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PREFACE

This study was conducted by the Soils and Pavements Laboratory
(S&PL), U. S. Army Engineer Waterways Experiment Station (WEs), for the
U. S. Department of Transportation , Federal Aviation Administration,

under Inter—Agency Agreement No. FAT3WAI—377 , “New Pavement Design
Methodology.”

The literature review reported herein was made during June 1975—
January 1976 under the general supervision of Mr. James P. Sale, Chief ,
S&PL, and Mr. Alfred H. Joseph, Chief , Pavement Investigation Division
(PID). This report was prepared by Mr. James L. Green, PID.I

Director of liES dur ing the conduct of the investigation and the
preparation of this report was COL G. H. Hilt, CE. Technical Director
was Mr. F • R • Brown .
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INTR ODUCTION

BACKGROU ND -

The nondestruct ive nature, speed of test ing, ease of operat ion ,
accuracy and repeatability of results, and the fact that moving—wheel
loads can be simulated have made vibratory testing devices popular for

airport pavement evaluation. At least four types of portable vibratory

testing devices are in use today. These devices are the Dynaflect, the

Road Rater , a vibrator developed by the Civil Engineering Research Facil—g
ity of the Air Force , and a vibrator developed by the U. S. Army Engi-.

neer Waterways Experiment Station (WES*). The first two of these

devices are available commercially and the other two are research

devices. The liES testing device is made available to any public agency

that requests it for evaluation purposes.

The vibrators listed above (and. others not mentioned) are

associated with different procedures that permit pavement evaluation ,

but none of the vibratory procedure combinations is considered to be

fully satisfactory. In a WES study1 for the Federal Aviation Administra-

tion (FAA), a procedure was developed using the liES l6_kip** vibrator
that is considered to be a significant improvement in nondestru~tive

methods of evaluating airport pavements. This procedure was based on an

experimental correlation of vibratory test results with allowable air-

craft loads as computed using the conventional direct sampling evalua-

tion procedures. Improvement and upgrading of this procedure is

continuing.

It is probable that the procedure referenced above will serve
airport evaluation requirements for several years to come. However,

being empirical, it can be applied conf idently only to the same kinds of
pavements and aircraft loading from which it was developed. New kinds

of pavements and aircraft of the future could severel.y test the efficacy

* For convenience, necessary abbreviations and symbols are listed on
page Al.

** A table of factor s for convert ing units of measurement is presented
on page 4.
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ot ’ the evaluation procedure. Clearly , there i~ a iit’ed ~or tu~ re ana~ y ’ i-

cal means of designing and evaluating airport tvem~-’nt~; than now txli ;t .

That need has long been recognized and a considerable eff~rt Ltts t~t’~’n

made, and is being made, to fill it.

Currently , WES is conducting a study for FAA to satisfy commit-

ments under FAA—ER—143O—002b, Amendment 1, dated 10 September 19714,

paragraph 3.14, which states, in part:

Phase B of the nondestructive pavement evaluation is
concerned with development of the nondestructive evalua-
tion method compatible with the selected rational design
procedure for flexible and rigid pavements described in
paragraph 3.3* A theoretical analysis will be made to
determine if the vibratory load—deflection data can be
converted to appropriate modulus or other parameters for
use with the rational procedure. The end product is the
load-carrying capacity of airport pavements based on the
nondestructive test and rational procedure. Results of
the analysis will be verified by experimental results
using all available data at the Waterways Experiment
Station and any additional data obtained by the asso-
ciated experiments described in the previous paragraphs
on the climatological effects. A tentative nondestruc-
tive evaluation methodology developed in Phase B for
both flexible and rigid pavement is to be made avail-
able by the end of fiscal year 1976.

The WES study in progress is based on layered elastic theory and

results of tests with the WES 16—kip vibrator. The evaluation procedure,

which is a reverse of the design procedure, will consist of first deter-

mining the values of the required elastic constants from vibrator re-

sults and then using those values as inputs to one of the existing

layered elastic computer programs for pavement design , such as CHEVRON,

BISTRO, or AFFAV, to predict the pavement performance.

The vibrator test results will be in the form of deflections

measured at the pavement ~urface under known loads. The success of the

whole endeavor rests heavily on the accuracy and ease with which it will

be possible to extract the elastic constants from the deflection

* Paragraph 3.3: “These procedures will be selected or ado1~ted from
various rational design methods such as finite element, layered elas-
tic theory, finite difference, and layered viscoelastic theory.”
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this study . The report includes  a suttuntu’y discussion and recommenda—

j o ts  to be considered ill planning :1 tudlos to d~ vt’ lop airport evaluation

net liodology based on 1- he lu~v ere\i elastic t tieory and vibra tory  t O o t

dev ices .
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REVIEW OF ELASTIC CONSTANTS

The review of those elastic constants known to be of s ignif icance

in applying the layered elastic theory to the evaluation of airport

pavements consists of (a) defining the elastic constants and stating

relationships between them, (b) examining test methods for measuring the

constants, Cc) indicating values and variations of the constants found

by several researchers, and (d) shoving the relationships of the

constants to other parameters. The names arid symbols for the elastic

constants and the units in which they are expressed are given as they

were used by the references cited .

D~~’INITION S AND RELATION-
SHIPS OF ELASTIC CONSTANTS

QUASI—STATIC ELASTIC CONSTANTS

Elastic Modulu,~~ E • In the study of materials , it is common to

plot the relationships between stress, a , and strain , ~ . Figure 1

illustrates a material under uniaxial stress , and Figure 2 shows a

generalized stress—strain graph for the material. Each material has a

unique curve. For a certain distance from the origin , the experimental

values of stress versus strain lie essentially on a straight line,

except that for some materials the straight part of the curve hardly

exists. Nevertheless, up to some point , such as A (Figure 2 ) ,  the re-

lationship between stress and strain may be said to be linear for all

materials . This generalization is known as Hooke ’s law and for uniaxial

loading is expressed in equation form as

a E €  or

which means that stress is directly proportional to strain where the

constant of’ proportionality is E . For the case of a three—dimensional

state of stress, the generalized Hooke’s law, valid for an isotropic

homogeneous material, leads to the equations :

9 p 
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4 I X Figure 3. Two—dimensional
homogeneous isotrop ic

J rectangular element of unit
____________ I thickness subjected to a

I biaxial state of stress
— _ a a ..Jeay 

0~
€ = — ~- -i i 2

x E E

a
E

and the total lateral deformat ion in the x direct ion, € , is equal to

a a
~~~ v - 1’E E

For the three—dimensional state of stress, the lateral stra in produced
by 

~~ 
is equal to

a
V t

Poisson ’s rat io is a def inite property of a mater ial , just as is the
elastic modulus .

Shearing Modulus of Elasticity, G . For small deformations in

the elastic range of a material, Figure 14 illustrates the linear rela—

tionship between the shearing stress, ‘r and the angle, ‘I’ • If ‘
~
‘

is def ined as the shearin g strai n , mathemat ically the extens ion of
Hooke ’s law for shearing stress and strain is
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Figur e 14. MaterIal under shear stress

-r = Gy or y =

where G Is a constant of proportionality called the shearing niodulus

t a t’ elasticity or the modulus of r igidity . For a three—dimensional

state ot’ stress, the generalized Hooke ’s law leads to three equations

t’or shear ing s t ra in :

xy L~

y

i zx
a

p
I -~
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Like H , 0 is a constant for a given elastic material . It  is inca—

sur ed in the same units as 11 (e.g. psi); y is measured in radian s ,

a dimensionless quantity (y  is som etimes stated as percent).

Relationship of H V and U . The appearance ci’ the

— ‘y diagram s is siiiillai’ to that 01’ the S — L diagrwiis t’or it ten~ 1 tit

test for the same material . However , for the same material , f-he ntuneri—

cal values of the shearing stresses ui’t’ much lower tha n (approximately

one halt’) the corresponding values for the normal stress. The three

elastic constants are not independent of each other for homogeneous

materials. The equation which shows their relationship is

I

H -‘

Thus, i t’ any two are determined experimentally, the third  may be com-

put ed . The shearing modulus, 0 , is always less  than the elastic

modulus , H , since the  Poisson’s ratio, V , is a positive q u a n t i t y .

DYNAMIC ELASTIC CONSTANTS

The airport pavement evaluation method under cons ider’at b i t  i~
concerned with in—place states 01’ stress In pavements subj ected t o  mn ov—

ing wheel loads; therefore, the material properties under dynamic load-

ing must be considered . The stress—strain relationships indicated

earlier for quasi—static loading apply also for dynamic loading in the

case of linear elastic materials; however , It should be noted that-

quantitative values of the dynamic response are frequency dependent.

Poisson ’s ratio and shearing modulus 01’ elasticity usually have the

same basic d’st ’initiona , and the relationship, I-I — E / 1 ’( 1  + v)  , for

quasi—static conditions is also used for dynamic coriditions . Itowever ,

for repetitive loading conditions , C] is commonly determined I’02’ a

given strain amplitude and a given cycle of loading . Th e dynamic

elastic modulus , however , takes a number of forms . Those forms refei’retl

to In this study are defined In the following paragraphs .

Resilient Modulua .~ MR . The resilient modulus of e las tic i ty  is

‘14

--- -



— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

the ratio of  the repeatedly appl ied deviator stress , a
~ 

(a
~ 

0
~ 

—

where a
~ 

equals axial stress and 0
3 

equals confining stress), to the

recoverable axial strain. is usually determined at a given stress

level and cycle of loading.

Con~plex Modulus, E* . The complex modulus, E* , is a complex

number, He = E
1 

+ iE2 , whose magnitude , lEd = ~JE~ + E~ , gives the

ratio of the axial stress to axial strain during a unia.xial compression

test. The laboratory test to determine IE* l is similar to that used

* 
to determine MR except that sinusoidal loading is used for IE* l and

pulse loading is used for M
R 

. The values of I E~I are used inter—

changeably for elastic moduli values by some researchers. If values for

E
1 , the real component of the complex modulus where strain is in phase

with stress, and H2 , the imaginary component of the complex modulus

where the modulus of strain is 90 deg out of phase with the stress, are

desired, the “loss angle,” 0L 
must be measured in the laboratory.

The strain vector lags behind the stress vector by 0
L 

the tangent of

which is known as the “loss t angent ,” defined by tan 6L E2/ E1 . Know-

ing and lEd allows the solution of the two simultaneous equa-

tions for E
1 

and Eg

Stiffness Modulus. The st i ffness modulus is a modulus of elas-

ticity computed from the results of repetitive load tests on thin cir-

cular slabs.

Dynamic Stiffness Modulus, DSM . The dynamic stiffness modulus
it ;  the rat io of load to deflection when the load is a specific steady—

state vibratory load. V

METHODS FOR MEASUR-
ING ELASTIC CONSTANTS

The following paragraphs reference and/or briefly describe

several test methods for measuring elast ic constants f o r  port land cement
concrete (Pcc) and asphaltic concrete (AC) wearing surfaces, treate d and
untreate d base mater ials , and subg~.’ade materials. A detailed descrip—

tion of test methods is beyond the scope of this report. The tests

15
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discussed usually are pert’ormed in the laboratory , with one exception ,
the wave velocity test-, which normally is a field test.

Hach paragraph is headed by a test. m ’e t’ei’emic e (A STM ~‘ CHD—C ,

• cm ’ neune i.e t’erence Mas sac liuset- I-s list- I tute o t’ Technology (M 1 1

U ~yun and K! rwtui , e t c . ) t’o l b  ow ed by a symbo I t ’oi’ the constant. measLu’t’d

H , V , el-c .  ) by the reference , iii parentheses. -

1’CC WEA RING SURFACES

AS’I’M C14t~9—(~~ and CR1)—’’ .‘i~ (H and v .~~ Quasi—stat I ¼’ methods

for det-ernU n tug v and H ot’ l’Ct’ ;tm ’ e AL~TM Des lgntttlon C14(’Q—t”’ t’or

compress Ion tes t- lug and C111’L_ C .~1 fot’  t’ I exure  t e s t ing . There apparemi t I ~ -

is no established procedut’e for directly detei’mimiimig the’ ¼lUitS b— s t at 1¼’

shear modulus of 1’CC.

ASTM C~9(— ( l”~ (H) • ilils test method i t ;  soniet lutes used t o  det t ’m ’ —

mim ic t lie modulus o t’ e last I city o t’ comic m ’ete . it  I mi vo l  v es t lit ’ p u l se

Vt’  I oc It •v ci ’ coiiipt’e S S ictia I way es . lbow ev or , the r i’o~ ’ o~1u rt’ It ; not r ‘.‘o;~;—

memided t ’ol’ es tab.l .1 sh tu g I. he contp.i lance o t’ t lie muodu .l us o I ’ t - last 1 c it y o

t’ t el  ~I comic ret  e vi. th I-hat. ;mstuune¼t Iii design l~ecuus ’ t i me pul S(~ V t ’ I oc i t y

i ti mmcl liii ’ I uomict ’~t by min ut e c m’ac ks i i i  i t  comic rete pavem ent- , timi d I- lie’ t ‘t ;

procedure’ may ass I gm’i a lit ghem’ value o I’ l’~ to a cracked pave imie t i t .  t liami

actually just (ft ed.

M I j 1 and WES ( i~ muuim Ic ~ ~\ dynniu I c modu 1 - ti ci’ o i t t ; I i c it y t’o 1’

PI.’C has beomi ~tet-erm (ned tuider a s imigi e comicentrat ed load by a machi mit ’

deve loped by M IT and mod I fled by l,undeen at - WES .~~ The ~Iev ice y tel dt ’~l

sat I t ;  f iu•  t o rv results for c ompret; iv e t et; t- I mig but imp u’ov enem ; I I o t l i t -

apparatus were reconmm eimde. i t’or t ’ I extirti I I t ’ ;; t i mig . ila’ tmnpn~ I ~‘:-td 1

pm’ o’mu~ ed by ~tr Iv hug a 
~ 

i ;;t ~‘ii w i t - i t  nit m ’ogomt ttU,i t I ~ ‘~ V — p ; ;  i p ; :~ s;; ;’ t ’.

L ’O l t 5  I ; t u i  I - — s I pt ’ toad I iug pu I ;t - i t ;  produced I liii I ~
-
~~‘ :-t L i i i  ~PI’ t - L ‘ \ .~~~~ I

I 1550¼’ . 1 mist-rumentat_ iou comms 1s t s Ot ’ a , 000— lb cttpa ~’ I t  y load ce l l s t - t~i

an os~’ 1 1 1 oscope m o d  j  fled I. o p roy ide cmi by om it ’ t-rlgger sweep ci’ 1 ~ ‘ I ’  I

with  ft d—c ampli t’i er amid an x—y I’0L’ om’der . The (-ru b mis ;u’t- uiieasum’ed w It It

14 strain gages amid tire recorded on a dua l — t ract’ ~‘sc 1 1 1  ot;cope equ

vi t ii a camera • l~’o m ’ the test. • a cy I I mmdi’  b a  1 specimen emmcas ed i i i

It ’ p

~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~ - ~ --—
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t’laxible meztibramme is placed 1m m a triaxial compression chamber , subjected

o a eoii~ t ant latera l (‘in LI pi ’essurt’ , and t hen loaded a .xIul l~y to t’tii lure

The a I :.e o I’ t he’ t- i ’ t;t  S pe” Imen is  I tnt It-ed 1 o 1— 1 /.i’ In. in dl ame’ter by

[mu . in height .

t’tur I i  io ~ ig i neerni 11 E) . V i i 1 uCt ; 01’ F at ruptur e were obse’ rved

by Mur i I t o  ~~gi u ie e r tu i ~ t’rczmm result-s ot tests cmi concrete beanm a loaded

at t itt’ee’ pc j i t t  [‘h e’ t o t t  t is a imn i I mu’ t o I itmu t dose t’ i he’d i t t  ~RD— C “t  — 
L~~~ T

tlarkat-t~ ~l~’namnlc F~1~ l~arkaui tit;t ’d a t;oufl ¼i generatom’  t o  eXt ’ i t  t ’
I 0li~ i t  tid 1 flat ci’ t- ransve’rse’ waVe ’s ci vat’ I cut; t’u’equencies In cone m’et e

stunp lea t c det- erm i tie’ dyuazn1~’ V i i i  Uet3 01’ F

C R0— C 1IL. sQ 
~ l~ mimun 1¼’ F U ~ amid v) . Procedures tom’ measur—

i mug t’requetic I em; c t’ ectt~’ i’e’t e’ pm ’ i s~;mt ; mind cy l b  midet ’s ci’ PCC for the purpose

ot’ ealeutat lug d4vntuu ic b-~ , U , and ~ mire described itt CFb—¼ ’

As w i t h  i-he pulse v &‘ ice it y test , t h e  pi’oeedure’ I t ;  not . recom;u;iended b r

o ;; t tub ii til t  bug I lit’ e~ up it amice ci ’ ( Ia ’ ;scdu 1 us o 1’ ci am; I to it y ci’ field com u—

- I t - w t t ii t let t i tS  S mine d i t t  do ; ; i git. A 1.50, spe~’ ItIClIS 0 t ( l i t ’ aiUUe comic i’et e

1 h u t  ‘~ 
;~ l’\ (mm s i c ’ amid shape’ 1uu1 4\ v t e ’ Id d t ’fe i ’emut  computed modulus values.

Iii t h i  j ; ;  p t -~ -~~‘ edi t  m’ e , F tu mi d ¼~ art ’ ~te 1 ¼’ rmu i ned Independent l,v and v is

I c  u I  a t  t’d ii;; 1 mug I lie f~’ m’m ;iu 1 ii — ~ - ‘‘~ — I •

~ -
~~

-
~~~~ : ~~; ~I h - l- A~’ l-: ~

N~’ m ’ t ’m ’t’rc ’imeeu ; were t oumm d to quasi—static Fl , V , or U o r

dy mumuu be v cm ’ U t em; t. I mug p rc~’cdum ’ es to i ’  AC.

