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2O.>~1storlcal observations Indicate zero demand), but the positive levels of
demand are not necessarily sma ll. The overall context of the analyses is
a large-scale inventory system containing thousands of Individual Items, and
thus, the computational burden of Implementing the stockage policies must be
recognized In the comparison of different stockage rules . The research approach
encompasses appl ied Markovian probability analysis and computer simulation
analysis containing sophisticated statistical autoregressive time series methods .~-~-
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FOREWORD

The research concentra ted on one major topic of invest~gation :stat istical properties of inventory models. The analysis deals with comparing
the operating characteristics of several important stockage rules when the
underlying demand distribut ion parameters are estimated from a limited sample
of historical data (say, 13 , 26, or 52 observations). Particular attention
Is given to the frecpiently observed case where the probability of zero demand
occurring within any time period is significantly large (say, half of the
historical observations indicate zero demand), but the positive levels of
demand are not necessarily small. The overall context of the analyses is
a large-scale inventory system containing thousands of individual i tems, and
thus , the computational burden of imp lementing the stockage policies must be
recognized In the comparison of different stockage rules. The research approach
encompasses applied Markovian probabilit y analysis and computer simulation
analysis containing sophisticated statistica l autoregressive time series methods.
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DECISION CONTROL MODELS IU OPERATION S RESEARCH

1. Background of the Inventory Research Program

Over the past two decades , mathem atical analysis of inventory stock-
age models has made great progress , and real-life implementat ion of in-
ventory systems based , at least in part , on the results of this modern re-
search has taken place. But typ ically practitioners have appl i ed theoret-
ically derived formulas to actual situations in which the model s under-
lying assumptions are far from being met . A critica l divergence between
the model ’s assumptions and the reality occurs with regard to the amount
of knowledge the systems designer has about the underlying demand dis-
tributions . With rare exceptions (some of which are cited in the Refer-
ences), theoretical inventory models assume tha t the probability distri-
bution of an Item ’s demand is compl etely specifiable. In the most sophis-
ticated theoretical inventory models , heavy reliance Is placed on this
assumption in deriving an al gorithm for computing an optimal policy (1 , 15,
20, 25, 26, 27). Many other theoretical analyses (2, 10, 12, 21, 28) make
gross assumptions that permit stating inventory formulas that require only
a few parameters of the demand distribution; but even then , these approxi-
mate analyses assume that the small number of parameters are known with
certainty . When practitioners utilize such model s, they typically employ
standard statistical procedures to estimate the parameters In the approx-
Imatlon formulas , and pay little if any attention to modifying the estimates
due to the special nature of the appl i cation. At present, there is a si g-
nif ican t knowl edge gap concerning the nature of the systematic performance
and prediction biases that are introduced when these statistical estimates
are substituted for parameters In inventory models.

The seriousness of the probl em stems in part from the fact that in
most real s itua tions , only a very limited amount of past data on demand
is availabl e, and frequently such data contain a large proportion of zero-
demand observations . For exampl e, in a 26 week history of demand for an
Item, perhaps no demand occurred durin g 10 of the weeks, and in the re-
ma inIng 16 weeks , the demand values displayed wide variation (such as, 30,
100, 7, 245, etc.). We currently have no scientific understanding of what
stockage rules perform acceptabl y well in such an environment , and how
much accuracy we have In our estimates of future system performance based
on the past data . The fol l owing scenario will clarify further the context
for the work currently under support.

Consider an inventory manager who must design a system of replenish-
ment rules for the stockage of possibly thousands of items . Assume that,
without too much difficu lty , the manager can specify the parameters of the
criterion function , so tha t there is a direct way of determining whether
one system Is better than another, provided that the rel evant associated
operating characteristics for each system can be obtained . For example,
assume that the manager knows the costs of holding inventory , making re-
pl enishment decisions , reviewing the stock status of an item , etc. Also
assume that the manager is abl e to articulate the objectives or costs
relating to stockouts; to Illustrate, the manager may specify a cost at-
tached to a unit of demand that cannot be filled , or perhaps the manager
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1. Background of the Inventory Researc h Program (continued)

may set a lImit on the probabilit y of a stockout, or possibly target ful-
f 1111mg a certain fraction of total demand .

