian of the

transformation is nonsingular at each point . When these conditions

occur , there is a sphere N
0 

about the point such that the inverse func-

tion exists for all x, y, z in N .  Thus, the transformation is guaran-

teed in a local fashion only , and the functions in Eq 16 must be select—

:1 ed so that they possess desirable characteristics in the reg ion of

interest.

By applying the chain rule of differential calculus , the differen—

tial operators become

a~ a~ an ~x ~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (19)
ay ~~

an

A comprehensive set of transformed derivatives is given in Append ix A.

Once the t r ans fo rmed  coordinates  are genera ted fo r  a g iven physica l

domain , the set of p a r t i a l  d i f f e r e n t i a l  equa ti ons  and t h e i r  associated

boundary cond i t i ons  arc t r ansfo rmed  u t i l i zin g  the rela t ions g iven in
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Appendix A. Substitution of the above differential operators into the

conservative Cartesian equations transform s the governing equations into

the (4~~~,F~) coordinate system . The resulting equations in weak conser—

vat ion law form (Refs 104—105) are given as follows

(20)

a~ 1ax ay az

where

• 1  
~~~~~~~~~~~~~~~~ !an I ax ) an I ay / 

— 

an az

a — a ( an — a (21)

+ 
a4 a~ a~ aö

3x aç ay a~ 
+ 5~

Conical Approximation

The defini tion for supersonic conical flow , given by L iepmann and

Roshko (R e f 106), is one in which the f l uid proper t ies arc invar ian t

along each ray emana ting from a vertex. An essential element which

follows from this definition is that conical flow prob lems do not in-

volve a characteristic length. A body is called conical if Its surface

is made up of rays from a vertex. Boundary conditions are conical if

the boundary values of the f l u id p r o p e r t  los are cons tan t along r ay s

from an orig in. All natural features of the  flow field are conical

such as embedd ed shocks , how shocks , and contact surfaces.

The basic theorem of conical flow is “a f l ow f i e l d  is con i c a l  if

the boundary cond I t  ions a Fe e’ofl I cal  . “ Tb Is  f u n d am e n t a l  t Iie ’ore’tn ap p l i es

to linear izt’d p o t e n t  I a 1 f lows  as we’l l  as compr e ’u s lb 1 e’ , I nv I sc Id f lows .

It does not hold , however , for vi scud s f l u I d s  • The theorem can he

dcmonst rated quite t•as I 1 y by app l y i n g  d i m e n s i o n a l  an a ly s is .  Since a

- 33
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conical boundary does no t contain a characteristic length , then it can

be shown that no combination of fluid proper ties given at infinity can

be constructed to give a dimension of length. This is not true , if

viscosity is considered since 1~ ”u] [ L.] . Thus , the boundary  layer

over a delta wing is a function of the distance from the vertex.

In this investigation , a conical approximation is applied to the

governing equ ations. It is assumed that the viscous region thickness

is much smaller than the length scale L of the wing . The leading edge

of the delta wing is assumed to be sharp and the boundary layer is

laminar and attached at the leading edge (see Fig 7). Since the

viscosity effect in the boundary layer introduces a leng th scal e, wh ich

appears only in the Reynolds number and radial derivatives , then at

large Reynolds numbers , the gradients in the radial direction arc much

smaller than those in the cross flow directions (0,~~). Hence ,

(22)
a

This is the mathematical definition of a locally conical flow . Grad—

ients do exist in the radial  d irec t ion , but they are sufficient l y smal l

to be neglected . When t h i s  requi rement  Is imposed on the  gene ral i z ed

transformed coordinates , i t becomes

34
(23)

34

ThU S , the  f low p r o p e r t i e s  p , u , v , w , p, and I are approx imat ely i,iv,ir—

iant a long rays of constant (r) . However , It should be noted that t ht’

Reynolds number is a func tion of ~, and therefore a characteristic

34
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length must be included in the computation.

Anderson (Ref 107) was the first to introduce this conical approxi—

siation and McRae (Ref 94) later demonstrated it in his calculations of

supersonic , viscous flows over a cone. From experimental data by Cross

(Ref 1.8) and from discussions with Barber (Ref 31), It was found that

the viscous layer is laminar and approximately conical under certain

hypersonic flow conditions. For high Reynolds number supersonic flow,

the boundary layer Is so thin that its effect on the total flow field

is minimal. Thus, a locally conical flow approximation for the viscous—

inviscid flow field over a delta wing is adequate to model the test

cases being considered .

Nondimensionalization

Before numerically solving the resulting governing equations, it

Is advantageous to write these equations and other relationships in

nondimensional form. The pressure and density are made dimensionless

with respect to free stream stagnation conditions while velocity and

total energy are nondimensionalized with respect to the maximum adiabatic

velocity

RT (24)

The normalizing length scale L is the characteristic length used in

determining the free stream Reynolds number.

The following nondimensional relationships are used in the govern—

ing equations :

I
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, x , x.
_ 

‘ 
z

x — —  y — z — —
L L L

u , v , w
U V w — —

MAX MAX
(25)

e , De p — s--
MAX 

p0 
p0 

-

T’ — --—

MAX o o MAX

where

/ P

~ 0 
(26)

~~~~ / MAX

and where the subscript “o” refers to free stream isentropic total

conditions.

We also define a reference Reynolds number as

Re 
P V MAX

L 
(27)

and a Prandtl number as

PC
(28)

If we drop the prime notation with the understanding that all quantities

are nondimenslonal values unless otherwise indicated , then the final

form of the governing equation is

.3 !  + F ÷ + H 0 (29)

where

u - t i

E + F + Gay 3z (30)

C = ~~~~~
- 

~~ + -* -
~~~~ ö

H -  
-
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The nondimensionalized heat flux and stress terms are

t
x

— _ c p —
~~~

+
~~;[~~ ~~~~

- + 
~~~~~ 

(31)

+ 

~~~ 

(32)

+ 

~~~

(34)xy Re L 3y an 3y 3~ ax a~1 3x a~ j

.t ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (35)yz Re L 3z an az a~ ay an ay a~ j

-r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (36)xz Re 1 ax an ax a~ az a~ a~ J

= 11ki~~I + i~~i 1  (37)x N L 3 x  a~ ax 3~~ J

• _ !F ~n~~i ÷ i~~I 1 (38)
N 1 3 y an ay a~~j

• _ i 1~~~~n i i~~~~~÷ i~~~~~~~~~ i 1  (39)
N 1 3 z an az a~~j

where

3Re L 3x an ax a~ ay an
(40)

3y a~ az an az a~~j

— Li (4 1)

N — 2 P r Re (42)

The normalized equation of sta te becomes

P — pi (43 )

and the nondimensional form of the Su th er l and  v i s c o s i t y  formula is

ii — T
3
~
’2 

~
- l_+_C1] (44)

LT + c1J

I
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where 
-

Cc1 — 
~~~

0

Coordinate Transformations

Although this problem is developed for  generalized conical coordin—

ate transforma t ions, only two spec if i c  coordina te transforma tions are

used. These Include a cylindrical—type coordinate transformation for

flow over a cone and a conical coordinate transformation for flow over

a delta wing .

For the flow field calculations over a cone , the coordinate trans—

formation is

4 = x n = tan 
‘ ( -

~
- ) 

~ + Z 
— t an  

~ c 
(46)

The physical and computational planes are shown in Figures 8a and 8b ,

respectively. The transformation derivatives , which are used in the

calculations, are developed in Appendix A.

For the flow field around a thin , planar delta wing , a cons tan t

spaced gr id is used in the physical  p lane . The conical coordinate

transforma t ion is

4 — x r~ =~~ ( 47)

where the physical and computational domains are depicted in Figures

9a and 9b , respectively . The transformation derivatives are’ g iven in

Appendix A.

These coord I mate trans format Ions and the’ I r di’ r I Vat I yes are app I led

to the conical governing equa t ions fo r  a compr essi ble , l am i nar , v iscou s

flow. The equat tons are solved by a numertca I f i n i t e — d i f fe’rt’nce proce—

dure wti 1db Is d Iscussed in the  next chapt  e’r.
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Fig. 8a. Physical Domain of Cone.
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Fig. 8b. Computational Domain of Cone.
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III. Numerical Methods

In this chapter , several basic concepts of numerical methods are

discussed for solving time—dependent , multi—shock flow field problems .

The MacCorinack finite—difference scheme is examined and then app lied to

the fundamental governing equations . Several numerical models are used

to represent the initial and boundary conditions . The requirements of

stability, consistency , and convergence are derived and discussed for

solving the resulting numerical equations.

Basic Concep ts

For this conical flow problem , the steady state solution is sought

by numerically solving the unsteady flow equations . This steady state

solution is determined when all the t ime derivat ive terms in the govern-

ing equations vanish in the limit of large times. Such a procedure for

ob taining the steady state solu tion is some times re ferred to as the

“asymptotic” method (Ref 108). This method was advocated by such early

proponents as J. von Neumann and IL Rich tmyer  (Ref  109) because i t

represents the physical situation more naturally than the method of

solving the steady state governing equations . The successive iterations

needed to determine the “steady ” s t a t e  so lu t ion  may he looked upon as

the evolution of the flow field with time.

Under the conical flow approximation , the radial derivatives of the

flow properties can he set equal to zero . This reduces the number of

independent variables in the transformed plane to three , wh ich incl ude

time and the two cross—flow spatial coordinates n ( 
~

‘‘‘ ) and 
~~ 

( ~~
- ‘

~~~
- )

This conical flow problem is then solved as an initial value proh1ei~i.

Initial conditions arc specified at t=0 along with appropriate boundary

42 
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condi t ions , and the solution is numerically integrated in time until

steady state conditions are reached. Elimination of 4(r) as one of

the independent variables in the problem reduces the amount of storage

space , numerical compu ta t ion , and resulting computer time of the

problem.

By applying finite—difference techniques , the partial differential

operators in the governing equations are rep laced by f i n i t e — d i f f e r e n c e

quotients. This allows the governing equations to be approximately

represented by a set of difference equations. Solutions to the dif-

ference equations are obtained at the intersection points of the com-

puta t ional grid lines . These nodal points (n 1.~~) may be specified by

a double subscript (i ,j) and a superscr ipt n , where n refers to t imes

t—n~ t and where ~\t Is the time step that the solution is advanced

during each cycle. All the dependent variables at the nodal points are

Initially prescribed as free stream values and the unknown values at

t>O are calculated during numerical integration. Figure 10 illustrates

the mesh of nodal points in the transformed plane.

There are several types of finite—difference quotients which may

be used to represent the partial derivatives. An implicit difference

quotient approximates the pa r t i a l  de r iva t ive  at an advanced point in

t ime and Is w r i t t e n  so tha t  the dependent var iable  is expressed in

terms of its neighboring values and known previous  values . This

implicit representation r e q u i re’s the solut ton of a set eif  s im u l t a n e’ous

equations in order to calculate’ the dependent unknown as each t ime  s t e p

is taken. The imp I ic i t form has the advan tage  of un ive r sa l  s t a b i l i ty

for t>0, however t he  method requires a more c o m p l i c a t e d  c o m p u t a t i o n a l

procedure.

I
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NOTE: In General

I—l ,j+l i,j+l i+l,j+1 
______

______ 
i—l ,j  i , j  i+l , j  

_____

_____ 
i-l ,1-1 i,j-l i+1,j—l 

_____

n

Fig. 10 System of Nodal Poin ts Used in the
Finite—Difference Method .
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The explicit differential quotient represents a partial differential

operator with only one unknown. The explicit form Is solved directl y

(explicitly) in terms of known previous values and boundary conditions .

As each step in time is taken , the unknown quantities arc calculated one

at a time. The explicit difference quotient has the advantage of pro—

graunning s imp l i c i t y ,  a l though  there  are stability restrictions on its

use. Because of Its successful application to compress ib le , viscous

multip le shock flows , only the explicit finite—difference quotients are’

used in this investigation.

‘1~~o distinct approaches are used to compute multishock flow fields .

One is referred to as a shock—fitted technique and the o the r  as a shock—

capturing method . For s h o c k — fi t t i n g , the shock is transformed onto a

coordinate surface and treated as a discontinuity . The values  at the

shock surface are determined by explicitly solving the Rankine—Hugoniot

relations . Although it is conceptually poss ib l e  to t r ea t  a l l  shocks as

discontinuitits , thi$ tuLthod tnvolv~. s comple\ lohic to f i t  d i  tht in—

ternal and bow shocks.

The shock—capturing technique Is a method by which mu ll iph-’ shoe’ks

can be a c c u r a te l y  determined numerical  I y wi thout know ing init ially where

the shocks will form. Shock waves art’ automatically allowed to form and

decay wi thout e’mp loying any spec La I s h o c k — f i t t i n g  procedures  wit ich in—

vol ye expi Ic I t use of the Rank!  ne— liug on lo t e’qua t ions . The shock—

Capturing t t’e’hn I que req ul  res t ha t  the’ governing eq eta t Ions  be d i f  fe~ rene-ed

in weak conse rvat I Vt’ form . Shocks wi t icit  t ’x ts  t or do fortit are gene rail v

spread over 3 or 4 mesh interva is. Thus, a finer mesh m t  e-rval Is  re ’—

qu! red in o r dt ’r to spec I fy the shock l o c a t I o n . Tb I s  method also has a

tendency to g ive spurious f iuct uat  I ens of f l o w  field (1(I~% t~t I t len In the -•

I
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vicinity of the shock. These fluctuations can be dampened by use of an

artificial viscosity term . Unfor tunate ly , additional shock smear ing

occurs . However , the resul t s obtained by using this method have been

shown to be quite accurate wh en compared to shock—fitting methods

outside of the immediate shock location . Therefore, in this investiga-

tion shock—capturing techniques are used to compute the conical flow

field around a delta wing.

Finite—Difference Scheme

The selection of the numerical shock—capturing algorithm involves

considering such factors as accuracy , compu tational speed , storage re-

quirements, and programming complexity . Unfortunately ,  there is no

generally accepted optimal scheme, even when the order of the numerical

approximation is specified . A survey of various first and second—order

schemes by Kutler (Ref 110) shows that the highly dissipative nature of

the first order accurate methods makes them generally unsui table for

shock—capturing calculations. Among the second—order schemes , the

predictor—corrector combination Oy MacCormack was found to be the best.

Anderson (Ref 111) compared the second—order MacCormack method with both

the third—order Rusanov and Kutler—Lomax—Warming methods. He applied

these numerical methods to a set of one—dimensional hyperbolic equa-

tions

(48)

where E and F are n—component vectors and x is an a~bitrary direction.

By utilizing von Neumann ’s stability analysis , the s~ abil 1ty cr i terion

for these equations was foun ! to he

I A I ~~i 
(49)
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where A is the Courant number given by

A — a  (50)

and a rep resen ts the max imum eigenvalue o f the Jacobian mat rix

Anderson discovered that the second—order MacCormack method gave

acceptable results for most cases . For a Courant number of approxi-

mately one , the second—o rder MacCormack scheme provides the best re-

sults from among the examples tested. However , when the Courant

number varies appreciably, third—order schemes provide better results.

In certain critical flow regions , such as mul tiple shock flows in which

shock waves of various strengths are located close together , the third—

order schemes are capable of obtaining results where second—order

methods would fail (Ref 112). Since these critical flow regions re-

quiring third—order methods are not expected to be encountered in this

study , MacCormack’s method was selected for the numerical integration of

he flow field.

The second—order MacCormack scheme is a non—centered , preferen-

tial , predic tor—corrector algorithm (Ref 113) which has been used for

a wide variety of flow calculations. The method Is a variant of the

two—step Lax—Wendroff method (Ref 114), bu t because of its non—centered

nature, the dependent variables need not be evaluated at half—mesh in—

tervals. When the MacCormack two—step exp lici t me thod is app lied to

the normalized conservative equations

(51)• at aq ~
the following predic tor—c orrec tor  equations r e su l t :

I-
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Predictor

u~~~ = - 

~~ 
{ (l-c~) ~~~~~ 

- (l-2c~) ~~~

- c~ F~_~~~ } - 

~~ 
{ (l-e~) ~~~~~ (52)

- (l-2c~~~ ) G~~~~~~~ - c~ G~~~~1 } - 
~t

Corrector

n+l 1 n n+l L~t ~ F~~~~~~~~2 U1~~ + ~~~~ — 

~~ L c~ i+l, j

+ (1—2c
1

) Fr~ + (e~— l) ~~~~ ]
(53)

— 
~~ .[c E cr~~1 + (l—2c~) Gr~

+ (c
c

l) - L~t Hr~ I

where

n i M  ~~= j A ~ t = n i~t (54)

and

~~~ = F(U~~~) Fr~ = F(Ur
~~~

) ,  etc ( 55)

This scheme permits four possible variations for replacing the time

derivatives in the predictor and corrector steps:

I: c = 0  c = 0

I I :  C = 1  C — l

(56)
III: C = 0  c~~= 1

IV: e — l  c~~ = O

S
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Each version yields a slightly different result. For this reason, it

is termed a preferential scheme . MacCormack (Ref 113) suggested that

the four combinations be cyclically permuted in order to obtain the

most unbiased result.  However , It has been shown that for shocks which

propagate away from a body surface in the computational plane, method I

tends to yield the best results (Reis 110 and 115). Since the shocks

in this flow field problem originate at the body surface , method I was

used for the numerical Integrations. Thus, the following predictor—

corrector equations were used .

Predictor

— 
~~~~~~~~~~ 

— 
~~~~~ 

Fi+i j  — Fi j

1 (57)

t~t 

~
u

— 
i,j+l 

— 

i , j  
— t

Corrector

~~~~~~~~~~~~~~ f ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ [F~~~
T _ F

~~~~~~~,J ]

(58)

~ r n+l n+l 1 n+l
— 

~~~~~~ L Gi,j — G
1,

~~~~
_ 1  

J _ A t  ~~~~~~~~~~

In this version , forward d i f f e r ences  are used in the p red ic to r  step to

approximate -
~~~~~ and derivatives whi le  backward d i f f e r ences  are

used for these terms in the corrector step . This method minimizes the

post and precursor osci l la t ions near the shock .

In order to evaluate the shear stress and heat flux terms appear ing

in the F and C matrices , backward differences are used in the p redictor

step and forward differences In the corrector step . A central dif—

fercnce operator is used for  T jj  and In the H matrix. Th is dir—

ferencing procedure resu l t s  in a centra l  d i f f e r en c e  approx imat ion  wi th

49
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second—order accuracy for all shear stress and heat flux terms (Ref 116) .

For example , If we consider the F matrix containing the velocity

gradient , then the predictor term is

~ 
[ F~~~~~~

1
~~~~~ — ~~~ ] . (59)

and the velocity gradient terms can be written as

and 

~~~~~~~~~~~ ~~~ for the F
~+1j 

term (60)

~~~ — ~~~~~ for the ~~~ term (61)

For the corrector term , we have

~~~~~~
. 

[F
~~~~~~~~~~~

... 
~~~~~~~~~~~~~~~ ] (62)

where the velocity gradient terms are

— ~~~~ for the F’~~ term (63)i+l ,J 1,3 1,3
~rl

and

n+l n+l n+lu
ij  

— U
j_1 ,j  for the F1_1,~ 

term (64)

This results In a finite—difference quotient of second—order accuracy

for the derivative centered at (i,j).

When the cross derivative Is calculated I.e., inside the F

matrix , then the velocity gradient terms for the predictor are

S
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u~~ 1~~~ 1 
— u

~ +l ,j _ l for the F
~+ i j  term (65)

and

— u~ ,~ _1 
for the ~~~ term (66)

and for the corrector

n+1 n+l n+1
ui j+l 

— u
i,j...l 

for the F1~~ term (67)

2A~

and

n+1 n+l n+l -
uj_~ ,j4.1 — 

ui...l,j...l 
for the F1_1,~ 

term (68)

2A~

This approximation results in a finite—difference quotient of second—

order accuracy for the derivative centered at (i,j).

