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OPTICALLY PUMPED FAR INFRARED LASERS

I. OVERVIEW

This report summarizes the research performed under Grant
DAHC 04-75-G-0099 during the period 1 March 1975 to 28 Feb-
ruary 1978. The basic research goals were quite simple: the
study of fundamental processes associated with the optical
pumping technique used to generate far-infrared radiation.
Two specific areas addressed in detail are superradiance and
stimulated Raman emission, both identified and partially

characterized during the course of this study.

II. SUPERRADIANCE
A. Introduction

The concept of superradiance, as originally presented
by Dicke,l is that of the collective spontaneous decay of an
ensemble of two-level atoms prepared in a superposition state.
The resultant emission intensity is proportional to the square
of N, the number of atoms, and is emitted in a delayed pulse
whose delay and width are both inversely proportional to N.
The theory has evolved to treat extended media,2 complete in-
version,3 swept excitation,4 and various other effects such as
relaxation and degeneracy.5 At the time of the proposal, one

experimental observation of superradiance had been made, . and
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the question was whether our observations on methyl fluoride

.___.__.4

were of the same effect and what modifications would have to |
be made in the existing theory2 to allow a ccmparison. 1
The objectives of the proposal were several; and with one
exception, they have all been fulfilled at least as well as we
had hoped. The details of the superradiant pulse evolution
have been studied and are described in the next section. The
scaling behavior of the superradiant emission with cross sec-
tional area A, has been found to be intermediate between that
of the disk and needle cases,2 that is, the intensity varies
more rapidly than A but more slowly than A2 (see Appendix I); k
with length, L, the variation (v as L3) is faster than that pre-
dicted, as is discussed in the next section. Seeding of the
sample to determine the initial condition (initial Bloch vec-

tor tipping angle) of the Maxwell-Bloch theory5 has not been :

done, because reproducible far infrared pulses of intensity

i W/cm2 would be required. The theory of J

approximately 10
Ref. 5, developed independently by us in a similar version,
appears to give not only the gqualitative features of the super-
radiant emission, but also a gquantitative fit to our results
over a range of cell length and CH3F pressure, using only one
free parameter; this is discussed in more detail in the next

section. This analysis has given an indication of the conditions

under which superradiance may evolve; in particular, it appears




that population decay and dephasing effects (represented by
T2=Tl) are not as serious as was first thought. And, finally,
an efficient pulsed far infrared source (15% photon conversion
efficiency) has been realized; the efficiency is rela‘ed only
to the finite delay and finite pump pulse width, but the con-
ditions for superradiant emission limit the intensity to less
than a kilowatt at the present time.

Contributions in amplification of, or in addition to,
those proposed have taken place in several different areas,
both theoretical and experimental. One of these was the exten-
sion of the theory of the propagationless case7 to include,
phenomenologically, collisional dephasing and energy loss
(TZ&TI) and to investigate the importance of these relative to
Doppler dephasing; it was found that the latter is the less
serious case. A search was made for candidate transitions;
several far-infrared (FIR) possibilities (pumpable by a CO2 TEA
laser) were found (see Ref. 8), and we identified alkali metal
vapor transitions on which subsequent observations of super-

radiance were made.’’t0r1l

The apparatus has been modified

to allow for shorter, more stable pump pulses, to further re-
duce feedback and symmetrize the sample cell with respect to
forward- and backward~propagating waves, and to allow sensitive

detection of the superradiant pulses on a nanosecond time scale.

An analytical solution has been found for the small-area pulse




case and agrees with computer calculations in the proper limits,
and an empirical expression for the dependence of the pulse
parameters on cell length has been derived from computer

solution of the equations of Ref. 4. The effects of varying
cross-sectional area, length, and pump duration have been studied
experimentally and theoretically, and the pulse shape observed

in detail; in addition, the transitions from superradiance to
swept-gain superradiance and from homogeneous to Doppler

broadening have been observed and studied.

B. Summary of Research
Earlier results have been reported at several confer-

ences (Refs. 8,12; Appendix I); the latest results have been
reported at the Tenth International Quantum Electronics Confer-
ence, Atlaata, May 29-June 1, 1978, paper T-4, and are being
prepared for publication. These results will be summarized
here, and general conclusions will be drawn in the next section.

