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NOMENCLATURE

I. SYMBOLS

Computer
Text Program
a
AH FAH
AZ FAZ
*
b B---
BH FBH
By FBZ
c
Ce (5]
*
c
"
£
w
Fl'Fz’F3’ FrEl,FF2,FE3,
F4,F5,F6 FF4,FF5,FF6

Definition

Coefficient in the trial tempera-
ture profile, defined by Egq. (19)

Coefficient in solution to mechani-
cal energy equation, defined by
Eg. (16)

Coefficient in solution to momen-
tum equation, defined by Eg. (15)

Coefficient in the trial tempera-
ture profile, defined by Eg. (20)

Coefficient in solution to mechani-
cal energy equation, defined by
Eq. (16)

Coefficient in solution to momen-
tum equation, defined by Eg. (15)

Coefficient in the trial tempera-
ture profile, defined by Eq. (21)

Local skin friction coefficient,
Tw

Cp, = —m—

£ 2
%Psud

Sonic speed at M = 1

Second derivative of dimensionless

stream function used by Smith and

Clutter (26],

n cf
£ = =— VRe

w 2 b4

Universal functions in Egs. (5),
(7), and (31)

*

Blanks indicate that additional alphanumeric symbols may be
added for further identification, e.g., corresponding to sub-
script notation.

vii
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Computer
Text Program
H H---
*
H H---S
IDENT
k
K CHT --~
L
(L] (L]
M M===-
*
M M=--=-S
MW
n N
P
Pr
Q
R R

Definition

Incompressible, adiabatic'shape
factor,

H = (63)u
{!21u
Shape factor,
H* = 63

52

Computer variable used at Stan-
ford conference [18] for flow
identification purposes

Thermal conductivity

Heat transfer correction para-
meter introduced in Egs. (30)
and (31)

Length measured along body sur-
face, Egs. (37) and (38)

Denotes dimensions of length
Mach number
Dimensionless speed ratio,

*
=
M =&

Molecular weight

Exponent of Rg., in definition of
Z, equal to'1 %or laminar boundary
layers, 0.268 for turbulent boun-
dary layers

Pressure

Prandtl number

local heat flux

Total heat transferred from wall
to boundary layer, defined in Egs.
(37) and (38)

Body radius

viii




Computer

Text Program Definition
r RL,RT Recovery factor, either laminar 1

or turbulent

R52 RD2 Rey 10lds number based on momentum
thickness,
Bty
Riy = et
w
Rew REINFL Unit Reynolds number of approach
L flow,
Rew . Poloo
L Hoo
R Urniversal gas constant
S SL,ST Reynolds analogy factor, either
laminar or turbulent
St Stanton number
T T--- Temperature
TL FSTINT Freestream turbulence intensity,

in percent

u Streamwise velocity component

W W Exponent in viscosity power law
relation

x,X X=== Streamwise coordinate defined in

Fig. 1; in Section II only, x
refers to coordinate along boun-
dary

Y ¥ Y--- Normal coordinate defined in Fig. :
l; in Section II only, y refers ]
to coordinate normal to boundary

Z Z--- Momentum parameter defined by
o n
Z = GZR(SZ .
o Angle measured from stagnation
point on circular cylinder, Fig.
16
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Text

Computer

Program
BSTART

===p

D1

D2

--D3

DY--

THET---

PI

PPAR---

MU---

Definition

Bm = BSTART*PI is included angle
at leading edge for plane or axi-
symmetric external <lows, Fig. 1

Transformed angle for axisymmetric
flows,

Specific heat ratio of ideal gases
Boundary layer thickness

Displacement thickness,

§
5. = J(l - B sgs
= e s Ug
Momentum thickness,
§
0w u
6, = J-— = 41 = ==jay
2 giPg B -

Mechanical energy loss thickness,
8
P u 0 2
6, = J—— =3 = (==} ldy
L LT Us
Density loss thickness,

)

P u ,P6

§, = ]—— —(— - 1l)ady
4 o 06 Us P

Temperature ratio,
L IR 1
g e s w
Ty T g

Constant, 3.14159----

Pohlhausen parameter,
2

P (85), dug

Wy dx

A =

Absolute viscosity




it it i

Computer
Text ggogram

5

Dummy integration variable in
Egs. (37) and (38); streamwise
coordinate along boundary
Density

Shear stress
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II.