By using these finite—difference equations , the calculations are

advanced in time from the Initial conditions until the steady state

solutions are achieved. At each time step of the integration process,

It is necessary to calculate the vectors F, C, and H, which are func-

tions of the dependent and independent flow variables. The dependent

normalized flow variables are obtained at each interior grid point by

decoding the U vector

U1 p

U2 Pu

1 5=  15
3 

= pv (69)

15
4 Pw

15
5 

pe

H 

- 
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In this decoding procedure, the primitive flow variables are solved for

in the following manner

p — U 1

u U
2/151

v — U 3/U1
w — U4/TJ3 

(70)

e —

After the decoding, the boundary conditions are determined on the body

surface and at the plane of symmetry . Thus , with the free stream and

boundary condItions as the Initial starting solution , Eq 51 Is integra—

ted with respect to time and the flow variables are advanced from

to t”t~ + tat .  If the flow variables in the t t ~ plane and the ~~~~ + t~t

plane do not satisfy the convergence criteria, then the computed flow

variables at t=t” + tet are transferred to the ~~~~ plane and become the

new starting solution. This iteration process is continued until there

is little change between the flow variables at t=t~ + ~~~t for two sub-

sequent cycles. At this point, the solution is assumed to have con-

verged. The following inequality is used as the termination criteria

n n+1 -

~~~I ,J — 4
~ij 
I c (71)

for l<i<i and 1<j<j where 4? represents each primitive
——max —— max , i ,i

variable at t—t”, 4~ is a constant, and c is the convergence criteria

(typically 10~~). Further discussions on the concept of iterative
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convergence and the determination of iteration errors can be found in

Appendix B.

Boundary Conditions

An important aspect in the successful application of thq MacCormack

finite—difference method is the proper treatment of the boundary con-

ditions. There are numerous schemes available for simulating the various

types of physical boundaries encountered in a fluid flow problem (Refs

102, 117, 118). However, there is no rigorous mathematical theory con-

cerning which numerical b oundary conditions to select in order to get a

unique solution. Thus, one must examine the physical flow field

situation and take into account the mathematical nature of the governing

equations In order to select which numerical b oundary conditions to

apply.

In this investigation, there are four types of boundary conditions

which require numerical modeling . These are :

1. Body Surface

2. Symmetry Plane

3. Free Stream Boundaries

4. Singularity Points

The finite—difference equations used to describe these boundary con-

ditions are developed in the following subsections .

Body Surface Boundary Conditions. On the sur f ace of the de lta wing

and the cone, the boundary conditions are

u v — w — 0  (72)

and
aT

T—T 11 or — 0
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Equat ion 72 guarantees that the velocity component tangent to the sur—

face satisfies the viscous no—slip conditions and that the velocity

component normal to the body surface is zero. The thermal conditions

on the surface are either isothermal or adiabatic, as indicated by Eq

73. The isothermal boundary condition requires that a tempe±ature be

specified at the surface nodal points. The adiabatic boundary con-

dition requires that a first or second—order , one—sided , finite—dif-

ference term be used to model the zero temperature derivative, In this

investigation, all surfaces are isothermal.

The surface pressure or density cannot be obtained from the boundary

conditions, and thus must be calculated. There are several methods for

calculating the surface pressure or density ; however, only two methods

seem preferable. Either the continuity equation must be satisfied, for

which an iteration for the density at the body surface is accomplished,

or the normal momentum equation must be satisfied for the component of

the pressure gradient normal to the surface.

The first technique consists of calculating the density at the

surface from the continuity equation

= -p
~~~~~ 

-p~~~~~ 
-p
~~~~~ 

I -

at a~ a~ ~y 3~ ‘ ‘wall

where the velocity and the gradients parallel to the surface are zero.

This method has the advantage of being simple and convenient when using

suitable second—order one—sided difference quotients for the spatial

derivatives and a first—order forward time difference quotient for

However , this technique may lead to divergence of the numerical

results for t-’~~. This is particularly true for separated flows and

flows near a leading edge.
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The second method , which ~s used in this study, consists of evalu-

ating the pressure gradients normal to the surface by applying the

c—momentum equation at the surface. The equation for p
~ 

is

- _ L! IJj  ~~~~~~~~~3c 3~ ( Re/ [ax a~ ay a~ ?z ~~

~~~~1- ,~~~~\ 
~~~~~~~ 

~~~~~~~~~~~~3c ( Re / La X  a~an aqax/ a~ 3x a~

an a2v a (a~~av ~ 
~~~~~~~~ an a2w

+ a~a~ 
+ + 

~~~~~ ~~~~~~~ 
+ (75)

-~~~~~~i.. 
( i \ ~~~~3~ 13z/3~ 3z a~

2 j  c Re I 3z 3~

~~ 1..i~. \1.~n a 2w ~~~~W a~ a2w
£ ~ Re /L a z  a~a~ a , t a z / a ~ 

+ 

~~~~~~

— 

~ 
( a~~az ) [

~ 
a ( T z + 

a~ a ( ~ )
+~~n~~— ( ~~ \ ÷ !_

~
.!_ (

~~ ~~~+ !-~~
.i

~~~~ (~~~

~ ax a~ / ay a~ \ yz

~~~~~~~~~ (~~) ~~~~~~ (~~) 
~~~~~~~~~~~~~~~~~~~ ~~

This equation is numerically modeled by using a one—sided , second—order

accurate finite—difference algorithm to calculate the sur face poi n ts o f

interest. The surface pressure is calculated by

— 
~~ ,j±l 

— 
~~~ ,J±2 

+ Q(u,v,w) ~~ (76)

with j — j and l<i<i . The numerical representation , Q, of
wing — — wing
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the stress terms in Eq 75 uses second—order central difference terms

for those graidents not on the surface.

For the total delta wing, the same wing grid points model both

the upper and lower transformed wing surfaces. When the MacCormack

predictor and corrector terms are applied to the computational plane

below the wing, the wing nodal points model the lower surface. When

the integration is occurring above the wing, the wing modal points

model the upper surface values. The leading edge is treated as a

singularity point and is discussed in a later subsection.

For the cone, a siniplier boundary condition is used to calculate

the surface pressure. From boundary layer theory, we know that

Q ; 0, thus the pressure gradient normal to the surface is zero

and the pressure can be calculated by the finite—difference equation

n 4 n  i n
— 

~~~ 
— 

~~~ ~~~~~ 
— ~ ~1,~+2 

(77)

For both bodies, the density at the surface is determined by apply—

ing the surface pressure and temperature in the equation of state.

Symmetry Boundary Conditions. A symmetry boundary condition

exists in the transformed plane for both the delta wing and the cone,

where

aw
— — 0  v 0  — 0

~~~
— 0  

~~~
— 0

S

- . 56

__________________ — ~ — — — — — — -=- --
— -~-—---------~-~-—-—~—-—-- - --.---- ---- ---------=--- -~~~~~~~- - -  — : ~~~~_ •-

~



The “reflection” method is used to calculate the primitive variables on

the plane of symmetry . The finite—difference equations used for this

reflection technique are

V11,j Vj+l j 
(79)

vjj = O

and

•i_i,j = 
~i+i,~ 

(80)

where i — 2 and ~ = u, w, p, p, and e. The i — 1 column represen ts an

additional column of grid points placed next to the plane of symmetry .

This column of grid points causes the integration along the line of

symmetry to perceive that a mirror image solution is evolving from the

opposite side of the symmetry plane. This technique provides an accurate

solution for the flow field qualities on the plane of symmetry with a

minimal amount of computation.

Free Stream Boundary Conditions. The free stream boundary con—

ditions are applied on the extremities of the computational domain.

These conditions are applied under the assumption that the free stream

or infinity boundaries completely encompass the disturbed flow region

of the body. The flow through these boundaries must be supersonic with

I
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respect to the transformed coordinates. When this condition is

satisfied, the var iables at the exter ior grid poin ts can be set equal

to the free stream conditions and held fixed during the entire in-

tegration process. These free stream conditions for uniform flow at

an angle of attack are -

I ~~i M2 1 ½Vm cos a I 2 I— 
+ ~~ ~~

-

~~

-j  
cos a (81)

v = O

I i~i 2 1 ½
V~~sin a I 2

W = v = I y—l !~i~ I sin a (83)
__ L 1

~~~T ~J
-I-
y-1

P_ [l+ M1~] 
(84)

- ~~~
=

~~~~~~~
= [l+~~~~~M~]~~~~ 

(85)

e = + -
~~ 
(u~ + v2 + w2) (86)

where a is the angle of attack, Mi,, is the free stream Mach number,

and V is the characteristic reference velocity.max

Leading Edge Singularity. The leading edge singularity point re-

quires special attention . The boundary conditions at this point are

identical to the surface I~oundary conditions . However, numerical con-

siderations require (Ref 119) that the properties at this singularity

point be triple valued in the numerical computation.
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The no—s li p cond it t ons and the t sothenna I COIt ( 1 It  tons are  app ! ted

at the leading ed ge. The p ressure’ and d e n s i t y  are t r i p le valued at

the poin t .  The three’ values of pressure arc denoted as upper , s ide ,

and lower values (1’ P , and 1’ ) and :1 re assumed to exist s I mu It ane—
u S L

ously at the l ead lug (‘dg( ’. These values ar ’ cal cit I at ~d I rout t h e ’ ~. and

r~ momentum equa t Ions . The’ t it roe Va i UOS f dens I t y art’ do erm I nod I rom

the cq uat Ion of state’.

Init ial Cond f t tons

To tut tiat o the ’ numerical IntegraL ion • t he ’  fl ow 11 t’ld quant It le ’~;

at each grid po t nt  in he computa t tona l p I :ine mtis t be ’ spec f f 1 oil . I t

has been numer (ca11~’ shown t hat  two —s t  ci i f m l  c— e l I F fc ’r o t t t ’t’ ~~~~~flht ’5 maY

be ntis table II t hi’se’ t u f t  fat cotid f t  I oii~
; di  I fe ’ r ~ro~i r I y I rout h ’ t o : i t l v

state s o l u t i o n  (Rels  I ~!O and I ~ I )  . ~ m o o  ( l i e ’ st ~th  I I I t v  o f  I I  near

systems is not a f f e c t e d  by t h e ’ c ho i c e  o f  hilt tal ctiudft fous , then thI ~; 
~
‘

phenomenon r ep re sen t s  a non I i  nea r I us t ali t I i t  v in  I l i e ’ gove rut t ig e q u a L  I ot is .

As a result of Lii i non 1 tiwar I us t ab  ti lt v • the Nat -Co rm:tck If til t o—

di f f ri n~ ~ he nit I not ib to I ut i v  e onv ~ itt liii m~ i i i  t i t  i t  I ot in

( , )arb it r i t ~~~ in It I ii Vt  i_ t o t  \ wit. * e \ 1’. in u—c omponi u t  v t o t  (Iii

vector ~
;e ’~ notice x (k )  may not ~ i lwavt ;  convo rgo . In  t a c t  • t boo r.’ms wit I ci i  - 

-

prest’ r ib . ’  t hi ’ sit I I i t ~I i’ i it  cond I t  t e it t ~~ l i i  r Oc ’i tvO rg ou~- .’ c i t  *t0fl 1 I t le ’:1t

it era t I ye mi’ t hoeI~ ( R. ’ I I ~‘ ‘ ) ~~~~ ‘tt ’ r a i l  v req U I i-c t h a t  t l i t ’ l i t  I t  I a 1 voc ’ 1 c i i

x ~~~~ c I os.~ iv j p  ri’ x I ma I e I hi’ p resu med I t  fla I Sc ’ 1 ut I ott , A • of 11w con—

low I I t ’ I d .  F l i t s  ‘‘i u ’:%rtiess ’’ I : ;  ii~~; i i . I  I l v  c ’x p r t ’ssod i i i  I ci ins of

(he v ec t ~ ‘ i no rut ~ 
(o) 

— .

In t~;t s f i u v e r ; (  l g.it ( o t t , l it , ’ ( t i l t  I.iI s t _ i t t  Ith ’ ,.ou d l t  l t i l l s ar, ’ s i i t ’ O I —  —

I .J . i e u-it  I itt t I or gi Iii po tnt on £ hi’ compti t a t I .‘fl:i I p I  :i tw  . Then.’ g r Id

I -
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poin ts a rt ’ .tsstgne’eI valu ’s of t h e  free’ itt ream ~ouet l t ton s gtvi’n by ~qs

81—8h . The tn t  e’g ratIon t [me’ st op  is di’ £ erm (nod I rout [iii’ von Ni’unmnn

stah l l i t v cr1 tt’r Is as dtseu :;se’et Lu A ppe ’udi x C.

The’ nume’r ( ~‘a 1 tnt i ’gt - .i £ (on Ii; tnt t ( at  i ’d liv an ‘‘ (mpu 1st  vi ’’’ s t  art In

vhf oh Lii i ’ body Is I i t - i t  . t i t t  .ini’ous iv  .1c c’ ,’ 1,’ i- .it I’d I rout t i-st to I re’c st ti’liiti

cond It tons . The ’ no—n l Ip boundary conel I t  tou ts  On t he ’ hotly st ir  tat - c’

crest i’s ci th ’r a compress b i t  or oxpans (ciii wave’ t ha t  prop sg. .t  i’s (nIt’ I he’

flow I t,’ id ant I t’ve’nt t in liv Se’t t Ii ’s down as t lit ’ sot Ut ton ccinve ’ te.’s . I t

the ’ compress (on or oxpans  I ott wavi ’ is st tong • I heit  ntiit ic r I  cal  oso 11 1 at  I oiis

LiVe c real i’d wtu I cit in _ tv  lend t c’ p rog ran I a 11111 0. i iowev , ’ r , liv a pp 1 ~• I ng

nunier teal clam p ing  c i t  rough £ he’ add ([I cm of  an ar t  I t  I~’ I a 1 v i n c i ’s i t v • t h ose

nonlInear Inst ab I li t  los c ’:ifl be’ ~u t t t ot out lv d:unp e ’ne ’d Sc’ t list i t  st  cat ty

s t8 t e  s o tu t  It ’tt  cait hi ’ ~t~- h ( e ’vcd

Au site rust (vi ’ met boil wan  used wht,’ti ii so i i c ’~ c ’ I aug los o I at £ ac -k

for th ’ $Snte’ I tow cotid I t  (otis we’re I tive s I I gat  i’d. ‘i’it e ’ p* .‘v I otis c o i i—

verged sot ut I on was USOtI its I he bu t 1 ( a l  colic1 I t  1cm I or l i t . ’ n e x t  . iitg  i i~

of at tack case. Convergence I tnt’ w~ts r,’cluct ’d l’v 1 ~~ i t s  I lug lit is met boil

Stat’ Ii i  t v  At * , t  i v n  Is

nu*iie’ t I c. i  1 so I ut ton ot lii ,’ gov e t i t i t i c , t ’c i c t a  t I otis a 
~
‘
~~
‘ t e x t  mat c t itt’ 

I s olt i t  Ion , It tin ’ I tnt I.’ d i l l  Oi Ol iot’ oq t i . i t  liStS _ ui ~ t l i i i ’ ( i ‘ ; o l e i t  l c ’i iS

sat 1st v t he’ t’eqt i  I t ,’u*e’u t s ot nt .tls (l i t v • ~
- oitn I st  on c’v • ~i it d  e’Olt VO tgt ’it oe

in lb In I itv.’n t I ga l  i t ’ll • i t t  alt l I l t  v I clIt ~~Ot 1 v _ O i  Sc ’, 1 . i t  i’d w ( l i t  I l ie  ii I --

of £ hi ’ t (iu,~ i t t  op l i t  I l i e ’ m,u i - l i t t tg c l i i  c ’ c ’ t  t ,~ I i .  I ’i ie ’ sax m i m i I l i i i , ’  I t i c t  •sii, ’ i i t

by vii i oh lit.’ uunii’t ( ca I not i t t  I c i ii  n t _ tv  be’ . i , l v , t t i ~ isl . it  any  1 Ins ’ s I , ’p Ii ;

eiepe’i *e i e ’ t i t  on t h i .’ 5~~5I m l  coo t , i  I t t . i t  c c~ t 1,1 1 .- o • t % t .  1 t’os I ( i ’ l l  ot t l i e ’

uod.t I grId po int s • and I Ii i ’ so I ut It iti It s.~ I I  . l i t  O t ef t ’ t l e t i ’X . i t l i ( t ie ’  C li, ’
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itability requirements of this finite—difference technique , a definition

for stability is needed . Let U(ri,~~,t) be the exact so lu t ion  of the

governing equations and let U ( i An ,j M ,uAt)  represent the fi ito-dIffer-

ence solution of the same equations . The error , E, of the finite—differ-

ence approximation Is defined as (U (iA ~ ,jA~~,uA t) — U(ri ,o ,t)(.- The

finite—difference equations are stable If the  following two condlt b its

are satisfied: (1) E remains bounded as n-k’- for a fixed \ri , .\~, ,  and .‘ct

and ( 2 ) E remains bounded as the mesh is retined (i.e., as At , All ,  and

~~ -~O) fo r  a f ixed  value of nAt .  Thus , any f t n t  t e — d i  I f er c ’iice sc’ht’tut ’ which

allows the growth of the  numerical error E with t ime’, evcntu~ l Lv “de’—

stroys” the true solution of the equations and thus hc’cotut’s ut i st a h i t i .

In this study , the maximum t ime step for  numer l~’al stah l 1 tt~’ is

determined by the C o u r a n t — F r i e d r i e b s — L ew y (CFL)  , the  cli t Ins [ott • and the

mixed—derivative stability requirements. By apply I tt g a von Neumnuit

s tab i l i ty  analysis separatel y to the  l i nea r i zed  i n V i s e ~tcl , d i f f u s i o n ,

and mixed der ivat ive parts  of the govern ing equations , a maximum t i m e

step is developed (Re f 123) .  This t ime step is

(87)
+ — + -

~~
—

~~
-—-

titINV At DF At
~,L~D

where c is an adj u s tab  it’ constzit it  and At 1NV , .\t  at id \ t  are do ft tic’ti

in Appendix C. A cotup 1 etc devt’ lopwent  of t his s I ab lI l t  v e’r (te’ r 1 t  is

given in Appt’nd Ices C and 1).

Several invest  i c~, m t o rs (Re Is 1 2 2 — 1 2  1) , us lug t h e  sltoe-k c’~1p Lu r i tig

method , have encount croci nuttier t e a l  onc i l l . ~t I ~‘iin In  t he ~‘i e i n  i t  v o f

strong shock waves. Tii~ se non it lit ’s r Inst .tii li l t (~~s cziii be’ c’Vt ’ rcc ’u *e ’ ti~’

adding an a r t  I lIe 1,il  vt~~cos I ty. In this nt tidy • two I vpe ’s of art if Ic 1,11
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viscosity terms are used to dampen oscillations . A normal stress damp-

ing term by McRae (Ref 94) is used for initial transients and a fourth—

order damping term by MacCormack Is used for shocks.

During program startup, large impulsive oscillations are developed

near the body surface. These initial transients can be large enough to

cause numerical instability. By applying a multiplier to the second

coefficient of viscosity, these oscillations are effectivel y reduced.

As the solution progresses in time , this multiplier is gradually re-

duced to its minimum value of one. This numerical damping technique

adversely affects the maximum time step that can be used , as seen in

Appendix C.

For numerical oscillations in the vicinity of strong pressure

gradients, a fourth—order damping term , suggested by T a nn eh i l l  et al

(Ref 133), is adopted with modifications . Instead of using a rigorous

transformation of the second—order derivatives of density into the

transformed space, the second—order derivatives arc approximated by

the derivatives with respect to the transformed independent variable’s

~~~~~ 
The net results are two artificial viscosity—like terms of the

form

c~ (K I+l~~Qu
fl 
- K

t
A
i
II
~~ 

(88)

= ~~ - ~~~~~~~~~~ ) (89)
H

where the ~~~ are de f ined  by Eq 30 , t h e ’  sumit iat ion s on Z in d i c at e  one

term for  each of the two spat  m l  itt ret’ t Ions ( I , J)  , t li e c ‘s are  cons t an t

coefficients , the K ’s are variable’ coe’f ftc tents d e f i ned  by

S
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~~i+l,j - ~~~~ + 
~i-l,j~ 

- 

(90)

(~~+1,j + ~~~~ +

— L~~~~
,j l  

— ~~~~~ + 
(91)

+ ~~~~~ + P~ ,j_1)

and the ~~
( ) and A~,( ) operators are forward and backward dif-

ferences, respectively , defined by

— U~~~ (92)

~
i
U
n 

U~~ J 
- U~_ 1,J (93)

(Jhen smoothing is desired D~ 
~ 

is added to Eq 57 on the predictor step

and ~~~~ is added inside the outer brackets of Eq 58 on the corrector

Step.

The variable K~, coefficients are composed of a normalized second—

order difference of flow field density. The K 1 subscri pt ind ica tes

which direction the difference is In (i or j) and also the center of

the difference. The K~ superscript indicates the time it’vt’l used for

the values of density. This var iab le  c o e f f i c i e n t  is e s s e n t i a l ly  :~ero

in smooth reg ions of the flow f i e l d  and approach es a maximum v a l u e  of

one In regions of Lirge p o i n t — w i s e  one ii 1st tons. The’ t l i e ’oret t ea l

maximum value of the coefficient produc t c
~
K
~ 

Is lt’ns titati or equa l to

0.5 to prevent t h i s  t erm f ron caus ing  .itt I n s t a b i l i t y  i t  Sc’ I f . ‘l’Ite

coe f f i c i en t s  can t he o r e t i c a l l y  reach a value of otto , causing eQ co—

e f fi c ie nt s  to be restricted to .t v a l u e  of o t t o— h a l f  or less . However ,
I
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since Kg coefficients are usually much smaller than one, the cg co-

efficients can be larger than one—half. Smaller amounts of damping or

damping in only one of the two spatial directions can also be used.

This is achieved by independently setting the constant coefficients in

each of the two directions equal to the appropriate values.

Consistency and Order of Accuracy

In order to~ examine the consistency and order of accuracy of a

finite—difference scheme, it is necessary to understand what partial

differential equation is, in fact, being solved by the finite—difference

algorithm. This differential equation is called the modified equation

and aside from the round—off error, actually represents the original

partial differential equation when a numerical solution is computed .

The modified equation is derived by first expanding each term of the

j finite—difference equation in a Taylor series and then eliminating

time derivatives of higher than first—order (including mixed time and

space derivatives) by the algebraic manipulations described by Warming

and Hyett (Ref 124). The terms appearing in the modified equation which

are not in the original partial differential equation represent a form

of truncation error introduced by the finite—difference scheme. These

error terms allow one to determine the order of accuracy and consistency

of the finite—difference approximation.

