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INTRODUCTION 

The capability of Army analysts to evaluate the structural be- 
havior of projectiles during in-bore motion has closely paralleled 
the evolution of new numerical methods.  Prior to the availability 
of large core, high speed computers, stress distributions in projec- 
tiles were obtained at interfaces of neighboring sections by match- 
ing known analytical solutions of standard geometric shapes.  The 
method was limited to only a few sections (Ref 1), and often resulted 
in conservatively high discontinuous stresses at the intersections. 
Artillery shells tended to be overdesigned because of the above- 
mentioned shortcomings of the method.  On the other hand, a smooth 
transition at geometry changes and more realistic distribution of 
stresses were obtained throughout the projectile body by using the 
finite element method to solve the linear equations representing 
quasi-static equilibrium (Ref 2).  The designer and analyst were 
then able to interact more closely to satisfy weight and size limita- 
tions and still develop projectiles with peak stresses below the 
yield strength of the materials. 

Designs became more complex with the advent of higher load carry- 
ing capacities and weight limitations more severe. As a result, com- 
ponents involved tended to exhibit stresses in the plastic range. 
By this time, the analytical methods incorporating incremental plas- 
tic theory had been inserted into finite element computer codes. 
Solutions utilizing these methods demonstrated that in most cases 
the high projectile stresses were not catastrophic in nature and 
were usually confined to small regions of localized plastic deforma- 
tion (Ref 3). 

Paralleling the development of incremental plastic techniques, 
finite element methods were being formulated to solve the linear 
equations of dynamic equilibrium.  The conventional method of solu- 
tion is to use a process based on normal mode superposition as op- 
posed to direct integration. However, this approach, limited to 
linear systems, is economically restricted to structures where only 
a few modes of vibration are excited and offers no alternatives.  The 
more versatile method then is to solve the linear dynamic system by 
direct integration (Ref 4).  This linear formulation has been applied 
to such Array related areas as determining the effects of dynamic 
forces on projectiles or gun tubes as well as calculating the re- 
sponses of structures to blast or earthquakes.  More important, the 
formulation could be expanded to include material and georaetric non- 
linearities.  The nonlinear representations of the equations of 
motions are contained in the computer code, NONSAP (Ref 5). This 
code is ideally suited to solve raost of the structural problems of 
in-bore dynamics. 



FORMULATION 

The XM650E4 8-inch rocket assisted projectile (Fig 1), is 
analyzed as a two-dimensional continuum, but is numerically parti- 
tioned into nine distinct regions of different material properties. 
The actual densities of the nine sections are slightly altered to 
match independently calculated geometric properties.  The material 
composition and yield strength of the four major structural regions 
are presented in Table 1. 

Table 1 

XM650E4 material properties 

Section Material Yield strength 

Motor Body        4340 steel 1250 MPa 

Warhead HF1 steel 1000 MPa 

Ogive 7075-T6 aluminum 500 MPa 

M739 PD Fuze       2024-T4 aluminum 400 MPa 

In anticipation of long-term Army needs, NONSAP was selected for 
its nonlinear capabilities.  However, in this analysis only the 
linear material property options are utilized to solve the governing 
equations of dynamic equilibrium.  The numerical solution is obtained 
at the nodes of the discrete set of structural elements (Fig 2).  The 
numerical grid contains 599 node points and 166 quadratic elements. 
The isoparametric element containing eight nodes is used as the basic 
element.  With this formulation a better definition of forces and 
geometry can be obtained along the curved surfaces of the projectile. 

The motion of the projectile in the gun tube is initiated by gas 
pressure building up in the chamber. After overcoming the resistive 
force of the rotating band the projectile is propelled down the tube. 
The gas pressure acts along the outside surface of the motor body up 
to the band seat, element 16, where it is obturated by the rotating 
band.  The gas pressure-time curve (Fig 3) is a piece-wise linear 
representation of an analog simulation of the burning characteristics 



of a zone 9 propellant at 145°. The curve is constructed from 24 
piece-wise linear sections which are more closely spaced in regions 
of rapidly changing slopes than in smoother portions of the plot. 
It is assumed that only after a shot start pressure of 7 MPa does 
the projectile begin to move. A peak gas pressure of 280 MPa occurs 
at a time of 5.78 msec. After 16.5 msec of travel the projectile 
exits the gun tube and the gas pressure drops to zero. 