SUBSCRIPTS AND SUPERSCRIPTS

Text
e

i,i+l,i-1

inst

3.3+l

lam

sep
trans

turb

Computer

Program

=]

=3P,
~= == 1M1

-~=INST

---TRANS

Denotes adiabatic wall conditions

Subscripted quantity evaluated at

e e T e

Instability

Superscripted quantity evaluated
at (j)th or (j+1l)st iteration

Laminar

Mean value
Reference
Separation
Transition
Turbulent

Subscripted quantity depends only
on velocity profile

Subscripted quantity evaluated
at the wall

Subscripted quantity based on
distance from stagnation point

Subscripted quantity evaluated at
the edge of the boundary layer

Refers to stagnation conditions

Refers to conditions of approach
flow

Refers to average values over in-
tegration step

xii
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I. INTRODUCTION

In a large number of flow situations of engineering interest,
the characteristics of the developing boundary layer are of prac-
tical importance. Examples include the design of supersonic noz-~
zles, flow over airfoils, incipience of separation in pressure
recovery devices, boundary layer growth on missile bodies and af-~
terbodies and the resulting effect on the base region, etc.

The purpose of this study was to develop an easy-to-use
FORTRAN IV computer program which could be employed routinely
as a boundary layer predictive tool for a wide variety of two-
dimensional ideal gas flows. A number of the available methods
were considered, with the rather well-documented [1-3]* integral
method of Walz and his co-workers being chosen for use. The mo-
tivation for this choice was in part due to the fact that the
method described in [3] was one of the four integral methods
judged "good" at the Stanford conference on incompressible turbu-
lent boundary layers and in part due to the flexibility of Compu-
tational Method II which is detailed in [1]. This method may be
applied to incompressible or compressible, laminar or turbulent,
plane two-dimensional or axisymmetric boundary layers in arbitrary
pressure gradients, either with or without heat transfer. The
computations may be started at a stagnation point, a sharp lead-
ing edge, or at an arbitrary streamwise location for either lami-
nar or turbulent boundary layers with the proper specification of
the starting parameters. Transition is predicted using the lami-
nar instability calculations of Wazzan, et. al. [4], together
with the data of Granville [5] for the distance between the in-
stability and transition points. Alternately, the transition
point can be specified externally as an input. Separation is
also predicted.

Included in this report is an outline of the theory upon
which the method is based, a description of the computer program
(COMPBL) which has been developed, detailed input instructions
and example input and output, and comparisons of computed re-
| sults to both experiments and analytical solutions for a number
of flow fields. A complete program listing and explanation of
error messages are included in the appendices.

*Numbers in brackets refer to entries in REFERENCES.
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II. THEORETICAL DEVELOPMENT

A. General

Computational Method II of Walz [l], on which program COMPBL
is based, utilizes the integral momentum and mechanical energy
equations for the boundary layer:

ds du § T
2 B IO TR
P wm Py o) i 1)
$ 2 PsUs
ds, , dug 8, 4 . A
. + 63 ol B [3 + 23—- = M5 ] - 3 [ T du=0 (2)
@ 3 os¥s o

Momentum equation (1) is transformed by introducing the new
dependent variable,

n
p.u.b
| where R§, = —QH%—E, (4)
] 1
to Z' + 2 Eé— F, - F, =0 where (' = jld (5)
us 1 2 - dax’c

F] and Fj are universal functions which may be evaluated once the
trial solutions for the velocity profiles for laminar and turbu-
lent boundary layers and the coupling law between the tempera-
ture and velocity profiles are specified.

*
The coordinate x used in this section is the coordinate along
the boundary and is not necessarily the same as the coordinate
x used in Section III or program COMPBL.

3




The ratio,

Pu u,2
8 OI o) ud' [1 hal (ué) ]dy .
H* = — = (6)

(1 - lL)dy
o’ PePs ug

is introduced into the mechanical energy equation (2) to obtain

u 12
: $ 4 _
3 Tty il

3

where F3 and Fy are also universal functions dependent on the
trial velocity profiles, the temperature-velocity coupling law,
and for the turbulent case, empirical shear stress and dissipa-
tion integral relations.

Except for the small influence of Rg, on Fy, the universal
functions may be reduced to depend only on H, Mg, and 6 where
Mg (x) and the heat transfer parameter,

G T

_ e w
0(x) = T T (8)
e 8

are specified inputs. H is defined by:

JG u u, 2
== 1 = (=<3~ jay
Waly o B Ys
(. 7% T 0
2
i j &L (1 - &L)dy
o $ 8

where the u subscript denotes that the enclosed quantity depends
only on the velocity distribution in the boundary layer (i.e.,
incompressible and adiabatic). Noting the integral definitions
of H* and H in Eqs. (6) and (9) and, in particular, the similar
manner in which the factor p/pg enters the integrands in the
numerator and denominator of H*, it is reasonable to expect as
a first approximation that,

HE = (H*)u =

H* = H. (10)




The final relation used for
H* = H*(H,Md,e) (11)

is based on the consideration of limiting cases as established
by Jischa [6]. For Mg = 0 this relation yields H*/H = 1 and for
Mg >> 1, H*/H ~ 1.18 (depending on the value of 6); thus the
approximation (10) is confirmed. The reduction of the universal
functions for the general compressible case with heat transfer
to H~dependent functions which characterize incompressible,
adiabatic (constant property) flows requires the development of
additional relationships which will not be detailed here. The
interested reader is referred to [1].