If we examine the linearized form of the governing equation , we

find that the modified equation is

I
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H ~~~~~~~~~~~ 
• 

-

(94)

(
~~~

3At 2 - ‘AA~~ ) ~~~~~~~ + .~ A
2

BAt
2 ~~~ U

+ ~~AB 2
At

2 
~~~~~~ 

+ ( .~~~
3At 2 - ~~~~~ ) ~~ +

where the matrices A ,B,C,D,E, and F are defined in Appendix C. The

order of accuracy of the finite—difference scheme is defined by the

lowest—order powers of the increments At , An , and A~ appearing in the

error terms. Thus, according to the modified equation, the MacCormack

scheme is a second—order accurate algorithm for the linear governing

equations. This definition of order of accuracy is consistent with that

used by Richtmyer and Morton (Ref 109) in which truncation error is

normally examined.

A finite—difference scheme is defined as consistent if the dif-

ference between the partial differential equation (with the initial

and boundary conditions) and the finite—difference equation tends to

zero as At , A~ , and Ai approach zero in some arbitrarily stable manner.

This implies that the error terms in the modified equation approach

zero in the limit as At , An, and M,-’O. By examining Eq 94, It is

obvious that for the MacCortuack scheme , the finite—difference equation

is consistent with the original partial differential equation. If by

some special relatiotishilp the erro r terms did not tend to zero as the

increments vanish, then the finite—difference scheme is said to he in—

consistent . In this situation , the modified equation yields directl y
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the differential equation with which the finite—difference scheme is

consistent.

Conver&ence

In order to show equivalance between the finite—difference equations

and the partial differential equations, it is necessary to demonstrate

that the MacCormack scheme is convergent. Rlchtmyer and Norton (Ref

109) define a convergent finite—difference scheme as one in which the

numerical solution approaches the solution of the partial differential

equation as the step size approaches zero. The proof of convergence is

particularly complex for the finite—difference scheme associated with

the governing equations. This is especially true when boundary con-

ditions are included in the analysIs. Thus, in this investigation, oniy

the linearized Lorij i of the governing equations is examined.

According to Lax’s Equivalence Theorem for an initial value problem,

a finite—difference solution converges to the exact solution if and only

if 1) the differential problem is properly posed and therefore possesses

a genuine solution, 2) the finite—difference equations are consistent,

and 3) the numerical computation is stable. In this analysis, it is

assumed that the initial value problem is properly posed. This implies

that a solution of the governing equations exists, is unique, and depends

continuously on the initial data. Therefore, by satisfying the criteria

of Lax ’s Equivalence Theorem , it is assumed that the MacCortuack second—

order finite—difference algorithm is convergent for the governing

equations.

The numerical analysis of the MacCormack method has been based on

the mathematical  theory of linear part ial  d i f fer e n t i a l  equations . By
I
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examining the linearized form of the governing equations, a heuristic

assessment has been made of the MacCormack algorithm as applied to the

governing equations. Although there is no guarantee that the linear

and nonlinear characteristics of the finite—difference scheme are

similar , there is ample evidence which tends to support this assumption.

Thus, in the absence of a systematic analysis the numerical schemes

associated with the governing equations, it Is assumed that the above

analysis will provide a practical insight Into the characteristics of

the MacCormack finite—difference scheme.

I
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- IV. Numerical Computation

In order to obtain a numerical solution for the supersonic and

hypersonic flow around a delta wing, it is necessary to translate the

finite—difference equations and the initial and boundary conditions

into a computer code. The purpose of this chapter is to describe , in

general terms, the basic struc ture and operation of the computer codes

used in this investigation. These computer codes use the MacCormack

finite—difference scheme to solve the conical, viscous governing

equations. The input data, seq uence of opera tions , and the calcula ted

results of these codes are discussed in this chapter. A brief descrip-

tion of each subroutine used in the computer programs is given in

Appendix E.

Computer Codes

Three basic computer codes are used in this study . These codes

are the CONE, DELTA1, and DELTA computer programs . They are used to

solve the flows over a circular cone, flat delta wing, and around a

thin planar delta wing, respectively . The basic structure and opera—

tion of each of these programs are the same. The differences In these

codes occur in how the boundary conditions are modeled and in what

coordinate trans formations are used. Because of the close similarity

among the programs , onl y one code Is described in this chapter. This

is the DELTA computer program . Differences between the basic computer

programs used in this study are h i ghli ghted in the descr ip tion of the

DELTA program.

DELTA

The computer code , DELTA , was written to solve the  generalized
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conical governing equations numerically and to validate the conical

approximation technique. With only minor changes in the input data and

internal code structure , the code Is designed to solve any problem which

satisfies the conical flow approximation. The program is structured in

a modular or subprogram form so that each module or subprogram can be

coded and debugged separately . This procedure adds to the total corn—

j 

putation time of the program but it minimizes the number of changes

- • needed to solve various conical flow problems and it reduces the time

required to debug the program. No major effort was made to reduce the

running time or storage requirements of the computer program . The

primary emphasis, in developing this code, was to keep the program as

flexible and generalized as possible so that various changes in boundary

conditions and coordinate transformations could be easily made. This

code represents the first step towards development of a user—oriented

code which can be used to solve a variety of conical , viscous flow field

problems.

The DELTA program beg ins its calcula tion by ini tial izing the gr id

points in the computational plane with free stream and boundary con-

dition values. A constant time step is specified at the beginning of

each run and a max imum number of iterations is given as part of the

input data. The computer program is run until it reaches the maximum

number o f iterat ions or sa t i s f i e s  the convergence criteria . When

either of these two condit ions are reached , the ca lcu la tions  are

terminated and the resul ts  are printed out and stored on magne t ic  tape .

If an interim solution is stored on magnetic tape , then this  solu tion

is used as the initializing data for the next computer run and the

calculations are continued . When the convergence criteria is finall y
I
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• satisfied, the numerical integration is terminated and the final results

are printed out and stored on magnetic tape. These final results in-

clude:

1. The nondimensional scalar velocity components in the x , y,  and

a directions .

2. The normalized pressure, density and internal energy as defined

in chapter 2.

3. The cross—flow Mach number , M , and the slope of the conical

streamlines, ~~~ with respect to the ii axis as given by

M 
([M~~ f - Men ]  

2 
+ [M~ 

- M~~~~ 
~~ 

2 
+ [ M n  - My 

~ 

2 ½

C 

( l+ri2 +~~
2)

. ( M X~~
_ M

Z \ (96)
-‘ 

y tan ~

\X

These quantities are calculated for each point in the computational

plane.

No capability for interpolating between the computational grid

nodes is provided in the program . Therefore , it is necessary to insure

tha t a spatial grid poi n t is specified at each location fo r which f low

field data is required .

Seciuence of Calculations

In order to ini t ia te  the numerical integration , the DELTA p rogram

is required to receive:

1. The free stream Mach number and angle of a t tack.  The angle of

attack is measured relative to the body coordinate system as shown in
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Figures 8a. and 9a.

2. The sweep angle for the DELTA and DELTA1 programs and the cone

half angle for the CONE program.

3. The free stream isentropic total temperature and the Isothermal

surface temperature, in degrees Rankine.

4. The free stream Reynolds number and a reference length. This

reference length is defined as the distance from the vertex to the

desired y—z plane.

5. The time step size and the maximum number of time step itera-

tions.

6. The number of grid points on the body surface and in the com-

putational plane. The location of these grid points is de termined by

inputing AE and by calculating A~ .

7. The appropriate coordinate transformation, as defined in

-i ’ Appendix A, and the grid location of the fl—axis for the DELTA program.

8. The normal stress damping coefficients and the pressure damping

:j coefficients.

Once the above input data is supplied , the DELTA program begins Its

calculations in the following order:

1. The computational grid poin ts are ini tialized wi th free stream

and boundary condition values or with an in terim flow solu t ion , which—

ever is appropriate.

2. The coordinate transformation derivatives are calculated next

in the COORO subroutine.

3. At this point , the main program DO loop is entered for the

repetitive calculation of all the flow field quantities at each time

step until convergence or the maximum number of time step iterations is
I
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reached. 
-

4. Within this DO loop , the local Reynolds number is calculated for

each grid point.

5. The predictor term of the MacCormack finite—difference scheme

is calculated next by calling the subroutine PREDICT. In this sub—

routine, the surface boundary conditions are computed first by calling

subroutine BOUND. After that, a double DO loop is en tered wherein the

following calculations are made for each grid point (i,j):

(a) The pressure damping terms (D~~.) and (D.~~
1) are deter—,J 1,3

mined by calling the subroutines DANP F and DANPG .

(b) The subroutine VECTOR is called next to solve for the

stress and heat conducting terms as well as determine the values of the

F, G , and H vectors .

(c) The predicted value of the 1J
1~~ 

vector at the new time

level is computed by calling subroutine DECODE.

(d) The subroutine SOLVE is used next to solve for the flow

quantities from the calculated ~~~~ vector at the new t ime level.

6. The flow qu.~~tities on the opposite side of the symmetry p lane

are determined by calling subroutine SYM .

7. The local Reynolds number Is recalculated with the flow

quantities from the U1 .  vector at the new time level.

8. The corrector term of the MacCormack finite—difference scheme

is calculated next by calling subrou tine CORRECT. This subroutine

duplicates the predictor subroutine (5) except for some changes in

the finite—difference representatives and flow quantity levels. The

same subroutines and sequence of events are followed .

9. After the corrector step, the SYM subroutine is called to
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recalculate the flow quantities on the opposite side of the symmetry

plane.

10. The final step in the main 00 loop is to test the new solu-

tion for convergence. If the n~~ solution is not converged, the

numerical integration process is begun again at step (4) until the con-

vergence criteria is met or the maximum number of time steps is reached.

11. At the end of the numerical integration cycle, the flow field

results are printed Out and the interim or final solution is stored on

magnetic tape.

The computational sequence of this code is shown in Figures 1]. and

12. This program is repetitively run until a converged solution is

obtained.

I
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READ Z NPUT
DATA

L~~oo~ I
L t u I

CALCULATE
REYNOLDS NU MLER

CALL PRE DI CT

CALL SYM

CALCULATE
RE YNOLDS NUM B ER

[ii ~~ CAL L CORREC T

CALL SYM

TEST FOR yes
ONVI~R~~~NCr

P R I N T  OUT
RFSilt . TS

no 
~ — 

yes
max

Fig. 11. Schematic Diagram of DI~LTA Program.
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CALL BOUND

i — i

1 — 1

CALL DANPF

CALL DANPC

r t _ t ÷ i j 
. 

cALL vEcT:R r i _ i + 1 I
CALL DECODE

CALL SOLVE

no
i~~~ima

yes

j
~~~

j no
max

yes

Fig. 12. Schematic Diagram of PREDICT and CORRECT
Subroutincs .
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V. Numerical Results

In this chapter, the numerical solutions for both the supersonic

flow around a cone and the supersonic/hypersonic flow around a thin

planar delta wing are discussed . In each of these cases, the conical,

viscous approximation is applied to the governing equations to determine

the laminar flow field characteristics. The numerical results of these

calculations are compared with various analytical solutions and ex-

perimental data.

Cone Flow Analysis

In order to verify the accuracy of the computer codes, the super—

sonic flow around a cone at zero angle of attack was computed and com-

pared with previous analytical and experimental results. The coordinate

transformation used in this calculation is discussed in Appendix A and

the physical and transformed planes are shown in Figures 8a and Sb. The

free stream and surface boundary conditions chosen for this calculation

are

7.95 T l360°R
0

Re
~ 

— 4.2 x 10~ P0 
259.3 psia

o — 1 0 ° T
C 

~~~~~0.4l

Pr—O. 7 2 y = l . 4

where the Reynolds number is based on a reference length of x 4.O inches.

These flow conditions arc identical to those used by Tracy (Ref 127) in

his experLmental studies of hypersonic flow over a yawed circular cone .

S
II
~
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In this investigation, two different rectangular grid systems were

used to calculate the flow field. These included a coarse mesh with a

radial step size of ~~~0.0O79 and a fine mesh with a step size of

A~~0.00395. A circumferential grid size of ~f l 3° was used in both

systems. The computational domains contained 63 equally spaced r~ grid

points ranging from —3°<~<l83°, and 30 constantly spaced ~ grid points

from 0 _l00 to the free stream boundary surface . The free stream

boundaries were located at ~~tan(l6.2l°) (fine mesh) and at E.tan(22.06°)

(coarse mesh). Both of these boundary locations were far enough from

the cone surface and bow shock so as not to affect the numerical solu-

tion.

Figures 13—16 illustrate a comparison of the numerical results of

this technique with the solutions obtained by McRae. The squares and

triangles, in thes~ figures, represent the numerical results for

8F~-O.O0395 and AE—0.0079, respectively. The solid curve depicts the

numerical solution obtained by McRae. In all of these solutions, no

numerical damping was used. The undamped solutions were obtained in

order to compare the results more easily and to assess the accuracy of

the computer code.

The static pressure distribution in the 0 direction above the cone

surface is shown in Figure 13. The normal pressure gradient in the

boundary layer is zero and the numerical solutions near the cone surface

are within one percent of each other. If we assume that the attached

bow shock location coincides with the static pressure transition

centerpoint (a definition used by Tracy), then the experimental shock

location is at 0—0 —3.56° (Ref 127). The numerical shock locations for

A~~O.0O395 and A~~O.OO79 are at 
O_O

~~
3.57° and 0_O

~
_3.52°, respectively.
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Numerical Rt’~~iIt~;

t~C Gr id Size

O 0.00395

A 0.0079

McRae ’s Solution

M — 7.95

5.0 Re — 4.2 x I0~x

o — 100

~~~~~~~~ ~~~ ~ ~~ ~
6.0 

‘ ..
~b~%<j \[

i 
No Damp ing

\
3.0 ~~~

“ Shock I.oc~~t Ion

x l O ’
0

2 .0 
A

A

[1
— -

1.0 1’)

A
A

0.0
0.0 1.0 2.0 1.0 4.0 5.0

0-0 (Dt ’grcc~ ~

Fig. 13. (‘omp.i t I iion of St .i t I ~‘ 1’ t’ i’~I s u r e  vs . t~ iThove I he Cone Sn r I ~
tot Pt Ii ’rent  Ct Id S I :~~‘~ w i t h M~’Rae ‘s So itit ion .
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McRae’s sotu t ton shows the shock .it 3.48° above the cone surtace . These

results ~~~t ~‘.tt c t hat the tnt ’ mesh se tnt Ion agrees s I I gh t  Iv h e l t e r  wi t h

experimental dat a than does the coarser mesh sotut t on .  HOWeVer , bo th

numerical result s v teld excel tent agreement with b o t h  McR ~ t’ ‘ s so lu t ion

and Tracy ’s experimental J . i t . e .

The SU E (dcc  p ressu re  on the cone is det t’ tin t ned t torn Ee~ 77 • whe’ Vt’

the norn~t I pressure gr.id t en t  is zero . The nond I incus I ona i t  .‘t ’d ~ tt r  t a ct ’

pressures t oe -  ho ch  the t I Ut’ and coarse ’ g r i d  s~’s t ems a re’ .~ . SOx It)~~ and

• 5.~~ I 0~~ , re sp ect  (v i ’ Iv . The’ ~ur I .ec ‘ p t~e ’5 suFe ’ c.t  1 cu t  ~ t i’d by McRat ’ is

4. SixlO ‘. Exper intent a I t e ’su it s 1w t’t . i c v  show t tt ~ no rind i t  :.e’d stir t ace ’

pressure’ to b ’  .1t2x10 4 . This  d is c rep an cy  he ’twe ’en c . i i e -t i l ~~t’e’it and

measur ed r e su l t s  can be at t t  (hu t  i’d t o  e~ per intent :it e’ t r o t , I us t rtun~’nt a—

t ton error • and numet- (cal m ode’ I tug errot- . i t  can he se’en tha t I hi’

simp i I f ie d  inod e’l of  t h e ’ s ur f a c e  bound ary  c o nd i t i o n s  pr ovides  e’xct’ l l en t

agreement. with M cR ae ‘ s so lu t  ton and good agre ’eme’nt w i t  ti T racy  ‘s cx-

pe’r (mental d at a .

In Figure’ 1-. , the  t o t a l  velo cit y dtstrtbut ton in t he  0 d t r ’ c t  ion

is present ed f o r  x—e .0 1 nct i~’s . The mune’r I c .m I t -cso tnt t on  o t t h e ’ hounda rv

layer and hew shock Is m.i r~ i t ta l  t o t  t h e ’ tt ni’ gr id svs tern and Is peer t o E

the coarse’ r g r i d  svs t em. i tOweve ’ t • the ’ agr t ’t’me ’nt h ’  tween McRat ’ ‘5 c a t  —

cul at  tens and t he num ’ r I c a !  resu I t s  is r~nu t hab it ’ . i n  gi’ne ’ i . e  1 • I here

is l it  t t e ’ di t t ert ’nce’ be tween  t h e  I (tie ’ and coar se ’ mesh svst  e’tfl S , except

that t h e’ f i n e  mesh sem i t on  i~rt~v t e i t ~ a much bet t e~t det  ( n i t  ton  ot  t he ’

f l ow f i t ’ I d .  B e t h  tite me ’ r I c.i I re’sti it v It’ lii itea t 1 v Ident ica l he’hav to t  as

that noted  In s (ml I at  e’xpt ’r intent  at  obs i ’r v . t t  tons  b~ Ti .ecv

The s tat  Ic t e ’sm~’t ’ t a t  tire’ d 1st r lb ci t h i lt In  t h e ’ 0 d i r e c t  ion shove’ the ’

cone stir face’ Cs shown in 1” I gu re I S . I t  can b t’ S t ’i’ ~ h~~ :~ ~~‘ ~ and S
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Numerical Results
I

• 
~~ Grid Size

O 0.00395

A 0.0079
5.0 —

McRa e ’s Sc ’tut ton

M — 7.95
Li

Re 4.2 x iO~
I x

4.0 - 0 - 1 0 °

- 0.0°

3.0 —

0—0
C

(Degrees)
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1.0—

0 .O~~~~~~~~~~~~~~
’
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0~~~~ 1.0 1.2
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Fig. 14. Compa r I son of T ot a l  ye b c  I t  v vs. 0 Ahov ’ t he Cone
Surface for P11 fe’rent Cr Id S t  :es wt  ib  McRae ’ ~5 So lu t  ton .
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Numerical Results
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Fig. 15. Comparison of Static Temperature vs. 0 Above the Cone

Surface for Different Grid Sizes with HcRae ’s Solution . 5
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3T
~ 0 at 0—0 , thus indicat tu g  t h a t  he ’~~t is b e i n g  t r ans fer r ed  to the

c

cone s u r fa c e .  This Is o cc u r r i n g  because e’I t h e  large amount of tr ic t ion—

*1 heat being generated in the  boundary lay er , even though T~~ T .

Because of the  l in t  t ed number of  g r i d  p o i n t s  in t h e’ v iscous  reg ion . a

ven t (cat  ton ot  t h i s  r e s u l t  was made with a :e’ro—pressure’ gradient

si~~t 1 ar t t v  s o lu t  ton of  t h e ’ b oundary  l ay er  e q u a t ion .  In  o rder  to conver t

the stml  t ar  set u t  ton r e s u l ts  g iven  by t ow (R ef  I 3P~ f r om  th e  non—

d imens ieii.i I Iii as ins var  tab  I e’5 t O  the  pr e •sefl I none ! linens ton a l var  I ab 1 ~‘s

it  was nece’ssarv to spec I t v  V • , and T at  the  b oundary l~iv c r  ed ge as

well  as at  the  cone st ir  f .e c e ’ . R at  her  than  choose’ f r ee  st r e am  c on d i t i o n s

for the outer edge cond it  ions as w ou l d  be cons 1st e’nt w i t  hi c l as s i ca l

boundary I dvi ’ V t heorv • the viscous  edge con~1 it Ions we’V e ’ chosen f t ~’mn t h e ’

f i n e  mesh so lu t  ion. A s u r vey  ot  c a l c u lat e d  impac t  pr e ’s s u t c s in  t h e ’ 0

direction , as shewti in V i gure itt . was used t o  de’te ’rmtn e ’ t he ’ bound ary

layer  ed ge’ c_t )
c~o . ~~~~~ . The’ norma l I :e’d s u rt  .1cc ’ pres su re ’ p . ~0 x

— 4
10 was assumt’d to be coust  ant t t ir ougheut t h e ’ v iscou s  reg ion . lb is pre’s—

sure ’ coup I ed wit It t h e’ e~I ~~e’ t e’mnp e’ rat  nr c’ 1 1’ — 0. 117 gave’ I he’ ed ge’

density 
~~~~/ .