Wasitim~~ton ~t i tt e Univ em’m; i ty I I 
(WSU ) mu id t h e Asphalt lust It-ut ~

(Al ) ( E~ 1) . 1.1cthi W~U amid A I tut;ed lot ’ t-ite t’l act ic m odulus ot’

asp imal I com i c m ’ et  t ’ . Ne i t iter c 1’ 1 itt ’ above’ m’e t’eremtce ’mt describes the test-

mtp pmu ’atus or t. ou t  I. procedure’ 1m m detail; however , WSU t’evealc that - I out

— 
spec itnens are compac ted to average dens! ties density ci test t rack

under s t- uet,v) i i i  molds ii in. in diameter amid ~ itt . high . The complex

modulus is t ime axial ~ applied a imituaol¼ial s I. res s t\uuc t lou divided by t lit’

resulting simmuacidal stratum , In the item ’ lea ci teats descu’ibe4 im i

Reference I I , three t’requeuucies ci mit  m’ess tupp l icat i omu (1, 14 , and iti cpa~
and three temperattu ’es I mO , ~O , amid iO0”F were’ used i m m  comimb inatiom i w i t h

p

_ 
_ _  
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a single stress level (35 psi) to describe the response ot’ asphalt- con-
crete under dynamic loading.

(flynn and Kirwan~~ (Stiffness Modulus). In (helm’ t; ttid~ ci’

cm i v ironmental t’u t et - c t’ ul amid flexible pavements, Ulymui and Kii’wan Initially

tried to determine resilient mothU i of bituminous mixtures using beam

specimens with third—point loading. They found that the concentrated

loads induced localUed displacements and that testing of short beams

was complicated by shear deflectiomi. They developed a device t’or test—

imug thin c ircular slabs, the x’esults t’romu which allow computation OX ’

stI t’t’nesa modulus. The device cou is ists  ci a loadimig frame that incor-

porates a t’lexible pm’esaum’e pad amid pulse generator. The pressure pad

area was made approximately equal to a tire Imprint . Pulsed loadimig it ;

produced by a ro tor  valve t’itted to a compressed a i r  line. The s lab
diameter was t hree times the pad diaxmieter. A I t-sti mi g rate cI “ cpm w u t s

used along with a maximum applied pressure ct “ r~
j
~ 

Higher presstn’et;

produced excessive creep. The authors noted 1-hut the I’exas Tran sp ort a—

tio m ; Ins t i tu te  earlier developed a similar dcv icc ’ ci’ which they were

not awmu’e at the time of their  study. They t’ound the 51 I u’x’m~ess modulus

o t’ dense AC t-o be between 7 ~‘ ,000 amid I S ’” ,00C p;; I at ~‘C ”C . i t t  t he ii’ cal—

culat ions , Poisscmi ’ a rat Ic wits estimated to be C. ~“ or C . i4 ’~ t o t ’ sevei ’ ui 1

independent teats.

TREAr~~ BASE MATERIAL~;

The m ethod for test ing treated base mutt em’ ials depemidu; omi the

amount and type 01 treating agent used in the base materi al . For ex-

ample , it ’ a granular base course mater ia l  i s  t reated wi t h t -t~cuguu cement ,

i t  will behave a imi lax’ t-o l’CC and beam—shaped spec I mcmi ecul d be’ t e s t  ed

in t’lexure. However , materIaLs ab il l ~ed vi t i i  sinaI 1 munoumit s or  l ime or

salt may require small ey Li matrical teat spec i me;u; . 1’lierefe ;‘ t ’ • I t - t ;  I-s to

dot ermine F , v , and U ci ’ t rt ’tut ed mater jut .1 nay ci them’ be a limi t I mu’

to those’  descu’ [bed earl let’ t ot’ ~CC and AC em’ to I hose’ descrIbed 1 t ite r

for  untreated bases and aubgu’nete mat ci’ I ala , I . e • so b itt depen d I mug t he

nature of the material. Mc st I ‘cu~~’ -I bases I’rcbnb Lv resemble wear i ; i~ - ,

stu’t’aces more ‘ I O tt O  1 y thami I itV\ ~I~’ u t i t t ’ g  m ’ mides • tum id  t h e i r  t ’ t a t ;  t i c

IS - 
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constants are probably influenced by mix proportions, temperature,

stress level, and frequency of loading to the same extent that those of’

comparable wearing surface materials are influenced. - -

UNTREATED BASE MATERIALS

Untreated base materials usually are crushed rock or granular
soil. Methods for measuring quasi—static values of elastic constants in

untreated base materials are the sante as those for subgrade materials.

Three types of tests used to determine dynamic values of elast ic moduli

• are discussed in the following paragraphs.

~~petitive Triaxial Compression Test (MR). This is the most

common test for dynamic elastic modulus. It is described later under

test methods for subgrade materials.

Dornian and Klomp~~ (Dynamic E). These researchers determined

dynamic values of E by measuring the velocity of transverse waves that

were radiated from a vibratory load on the untreated base material. In

this type of testing, electronic sensing devices are placed on the sur-

face at various distances from the vibrator to determine a wavelength .

E is then calculated from the relationship

E = q x d x f ( A )
2

where

q factor dependent on Poisson’s ratio

d density of the material

f frequency of wavelength

A wavelength

}Iardin35 (G). Hardin has done extensive work with the shear

modulus of soils and base course materials. For shear testing of base

course materials, he used a torsional resonant column device at the
University of Kentucky. A torsionally vibrating table produces tor-

sional vibration of the sample about its axis. The frequency of vibra—

tion is measured , and the resonant frequency is used to compute the

19 
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shear modulus. Theory for the resonant column test results is found in
“16The Nature of Damping in Sands.

BUBGRADE MATERIALS

Quasi—static tests from which the elastic constants of E , v ,

and G can be determined for soils are probably routine t’or most soils

laborator ies; however , there are some difficulties in determining v

because of the problem of measuring the small magnitude of lateral

strains involved. Standard triaxial tests generally are used for E

and v determinations.

Dynamic testing of soils is less well established then quasi—

static testing but is becoming more common in the fields of road and

airport design and evaluation because test results more nearly simulate

the behavior of’ soils under moving wheel loads. At least seven labora-

tories are presently engaged in research of dynamic testing of’ soils :

the Asphalt Institute Laboratory in College Park , Maryland; Construction

Engineering Research Laboratory in Champaign, Illinois; University oX’

Kentucky in Lexington; University of California in Berkeley; Cold Regions

Research arid Engineering Laboratory in Hanover, New Hampshire; WFS; and

University of Illinois in Urbana—Champaign, Illinois.

WES (MR ). The test for resilient modulus is similar to a stan-

dard triaxial test- . Definitions and procedures suggested by WES are

found in Technical Report S—75—lO.17 The deviator stress is applied

repetitively and at several stress levels. A constant lateral stress

(chamber pressure) is maintained. The test equipment is similar to a

standard triaxial cell, the major difference being that there must be

some external loading source capable ox’ providing a variable load ox’

fixed cycle and load duration. The expression for resilient modulus is

w-~ere

deviator stress z 
~l 

— 0
3 

, or the repeated axial stress

~ total axial stress

20 

—‘- --~ ~~- -  ----P- - —-



- - - -

0
3 

— total radial stress (continuing pressure in the triaxial
test)

CR 
z recoverable axial strain

Resilient Poisson’s ratio is

L

CR

where

L L 
= res i l ient  lateral strain

r

~R = resilient ax ial strain

No published results of lahc m’atory determination of resilient Poisson ’s

ratios were found. Load versus time curves for the resilient modulus

tests can take a variety 01’ shapes, that is, haversine, sawtooth , haver

square, etc.

Dorman and Klon!p~ 
~ ( Dynamic E) . Dorman and Klonip used their

wave velocity method to determine an in—place dynamic elastic modulus

for subgrade materials.

.1Ilardin (G). In his work with the shear modulus ol soils,

hlardin obtained dynamic values by applying a torsional load about the

axis of a hollow cylinder 01’ soil that was confined in a pressure chain—

ber. The system could apply a maximum torque of 60 kg—cm, and the rate

01’ loading for the tests varied from approximately 0.2 to Le50 kg—cm

per hour. Tests were conducted for strain amplitudes as small as about

0.00001 to as large as 0.005.

VALUES AND VAR IATIONS
OF ELASTIC CONSTANTS

The following pmu’mt~ i’aphs pr ovide values of elastic constants

and/or describe their variation with several factors, for FCC and AC

wear im t g  surfaces, treated and untreated base materials and subgrade

materials, as foun d by several researchers. The elastic constant(s)

dLscussed in a paragraph is (are) shown im i parentheses at the end of the

paragraph heading. Quantitative data are given in the same units as

used by the referenced authors.

21 p 
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FCC WEARING SURFACES

l~
)

l opov ( E ) .  Fupov imidicated that the elastic modulus o~
concrete varies with water—cement ratio. He gave a value or’

E = 2 ,000 , 0~k) ps i for 7— .I ‘2—gal - sack cozic rot e and I = 3,000 ,000 ps i

f~~
. u—gal - sack comic re t - e.

Barkan1° (E ) .  In electroacoustic testing of concrete , Barkan
showed how Yo ung ’s modulus (E) varies with the age (7 and 23 days) and
compo si t ion  of concx ’ote.  Table 1 shows that in five OX ’ six cases aging

increased i~ t’rom t~.7 to 2t~.2 percent. In the sixth case, E was

reduced 5.2 percent.

Yoder ’° amid the Portland Cement Association~ (POA) (E and v).

l3oth IcIer and the’ FCA suggested that the elastic modulus and 1’oissoh ’s
rat io or’ conc re te  can be assumed to be ~,OOO ,O0O psi and O.l~~, respec-
tively , for muost cases.

Materials Research and Development’~ (~~D) (E and v) .  ~~D used

AS~’M Test- Procedure C ,~Q—t~ iii evaluating three FCC test sites at San

Francisco International Airport amid determined the elastic moduli ox ’

the concrete to be 3, 1~h0 ,00O , $,~‘t~O ,000 , and 3,600,000 psi. They as-

sumed Poissomi ’s ratio to be 0.15.

Murillo Engineering9 (E). Murillo Engineering used the results

o X ’ tests on concrete beams loaded at three points to determine the

modulus of elasticity at rupture t’or six test sites at Houston Inter—

continental Airport . Table 2 presemits the results, and l- values com-
puted used the equation

li = ~~~~~~ + (2.~ + l.5v)(~) 
- o.8~~~) J

where

F max initun load, lb

— span , In.
14 3

I = moment of inert ia of beam, in.

~~~~ - -  ~~~~~~~ ~~ = -— ~~~~~~~~~~ ~~~~~~~.—-~~~~~~~~~~~~~~ -—— ~~~~~~~~~~~~ -~~ ~~~~~~~~~~~~~~~~~~ 
-
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Li = deflection , in.

v = Po isson ’s ratio

h = depth of beam, in. -

E values range from 362 ,663 to 1,289,6142 psi.

Table 1

Variation of Young’s Modulus with Age and Composition
10

of Concrete (After Barkan )

Composition Age of Young s Modulus
or

Concrete* days tons/ni psi

l:2.55:2.5~ 7 3,600,000 14,6oo,000

28 3,810 ,000 14,910,000

1:3.0:3.0 7 3,020,000 3,890,000

28 3 ,810 ,000 14 ,910,000

1:1.93:3.23 7 3,530,000 14,550,000

28 14,iio,oOo 5,300,000

1 : 2 . 6 1 4 : 1 4 . 0 5  7 14,320,000 5,570,000

28 3,960,000 5,110 ,000

1:3.76:3.0 7 3,100,000 14,00o,ooo
28 3,670,000 14,730,000 

- 
-

1:14.65:6.18 7 2,950,000 3,800,000

28 3,310,000 14,270,000

* Cement:sand:coarse aggregate ~by volume).

23
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Table 2

Summimmiary of Flexural Stren&th of’ Concrete Beams (After

Murillo9) at Houston Intercontinental Airport

Beam Modulus of Elasticity
No. Location at Rupture, psi

1 Sta 15+12.5, Taxiway A 362 ,663

2 Sta 60+37.5, Taxiway B 6142,5314

3 Sta 83+12.5, Taxiway 13 601,780

14 Sta 89÷37.5 , Runway 114—32 762,2148

5 Sta 88+37.5, Taxiway K 1,289,6142

6 Sta 70+12.5, Taxlway K 683,308

Neville
42 

(E , v , Dynamic E , Dyriamnic v) . Neville suggested

that the higher the E of the aggregate is, the higher will be the

modulus of the resulting concrete. Figure 5 shows the relationship

between li and compressive strength for four gravel aggregate mixes

and a similar (single) relationship for several expanded clay (light-

weight) aggregate mixes of different proportions. The E of light-

weight aggregate concrete is usually between 14o and 80 percent of

the E of o~ uinary concrete of the same compressive strength. Simice

the E of’ lightweight aggregate differs little from the E oX ’ the

cement paste, mix proportions do not affect the E oX’ lightweight

aggregate concrete.

Neville further stated that the quasi—static v of both ordinai’y

and lightweight concrete varies from 0.11 to 0.21. Dynaimiic determina—

tion yields average values of’ about 0.214.

In the determination of’ the natural frequency of’ concrete beams

for the purpose of ca.lculatimig E , Neville suggested that since during

the vibration of the specimen a negligible stress is applied , the

214 
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Figure 5. Static modulus of elasticity of concretes
made with gravel aggregate and expanded clay aggre-
gate and tested at different ages up to one year
(after Neville22)

dynamic E refers to almost purely elastic effects and is unaffected

by creep. Therefore, the dynamic B is approximately equal to the

determined in the static test and is, therefore, appreciably higher

than E . Figure 6 shows that the ratio of static to dynamic B in-

creases with an increase in the strength of the concrete. For a given

mix, the ratio increases also with age (Figure 7) .  The static modulus

was determined at 1000 psi in Figures 6 and 7. Figure 8 shows that

the dynamic E determined by transverse vibration of cylinders in—

creases almost linearly with an increase in their compressive

strength.

Orchard23 (v). Orchard stated that V of concrete varies with

the richness of the mi’x (proportion of cement to total aggregate, by

25 
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Figure 8. Relation between the dynamic modulus
of elasticity , determined by transverse vibra—
tion of cylinders , and their compressive
strength (after Neville22)
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weight). It is approximately 0.20 t’oi’ a 1 to 14—1/2 mmmix , 0.10 for a

1 to t mix , and 0.08 x’or’ a 1 to 9 mix.

WE~° (B). T~b1e 3 presents results of quasi—static and dynamic

(single concentrated load ) tests by WES to determine 1’~ values 1’ur low—

and high—strength concrete at three different  levels of confining stress,

o . The quasi—s tal-ic values, E , were determined using a standard

triaxial compression device , and the dynamic values, E
~~ 

, were deter—

mined u s i m i g  the MIT device. These test x’esults show that the B values

wider the test conditions varied by a maximum factor of 1.14 when the

comifinimig pressure changed from 1) to ~00 psi , by a maximum factor of’

i.’( between l ow— and high—strength concrete, amid by a maximum factor cm ’

1.2 between quasi—static amid dyn~ miic test methods. I~ rnaznic testing cci i—

sistently yielded higher e1ast~c modulus values than did static tebtiug .

AC WEARING SU1WACE~3

Giynn and KIrwan13 (B). These reseurchex’s suggested that the

modulus o t’ AC I influenced by mix ~ x’cpox’ t- i omit ;  a~ wo X l  as temuperatur e

but made no study of this poim it .

Morgan and Scala 14 (F ) .  l~’rom cbservatiomis ot ’ tests per formed

wider rolling wheels in wh ich they examined t h e  strain gage output , Mci’—

gan and Scala decided that H is influenced by stress level, loading

rate, and t emperature.

Other Researchers (B). ~t’Vt’m’a.L other’ researchers also have

suggested that temperature, stress lovol , loadimig rate, and mix propor—

t i otis have s igmii t’icant influence cmi 1- in AC.

Kiomp amid Niesman’~~ (N). F I ~um ’c 0 shicw~ a i’ e ’ I ~t ion~ ht1 p d~ vt ’ I opcd

t ’c i’ modulus, temperatut’e, aiid t’requency t ’ loading 11y Kl ump and N I esmuami .

Modulus decreases very rapid~y with an increase in temperature, less

rapidly with a decrease imi rate ot’ load i ng (vehicle speed).

tzat.t et- aL. ’ 
6 
(F). l~att et al. developed a relationship

between elastic modulus arid temperature , which revt’a 1s that t’cz’ I-he

range imi temperatures that cx Is t Im i an AC wear imig sum’ fact’ th e modu I tr~
can vary by a t’actor of ten (~‘t gure 10).
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Wltczak’7 (F). For a hiot emwlronnierit , Witczak selected l imi t  lag
design modulus values ot ’ f rom $00 ,000 psi at 100 st r a In  repe t i t  i~~m i ;  t o

100,000 psi at 1,000,000 repetitions. At 1,000,000 repe tit i4 ’n~ , t h t ’

limiting modulus varied from 100 ,000 ;‘c i to about 2 • ~~L~C j - : ~ I t’~ m ’ coLd

climates.

Figure 11 gives WI tc zak’ relat lomishi ~i p t o t ’ t cal-i ’ i’ zt t ~‘c , as I - h i t  it

ISC  

~ I 1 1 1 1

b C

50:

-

UI

— ______ 
I - I S CPS 

—

—-— f-
_—. _--..~~~f r  I CPS

~ 
I I I t_ I L I 1 i i t  

~~~~~

ASP HA LT CONCRETE MODULUS . 10~ PSI

Figure 11. Eft ’ect ~~t’ t emperature and frequency upon
typical asphalt concrete dynamic modulus ( a f t e r
Witczak27)

concrete modulus , and frequency of loading. The relationship is quail-

tatively similar to the omie in Figure 9.

Cook and Krukar11 (~~rnainic 1t~)~ Figure 12 shows a plot of’ dyria—

mie modulus versus temperature for an asphalt concrete surface course.

The dyn amriic B of the surface course varies from 60,000 psi at 100 °F’

to 1,300,000 psi at 140°F.

.3 -fagen ( l E d ). J~ysmer et al. reported Pagen ’s 1QC~ work re-

lating the absolute magnitude , IE~I , and phase, or loss, angle, 0L
of the complex modulus to the frequency ot’ loading , I’d’ a typical

AC at 77°F. Figure 13 gives this relationship. The absolute value,

I Eel , increases t’i’om 0 at 0 frequency to approximately 700,000 psi nt

a frequency ot ’ 100 rad/sec ( i5 .9  H z ) .
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Figure 12. Dynamic modulus ver sus temperature re-
lationships for asphalt treated base and asphalt
concrete surface course (after Cook and Krukar li)
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Figure 13. Magnitude and phase angle of complex elastic modulus,
E , as a function of angular frequency at 77°F (after Pagen28)
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21
MED (Stiffness Modulus, v). In the evaluation of San Francisco

Airport, MED gave a summary of stiffness modulus values of AC at 70°F
for four test sites. The values are 1450,000, 550,000, 570,000, and
600,000 psi. No details of the test procedure are given. For the same

four test sites, Poisson’s ratio was assumed to be 0.140.