The gilding metal rotating band is in continuous contact with 
the gun tube during the launch of the projectile.  The resulting 
diametral interference generates a radial band of pressure on the 
two-inch-wide rotating band seat.  This band pressure is experiment- 
ally monitored by strain gaging the gun tub at various stations 
along its length.  The circumferential strain on the external wall 
of the tube is recorded as the projectile passes beneath a gage. 
The same stations of the gun tube are also analyzed by the finite 
element method under static loading conditions.  The magnitude of 
the band pressure is then taken to be that two-inch cylindrical band 
of inward directed radial pressure, which, coupled with the known 
gas pressure, generates identical strains at each station by the two 
methods of analysis.  This procedure results in a relationship between 
band pressure and distance traveled.  The relationship is then con- 
verted to a band pressure-time curve (Fig 4) by utilizing the analog 
generated distance-time traces.  The curve is composed of 14 piece- 
wise linear sections.  A peak band pressure of 270 MPa occurs at 
4.68 msec, which is two milliseconds in advance of the peak in gas 
pressure. 

The band pressures were experimentally determined during tests 
conducted with low zone pressure and are extrapolated out to the 
muzzle.  No experimental data is available for zone 9 firings.  Thus 
the calculated magnitudes of band pressure ordinates in Figure 4 
are likely to be too high. The higher gas pressure of zone 9 will 
cause greater radial expansion of the tube with the result of re- 
lieving the interference between the band and the tube. 

A resistive axial force due to friction was applied to the band 
seat and calculated by assuming a coefficient of friction of 0.08 
operating on the band pressure. 

One of the objectives of this analysis is to determine what ad- 
verse effects, if any, the sudden release of forces at muzzle exit 
has on the projectile. The magnitudes of the assumed band pressure 
and gas pressure at exit (Fig 5) are 150 MPa and 40 MPa, respectively. 
The exact shape of the decay geometry of the exit forces is unknown. 
It is assumed that the drop-off of pressure occurs in a linear man- 
ner, with the band pressure first, followed immediately by the gas 
pressure. 



Based on experimental studies of many different projectiles, 
it is recognized that after the projectile exits, the gas pressure 
reduces to zero within one to three calibers of travel.  The XM650E4 
projectile has an exit velocity for a zone 9 charge of 760 msec.  At 
this rate, the projectile travels one caliber (8 inches) in 270 micro- 
seconds. 

Two cases of exit times were assumed in order to account for the 
uncertainties in the release pressures.  In Case 1, both the band and 
gas pressures are assumed to decay in one caliber.  For Case 3, the 
band pressure drop-off distance is taken as 2 inches (the band width) 
and gas pressure decay of three calibers is assumed.  It is believed 
that the two cases should bracket the true exit condition. 

The frequency content of the forcing functions determines which 
natural modes of the structure will be excited. The frequency spec- 
trum of the pressure-time curve, shown in Figure 6, was obtained by 
a fast Fourier transform (Ref 6).  The magnitude representing the 
the square root of the sum of squares of the Fourier coefficients is 
plotted as the logarithm of those values.  On a linear scale this 
same data appears only as a spike.  The primary frequency is the 
steady state component.  By using a cut-off scale of 5, which is 
0.1% of peak magnitude, the significant frequency content is less 
than 4000 Hertz.  The curve represents a drop-off time of 100 micro- 
seconds, as indicated from Figure 3.  If a decay of 270 or 810 micro- 
seconds were used, corresponding to Figure 5, lower frequencies would 
have resulted. 

The frequency spectrum of the band pressure curve is presented 
in Figure 7.  Once again using the 0.1% criterion, a frequency con- 
tent of less than 8000 Hertz is obtained for a drop-off time of 60 
microseconds.  When the inverse Fourier transform is taken of the gas 
pressure and band pressure spectra, the original curves are obtained 
(see Fig 3 and 4). 