‘ —  . . 8.~ x 10 . From Fi gures I-c .tud I t t  , the edge’ vi’ lot ’ i t  ~~

was found t o  be V . V • 0 ~~~~ . 5y app ly in ~ I he ’~~e’ ed ge’ c o n d i t i o n s  t o  the’e max

boundary lav e’r e’qua t b its , a st i n t  l . i t -  t e ’mper ature  p r o f i l e ’ was o b ta in e d .

thus con ft tin I ue~ the’ cit rre’c t ness of t h e ’ nume ’t Ic  a I re’s t i lt s

The e’ f fe’c t of g r i d  Vi ’ 11 ne’me’nt .1 ii t h ~’ di  re’c t t on is nios t si gn it I —

cant in th ’  v I c i  n l i v  c t  t h e ’ shock wave ’ • .15 shown in  Ft  e~ure ’s I .~ and Itt

For ~~~~ .00 ~‘) ‘~ and .\0 0. .~n (SIc Rae ’ ‘ 5 51 e’~~ 51 e ’ • C I t e ’ nurne’ t I ca l  ~‘s c i i i  .t—

t tens are’ mede’rat es en hot  It sides  ci  t h e ’ shock.  Uow e’ve’r • when .‘t~ . 0.00 ~

the osc i l l  at ions on t h e  u p w I n d  side ’ e’t t h e’ sh ock be’come’ i. m rge’r . Tb is

I

82

- - . —. 
_ : 

- ~~~~~~~ :~~~~~~~~ T~~~~_
__ 

- .

~~~ ~~~ 
________________ - --



VI

0
— ~) 0 ‘-4

N .4
0 ~~

(I, ~~t 0’
e’~t r~- -4 tI’ s (‘4

~0 0 0 0 0’ • 0 0
— .4 0 0 in ~~ 0 0
0 • I... • C

0 0 0 
—~~ •

14 U •

~~~~~~~~ ~ ~~~~~~~~ 
U itt “.4

H 
I 

U

~~~~~~~~~~Th 
0 0

0 0 0 0 0
0

8
r4 e~I-’ ~~‘

~. ~~.

83

- ,-~ .-
~~~~~~~ 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



causes the numerical instahilitie’s (Gibbs phenomenon) to be spread o ver

a larger distance before they are’ completel y damped out.

In conclus ion , i t  can he st ’en t h a t  t h i s  c o m p ut e r  code’ a c cu r a t e l y

calculates the supe r son ic , v iscous  f l o w  f i e l d  around a cone .  The

velocity, t e’mpe’ra t t i r e ’ , and p r e s s u r e’ r e su l t s  compare  q u i t e  f avo rab  Iv  w i t h

both  M cR at ’ ‘ s so m t  ion and Tracy ’ s e x p e r i m e n t a l  d a t a .  The f ine ’  mesh

s o l u t i o n  p r o v i~ies j u s t  enough f l o w  f i e l d  d e f i n i t i o n  in o rder  t o  de ter -

mine the  f l o w  ch a r a c t er i st  ics a d e q u a t e ly  in the  h ound ar  l a ye r  and near

the  bow sh ock .

Del t a W I u ~ Fxj~ans ion ~ i Jo Flow An a ly s i s

The next  phase in t h i s  i n v c ’st i gat i o n  is to examine ’ bo t h t h e  super-

sonic and hyperson ic  fl ows  over the  b eside of a p l a n a r  de l t . i  w i n g .  The’

purpose of t h i s  a n a l y s i s  Is to  v e r i f y  the applicabilit y of t h e ’ con i c al .

viscous a p p r o x i m a t i o n  in so lv ing  the  expansion side’ f l o w  f i e l d ,  in

order  to do t h i s , two s i m p l i f i c a t  ions were  made in model ing  the  f l o w .

These were ( 1) to assume the f l o w s  above and b elow the wing  s u r f a ce  are

• independent  of each o the r  and (2 )  to n e g l e c t  SOint’ of the d e t a i l s  of t he

complex f low in the immedia t e  v i c i n i tY  of the d e l t a  w i n g  ver t e x  and

leading edge.

In the f i r s t  assumpt ion , the  upper  and lower w i n g  f lows  are in-

dependent  of each o t h e r  because the  l ead ing  ed ge’ f low  is super son ic .

This fo 1 lows f r o m  the  f a c t  t h a t  In supe ’rson ic l i n ea r theory , d 1st u rh an c &’s

are propaga ted downs t roam in  a Mach cone wit ! cii has i t s  a x i s  a lt  gne’el w i t  it

the  f ree  st r t ’am and wit lob has a se’m i—ang le equal  to  the  f t e ’e s t ream Mach

ang le. l’hus • .iuv di st u r b an e  e genera ted by ~i t h e ’ r w i n g  sur face ’ is con-

f ined  to a Mach Cone ’ w h i c h  dot ’s not  t n t c rs e’&’t the’ leading  ed ge , s ince

I
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the edge is less swept than the Mach cone. However, in a real flow,

this does not hold since the regions of influence are determined by

local, rather than free stream conditions (Ref 128). For delta wings,

the two surfaces are independent if the bow shock is attached at the

leading edge. Wing thickness and viscous developmen t effects can

detach the shock wave and thus cause a strong overflow from the com-

pression side of the wing. This overflow influences the supersonic

and hypersonic flow on the expansion side of a delta wing, as described

in Chapter 1. However, in this numerical model the bow shock is attach—

ed to the leading edge and thus the compression side flow does not in-

fluence the upper surface flow field characteristics. j

The second simplification , which is used throughout this study , is

to neglect the th ree—dimensional flow field e f fec t s  near the wing ver tex

and aroun d the leading ed ges . The flow ove r the wing vertex , at angle

of attack, is characterized by a bow shock , a leadi ng edge Prandt l— Meyer

expansion, a pair of internal shock waves, and a developing boundary

layer. These flow properties are highly dependent on a number of param-

eters, such as (1) leading edge geometry, (2) angle of attack , (3) Mach

number , (4) Reynolds number , and (5) hypersonic s imilar i ty  parameter.

This complex flow induces vortex generation downstream of the apex

region , and the development of a three—dimensional boundary layer .

Vortex generation In the boundary layer depends c r i t i c a l l y  on the

cross—flow and viscous—inviscid In teract ion in the apex region , where

the spanwise pressure gradients  are strongest (Ref 2 ) .  This has been

demonstrated by Whi teh e ad  and Ber t r am (Ref 129) and by Rao (Ref  130) .

The former reduced the cross-f low In the apex region b y rounding o f f

the sharp apex , thus, locally “unsweeping” the leading ed ge. The
I
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latter drooped the portion of the  w i n g  near the  apex in order to align

it with the free St roam at aug ~c of attack , thus m a k i n g  t h e  local  an gh  e

of a t t a c k  in the ape’x region zero . In both cases , the ’  e’r i l i c a l  c ross—

flow development in the  apex region was reduoed w h i c h  e f f e c t  t v o l v  sup-

pressed e’mbeddod vu rt cx gene’rat  ion .  In a d d i t i o n , t ’x p vr t m e ’u t a  I mea sure ’—

ments  have shown t h a t  embedded vor t  ices occur whe’n \~~0 (0 .  1) (Re ’f t ;  18

and 131) , hu t  not at  large’ va lues  of 
~~
, such as X~~1 .0 ( R o t s  17 and 25 )

The reduced sp;Inw iso pressure  grad l ou t  (due ’ to d in t  n I she’d e xp an s i o n  at

the lead tug ed ge) has t h e  of f oe - t of  r ot  a r c h i n g  vo r t  ox ge’ne’r at  i o n .  These’

embedded von ices are d if fcre’nt f rom the ist ’ formed by shu ck — i n duc e’el

boundary layer se ’par at I on  at  Ii E ghie ’r  ang les  u t  at  t a4 -k (~~ >9
0

) , as se~oli

in Cross ’ study .

~ 
j Rao and Wit It  ehead (Re ’ f I I I )  eXam i ne’d l i i i ’  hyp e  rs on I c ’ b ounela rv h a v e ’ r

LI along th e ’  c e n t e r  l i ne ’  of  .i 75 0 eli’ I t  a w i n g  a t  ce 5° In  M = (  .8 f l o w  !, Re ’!

1.2 x 106). It was found tha t t he’ beiunela ry l ayer  t h i c k n e ss , ~S , l i i i —

t t a l l y  dove lops as a tw o —e l  ime’ns tuna I be ’tinel ~ rv I ay e  r ; hiowe ’ve ’r , a max imum

~ is reache’el and bec oine ’s ne’pa t lvi ’ . Tb Is  dee’ n&’ase Iii b oundary  1 aye’ r
dx

tl~1 ckncss is due’ to the ’ i’nt rat urn e’nt of low momi’n t urn 1 In  Id  by t lie’ pr esenCe ’

• of vortices in t he’ boun d a ry l a y e r .  F u r t her  dowitst  ream , t hi i s  ‘‘ t rough ’’ or

decrease in 6 b egins  to  I i i  in he ’twe’t’n t h i e’ vo r t  ices  as these  v o i t  t c e~;

move apa r t  . An Inc  re’ase’ E n u n i t  Re ’yn e~ 1 ds numb e’ r ( t o  2 .0 m I l l i o n  pe’ r

foot and to 3.5 nu l l  ton pe’i. f o o t)  moves t he  6 up st  roam .m i i i

In cone I us ion • t h is  I l ives t ( gaL Ion assume’s t h a t  the  o tt e ’e’ t s ~‘ I t he

viscous I nt  e’rae t ton around t l ie ’ 1 ~aeI i ug e’dge .iiiel n ea r  ( lie w i n g  ve rt  ox can

be ne ’gl e’C tOi l be’cauae ’ t hose f l o w s  have cm l v  a sma I I o f  fe ’~ t on t lie ’ t o t  at

f low f t c ’! d . McRae (Re ’ f 96) .in~I l lanke ’y ( Re’ ! 1 12 showed t h a  I ( l i e  c o n i c  at

viscous approx  I mat I on p roy I tie’S good agreement  w i t  It t ’Xp & ’l .  I mo nt  a 1 r~~su It ~
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when viscous Interactions are weak (~~0(l)). Thus, the primary area of

interest In this research program is to calculate the conical flow in

the weak—interaction region.

Supersonic Flow. In this analysis, only one supersonic case is com-

puted for the expansion side flow field. The free stream conditions

chosen for this calculation are

M,,,, — 2.94 T0 544°R

Re — 2.64 x iø6 P 96 psia

Pr— O.7 2 y— l . 4

cx — 12.0° T — 199.5°R
V

— 0.02

where the Reynolds number is based on a root chord length of 0.173 f t .

These f low conditions correspond iden t ica l ly to those used by Bann ink

and Nebbeling (Ref 15) in their experimental investigation. As part

of their  s tudy , they tised a delta wing  model w i t h  a f l a t  upper su r face

and a semi apex ang le of 45~~3
0 , The wedge shaped c ross—sect ion  per-

pendIcular  to the leading edge has an apex angle of 7 5 0 A conical

head probe was used to measure p ito t  pressure and f low a n g u l a r i t y .

The de l ta  wing coo rd ina te  t r an s f o r m a t i o n , as descr !be ’d in Appe ’ndfx

A , was used in these numer i ca l  c a l c u l a t i o n s  as we’ll  as al l  o t h e r  d e l t a

wing calculations . The’ c o mpu t a t  t ona l doina in , on w h i c h  these  cal ci i i  a—

tions i~bre made , consisted of a 26(r~)x 30( f )  g r I d  a r ray , s i m i l a r  to the

upper half of the grid sys tem show n in Fi gure ’ 9b . F’or the sweep ang le

of 4 5 • 3
0
, the fl s t ep  si~c was 0.063158 w i t h  i/i g r i d  p o i n ts  on the  wing

I
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surface. In the ~ direction , a constant , but different , step size was

used for each measurement hei ght  (p i to t  pressure measurements by

¶ Bannink, Ref 15) so that experimental and numerical results could be

compared without interpolation. These constant step s izes  ranged from

0.02393 to 0.02775 for different calculations . The results of these

calculations are shown in Fi gures 17— 24 .

In Figures 17 and 18, several spanwise ’ p i t o t  pressure  d i s t r i b u t I o n s

are shown for various hei ghts above the  d e l t a  w i n g .  The’ c o n i c a l , v i scous

resul ts  of t h i s  t echni que are compared w i t h  t he  inv l sc Id c . i l cu l a t  Ions by

K u t l e r  (Re f 89) and the expe r imen ta l  mea surements  by B a n n i n k  and N e b b e l —

ing (Ref  15) .  For ~~ 0 .0718 (F ig  17) , tue exper iment  a I p i L o t  p ressure

p ro f i l e  across the inboard shock is c l e a r l y  a f f e c t e d  by the  In t e r fer e n c e

wi th  the wing boundary layer .  At t h i s  hei gh t  , the measured shi emc k

s t reng th  is s l igh t l y less th an  t h a t  measured at h i g her va lue s  of ~ . . This

numerical t echnique  a c c u r a t e l y  p red i c t s  the  shock wave ’—hounda ry l ayer

in te rac t ion, which  is not  accounte’d fo r  In K u t l o r ’s so l u t i o n .  B o t h

theoretical methods p rov ide  good ~lgre&’rnent w E  L i i  e x p e r i m e n ta l  data ,

except in the  v i c i n i t y  of the bow shock. In th i s  reg ion , t he’ c u r r e n t

numerical model clues not account for  the  in  f lue’nce of t ile’ compress I on

sIde bow shock near the  leading edge . By neg l e ’ct  lug t h e ’  lower su r face’

flow i n flu e n c e ’ , a much weaker l e a d i n g  edge conipr e’ss!ou wave’ is conip est e’d

4 . due to d isp lacement  e f f e c t s  of the  hounela ry lay e ’r .  Th is very  weak shuck

wave is c l ear l y  dep ic ted  Iii t h e  c o n t o u r  p l o t s  shown l at er  In F igu res  .‘2

and 24.

Since the I nv i sc Id f low f E e  Id  and shock wave’ st rue t ur e  a re’ near  1 y

conical , the  v e l o c i t y  e’omponent In a sphe ’r I e’d 1 e’oorel I nat e ’ sy st  em ar e

used to d e l i n e a t e  the’ th ree ’— cl I mens tona l  f l o w  I it ’ lii. l’hie ye b c  i t  y ve’c t ors
1
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Numerical Result

~ Experimental Data (Ref 15)

—- — — — K u t l e r ’s S o l u t i o n
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Fi g. 17. P 1 tot Pressure ’ D i s t r i b u t i o n  in Spanwi se ’  1)1 rt ’ct ion for
Supersonic Flow Above a P l an a r  i ) ’ l  La W i n g , f 0 .0718.
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Kutler ’s Solution
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Fig. 18. Pito t  P ressure  D i s t r i b ut i o n  In Spanwise D i r e c t i o n
for  Supersonic Flow Above a P l a n a r  D e l t a  Wing .
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normal to the rays through the vertex of the de l t a  wing are pro jec ted

on the c—fl plane as shown in Figure 19. The re la t ive  magni tude  of

these vectors is i l lus t ra ted  for  a l l  but  the lowest momentum region.

The direct ion of these vectors is given by

tan y - un-v (97)

• where y is the angle w i t h  the pos i t ive  Ti axis (see Appendix F ) .  The

locus of these ve loc i ty  vectors t race out “pseudo ” s t reamlines  which

converge at a vortical  s i n g u l a r i t y  point  ( c ross—flow s tagna t ion  po in t )

near the o r ig in. In the unper turbed flow reg ion (upper and righ t

portions of Fi g 19), the  conical  cross—flow ve loc i ty  vectors poin t  to

the or igin  of the coordinate  system.  Fi gure 20 i l l u s t r a te s  some of the

cross—flow conical streamlines (780 po in ts ) . A l inear  I n t e r p o l a t i o n

technique , described in Appendix F, is used to determine these steady

state path lines . Figure 20 shows more c l e a r l y  how most of these

conical s t reamlines converge at the v o r t i ca l  s i n g u l a r i t y  p o i n t ,  even

though the numerical  resolut ion is marg i n a l .  This resul t  is consistent

wi th  the  exper imenta l  observations by Bann ink  and N ehbe ’l ing .

In Fi gure 21 , the ca l cu la t ed  pos i t ion  of the  i n t e rn a l  shock wave

and conical son Ic l i n e  (M 1.0) Is shown ill t i le  computa tiona l p lane .

Superimposed on th i s  p l o t  are the e x p e r i men t a l  r t ’su lt s  o b ta i n e d  b y

Bannink and N e ’hh e’l tu g  (Ref  15) . Tile measur ..’me’nt of t h e  pressure ’  rise

across a shock wave is dependent on the  shock s t r e ngt h  and eUmens ions

of the probe.  Bann i nk and N eh h e l in g  (Re f  133) found t h at  f o r  cvi  I n d r i —

cal pitot probes Tracy ’s centerpoint crit eria was s a t i s f a c to r y , pro—

vided t ha t  a su I t ab le  rat  lc~ exists between t h e ’ Inner  and outer  d iameters

of the probe. Since Bann ink  and Nt ’bb el ing used a con ica l  shaped probe
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in their experimental measurements , the shock location is presented as a

band having the width of the observed pressure j ump . No a t tempt  is made

to define the exact location of the shock wave within this band . In

Figure 21, it can be seen that a close correlation exists between the

calculated and exper imental  locations of the inner shock and sonic line

below ~=0.35. The small discrepancy between the measured and the cal-

culated conical sonic line in the upper region of the flow f ield

(E> 0.35) is due to the small gradients of Mc in the r~ direction, since

a small inaccuracy in the measurements results in a large r~ variation.

This discrepancy is indicated by the reg ion of uncertainty shown in

Figure 21.

The pressure , t emperature , and density contours in the ri— c plane

are shown in Figures 22—24 , respectively .  These contour p lots were

developed by using a General Purpose Contouring Program (Ref 134) on

the CDC 6600 computer.  A total of 780 data points were evaluated to

produce these figures . The internal shock wave and leading edge ex-

pansion fan are clearly dep icted in all three f i gures as hi ghly con-

centrated contour lines . In Figure 22 , the isobars indicate that  the

inboard shock wave , s ta r t ing  perpendicularly from the wing sur face ,

extends into the central reg ion where the expanded flow is dominant.

In this region , the internal shock weakens and eventually becomes a

conical sonic line . Along the wing sur face , the boundary layer is very

thin and the pressure gradient normal to the surface is zero . Beyond

the leading edge , a re la t ively weak bow shock is formed which diminishes

very rap idly as I t  overflows the upper sur face  of the wing .  A s t rong

temperature gradient is formed In the boundary layer , as seen in

Figure 23. This gradient  is s l ight ly  s tronger  in the region between

I
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the Interna l shock wave and the leading edge expansion fan .  In Figure

24 , It can be seen tha t  the shock wave—boundary layer  i n t e r a c t i o n  is

very weak and no f low separa t ion  occurs at the base of the internal

shock .

In suimnary , t h i s  numer ica l  t echn ique  accurate ly predic ts  the  basic

elements of the supersonic f low over the upper  su r f ace  of a p lanar  del ta

wing . The numerical  resu l t s  compare q u i t e  favorab ly w i t h  Bannink ’s ex-

per imen tal da ta , excep t in the vicinity of the bow shock. These cal-

culations show tha t  a th ree—dimens iona l , supersonic viscous flow over

the expansion s u r f a c e  of a p lanar  del ta  wing can be accurately approxi-

ma ted b y using a two—dimen s iona l  conical  f low f i e ld  model.

Hypersonic Flow . Cross (Ref 17) conducted a series of experimental  
—

studies of the expansion s ide flow f ie ld  over a f l a t  delta wing at  hyper-

sonic speeds . Several models were used in this inves tigation. All of

these models were geomet r ica l ly  s imilar  f l a t  p la te  delta wings wi th

sharp leading ed ges (diameter approximately 0.003 inch) . The sweep

angles  on these models were 750 and the cen tral wing chords varied f rom

3 to 7 inches  w i t h  p la te  thicknesses of up to 0.5 inches . Impact  pres-

sures were measured at numerous points  In the leeside flow f ie ld  from

a=0° ch r o u g h c~= 19 0 in  20 increments .  A 0 .040 inch ou ts ide  diameter

p i t o t  prob e’ , mounted p a r a l l e l  to the upper  wing su r face , was used to

make these pressure  measurements .

In order to s i m u l a t e  Cross ’ expe r imen ta l  inves t i gation , the  fol-

lowing f r e e  s t r eam cond i t ions  were chosen for  th i s  c a l c u l a t i o n
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— 10.17 T
0 

— 1780°R

Re
~ 

— 3.345 x 10~ P — 596 psia

P r— 0.72

X — 1.8 T — l259 .7°R

~~0
0
, ~ 0 90 ~~~0 

and 15~

A constant  s tep  size  a r r ay , identical  to the upper h a l f  of the  gr id

system In Fi gure! 9h , was used w i t h  g r i d  incre ’mcnt s as shown in Table 1.

Cr! d I n cre’ mt’nts  fo r  h y p er s on i c  F low F i e l d

— 
n l c u h i t s

0° 0.019139 0.00S68 2f’.T)x65~
0.019139 0.01136 26flx30~

9° 0.019139 0.011Th 2tn~x30C

11° 0.019139 0.00568 26yix76F

150 0.0 19 139 0.005 1 8 26r~x7 b f~

The f r e— c’ st ream boundar ies  (uppe r  and r i g h t  ) We’re I oca t ed f _ i  r enough

from thit’ uppe’ r w i n g  sur (ac i .’ as not to  a f f ec t  t hi.’ ntnhl (’r I cal  si ’.  I t iC  I 01)5

The incrt ’mi.’u t a i  ~ t ep s t~~e’s were st ’t e c t  ed so t h a t  no t n t  er p o L t t  1t’.ii was

requ i red  In  order  t ‘. compare exp er  lme’nta I and nunti.’r (ca l  r e s u l t s .  The’

• r e s u l t s  of these  c a l c e i l a t  Ions  al - c shown In  Figure ’s .‘ ‘.— 35.

In Figure  25 , a compar ison Is  made be tween  the ’  t’x pt ’r l m e n t a t  and

cal cula t ed  edge of the  viscous reg ion .  Th I s v i s cou s  pro f 1 1 i  is

100

~~~~~~~~~~~ ~~~~~~~~~
-- : ~~~~~~~

. -~~~ 
- 



r~~ ~~~~~~~~~~~~~~~~~T I~~~~~~~~~- 1T

0.3

a

0.2

0 0° 0
~ ° A

/~° 0 Cross ’ Data0 
/ /i i° ~~

_ _/ 

~
/

~//15o 0
0.1 i - .- - /

// /
/ N u m e r i c a l

/ / Resu l t
0

0

0.0 _____ .L _
~~
_ _ _ _

~. i _•

0.0 0.1 0.2

Ti

Fig. 25 h ypersonic VI scotis La~’c r Dcvt~ 1 opme ’nt Above 1e a W I n g  as
D e t e r m i n e d  by I m p a c t  Pressure Measurci~’. ’~ s

I

101

____ 
_______  

—— ~•~
__.ir—•-- ’-•- -~•--



—~~- - .  ~~~~~~~~~~~~~~~~~~~~~~~ - - 

1

determined by evaluat ing the  impact pressures in the c—direction ,

similar to what is shown in Figure  16. I t  can be clearly seen (Fig 25)

that there is a progressive increase in the extent  of the viscous re-

gion as the angle of a t tack is increased. At low angles of a t t a ck

the ca lcu la ted  p r o f i l e  can be approximated  by ó’-~~~. - This r e su l t

is similar to the q u a l i t a t i v e  f low behavior  noted by Rao and Whit eh ead

(Ref 131) in t he i r  vapor screen s tudies . h owever , from Cross ’ data ,

the exper imental  p r o f i l e  is very nea r ly  l inear .  The largest  d i f f e r -

ences between expe r imen ta l  and ca lcu la ted  r e su l t s  occur at the  p lane

of symmetry , where th ree—dimens iona l  e f f e c t s  are d o m i n a n t .  For a>9 ° , a

center l ine  “ trough ” appears in the  c a l c u l a t e d  viscous p r o f i l e .  This

trough Is generated by shock—induc ed  vo r t i ce s  in the  viscous region .