TREATED BASE MATERIAlS

Cook and Krukar11 (MR , lEd , and. v ) .  In Figure 114 , Cook and
Krukar showed a plot of M

R versus confining pressure, 0
3 , for four

samples of SS — Kh emulsion—treated base (ss — kh is a slow setting

grade cationic , emulsified asphalt). Poisson’s ratio was assumed to be

0.140. Three samples (B, C, and D) were cured six months in plastic bags,

the other (A) was not cured. Each sample was tested at a different
temperature; the cured samples at 140 , 70 , and 100°F , and the uncured
sample at 80°F. Figure 114 present s the density of each sample . If the
samples had all been treated the same (all cured or all not cured), the
curves probably would have ascended on the plot in a decreasing order of

temperature, i.e., D, A , C and D (see Figure 11 for temperature effect

on E). This did not occur, however , probably because curing raised the

MR values of curves B, C , and D. The effects of density are not

readily apparent.
-‘ Figure 15 shows a curve of dynamic modulus , I E~I , versus

t emperature for a spec ial asphalt—treated base at a density of 11414.9 pcf.

The IE* I value varies logarithmically from 1,600,000 psi at 140°F to

110,000 psi at 100°F. Poisson’s ratio was assumed to be 0.140.

Figure i6 gives a curve for a class F asphalt—treated base with a
density of 1147.2 pcf , and one for a hot—mix sand asphalt base with

density of 116.6 pcf.  Class F base has a crushed basalt aggregate with

the widest gradation range of any asphalt concrete specified by the

Washington State Highway Department . The curve for the class F asphalt

base shows substantially higher values of lEe ! than does the curve for

the hot—mix sand. asphalt base because the density of the former material

is considerably higher. The effect of different aggregat e gradations is

32
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UNTREATED BASE MATERIALS

Dorniaui an d Kiomp~~ (Dynamic E). Untreated bases are subject to

the same kinds of variations in elastic constants  as are subgrade mate-
rials,  discussed later. Cue kind of variation that should he mentioned

here , however , is the apparent dependency of ’ the dynamic elastic modulus

of ’ an untreated base material  on the modulus Lo t ’ the underlying sub grade .
Figure 11 gives the relationship that ~‘ornou; and Kiomp l’ound 1’x’ozu wave
v e l o ci t y  measUrements. The r a t io s  o t ’ modulus of elasticity of the 

-V ,

q 
•

4 - 10

I 

‘~~ 
-V

0 Sub -base -

~ Base I Sing le Compacted Layer

U Base Compacted in  two Layers

/ 
I I I L L I L L  I I 1 1 L I I I

102 io’~

Modulu s of Lower Laye r .kg cm2

Figure 1’ . Dynamic moduli ot’ unbound granular
layers (after Dc”runan and Klompl14 )
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untreated base materials to modulus ot’ elast ic i ty  ot ’ the subgrades for

the many cases tested all fall in the range from 1 to 5. The average
ratio is approximately C.

Cook and Krukar’~~ (MR ). Cook and Kr ukar performed MR tests  on

samples of’ an untreated base material (crushed basaltic rock) at - three
dift’erent water contcuits (W/C), 7.11 percent • 3.0 percent (dried in air),

and saturated under vacuum. All samples were compacted at 7.11 per-

cent W/C.

Figure 18 shows the relationship of M
R to confining pressure,

for the three samples. The curve for the sample with the lowest

W/C (3 .0  percent ) plots well above the curves for the other two samples ,
which are nearly coincident . MR increases with  increasing confining

pressure, and there appear s to be a tendency for  all curves to coalesce

at very high confining pressures.

Figure 19 presents the same samples on a background of MR ver-

oti s bulk stress , t~ . Bulk stress , or the first stress invariant, i s

the sum ot’ the principal stresses (t~ = + c~ + c~~) .  The driest

o’L’1~’ leS continues to show the highest values ~~t’ , and M
R 

increases

with increa3ing e

Glynn and Kirwan~’~ ( ME) . Figures CO—CC show the relationshi p ot ’

modulus ci’ resilient axial defcrmation (saint’ as to cell pressur e

i.e., confining pressure for a gravel with a dry density of

1CT.8 pcf and a moisture content of 9.11 percent , a gravel with a dry

density of .l$l . Is pcf and a moisture cont ent  oi’ T.15 percent , and a

crushed stone with a dry density of lCI~.l pot’ and a moisture content- of

7.85 percent , respectively. The deviator stress (01 
— L 3 10 or CC p s i

in Figure CO , and 10, .10, or 30 psi in Figures .11 and CC ’
~ is indicated

for each point plotted. While not overwhelming , the evidence indicates

that MR inc u’eases with increasing density and decreasing moisture

content and is not significantly affected by deviator stress.

Al ieui ° ~~~~~ Al len has summarized the results of repeated load

triax ial tests to determine MR for several untreated base materials

$7 p
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in Table ‘ . This table presents the researcher(s), the material tested ,

the r a t i~~e of MR vaiues Cowid , and comments on the test conditions.

The varia t ion in values ot’ ttt
1~ for a given material and between mate-

rials is  seen to be quite wide in some cases. From the table, it ap-

pear s that st t ’eoo level had a greater effect on MR t han did the other

test- fac tors (frequency anti duration of load, moisture content , grada-

tion , void ratio , dry density , and rate of deformation); however, such

a conclusion on the basis ci ’ the data shown can only be considered

• tentative.

T*ble ‘t
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Allen 3° ( v) . Alien has suxnmanli ~ed h i cks ’ study of sonic to t ’ the

factors that int’luence the resilient I’olsson ’u ratio of untreated base

materials from tests similar to those conducted at W~~. In Figure C~ ,

a plot ~ t’ resi l ient  v against the pr inc ipa l  stress rat to , I I ’

shows that the p for the dry spec linen is approximately t-w I ot’ t hat- t o t ’

the wet, one and that the various cont’Inlng pressures had some t ’ t l e c t  

on—
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PR INCIPAL STRESS RATI O Io 1 ‘ ,I

Figure C3. ~ecl u Lt I’ to 050) 1 I~~~ ratio as a function
of ’ principal ~ treos  r a t io  w i t h  partially crushed
aggregate, low density , coarse grading (a f te r
h icks ; stuwii~u~ I ~ied by Al Ion 30)

the results.  in Figure Clia , IUieit (lUcks ) sh ows two plots • 0)11’ fox’ it

coarsely graded material and the tot -hex’ fot ’ a medium—graded mater ia l .

Each contains curves t’oi’ samples at 0 and 1.00 percent saturation and itt -

an intermediate saturation . A relative density is indicated for each

curve. Figure 2lt b also olsow;; v ver sus  .1 
~j ,
/ s p1 tots t’o i’ a o’t ’arse 1 ~

graded and a f inely graded material . in these plots , the  samples are

dry , and t ’elative deitsi t - i co urt’ indicated.

On the basis t o t ’ examination of the four plots , it can be con-

cluded tentat  1 vely that water content is  t h e most significant t’act,ot’

( the driex’ the sample , the higher the v )  and that incrextoeo in relat ive

density usually coi’respond to decreases In resilient v

Ilardin ~ (0). In Lest-s on 1~
) gt ’xt ve 1 siunp l t ’~~, Hard in ext-ended his

earlier work with soils to ann V t ’ at- t h e  t’ollowi ng t’xprt ’ss I sit t’or

gravels, which summarized the t’actors that cause variations in the she~u’

modull t o t ’ coarse materials.
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b . EFFECT OF DENSITY  ON THE R E L A T I O N S H I P  B E T W E E N
RESIL IENT POISSON S R A T I O  AND PRINCIPAL STRESS

R A T I O  I- ’~ - ‘ 3 )  W I T H  P A R T I A L L Y  CRUSHED A G G R E G A T E
AND DRY SAMPLES

Figure Cit . Resil ient  Pot ~~ toii ’ 5 ratio versus principal stress
ratio (after Hicks ; summarized by Allen30)
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where

G = maximum shear modulus, which is equal to the initial
tangent modulus or secant modulus for strain amplitude
<0.00001 , bars

Y = parameter that may depend on particle composition ( see
Table 6 for some values of Y)

D
5 

= particle size corresponding to 5 percent passing , mm
e = void ratio

a = effective mean principal stress , bars

Table 6
Average Values of Y for Different

Materials (After Hardinh8)

Material Value of Y

Crushed limestone 1146
River gravel 1143
Standard Ottawa sand 110
Natural soils 132

Figure 25 illustrates how Hardin found that the shear modulus was in-

fluenced by shear strain amplitude and confining pressure in crushed

limestone , r iver gravel, and Ottawa sand, respectively. Hardin presents

similar graphs for 16 other materials or combinations of’ materials in

Reference 18. These figures show that incremental changes in 0 are

greater with increases in strain at low stress levels than at higher

levels and that increases in confining pressure provide significant in—

creases in G .

SUBGRADE MATERIALS

Values of elastic constants for subgrade materials, especially

fine—grained soils, vary widely because of the extreme sensitivity of

such values to soil properties (type, water content , etc.) and to in

situ and/or test conditions (confining pressure , strain amplitude , e t c . ) .

It is important to note that elastic constants determined in the labora—

tory often are not accurate for field conditions. Terzaghi and Peck~~

1414 P
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30
and Bowles agree that the stress—strain characteristics of granular

materials are essentially the same in the field and the laboratory ;
however, for soils with cohesion, the elastic modu.li are many t imes

greater in the field than indicated by the laboratory tests. It also

is important to note that stress—strain curves of soils are not straight

lines; they generally are concaved downward and 1 therefore , have no
definite elastic limit.

Much of the discussion on values and variations of elastic con-

stants in subgrade materials that follows is fundamental or qualitative.

Quantitative dat a are presented , where available .

Terza ghi and Peck. 31 Terzaghi and Peck used the illustration in

Figure 26 to demonstrate the stress—strain relationships of a typical

saturated clay soil. In this illus—

Iv 
tration , the abscissa and ordinate

~~ ~~~~~~~~ represent the vertical stress on an

unconfined clay specimen and the
~~

~ ~(Jfj corresponding vertical strain,
WI po •f9 M

respectively. The curve Oc shows

the manner in which the strain in—

C creases while the stress is in—

STRAIN creased at a constant rate. If

Figure 26. St,ress versus the load is held constant at some
strain for anV unconfined value, the sample continues to get
clay specimen (after
Terzaghi and Peck31) shorter , as indicated by the horizon-

tal line ab. The rate of shortening

decreases with time and finally becomes equal to zero, provided the

shearing stress on the potential surface of failure is smaller than the

stress required to produce creep . The resumption of loading at the 
•

original rat e leads to a curve that joins the main branch Oc without

any break .

If the load is removed at the same rate at which it was previously

applied , the elastic recovery is smaller than the preceding com-

pression . If the load is again applied , the recoinpression curve joins

P
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the main branch without any breaks, and the decompression and recoxnpres-

sion curves enclose a hysteresis loop. As soon as the stress becomes

equal to the unconfined compressive strength , q,~ , of the material, the

spec imen fails by shearing or bulging.

Since for most soils the stress—strain curve Oc in Figure 26 is

curved throughout its entire length, the relation between stress and

strain for soils, unlike that of elastic materials, cannot be expressed

by a single numerical value E . In order to compare the stress—strain

properties of different soils or those of the same soil under different

conditions, one of the following four quantities may be used: the

initial tangent modulus E. , the tangent modulus , the secant

modulus E , or the hysteresis modulus E
h 

. These quantities are
— equal, respectively, to the slopes (stress per unit of strain) of the

dash—dotted lines in Figure 26. The secant modulus E represents the

average slope of the stress—strain curve for the range in stress between

zero and some arbitrary value P .a
If an undisturbed clay specimen is first tested and then re—

molded at unaltered W/C and tested again, it stay be observed that the

values of and E are very much smaller for the remolded than for

the undisturbed material , but the general character of the stress—strain

diagram remains unaltered. The magnitude of the decrease of strength

and stiffness depends on the degree of sensitivity of the clay. If the

remolded specimens are allowed to age without chan ge in water content ,

their strength and stiffness increase at a rat e that decreases with time ,

but it is doubtful whether they would ever atta in values corresponding

to those for the undisturbed specimens.

The stress—strain characteristics of part ly confined , normally

loaded clays are similar to those of fine—grained and saturated loose

sands. However , at a given confining pressur e , the values of confined

compressive strength , q , and E for clay are very much smaller than

the corresponding values for sand . If a unidirectional stress Is added

to an all—around pressure In clay , the relation between this stress and

the corresponding strain is similar to that shown in Figure 27 for loose

sand .
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from c ompression tests on clay cubes varied with water content . An

empirical formula that expresses the E modulus of clay in terms of

water content is

E = E ( l-~~~
O\

, 
w~

where

E = value of modulus with zero moisture content

W = moisture content of clay at time of interest

W = moisture content of the clay for which the modulus is very
0 small

Figure .9 presents Barkan’s relationship between E of a clay and its

void ratio , e . In a change of void ratio 2.0 — — — — —from 0.32 to 0.93, the value of F changes

fourteenfold , f rom 1700 to 120 kg/cm 4 . l 8  - -

Table 8 gives the values of E modulus 
- -

~~~ 

- —

determined by Barkan for nine different soils. “~~ 
— -—

It is apparent that soil name alone is no clue ~~ “~ — — — — —

to an E value . 1.0 — 
~~~~~~~ 

-— —

‘jib

Barkan summarized his stud~,r of E -
~~ 0.8 — 

-\-
----- —

values for soils with the following 0.6 — — -

conclusions: 0.4 — —— ~~~~~~~~~~~~~~ —

On the basis of these data , it is pos— O .2 ~ — —- — —— —h
sible to conclude that Young ’s modulus
for clayey soils depends to a large 4 0.6 0.8 0
degree on physiomechani cal properties. t’

While the values of E for sands change
. . Figure 29. E versuscomparatively little, those for clays void ratio for a clay

and clays with silt and sand m a y  change ( after Barkan lO)
greatly depending on the moisture con—
tent , the void ratio , and , to a lesser
degree, the grain size.  Since the data now available are

• not suff ic ient  for generalizations concerning the effects
of these characteristics on Young ’s modulus , it is not
possible to recommend any values of E for cohesive
soils for use in design computations. It is necessary
to determine the design values of E in each case by
direct testing of undisturbed soil taken from the con—
struction site.

‘4 p
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is
F L A N A G A N  B 1 0

3 
was zero ) for two soils. It is

OPTIMUM MOISTUR E 1.7%

9 3% AASI4 O 1-99 DENSITY apparent that densities of 100 per—
16 

~~—. 100% AA SHO T-99 DENSITY cent of optimm.un correspond to higher
WISCON SIN LOAM T I L L

OPTIMUM MOISTURE + 2.5% values of E than do densities of
4 r

~~~ 93% AA SHO T-99 DENSITY
-— 100% AASHO T-99 DENSITY 95 percent of optimum.

a
~ 42 N O T E  ~~~~~~ - - Figure 35 presents the rela—
2

“I- r

D

tionship of resilient modulus E

and axial stress (0
3 

= 0) for
-J

a
q

4- content of’ 2 percent above optimum .
2 ‘S
UI

~~~e ~ , - 
‘S The curves are generally of the

10 soils, all compacted at a moisture

Id
same shape, but the influence of

4 - - - - 
~~~~~~~~~~~ soil type per se on E values atr

any given value of stress is
- -2

0 . _~~~~~~~ i Figure 36 shows the influence
apparent.

0 5 10 15 20 23 30
A P P LI E D D EV I A TO R  STRESS , PSI of compaction method on resilient

Figure 31i . Resilient modulus modulus versus applied deviat or
versus applied deviator stress stress (0 3 = 0) for two soils :
for two soils (after Robnett Fayette B at 95 percent density andand Thompson36 ) - -

optimum plus 2.5 percent moisture

content , and Wisconsin lown till at 100 percent density and optimum

plus an average for the two field samples of 2.? percent moisture con-

tent. For each soil , the E for static compaction was significantly
r

higher t han the E for kneading compaction.
r

~4RD
2l (M H ) .  Table 9 shows resilient modulus tests results on

two types 01’ soil , f i l l  and bay mud , for the purpose of analyzing condi—

t i o n s  at $:ui Francisco international Airport . For each test , the three
different values m l ’ deviator stress used were 1, 3, and 5 p si .  The

modulus decreased with an increase in the deviator stress; therefore,

the et’t’ective modulus of’ resiliency is dependent on the state of stress

of’ p -he sitbgrade during the passage of various aircraft . Figure 37 shows

the , le I It ’r td t ’noy of ’ M,~ on repeated deviator stress for four samples from

Table ) .
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1

Table 9
Summary of Resilient Modulus Test Results (After

Materials Research and Development
2l)

Resilient Modulus
Deviator Stress, psi

Sample No. 1 3 5

Fill

lL—2—2 14,050 2,930 -2,780

lR— l— l 7, 860 7, 080 6 ,380

lOL—l—l 14 ,780 3,920 3,790 - 

-

b R— i— i 6,1400 5,070 14,580

1OR—6—l 3 ,210 2 ,110 1,900

F—l— l 3,300 2,610 2,760

Bay Mud

lL—l—3 1,3140 8140 710

lL—2—3 810 670 650

lL—3—3 970 690 625

1L-.6—2 1,280 870 785

1R—1—3 1,675 1,400 1,150

1OL—l—2 2,065 1,14140 1,170

bOR— l—2 2 ,680 1,6140 1,230

S-l—2 2,040 1,330 960

S—2—3 1,170 700 635

58 
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5000 Cook and Krukar 11 (Mj ~) .

\ 

Figure 38 presents two plots show—

ing the results of repeated load
4000 - 

triaxial compression tests on
SAMPLE IL-2-2 (FILL I 

-
I,)—

~~
fl, —diam by 12—in .—high speci—

- — 

ich w e U d C o  and

soil (Palouse silt) under test

~~~~ IL L tracks at WSU , These plots
~°°° ~~~~~~~~~~~~~~~~~~~~~~ 

— illustrate relationships of

resilient modulus to deviator

- - 
at th: :~ ne moisture

SAMPLE IL-I-i (A A Y  MUD) contents and densities on each.