In design ing the system , the manager must sel ect a class of decision
rules, and preferably, pick optimal policies from the selected class. To
Illustrate, the complete economic preference function of the manager may
imply that if the probability distribution of demand is known , then an
optimal policy Is of an (s,S) form : when inventory on hand plus on order
falls below s , place an order so that , as a consequence , inventory on
hand plus ’ on order equals S . The research of Veinott and Wagner (1)
shows how to compute optima l values for (s,S) in this circumstance , and
the research of Wagner , O’Hagan , and Lundh (2) tests out various numerical

V approximations that, since the publication of that paper, have turned out
to be Impl ementabl e in practice. But if the manager faces considerabl e
uncertainty about each item ’s dcsrund di&~ribution , because there is only
a limited number of past observations on demand , it is by no means obvious
how to proceed . In fact , the decision process for systems desi gn becomes
much more compl ex than the mere sel ection of parameter values for (s,S).

First, the manager must decide how much past demand data to actually
use. If the manager suspects that the underlying forces causing the demand
for an Item shift from time to time , the manager may want to ignore data
that are older than some number of periods , which then must be specified .
Since the system is to operate over an indefinite future , the manager also
must determine how often to upda t,e the rules, that is , how often to discard
old historical data and recompute the replenishment policies ’ parameters.
For exa mpl e, the manager may choose to revise the policies every six months
and , at each revision , utilize the past six months ’ data.

Second, since the manager does not know the form of the demand distri-
bution , the manager must either guess at the form, then statistically esti-
mate the distribution ’s parameters for each item (possibly using a prior
distribution), and finally compute policies assuming that the estimated
distributions are in fact the true distributions; or the manager may choose
to use an “approximately optimal” form for the replenishment policy (such
as let s equal a number of mean demands plus a multipl e of the standard
deviation of demand , and S=s+0 , where 0 is the familiar Wilson square-
root lot size formula that requires knowing only the mean demand), and then
select statistical estima tors for the parameters required by thi s pol icy
form. This enumeration does not make apparent the ful l design decision
possibilities because, within each option , the manager has many alternatives
from which to choose. To complete the scenario , suppose that the manager
does make a particular sel ection from among all these many options.

Third , the manager must decide bcfore impl ementing the system whether
the design parameters are wel l set. For exampl e, if the designer sets the
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1. Background of the Inventorj Research Program (continued)

reorder level s = a . (mean demand) + b . (standard deviation of demand),
then appropriate values for a and b must be chosen. Since the manager
may realize that several approximations have been compounded in the design
of ru l es , the manager may hesitate to rely solely on theoretical probabil-
ity distributi on anal ysis tha t is based on complete knowledge of the demand
distribution. Most lik ely , the manager will employ retrospective simu lat ion ,
that is , the manager will reuse the lini ted amount of past data from which
the mean demand and the standard deviat ion of demand were estimated to ad-
just the values of a and b so that the resultant ~t~z~i~tical ~st-irriat..’of the criterion function is at an optimal value. (Actually, the manager
probably will set the same values for a and b over a large number of
Items, and so will perform the adjustmen t process via retrospective simu-
lation by using an aggregate objective function.) The manager also will
estimate several operating characteristics of importance , such as average
Inventory on hand , the probability of a stockout, the fraction of demand
filled , etc.

To suninarize the scenario, we see that the system’s designer must se-
lect in concert the number of historical observations to use, the frequency
for repeating the reestimation process , the form of the repl enishment rule,
the statistical estima tors to produce the demand parameters requ i red by the
rule, and the design parameters of the rule. The manager makes all of these
choices based at least in part , on simulating how the proposed system would
have performed in the past (and in doin9 so, typically uses the same limited
data for both estimation and prediction). In all the discussion to follow ,
we employ the term ~~~~ dt’ .~ to mean the entire composite of these
many choices .