Cross ’ data , for  a>8°, shows a large region of low impact  pressure de—

veloping along the c e n t e r l i n e  of the  w i n g .  This reg ion is located at

the projec t ion  point of the f r ee  s t ream v e l o c i ty  vector  ( t h rough  the

wing vertex) on the f’—ri p lan e .

The impact pressure d i s t r i hu t  ton b r  var ious  angles  ot  a t t a c k  and

c—po sit ion are shown in Figures  26 th rough  2C-) . Fi gure 26 dep icts  a

comparison b etween  exper imen ta l  and c a l c ula t e d  impact pressure r e s u l t s

fo r  a~ 00 
. The calcula t eel va 1 tie ’s art ’ in  good ag r ee’men t w i t  ii t he  measu red

q u a n t i t i e s  except  a t  one p o i n t  on the upwind s i d e  of the  bow shock at

~~ 0.0682. In t h i s  region , the  cal eel at e ’d how shock pos i t  ion is s l i g h t lv

inboard of the a c t u a l  shock wave.  1” 1 gure’s 2 7a and 2 7b i l l  us C r a te  the’

impac t pressure  r e s u l t s  fo r  a~ 5°. in these’ f i g u r e s , good agreement  Is

aga i n shown be tween  t h e o r y  anti e’xpe r I liii.’)) C , t’xi.~t ’p t in  t he  v i  c I n i t  y of t h e

how shock and a l o n g  t h e  cent e’r l i I ) ( ’ o t  the ’ w ing  at  C~ 0 .0682 . Tb is di s—

c repancy on t he  symmet ry  r I J I I& ~ occurs  because t hi.’ ca l  e’u t a t  eel boundary
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layer thickness is slightly less than the measured value. The same type

of pressure results are also seen for ct=9° (Figs 28a and 28b), except

that at ~‘.‘0.11505 the impact pressure disparities are much larger near

the centerline. These large disparities are a result of the differences

between the calculated boundary layer trough and the measured enlarged

low pressure region. Similar discrepancies are seen for ct=15° (Figs

29a and 29b) at ~=0.15904 and i=0 .20454.

The conical cross—flow streamlines for ci=0°, 9
0

, and 150 are shown

in Figures 30 through 32. At zero angle of attack (Fig 30), a vortical

singularity exists near the upper edge of the viscous region. No flow

separation is seen along the wing surface and no vortex is formed in

the boundary layer. As the angle of attack is increased (as determined

in this study), the vortical singularity is forced downward toward the

wing surface under~ the develop ing influence of a vortex in the viscous

region . At c t 5°, the vortical singularity is located at the ori gin of

the coordinate system. All conical streamlines converge toward this

cross—flow stagnation point in the r~—~ p lane.

At ci=.9° (Fig 31), a small vortex is formed in the boundary layer.

This vortex is initially very close to the wing surface and is formed

as a result of shock—induced boundary layer separation . Because of the

limited number of grid points in the viscous region , only a coarse out-

line can be seen of this developing vortex . As the angle of attack is

increased, the vortex strength is increased and the core of the vortex

moves further above the wing . At a=l10 and a=15° (Fig 32), the vortex

is well developed in the viscous region and Its behavior is very similar

to the experimental observations of Cross.

The density, pressure, and temperature contours In the cross—flow

I
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physical domain are shown In Figures 33 throug h 38. These contour  p lots

depic t the intricate flow field characteristics for a—0° to a— iS°.

Numerical results from this study show that several s i g n i f i c an t  changes

occur in the flow as the angle of attack-is increased. At a=0°, the

cross—flow is dominated by a strong leading edge shock wave due to

boundary layer d i sp lacemen t  thickness (Fig 33). There is no internal

shock and thus the boundary layer remains a t t ached  on the w i n g  surface.

- : The spanwise temperature distribution , as il lustrated in  Figure’ 34, in—

dicates that the heat  trati s icr is a minimum at the centerl Inc and It

increases ra ther  sharp l y at the leading edge. As the ang l e ’ ot  a t t a c k

is Increased , the  bow shock is g radua l l y weakened by a develop ing

P r an d t l— M ey er  expansion fan ove r t h e  leading edge. At  ct=9°, an i n t e r n a l

shock is formed in the inv i scid  f low reg ion .  This i n ter n a l shock is

nearly normal to the wing surface’, and at  its lowest edge , is inc iden t

‘-i upon the upper s u r f a ce  of the’ viscous region  (Fi g 35) . At a=l~ °, the

interna l shoe k wave and leading  edge expansion f an  are’ very strong, as

seen by the  Ii igh I y cone cut ra t  eel d e n s i t y  contour l i n e ’s In F I gu t-c 36. Thi.’

bow shock is weak and the p re’ssu re’ g r a d ien t  norma I t o  th i .’ wing  sur face

in the vi scous reg ion is ~ere) (Fig 37) . Figure ’ 38 shows a e’hange i n  C h i.’

t empt’ra t n rc  pro ft it’ f rom t h a t  shown in Fi gure 14 fo r  a t  tac’he’d f l o w  at

~~_O 0
. For s epa rat e’d I lows • t h e ’ t e’mpe’ rat nrc grad I cut (no i-ma I to the  w i n g

surface) dt’e’re ’ast ’s f rom a peak at  the’ ce’nte’rI t n t ’ , rc’ache’s a m i n i m u m  and

then I ncreases t 0 a max I mum at  t lii. ’ l e a ch in g  edge . Tb is spanw I S C ’ C e iup er a—

tunt ’ behavior is s i m i l a r  to  the’ e’xper ime’ut a 1 obse’ rv .i t ous by N. i r av . in

(Ref 25) at a—15°.

In con clus ion , it can be se’en that the nu m e r i c .i I  me th od  a c c u r a t e ly

pred icts the basic e l emen ts  of lecaidi.’ h y p er s o n i c ’ flow over a p l:iii ar
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delta wing.  For the f i r s t  time In any calcula t ion , the vor tex  develop—

~ent in the bound ary layer  of a delta wing is computed based on a s t rong

shock wave—boundary layer  i n t e r act i on .  The numerical  resul ts  comp areS

qui te  favorab l y w it h C ross ’ data as wel l  as w i t h  the q u a l i t a t i v e ’  ob-

servations by Ran and Whit eh ead  (Ref 131) and by Naray an (Ref  25 ) .  The

discrepancies between the ca lcu la ted  and expe r imen ta l  r e su l t s  ar e  due’

to not modeling the compression side f low f i e l d  and not compensa t ing  fo r

the three—dimens iona l  e f f e c t s  around th e’ wing  vertex.

Del ta  W i n g  Comj ir ession Side Flow Anal y s i s

The next phase ’ In t h i s  invest tg . tt  ion is to app ly t l i t ’ co nica l .

viscous f low appr e ’)x m a t  ion to .i super son l~’ f l o w  ove’ r the windward  side

of a planar  de l t a  w i n g .  The purpose of t h i s  vf  f o r t  is to v e t - i t  the

app licab i I its ’ of t h i s  m ethod  in so lv ing  compression side f l o w  f i e l d s .

The same s i m p l i fy i n g  .lssdunpt ions , which we re used in the expansion sid e

flow e’a l cula t  Ions , are applied in t h i s  c a l cu l a t  ion .

For t h i s  a n a ly s i s , on ly  one compression s ide  f l o w  f i e l d  case’ Is

computed.  The fr e e ’ at  ream con ch I t  Ions chosen fo r  t h i s  e’a lc ’i.i 1 a C ton arc’