The dil’I’erence between them is
0

0 14 6 that the stress ratios,
R E P E A T E D  DEVIATOR S T R E S S . PSI -

were 1.5 and 3.0 for F igures Soa

Figure 37. Typical examples of and 38b, respectively . The
the stress sensitivity of tlte /

• • , . shapes 01 the curves i,A , B, ~~- ,resilient modulus ci soils
(after Materials Research and and D ) arc near l5y the same from
Development21) one to the other; however , in-

creasing the stress ratio from 1.5 to 3.0 decreased MR 1’oi’ all 1’our

soil conditions. The changes in MB 
w i t h  deviator stress are not con-

sistent . M
R 

decreases with increases in dev iato r  stress for curves A

and C and increases with increases in deviator sti’css for curves B and D.

Foster and Heukelom3T (E) .  Table 10 presents modulus values

determined for six soils by Foster and Ileukelom using wave velocity

tests. The E values range from a low of 8o kg/cm~ to a high of

9000 kg/cm~; peats and clays have considerably lower values than do the

more granular soils.

Yoder’ (si). Yoder indicated that Poisson ’s ratio for a soil is

a “tenuous value which has not been determined experimentally with  any

degree of exaetitude .”

p
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Table 10

Wave Velocities and Subgrade Modulus Values Observed on Various

Soils (After Foster and Heukeiom)~~~

Wave Suh~ t’ade Modulus , EVeloc i ty -~~

Type ~ t’ Soil rn/sec kg/em’ psi

Peat 50—110 ~0—330 1,130_14 ,670

Clay 90—150 14140—1,200 b ,230—17,000

Sand 120—180 8o0—i ,800 11,3 00—25,500

Sandy clay 150—200 1,200—2,200 17,000—31,100

Clay gravel 190—320 2,i00—b,000 29,700—~~i ,QO0

Moraine* 250—1400 3,500—9,000 149,’ 00—12’(,000

* Glacial deposit. 
-

Morgan and Scala214 (v). According to Morgan and Scala, the

theoretical upper limit of 0.5 for V is appropriate to assume fer a

saturated clay loaded under undrained conditions. Sands should be

assigned a value from 0. 3 to 0.14. For first loadings, values from 0. ii

to 0.91 were determined for dense sands initially loaded to high stress

in a conventional triaxial test, While looking fox’ evidence that v

was influenced by stress level, they found that l i tt le work had been

done on the subject. Their report indicated that Brown and Peil found

no systematic variation ot’ v with stress on a clay subgrade and t hat-

values varied randomly between 0.2 and Q,)~,*

Barkan1° (v). Working with Katsenelenbogen , Barkan studied the

effects of the moisture content of’ clay and an admixture of’ clay mu

v in compression and in a consolidometer . Their study revealed that

v does not depend on moisture content but that increasing sand content

has the effect of decreasing v . They also found the average value for

pure clay to be 0.50 and l’or clay wIth 30 percent sand to be 0.142. They

further generalized that V is  smaller for sands than t’or clays and

* Ibid. p. 50.
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suggested that v for clays lies close to 0.5 and for sands from

0.30 to 0.35.

Barkan calculated values of V of 0.3 for sands and from 0.141

to 0.143 for clays. He reported that G. I. Polrovsky computed v from

0.38 to 0.140 for artificially prepared clay and that Ramspeck determined

values of V on the basis of wave velocity measurements and found

values of 0.5 for moist clay, 0.1414 for b ess, and from 0.31 to 0.147 for

sandy soils. Barkan also stated that N. A. Tsytovich recommends values

from 0.15 to 0.25 for sandy soils, 0.30 to 0.35 for clay with some sand

and silt , and 0.35 to 0.140 for clays.

Bowles32 (v). Bowles suggested the values of V in Table 11.

Table 11 - -

Typical Range of Values for Poisson’s Ratio,

V (After Bowles3’)

Type of Soil V

Clay, saturated 0.14—0.5

Clay, unsaturated 0.1—0.3

Sandy clay 0.2—0.3

Silt 0.3—0.35

Sand. (dense) 0.2—0.14

Coarse (void ratio = 0.14—0.7) 0.15

Fine—grainel (void ratio = 0.14—0.7) 0.25

Rock 0.l_0.14*

~ Depends somewhat on type of rock.

These vary from 0.1 for rock and unsaturated clay to 0.5 for saturated

clay.

L~,ysmer et al.
28 (G). The shear modulus of a soil can be computed

from the results of Rayleigh wave velocity measurements using the follow-

ing equation:

n
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of’ stress. Also, the normalized relationship is affec ted by percent

saturation, number of’ cycles, and rate of loading. Table 12 gives

values of maximum shear moduli for 19 different soils. The largest

value is 1~4 times the smallest value listed in the table.

RELATIONSHIPS OF ELASTIC CONSTANTS
TO OTHER PARAM~1’ERS IN SO ILS

Since laboratory and field procedures for directly determining

elastic constants are relatively complicated and expensive , it is

desirable to express the constants in terms of more conveniently mea-

sured material properties or in terms of results of more readily per—

formed tests. Many researchers have attempted to do this , and the work

of several of them (not already covered in the section of the report

called “Values and Variations of Elast ic Constants ”) is outlined (but

not necessarily completely described ) in the following paragraphs . No
significant relationships of this type were found for wearing surfaces

or treated base materials; accordingly, the following discussiox~ per-

tains solely to untreated base materials and subgrade materials, i.e.

soils. The elastic constant(s) discussed in a paragraph is (are) shown

in parentheses at the end of the paragraph heading. Quantitative data

and symbols are given in the same terms as used by the referenced

authors.

EQUATIONS RELATING MODULUS
AND STATE OF STRESS

Hicks39 and Dunlap14O CM ) Two expressions from Hicks and one

from Dunlap that relate resilient modulus to the state of stress exist-

ing in a material are:
K2

. 
MR 

= K
1
i
3 

(Hicks).

b. MR = K~O (Hicks).

c .  M = + 2K~a (Dunlap).

Table 13 lists the values of K
1 , K~ , K~ , K’, , K~ , and K~ .

The three factors , 0
3 

, 0 , and 0
r 

repre ;ent confining stress,

614

-

~

- - - —c - -



-

~~ ~~~~~~~~~~~~~~~~~~~~~ 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—.
~~~~

“—, ~~~~~~~~~~~~~~~~~~~~~~~~~ - ,~ ______

Table 12

Values of Maximum Shear Modulus (After  Hardin~
8)

Percent U
Soil Identification Saturation ysi

liES sand Dry 1S ,3$0

St. John ’s sand 100 L. ,5~ 0

Air Force silty sand 33 8,050

Ai r For ce silty clay 91
• Vicksbu.rg b ess 73 1.,1$0

Vancebu.rg 91 114 ,.‘90

Allen 1414 11,000

Kentucky 55 100 6 ,020

Longhorn 70 18,360

West Virginia shale 69 11,7140

Virginia clay 914 11,290

Dover 86 l6,8’O

Prestonsburg sand 147 11,220

Ki rtland No. 10—36 140 12 ,814 0

Louisiana clay 100 1,350

San Francisco clay 100 14 ,800

Ellsworth 66 10,030

Cheeks 98 9,790

Nevada clay 99 14 ,9140

* G max = maximum shear modulus = the initial tangent modulus or secan t
modulus for strain amplitude > 0.00001 .
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Table 13

Mat er ia l  Constan t Values Proposed for Various Granular

Matei’iaIs (After I(ick~~
9 and IhuxIup

140)

Desci’ i~pt .ioti of’ Material Cons tan ts

E:xpress-i cix: M
1 

= K o
~

K
1 K2

Dry, partially crushed gravel 10 ,0914 0.580
Dry , crushed gravel 13,126 0.550
Partially saturated • partially

crushed gr aveL  7, ~5O 0. 591
Partially saturated , crushed gravel ~

),8l3 0.569
Saturated , partially crushed gravel 9,8914 0.528
San Diego base 1:’,;~l~

, 0. ~i14o
Gonzales Bypass base 15,000 0 ,1480
Gonzales Bypass subbase 10,000 0.1400
Morro Bay base 11,800 0.390
Morro Bay subbase 6,310 0.1s30

K’
Expression: MR = K~ 0

San Di ego base 3,~ 3$ 0.61
Dry , crushed gravel l’,i’~ 0.71
Partially saturated , crushed gravel ~‘,0$3 0.67
Moi’ro Bay subbase ~,9OO 0.147
Morro Bay base 3,030 0. 53

Expression : M = K~ + .‘K’
~o

Crushed limestone 14 ,i15~ 390
Crushed I~ hitestone aI’ter 3h ,000
repetitions 31,710

(‘C ’ 
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bulk stress that equals °l + 
~~2 + ~~ , and radial stress in a triaxial

test , respectively .

Morgan and Scala2
l4 (H 5 , MR , and Et ) .  Morgan and Scala re—

ported the following equations attributable to Brown and Pell , Seed

et al., and Holden:

a. H5 = 20140J~ ’5 ’ (Brown and Pell)  where Es = calculated

value of in situ secant modulus and = f i r s t  sti’ess
invariant = °l + 02 + 03

~~ M~ = l9OOJ~ .6l (Seed et al.) where MR = secant modulus or
resiliency at a constant conf ining pressure determined from a
triaxial  test and J1 = Ci + 

~~ 
+

c. lit = a + b~oct — Ct oct (Holden ) where lit = tangent modulus
of resiliency , a , b , and c = constants , 0oct = l/3J 1
= l/3(o

~ 
+ 20r) from a triaxial test , and

~J2/3(o~ 
— or ) . Subcripts v and r refer to vertical and

radial , respectively .

Nielsen 314 
(M). The USN Civil Engineering Laboratory (USNcEL)

acknowledged Dunlap ’s equation relating resilient modulus to the state

of stress in a material as useful to explain the response of’ granular

soils to repeated loadings. USNCEL also pointed out that Dunlap ’s

modulus is the slope of the ini t ial  portion of the s t ress— stra in  curve

in a triaxial test and is defined as follows :

M = k + :~k o

where

M = modulus of’ deformat ion measur ed iii the direction of’ th e
appli ed str ess , a

modulus of’ deformation when 0r 
= 0

k
3 

— constant of proportionality expressing the influence of
on M

= radial (lateral) s tress  iii t ri axial test

Figure 39 illustrates the equation. For a single, slowly applied normal

stress that continually increased until the sample fails, molding mois-

ture and unit weight have signit’icant influence on the deformation con-

stants, k,, and k 3 . Under repetitive stresses , these constants are

67
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Figure 39. Relationship between
modulus of deformation and lateral
pressure proposed for ranular
material. (after Dunlap 0)

& , F M A ~ rM,nuf l l .

in t’luenced by the number of load repetitions applied to the specimen .

(flynn and Kirwan’3 (E r ) .  (flynn and Kirwan offer the general

expression , suggested by earlier work of Barkan :

H , = H (1 +

where

E resilient modulus in a confined state
r
H — initial modulus in an unconfined state
0
a = constant for any one soil

a = s t r e ss  component

Wang et al. For resi l ient  modulus of a highly plus t i c so i I

Wang et al. used

MR = K
i 

+ (K ,~ — o
1

)K
3 

for ‘- K ,

MR 
= K

1 
+ (o j  — K., )K14 for  °d 

> K ,

there

and K14 material c o n st an t - s

dev i ator st r e s s

HESILIENT MODULUS Oh” CLAY IN ‘I’ERMS
OF PLASTICITY 1NDh’D( (l’i), DENSITY ,
AND MOISTURE CONTENT

(flynn and K 1.rwan13 have developed a relationship b etween 

_________
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resilient modulus, P1, moisture content , and density (Figure 140). The

term r is the rat io of the actual moisture content to the optimumw

O E V I A T O H  5 T k E ’~~. I’~~I 
— —

4 4  4C ’ .~~ 
—

12 
~~~~~~~~~~~~~~~~~~~~~~~~~~ /
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I2 ~ .B MOD A A S H O

I M A~~ I
T E N T  A l  IV E  t A Y O I J T

C 
5 ¶0 ¶ 5  20 25. 30

P L A S T I C I T Y  I ND E X

Figur e 14o. Dynamic stress response of clays
(after Glynn and Kirwanl3)

moisture cont ent , and r is the ratio of dry density to the maximum

dry density of the modified AASHO test. Glynn and Kirwan did not offer

an example showing how to use Figure 140. Apparently , the rectangle on
which scales for r and r are present ed must be moved along the axis

on which r is shown until the value ot’ 1.0 for r lines up with the
‘I’ Y

measured P1. The lines designated by long and short dashes in Figure 140

are for a clay with a P1 of’ 19, r of 1.15, and r ol’ 0.9 .  For

• these parameters, the modulus of resilience is approximately 14900 psi for

a deviator stress of 7 psi; 14800 psi for a deviator stress ox ’ 10.5 psi;

and 14700 psi for a deviator stress of 114 psi. Figure 140 is limited to

deviator stresses between 7 and 114 psi , densities from 80 to 100 percent

of modified AASHO, moisture contents from 100 to 120 percent of optimum ,

and P1’s from 5 to 25. However, it is comprehensive in that a method is
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suggested whereby resilient moduli can be established from fairly simple

soils test ing . It also consider s moisture content , density , and stress ,
which are three major influences on resilient moduli . The authors offer

the following comment concerning the relationships shown in the figure:

“Undoubtedly , the scheme is one of over simplification, but nevertheless ,

it is a step toward assembling the rather incoherent assortment of test

data into a meaningful classification.”

RELATIONSHIP BES~WEEN DYNAMIC ELASTIC
MODULU S AND CER

Dorman arid ~~omp l14 (H ) .  These researchers related E3 , the

elastic modulus of soils and unbound granular materials in the third

layer of’ a pavement , to the CBR of the material (Figure 141). The authors

state that an average value of
- 

~
“ E equal to 1500 CBR has been

/ 0 ,~
adopted for design purposes

,-“: 7~. ,/ - when no other data are avail-
4/ / /b O

~~ C ’  •
j  /~ 

able. The H values in Fig—

.
~~~~~~~

‘.“ ?)~ , ‘ E 3 1 0 0  CBR ure 141 were calculated from

wave propagation or s t i f fness

/ 
• measurements.

IO~ / ~~~j4 - — 36
“ I Robnett and Thompson
‘e ~~ . - A E ~ MEASUREM (N TSOF ~~. JO NC$

~~~~
,‘ / ~ W A V E VELOC ITY MEASU REMENTS (Er ) .  These authors developed

/ / O E ~ STIFFNESS MEASUREMENTS
________ 

~~~~~~~~~~~~~~~~~~~~~~~~~~ a graph , Figure h4 ~~~~, of soaked
2 5 10 20 50 100 200 500

CBR versus resilient modulus ,

H , determined at a stressFigure 141. Relation between dynamic r
modulu~ and CBR (after  Dorman and level equivalent to the cal—
Klomp1 culated vertical compressive

stress under a pavement . They concluded from this  study that no rela-.

tionship existed between Er and CBR and observed that soils of similar

CBR can exhibit substantial ly different res iliencies.

RELATIONSHIP BETWEEN MODULUS OF
ELASTICITY AND PLATE BEARING VALUE

The Asphalt In stltute~
2 developed an approximate relationship

70
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Figure 142. Resilient modulus versus soaked CBR
(after Robnett and Thompson36)

between subgrade modulus of elasticity and bear ing value (Figur e 143).

The plat e bearing test uses a 30—in. —d.iam bearing plate, 0.5—in , deflec-

tion , and 10 repetitions of load . The equation of the line in Figure 143

is E (ps i )  1480 (bearing value ) — 5000

EQUATION FOR SHEAR MODULUS
OF SOILS

Hardin ’s equation for the shear modulus of gravels has been pre-

sented earlier in the report . His summary equation for the shear modu-

lus of soi1s~’8 ( excluding gravels and gravelly soils) is

0 
- 

1
G 1~~~ymax h

with

71
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Figur e 143. Approximate i’elationship
between plate bearing value and modu-
lus of elasticity, H5 (af ter  the
Asphalt ins titu te12)

I

y =~~~~J l + a e  — ( ~ii ‘
~r [ xp

wher e ~h — hyperbolic strain
G = secan t shear modulus t’or a g iv ’n s t ra in  amp l i tude and

cycle

0 = maximum shear  modulus, ini t ial tangent modulus , or - secantmax modulus for strain amplitude ‘~ 0. 00001

= shear strain

y = reference strain = t niax /Gmax , defi ned by the i nter’sec t I on
of the initial tangent l ine  and st reng th  asym ptote in F’i~~—
ure 1414 and empi r ically r e L a t e d  to

e = base of natural logarithms
xp
a = defined by one of the t’ol.Lowing equations , depending on

the type of soil

II

I . 
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SHE AR
STRESS

—

T $ T M t  ~~ M P ~U T E J  TO

R SA C H  T H I S  S T R A I N

Fi~~re 1414. Schematic single
shear—stress strain relation 1/ /

(after Hardinl8 ) - 

~~~~SHEA R STRAIN

I
,
, 

~
.

FOR CYCL.E N

[(3.85) — 0.85]T
0.025 for clean dry sand

a = i .6(i + O.02S) 
T°’~ for nonpiastic soils with fines
N ‘ and low—plasticity soils

- 0.75
- - 
‘- 0.2(1 + O.2S ) T 

15 for high—plasticity soils with
- N liquid limit > 50

where

N = number of cycles of loading

T = time in minutes to reach a normalized strain equal to one

S = percent saturation

For pavement evaluation, Hardin suggested that the type of soil ( includ—

ing P1 and particle size) and S would have to be estimated from avail-

able knowledge of the subgrade or from a core sample ; G5~~ would be

measured by nondestructive vibratory testing; N would come from

traffic records; y would be determined by the finite—element analysis;

and T would depend on the speed of the aircraft. (The complete proce—

dure for determining G also requires the measurement or estimation of

the void ratio , e , and involves several intermediate steps not shown

In thi s report.)

73 

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~
— _ — 

~
-
~

— -
~
---—---__ -_ --——_‘—.,_- -



- - - - - -

SENSITIVITY OF PAVEMENT RESPONSES TO CHANGES
IN ELASTIC CONSTANTS AND THICKNESS

A quantitative representation is provided in the following para—
graphs showing the changes that occur in values of pavement responses
(stress and strain) when values of elastic constants are changed in

rigid and flexible pavements. The studies of two researchers , Packard

and Pichumani , are discussed .

RIGID PAVEMENTS ( PACKARD 14 )

Packard examined the changes in stress that occur with changes in

E and v . For thickness design problems in PCC , Packard recommended

using E = 14 x ~o6 psi and v = 0.15 . He gave the following appr~xi—
mat e effects of variations in E and v from the recommended values .

CHANGE IN E (v = 0.15)

A reduction in E from 14 ,ooo ,ooo to 3,000 ,000 psi decreases the

stress 5 percent . An increase in E from 14 ,ooo ,ooo to 5, 000 ,000 psi

increases stress 14 percent .