GOVERNING EQUATIONS 

The incremental equations satisfying dynamic equilibrium at time 
t for the element assemblage of Figure 2 are: 

M Un+1 + C Un+1 + K (Un+1 - Un) = IVi " Fn 



where cycle n+1 refers to time t+At; M, C, and<K are the mass, damp- 
ing, and stiffness matrices, respectively; U, U, and U are nodal 
point vectors of displacement, velocity, and acceleration, respective- 
ly; R is the vector of external loads applies at time t+At; and F is 
the vector of nodal point forces equivalent to the element stresses 
at time t.  The results of test cases indicated that with quadratic 
elements a consistent mass matrix formulation is necessary for accu- 
racy.  For this analysis the damping matrix will not be used and a 
constant stiffness matrix is assumed.  The radial forces due to spin 
are inserted as pseudo-forces and added to the vector Fn. 

The Newmark step-by-step integration method is utilized to solve 
the resulting system of equations in an implicit manner.  In this 
method, the solution at the end of a time step is formulated in terms 
of a Taylor series expansion with the remainder term being expressed 
by two free parameters of integration as: 

Un+1 
= Un + At "n + ^ "n + ^t2 (Un+1 - Un) 

n+ 1 = Un + At Un + YAt ^Vl " V 

where g and y determine the amount of acceleration that contributes 
to the displacement and velocity at the end of each interval. 

The Newmark parameters were modified by Goudreau (Ref 7) to in- 
clude damping and are expressed for this analysis as: 

Y = 0.50 + 6 

= 0.25 (1 + 6)2 

The resulting scheme is unconditionally stable and represents constant 
acceleration during a given time interval.  It was found by Goudreau, 
and observed on the 8-inch projectile, that a slight amount of damp- 
ing, 6 = 0.05, will suppress the spurious oscillations that result 
from the discrete grid representation of the continuum without dis- 
torting the dominant characteristics of the system. 

The governing equations are then reformulated in terms of incre- 
mental displacements and a solution is obtained by conventional matrix 
methods. 



The fundamental frequencies and mode shapes of the element as- 
semblage must be calculated in order to select a suitable time step, 
At, for the incremental solution and to determine the response charac- 
teristics of the structure.  In NONSAP a determinant search method is 
used to solve for the eigenvalues and eigenvectors of the system us- 
ing the relationship 

M$nz - K$ = 0 

In this expression M is the mass matrix, K is the stiffness matrix 
and $ is the matrix of eigenvectors v/hich are mass ortho-normalized. 
fi2 is the diagonal matrix of eigenvalues.  For this analysis, a 
lumped mass assumption is made in the eigenvalue routine. 

The first ten natural frequencies and associated periods of the 
structural system (Table 2) are obtained from the calculated eigen- 
values. 

Table 2 
XM650E4 natural frequencies 

Mode 
Frequency 
(Hertz) 

Period 
(Microseconds) 

l 210 

2 2970 337 

3 4010 249 

4 5300 189 

5 6680 150 

6 7250 138 

7 7460 134 

8 8000 125 

9 8280 121 

10 9020 111 



The  corresponding mode shapes are obtained from the eigenvectors  and 
can be evaluated by superimposing the modal  displacements on the 
original  grid.     The sensitivity of the projectile to the  first ten 
frequencies  can then be assessed by comparing the deflected configura- 
tion  to  the original  grid.     The  first mode shape  is  evaluated in  this 
manner and observed to be the rigid body mode.     The non-zero value of 
the corresponding frequency results  from restraining an axial node, 
the  center of gravity,  which is necessary in the NONSAP eigenvalue 
routine.     The profile of the projectile  after adding the second mode 
shape   (Fig 8)  illustrates the extension of the ogive and flexibility 
of the joint at the forward section of the motor body.     The plots  are 
scaled magnifications of the deflected configurations and are deter- 
mined for mass-normalized peak amplitudes.     The third and fourth mode 
shapes  also demonstrate similar flexible  features.     The  fifth mode 
shows that the principal vibratory response is in the boat tail.    The 
last five modes illustrate the formation of higher order waves along 
the length of the projectile. 