M
~~~~

4.0 A = 5 0 °

Re 5.0 x io6 T
~ 

= 530°R

Pr 0.72 y 1.4

15° 0.02~

where’ T is equa l to the  f i-ce a t  ream at  agnat ton t empt’ r a t  nr c’. These’ f l o w

cond i t  ions at-i.’ I dent ica  1 to  tho se  cisc’d by l tabaev (Re’ f 6h) . Vosk rese’nsk i i

(R ef 88) , l%c~t’nia,i ant i Powers (Re’ 1 68) • a nd Sou th  and K h u n k e r  (Ri.’ f (~7) En

I
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their inviscid analyses.

A 26(r~) x 4 5 (O ar r ay  was used in th i s  numerical  c a l cu l a t i on .  This

constant step size array was ident ica l  to the lower ha l f  of the grid

system shown in Figure  9b .  The ri s tep size was 0.059936 w i t h  14 g r id

points on the wing  s u r fac e .  The ~ s tep size was 0.0056 8. The f ree

st ream bou n da ry loca t  ions were pos i t ioned fa r  enoug h f r om t i le w ing

surf ace an d bow shoc k so as not to affect the numerical solution. The

results of this calculation are shown in Figures 39—45.

In Fi gure 39 , t he c o e f f i c i e n t  of pressure on the  lowe r su r face ’  of

a flat delta wing  is p lo t t ed  fo r  various spa nwise ’ loca t ions . The p r i —

wary area of in te res t , in th is f i gure’, is the  subsonic  c r o s s — f l o w

region , where a v a r i a t i o n  in s u r f a ce  p ressure  occ u r s .  The c r o s s — f l o w

sonic l ine (as seen in F ig  40) serves as a d i v i d i n g  l i n e  b e t w e e n  the

r o t a t i o n a l  and ir r ot a t  t ona l  p or t  ions of the  f l o w . Close  agreement  is

seen between the subsonic  numer ica l  ca l cu la t ions  and a l l  of t he  an a ly t  i —

cal so lu t i o n s , except  Bahacv ‘ s so lu t  ion.  In Babaev ‘ a method  • an at  tempt

is made to account fo r  t h e  s i n g u l a r i t y  wh ich  occurs a t  the  c r o s s— f l o w

sonic point  (on the  w i n g  s u r f a c e ’) . The an a ly t I c a l  s u r f a c e  pressure

dis t  r ihu t  Ion shou ld  cxi) [b i t  a “corner ” or slope disce~nt  tnu i  tv at the

c ross—f low seit I c p o i n t  . hIowi.’ve’r , Bahaev ‘ 5 so lu t  ion .is w e l l  as al l the

o the r  anal. y t ie’al so lu t ions , show a ~‘erv smeot h p ressure  d i s t r i b u t i o n  at

this p o i n t .  Most of t il e ’ o t h e r  an a lvt  i c a l  t e ch n i ques ignored t h is weak

s i n g ul a r I ty .

Figures 40 t h r o u g h  •~3 i l l  na t  rat ~ ’ the’ c ros s—f low Mae’hi minib e’r , pres-

sure , t emp e r a t  t i r e , and dells i t  V contours in t l t ’ phys i e’a I c ro ss— f i ow p l a n e ,

respect ively. In F’igur e 40 , the  c r o s s — f l ow  Mach numb er c o n tour s  based

on the magn Etude’ of t i e’ con Ic a l  c ross— f low ye lot ’ try conlp ofle ’flt s a re ’  sh own

l
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This f i g u re  de f ines  the  c r o s s— f l o w  subsonic and supersonic  reg ions and

the sonic l ine t h a t  separates these regions . The sonic po in t  Is lo-

cated at tile base of the sonic  l i ne  in the boundary layer or on the

wing s u r fac e  ( inv l sc  id so l u t i o n  o n l y)  . The shock wave  f rom t h e  l e a d i n g

edge to t i lt ’ son ic  I tue  Es a p p r o x i m a t e ’ lv ~ l .rna r , as seen in FI gure 41.

The inv isc  Ed , ,tna l v t  tc, i  1 shoe ’k ang le , ri.’lat  ly e  to  the  l e a d i n g  ed ge , is

21 .3 0 compa red w i t h )  . ippr oxima t c lv  18.5 0 nunle’ric,l 1 l v .  There  Is no

nor~ tl p ressure g r ad i e nt  In t h e  boundar y  [aver  and t h e  sh ock weakens

slightl y as it curves toward tilt’ w i n g  s u r fa c e  and approaches  th e’ ~ l an e ’

of sy~~net rv .  In Fi gu r es 3.~ and 3 3 . st r o n g  d e n si t y  and t e’mp er atu r e

gra d ien t s  e’XIS  t in th i .’ t h i n  bou nd ary reg Lou .

The cross—f low ve’1~ c I t  ve’ct o r s  and re~~u i t  tu g  co n i ca l  at  ream l m e ’s

are shown in Fi gu r es -.-o and S • r t ’spec r ive lv  . Til t ’ a t  gui I f ic a n t  chang e

in magni tu d e’ and d i r e c t  ion of  t h e  e’r oss— f I OW V e’ b e  i t v  \‘ec to r s  near t tie’

shock wa y- ’ i n d i ca t e  tha t t he  compression s ide’ how shock is  ver y  at  rong .

The St r e’aml t i le’ cent  ours  show t hat  .1 vor t  I ca l  a ingu 1, 1 r I tv e x i s t s  near  t h i e ’

wing s u r f a c e  on t l i t’ p lane’ of sycunlet r . l’ilis I s  couis t a t  cut  w i t h )  t i l e ’

analytical results by V oskre ae ’nski I ( Ref  8$) and N e l u i k  j R e t  l’~

In cone itis ten  • i t  can he’ St ’t’U t hat  t i l t s  I lLif l i e’ r i  c ,u I t c’e’hl l )  i que

a c c u r a t e ly  p r e d i c t s  th ~’ b a s i c  e h . t r , ic t t ’r i a t  ics of a compress i on  si d e

f low field. The sttpcr son i c utim e’ r i  e’~ I 1 i-can I t s  compar e  qu t t t ’ t ave u _ il ’ lv

with seve ra l  m Isc I ~I ana lv C t e a l  so 1 u t  i Oils . Thi ~’s~’ ca len l at  louis show

t hat  th i is cent  c.l i • v i s c o u s  .u~’prox i m , I t  ion  C e c h u n i  
~~

ut ’ can be ,ue ’cu u . l t  e’ l v

app l It ’d to  hi I ghi Revue  1 ~Ia uumt ’ t ’ r • v i s c ou s  e’omp ress ion a t d~’ I low t i ~’ lds

T ot a l  Pt ’l . t W ti !1j J 10w A n a l y s i s

The f i n a l  p ii .usc ’ (ci t i l t s  iu lVe ’~~t t g,l t t on Is to  ex a min e  and ca lc ’u l a t  e

the total s u per so n ic’ anel hvl ’e ’r54 ’n t t ’ t low f i e l d  ,u rouud  .1 t h i n  p l an ar
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delta wing . Previous  ci ilc t ihit  ions in t h i s  s tud y have demonst rat  i’d the ’

a p p l i c a b i l i t y  of tile ’ con ical  , viscous app rox m a t  it lil  in separate ’  I y so I—

ving f lows over e it h e r  the lees Idc’ and or the’ e’ompreas toll a tti c of I lot

de l ta  wings . h owever , i t  Is s t i l l  necessar y to vt’ri I 
~
‘ t h is concept  In

0)Olv i l lS t i l e  to ta I f l o w  Ne’ 1 ci ii round a t i i ( ci p l an a r tie i t  a w i n g  .

the purpose’ of t ic  Is a n a l y s ts  (S  to i’Xaillillt’ O d d  e’VO I ci. t t’ I h it ’ t in e  oh  t i le’

COil Lc .’% I , viscous aph irox  [mat t o i l  I l l  SO i v  I uig t i l t ’ t o t a l  t 1 ’  I t  :1 w I clg E l  ow

field. In tilts cale’ulat ton , the upper and lower surface I low I l i ’ i i i S

are allowed to tdltel’OCt with eacil oIlIer in  l”e’at ’hl l u g  a s t ea d y  St  i l l  0 sohti—

t ion. iloweve’ r , tile’ t hI tee— el 1d ec15 10110 1 ci  f i~i~ t ~ gt’iie i : u t  i’d liv [i i i ’  w i  t lg

v e r t e x  art’ s t i l l  n e g l e c tt ’ti In  s o l v in g  t i c t s  I h o w  p r i l b i enu .

Sup t ’ r a t i l l  I c F’ieiw . Fti 1 t h ~t’ S upt ’ ~~~~~ te f l o w  ana iv  a is • t i l t ’ i’xp c ’ I - ( m e n —

t .11 [ (‘St Coild  it t oi ls  cist ’d liv 110111) 111k Od lel  Neh ih i e  I I  ug (Re t I ~ are app h i  i ’d

In t h i s  ‘a i t ’ll 1 at  ( t i l l . ‘l’hit’se I low e’ond It I OilS are

Pt — •‘ . -~ ‘r S44 °R
“ 0

Re .‘ •~~i - i  x it~ P ‘- ~~ti p a i~;
X 0

Pr — 0 . 7 . ’ y 1 .4

- - 0 (I
ct — 1.’ 1’ “- 19’).” RV

— 0 0 ’

- - wht’tt’ t il t ’ R e vnt i I do nctmi ’t ’ r I a h ’ .c s t ’d ~‘ic a 1t ’~~t e’hord I i ’ng( ii o I  0. 1 1 I I

Tb is I a I iii ’ n a m e  c a i i ’ exam I t ied l ot  ( i i i ’ I t ’~’a l  tI e i ’ c i i  v stil ut f o c i .

Thct ’ t’tifli~it i  I 0 I I t ’i lO 1 tIt l l i iO I i i  • .is shown III 1-’ I g i l d  t ’ ‘ii ’ , eoi in I at cii ci t  0

2 6(u ) x ’iO (~ ) grit! ai’r av wi ti c 10 i own ol ~. gi L t d ~ 0f  lit a ah o v i ’ and ii,’ low

1
4 
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the wing surface. The ii step size was 0.063158 w i t h  14 grid poin ts used

to model tile wing. A constan t, but different , ~ step size was used for

each measurement h ei g h t  (p i t o t  pressure measurements by R a n n i n k , Ref 15)

so that  expe r imen ta l  and n u m e r i c a l  r e s u l t s  c o u l d  be compared w i t h o u t

i n t e r pol a t ion . The free ’ at  ream houn d .ir  lea were  l oca t e d  far enough I ron

the wing a ur  f :ucc no .ts clot to affect the  nume r I ca l  Sot  Ut loll . Tht’ re-

sults of tilese’ c-a I cccl ~~t I t~1)S are showil id Fi gures 4 h — 5 2

In Figures -~ Ii Oflei 47  • severa l S~~0ilV i Si’ pi tel t p ri’ssure’ me’asureme’nt S

arc shown fo r  var Itius be’ ( gi l t  s above’ the dcl to w i n g .  The nume i-tea l re-

s u l t s  arc compar e’el w i t h  t i le ’ I nv i s ci d  sel lut  ions by Ku t  icr  ( R e f  89 ’h and

wi th  the experimental da ta  by Bann ink  and Nt ’hhel lug (Re f 1 5)  . I t  can

be seen t i la t  t i l t’  t e lt al  n u mer i c a l  f l o w  field solution is s i m i l a r  to t h a t

of the expans ion—si  d c — o n l y  supersonic solut Ion. l’ile only si gn I f I can t

difference is t h a t , the how shock In  th e’ icc’s ide flow field Is sli gh t l y

stronger for ~ < 0.3626. Tills is due to tile influence of t he  lowe r

surface  shock wave as I t  enc i rc les  the leading edge oI the wing. Tile’

coarse gr id  spacing and the  use of t i l t ’  nu m er i c a l  shock c-ap t  t i r i n g  t L’Cil

nique results In  smearing t u e  shwck Ov er  s eve r a  I g r i d  p o in t  S.  Ti l ls

cause’s tile le ’eside shock to he d i sp lace~I a l i gh lt  ly up a t  ream t i E  th i e ’ incas—

ured how shock locat ion. A a imI Ear  er ro r  was no ted  by Ba;’~ i i in  (Re f  92)

in his delta w i n g  ca l e’uia t  I o n s .

Figure 48 dep IcEs the con teal e’ t O S S— f l o W  Vi’ b c  it V t’t inipOIle n t a pro—

3 ected on ti le ’ fl— i ’. p l an e’. On t i lt ’  COin~ rt’ss t on  s I tIe • t i l e ’ bow shiot’k I s

c lea rl y J e ll  flea it ’d b y an ab r u p t  change ’ in  st  r-ciigi Ii and dl l’ee I I on of t h i t ’

velocIty V e c t o r s  . The’ I oe’us of tin’ vi’ l i i i ’ i t  v Vt ’C I ors t race ’ ou t ‘‘p~~t ’udo ’’

st reJlml Inca wh i t c’ii converge’ a t  two Vt lr t I c a l  s I i igui  1, 1 r I t  V jitl i ll t a . l’hlest ’

vort ical s ingu I or I ty pot  ut  a a ri ’ l oc at e d  ~hove’ and he’ I OW tilt ’ V I uig

1
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Numerical Result

—
~ 

.—~ - Experimental Data (Ref 15)

— — — — Kutler’s Solution

1.0 —

0.9 -

0.6 -

0.5 - 

-

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fig. 46. Pitot Pressure D i s t r i b u t i o n  Iii Sp anwise  I ) i re c t ion  fo r
- - Supersonic Flow Above a Plana r  De l t a  Wing , ~ 0.0718.
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surface near the origin of the coordinate system. Figure 49 i l lustrates

some of the conical cross—flow streamlines (1550 po in t s )  a nd how t hese

steady state path lines converge toward the two vortical  s i n g u l a r i t y

points. These streamline results are consistent witil the inviscid ,

analytical solutions by Melnik (Ref 19) and with the experimental ob—

servations by Bannink and Nebbeling (Ref 15).

The pressure , temperature , and density contour plots for the physi-

cal cross—flow plane are shown in Fi gures 50—52. The wing thickness is

exaggerated in these figures in order to clearly depict its location. A

total of 1550 data points  were used to produce these contours  inc l uding

a set of double—values grid points representing the wing surface. In

Figure 50, the isobars indicate tha t a strong shock wave Is formed below

the delta wing . This shock wave weakens slightly as it bends toward the

wing surface and approaches the plane of symmetry . The influence of this

compression wave is felt above the delta wing, as seen by t h e  contour

lines encircling the leading edge of the wing. A large leading edge cx—

pansion fan is fo rmed above the wing surface  and inh o~ rel of ti le b~~w shock .

This expansion fan weakens the leeside in terna l  shock wave and even tua l ly

transforms It into a conical sonic l ine . Along the ’ w ing  su r f aces , the

- :  boundary layers are very thin and the pressure gradients normal to these

surfaces (in the ~ di rection) are zero .

As seen in Figure 51, a s t rong tempera ture  g ra d i e n t  ex is ts  In both

bounda ry layers . This temperature gradient (normal to the  wing surface’)

is pa r t i cu la r ly s t rong  near the le’atling e’elge’. In F’Igure’ 52 , it e’OI l be

seen that  the  leeside ln t e ’r n al shock w a ve— b o u n dar y  l a y e r  In t e r a c t  (till  Is

very weak and that no flow se’pa rat Ion occurs  at  the base of t he ’ shock

wave.

1
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In summary , the numerical solut ion of t he super sonic f l ow aroun d a

thin , planar delta wing provides a more accurate and complete solution

of the delta wing flow field than does the leeside—only solution. This

total flow field solution contains all the basic elements of the flow

and these results compare quite favorably with Bannink ’s experimental

data. The discrepancies noted in comparing numerical and experimental

results are due to three—dimensional effects In the viscous region , use

of a coarse grid in the computational plane, and not properly modeling

the delta wing thickness . However, the results Indicate that the three—

dimensional flow field can be approximated by using a two—dimensional

conical , viscous flow field model which would be useful In design

app lications .

Hypersonic Flow. For the hypersonic flow f ie ld  analysis , the f r ee

stream and su rf ace bo un da ry co nd i t ions chosen fo r th is calcu la t ion  a re

M 10.17 T = 1780 °R
0

Re 3.345 x 10~ P = 596 psia

Pr — 0 .72  y = 1.4

1.8 T 1259.7°R

a = 00, 50, 90, 110, and 15~ A = 750

where the Reynolds number is based on a reference l ength of x = 5 .5 sec a

inches . These flow condit ions are the same as those used by Cross

(R ef 17) in his exper imenta l  s tudies  of the  hype ’r sonic  flow ove r tile

leeside of a flat delta wing.

In this Inve s tig at ion , a cons t an t—s tep  size array (Fig 9b) was used

138
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H

to calculate the flow field. Tills computational domain consisted of a

26(ri)xl20(E~) grid array with 75 rows of E grid points above the wing and

44 rows below the wing. The ri step size was 0.019139 with 14 grid points

on the wing surface. The ~ step size, for all the hypersonic cases , was

H 0.00568. The exterior or free stream boundaries were located far enough

from the wing surface so as not to affect the numerical solution. The

results of these calculations are shown in Figures 53—73.

In Figure 53, a comparison is made between the measured and cal-

culated edge of the viscous region. This boundary layer profile is de-

termined by evaluating the impact pressure distribution in the ~~
—

direction similar to what is done in Ref 17. For a < ~0
, the edge of

the calculated viscous region is very similar to that predicted by two—

dimensional laminar boundary layer theory . The computed boundary layer

thickness, 5 , for a = 00, is identical to that calculated for the

pansion—side—only solution; however, for a = 5
0

, 5 is greater and more

accurate than the leeside—only result. At a = 9
0 

a centerline trougl-I

is computed in the cross—flow viscous profile. This trough is generated

by a developing shock—induced vortex in the boundary layer . For a > 110,

a large viscous bubble or “hump” appears in the plane of symmetry of the

boundary layer edge . This viscous bubble occurs as a result of shock—

induced separation behind a strong leeside bow shock. This strong bow

shock is clearly depicted In the contour plots shown later in Figures

71 and 72. Good qualitative agreement Is seen between the experimental

and calculated results even though the computed boundary layer thick-

ness Is slightly greater than the measured value.

In Figur e 54 , the bow shock location on the expansion side of the

delta wing is shown for various angles of attack. For r~ > 0.1, the

I
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calculated shock p r o f i l e  is sl igh t l y  less th~ n the  measured shock loca-

tion. This discrepancy occurs because the d isp lacement  th ickness  of the

thin, planar delta wing  is smal ler  than tha t  of the  ac tua l w i n d  tunne l

model. Along the plane of symmetry , good agreement is seen between the

$ calculated and measured shock shape fo r  a < 5° . However , fo r  a ~ 110 ,

the numeri ca l  shock p r o t i l e  is s l i g h t ly g r ea t e r  than the experimental

value. This  error Is due to the displacement effects ot the cal-

culated boundary 1av ’r In the symme t ry p l ane .

The impac t pressure  d i s t r i b u t i o n  fo r  var ious ang les of attack and

s—positions is shown in Figures 55 through 58. Fi gure 55 i l l u s t r a te s

the comparison between exper imen ta l  and c a l c u l a t e d  impac t pressure - re-

sults  fo r  a 0°. These resul ts  are s i m i l a r , b u t  more acc u rat e  than  the ’

leeside—only resu l t s , p a r t i c ul a r ly  at  ~~ 0 . l I 3b .  Along the p lane  of

symmetry , the calculated boundary layer thickness Is sli ght  ly less t han

4 the measured value . This  d iscrepancy is very appa ren t  l i t  0.0t~U ,

where a large d i f f e r ence exi sts be t ween the  wt ’asured and calculated

impac t pressures. Figur es 56a and 5tb  de pi c t tile ’ i mp a ct  p ressu re !  re-

sul ts for  a 5
0
, In these fi gure’s. a closer agreement is agaIn see n

between theory and experiment. The c a lcu l a te d  pressure  rat Io across t u e

bow shock is stronger t ban t h a t  of the  lees I d e — o n l y  so lu t  t on , bu t  weaker

than the experimental result s . Tile flow reso 1 Ut Ion around t lie shock

wave’ is poor due to shock SIUI’ .i ci ug Il l  tile ’ coarse c’oIuput a t  I C-l ila I gr Id .

Sim i l a r  resul ts ar e seeil for a () O 
(Figs 57a and 57b) ~tnei  f or  ~

(Fi gs 58a and 58h) . However , for  a = 150. the Ill ree—d I incus lotia I

effects near the  e’ent e’rl tile’ are more dom i n an t  , as se-en at ~~0. I SC-lU~
, ~i~iel

~ I 

N).20454,

The conical cross—f low ye’ i~’~’ I t  V vt’Ct ors ai ie i  St  t’t’afll l (n o plots t or
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a — 00, 9~ , 11°, and 15~ are shown in Figures 59 through 65., At zero

angle of attack (Figs 59—60), vortical singularities occur near the

edges of the upper and lower viscous regions. No flow separation is

seen along the wing surface and no vortex is formed in the boundary

layer. At a — 5
0 
(as determined in this study), these vortical singular—

ities are forced toward the wing surface on both sides of the wing. A

further increase in angle of attack to a 9
0~ results in a detached

vortical singularity below the wing surface (Fig 61) . The flow , on

both sides of the wing, remains attached although there is an increase

in circulation (the beginnings of a vortex) on the leeside near the

origin at a = 90

At a = 110, (Figs 62—63), a large reversed flow region or vortex is

formed in the boundary layer. This vortex is clearly depicted in the

conical streamline plot in Figure 63. Above this vortex near the edge

of the leeside boundary layer is a vortical singularity point. Another

vortical singularity point is formed below the wing surface near the edge

of the viscous region. The leeside cross—flow separation point is at

Ti’0.l206 with the experimental point at ~=O.ll66. As the angle of attack

is increased , the vortex strength is also increased and the core of the

vortex moves further above the wing. At a = 150 (Fig 64) the cross-flow

separation point is at T1mO.130l while the experimental separation point

is at Tl—0.1432. The leeside vortical singularity moves further from the

wing surface as the boundary layer thickness increases (Fig 65). This

behavior of the vortical singularity points is similar to that seen in

Tracy ’s experimental studies on a cone.

The pressure, dens i ty, and temperature contours In the cross—flow

physical plane are shown in Figures 66 through 73. These figures

- 150
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illustrate the characteristics of the total flow field for a 00 
to

a — 150, At zero angle of attack, the cross—flow is dominated by a

strong leading edge shock wave (Fig 66). This shock wave is formed

because of the displacement e f fec t s  of the boundary layer. The spanwise

temperature distribution (Fig 67) in the boundary layer indicates that

the heat transfer rate gradually increases from a minimum at the center-

line to a maximum at the leading edge of the wing. There is no internal

shock wave and thus the boundary layer remains attached to the wing sur-

face. As the angle of attack is increased , the pressure ra tio across

the compression—side shock wave also increases. This shock wave has a

‘1 strong influence on the leeside bow shock, as seen in Figures 68—69.

At a = 90, an internal shock is formed on the leeside of the delta wing.

• This internal shock is normal to the wing surface and, at its lowest

poin t, is incident upon the upper edge of the viscous region (Fig 70),

At a 11
0 
(Fig 71), the interaction of the internal shock wave and the

boundary layer is so strong that a vortex is formed in the viscous re—

gion. The leeside bow shock and Prandtl—Meyer expansion fan are much

stronger than those calculated in the leeside—only solution. At a = 15
0
,

the bow shock and expansion fan are the dominant features of the upper

surface flow field (Fig 72). Although an internal shock wave does exist,

this shock is much weaker than the internal shock calculated for the

leeside—only solution. The pressure gradient (normal to the wing sur-

face) in the boundary layer is zero, excep t in the separated flow re-

gions, The spanwise temperature distribution (Fig 73), for the separa-

ted flow, is similar to that computed for the expansion—side—only

solution. The only major difference is that the heat transfer rate for

the total flow field is slightly less near the leading edge .
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In conclusion, it can be seen that the total flow field solution is

more accurate and complete than the leeside—only solution. These

numerical results ii’dicate that the compression side flow field has a

significant effect on the flow characteristics on the leeside of the

wing. The pressure ratio across the upper surface bow shock is stronger

than that found in the leeside—only solution. This results in a larger

• region of reversed flow , a more accurate prediction of the cross—flow

separation point , and the calculation of a viscous bubble . The hyper—

sonic numerical results compare quite favorably with Cross ’ data as well

as with the qualitative observations by Rao and Whitehead (Ref 131) and

by Narayan (Ref 25). The discrepancies between the calculated and meas-

ured results are due to three—dimensional effects in the viscous region

and no t properly modeling the delta wing thickness. However , these re—

suits indicate that the conical viscous approximation technique can he

used to adequately predict the three—dimensional flow around a thin delta

win’~.

Computational Statistics

The two most important statistics for any computer progran are the

execution time per point and per time step and the storage requirements.

These statistics are used to measure the efficiency of the numerical

codes and the size of computer needed to run these programs. In this

investiga tion , the computer programs were run on the Control Data

Corporation 6600 computer .  The execut ion  t ime  for  the  var ious  numerical

solutions ranged from 3.07 x l0”~ to 3.73 x l0~~ sec /grid  point/t ime

step . The computer  s torage requi rements  and the numerica l  damping

constan ts varied for each case. These values are shown in Table I I .
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Table II

Co~puter Storage Requirements and

Numerical Damping Constants

Storage DampingCase Grid (K words) Constants

Cone 63~x30~ 167.3K No Damping

Supersonic
Upper, Delta 26~x30~ 101K No Damping
Wing

Hypersonic 26~x4S~ (ci’~0°) 
~ 

125.2K
Upper, Delta 26~x30~ (ct=5°ô ~ 102.2K cj 0.06
Wing 26~x76~ (a 11 , 15 ) 174.4K cfO.O

Supersonic
Lover , Delta 26~x45~ 125.1K
Wing c1 0.12

cj=O.l2

Supersonic
Total, Delta 26rix59~ 151.5K

cj~O.O6
cj 0.O

Hypersonic
Total, Delta 26rix120~ 167.3K
Wing 83~ 

20.0
cj~O.40
cj~0. 10

The total execution time for each case varied from 3 to 12 hours,

depending on how the stability criteria (At) was used, the use and

magnitude of the numerical damping terms, the size of the computational

mesh, the convergence crIteria , and the characteristics of the physical

flow field.
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sf1. Conclusions and Reconul3endations

A numerical method was used to compute the supersonic and hyper—

aonic, viscous flow fields around a thin, planar delta wing. These

solutions were obtained by solving the unsteady governing equations

subject to a conical approximation. The integration technique used was

the second—order accurate MacCormack finite—difference scheme. This

integration was performed on a constant step size array generated by a

conical coordinate transformation. The solutions obtained were for a

Mach number range of 2.94 to 10.17, a local Reynolds number range of

3.345 x 10~ to 5.0 x l0~ , and angles of attack from —15° to + 15
g
.

Numerical oscillations in these solutions (as a result of shock

capturing) were reduced by applying normal stress damping and a fourth—

order density damping term to the finite—difference equations . A

stability criteria (maximum ~t) was computed and used based on an

analysis of the linearized governing equations. The numerical results

4 were compared with experimental data (Ref 15—17), various analytical

solutions (Ref 66—68, 88, and 89), and several qualitative observations ,

such as vapor screen and oil flow techniques (Refs 25 and 131). From

these results, the following significant conclusions were drawn based

on the present investigation:

(1) This numerical technique accurately predicts the supersonic

flow around a thin , planar delta wing, with supersonic leading edges.

Good agreement was obtained betwt’en calculated results and the cx—

perimental data by Bannink (Ref 15). All the basic elements of the

flow field (i.e. shock waves, boundary layers , and sonic lines) were

calculated and were found to be essentially correct in magnitude and
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location. For the first time in any reference , the shock wave-boundary

layer interaction was computed and its effects seen in the impact pres-

sure profile for ~ — 0.0718 (Figures 17 and 46). The numerical solutions

for the leeside—only and the total flow fields were found to be almost

identical, except near the bow shock. In this region, the difference in p
calculated results was due to not modeling the compression side flow

field for the upper—surface—only solution. The largest discrepancies

between calculated and measured impac t pressures also occurred near the

leeside bow shuck. The maximum impac t pressure error for the leeside—

only solution was 12.0% while that for the total flow field was 4.0%.

These discrepancies were attributed to use of a coarse grid in the com-

putational domain , improper modeling of the delta wing thickness , and

neglecting the lower surface flow field influence (leeside—onl y solu-

tion). From these numerical results , it can be seen that the three—

dimensional supersonic flow field can be accurately approximated by

using a conical , viscous flow field model.

(2) This numerical method adequately modeled the inviscid and

viscous hypersonic flow around a thin delta wing. Solutions were ob-

tained for both the upper and total flow fields . These solutions corn—

pared quite favorably with Cross ’ data as well as with the  qualitative

observations by Rao and Whitehead (Ref 131) and by Narayan (Ref 25).

The shock wave—boundary layer interaction was accurately approximated

and, for the first time, an embedded vortex was computed in the viscous

region. A s ign i f i can t  d i f f e r e n c e  was seen between the cal cu l a ted

leeside—only and to ta l  f low f ie ld  solutions (see Figs 32 and 65). This

dif ference  was due to the strong in te rac tion  which  occurs between the

upper and lower flow f ie lds . In the to tal  flow field solution , the
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detached bow shock and leading edge expansion fan were found to be the

dominant features In the upper surface flow field. These flow character-

istics caused a weak internal shock wave and a large reversed flow re-

gion to form above the wing at n > 110 . For the first t ime in any cal-

culation , the c ross—flow sepa ra t ion poin t  was a c c u r a t e l y p r ed i c t ed

(within 3.0%) and the  viscous “bubble ” in the  symmetry  p l ane was com-

puted.  The to ta l  f low f i e l d  s o l u t i o n  provided an improved Ins i gh t in to

the behavior of the c r o s s — f l o w  ver t i ca l  si n g u l a r i t i e s  and a more ’ a c c u r a t e’

descript ion of the f low f i e l d  than  the lees ide—on ly s o l u t i o n .

(3) A very e f f e c t i v e  t echn ique  was used to c a l c u lat e  the su r f ace

conditions at the leading edge of the t o ta l  de l t a  w i n g .  This method

permit ted the flow proper t ies  to be t r i p le va lued  a t  the s i n g u l a r i t y

po in t .  The s tandard boundary  co n d i t i o n s  of n on—s t i p a t  t h e  su r l a c t ’ and

an isothermal s u r f a c e  were used. The normal momentum equa t ions  in the

~ and r~ d i r e c t i o n s  were used to ca l cu l a te  the  upper , s ide , and lowe r

values of pressure . The three  values of dens i ty  were dete rmined  f rom

the equa t ion of s t a t e .  This numer ica l  m o d e l i n g  of the  leading  edge or

s ingu la r i ty  poin t  produced a stab i t’ and a L c u r a t  e s o l u t i o n  of the  f l o w

f ie ld  in the v i c i n i t y  of th i s  noda l p o i n t .

(4) A s a t i s f a c t o r y  s tab i l  t t ~’ cr 1 t e r f a  an a ly s t s  w~~; pe r fo rme d on

the f i ni  Le —di  f fer enc e ’  form of the l i ne ar i z e d  govern lug e q u a t i o n s .  Tb is

analysis accounted for bo th  the i nvi sc id  and v i scous  dom i nant  reg ions

in the f low f i e l d .  A maximum a l l  owab I v ut ’ s tep  was deL em I ned and

used in the  numer ica l  i n t e g r a t i o n  of t h e  g o vern i n g  equat  tons .

(5) A norma I s t ress  damp ! ng term and a f o u r  t h—t i rde r dens I v damp-

ing term were s u c c e s s f u l ly i nco rpo ra ted  i n t o  the  n u m e r i c a l  m t  e gr at  ton

procedure . The no rma l s tress damp ing was use’eI to con t ro l t he’ In it  I a I
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transients due to ill—suit ed initi a l conditions. The density damp ing

term was used to reduce numerical oscillation s around shock waves and

expansion fans . The m ag n i t u d e  of b oth  damping  term s was set so as to

be e f f e c t i v e  in the m v  [Sc Ed f l o w  rt ’g ion hu t  not to change the  v iscous

reg ion behav [or or mod I f y the e f f e c t  I Vt’ Revue I th~ numb e’ r , app ret ’ t ab  lv

Thus , i t  can he seen tha t  t h I s  numer t ea  I t e c hn  tqii , .’ aci ’u rat clv lire—

die t s  the superson (C  and hyper son t c f l ow f i t ’ leI~ a round a t hi t  u p l anar

del ta  wing . These nume’ r I cal results compare qu I t e I ave r.ib I v  wi  th  t ’X—

per imenta  I data , va r ious  a n a ly t i c a l  so t n t  Ions , and several  qua l i t  at  I Vt’

observat lotis . This  invest  Iga t ion has tlen ionst r at  cii t l i t .’ t e a s  lb ( l i t  v of

using the’ con [cal f l o w  a p p r o x i m a t i o n  in ca l  en lat  tu g  the  V I seotts

invisc Id f l ow  f l et  1s a round th in d e l t a  wings  I or ~ ‘~ 0 ( 1)

F u r t her  research In t li Is area is s t i l l  uee ’dt’d In  order  t o  exam in e

the t ot a l  spe’et rum of supe rsonic  and l ivp e ’r s on t e  t lows ar o u n d  a t h i n

de l ta  w i n g .  Se’vt ’ ma I recommi’udat b u s , by  £ he an t h o r  • a me’ ~ reposed f o r

f u t u r e  work . These i n c l u d e  t h e  fo l  low i ng :

(1) A f a s ter  and no r ’  e f f  Ic te i~ numt ’r I ca I a lg e r i t  hun shon I LI be used

to solve t It is f l o w  I i~’ l~l p rob I i’m. Shang ( R e t  1 lt~’~ hu. t s  t It~ve~ loped .i t (me —

dependent imp ii e I t— t ’xp  l i e  I t  hvt ’  r i d  scheme ’ wh I cli is 8. t~ t tunes tas t cv t h an

the curre ’nt e’xp l ie  I t met hue d .  T h i s  hvb r Id sc lui ’mt ’ con I d be I nco rp ora  t eel

i n to  the  c u r ren t  comput e’r cothe ’~ in  o rite’ r to  p ret luci ’ .1 I .t~; L i ’ F • b u t

equ iva len t  ( accu racy  w i t h I n  4~~) , r e su l t

(2) A conical  • b o d y — f i t  t i’d , c u r v i l i n e a r  eoord m a t  e s v st  em ( R e t

137) shou 1(1 he’ uisett  to so I vi’ 1 1 OW S .t rount i  t b i n  di ’ I t a w I uu t ~s o I v ar  I ens

conical c ross—s ec t  tons . 1 n t h i s  e’ O O F I  (n a t e  svst  em , t h e  g u i  it svst  i’m I s

generated by s ~‘ lv i tug a set of e I l l  pt  I ca I p ar t  i i  1 LI I t  I~’ r e’uu t I a I equi.u I Ions ,

wi th one coo ret I n at e  be t  ng eel nc I then I w i t  hi eat  Ii boun da rv cent  our in  t hi’
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physical domain. Use of this type of coordinate transformation would

result in solutions abou t delta wings of various cross—section s with

the same degree of ease as for planar delta wings .

(3) As a f i r s t  at t e m p t  at c a l c u la t i n g  the ?  t u r b u l e n t  f l o w  around

a planar delta wing, an eddy viscosity uuuode l should be iuucorpo i .ite’d

into the gove’ rn ing equa t ions. Se’vera I a 1 geb r a f t ’ t u rb  til cut mode’ ls coti I d

be used in th is s tud y ,  provided the ’ ra te  of st r a in  is fa i r l y  sma l l  ~nd

the dcv hut  ion of tile’ ~~t inc I pa l  axe ’s be twe’en th e’ Reynolds  st ress tensor

and the s t ra i n — r a t e ’  t e’nso r is snia 11 ( R e t - 138) . Thu i s  e’ t i o r t  sheet Ed he’

at tempted onl y whet  au  adequa te  t u r b u l e n t exper inue ’nt a I dat  a base cx 1st s

(4) F ina l ly , addi t tona l ex p er i m e n t a l  dat a  Is nt’t’de ’d on supe r son Ic

and hype r son ic  f l o w  f Ic? l ds a round de I ta wings  . A more ’ de ’ t a i l  e’d e’X —

amination is required of t he’ viscous  region at  v a r i o u s  auug le’s of

at tack , and Re’yno let s numbi.’ rs . An expe’r inueui t a t  St  t id y shou ld  he’ pursued

to invest igate  the ’ 1 im i t s  of t i le’ c on [cal. f l ow  approx I n~i t t on  in eva I cia—

t i n g  f low s around d e l t a  w i n g s . ~to u’i’ e x p e r i men t a l  nieasttt’ cInt ’n ts J F e ’

needed in order  to exami t ie’ t h e  he’hav icr  ~ f ye r t  I e’.i 1 s tu g i t  1, 1 r i t  IC’S i n

the cross—f low of a low Re’yno lds numbi ’ r , h y per s o n i c  f low I i~’ l~i.

0
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APPENDIX A

Transformation Derivatives

This appendix contains a comprehensive set of transformation

derivatives used in the numerical integration of the governing equations .

Since the Intent here is to provide a quick reference only , most of the

algebraic development is omitted . -

Transformation Derivat ives for the Cone

For the f low field calculations over a cone , the coordinate trans-

formation is

~~
_ tan_1 (~

) 
~~ ;2 + 2