CHANGE IN v (H = 14 X 106 p si )

An increase in v from 0.15 to 0.20 and from 0.15 to 0.25 in-

creases stress 14 and 8 percent , respectively.

RIGI D PAVEMENTS (P ICHIJMANI 5 )

1’[chujnani made a parametric study of both rigid and flexible pave—

nient systems , using the Airfield Pavement ( AFPAV ) Code to show the

effect  of input material properties on theoretical predictions of pave-

ment response. The AFTAV Code is an analytical model based on the f I—

nite element structural analysis technique and was developed for tire Air

Force Weapons Laboratory (AFWL) by J. E. Crawford. The following dis-

cussion is an excerption from Fichuiuax~i’ s repoi’t.

BASE CONDITIONS OF STUDY

Load. The load used was the static load of a C- ’ A  a ircraft , i . e . ,

30 kips on each wheel of a 12—wheel assembly.
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Parameters Varied. Table i14 presents the rigid pavement param-

eter variations studied.

VARIATION IN E OF SURFACE COURSE

Unchan&ed Parameters (Table 1_5~~ In the surface course , thick—

ness , h , was 10 in. and v was 0.20; in the subgrade, E was

6ooo psi and ~ was 0.145. The surface course rested directly on the

subgrade .

Results (Table 15). A decrease in surface course E from

6 ,600 ,000 to 3,000 ,000 psi resulted in an increase in surface deflection

fr om 0.098 to 0.116 in. (18 percent).

VARIATION IN h OF SURFACE COURSE

Unchanged Parameters (Table ~5L In the surface course, E was

6,6oo ,ooo psi and v was 0.20; in the subgrade , E was 6,000 psi and

‘v was 0 .145. The surface course rested directly on the subgrade .

Results (Table i~ ). When surface course h was increased from

10 to 114 in., the corresponding change in surface deflection was from

0.098 to o.o8i in. (a decrease of 17 percent).

VARIATI ON IN H OF SUBGRADE

Unchanged Parameters (Table 16). The surface course rested

directly on the subgrade. The surface course E was 6 ,600 ,000 psi with

v of 0.20 and h of 10 in.; the subgrade V was o. 14~~.

Results (Table 16). A change in subgrade H from 6ooo to

3000 psi Increased surface deflection from 0.098 to 0.166 in., a c~9 per-

cent increase; a further decrease of E to 1000 psi caused the deflec-

tion to increase to 0.387 in., a 295 percent increase over the deflec—

tion of 0.098 when E was 6000 psi.

EFFECT OF BASE COURSE

In this permutation , a base course was inserted between the sur-

face course and the subgrade.

Unc hanged Parameter s (Table lfl, The constant parameter ; were

•1
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Table 15
Effect of Parameter Variations in Surface Course on Rigid

Pavement Deflection (After Pichumani5)

Maximum Elastic
Parameters Surface Deflection ,

E psi h , in. in. Remarks

6 ,600 ,000 10 0.098

5,000 ,000 10 0.105 E modulus only
varied

p 3,000,000 10 0.116

6,600,000 10 0.098

6,600,000 12 0.088 Thi ckness , h
-. only varied

6 ,600,000 0.081

Note: The surface course rested directly on the subgrade ; the E
modulus and Poisson’s ratio of the subgrade were 6ooo psi and
o.14~ , respectively.

Table 16
Effect of Parameter Variations in Subgrade on

Rigid Pavement Deflection (After Pichumani5)

Parameters Maximum Elast ic
E Surface Deflection

psi V in.

6 ,000 o .14~ 0.098
3,000 0.145 o.i66
1,000 0. 145 0.387

Note: The surface course with E modulus
~ 6,600,000 psi and Poisson’s rat io, V

= 0.20 rested directly on the subgrade .
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Table 17

Effect of Base Course on Rigid Pavement Response

(After Pichumani. 5)

Maximum Elastic
Parameters Surface Deflection

h , in. E , psi V in.

12 214,000 0.35 0.093

18 36,000 0.35 0.090

24 60 ,000 0.35 0.084

Note: The surface course parameter s were E modulus
= 6,600,000 psi, Poisson’s ratio, V , = 0.20 , and
thickness, h , = 10 in.; the subgrade parameters
were E = 6,000 psi and v = o .4~ .

E = 6,600 ,000 psi , V = 0.20 , and h = 10 in. for the surface course;

E = 6 ,000 psi and v = 0.45 for the subgrade; and v = 0.35 for the

base course.

Results (Table 17). Variations were made in E and h of the

base course. When the subgrade E was 24 ,000 psi and its h - was

12 in. , the surface deflection was 0.093 in. This value is only

slightly lover than in the comparable “no base course” case (0.098 i n . ) .

When the base course E was 60,000 psi and its h was 24 in. ,  the

resulting pavement response (0.084 in. ) was very close to the O.08’—in.

deflection in the no base course case where the E of the surface

course was the same (6 ,600 ,000 ps i) ,  but its h was 4 in. thicker ,

i.e. 14 in. thick (compare bottom data line of Table 17 with bottom

data line of Table 15).

FLEXIBLE PAVEMENTS (PIcHuMAN I5 )

BASE CONDITIONS OF STUDY

Load. The load was the same as for the rigid pavement study ,

i.e. the static load of a C—5A .

Parameters Varied. Table 18 lists the values of E , v , arid

h in the surface course , base course , subbase , and subgrade assumed as

$1

78 

~~- -~~~ -
—-

~~~~~~~~~~~~~~~~~ 
-— 

~~~~~~ -—-



~~ ppr’~ .~~~~
. -.-—-.- - - .. - ~~~~~ ... •

~—~a~—--- - ~~~~~~~~~~~~~~ 
~~~~~~~~ 

_ - • _,. -—------ •~~~~~~~
__

~
__ ‘__-‘__ 

~ . -.-
~~~~-. .~~.----..- 

Table 18

Assumed Layer Properties of Flexible Pavement
(After Pichuman i 5)

H Modulus Poisson ’s Thickness
Lay~er psi Ratio , v h , in.

Surface course 150 ,000 0.25 3
Base course 50,000 0.30 6
Subbase 25, 000 0. 35 214

P Subgrade 5, 000 o .4~

reference values in this study . Table 19 presents the variations of
these values studied. Only the value of one parameter in one layer was

varied for each permutation . All other values remained the same as
given in Table 18.

EFFECT OF E IN EACH LAYER

Tables 20 and 21 show that the surface elastic deflections were

— not changed significantly by variations in the E modulus of the sur—

face course , base course , and subbase within the range of values pre-

sented in Table 19. However , Table 22 indicates that variations in

Young’s modulus of the subgrade affected the surface deflection very
significantly. For example, a 67 percent reduction in the H modulus

of the surface course (i.e. from 1,500,000 to 500,000 psi) resulted in

an increase of only 8 percent in surface deflection (from 0.157 to

0.170 i n . ) ,  while a 50 percent reduction in the subgrade H modulus

( from 5, 000 to 2 ,500 psi) increased the surface deflection by more than

60 percent ( from 0.183 to 0.299 i n . ) .

* 
Pichuinani observed that even though the E modulus values of the 

- 
-~

base course and subbase may not be very significant for surface elastic

deflections , they are very important in determining the state of stress

in the upper layers of the pavement system. Therefore , it is necessary

to determine the E moduli of the various layers as accurately as

possible since structural failure of the pavement system can be caused

- 
- 
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Ei’1~ ’ct of Parameter Variations in Surface Courne

on ~‘Iex1h1e Pavement. Deflection

(After Pichumani’)

Max 111111m

i’araJIIetei’~ 1~(’I 1 ’ ’  1 1 on
H psi V h in. I I I .  I~(’,narks

1,500 ,000 O .. ’5 3. 0 0.157 modulus onl y varied

‘p00 ,000 0. .~~~ 3 .0  0.170

1’0 ,000 0. :‘‘ ~ .0 0. ~~

1’~0 ,000 0. ~‘0 3 .0  0. 1 ~1 l’oi~~o!I 
‘ r~i1 ‘ , V • ~‘n I y v:ir led

I 0 ,000 0. .‘5 .0 0.18

1 ‘‘0 ,000 0. ~0 ~.0 0. li~,’

I ~0 ,000 0.. ’’ ’ 3.0 0. 1 ~~‘ T h t o k n o : ~ ; 
• Ii , only v:it’ ied

1 “0 ,000 0..”~ 
14 ’ , 0. 1~

1’’0, 000 0..’ ’ (‘ .0 0. 1 ‘~

Note: The pr1 ’j ’ ot - t I e~; ~~l I h~’ o t Ii ~’t - l ;~y i ’ I-
~~~ n rt ’ ~ I v ol t  I n  ~

‘
~4 l’ II ’ I ~
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Table 21

Effec t  of Par ameter Variations in Base Course
and Subbase on Flexible Pavement Deflection

(After Pichumani5)

Maximum
Elastic
Surface

Parwneters D’~f1ection
E • psi V h , In .  in. Re marks

Base Cour se

37,500 0.30 t’ 0.187 H modulus only varied

50,000 0.30 6 0.183

75,000 0.30 b 0.178

50 ,000 O.2 ’~ 0. 183 Poisson ’s ra tio , V , only varied

50,000 0.30 6 0.183

50,000 0.35 6 0.182 - 
-

50 ,000 0. 30 h 0.183 Thickness , h , only varied

50,000 0.30 9

50,000 0.30 12 0.167

Subbase

12 ,500 0. ~ 214 0.207 R modulus only varied
21~ ,000 0. $‘~ 2l~ 0. 18$

$1 ,‘~oo o. ~~ ~‘l 4 0. 17 1

25 ,000 0. 30 214 0. 182 Pol ~~ i~ ’:i ’ r a t io , v • 1 ’ t t  1 y v~t I t’d

~‘, 0oo 0. ~ :14 0.183

0.140 ~ i 4 0 .18

000 0. 35 1’’ 0. 1 ‘l’hickness , It , only var led

25,000 0.35 •‘I~ 0.183

‘5, 000 0 .3 ’ $~ 0.1b8

Note: The p top t ’r  I. I e~ of the o t I t e r  layei~~~ tro  i von in  l’at’ le 18.
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Table 22

Effec t of Parameter Var ia t ions i n ~ ubgrade on I’ lexible

Pavement Deflection ( Aft e r  Piciiuman i5)

Maximum
Elastic
Surface

Parameters Deflection
E psi V in. Remarks

5, 000 0.450 0.183 H modulus only varied

• 2,500 0.450 0.299

1,250 o.4~o 0. 493

* 5,000 0.400 0.2 15 Poisson ’s ratio , V , only varied

5,000 0.4 50 0.183

5, 000 0.1495 0. 1141

Note: The properties of the other layers are given in Table 18.

by critical load stresses exceeding the inherent strength of the pave-

ment materials.

EFFECT OF V IN EACH LAYER

Tables 20 and 21 show that surface defleotions were not signifi-

cant ly affected by V of t he ~mrfa~-e course , base cour se , or subbase

fo r the range of thicknesses studied; however, ‘l’able 2.’ shows that v

of the subgrade influenced the def lect io t i s  significant ly . A V ol’ o . 14o
for the ~ub~ os - e gave a max 1 mum our face .ie f I oct  1 on of 0. . ‘ 1” 1 i i  . wliI le a

v o t 0. 1i9 5 ~~i v e  a nu~ximurt def I oct- i on ~ t c i t  ly 0. lIt i in .

EFFEc’r OF h I N UPI’I ’IR LA\ FRO

Increasing the L i i i  ck ta ’sseo c f i-tie ut’j’cr pavement I ayers 1,1 .e .

the ~uu ’ face cour se ( Table :0) , base courSe  ;ab Ic  ‘1 ) , and subbase

( ‘1~~b I e .~l)) 
.1o~ - roa~ o~l the sur fac t’  ~Io f~It -c t  1 o t i s .  For example in Tat’ Ie  21,

when t. lie ~ubbaso t lii L’ kness (o r i g  i t n t  iy  214 1 i i  • 
‘
~ was a lt e red  to 15 tuid

~$ in. , an i t i c  r e t to ( ’ ~ 8 perot - r i  1 (0. 183 1 . ’ 0. 1 0~~ in . and a decrease ci’

8 percent (0.  1 8 to 0. li~8 in. ) in  cur  1’act’ dofl~ ct I on , rec~’ecti Vt ’  1.y ,

resulted .
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EFFECT OF H OF EXISTING GROUND

In the f inite element idealizat ion of the pavement system, the

total depth of the pavement structure was assumed to be 50 ft , and the

subgrade was considered to have a constant H modulus . The total built-

up depth of an existing WES flexible pavement test section was only

12 ft. All other parameters of the WIIS section were exactly the same as

assumed by Plehumani in this exercise. The H modulus of the ground

below the built—up subgrade was not known . However , based on the re-
port ed CBR value of 2 to 14, the H modulus of the ground was assumed

to be the same as that of the subgrade. To Illustrate the importance of

knowing the H modulus of the existing ground below a depth of 12 ft ,

a parametric study assuming three different moduli values (5, 000 ,

50 ,000 , and 500 ,000 psi)  was conducted. The maximum surface deflection

of 0.183 in. with an E modulus of 5 ,000 psi was reduced by one third

to 0.121 in. when the existing groun d was assumed to have an E modulus

of 50 ,000 psi. An E modulus of 500 ,000 psi below 12 ft  further re-

duced the maximum surface deflection to 0.108 i n . ,  a reduction of about

140 percent . Therefore , it appears that it is necessary to determine

the properties of the pavement system to an appreciable depth .
H
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RELATIONSHIPS B~’TWEEN VIBRATORY TEST
RESULTS AND ELASTIC CONSTANTS

In the following paragraphs, brief discussions are given of the
pr incipal mathemat ical models of pavement response to vibratory tests ,
vibrator wave patterns, comments on relat ing vibrator results and
elast ic constants, extrapolation of constants from low to high stres s
levels, and results of preliminary studies to establish a relationship

between the WES 16—kip vibrator test results and elastic modulus.

- 
MATITh}IATICAL MODELS

In the study of how the elastic constants of E , V , or G are

to be extracted from vibratory test results , it is obviously desirable

to know how the soil or pavement is affected by the vibratory load. The

two types of models that describe the response are the lumped mass model

and the linear elastic half—space model . The primary difference between

these two models is that the former one assumes that there is a finite

mass of soil , which acts as a spring for the foundation and vibrates

together with it , while the latter model assumes no finite mass of soil.

Several particular models that fit  into one of these two types are

described briefly in the following paragraphs .

LINEAR LUMPED MASS MODEL
- 

- (TSCHEBOTARIOFF 42)

For the lumped mass model , Tschebotarioff presented the equation

f _~~~~~J K’Ag
n 2 7Tt IW + Wv s  v

where

f = natural frequency of system

• K’ = dynamic modulus of soil reaction , or volume spring
coefficient

A = contact area between base of foundation and soil

g = acceleration of gravity

W = weight of vibrating soil

W = weight of vibratory loading device

85 9
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Figure 145 shows the conditions of loading, and Figure 146 illustrates how
the soil vibrates together with the vibrator. Tschebotar ioff offers
that there cannot be a clearly defined limit for the soil mass W as
indicated by Figure 45. Figure 46 shows that the motions of the soil
are more complex than the motion of the vibrator. He suggests that the

term W~ should be considered as referring to an equivalent weight of

soil with no clearly defined physical boundaries.

The pertinent point to be made by the equation for f is that

the elastic constants of the soil are assumed present in the terms W

and K’ ; however , the process by which they can be extracted from this

simple model , which is for a single—mass system and assumes no damping ,

is not clear . Then , of course , the equation assumes a homogeneous soil

mass. Working with a layered pavement system obviously renders the

system much more complicated.

LINEAR LUMPED MASS MODEL ( YANG43)

Yang uses the linear sprlng-.mass—dashpot model to describe the

frequency sweep measurements done with a vibrntor . He computes an

effective E value for the entire pavement and subgrade system by cal—

culat ing the area under the measured frequency response curve . By

neglecting damping and inertial terms , he arrives at the following

expression for the H modulus :

E~~~~— 
1

2a ( / z()
~~ d~
)

where

a = radius of vibrator baseplate

F = force amplitude - 
-

= peak—to—peak response

= ratio of frequency to natural frequency

Yang applies the single lumped—mass spring model, which exhibits only

one resonance peak , to the entire multi peaked frequency response

spectrum .
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Figure 45. Sketch illus-
trating the equation

f = l/2rT 4K ’A~ /W + W

(a fter Tschebotarioff 42)

0

FIgure 46. Probable nature of the soil—
surface def ormation around a vibrator
inducing vertical oscillations (after
Tschebotarioff42)
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0NONLINEAR LUMPED MASS MODEL WEISS”

In his study of the dynamic stiffness of pavements, Weiss
• developed a nonlinear model that descr ibes the response of pavement

systems to vibratory loading . The nonlinear dynamic load—deflection

curves that are measured using the WES 16—hip vibrator are described by

solving the equation of motion of’ a nonlinear harmonic oscillator

C~~+ k ~~~ + b~
3 

+ e~~
5 

= Fo D s

where

m = e f fect ive mass of pavement
a dynamic deflection of the pavement surface

C = damping constant

k = spring constant that depends on static load of vibrator

b third—order nonlinear plastic parameter

e = fifth—order nonlinear elastic parameter

= dynastic load

The spring constant k is related to the static load by the equations

2 4k k +3b~~x +5e~~x0 00 . e  e e

F k x + bx3 +ex 5
s ooe e e

wher e

k
00 

= linear elastic spring constant

= elastic parameters

x = static elastic deflection of pavement surface beneathe the vibrator baseplate

F = stat ic load of vibrator
S

The elastic constants appear in the expressions for the elastic par arn —

eters k
00 

, b , and e . For example , fo r a subgrade the expression

for the parameter k is

88 9
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k = 1
00 2.

0

where

= linear elastic parameter of a nonlinear pavement

a = radius of the vibrator baseplat e

Q = function of Poisson’s ratio

G = shear modulus of homogeneous elastic half—space

• 
= expansion parameter

finite depth of influence of the static strain field

- - More general expressions for k , b , and e for the case of a
layered pavement appear in Reference 2. Weiss’s procedure was developed

to describe the measured nonlinear dynamic load—deflection curves. How—

ever , Weiss3 has also developed a linear model of the frequency response
spectrum while a nonlinear model of the frequency response spectrum is
under study. The linear model is found to be inadequate to describe the

frequency response spectrum.

The nonli..2ear dynamical theory of Weiss can also be applied to

the laboratory resil ient modulus measurement.3 This theory gives an
analytical expression for the resilient modulus in terms of the dynamic

deviator stress, static confining pressure, frequency, and a set of

basic soil parameters including the Young’s modulus. The nonlinear

dynamical theory can be used to extract the static elastic Young’s

modulus value from the measured dynamic resilient modulus .

FINITE EL~ 1ENT ELASTIC HALF- —

SPACE MODEL (wAAs44)

Waas has developed a finite element computer program that cal-

culates the response of a foundation resting on a linear layered elastic

half—space to a dynamic load applied to the top of the foundation. A

rigid lower layer is required by the finite element approach. By this

• method, torsional and vertical vibrations of circular footings on, or

embedded in , homogeneous and inhoniogeneous soil or pavement layers over

rock are studi ed . The approach is a numerical method for layered

89 9
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elastic media, which extends the earlier result of L~rsmer
14
~ for the

homogeneous elastic half—space.

The method assumes that the equation of motion to be solved for

each f inite element is

m~ + Ci~ + k~ P(t)

where

in = mass of f ini te  element

u = displacement of a nodal joint

C = viscoelastic damping constant

k = spring constant

P = driving force

t time

The displacem ent s , damping constants , masses , and. spring constants of

the f inite element nodes are collected into a displacement matrix (~~i ),

a mass matrix (m), and a stiffness matrix (k). The stiffness matrix is

complex because it includes the viscoelastic effects, i.e., it includes

both k and C . The matrix form of the equations of motion are solved
subj ect to the boundary conditions imposed by the particular program.

The result is a theoretical frequency response spectrum that depends on

the values of the elastic moduli of the layered system and on the depth

of the lower rigid layer.

LINEAR ELASTIC HALF—SPACE
I $)#n~ovdoIy ~~~7llIQ 

~~~ MODEL (LY SMER H~j i  ~~~ 28 )
du~ ~ rolotrng mossis

A linear elastic half—
BI1I~~~~

7 space model was advanced by

I

~

smer et al. in their develop—

t tnent of a nondestructive
,f6CfiOn 1

pavement evaluation method based
R’ft,~~1 • ‘ (&f-a)

on the wave propagation method .