The apparatus is essentially the same as that shown in
Fig. 2 of Appendix I, although certain changes have been made.
The mode quality of the CO2 TEA laser has been improved by in-
creasing the inner diameter of the intracavity gain cell, and
the output energy has been increased threefold, allowing the
pump pulse to be truncated to a width (FWHM) of 15 nsec with
a peak power still approximately 1 MW. This allows even higher

pressures to be reached before overlap of the pump and FIR

—————— E——
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pulses occurs. The pump pulse is now weakly focused by a
long-radius mirror into the FIR cell so that it may trans-
verse the maximum length of cell allowed by laboratory dimen-
sions (10.2 m) without expanding appreciably. In addition,
the FIR cell has been made symmetric by the mounting of a
dielectric-coated silicon "input coupler" at the far end of
the cell, reducing feedback even more, allowing full detection
of the pump, and eliminating the need for external separation
of the pulses. This arrangement allows for the extension of
the range of data to even lower pressures, and allows the meas-
urement of the delay of the backward wave. The Si:P detector
has been more carefully calibrated and has been operated at
lower bias to decrease its response time to about 2 ns (at the
expense of sensitivity) in order to follow faithfully the time
behavior of the FIR pulses from the longest samples.

Typical pulses are shown in Fig. 1, where the qualitative
dependences of the intensity, pulse width, and delay (measured
from pump cutoff) on pressure and cell length can be seen. In
Fig. lc, the fluctuations in the FIR pulses are also evident
(the lowest FIR pulse is due to the unusual fluctuation in the
pump) .

Measurements of the delay, width, and intensity of the
superradiant pulses were made as a function of CH3F pressure

at several cell lengths: 168, 229, 351, 473, 656, 838, and

i Ak
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Typical pulses showing the qualitative effects of varying
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length at constant pressure. The upper pulse is the CO,
pump, showing the rapid cutoff; a) nearly-overlapping
pulses; vertical scale is 150 W/div (FIR pulse only),
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1021 cm; this was done for both the forward- and backward-going
pulses. Since it is expected that the delay and width should
vary with pressure as p—l, and the intensity as pz, the delay

and width have been plotted vs p—l 2

and the intensity vs p
for the forward-going wave at four cell lengths in Figs. 2, 3,
4, and 5. The delay and width in Fig. 2 are shown with a
straight-line fit; the agreement is reasonable. Note the
negative delay at infinite pressure (p-l=0); this is a result
of the finite width of the pump pulse and is the same at all
lengths. The intensity dependence is a combination of two
straight lines (approximately), one below p2 = L0l torr2 and

a steeper one at higher pressures. Fig. 3 shows the same be-
havior observed in a 351 cm cell; in all of these plots (Figs.
2-5), the data points represent an average of several pulses.
In Fig. 4, at 656 cm, the break in the slope of intensity vs

p2 is seen to correlate with breaks in delay and width vs p_l;
this, then, is assumed to be the transition between homogeneous
and Doppler broadening, which takes place from 0.10-0.04 torr.
This behavior is even more evident in Fig. 5.

In Fig. 6 is shown the dependence of the pulse parameters
on length for two pressures. Both delay and width show a de-
crease and appear to be approaching nonzero values; the short-
est delays are approximately equal to T2, and all but the

longest pulse widths are less than T2. In spite of this,
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ringing was never observed in the FIR pulses. The intensity
shows an increase approximately as L3 over this range of lengths.
Fig. 7 shows the ratio of the forward FIR intensity to the
backward intensity plotted vs p for fixed L and vs L for fixed

p; it is seen that the characteristic of the emission goes

from that of Dicke superradiance (Rx=1l) to that of swept-gain
superradiance (R>>1) as p increases past .10 torr and as L in-
creases past 5 m. This is supported by the delay and width
variation with L; both go as a larger negative power of L for

L > 5m.

Fig. 8a shows an example of the fit that can be obtained
with the Maxwell-Bloch equations with a fluctuating-phase in-
put field to simulate the initial tipping angle due to spon-
taneous and blackbody emission. Here the pump pulse is assumed
to be saturating and the loss is calculated as that of a
Gaussian beam.5 The initial tipping angle, 80, is the only

free parameter, and by setting 6, = c(L) , the results for

0
pressures ranging over the homogeneou:T; broadened regime are
fit fairly well for the shorter cell lengéhs (c depends only on
L, not p, and is on the order of l1). The arrows in Fig. 8a re-
present the range of fluctuation predicted numerically for the
intensity and delay. Figs. 8b and 8c show the effect of vary-
ing the loss and the tipping angle, respectively. The dashed

line in all three represents the experimental result. It is
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found that a fit can be obtained for a small change in k by
changing 60; in other words, the fit is not sufficient to
determine the absolute value or perhaps even the functional
form of eo because k is merely an estimate. It is also found
that the fit is not as good (quantitatively) for long cells or
for the backward wave, for reasons which will be discussed in

the next section.