An incremental time step,  At,  for the step-by-step solution can 
be obtained by using the criterion 

At_ <_ 0.1 
T 

where T is the period of the highest frequency that may be accurately 
included in the solution.  The regulating criterion of the integra- 
tion scheme implies that contributions from the remaining modes de- 
crease as the corresponding frequencies increase.  By selecting a 
time step of 10 microseconds, all of the response characteristics of 
the first 10 mode shapes are included in the analysis with a minimum 
of error. 



ANALYSIS 

For the initial phase of the analysis, a dynamic solution of the 
XM650E4 projectile is obtained under loading conditions corresponding 
to Case 1 (Fig 5) in which it is assumed the pressures drop off in 
270 microseconds.  The dynamic analysis by direct integration solves 
the equations of motion for each of the 599 node points in the struc- 
ture for 2000 cycles at a time step of 10 microseconds.  During the 
time-dependent solution 16 node points and 17 elements are continu- 
ously monitored in order to display the total displacements, velo- 
cities, accelerations, and stresses.  The variables of motion for a 
characteristic point in the fuze, node point 585, are illustrated in 
Figure 9.  The acceleration exhibits a small amplitude oscillation, 
but generally follows the pressure-time curve throughout the 16.5 
milliseconds of travel and shows a sudden increase in amplitude to 
3000 G's at muzzle exit.  Oscillations with these amplitudes should 
not have any adverse effects on the fuze structure or components. 

Experimental data for high zone firings are needed to confirm 
the results.  Characteristics of motion similar to those in Figure 9 
were recently obtained by Gary Bubb of Picatinny Arsenal from low zone 
experimental tests of the XM650E4 8-inch projectile (Fig 10).  Except 
for the initial aspects of acceleration, there is a noticeable simi- 
larity in the traces until information is lost at muzzle exit.  The 
decay in the experimental acceleration at 8 milliseconds is due to 
the high resistive forces which are generated during the engraving 
of the rotating band. There is currently no obvious analytical formu- 
lation that can easily be coupled to the finite element solution to 
describe this particular phase of motion.  The attempt in the analysis 
to include the frictional forces as a function of band pressure did 
not duplicate the acceleration dip but merely generated periodic 
agreement with the standard analog simulation of velocity and dis- 
tance values. 

The instrumentation in the experimental test of the low zone fir- 
ings consisted of piezo-resistive pressure gages situated in the gun 
chamber and piezo-resistive accelerometers mounted in the ogive of 
the projectile.  Information is transferred by hard wires to record- 
ing devices with a 20,000 Hertz frequency response.  Data is lost 
when the collecting cup (used to retrieve the wiring) exits the muzzle 
and breaks the wires, thus ending information.  The distances and 
velocity curves are generated by assuming rigid body motion and inte- 
grating the unfiltered accelerometer data.  The lower gas pressure 
causes all of the variables of motion to be considerably less than 
those calculated for the zone 9 charge. The details of the experi- 
mental technique and the data reduction methods used on a 155MM pro- 
jectile test are presented in Reference 8. 



The curves representing axial motion for a node point in the 
boat tail, node number 3, generated under the same loading condition 
(Case 1), shows little oscillation in the acceleration (Fig 11).  The 
drop-off of acceleration at muzzle exit reveals only small amplitudes. 
This smooth behavior of the boat tail can be explained by recalling 
that the first ten modes of vibration of the projectile indicated 
very little sensitivity of the boat tail to the low order frequency 
content of the applied gas pressure.  The initial oscillations are 
caused either by the shot start pressure or by numerical error gene- 
rated by not obtaining complete equilibrium at the first movement of 
the projectile. 