Figure 147. Schematic of force Figure 47 shows the idealized sys—
system for Royal Dutch Shell 

8 tern assumed for the half—space
Machine (after Lysmer et al. 2
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model. Pertinent equations are as follows : 
—

• P = P  e~~
t

max

R = R  e1~~
t _

~~~max

= z e~~
Wt — 

~~~)

max

where

P = force due to rotating masses

e = base of natural logarithms

i = — l
= angular frequency of rotating masses

t = t ixne

R = pavement reaction

a = phase ~ag of H behind P
= deflection of pavement under center of loading

= phase lag of behind P

The elastic constants in the half—space model are contained in the H
max

and a terms in a very complex relationship developed. by ]4rsmer .

VIBRATOR WAVE PATTERNS

The motion of the soil or pavement surface in direct contact with

a vibratory baseplate is in phase with the plate and vibrates with it; - .1

however , the soil motion is out of phase and complicated at positions

away from the plate. Additional comments on vibrator wave patterns are —

given below .

LYSMER ET AL.

Lysmer ct ai.26 stated that two wave types can exist in elastic

media , dilational (P—waves ) and rotational (S—waves or shear waves).

Under special conditions, the two basic wave types combine to form other

waves with spec ial names, such as Rayleigh waves, Love waves, and

Stonely waves.
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BARKAN AND WEB

Barkan10 disclosed that when a vibrator is placed on the soil and

vibrates as a solid body with one degree of freedom, then theoretically

the resonance curve of the forced vertical vibrations has a maximum.

However , measured resonance curves have several peaks. This

phenomenon of multiple peaks is exhibited in Figure 48, which shows

graphs of deflection versus frequency for nine test sites, all on rigid

pavements. Data for these graphs were collected using the WEB 16—kip

vibrator at a constant dynamic load of 10 kips. Within the given fre—

quency range of 5 to 100 Hz , five or six peaks are generally apparent .

Barkan say s that noise investigators explain these multiple peaks by

coincidences of the natural frequencies of the soil layers

and the frequenc ies of propagating waves.

WEB

Figure 49 shows a comparison of pressures on a pavement sur—
face created by a wheel of a 727 aircraft  and the WEB 16—kip vibrator.

The pressure over a point created. by the aircraft builds up from

zero as ti’e tire begins to approach the point , reaches a maximum ci’

17.2 psi as the center of the tire is over the point, and decreases

back to zero as the tire leaves the point. The pressure created. by

the vibrator is a combination of static and dynamic pressures. When

the load mas s is lowered to the pavement, a static pressure of H
63 psi is created. If the dynamic load is 15 kips, the resulting

total maximum pressure is 122 psi and the minimum pressure is 14 psi.

The maximum surfac e pressure that can be cr eated by the vibrator

is 71 percent of the pressure of one wheel of the 727 aircraft

(1.22 psi lT. ps i) .  To duplicate the time that a point is loaded

by the 1.21 moving at .20 mph, the vibrator must be operated at a

frequency of approximately 17 Hz; however, the vibrator cannot be

operated for one cycle of loading , which would simulate the passage

of an aircraft , due to mechanical and control limitations. Also,

only the pavement response to the dynamic load can be measured with

the existing system that uses velocity transducers.

9.2 9
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The stu face pressures created by one wheel of most other air—

craft are smaller than for the 127 ; for example , the surface pressures

created by one wheel of the DC—9 and the 737 in psi are 165 and 151,

respectively. The teats to determine the resilient modull of pav ement

and aubgrade materials can be designed to reproduce the axial pressures

created by any aircraft or the vibrator . However , there are diff erences
between the state of stresses in the t’ield under the vibrator or air—

craft and the resilient modulus teat. 1~’irst , in resilient modulus test—
ing, the specimen is confined in the longitudinal direction, and stress

is  constant at any point in the teat specimen ; however , under the air-

craft and the vibrator , the stress attenuates with depth. secondly ,

• the confining , or chamber pressure, in the resilience tests can be care—

t’ully controilt~d to any l tv t ’ .I ;  however , the  cont ’Inlng pressures utider

the aircraft  and vibrator can only  be assumed . Li t t le  is known about

the configurat ion or the mass of the soil tht’luenced by vibratory

loadi ng.

COMMENTU ON H1~LAT IN C V iBHAToi~ H1~~ULT~S
AND kiA~3T1C CON~TANT~

THANU 1X)HTAT [ON HE~~AHCH BOARI)

At the Pr ttnspoi tat on t’~it ’uroh Board Conference held in ~3eptember

197~~, discussion group i ’ reviewed the 10 overlay design procedures based

on deflection , curvatt.re , or stit ’t’nesa known to be in use in the United

~3tateu . The group conc l uded that priority one in research needs should

be given to establishing the “fundamental deflection basin relationship

to performance and mater tal properties. ” F’urther , the group observed

that moat o t’ the evaluat ton procedures had several features in common 1
but none of the procedures was universally applicable due to the varia-

tions in materials, env ironment , and measuring techniques. They found

that user~; of the procedures believed that they had in suff ic ient  feed-

back data to validate and imporve the procedures at that time .

A. 1T . ~cALA~~
in his discussion of Cogill’s presentation on utilization ot ’

9’.’
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surface deflection measurements in the evaluation of highways, A. J.
Scala states: “The interpretation of the deflection bowl oX’ a pavement

under loading in terms of elastic moduli or strength coei’t’icients of the

various layers would be of inestimable value in both the design and

evluation of pavements.” He further lists four pertinent references

(Texas Transportation institute, Utah State Highway Department, N. 1.

Viawan i , and C. P. Valkering) of which he recommended the Texas system

as the most useful model at that time.

The Texas Transportation Inst i tute ayatem~’~ is based on the

Burmister equat ion
‘U1~ itE

WI = f V J0(x )  dx
x*o

where

Young ’s modulus ot~ upper layer

P vertical load at point 0

w vertical displacement

r cylindrical coordinate

V 1 + ~~~~~~~ — N ’ o~~’~/l  — 2N( l  + n’)e~~
” + N~ C

_ l4 m

where e — base o l ’ natural loga.rit luns

m — parameter

N = (1 — l:~ /F : 1)/ (I + E .~/E1) (E 1 —

where E~ Young ’ modulus o 1’ 1 ower 1 ~y r r

J0(x)  Bessel function of the t’irst kind and zero order w it -h
argument x

A computer program , ElASTIC MODU LUS , computes the e Last lo modull ol ’ each

layer of a two—layer system. The required input s ~u’e the thickness 01’

the upper layer and deflectiona measured by a Dynaflec t on the pavement-

surface. Poisson ’s ratio is assumed ao 0. ‘~ t’or both layers.

In ElASTIC MODIJWS, the equation used is

112 ‘1
w1r1 ~E1 ‘ 

h
— fE~.., r .’

~~~~~

.
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where -

= deflection measured at a distance r
1 

from the load

F = function

B2 = Young’s modulus of the lower layer
= Young ’s modulus of the upper layer

h — th ickness of upper layer
= deflection measured at a distance r

2 from the load

The only unknown is E
2/E1 . By a convergent process of trial and error,

a value of’ E2/E1 usually can be found that satisfies the equation and
E1 is calculated from

____ 
fE2 r1\

w r  ~~FI— —

3? 11 \E1
’ h

where

P = vertical forc e act ing at a point in the hor izontal surface
of’ a two—layer elastic half—space

B2 = E~(E2/E~)
The authors warn that for calculations involving deflect ions under a
heavy vehicle the moduli computed by ELASTIC MODULUS should be reduced
by approximately one half.

EXFRAPOLATION OF G FROM LOW TO
HIGH STRESS LEVELS

LYSMER ET AL.

Lysmer et ~i.
2S recognized that because ‘ train amplitudes induced

by vibratory testing are smaller than those induced by aircraft , the

result s from vibratory in situ tests can be expected to yield higher

values of moduli and indicate less damping than would be appropriate for

use in the functional evaluation of structures. L,ysmer discusses a

proposed method in which G and damping properties obtained from

in situ vibratory tests may be used to obtain similar properties for the

description of behavior at strain amplitudes greater than those induced

by the test. The method is contained in Figure 50, which is a graph of

the ratio of shear modulus at shear strain y to shear modulus at

97 
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~ io 1
~ in ~‘t O e t t t  versus aheat’ at rn in y itt percen t . The modul na

Vt ’ z’a u~ a hear—s train rela t I oiisli I p can he approximated for ~uiy sand i~y

determining the modulus at any strain a-ltd reducing t h i s  value for
ot tier s t rains by us tug t he a-vera-ge I Inc in 1- igur e “0

Lyamer foun d that  information about the dyznunio response of aol la

other than sands is limited and au~~~ii t.ed that modul I obtained t’rom a

t es~ ott gravelly soils may be mod.i t’ i ed to approx imate values at other

at rain amplItudes In accordance with the method proposed t’or sands.

h Al-WIN

Havd in ’ ‘i procedul.e15 wltere t ’y shear mo~tu I i  at- any at ru In 1 t ’V 01 iuuiy

be calculated from resulta at a given at-rtttii level Is I l lustrated In

Figure .“‘.

PRELIMiNAR Y R ~LAT I ON SII 19 ESTAIIL WILEP
WEEN W~ $ i ’— K19 VIBRATOR AND

EI~A~$TiC MOtflh1..U~

DYNAMI C ST11~’FNESS MO1X1LU~

The D~i?’i is measured w It - h t he WE~ I t . ’— k i p  vibrator azid pt’ ¼ ’oac~I

for  two by W F:’- 1. n a procedure fot’ evatuat I ng ii I r por t  pa-v clues t a . I

dci’ m e d  aa the rat to ~ t’ l oad t o ~tt’ t’lec I Ion , when t he I oad Is a

spec it’ Ic steady—st-ate V I hr~ t cry load . A ooiu~’l e t c ~it ’a~’ rip t ( o t t  0

procedures t5 .’i’ dot. et’m I sing l)~M aud app ly I t tg  i t  in t I t o  evaluat ion

ot p i ty  ~‘t l t O t t t  ii il g I ~ oit In  Fe t e r t ’itco I . Figure ~‘t sh own a siuup I o

t i L t  t out  f or  P~ M.

1-~ t A t’ 1 t ’N ~~~ DOM

Aa ~‘i~~t o t ’ t h i  ( a  I I  t - ou - 11 t - t i t ’ t’ rev iew , ~t ape’’.’ I ~t I at tidy was made t o

O i l  t i t h  I :t i ’ r et  Itninary re tat- I o u i a t t  i p  t ’et .ween t h e  Wb~ IC . ’—Ki p v I brat-or

• r oan  I t  a ~t i t ~ i e 1 i t : :  t 1~’ modu 1 . ow I t t ~~ e~uat l O l l  ~~itV t’ t he hen I - 
-

r oan I t - a :

PSM = t t)~~~)’ s ’o( t
I ~ 0 “O~~t O” t , ~~

+ .‘7 . SO’-) 1 ( - )  I, i — ~“( I 1i ( I

p
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illustrates that the use of thin equation Is limited to the range of

data analyzed. However, in reality, DiJ~t = 0 , in not a con sider at  i -o il

since extension ot ’ curves beyond the range or ’ data- will lead to

erroneous c o u t c i u n i c u i n

Figure 514 is a graph ot’ D~M calculated with the regression
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Figure 514. Calculated DSM versus actual 1l~ M

equation versus actual D~$M (measured wi th  ll ’—kip v ib r a to r) .  The linear

equation ~ t’ best f i t  is calculated DOM = 0.~ 90 (actual pt~~I )  + 1’0. The
standard deviation is +09n kips in .
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SUMMAR Y DI SCUSSIO N

To this point , this  study has been concerned alntost entirely wi th
the direct presentation of pertine’tt Information from the literature and
has essent i ally ref rained f rom evaluat ion or d i scuss ion  of that in t’or—

unation . ‘$h un in the following paragraphs , an oi’t’ort is made to sunzma—
r i~ e, evaluate, or otherwise discusa the information that has been

presented.

REV IEW OF’ ElASTIC CONSTANTS

ELASTIC CONSTANT TEST MErhio p i~
AND 0I’ECIFIC VAW~~

The test methods reviewed in t h i s  study can be grouped in to  five

general categories :

a. Compression testing .

b. Flexure testing.

C .  Tension tes t ing .

d. Wave v o L o c i t y  testing.

e. Nat ural frequency t e nt in g .

A summary reference , or index , to the test methods and apec ific

values of elastic constants reported herein is given in Table 0l~. This

table shown I I i i ’ elastic constant symbol (an  used by the researcher);

the material; the researcher or reference ; the  figure and table ; the

type ot’ test and category of t e n t  ~listed above); and the t-e~ t charac—
ter ist ics ( whether quasi—stat ic  or dynamic , and whether state c’l’ stress 

fi 

-

and loading rate frequency were considered) .  H

Table 05 presents the minimum and maximum values cited herein for

elastic constants. It is evident that  the specific values for each
constant can have an extremely wide range. it  is doubtful that the

elastic constants determined by one test procedure are compatible wi th

those determined by another test procedure . Certainly, test procedures

that do not account for factors that cause var iat ions in the elastic

constants will produce values for the sante materials that are different

from those obtained from test procedures that do accoun t for the fact  c t -a .
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Table 214
Suzzunary of References to Test Methods for and Specif~

Researcher
or

Elastic Constant Symbol Material Reference Figure or Table

Elastic Modulus
Wearing Surface

E PCC AS~ 4 c1469—65, MRD
E FCC CRD-C21
E FCC AS1~.1 C 597—7 1
E FCC Murii lo , CRD—C2 1—58 Table 2
Dynamic E FCC Barkan Table 1
Dynamic E PCC CRD—Cl8—59
E FCC Popov
E , Dynamic E FCC Neville Figs . 5—8
E , Dynamic E FCC WES Table 3

AC WSU, Al
M11 , flexural stiffness AC Glynn and Kirwan
E AC Klomp and Niesman Fig. 9
E AC Izatt et al. Fig. 10
E AC Witczak Fig. 11
Dynamic E AC Cook and Krukar (WSU) Fig. 12
IE* I AC Pagen Fig. 13
Stiffness modulus AC MED

Treated Base

MR IE* I Emulsion Cook and Krukar Fig. 12, 114,
15, 16

E Cement, lime Barker et al. Table 14
E Cement MED, AS~ 4 1469—65

Untreated Base

MR
Dynamic E Various Dorinan and Klomp Fig. 17
MR Crushed basaltic rock Cook and Krukar Fig. 18, 19
MR Gravel, untreated stone Glynn and Kirwan Fig. 20, 21, 22
MR Various Allen Table 5

Subgrade

MR WES
Dynamic E Dorznan and Klomp
Ej  Clay , sand Terzaghi and Peck Fig . 28

(Continued)

* The five categories are (a) compression testing, (b) flexure testing, (c) tension testing, (d) wave velol
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Table 214

L~ 
for and Specific Values of Elastic Constants

Characteristics of Test
State Loading

of Rate
7igur e or Table Type of Test Category* Quasi—Static Dynamic Stress Freguençy~

istic Modulus

Compression a x
Flexure b x
Pulse Velocity d x

Table 2 Rupture, three—point beam a x
2able 1 Sound generator d x x

Natural frequency e X

Pigs. 5—8 Natural frequency e x
table 3 Triaxial , compression , impact a x x x x

Compression , sinusoidal stress a X X
- Flexure of thin, circular slabs b x X
Pig. 9
Fig. 10
rig. 11 x
Fig. 12 - X
Fig. 13 x x

Stiffness b

Fig. 12, 114,
15, 16

Table 14 Tension c
Compression a x

Repetitive triaxial compression a X X

Pig. 17 Wave velocity d X

Pig. 18, 19 Repetitive triaxial compression a X X X

Pig. 20, 21, 22 Repetitive triaxial compression a X X X
table 5 Repetitive tr iaxial compression a X X

Repetitive triaxial compression a X X X
Wave velocity d X

Pig. 28 Tr iaxial compression a X X

(Continued)

g, (d) wave velocity testing , and (e)  natural frequency testing . ( Sheet 1 of 3)
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Table 214 (Continui

Researcher
or

Elastic Constant Symbol Material Reference Figure or Tabig

Elastic Modulus (C~

Subgrade (Continued)

E Lambe and Whitman
E Sand , clay Barkan
Er Robnett and Thompson
HR Fill, mud MED
MR Cook and Krukar
Em Foster and Heukelom
E All materials singly or in combination WES

Poisson ’s Ratjl

Wearing Surface

p FCC ASTM C1469—65
p FCC CRD—C21
p FCC CRD—Cl8—59
p FCC Yoder and PCA
p PCC MED
p FCC Neville
p AC Glynn and Kirwan (Tn )
p AC Orchard

Treated Base

p Emulsion Cook and Krukar
p Cement , lime Barker et a.]..
p Cement MRD , ASThI 1469—65

Untreated Base

p Granular Allen Fig. 23, 214

Subgrade

p Clay Tersaghi and Peck
p Sand Lanibe and Whitman
p Saturated clay , sand Morgan and Scala
p 

- 
Clay , clay admixtures Barkan w/Katsenelenbogan

p Sand , clay Barkan
p Artificial clay Barka.n (Pokrovsky )
p Clay , b ess , sandy soils Barkan (Ramspeck)
p Sandy ; silty, sandy clay ; clay Barkan (Tsytovich)
p Rock to saturated clay Bowles Table 11

(Continued)
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~1e 214 (Continued)

Characteristics of Test
State Loading

of Rate
Figure or Table — ¶t~ype of Test Categ~ry Quasi-Static Dynamic Stress Frequency

tic Modulus (Continuedi

Triaxial compression a x x
Compression on clay cubes a X
Repetitive triaxial a X X X
Repetitive triaxial a X X X

Repetitive triaxial a X X X

Wave velocity d -x
Vibratory (DSM ) a X X

Poisson ’s Rat io

Compression a x
Flexure b x
Natural frequency e X

Compression a x x

Compression a x

Fig. 23, 214 Repetitive triaxial compression a X X X

Repeti tive triaxial compression a X X
Triaxial compression a x x

In

Wave velocity x

Table 11

(Continued) (Sheet 2 of 3)
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Table 24 (Concluded)

Researcher

Elastic Constant Symbol Material Reference Figure or Table

Shear Modulus

Wearing Surface

G FCC CRD—Cl8—59

Untreated Base

G Hardin
G Crushed limestone, gravel, sand Hardin Fig. 25, 26, 27

Subgrade

G Hardin
G Hardin Table 12

____________________________ _

111_
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24 (Concluded)

Characteristics of Test
State Loading

of Rate
gure or Table Type of Test Catetory Quasi—Static Dynamic Stress Frequency

r Modulus

Natural frequency e X

Resonant column device e X

g. 25, 26, 27 Tr iaxial compression a x

Resonant column device e X

ible 12

(Sheet 3 of 3)
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The point I a that values for the e m at - i c cona t an t -  a cannot be randonLly

extracted front report. a or booka wit l iout  qua lit ’ I I’a t- ion an can , t’or

example , the un i t  weight o t’ ~~~ el’ a t -  I . An ot  Lu ’ r p o i i i t  Is I hut -  t e n t

procedures aheu id not- be “in i xe d.  “ For example , in  the  computer analysis

~ f a t wo— I ayI’N ’d pay ometi t  at  m c t  t ire  • I t  I a not  good p ract ice  to choose
an c m a t  Ic odulus t’or one 1 ny or 1’:t aed oii a wave ye Icc i t  y test. and the

modulus ci ’ t Lu ’ o t her 1 n~v r i  based on a ~iuasl —stati c tn axial compression

t e n t .

F /\L t-~l~~ ~‘~iA ~ Al- ’L- ’Vc t VA1l I I-~ ~l-