C. Conclusions

It is seen that agreement between theory and experi-
ment is fairly good except for the longest cell length and for
the backward wave. The agreement is improved by including a
finite-width pump pulse, which is effectively an intermediate
case between simultaneous (e.g., transverse) and swept (delta-
function) excitation. It also appears from initial computa-
tions that the inclusion of degeneracy for the FIR transition
does not have an appreciable effect; it may be possible, how-
ever, that the pump transition degeneracy may, when included,
have an effect, and that the combination of this with the
finite pump pulse width may have an even greater effect. Other
things which may have to be included in the model are coherent
pump effects, Doppler broadening of the FIR transition, and
transverse variation of the pump resulting in lensing effects

for the FIR. Far infrared pulses as short as 12 nsec and as
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intense as 250 W have been produced in a superradiant manner
(no pulse overlap between pump and FIR). This is limited, at
present, by the finite width of the pump pulse, and possibly
by other factors such as degeneracy and transverse effects.
The major contribution of this work has been that super-
radiant emission has been observed in the homogeneously broad-
ened regime for the first time, and that ringing has been ab-
sent even when the delay is less than T2' The dependence of
the delay, pulse width, and intensity has been investigated
as a function of pressure, cell length, and cross-sectional
area and the scaling behavior found to be intermediate between
the disk and needle limits for shorter cells. The expected de-
pendences on pressure have been found, with the additional
feature of the transition from homogeneous to Doppler broad-
ening being reflected as a change of slope in all three cases.
In addition, the effect of a finite pump width has been seen
in a negative intercept for the delay at p_l=0; this inter-
cept is approximately 1.5 times the FWHM of the pump pulse,
which indicates that only the initial part of the pump is
necessary to prepare the state of FIR inversion. And finally,
the observation of the transition from Dicke superradiance to
swept-gain superradiance first reported in Ref. 12 has been

corroborated and amplified.
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ITII. STIMULATED RAMAN EMISSION
A. Introduction

D20 vapor, optically pumped with a CO, TEA laser,

2
has been under study regarding the nature of far-infrared (FIR)
emission associated with pure rotational transitions. In the
course of preliminary research, several features of particular
interst emerged which have been subjects of further investiga-
tion. The 50 um and 66 um emission lines, pumped with the 9.66
um P (32) CO2 line, have bee: shown to constitute stimulated
Raman emission and to lie ~ 2 GHz from corresponding ground

state and Vs, rotational transitions. This is to be compared

with the measured 1.1 GHz detuning of the CO2 pump from the

relevant 000 661,660 - 010 550,551 IR absorption doublet (energy

13

level notation is J ) Several other D.,O transition de-
K-l ’ K+1

2
tunings from CO2 pump lines were measured as summarized in

Table II of Appendix II.

Various emission line assignments were made on the basis
of recent spectroscopy of the v, band of D20.l4 The scheme
of the P(32) pump line and observed emission lines is shown in
Fig. 9. Neglecting the weak 83 um cascade transition and the
116 um line, the system is comprised of three radiation fields
present on the dipole-allowed transitions connecting four

molecular levels. We have undertaken the analysis of such a

system in the homogeneously broadened regime by means of a

pronsgy




Fig.

9,

19

Partial D50 energy level diagram near the P, (32) laser
line. 1Insert shows the detailed absorption’spectra
based on tunable diode laser spectroscopy of Ref. 13.
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guasi-static density matrix formalism, and have derived exact
algebraic expressions for wave gain profiles which point to
nonlinear mechanisms of wave coupling. This analysis has
been incorporated into a computer program in which the evolu-
tion of the 66 um and 50 um emission in a single-pass system

is modeled.