~~~~~~~~~~~ O

The transformation derivatives are

.
~~~- l  

.
~~~— 03x

— o — sin r~ ‘~n ~

~~~~~~~~~~~CO S T) ~~~~~~~~~~~sin fl

~~ \ ~x / 
— 

~ \~~
y / ar~ \ az /

L f!n\ _ 0 L 0 ~
~t \~~x /  ~~ 

3~ \~)z/

a -‘~~~~~\ 2f a / a r,\ — l a —l

~
z. 

~~~~~~~~~~~~~~~ 

~~~ 2 
~~~~~~~~~~~~ 

t’os fl 
~~~~~ \~-r ~~~ :

1
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Transformation Derivative s for the Delta Wing

For the flow around a delta wing , the coord inate  t r an sf o rm at t o i t  is

C x  ? ) — ~~~

The transform ation derivatives are

ax ay

3x ~ 3y ~

~~~~~~ ~~~- Oax ; a~

a ~~ ~ ~ ~ f~
, 

~t a~ ~7’ ° a~ ~
‘p— (

~nL ~~~ (
~~~\_ ( .~nL o

~ ax/  ~,
- (~ ~

) .-. 

~ 3 z J

a ( aq 2~ a ( a~~ - ~ f ai~ —l
~ 3x 1 ~ ~ 

Dy! 
- 

~~~ , ~ D z /  ~~

I
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APPENDIX 13

Converg ence of Iterativ e ’ Method 8

and Determin a tion of I t er a t i o n

Errors

All iterativ e techniqu es g e n e r a t e  a sequence of numbers  or v e c t o r s .

These i t e r a t i v e  methods are conv ergent if their  sequences converge to

the numbers or v ec to r s  w h i ch  sat lsf ~’ the g iven  probl em.  Th erefore ,

given an i n i t i a l  v ec to r  x ’°’
~, where X =~~x 1

, .x~~, . . . x ] , an i t e r a t i v e

technique gener a tes .t sequence of vec to r s  which , h o p e f t u l l y ,  co il—

verges to a l imi t  v ec to r , A.

A fundamental theor em of numeri cal  a n a lv s  Is asser ts  t h a t  a sequence

converges if  and onl y i f  i t  is a Cauch y se’qcuence’ . A seq cu ence ~ (k )  
~~

a Cauchy sequ ence . if for every e “0 t h ere e x i st s  a pos i t ive’  number  N

such that for a l l  it iteger s n , in “N we have

ix~~~ x~~ i I.— (Bi)

where is some vec to r  norm. The clto !ce of t i te p ar t i cu la r

norm is not important s ince  it can he shown tha t  a l l  v e c t o r  norms are

equivalent (Re f 1 4 3) .

The importance of the Caut’h y p r eup er ty is t lt a t  the conv e ’r ge’nce of a

sequence catt he a scer ta in ed wi tho c u t  know ledge ’ of the  l i m i t  vec to r  • A .

The si gn i f  ica nce ’ 4 i f t It I s  concept vi th regards to  num e;’l ca l  methods  in

which A is not kneiwit is r e a d I ly  appar en t

In th is  invest Ig a t to t i , t h e  t t ume ri e ’ .ul  cott v e ’r gcite’ e’ ntetltoel is de’ t ’iv e’d

from the de’f t n t  t ion of a Caucltv nc q ct t ’nce’ ~ nel is r e fer red  to  as t iit’

Cauctuy method . Nutn e’r t e a l  I tern t tons are’ carried out tint ii a cot-id I t  hit t

of the form 
-

I
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I t~ - ~(k-l) -

‘~ c (B 2)

is met where ~ — u , v • w , p , e and ~ is chose’tt p ets i t  I vu ’ ncuunb e ’r

is de’f tn t’eI .cn t o t ’  . t I  i t t t e ’ pc’IutIt (y e’ v.ir t. uble ’~~, e’xe’e’pt I or t h e

ye toe it v t e’ nut s who t’ e’ V I;; tu~ t’tI . The 1 oca 1 e’ r ror  • I-~ (x • x , , . . x k)

at iterat (on k is ~Iou i :te’eI as t h e  vector norm ~x~~~- x
( k_ l )  H 

~~~~~~

the’ t rue’ ei’u’ ou’ at  ~‘.u~’lt It et - . t t  (o t t  k Is

(k’ X~~
’
~ 

— A (B3 )

Th’ ncu ttthe’ c’ , ippea u’ I ct g In  Eq Il .’ Is  c ,u I l c ’t( ( lie ’ 0 Ott \ ’  0 t e~e’t tc ’ 0 e’ t ’ i t  et 1, 1

The’ ceunel i t  ton  spec it ho d lt~ Fe~ Tl .~ I s  t h at  t o t  t I t t ~ i t  et’at (v i ’ 4otl\’e’igt ’ttc’e’

of t he’ I t n t  t c— el it  I e i’enc e’ t i’c (t o I c lue ’ , I ’l t e’ v .u ( cue ’ e’ I t li t ’ e’~~ut vc  i e ~c’ti c 0

e’t ite’ri ,u (or Ih t is ’ Ictyost (gat ion i n  l0~~’

1
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APPENDIX C

Stabi lI ty A t tsl v i t s

The theoretic a l i n v e s t i gat i on  of s t a b i l i ty  is p a r t i c u h u r l v  complex

for the di f t  e’re’tl oe’ sc hte’mt’s .isSeu c t~ut Oct w I t i t  the’ gove’rittflg eqeunt [outs .

Appr oache’s to studs’ ii tg thu is pitt ’u touuuont un ar t ’ r e ’pe t r t e ’d in  Ronclto (,Re’ t 1 1 7 )

and Ri cit t nty e’r and Mo r tet it i. Re’ 1 109 ) . An app rex ituu ,t t u’ me t he ue( wit  to it tends

to y ield  the’ he’st r e s u l t s  f o r  a set of gene’ral u o u t l iu t e , a r  eqcuntions is

the amp Ii f ion t ion ut~u t r ix t i t e ’t ’ ry by von Neumann . Tb is tutu ’ t hod cons t n t  s

of examining t ite I inear  I ~~‘d J i f  (er cnc’e t’quat ions for the’ situp l i t  lost  (ou t

of short wave I e’utg th one i I Lit io ns super  mrnp~ se’cI out as oxac  t sol U t  ion .

The’ growth  and de’~’av of t itese OSe ’ ( l i n t  ton s e’.u n be’ pt’ oei l o t  e’~i by app l v i  utg

the har~~un to .uu.u [vs t s of von N ecuunnn . lit it is ann 1 v s in  • I (t o botuuldar \ ’

conditions have no ~‘f f e o t  on t h e’ stab (it Iv rescul t and t i l e’ e ’ X , t O  t soicu—

tion of the governing t’quat (out s i s  smoot i t .  Tb I n  l a t t e r  dnncciup l i o n

allows t h e ’ o~~e’ f f i o  ie’ui t s  of t i t e’ p a r t  L u l  cl i  f f e ’re ’t t t ( , u l e’qu.t t ions  t o  be’

treated as e’eut ts t ,- in t s  I, l oc al  I v t  . The’ stah l I ( t v  c o n dit  (ou t s  pt’e d i t ’ I t ’d by

this theory  r e s u l t  in a Ioe ’.ul stab i lity coutel it ton wit  [cli p laces  a b ound

on the t ime’ inc rentent used [it th e’ neutut’r t ea l ( i t t  t’gra t lout .

Rich t nuy e r and Mo r ton (Re’ 1’ 109) showed t its I t li e ’ vc ’tt N ccum.u nn st a b  i i  —

ity condit lotus t o t ’  th e’ flO ulcot t se ’t ’vSt ive  fot ’t tt of t i l e ’ gove rn ing  e’qcuat ions

is t h ’  snm~’ ,is t h a t  fo r  th e ’ c’ottSe’t’vat [y e’ fo rm . S l t t e ~t’ t i t t ’ analysis is

ens (or for the ’ t lonco i t s erv a t  i V e ’ f o rm , t h e  f o l l o w  it ig  nt t t td  (moos lot us I I  .‘oei

govu’ ru t iu t g equ a l (ti ns , .15 seugge’s ted by MacCe um m , cc k .m e1 B,t I dv i ii (R e ’ 1 1 .‘ J)

wer e ,~‘outs t d e’re ’ei :

S
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~~~+ A ~~~~+ B~~~~+ Cf -~~+ D~~~~

where

p A A A A 0
11 1? 1 3  ii.

u 0 A 0 0 A
22 2 5

U —  v A -  0 0 A 0 A
3 3  35

w 0 0 0 A A
I.’ . 1~ 5

p 0 A A A A
52 53 5’. 55

B B B B B
11 12 1 3  1 k  1 5

o B 0 0 B
2 2  2 5

B —  0 0 B 0 B

o 0 0 B B
‘.k ‘. 5

o B B B B
52 5 3  5’. 5 5

o 0 0 0 0

o C C C 0
22 2 3  2 ’.

C —  0 C C C 0
32 33 3’.

0 C C C 0
‘.2 ‘.3 le t.

C 0 0 0 C
51 55
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0 0 0 0 0

0 D D U 0
22 2 3  2 ’.

0 -  0 D D D 0
32 3 3  3’.

0 D D D 0
‘. 2 ‘ . 3  ‘ .1.

0 0 0 0 D
51 55

o 0 0 0 0

o E E F 0
2 13  2 ’.

E —  0 F E F 0
3 2 3 3  3 ’.

o F E E 0
‘.1 ‘ .3  ‘. ‘e

F 0 0 0 E
5 1  5 5

o 0 0 0 0

o F F F 0
13 2’ .

F —  0 F F F 0
32 3 3  3 ’ .

o F F F 0
‘.2 ‘. 3  k ’ .

F 0 0 1) F
5 1  55

The elements of these mat r i ce’s can he found it t  App eitd ix  F .

In the above equations , tlte Prattdtl number , the Roytt o ld s  number ,

and tht~ nodal po in t l ocat ions  are assumed to he cot us t an t .  In addi t ion ,

the dissip at ton terms of the  energy e’qu.ut tout wit I~•ht contain quadrat ton -;

in first— ord er der (va t (ye’s have been dcI~~tcd based on an an a ly s i s  by

K entz er (R ef  124).

The’ stabil i ty cr1 torts for the gove’ rut Ing equat ton s are’ det e’ rnt toot !

by examintuig three’ dint tui ct parts of these’ e’quat ions : the iu ivt sc I d ,

d i f fus ion , and mixe’d—eie rtv at  ive’ parts. The msgtuituele’ of t ite ’ ci genvalues

192
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‘

of the amp li f i ca t ion  matrices associat ed wi th  each of the three parts

must be less than or equa l to one in order for the nume rical equations

to be stable.

Invtscid  Part

The inviscid part of the gove rning eq uat i on s  can be w r i t t e n  as

3U ~tl

The amp lification matr ix of this  e q u a t io n ,  as given by MacCormack

(Ref 125) , is

G _ I _ i ~~t [ ~~~~si n t +~~~:sin ~~]

— 4 (At ) 2 ~~~— (1,~is) + 
B A ( l 0

t
~

’t
) + B 

(~~~~~ i~~)

where ~ = k Art , ~ k A~ , anti I is the unit matrix. The von Neumann
1 2

s tabi l i ty  condit ion for this equat ion  is

If we look at large values of C , then the C matrix can ho approxima te d

as

C — — IA ’ — 4 (A’2 + B ’ )

where

A’ — At [
~

-- s1u~ ÷ ~~~~
- s i n~~]

and

B’ - At 1k— +
L

An &.
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If a’ Is the elgenvalue of A ’ and b ’ is the elgenvalue of B ’, then the

etability condition is satisfied if

1 (a ’s + b ’2 ) < ~4 b ’ —

Hence , the maximum eigenvaluc of the matrix A’ helps determine the

maximum allowable time increment l it .  Thus , we shall let sinct = sIn8 = 1

and A ’ — B ’.

Rlchtmyer and Morton (Ref 109) introduced a technique by which the

elgenvalues of A ’ and B ’ may be found . If we consider an axis inclined

at an angle 0 with respect to the n—axis where 0 is given by

1

cos0 _ _ _ _ _ _ _ _ _ _ _ _ _ _  -

+ 
(
~~~~ )z

1

sin0 = _ _ _ _ _ _ _ _ _ _ _ _ _ _

+ ( i ) 2

and where the velocity component along this axis is

u ’ = A cosO + B sinO
11 11

then the A ’ and B ’ matrices can be written as

A ’ = B ’ 

~
[ ~ 

~ 
2 

+ 
~~~~ 

) 2 

[A sO + Bsin0
]

The eigcnvalues for this matrix , In tensor form , arc

I
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By applying the MacCormack scheme to the linearized form of this

equation , the finite—difference equation become s

- U~~~ 2 + 
~~~~~~

— 

(~~~~)2  ~~~~~~ — 2U~~~ +

_ . _
~~~~~~~

‘ fl~~~~j+1+2J 
- 4U~~~1~~ + 6U~~~ - 4U~ _ 1,~ +

+ 4 
( 

(~~~~) 2 J - 4U~~~~~÷1 
+ 6U~~~ - 4U~~,~~_ 1 +

+4 (~~
)2 (A~

)2 
- 4U~~~1~~ + 2U~÷1~~~~1

.. 4U~~~~~ + 8u~~~ - + 2u~~1~~~1 
- 4u~~1~~ + 2u~_ 1,~~~1]

Substitution of one Fourier componen t of the solu t ion

U(n,
~~
, t) = 130( t )  exp [i(k i n + k2

into the finite—difference equation gives the amplification matrix ,

which is defined as

C ~~~~ = I - 
(~~~ )2 (cos& - 1) - 

(~~~ ) 2  (cos~ - 1)

I

- - 

‘~~p ~

2

[2cos 2& - 2sin 2
~ - 8cos& + 6 ]

+ 4 ~~~~~~~~~~~ [2cos~~~ — 2sin 2
~ — 8cos~ + 6 ]

+ 4 ~~~~~~~~~~~~~~~~~~~ [8cos~
cos~ — Scos& — 8cos~ + 8 ]

L~ _ _ _ _ _ _ _  

t
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where a k Art , ~ k AF,, and I is the unit matrix. If we let c and d
1 2

be the elgenvalucs of the C and D matrices respectively , then the

von Neumann stability criterion becomes

1 <  
c + d  

- 

-

The maximum eigenval ue for the C matrix is the larger of the two terms :

~~i 
I(~n (

~~ ~1 At
pN L~ 

~ X
1 

Dx~ /j (Ar~)2

2~ — 6  [~
/ Dn \ (

~ \1 __±t
3pRe [

~ 
3x 1 ) ~ ~ x

1 )] (A~i)~

where is the maximum local value of the norntal stress damping

function in the x and y d i rec t ions . For the D m a t r i x , t h e ’ maximum

elgenva lue is the larger of the two quan t i t i e s :

4 d — 

~ [(-
~k) c~j ] ~

d 
2~~~~~ 6 [(~

) 
(

~~~
r ) ]  ~ r7~

where ~ is thte maximum local normal stress damping in the x and
2

directions . Thus , the maximum a l lowable  t inte’ incr ement  for  th tc  d i f —

fusion part of ti t e governing equat ions  is the smaller of the foilow l itg

two te rms :

At UF. < ~~ [(~
) (

~
- )  (~~~

_
)

_

~ 
+ (

~ ) (
~~ i) ~~~ 

-

~~

[(~~) (
~~

) 
~~~~~~~~~~~~~~~~~ 

(}
~) (~ :~) \~-$]
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where B is the maximum local normal stress damp ing value in the three

Cartesian coordinate directions .

Mixed Derivative Part

The mixed—derivative part of the governing equations Is

~ 1 ~u \ + ~~~ 
I 0

at 
+ D~~ a~ /

By applying the MacCormack scheme to this equation results in the

following finite—difference equation:

n+1 n HAt I n  n n n
U1~~ 

— — 

4AriEt~ [U j+1 j +i 
— ~~~~~~~~~ — U 1, 1 ,~~~1 

—

+ 
~~ ~~ ]

2 [ ~~~~~~~~~ - 2U~~÷2~~~ + - 11
1,j+2

+ 4U~~~- �IJ
i,j_2 + U~_~~~÷2 

— 2U~~~2~~ +

where

H = E + F

and where the c o e f f i c i e n t  matrices F and F are assumed constant .

If we substitute the Fourier term

= ii (:) cxp I i ( k  r~ 4- k ( )
0 L 1 1

into the f in i te—difference  equation , t he ampl i f ic a t ion  ma trix becomes

C 1 + 4linEI r [ 4 sin&s in i~]

2

— 

~~ 
[ ct c s2~ — co~~2~ ]

2

I

198

______ __________________________________ -



-~~~~~~~~~~~~~~~~~~~ - -- -~~~~~ ------~~~~~~~~- -~~~~~~~- -~~~ - - _ - - - _ -~~~~~-~~~~~~~~~~~~ -~~~~
‘ _