~~~ 1 C C N A N 1’:~

~lu’  I t i e  i t a t  1 - .’ behav ion 01’ pnve~nent mater in I s  , espec liii. I~y tnt—
a

ron t o.i base mat er  i a I a and ~~~ gmudes  , I . o. , so i La , 1 a U n i v  emsul  1~v recog—

a i ed as 1_lie b asic  caunt ’ or  I ho w i d e  var  t a t - i otis that occur in vu l t w a  ot

elast ic c o n st a n t - a  and the di t’t’ I cul Li en tha t ar t  no in the measurement- or

the ~ctt st-att t a , t h In  use in character  i tug pay emeti t -  ma t e r i a ls , and in

t Lie ult imat. e use of e its I I c  t h o c  ry :i 5 :i t ’:is i a fo r  the development e 1’

a i ~-p~ - a I p ay  enioti  t den i gn and eva.l unt I ott niot- hod-’ I o~~ . let -  • no better

appr oach t o  a aol i t t  ion e t ’ t- hose p rob Lena  ha a ev I detic ed i t  so I I ’ than the

p moon on I at  -d asniunpt- ion of el  ash.  i c i’ehav i or • I • • , the asstunpt ion t hat

Ilooko ’ a law w i l L  be used , know i ng I -h a I ::onu- ~I na~’curacy i a ii i i  koly
10 -ci t e  roaear c  h ot ’ , Barkiut , put a t I , - * . the assumption

of a me I at ionnhl  p more c cmj’ ii cat ed t han llooke ‘a law wi 1. I l end to the 
- 

-

nec en a i ty  o t ’ enip h ‘y I ug a nea l i neat’ I hie o ~•y ~ el ant to it y operat . ing wi t -h

nonl I near di  1’ t’erent lid o qua t I otis . The so lu t ion  o 1’ 1 lio~ e e~uat ion a , oven

in tin ’ s impiest- prot~ I ems • .1 ends t o cot ta  i demal ’ I~’ d i  f t  i cul t I “ lie

t’urther a t n t - o s  that the app !. I cat ion  of  t he non 1 it iour  me! at I ens ‘conies

prac t teal Lv i m p os s i b l e , and it a tiecossury t o restr i c t  the aualy si s by

Lie assumption that-  t h e  mater itd , e spec i ally I-li e so i l,  at r t o t  I _V fel iowa

Hooke ’ a law . Ilowovt — r , t Lie prob I em o 1’ apply ing nonlinear relat-i otis can

be re~e1 ve~1 by use of fin! t o  element- programs . A 11 near relat- ionsh I p

can be assumed w i th in each element , and a neni inea.t’ relat I onnh i p can be

applied from element t o  element. N evenl Lu’ ions , I i  n i t  e clement so lu t  i ens

only approximat .c nonlinear ( ‘l a s t -  I c  no lut - Ions • but - the approxituat i oils may

- — --—-~~~- -- —- — -— - - --- -



be of acceptable accuracy in some cases. It must be kept in mind that

the numerical values of elastic soil constants shoul d be selected with

due consideration of the influence of the simplifying assumptions.
Many specific causes of variations in values of elastic constants

were cited in th i s  literature review. These may be classif ied into six
general categories, as f ollows:

~. Frequency and duration of loading .

b. State of stresses.

~~~. Aae of material .

LI. Compositions and material properties.

e. Temperature.

a f .  Strain.

Table .‘e contains summary information regarding the factors that
affect values of elastic constants. This table shows the elast ic
constant symbol (as used by the researcher); the material ; the re-

searcher or reference; the figure and table; the fac tor ( s )  affecting the
elastic constant values; and the category (listed above ) of the factor.

A discussion, by categories, follows.

Frequency and Duration of Loadin~~ The studies of Morgan and
07 - -

~3Scala,~ Klomp and Niesxnan,~ 
- Witzcak,~ and Pagen~ showed that the

elastic modulus of AC wearing surfaces i a highly dependent on the fre—

quency of loading. For example (Figure 11), at a temperature of 70°F,

the AC moduli at frequencies ot’ 1, 1~, and Lo cps are 310,000, 570,000,

and 770,000 psi, respectively.

Allen30 reported that Seed and Chan (Table 5) indicated an effect

of frequency and duration of loading on the M
R 

of silty sand (Table 5)

but did not elucidate further. Monismith et al.35 also mentioned that

rate of application is an influencing factor on the MR of untreated

a granular materials.

Graphs of deflection versus frequency ot loading obtained from

vibrator test devices on all materials , including homogenous soils ,

exhibit pronounced peak s and troughs (Figure 148) for r igid pavements.

For test site No. Nil , changing the frequency from 20 to 1t0 H~ reduced
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the deflection by nearly one half ( from 0.0102 to 0.00514 i n . ) .  Obvi-

ously, tests on the same material at different frequencies will not pro-

duce the same results.

8State of Stresses. Work at WES and MRD , as well as the
. 1 5  11 . 13research of Hardin, Cook and Krukar , Glynn and Kirwar , and others ,

showed that modulus values of materials depend on the state of the

stresses or the confining pressures. Since the shape or mass of soil

influenced by vibratory testing is indefinite, it is diff icul t  to deter—

mine the pressure on the in—plac e soils during vibratory testing.

A dynamic theory for computations of stresses in soils beneath

vibratory loading was not found; therefore, for the present, a static

theory must be used as an approximation .

The variable nature oi’ the clastic constants of soil and the

variability introduced by the different test methods emphasize the

desirability of in situ determinations of these constants. It has been

recognized for years that the behavior of soils in the laboratory ,

especially clays, can be radically different from behavior in the field

even when tests are performed on undisturbed specimens under carefully

controlled conditions. With the knowledge being gained by contemporary

researchers, it should soon be possible to design vibratory tests to

exactly simulate in situ stress conditions created by aircraft and thus

yield more precise results.

Of the equations relating resilient modulus and state of stress

in base course materials, Barker et al.,
29 in his work with the struc-

tural properties of’ stabilized layers, found Hicks’ expression

MR = K
1
o
3

to be most useful . The values of the constant s K1 and K2 are listed

for 10 categories of materials in Table 13. However, five of these

categories are for gravels in five different states of crushed condition

or saturation , and the other five categories of materials are classified

by regional nomenclature. Therefore, the application 01’ this equation
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is limited until the list ci’ constants is expanded .
The equations relating moduli and states ci’ s tr ess in soils are

use t’ul in describing the tn~ es in moduli with change in condit i ons ;

however , application 01’ the equations is limited because of the effect
on the modulus 01’ soils (especially clays) of the many variables , such
as moisture content , p o r o s i t y ,  and particle c o m po si t i o n .

P~ e oX ’ Material. The i nf lu e n c e  oX’ age on the elastic modulus of

1’CL’ wearing surfaces was recognized by Barker. According to his data ,
the aging ot ’ six concrete samples from 7 to 28 days raised the E values

01’ f ive ot ’ them from about to ~~~~ percent (Table 1). The E value of

one ~ f the samples actually decreased t~ percent. No explanation of this

apparent anomaly was given . the aging ci concret e samples probab ly

resulted in some 4.jehvdt’at i-on . ~‘~ainIy in the early stages of aging, and

the dehydration tended t o  increase the cementation t’orces and thus the

E value. Beneficial  e f f e c t - s :‘ ag ing will continue at a reduced rate

af ter .-~~$ days.

Apparently , age is a sign i t ’ica nt 1’ac tor in the resilient moduli

of emulsion—treated base (Figur e 114). Uncured test spec imen A , which

was tested at 80°F , exhibi ted signif icant ly  lower modul i values than dii

test specimen B , which was cured for t~ months and tested ni. 100°F.

Mon ismith et al. 35 stated that the age of a fine—grained soil at

initial loading is a factor that influences the value ci’ its modulus of

resiliency. No attempt was made to quantify that influence. Several

researchers in addition to Monismith acknowledge age effects but o f fe r

no detailed discussion . Apparently , the researchers are discussing an

int’luence that is independent of all the factors listed in Table ~ t

that affects  elastic constants.  The only other factors that come to

mind are settlement and molecular bond,

Compositions and Material Properties. The relationship , devel-

oped by Glynn and Kirwan (Figure 140), between resilient modulus, stress ,

Fl , moisture content , and density of clays, appears promising because

it considers four factors that have an important influence on the

modulus value , and also because it expresses the modulus in terms of
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basic soil properties that are simple to determine .

Dorman and Kiomp ’s relutionsh ip l14 of’ CBR to subgrade li (Fig-
ur e 141) is unef’ui because it represents in situ conditions when the CBH
is measured in place. However , Figure 141. shows that thei’e is si gn i f i—
cant sca t t e r  In the data. For a C u R  oX’ 20 , I - li e I- values range in the

approximate limit from 15,000 to bO ,000 psi. Bobnett and Thomp~on~
6

concluded that there is no relationship between and CBR because of

the scatter observed in their  graph (Figure 142) .  Scatter in Figure 142

is comparable to that  in I”igur e 141. The scatter evident in the CBH—E

relationship does not nullify the possibility of using CI3R as an esti-

mator of E . However , the variat ion in E for a given CBR should be

considered when this  relat l o i i u h l  p 9 used. When modulus testing i s

feasible , CBH tests  are not recommended as sab st i tutes .

The relationship proposed by the Asphalt in st i tu tel2 in Figure 14d

t ies the subgrade modulus of elasticity to .l LLte bearing value. How-

ever , Crawford et ai. 14
~ found that to approximately compute the elastic

layer deformut  ion using a Westergaar d i dealizat i on , subbase k values

measured i n  the t ’le ld  must be reduced by 90 percent. Crawford’s find—

iugs indicate that the subgrade moduli may also require adjustment

before st ’rv ing  as inpu t 1 5) 1 ’ t h e  lttyere d—e last - Ic  progrwns .

Ita rdin ’s equations !‘or shear modull of’ soils wid gravels appear

to be more complete in t he i r  treatment ci ’ l i iI ’Iuenc thg variables than do

the equations f’ound in other references. These equations could be use—

1’ul in  ver i f icat ion and correlation work; however , it is not clear at

t h i s  time ‘1’ they can be adapted for the study at hand. The equations - -

also require the determination of some index properties of soil.

Temperature. The effec t  ci’ temperature on the modulus of elas-

t i c i t y  of AC has Long been recogni7.ed. An idea of how profound this

ef t’ect can be may be gaiiied by inspecting FIgur e 9. It can be seen that I -
a change of 140°C ( from —10 to 30°C) caused a decrease in elastic modulus

4-, --4

of’ abo ut 150 ,000 kg/cm’ (from 160,000 to 10,000 kg/cm ) .  Other graphic

evidence of temperature effects on the elastic modulus of AC wearing

surfaces can be seen In Figures 10, 11, 12, 114, 5, and 1(~,

p 
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No et’ereiiees were extunined tha t showed the e1’ fee I of I r ’mpei’ :it n r c

eu I C C  wearIng suu. facca , base materials , or subgr a~1e fl in t  e u ’ i a  1 a • It 1 a

Known , however I- hat tcmpei’ature doe a at’ fee I I he e I as I I c ccii  at  :ui a ~ ‘

liese matet’ I a a I ’iit 1 o a I ensei’ degree than I t~ does t hose o I AC Weiti’ I tug

surfaces .

Strain. One l i s a  cii I ,v t o  I u la p es ’ I- Fl gurc’ .~~~ ‘ • a p 1- of  of at  rca a

v ersi is s tea i i i  for an unoot i f’ I ned o I IL,V 5 pee I inCh :i 1’( er - l’er-~ag ti I and

I 00k L 
• I- c u’ c’S’ogn I ~‘.c t h e  extreme importance of a ra I i i  ‘ui the value of

an e last to ~‘oui at ant In eiay . Al Ten u’opo i’ f -rd  I h~i I Tu’~ ‘ I l s ’t’o • I er’ . an~I

Mo rr 1 a ( I’al’ he  ‘ ‘ )  c ons i deu’ e41 r at  r of ’ ~1e I’ornia t- Ion 1 c be an iii ft uctic lug

f act  or on f lu ’ M~ of ’ po ’r I~’ graded sli ’~ sand . 1.’unbe and 1021 tman

stated tha t K icc r eacra and ~u I n c  rca sea as a l t ’ s iii 1ev ci I us’ rca sea

anil I t in  K t i n ’  i’rnaca w i t  Ii an I ,s’reaae in at  r a in  i’ s I c .  Mon I sun i n cI at

I I t r~t r ate of ~l (‘ t~~~iili1i t I c i i  as Rn I iii’ I nence on M
~ 

of nut - r ented g i-sun I :tr

mat e,’ I a I a.  h ard in  showv d a 1 ogar I t ins t e a l  Lv ~lr ~’ rca a I iig wi thu au lii —

0 cease i n  s f u’~ in amp I ~i tude. I ~‘smeu’ et iii .
‘ “ I I a I ci at vs i i i  :unpl i t ude as

s ’i i ( ’  ~~f’ t h l ( ’ ills ‘at 55 1 ~~U ii 1 4 ’ :Ui t - t ’a c tor  a at ’ t’cc I. I uig

S1’ NS I TIV IVY OK l’AV F~IENT tO- 1 ONSI- 5 TO
Cit A N i t-:s I N i - I  .A~ ~1’ I C CON ~‘1’ANT~ ANtI
- t 11 iCKN~~ S

P t  ohitnutn I ‘ S at  ud i es pu’ov I SI C  sin t n  I’d ’  S alUfliu inr ~. d i :~ ‘ua a t  cii of ’ t t ie

(‘1 f(’5’t of  chan ges in d at- to const ant a cii s s iu r f n c e  ~I e t ’t r~’t lou . isii ’ I~

sI i ~’wa I - tie fact  ci’s by whi t cii K su id ~‘ m~~ vary i i i  f t  cx I i-Ic su~ I a I g I s t

pavemruut l ayer s  1~ ’ produ ce l ess t han 10 pere ru i t  4 ’t iaulg ( ’  1 1 1  t lie oat~~u—

t a t  ed mir fai’c 51r f’I cc I l ouis, ftc’ fsuc I ora Wrre sir” I vet I’Y h i t  ~‘rpo t a t  i ~‘n

of i ’ i ’a i i l  I a c t—t  a h ued by 1’I ~‘1uunnuii w I t  ii t h e  AFI AV ~‘~~~gu’a - m.  A l  t - i i ~’ii~ h i

V S  1 uue s are c i t i .y :tpprox iunn t - s ’  l i i i  a 1-al- t o  a i i ~’i~a tin - ’ r e t  s i t  I y e  i ; p ~- s I ali ce of ’

:uccii u ’ si i.e K an~t v V ~ I ~iea for t hi’ p~ v eusis’uit 1 a__v c as s  ~.nd su bg -s -

i~ 1 I P  1’AV l-~’tENTS

Fci’ r I g I ~I j ’ : iveuui ru i t  s , I III ’ K s ’t ’ t l i i ’ 5 5 2 l i ’ i 5 l 0 ( ’  4 ’ 4 ’ 2 i l ’S ( ’  55

~‘i’ I t - b a t  I ha_ui 1~’u’ I I  e x t  b I i ’  1-av ( ’m r u l t  a , a u n t  a c c u t u ’ a f  v s  Inca  for  i- ’ a of

I t i c  a id—gr ade  ar e  .t s u a f  as i uui p ~ ’ u ’ f  n u t  f ’ol’ rI gid a s s  i \ ’ i ’  I’ l cx i l - i c  p a v e u s s ’s i t
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Table .7

Api~ut’oximate Factor by Which Eta_ st Ic Coii~ taiits May Vary

from True Value and Produce less Than 10 Percent

kä’rot’ in Computed Surface Il et’ lection

Factor
Pavement Type Course K v

Rigid Surface 1.143 Not studied
Subgrade 1.03 Not studied

Flexible Surt’ace 2.142 10.0
ilauc 3. 11. 10.0
Subbase 2.l(~ 10.0

~lubgrade 1.05 1.07

There is no dat~L on s e ns it I v i t y  of ’ calculations to variatIons In v for

i’igi~1 pavement a .

FLEXIBLE PAVEMENTS

In flexible pavements , ealc u lat iou is  ci ’ surface deflection are not

highly sensitive to either K values or l’o i a a o i i ’ u r at ios of the sur —

face , base , or a ubbsia e O oUi’ su’ , but h~th t~1ie K value and the l’oi saoui ‘ 5

r a t i o  of ’ th e subgi’ade must not vary niou’ &’ than 5 and 7 pei’cent , re n l4ec—
t iv ely , from their  tt’ue values , I t ’ less than 10 percent error in stu’—

t’ace deflect ion is to be maintained.

Pichumani cautions that alth ough the K values for flexible

pavement base and subbase cour se a may not be highly signif icant t’or uw’—
i’ace dcl ’ lee 1, i ons  • they are important In determining the state of stress

h u t  the upper la_ye t ’s ci ’ the paveiuient. system.

REL ATION SIITI’S BETWEEN V I  BRJVI’ORY TES4[’
RESu LTS AND MATER I AL UAI’tAMI~I’ERS

MATIIKMA’I’rCAL MODF.U-1

The uuuet - it~d ci ’ l a o  h iebo t -at ’ l o t ’ I’ ~ • ‘ 

aj~I- 1 h ess the 1 inear spi’ lug—mass—

~Ius t i}’ s ’ I iuosl~’ I to one ress ou u t u t t -  pt ’stk c t ’ the frequency response spec trust.

We t uu~ i i s t s s  t i~ ies t  a a im  I la_u’ 1 i near .Lun iped—maaa apr lug model to  mcasui’ed

r , ’sso r i i t t t t  peaks and t i n s  found t hint- t. In ’ I. tu i t ’ar model. I.s inadequate t o

I 
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describe the resonant peak and to determine the subgrade Young ’s modulus ;

a nonlinear dynamic theory of the frequency—response spectrum is re—

quired . Yang uses the linear lumped—mass spring model to obtain the
E modulus of a pavement from the entire measured frequency x’esponse

spectrum including all resonant peaks.
1414 145Waas and Lysmer have developed a linear elastic half—space

model for calculating the response of a foundation resting on a layered

elastic half—space. Waas describes the t’requency response spectrum in 
- -

terms of a numerical procedure based on the finite element method . The

dynamic load—deflection curves predicted by this model are always linear

because o1’ the assumption 01’ the Lnear elastic h alf—space.

A nonlinear harmonic oscillator model has been developed by

W eiss”3 to describe the measured nonlinear dynamic load—deflection

curves and to extract the value of the subgrade Young ’s modulus from

these curves. This model also describes the laboratory resilient

modulus test and, can obtain the value 01’ the Young’s modulus from the

measured resilient modulus. The value of the Young’s modulus obtained

from the field and laboratory tests should agree approximately with the

shell equation , E 1500 CBR.

The wave propagation method of vibratory nondestructive test-

ing of pavements has been studied recently by l4ysmer et ~i. 28 Wave
solutions of the basic dynamical elastic equatio ns of motion are ob-

tained subj ect to the boundai’y conditions at the pavement surface and

at the inter faces of the pavement layers. Rayleigh wave dispersion

curves giving phase veloc ity versus wavelength are obtained using a

mechanical vibrator , and these curves exhibit discontinuous branches ,

which must be described theoretically by solving the secular sleterininan t

equation arising from the boundary conditions.

The wav e propa gation method has these disadvantages : ( a )  it • —

requires a complicated theoretical description , whi ch may not ful ly

describe the physical situation; and (b) It predicts elastic modul i

under very small stress and strain conditions , so that these elastic

moduli cannot be used directly for pavement calculations that require

elastic moduli under actual loading conditions .

1214



The linear regression equation for DSM also indicates that the

elastic moduli of the various pavement layers and subgrade are related

to the surface deflection in a complicated fashion . In addition , in any

regression equation containing several terms for each pavement layer ,

there is no -.,. arance that the contribution made by each pavement layer

is exactly indicat ed by the equation.

-‘ VIBRATOR WAVE PATTERNS

The utilization of deflection basin measurements in attempts to

extract elastic constants from vibratory test results is not considered

practical for several reasons. The first reason is that the motion of’

soil away from the vibrator baseplat e is complicated and not understood.

The fact that the ground at some distance away from the baseplate may be

out of phase with the baseplate by various degrees makes the data diffi-

cult to interpret . The second reason is that there are two or more types

of’ waves that radiate away from the baseplate during vibration .

Although vibratory devices have peak detectors that produce data which

plot in neat “bowl—shaped” graphs , there is no certainty that the pave-

ment always bends to conf3rm to the graph of the pavement surface. The

third reason is that deflection rapidly decreases in magnitude as
distance from the baseplate increases. In many cases , the ability of

the velocity transducers to produce accurate deflection measurements

will be exceeded. A fourth reason for not using deflection basins is

the complication of different wavelengths created by vibrations on

different pavement sections and at different frequencies. In many

cases , it -will not be known If in the horizontal range of the trans—

ducers, a quart er , half , full, or some unknown fraction of a wavelength

is being reflected by the measurements.

The Texas Transportation Institute procedure for extracting

• elastic constants from vibratory test results is useful but has three

shortcomings. First , It uses deflection basin measurement s that are

difficult to analyze. Second , it relies on the static Burmister theory

to describe dynamic loading ; and third , the moduli values produced

125
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require multiplication by a j udgment factor to be realistic for use in

calculations involving heavy loads .

EXTRAPOLATION OF CONSTANTS FROM
LOW TO HIGH STRESS LEVELS

The s ignificance of stress level on modulus value is recognized ,
18and liardin a method of extrapolating shear moduli at one strain level

to any strain level appears to be the best available procedure . This

procedure will allow the calculation of appropriate modulus values for

stresses created by aircraft of any size.

PRELIMINARY RELATI ONSHIPS ESTABLISHED
BETWEEN WES 16-KIP VIBRATOR AND
ELASTIC CONSTANTS

The empirical relationship between the DSM calculated for the

WES 16—kip vibrator and the elastic modulus of the pavement layers

apparently is valid since calculated values of DSM correlate well with

measured values; however, the material properties of the layers are riot

known with enough precision to establish a reliable working relationship.

Also, the empirical equation is not universally applicable as indicated

by the fact that the minimum subgrade modulus value which can be com-
puted is higher than values that have often been measured.

The surface pressures created by the l6—kip vibrator can be made

equal to those created by aircraft by changing the baseplate size. How-

ever , the characteristics of the existing vibrator that cannot be

u 1 s ’~z’ed to simulate aircraft loadings are: (a) one cycle of loading is

not possible; (b) the static weight is fixed ; and (c) it is possible to

determine only the deflection created by the peak dynamic load.
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RECOh~ 1EN DAT IONS

During the course ci’ this literature review, the reviewer con-

stantly had in mind the objective ci’ the overall program, namely, to
deve lop a more rational and analytical method for evaluating airport

pavements based on elast ic theory and using e la st i c  constants as deter-

mined from vibratory test results. As a consequence, it was inevitable

that the reviewer be prompted to certain relevant impressions and ideas.

These thoughts , some 1’rom the direct results of the data examined and

others largely intuitive or even obvious , are ot ’fered here in the 1’orm

ot’ “Recoimaendations,” in the hope that- they will be of value in planning

~s~ l -or implementing t h e  ongoing study and t’uture studies to develop

improved methodology. As a final recoznmendat ion , a suggest-ed breakdown

ci’ the ongoing study into phases or work areas i s  offered.

REV IEW OF ELASTIC CONSTANTS

MHASUR1 NO ELAS P 1 C CONSTANTS —

State of stresses foi’ fie ld  testing should be duplicated in the

labo ratory . The et ’l’ec t of t he  inelastic behavior ci’ materials on

Ic modulus can be minimized by alway s using the same modulus

E1 ~ 
, H • or E )  in laboratory work .

VARIAT I ONS I N ELASTIC CONSTANTS

Frequency and Duration ci’ Loading~ The nonlinear model developed

by W eiss ’ ‘
~~~ allows the extraction of elastic modulus values from field