Once the universal functions have been specified as func-
tions of H, Mg, and 6 for laminar and turbulent boundary layers,
the solution proceeds as a step-by-step simultaneous integra-
tion of Egs. (5) and (7), with Eg. (11) also utilized. This
procedure is carried out with a predictor-corrector iterative
scheme as follows. Given values of Hj and Z; at point x; in
the boundary layer, a value of Hj4] at xj4+] is first preéicted
(using dH/dx between xj and xj-1). Average values of the uni-
versal functions over the_integration step Ax = (Xj+] - xji) can
then be evaluated, e.g., F; = Fj((Hi + Hj+1)/2, (M§;j + Mgi+1)/2,
(6i + 8i+1)/2). Using these average values and approximating the
variation of the freestream velocity, ug, as a straight line
over the interval Ax, i.e.,

X - X.

(u.) . - (ug).
- §"i+l §"1i
ua(x) = (ud)i + (: e 2 J(x = xi). (12)

Egs. (5) and (7) become linear, first-order, ordinary differen-
tial equations. They are integrated, respectively, to:

Zl+1 = AZ Zi + BZ F2 Ax (13)
= 2
and H, .*=A_H.* + B_F = Ax (14)
i+l H i H 4 (Zi+l + al)
5




where . ug; 1+F,.
Us F1 [} T |ug -
_ i o i+l
i+l (1 + Fl)(l--u )
Si+1
and 1+F
F uGi 3"!
us 3 [} = s J
" i = 0i+l
AH = g s BH = 5 us; 2 (16)
i+l (1 + F3)(1.— )
uGi+1
The value of Hj4+1 at Xi+1 is then found by inverting Eq. (11)
using the value of Hi41* from (14). If this corrected value of

Hi4) agrees with the predicted value to within an amount speci-
fieé by a convergence criterion, the boundary layer parameters
such as displacement and momentum thicknesses, skin friction
coefficient, etc. are determined. If not, iterations proceed
until convergence for Hj4] is obtained. Note that this scheme
obviates numerical differentiation of the given freestream velo-
city distribution and that the justification for linearizing

ug (x) over the interval Ax rests on taking a large number of
base points, X;j, since any function can be approximated as
piecewise linear if the intervals are sufficiently small.

B. Laminar Boundary Layers

For laminar boundary layers, the universal functions are
evaluated using a one-parameter trial solution for the velocity
distribution based on the Hartree wedge~flow profiles. The
separation profile is given when H falls to a value of 1.515
in which case the skin friction simultaneously vanishes, viz.,

(Hsep)lam = 1.515. (L7)

In accelerated flows values of H up to 1.7 are encountered.
The exponent n in the definition of Z, Eq. (3), has a value
of 1.0 for laminar flow.

The development of the universal functions for both laminar
and turbulent boundary layers is also dependent on the coupling




relation between the velocity and temperature profiles. The
equation used is based on the analysis of van Driest [7] and

is essentially an extension of the Crocco-Busemann relation for
Pr # 1:

,I',I‘—6=a+b(a%) +c(l;‘—6)2 (18)
where
e ;% s r(Y ; 1)M52 e Teq; Tw
oo (v ; l)Maz(l - 9) (19)
b = TeT_é 0 g U > l)M&2 (20)
e _r(Y 5 1)M62 (21)

and r is the recovery factor in Egs. (19-21).

Equation (18) is derived strictly under the assumptions that Pr
= 1 and that the streamwise wall temperature and pressure gra-
dients vanish (i.e., dTw/dx = dp/dx = 0). However, as pointed
out by White [8], this approximation is "surprisingly accurate
for gases under general boundary-layer flow conditions at high
and low Mach numbers and for laminar and turbulent flow."

Based on the temperature distribution of Egq. (18), the

dimensionless local heat flux is given by the Reynolds analog
expression

= 5 5= 6 (22)
0.1 3 2 28 "
§°§

where s is the Reynolds analogy factor. Section E will give
an alternate method of calculating the heat transfer when strong
wall temperature and/or pressure gradients are present.