~~~~~~~
_
~~~~ 

where a — k Art , I~ 
— k AC and I is the unit matrix. The stability

1 2

condition for this equation is

where h is the eigenvalue of the H matrix. The maximum el gen va lue’ for

the H m a t r i x  is found to be

h - 

~ 
f j 7 

~ ~ ÷T( ~) (~i(~
-
~

) 
~-T ]- -

~.
By inserting this elgenvalu e I nto t it e stabilit y equa t lou t resu lt s itt ttte

following A t res t r ic t ion :

A < ——--- ~~~~~~~~~~~~~~~~~~~~~~ ---~~~~—~~- - t
~MxD . / Th \ ~ ‘i \ / 

~~~~- \ / ~~~-7~~~~
i ~~ i 

+

~~~ (~~~~~j )  (
~~~x~~~) ( ~x~) ( 

~~
From this analysi s , it is e’stimate’d titat the  s t a b i l i ty  c r I t e r i o n

for the fu l l  govcrniutg equations is

lit < -—
~~~~~~ 

+ AI DI.. +

where c is aut adjustable’ cons tant  It ’s t it au t or e’qua I to one’. The’

magnitude of a l l  the’ dampt i t g  t er m  e’ou t s t . u i t t  .110 Se ’t set as t o  make ’

the damping e’ I fee’ t I ye’ in the’ I utv in  c i t1  I I ow t og  icc u  but ito t to

appreciably chaitgc the ’ b out t e l . u rv  I . iv or  be ’hi . iv  i or ou nue c el i t  v t itt’ Re ’yi t t ’  1 ds

number. Tb is I In ca r I zeel s tab  l i l t  v cr 11  c u I e’i t may ito t I itsturt’ mime’ u’ teal

stabi l i ty  itt  a l l  ca ne ’s (R e t  12(c), hu t  I t  s h o u ld  be’ val Id b r  the

experimental cases con sidered.
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APPEN D IX D

Elements of the  L inea r i zed
Ma trix Equations

This appendix contains a list of matrix elements used in the

linearized governing equations . These matri x elements were used

to determine the stability criteria of the numerical integra t ion.

A 11 — A 2 2  A 3 3  Ai, i, = A 55 = u-~-~- + +

A 12 =

A 13 -

A u ,  =

C ~flA 25

C aT i
A 35 — — ‘ —

pay

A 52 — (l+2yc) ~~~

A 5 3  = (l+ 2yc) p
~~

—

A 5 , — (l+2yc)

B ii B22 = 833 = B = B 55 = u ~—”~-- + v~— + w ~—~-

B 12 = p~-

B 13 ~~~~

—

1
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C

B52 — (1+2yc)

B 53 — (l+2yc)

— (l+2yc) pp—
2 2 2

— l I ~ i ~n 1 i i / a~C22 ~~~~~~[~~~~~~~ + ) 
÷—

~~~~~~~~~

--

~~ 
~~~~~~~~~~~~~~ !n~ n2 3  3pRe ax a~
— 

— l ~~~~~~
2’. 3pRe ax 3z

— l a~~an
C32 — 

3pRe 3x 3v

C33 =-
~b•[:~ 

+ 

2 

+

—l a~ ar-tC 3 s. = 
3pRe av az

C ’.2 = 3pRe ~~
— l a~ an

C’.3 j”~~ ~~

C’.’. - ~ + (~nf + 

~ 
2

C~ j 21P.
[ (

~~~~~~

)

2 

+ +

Css~~~~~~ [(-~
-
~) + (

~
) + (n) ]

022  - -~d~ [ )

2 

+ 
~~~~~~ 

+ )

2

]

—l ~E
D23 3pRe ax 

•
~;:

—l a~02’. -

32 3pRe ax ay
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~
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~

’ [
~ 

) + ( : : ~F )  + . 

-

—l a~D, .  3pRe ay ~
—l ar~ ~~D~ 2 — 3pRe ~~ ~~
— 1 ~3 - _

~
_
~

_
p~i;_~ ~

Da.~. ~~~~~~~~~~ [‘
~ 

( :~i 
+ 

(

~~~~~~~

)

2 

+ ( ~f ) ]

= 
~~~~~~~ 

[ (~i 
+ (:~:Y +

— ~~ + +

— 1 13  1
~ ~~ ~~~~ 

.~h ~F22 — 
~t x j ~e + 

~~ ~~~~~~~~~ ~) , ~~

~ [ 
1 

~~~~ ~~~~ ~~~~
3 — çcRe 3 ~ x ~ 

-

1 12 ~‘i ~~ 
_
‘~fl —~~~-

F2’. = 
~~~ L~ ~~~~ 

-- 

~~.
• 

-~

-

~~

i 1: ~~~ 
‘
~fl __“

-E 32 =
~~R , [i S~~X~~~~~ \

— l 4 )~ ~~~ ~~ ~~F33 = 
~~: ~~ 

+ 
~~~. ~ : +

1 2 ) ii  )~
‘

. t q
F3’. = 

~3~i~:;.
I; 

~ ~~~ 

— 

~
_
t _. ~~

1 2 m ~~~
‘
. 1n

F’.2 I I a2: —

1 2 an a~’~ an ~~F’. 3 ~ 
— 

av a

— l 4 ~n ~ ~ ~~ ~t fl
F’.’. ‘

~~~~
‘
~~ 

~ ~~: 
+ F :

E S I  -

~~ [:~- 
~ 

+ :~ :~~
. ÷ ~ :~ I—~_1 )~ -“ ~t 11 ~~F ~~ 

~~ ~ 
:~ ~ 

+ 

~ ~
.
- :~ 

+ 
:~.: ~~:

— 1  1 .‘
~ 

,b~ a~ a~, an a~ . a l l
F 2 2 

~Re’ [ 3 ~ 
- - 4 + ~

1 1 2 3:’, 31) 3:’, I I )  1F 23  — 

~~~~~~~ [ a  a~ a 3x J

202

_ _ _ _ _ _ _ _ _  -- 

_ — -  - -
- ~~~

-—
~~~~= 

--



~~~~i~IiiI~~~ ~~~~~~~~~~~ 
___

~ 
__ L  ~~~~~~~~~~~~~2 ’.  pRe 3 ax az az ax

1 2 a~~~an
Fl2~~~~~~~ ~~~~~~~~~~~~~~~~~

~~ ~~~~~~ .L[ ~±, ~~ n ÷~~~n ÷~~~n
“ PRe L 3 a~ ay ax ax az az

1 2 a~ a~ ~~ an
F3’.-~~~~- ‘

~~ 
~~~~~~~~~~~~~~~~

F ~~~~~~~~ -~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~‘.2 pRe 3 a~ ax 3x 3z
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APPEND IX F

Subroutine ’s of the I) ELT A Code

This appendix provides a ete scri pt Ion of tite i m por t a n t  oper at t outs

performed by each subroutine of the numer ic a l  cod e DELTA . These sub-

routines are also used in the DE LTA 1 and CONE programs . The order of

the subroutine d escri ptions fo l lows  the same order  used to call them

In the DELTA program .

COO RD

Subrout Inc COORI ) ca lcula t es  th e ’ f i r s t — o r d e r  derivatives of  t h e’

coordinate transformations (as de f in ed  in A ppendix A) . l’he ana Ivt  I ~-a 1

values of these der iva t ives  ar e computed for OVe ’tV g r I d  p oin t  in t h ’

computa t ional domain. These values ar e s tor ed in common b lock  ar r ay s

for easy access during the numer ica l  i n teg rat I o n .

PREDICT

The next subroutine used in the DELTA program is PREDICT . This

subroutine calculates  the p red ic to r  term of t he  MacCormack f m i t e ’—

di f ference  scheme . It uses the ROUND subroutine to c o m p u t e’ thte’

boundary e’ondtt ion s on the sur f ac e’ of the body and at  t i l e’ lead i ng e’dgo

of the delta wing . A døuh le DO loop in  eat er ed wher e in th e’ U 4 
ui4 1

vector is calcula ted for al l  counpu t a t  lena 1 gi’ Id P oint  t ’xC ’t’~~t t h e ’ f r e e ’

stream botundary point s , the’ surface gr t e l p~ I u t t n , and t Ito g r i d  po I i t t  S

opposite the p lane of symme’ t rv . Wit it I a t it I DO loop , t ito sub rout i itt’s

DAMPF , DANPC , VECTOR , i)ECODE • and SOI.V E ar t ’ c.t 1 it ’d in se’que’nt is l order

t o perf orm tb..’ numeric al lnte’gu ’st b it . As a result of this par t  t a t

int egr at ton , the f low qu ant t t l e s  are comp ut ed fo r  an tu te ’rm e d i a t  o t lute’

I
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n+I
•tep t

BOUND

Subrou t i t t . .’ ROt’ND L’S L u  1st en t h e  pr~ ssui’e’ and dt’tts it v Out t ile’ Su t t SL’t’

of the body ,end at  t h e ’ 1 cad tug edge’. The’ ye  toe U v ~~t t hose ’ sli t t a c t ’ gi~ let

points Is zero and t h e ’ n e u r f ,tc~’ t e ’utp e ’r a t t u r e ’ in ~~ ov (dcci  ~us p _ i t t  ot t h e ’

input dat a . The’ no ruts 1 uionk•n I turn e’quJ I I on i n  ti~ od 1 c ’ C ’S 1 CII l u t  e I he ’

su r fa c . .’ pr essure’ and t h ou  th e  e’qtuat ion o t  5 ( 5 C c ’ i n  used t o  de’t e r m i n e ’

the dens I t v . In th e’ P 1  l A  p t o .~r~urn , t l t ’  l d t e ~sst1 to and de’itS it \‘ S te’ c out —

put ed t o t  hot it t h e ’ tup pe ’r and Iow ..’t’ t.- i u g  S l u r t  ,i ces  • ,u n  den~’i fte ’eI j u t

Chapt er 3 . S~’cond— or de ’r ac’eu rat  0 , o t t o — s  Ided I o i-war ~t ~i i I e’te ’ t iOOS St e ’

used to  med..’ I t h ..’ 11 ow grad tout t s no urns 1 t o  t he ’ hod V n u t  t St ’ 0 , wIt lie ’

sccon~l—e cr d er  c e n t r a l  Li i t  (e ’ronccn  ,i te ’ tune d f o r  a 11 ot her  c~t~ d t o u t s

At th ‘ load i ng edge . ( l i t ’ p r e n~ lir e’ suet d~ ti~ I ( V  St e ’ t t i ~~le’ V~~lt i e ’d

The pr ens tur e  in dot e  t-ui I nod tot’ t h e ’ t i p p e ’ U • S J e ’ , .m~l I e ’l~ t’ l~ ~ t u i ’ 1 ,lt’t’S ot

t h..’ wI  ttg 1w tin I ug the ’ app i-opt - t a t  t’ no Urns I :iiotIIe ’ i t  tuu:  e’clu~t C b it . I’lic ~i Ue’t’

values  ot  dens i t  v ~I t e ’ coutp tu t  ~‘~l t rout t in’ e’t~U~t t  t on  ot  n t ~~u t e ’ . i~ht ’n t Il e ’

ntum ..’r t c ~a I ( i t t  e’gt ~~t t  ion is app i i  O c t  b e l o w  he ’ ‘.~ i itg • t he’ 1 e ’,u ct  I ih~ e’e tg t ’ ~S

repr esent Ott h~- lowe’t’ S t i t t  St ’ e’ v s l t i e ’n c~t 1t i e ’SSt t t ’e’ ~ itct ~le~tt s i t  v , ~ int l 1st l v ,

when the ’ nuitte U Ic ’ j 1 1 at e’grs I I on oct ’11 rs ,tlc ~ v e’ t ito i, 1 lt~ , t he ’ t i p p e ’ U S l it  t , tO e’

values mod~’ I t ite ’ I e’~td I ng 0Cl C~0 on t i tt ’ ‘
~~

— ax In . l i t  t l i e ’ DF1 U.\ 1 1st t a m ,

the lc~ d I ng edge’ I s  te ’pte ’Se ’u t t  od by luppe ’t nu t  I ace ’ vs l t toS Ott 1 V

DAMI ’i , i t ic l  1~~’t l’~

DAMI’F’ ,t titI lIAM1 ’C S t ilt r o lu  I I t i~’ S c ,t I ~‘1u l , i t  c t itt’ t ie ’ ItS i t  V damp I utg t c’ nun

for t h’ I) ~un~I , d i t O e  C b it s t i ’S ~~e ’ t ’ C l y e ’ 1~~’ . l’lte ’ne ’ C e’ tiltS .11 e’ ,te lcie ’eI C OO .e’ C i t e ’ I

In C hit’ t ) l ’CltDl St i l t  I ’ et LI C I nO t O  1 o flu t h e I On t - t  h - - oi de ’ t Clamp t u g  t e t rns P

(preel to t or st op ott h. ) and ~~~ I, C’t ’t t’t ’e ’ C t ’ t- nI o~’ e ’ut lv ’) . The ’ ~Iamp tug
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coeffic lents,c1 and C
j~~ are read into the program as part of the input

data. The damping terms norma l to the free stream boundary surfaces

and synmtetry p lane and within two grid points of these surfaces are

zero. The damp ing at the surface grid points is also zero. All the

damp ing term values are stored in common blo ck ar rays  for  use in the

DECODE subroutine .

VECTOR

The next subroutine used in the DELTA program is VECTOR . This sub-

routine computes the values of the F ,C and H matrices as well as the

heat flux and shear stress term s in these matrices . The finite—differ-

ence quotients used to model and are described in Chapter 3. The

second—order derivatives of the coordinate transforma t ions (used in the

H matrix) are calculated by calling subroutine COORDX . The values of

these matrices are stored in common block arrays for use in the DECODE

subroutine .

Subroutine VECTOR is used in both the predictor and corrector

steps . By changing the input parameters when this subroutine is called ,

the finite—difference quotients can be easily converted for use in

either the predictor or corrector step . These input parameters are also

used in the DECODE subroutine.

SOLVE

Subrout ine  SOLVE is  used to solve for the f l o w  q u a n t i t i e s  in the
n+l

U~ ’~~ (p red ic tor  step only) and U~, . (corrector step only)  vectors .
‘3

The p r i m i t i v e  var Iables  u ,v ,w ,p ,  and e’ are determined by s o l v i n g  the

relat ionships in Eq 70. The flow q u an t i t i e s  are then s tored in two—

dimensiona l arrays for use in the next integration step .
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Sm

Subroutine SYN uses a DO loop to calculate the primitive flow vari-

ables on the opposite side of the plane of symmetry . By applying Eqs

79 and 80, the surface boundary conditi ons and the flow field conditions

are determined for the mirror image p lane . These flow quantiti e s arc

then stored in common block arrays for use in the next integration step.

CORRECT

The next subroutine used in the DELTA progr am is CORRECT . Th is

subroutine calculates the corrector term of the M~cCormack finite—

difference scheme . I t uses the same subrou t ines  as are used in the

PREDICT subrout ine  in the same seqeu en t i a l  or d e r .  By app ly ing  d i f fe r e n t

input parameters, this subroutino is able’ t o  c a lcu l a t e  the  f inal f l o w

quantities at the new time step t~~~~. rh..’sc newly  c a l cu l at e d  f l o w

parameters are then stored in the satin’ tw o—d imous iona l  arraY s as the

old quantities.

ii

I
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APPENDIX F

Conical Veloc,j~y Components
and Streamline Plots

This appendix presents a detailed discussion on the conical cross—

flow velocity vectors and on the method , used by Ghia (Ref 139) to

determine the conical streamline contours in the 
~~~~~~~ 

plane. The corn—

puter software for the streamline plots was developed by Cooper (Ref

140). - -

Conical Velocity Vectors

Experimental evidence has shown that the supersonic and hypersonic

flow around thin delta wings is nearly conical in the weak interaction

region. In delineating the conical aspects of this flow field , the

velocity components in the spherical coordinate system arc used for

flow analysis. ‘ The magnitude of the spherical cross—flow velocity

vectors is

V ~~~~~~~~~~ (Fl )

while the angle of the flow in the r,—~ plane, as determined by Cooper

and Hankey (Ref 142), is

tan = tan (w—i$ ) = -
~~~~

- (F 2 )

where
U

0tan w~~ u COS 0

When these values arc transformed into the conical coordin a te system

(delta wing), the magnitude and dir ect ion of the veloci ty  vectors

become
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— [(v ~ _ u ) 2+~(w_ Lir) 2 + (uq-vJ 7 ]½ (F4)c L i + ~~
2 +~~

2 J

t a n y —

The stead y state v e l ec i t y  components in t h e’ r~ and C directions are

V~ — V cos (P6)

V~ — V sin y
~

Coni ca l S t r ea ml in e ’  r u n

The cross—flew ve loc i ty  vectors pr ojected on the C—T i plane  t race

Out “pseudo ” conica l  streamline ’s.  These s t reaml ines  represent st e’adv

~ I 
state path lines of tn comiitg f l u i d  part Ic Ii’s. These path lines are

dete~~~ined by so lv ing  the d i f f e ren t i a l  equ at ions

— v,~ (~ ,t) (F’8)

— V. (n ~
) (P 9)

The mod E f t  OeI Eu ler— C:iue ’hy met heid (Re ’ 1 141) in used t et solve Equa tons

F8 and F9 In th.. ’ form

t+At

1111 — f l — f l1 
— 

~

f

~

i

V (u i ,~.)d t  (P lO)

t4At

* ~~ 

fv~ (i~,f.)dt (p11)

where r~ and a to Ci t ..’ p rei f e’c C eel I c b s  t f e t U S  of the n..’x t pet ut on C he’

I
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•treamline curve. Prior to integrating Equations FlO and Ui, an in-

cremental time step, ~t , is def ined and the ini t ia l  posit ion of the

fluid particles is established at eacit nodal point on tite boundary of

the c—fl plane .

The numerical Integr a t ion is begun , by i n i t i a l l y  a ssuming that  V~

and V~ at (i , j )  are constant over the in terval  ‘- I) < q 1,~,1 and

< This results in a preliminary es t imate  of and

of

T~i
* fl 1 + V~ At (F 12)

— + V~ At (F l3)

* *The velocity components at (I , j  ) are d etermined by l i ne a r  In t er-

pola t ion as i l lus t ra ted In Figure Fl.

— 
i ,j +l I i+l , f + I

A

— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

St re . t i t u l  l ut e

i ,j  
-- --- -—- 

i+i ,j

Fi gu re’ Fl
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where
* 1 ’• V - — I V A + V A + V A (P14)
n A \ fljj 3 ~ ~~~~~~ 

2 flj~11j~ 1 
I

A
flj j41 ‘

A + V r A + V  A (p 15)
~ A 

~ 
C1,~ ~ ‘

~i+l,j 
2 ~~~~~~

A

~i,j+l ~

and where

A — (f~* C )  ( * )

A — (Cj+i_C*) (~*~~~) (P16)

* *A — (C~~1 C ~ 
)

A — ~~~~~~~~ ( *)

A - A  + A  + A  + A
1 2 3 I.

* *
By avera ging the app ropri a te veloci ty  component s at (I  ,j  ) with

* *
those at (I,j), an Improved estimate of r~ and C is obtained . This

improved estimate is

* 
- + 

~ 
(
~ 

+ At (P17)

— + 

~ 
( ~~ 

+ ~ ) ~
* *

The velocities at the new (i ,j ) arc recomputed , by linear inter—

polatton, and then the new l o cat i o n  and velocity vector are tuned as

initia l cond iti on s for calculating the  next point. This integration

pro cess is repe ated until the rnax lnnurn number of t ime steps is reached .
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A numerical technique was used to compute the  supersonic and hypersonic ,
viscous flow fields around titin planar delta wings. These s olu t i o ns  were
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schem e’. Solutions were obtained for the uppe’ t — O I t  I v ,  1 owe r—e )n  1 y , ,t uct t ot a l
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3.345 x 10 to 5.0 x 10 , and various angles of attack from —15 to +15,
A stability criteria was developed and used which accounted for both the
viscous and inviscid flow regions. Good agreement was obtained between
the numerical results and~~~e. experimental flow field data.b — ~~e~~
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~Spurlin, and Bannfnk. The shock—Induced vortex within the viscous
region and the hypersonic viscous ~bubble ’~ on top of the boundary layer
were computed , for the first time. A unique examination was made of the
vortical singularities in the conical cross—flow plane of the delta wing
This investigation demonstrated the feasibility of applying the conical
approximation to the Navier—Stokes equations in order to solve flow
fields around thin delta wings.
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