B. Analysis

The four-level density matrix analysis applied to the

D20 system indicates that two-photon processes such as optically

pumped lasing and stimulated Raman emission are significantly
modified by an interaction with an intense third radiation
field. The system of coupled density matrix equations has
been solved quasi-statically ( in the t>>’I‘2 limit), neglecting
off-resonant and transient terms in favor of terms with small
resonance denominators. Albebraically exact expressions have
thus been derived for the off-diagonal elements of the density
matrix in terms of arbitrary field intensities, population dif-
ferences, detunings, and phenomenological dephasing and damping
processes. Field gains can then be cast in a form in which
terms are grouped by population differences and contributions
to the net gain by one-,two-, and three-photon processes are
thereby elucidated.

In the level configuration depicted in Fig. 9, applicable

to the Dzo system, the €1 gain assumes the form:
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+w2

G pw2u3(nl-n4)

p = Syimarngl “; et S Wl
where (ni-nj) is the population difference between levels i
and j, a; are coupling factors peaked, respectively, near
i-photon resonances, and w; are the Rabi frequencies. The oy
are field-dependent, and account for relative polarizations
of the interacting fields as well as AC Stark shifts. Exact
field intensity-dependent expressions have been derived for
the AC Stark shifts and i-photon linewidths. An appropriate
summation over sublevels incorporates the effect of the M-
degeneracy of the rotational levels, lifted in the presence
of intense optical fields.

In the D20 system of Fig. 9, the 50 um ground state tran-
sition cannot be inverted on a quasi-steady-state basis and
laser loss is predicted on resonance. However a two-photon
(SRE) gain multiplier, Uy plotted in Fig. 10 as a function

of frequency and 66 um field intensity at a characteristic D.O

2
pressure and pump intensity, yields a net gain off-resonance
under population conditions characteristic of a saturated 66
um SRE process. This partially accounts for the observed de-

layed onset of the 50 um signal (see Fig. 3 of Appendix II).

C. Experiment
The system on which our optically pumped D20 research

has been carried out is essentially that described in Appendix
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II. Detunings of pump and FIR fields were determined on the
basis of pressure dependence of absorption in DZO as described
there. Subsequent modifications have included improvement of
the TEA laser transverse beam quality and stability (by geom-
etrical modifications of the CW amplifier section), and elim-
ination of the Au-coated back reflector and all surfaces normal
to the FIR beam to ensure single-pass operation. A cell con-
taining cyclopropane at variable pressure in line with the
pump beam allows continuous variation of pump intensity from
shot to shot. Net 66 um pulse energies and their shot-to-shot
fluctuations have been measured as functions of cell length,
pressure, and pump intensity in the single-pass configuration.

At a pump energy of 72 mJ/pulse, FIR energy fluctuations
are characteristic of saturation of the 66 um SRE process within
a length ~ 2.5 m, assuming an incoherent blackbody source at
the input end of the cell.15 Gain and threshold estimates de-
rived from these data are reasonable within the context of our
theoretical understanding of the system. Real time measurements
will allow detailed comparison with the single-pass propaga-
tional model we have developed.

One further feature predicted by our analysis is currently
under study. As the FIR gain profile is a function of field
intensities, a chirp in the frequency of the emitted FIR pulse

is to be expected as the pump pulse rises from FIR threshold
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to its peak value. This is being studied by a time-resolved
interferometric technique with the major goal of identifying
the magnitude of the chirp and hence the 'start' condition

for the emission.

D. Conclusions

Inroads have been made into the understanding of FIR
emission by a molecular system optically pumped off-resonance
in the infrared. The SRE mechanism whereby the strong 66 .m
and the 50 um lines are generated in DZO has been identified
for the first time. Research into the precise field and mole-
cular population dynamics is well underway with implications
for a variety of other configurations of coupled waves in

gaseous systems.
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APPENDIX I.

*
FAR-INFRARED SUPERRADIANCE IN METHYL FLUORIDE

A.T. Rosenberger and S.J. Petuchowski
Department of Physics
University of Illinois
Urbana, Illinois 61801

and
T.A. DeTemple
Department of Electrical Engineering

University of Illinois
Urbana, Illinois

Strong superradiant emission at 496 um from CH_F opti-

3
cally pumped by a CO2 TEA laser has been observed in the
homogeneously broadened regime.' The emitted FIR pulses are

asymmetric, exhibit no ringing, and are less than T, in width.