C. Turbulent Boundary Layers

The trial solution for the velocity profile used in develop-
ing the universal functions for the turbulent boundary layer is
a combination of the turbulent log law and the law of the wake
suggested by Coles [9]. In addition, the empirical shear stress
relation of Ludwieg and Tillmann [10] and the empirical dissi-
pation laws of both Rotta [l11]-Truckenbrodt [12] and Felsch
[13,1,2,3] are used. The Rotta-Truckenbrodt relation is em-
ployed for flows with favorable pressure gradients, while in
regions of adverse pressure gradient, the Felsch law is used.
The temperature and velocity profiles are again coupled using
Eg. (18).

Near the separation point for turbulent boundary layers,
it has been noted that the velocity profiles actually depend
on two parameters, rather than the single one used in this
analysis. Hence, there is no single value of H which can be
assigned to the turbulent separation point, i.e., 1.50 <
(Hsep) turb < 1.57. However, the following approximation is
used:

(Hsep)turb 5 (Hsep)lam = 1.515. (23)
The upper bound on H for turbulent boundary layers is 2.0. The
Ludwieg-Tillmann exponent, n = 0.268, is used in the defini-
tion of Z, Eq. (3}

D. Transition

Transition from a laminar to a turbulent boundary layer
is accomplished in program COMPBL either by specifying the
axial location of transition as an input (variable XTRAN) or
by normal calling of the transition subroutine (TRANS). This
subroutine utilizes a correlation to the incompressible, adia-
batic, laminar stability computations of Wazzan, et. al. [4]
as listed in White [8]. The instability point is located when
(R§,).., which is monitored at each axial location in the laminar
bou%dgry layer, exceeds (R§2)inst from the Wazzan correlation.
The transition location is then found by calculating the mean
Pohlhausen parameter, Ap, from:

A (x)dx (24)

X
1 Jtrans
)

X

{1 SR

trans ~ Xinst

inst




where

A= " (25)

at each streamwise location and using the curve fit listed

in White [8] to Granville's [5] data for the distance between
the instability and transition locations. In addition, a cor-
rection factor is employed to account for the effects of free-
stream turbulence intensity on the transition location. The
expression used is the correlation given by Korst, et. al.

[14] to Granville's flat plate data. The combination of these
two curve fits gives the following result:

(Rs,) = (Rs,)

. +
trans inst

(450 + 400e°°*m) (900 - 760TI + 159TI%) /900 (26)

where TI is the freestream turbulence intensity, in percent.
For freestream turbulence intensities exceeding approximately
2.16%, the laminar instability and transition points coincide.

Once the transition point has been located, the calcula-
tions are switched from the laminar to the turbulent regime
with the aid of the following relations:

Hturb 0 Hlam il
and (dz)turb ¥ (Gz)lam' e
The second relation implies that,
o 0.268 _ -0.732
Zturb = 52R52 = Z]_am R62 (29)

Thus in this technique, the momentum thickness, §2, is continu-
ous across the transition point, whereas other of the derived
boundary layer parameters such as displacement and boundary
layer thicknesses, skin friction coefficient, etc., are not,
due to their totally different behavior for laminar and tur-
bulent boundary layers.




E. Heat Transfer Correction

The coupling law Eg. (18) was derived under the assump-
tions that the Prandtl number is approximatelyunity and that the
pressure and streamwise wall temperature gradients vanish.

In the situation where only the properties of the velocity
boundary layer are of predominant interest, this relation is
adequate even if the assumptions are badly violated, since in
this case only the average properties of the temperature pro-
file enter the analysis. But this is not the case when the
heat transfer is desired; then the actual shape of the tem-
perature distribution is of utmost importance since the local
heat flux is proportional to the derivative of this distri-
bution in the direction normal to the wall.

To account for the effects that the pressure and stream-
wise wall temperature gradients (with Pr = 1) might have on
the calculation of the heat transfer, Walz [l1] substituted
the following trial solution for the temperature profile,

T _ u 2 u,?2
Tg =a+ (b + K(x)] GE + [c - K(x)] (ué) . (30)

into the thermal energy integral equation to obtain:

K' + KFS - F_=0. (31)

Note that Eq. (18) is a special case of Eq. (30) with K = 0.
Part of the rationale behind this choice is that analytical
solutions, such as [15], have shown that for nonisothermal
walls the local heat flux need not vanish when the temperature
difference (Te - Ty) vanishes (i.e., b = 0) as would be the case
when using Eq. (18). To account for this fact, Walz in-
cluded the correction factor K(x) in the coefficient of u/ug
in the trial temperature profile.