The curves representing motion for the node points in the fuze 
and boat tail are characteristic values for the entire structure. 
Values plotted for the remaining monitored node points reveal magni- 
tudes of oscillation that lie between the two.  In all cases the velo- 
city and distance curves were quite smooth, being integral plots of 
the acceleration. The computer time for the complete solution of 
20 milliseconds was approximately one hour of CDC 6600 central pro- 
cessor time. This time should not be used as a benchmark for NONSAP, 
for it included the time-consuming options that were inserted to cal- 
culate spin forces as a function of changing velocity and to interpret 
stress contours at extra boundary integration points. The Tektronix 
4014 storage tube graphics system was used to obtain hard copy plots 
for the evaluation of the solution. 

In order to obtain exit characteristics for load Case 3, the 
solution is restarted at 15 milliseconds and the pressure curves are 
redefined.  The axial acceleration at exit exhibits severe oscilla- 
tions of a peak magnitude of 7000 G's (Fig 12).  It is probable, if 
these values are realistic, that fuze components cannot withstand 
these calculated forces and function properly.  However, it should 
be kept in mind that the numerical solution can only reflect the 
response of the fuze to the assumed forcing function. The accelera- 
tions of the other monitored points show higher magnitudes for this 
case than for Case 1, but none as severe as those points in the fuze. 

The large amplitudes of the load of Case 3 are caused by the 
67-microsecond drop-off of the resistive force.  The magnitude of the 
resistive force at projectile exit is controlled by the high value of 
band pressure and the assumed value of the coefficient of friction. 
In recent studies (Ref 9) it is shown that after a high coefficient 
of friction during engraving, a hydrodynamic film on the rotating 
band causes the coefficient of friction to drop to 0.02 at projec- 
tile exit.  The low value is generated because of high velocity and 
bearing pressure. 



The magnitudes of the axial and radial stresses for the element 
under the rotating band, element 16, are presented in Figures 13 and 
14, respectively.  The smooth axial stress values follow the shape of 
the pressure-time curve which generates axial acceleration.  The 
radial stress shape is quite similar to the band pressure-time curve. 
These stresses represent the maximum stressed region in the projectile 
and are below the yield strength of 4340 steel.  The magnitude of 
these stresses in the other monitored elements also indicates stress 
values well below the material yield strengths.  The monitored compo- 
nents consisted of the radial, axial, circumferential, and shear 
stresses.  Although the acceleration values indicate oscillations, 
the corresponding curves representing the stress components were 
quite smooth. 

The radial displacement of the node under the rotating band, 
node 89, as a function of time exhibits the combined effects of gas 
and band pressure (Fig 15).  For the first 5 milliseconds the radial 
deformation is dominated by the band pressure.  Between 5 and 8 
milliseconds the band forces decrease and the radial forces of gas 
pressure prevail.  After 8 milliseconds the influence of the band 
pressure returns.  At muzzle exit the deformations become positive 
due to the high velocity and spin forces.  Experimental tests, using 
strain gages in the circumferential direction mounted under the ro- 
tating band, exhibit similar characteristics. 

The curves all demonstrate that a static equilibrium approach is 
valid for projectile analysis if equilibrium is satisfied at a speci- 
fic time such as peak pressure.  Of course, this is valid if dynamic 
forces such as muzzle exit conditions are not applied to the struc- 
ture.  The advantage of an equilibrium analysis lies in the fact that 
it permits each of the original nine distinct regions to be evaluated 
separately.  The capacity of the computer can then be used to fine 
grid each section for a more accurate analysis of the stress distri- 
bution in that section.  More importantly a static solution need only 
be obtained for one cycle of time. 

During the numerical solution, computer dumps are available of 
all calculated parameters corresponding to such physically relevant 
conditions as peak band pressure, peak gas pressure, or at muzzle exit. 
The deflected configuration of the projectile is obtained by super- 
imposing magnifications of the displacements on the original grid. 
The exaggerated profile at peak gas pressure (Fig 16) illustrates the 
reaction of the projectile to high acceleration forces.  Due to these 
high forces the overall effect is reflected in a shortening of the 
projectile around the center of gravity as the base is pushed forward 
and the ogive sets back.  The distortion of the motor body is a direct 
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result of gas and band pressures being applied to the surface. " The 
deformations are shown to an exaggerated scale.  This causes neighbor- 
ing sections to appear to cross, when in reality they do not. 