2
The FIR pulses are calculated and observed to scale with the
geometry of the sample in a fashion intermediate between
those of the disk and needle limits. Reasonably good agree-
ment is found between the observations and the predictions

of a Maxwell-Bloch treatment in which either the initial
tipping angle or a linear loss is considered a free parameter.
The FIR emission is observed to vary in character from Dicke
superradiance, marked by effectively simultaneous excitation

and equal forward and backward intensities, to superradiance

more of a swept nature, showing forward-backward asymmetry,

*
Research supported by U.S. Army Research Office, Durham, N.C.
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although in our short samples, the steady state is not

achieved. Qualitative theoretical support for this is pro-
vided by bidirectional and propagationless Maxwell-Bloch

models.

I. Introduction

The cooperative spontaneous emission of radiation, or
superradiance,1 should be observable from initially fully in-
verted molecular systems which have high gain and are either
1) shorter than a cooperation length,2 or 2) inverted by
means of swept excitation.3 The emission from an extended
cylindrical sample should occur as delayed pulses, the inten-
sity, width aﬁd delay of which depend on the density p of ex-
cited molecules and on the length L and cross-sectional area
A of the sample. The dependence of the delay to' width At,
and peak intensity I of the superradiant pulses on the charact-

eristic time Ts is as follows:

B & Ty (1)
At = T, (2)
I« N/Ts, (3)
where Ts 3 3TN and4
N = Tsp/uN (4)

Here Tsp is the spontaneous lifetime, N = pAL is the number of

cooperating molecules, and p is a wavelength- and geometry-




dependent shape factor:4 .

322/8mA, (F »> 1; disk) (5)

=
[

3\/8L, (F << 1; needle) (6)

=
I

where the two expressions for u apply in the limits of large
and small Fresnel number F = 2A/AL. This implies qualitatively
different geometrical dependences of the pulse characteristics

at constant density in the large -F and small -F limits:

disk needle
t, = Lt a~l
At « -1 a~1
I« aL? A%L

For a system of Fresnel number of order one, an intermediate
geometrical behavior might be expected.

The far infrared should be a regime well suited to the
observation of superradiance, because the radiative lifetimes
of rotational transitions are long, the gains on these tran-
sitions can be high, and the possibility of swept excitation
by optical pumping exists. The first observation of super-
radiance, in fact, took place on FIR rotational transitions
in HF,S and the present work on CH3F is, in a sense, its com-
plement. 1In the pressure range of interest, the FIR emission

from CH,F is homogeneously broadened. 1In spite of this, the

i
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superradiant pulses extract a large fraction of the energy
available at the time of emission, and so we claim that the
process involved is more correctly labeled "strong super-

radiance" than "limited su erradiance."7 As can be seen
P

from Table I, the conditions7 for "strong superradiance" are

satisfied:
Ty % Tau (7) *
a L >> |2no_|. : (8)

In addition, Tl = T2 for the FIR transition, so the analysis
of Ref. 3 for swept-gain superradiance applies, provided that
the pump width is small enough and the sample long enough.

In Table I are defined and listed the various times and

other parameters associated with a particular set of experi-
mental conditions. The experiments and results are described
in Section II, the results are discussed and compared with

theoretical predictions in Section III, and in Section IV the
assumptions of the theory and the implications of the experi-

mental observations are summarized.

II. Experiments

The energy level diagram in Fig. 1 and the experimental
apparatus of Fig. 2 have been described in detail in Ref. 6,
and only the main points of interest will be repeated here.

The pump in Fig. 1 can be preferentially absorbed in either
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K (1 or 2) manifold, although K = 2 is more probably domin-
ant because of the larger matrix element. The resultant FIR
emission will be at 496 um with a 40 MHz frequency difference
between the two possible FIR lines. Rotational (AJ) relaxa-
tion yields a 40 MHz/torr homogeneous linewidth and a nonzero
equilibrium population difference. (Table I).

The CO2 TEA laser in Fig. 2 has been mounted in an Invar
frame for improved stability and emits a single-mode, 120
nsec, 1.2 MW pulse which is truncated, 35 nsec before its
peak, to a width of about 30 nsec.8 This early cutoff ex-
tends the pressure range in which the pump and FIR pulses do
not temporally overlap. The positions of the absorber and
the detector system may be interchanged to allow observation
of FIR emission in the direction opposite that of the propaga-
tion of the pump.