The coefficients Fg and Fg in Eq. (31) are again uni-
versal functions and are evaluated in the same manner as ex-
plained above for the universal functions of the momentum and
mechanical energy equations. Equation (31) is solved in
parallel with Egs. (5) and (7), so that the complete scheme
involves simultaneous integration of the momentum, mechanical
energy, and thermal energy integral equations together with
relation (l11) for H*(H,M§,0). The dimensionless heat flux
in this case is given by a "modified Reynolds analogy":

q c
\ _ - £ K
T e 6 (1 + B)' (32)

Psls
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As shown later, however, this heat transfer correction proce-
dure has met with only moderate success.

The theory discussed above in Sections A, B, C, and E is
a synopsis of that developed by Walz in [1]. For further de-
tails, this reference should be consulted.
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ITT. COMPUTER PROGRAM

A. General Description

Program COMPBL has the following characteristics and capa-
bilities:

1. Computational Method II of Walz [l] is utilized to compute
the integral parameters for two-dimensional laminar or
turbulent boundary layers.

2. Arbitrary pressure gradients are handled with the boundary
layer either compressible or incompressible, axisymmetric
or plane two-dimensional, and with or without heat trans-
fer.

3. The transition location may either be specified as an in-
put or predicted by the Wazzan [4]-Granville [5] method
described in Section II-D.

4. Separation is predicted when the value of the shape para-
meter H = (63)y/(82)u falls to 1.515 in which case the
skin friction simultaneously vanishes.

5. The computations may be started with the boundary layer
either laminar or turbulent at a stagnation point, a
sharp leading edge, or an arbitrary axial location.

6. Freestream velocity input data may be specified by the
Mach number M or the dimensionless velocity ratio M* =
u/c*, while wall temperature data may be input as either
8 2 (Te = T/ (Te - T§) OF Ty/Te.

7. Options are available whereby:

a. Calling of the transition subroutine is suppressed
for boundary layers thought to remain laminar;

b. The heat transfer calculation is corrected using the
method described in Section II-E; and

c. Intermediate values of H and other variables are
printed for debugging purposes.

8. COMPBL is written in FORTRAN IV with typical run times on
the CDC CYBER 175 of % - 1 CPU seconds.

Following is a list of the limitations of the method and program:

1. The program is limited to ideal gas flows with certain of
the input variables defaulted to values for air. However,
these defaults are easily overridden on input (see Section
III-B).

2. The effects of surface roughness, freestream turbulence
level (except for its influence on the transition loca-
tion), shock-boundary layer interactions, and varying
stagnation pressure are not considered.

3. Transition is assumed to occur at a point in an essentially
discontinuous manner.

4. The phenomena of relaminarization and laminar separation
with reattachment are not treated automatically. These

13
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cases may be calculated, however, by restarting the com-
putations at the proper location.

5. The output consists of only the integral boundary layer
parameters. Velocity and temperature profiles are not
calculated.

B. Input/Output Variable List and Discussion

A list of the input variables read from file INPUT follows.
The first four (4) variables are literal variables:

FLOW. « o wa literal variable describing the initial flow regime
of the boundary layer; equal to "LAMINAR" or
"TURBULENT"

GEOM. o o« literal variable describing the two-dimensional

geometry; equal to "PLANE 2-D" or "AXISYM"
MTYPE....literal variable describing whether velocity input
data is in terms of Mach number, M, or M* = u/c¥*;
equal to "MACH" or "MSTAR"
TTYPE....literal variable describing whether wall tempera-
ture input data is in terms of 6 = (Te - Ty)/(Te - Tg)
or Tw/Tw, €equal to "THETA" or "TWTINF"

The next seventeen (17) variables are entered via NAMELIST BL:

ZSTART...starting value of Z (default
ITI-C

HSTART...starting value of H (default
III-C

BSTART... (BSTART * PI) is the included angle at the leading
edge for both plane two-dimensional and axisymmetric
external flows (default = 0.0); see Fig. 1 and Sec-
tion III-C

MINF ..o e Mach number (or M* for MTYPE = "MSTAR") of approach-
ing flow; see Fig. 1

REINFL...unit Reynolds number of approach flow, p,Us/lw; See
Fig. 1

XTRAN....X location of specified transition point (default
= 0.0)

FSTINT...freestream turbulence intensity, in percent (de-
fault = 0.0); used only in transition subroutine
to locate transition point

Glaie viel 01wt 59 ratio of specific heats (default 1.405)

W........exponent on viscosity power law, i.e.,

0.0); see Section

1.572); see Section

%L = (%L)w (default = 0.7)
Ho o

RL.......laminar recove