vibratory test results. These modulus values are independent ot ’ fre—

quency as well as stat ic  and dyn amic loads of the vibrator. Axial

stresses and confining stresses are equal to lii situ conditions with

no load. On a stress—strain curve for any material , the elastic modulus

determined by Weiss would correspond to the init ial  tangent modulus,

. Therefore, repetitive load laboratory testing done in conj unct ion

• with the Weiss work should be performed at- t’requencies as low as

possible to minimi ze any possible disparities between quasi—static and

dynamic test methods.
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State of Stresses. Ahlvin and Foster 5° developed influence
diagrams for stresses Imposed in semi—infinite elastic media by a uni—
form c ircular surfac e load , which can be used to approximate stresses
induced by vibratory loading . Figures 55 and 56 are the diagrams for
vertical normal stress , a,, , and horizontal normal stress , 0

r 
Be-

cause these diagrams are for a semi—infini te  media , and the present con-
cern is with stresses beneath multilayered pavements , another approxilna-

tion is necessary . This involves converting the pavement layers to
equivalent thicknesses of subgrade as suggested in Thi 5_3l2. 51 For

example, assume stresses are desired for a point In a subgrade with a

unit weight of at a distance h5 below the top of the subgrade .

The subgrade is covered with a material with a unit weight of’

which has a thickness , t . The depth, z , to be used with the in—
fluence diagrams is computed as

z h  +— (t)
S 

~ S 
-~

Age of’ Mat erial. When age could be an important factor in 3

modulus or vibrator test results, the effect will have to be ignored.

Insufficient information exists on age effects to allow even approximate

quantification of its ei’fects on any material.

Compositions and Material Properties. Wide ranges in behavior

due to compositions and properties of materials, especially soils, make

the assignment of values of E , v , and G from tabulated values

nothing but guesswork. Hardin ’s method15 for determining shear modulus

of soils and gravels appear s to consider all pertinent f actors , and

similar procedures will have to be adopted for all pavement materials ;

however, time will not allow the development of these procedures for the

methodology presently being developed for FAA by WED. Therefore, it is - -

recommended that methods for estimating elastic constants for the evalua—

tion methodology be developed based on existing equations that account

for in situ material properties and stress levels.

Hicks ’ list39 of constants K1 and K ,~ should be expanded. His
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Figure 55. Influence diagram for vertical normal
stress o~ at various points within an elastic
half—space under a uniformly loaded circular
area (after Ahivin and Foster50)
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Figure 56. Influence diagram for horizontal normal
stress 0r at various point s within an elastic
half—space under a uniformly loaded circular area
(after Ahivin and Foster5O )
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equation could be universally app L~ ed i t ’ the constants are listed in

terms ci’ all soils in the Unif ied Soil Classif icat ion System instead of

regional terms.

The graph (Figure 140) of’ Ulynn and Kirwan 13 showing the dynamic
stress response ci’ clays is uset\U. for comparison with modulus values

determined by other methods. A similar relationship for sands will also

be useful . However, these authors believe that their graph is an

oversimplification and needs more work; therefore, it is not appropriate

where prec ise values are needed.

The relat ionships ot’ H to CBR (Figure 141) and plate bearing

value (Figui’e 143) should not be used as substitutes for direct deterinina—

tions ci’ H when laboratory testing is f’easible.

Temperature. The s ign i f i cant ei’fect of temperature on the

elastic iz~-1ulus of AC has been deinonstratt ’~t by several inv est i gators .

it is obvious that temperature should be accounted for in field and lab-

oratory tests on AC. Modulus tests perx’ormed in the laboratory should

duplicate field t emperature conditions. The effect - ci’ t emperature on

material s other than AC has not been extensively studied ; therefore , it

is evidently not considered as a significant factor or is not practical

to consider at all. The effect of temperature on all materials except

AC WI l~L have to be ignored under the present state of the art .

Strain. Because the behavior of all pavement materials is in-

elastic , that is , the complete stress—strain curves are not lineai’, it

is important to indicate which modulus value is being discussed. This

can be clarified by the designations H . for initial t angent modulus,

Et 
t’or tangent modulus, H for secant modulus , or E1 for hysteresis

modulus. The stress levels at which the moduli values are determined

should also be indicated.

SENSiTiVITY OF PAV E~.tENT RESPONSES TO
CIIANGES iN ElASTiC CONSTA1’~TS AND
THICKNES S

Fichumani ’s study5 of the sensitivity of computed pavement

det’lections to changes in elastic constants and thickness showed that

130 •1
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the E values of the layers of flexible pavement could be in error by

a i’actor of 2 or 3 and not significan tly affect the computed deflection .

Also, the H value of’ the FCC could be in error by a factor of about

1.5 and not significantly affect the deflections computed for rigid

pavements. However , he varied only one parameter at the time , but in

practice , the effect of choosing erroneous values for all pavement

layers , including a subbase for rigid pavement , should be considered .

Consequently , it is imperative, if accurate results are to  be obtained

from the layered elastic method , that values of H and v be estimated

with more precision than he indicates is necessary . A comprehensive

sensitivity study of any proposed pavement evaluation methodology should

be made.

Pichumani also showed the importance of accurate values for v

of subgrade materials. However, work by several researchers indicates

that v is difficult to determine even under carefully controlled

laboratory conditions . Therefore , it is recommended that a procedure

for estimating v be adopted.

RELAT IONSHIPS BETWEEN VIBRATORY TEST
RESULTS AND MATERIAL PARAMETERS

MATHEMATICAL MODELS
0 3

Weiss ’s nonlinear mathematical model , ‘ which describes the

response ci’ a pavement structure to vibratory loading of’ the liEs l6-kip

vibrator , appears to be the most pract ical and accurate procedure to
adopt for the determination of elastic constants. The Weiss model uses

DSM graphs or frequency response curves; therefore, other forms of non-

destruct ive t est result s, such as deflection basins or wave velocity

measur ements , need not be considered at this time .

VIBRATOR WAV E PATTERN S

The effect of the input wave shape on the response of a material

is not known. The response of the pavement system and subgrade to

sinusoidal loading of the vibrator and of test laboratory specimens

to haversine loading will be assumed to approximate the response to

loading by the vibrator.
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EXTRAPOLATiON OF CONSTANT S FROM
LOW TO HIGH srRESS LEVELS

Hardin ’ s method 1° for extrapolation of shear modu.1 i to any stress

level should be included in the proposed evaluation methodology .

PRELIMINAR Y RELAT IONSH i P BETWEEN WES
V IBRATOR AND ELASTI C CONSTANTS

The empirical equation that relates DSM , H , and t adds to the

evidence that vibratory test results and the elastic moduli of materials

are related , A better relationship could be established it ’ pavement and

subgrade constants were known wi th  more precision.  However , it is

recommended that efforts be directed at developing and complementing the
-) 3Weiss theory ’’  rather than improving an exist ing empirical relationship.

BR EAKDOWN OF ON G OiNG STUDY FOR DE—
VEL~)PMENT OF EVAIJJAT ION PROCEDU RE
BASED ON LAYERS) ELASTIC THEORY
ANP VIBRATORY TEST RESULTS

The ongoing study can be divided into four areas ci’ work :

a. Field and laboratory work that will consist of performing
nondestructive testing and laboratory testing on several
different types of soil in order to provide data with which
to verify the theoretical procedures proposed by Weiss.

b. Choosing the best methods to estimate the elastic inodul i and
Poisson ’s ratios of pavement layers , as substitutes for
difficult testing methods.

~,. Further investigation of’ the procedures t’or:

( 1) Extrapolating modulus values to any strain level .

( 2 )  Relating pavement response characteristics to the
vibrator to pav ement response characteri stics to  the
aircraft .

1, 3) Calculating stresses in soils due to vibratory loading .

(14) Determining relationships between quasi—static and
dynamic conditions.

d. F inally , the pertinent information contained in this report ;
— 

the results of the three areas of work listed as a, b, and
c above; the Weiss theory ; and the reverse of a design
procedure based on layered elastic theory will be formed into
a pavement evaluation procedure .
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APPENDIX A : ABBR EVIAT iONS AND SYMBOLS

Recurring abbreviation s and sunibols are lis ted below . Symbols

used only once or repeatedly in  close p r o x I m i t y  , and dei’lned in t h a t

proximit y ,  are not shown in the .1 1st. Symbols ci’ t h i s  type app eai’ In

some tables and figures. l’o be certaiti ci ’ t h e  signI f ic an ce  of symbols

in tables and 1’igures, the reader should ret’er to t t ie per t inent  t e x t

AC Asphalt Ic concrete

Al Asphalt I nst it u te  - -

DSM Dyn~ nic s Li I’fuess modulus

H Young ’s modulus; elastic modulus

H
1 

Hysteresis  modulus

H . Initial tangent modulus

H1, Resilient modulus

H Secant- modulus

li
~ 

‘Fatigetit modulus

E* Complex modulus
Re I Magnitude ci’ comj~1 cx modulu s
F’AA Federal Av I a t - i cit Adini ii i strati eu

; Shear modulus

h i l I t  i ~‘knoss ci ’ a pavement .1 uy or

ti l l’ tIL L S SILO I tust ’t . i-n inst. i t a t e  ci’ l’eehino 1 og,v

tI11 Hen 11 lent modulus

MED M a t er i a l s  Research and Development

I C C  Port land cement coite ,‘et .i’

USNCE1 USN C iv II Ru g I iteer lug Laboratory

WES U. S. Army Hug i iteer ‘Watt’ l’wuy Experiment. S tat- lou t

y Shear strain

• Strain

Strains along ( lie axes , x , , matx y
\ Wavelength

V i’o t ssout ~ s r a t io

s Normai stress
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Normal stresses acting along the axes , x , y ,  and z

Ol I 0
~~I U 3 Normal stresses actin g along the axes , 1, 2, and 3 of

an orthogonal coordinate sy stem
r Shear stress

I
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