The cutoff pump pulse and two typical FIR superradiant
pulses are shown in Fig. 3 in synchronous oscilloscope traces.
The low tail on the pump pulse is the result of a slight im-
pedance mismatch between a pulse amplifier and the oscillo-
scope. The FIR pulses are multiple traces to show shot-to-
shot fluctuations; notice that there is no ringing (ringing
has not been observed on any FIR pulses occurring after cutoff
of the pump) and that the pulses are asymmetric. The quali-
tative pressure (hence density, since the pump is saturating

the IR absorption) dependence is also evident.

NUSUBNUSINENS V3
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The pressure dependence is better shown in Fig. 4, where
the data plotted are for a cell 4.7 m long and the lines are
least-square fits to the data. The linear variation of de-
lay and width with inverse pressure, and of the average peak
intensity with pressure squared, is evident as expected,
with slight discrepancies which are qualitatively understood:
negative delay at high pressure, and deviation from linear
behavior at low pressure. The delay is measured from the
cutoff of the pump pulse, so that the finite width of the
pump and the onset of.swept gain at higher pressure are re-
sponsible for the negative delay and deviations in width and
intensity.9 The onset of Doppler broadening below 0.08 torr
is thought responsible for the deviation at low pressures.
All the pulses are less than T, in width.

Comparison of the results for two samples identical ex-
cept for length is shown in Fig. 5. The gqualitative behavior
is again the same, but a comparison of the slopes of the
least-square linear fits for the two sample lengths shows a
behavicor intermediate between that of the disk and that of
the needle, as given following Eq. (6). The ratio of the
intensity of the forward pulse to the intensity of the back-

ward pulse was investigated as a function of pressure, but

the results were inconclusive. However, a similar measurement

on a 5.9 m sample confirmed the findings of Ref. 9: that the

ratio is nearly equal to one at low pressures and becomes
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large at higher pressures, when the excitation develops a

swept character. One would expect a ratio of one at even

higher pressures in a shorter cell.

III. Comparison with Theory

In comparing our results with theory, pump effects. and
level degeneracy are neglected and a Maxwell-Bloch approach
with an input field fluctuating randomly in phase to simulate
spontaneous and black-body emission, much as in Ref. 7, is
used. The coupled equations are written in complex form as

follows:

5% P = - 1>/'r2 + ER, (9)
) i *

g R = -(R—Re)/Tl - Re(EP I (10)
9 "

= E = - KkE + aoP, (11)

where P = -~ P/oulz, E = ulza/h, with My being the dipole
matrix element between the two FIR levels and P and & the
complex polarization and electric field amplitudes; R =

(Nz—Nl)/N, the normalized population difference, having an

equilibrium value Re < 0. The times '1‘1 and T2 are equal for

the transition under consideration, a = ('I‘SL)--l (TS is here,

and in the following, evaluated in the disk limit), and «k is
a linear loss to approximate diffraction. It was found that a

reasonable fit could be obtained by choosing a credible value

P
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for either «k or ¢o and then treating the other as a free para-
meter. Two representative examples are given in Table II.

The observed delay listed in Table II is that measured not
from pump cutoff but from the p'_l = 0 intercept and thus is
an overestimation.

The Maxwell-Bloch equations (9)-(l11l) were modified to
treat propagation in both directions, gqualitatively confirming
the pressure dependence of the forward/backward intensity ratio
observed in longer cells and discussed in more detail in
Ref. 9. The ratio was calculated to increase with increasing
pressure. In the numerical calculations, the asymmetry of
the resulting pulses matches that observed, and ringing is
predicted only for unphysically large densities or initial
tipping angles.10

If one assumes no spatial variation in the electric
field, and Re = 0, the intensity predicted by Egs. (9)-(11l)

has the form
I(t) = (Ruw uN2/4T ) z%sech’[p(1-2) ~ a], (12)
o sp

where z = exp(-t/Tz), B = T2/2Ts , and a = 2n(2/¢o). This

functional form applies both to the pure Dicke case L << Lc
and to the steady-state "swept superradiant" case.3 To see
the connection with the latter, note that by using the disk
expression for u, Eq. (5), and replacing L by K-l, an effec-

tive loss length, one may recover the intensity predicted for
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the steady-state case with, of course, t being the retarded

time.3 This applies to L >> Lc and L <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>