The stress distribution in the motor body at peak gas pressure 
(Fig 17) illustrates a complex pattern of interacting stresses.  At 
the corresponding time of 6.78 milliseconds the band pressure has 
dropped to 210 MPa.  The plotted contours are shown for the combined 
stress, which can be compared to the yield strength of 4340 steel to 
determine the integrity of the projectile. The highest values of 
700 MPa are in the filler radius and forward section and are below 
the yield strength of 1250 MPa. 

The combined stress contours for the warhead, ogive, and fuze 
are represented in Figures 18, 19, and 20.  The corresponding yield 
strengths are presented in Table 1.  The stress distributions demon- 
strate values well within the elastic range.  Stress contours eval- 
uated at peak band pressure and muzzle exit were also low. 

CONCLUSIONS 

The structural analysis of the XM650E4 8-inch projectile demon- 
strated an efficient numerical procedure for defining the dynamic 
characteristics of artillery shells during in-bore motion.  The fre- 
quency spectra of gas pressure and band pressure were generated 
through Fourier transform methods and indicated predominantly low 
frequencies in the forcing functions. A solution of the general 
eigenvalue problem to obtain natural frequencies and mode shapes il- 
lustrated that the ogive portion of the projectile is responsive to 
these frequencies. A solution to the linear equations of dynamic 
equilibrium by direct integration shows that the stress distribution 
in the projectile throughout in-bore travel is below the yield 
strength of the sectional materials.  The numerically determined 
accelerations at points in the fuze illustrate oscillatory charac- 
teristics which are similar to experimentally obtained accelerations. 
It was demonstrated that there were no adverse effects on the pro- 
jectile due to the sudden release of gas pressure at muzzle exit. 
However, on the other hand the calculations indicate that the assumed 
large magnitude and short drop-off times of the band pressure would 
result in high acceleration forces at exit.  The response of the pro- 
jectile to dynamic in-bore forces demonstrated that standard static 
equilibrium solutions are valid at peak pressures. 

11 



COMMENTS 

The accuracy of the simulation of in-bore motion of the XM650E4 
8-inch projectile is dependent on the accuracy of the assumptions 
that describe the boundary conditions. Experimental tests conducted 
at high zone gas pressure are necessary to independently verify accel- 
eration values calculated for the projectile during travel. A valid 
shape of the gas and band pressure curves at muzzle exit must be ob- 
tained in order to justify the numerical conclusions. 

A frequency spectrum analysis of the gas pressure traces of ir- 
regular burning propellant, such as the M2 propellant charge, is a 
simple method of determining the response of 8-inch rounds.  If the 
significant frequency content is less than 4000 Hertz, no adverse 
effects will result and further analyses are not necessary. 

The capabilities contained in NONSAP offer a wide variety of 
solutions to the problems associated with in-bore dynamics.  The 
method is capable of handling one-, two-, or three-dimensional struc- 
tures; linear or nonlinear geometric and material properties; as well 
as static and dynamic analyses.  An updated version of the code, 
ADINA, eliminates many of the technical difficulties and is more user 
oriented (Ref 10).  The Picatinny pre-processor and post-processor 
for two-dimensional problems also reduces user evaluation time for 
NONSAP. 

The advantages in using the implicit formulation of NONSAP to 
solve dynamic problems in which material and geometric nonlinearities 
are important are uncertain.  An explicit formulation, in which the 
Newmark parameters are set to zero, is a pleasing alternative for the 
large deformation problems of blast, impact, and penetration (Ref 11). 
In both formulations a small time step is necessary for long periods 
of time. However, the explicit scheme sacrifices the accuracy of 
using the stiffness matrix to satisfy equilibrium for the speed and 
smaller core requirements of using pseudo-forces to calculate accele- 
rations. 
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