The nature of the currently supported research program is to examine

1. How good are the manager ’s statistical estimates of the system ’s
future performance for selected choices of the system’s design? Similarly,
how good are theoretically based estimates of future performance?

2. Under what circumstances do certain “approximately optimal” policies
perform better than others? Are some policies statistically more robust than
others?

3. How do the statistical estimates of the system’s future performance,
as wel l as the performance characteristics themselves , depend on choice
parameters such as the number of historical observations to use and the
frequency of reestimating the policy ’s demand parameters?

Special attention is to be given to systems In which the demand
distri butions display a hi gh frequency of zero demand (the positive
level s of demand, however, need not be anywhere near zero).

Except under extremely special assumptions, It is not possible to
derive computatlonally practical formulas for the exact statistical
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1. Background of the Inventors Researc h Proiram (continued )

distributions associated with the above questions. The best hope for
Increasing our abil ity to answer the researc h question’. above in a wide
variety of situations is to derive more workabl e numerical approximations.
With tha t objective in m i n d , we have built under the previous and present
research grants a computer simulation model tha t yields the actua l oper-
ating characteristics and the correspond ing properties of statistica l
estimators of these operating characteristics for Inventory systems tha t
contain uncertainty about the demand distributions.

u f ~~~ ul ts

Th is section summar,:es the result s that have been obtained. A
det ail ed account of the result s is tont .n ned in the follow ing reports .

Nac Corm ic k, A. (1975), Stat Istical Probl ems In_11nventory~Control .ARO and ONR Technical Report 2, December 1974, School of
Organization and Management , Yale University . 244 pp.

Estey, A.S. and R .L. Kaufman (1975), Mu~t1 Item InventorL~~stemPolicies Usinj_Sta t~stic a1 L t i i i a~~~ Ne~~tive Bi nomial Dt’mands

~~ar ianceJMean = Q. ~RO and ONR Technica l Report 3. September
1975 , School of Organization and Management, Yale University ,
85 pp.

Ehrhardt. R. (1975), Variance Reduction Tee hniq~es for an Inven tor~y
Simulation , ARO and ONR Tec hnica l Report 4, Septen*~er 1975,

~chool of Organi :ation and Management . Yale UniversIty , 24 pp.

Kau fman , R. (1976). CompL~ter Prc~jrams
_ for (s,S) Policies undel

Independent or FiTtered t)emands. ARO and ONR Technicil Report 5,
Schoo) of Organi zation and Management . Yale UniversIty. 65 pp.

Kaufman, R. and J. Kl l ncewicz (1976). Mu lti-Item Inventor System
Policies UsJj~ _Statisti cal 1st1rnates:~~ poradic Deman s ~. VarianceLMean 9)TARO and ONR lechn ical Report 6, School of 0rganizatT~i
and Management , Yale University, 58 pp.

(hrhardt , R. (1976). the Power Ap2roximation: Inventory Policies
Based on Limi ted Demand Information . ARO and GNR Technical

~~~~~ School of Organ ization and Management, Yale University,58 pp.

Kl lncewicz , J.G. (1976). BIased Variance Estima tors for Statistica l
Inventor iolicies , ARO and .)N~ T~c

V
h~ ica) ‘~~

‘
~t ~Th~o1 of~~rgan zat on and Manaqement. Yale Universit y, 24 P~
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~. Summar1 of Results ~ . ont i,wed)

Kll ncew icz . J.G. (1976), Inventor y Control Usi nV9 Sta t i s t ical Est imat es :
The Power Appr~ i rna t ion an~~Soorad~c t)t’mand fv~Hance/Mean~~~ L

~~~~~~~ Tecim i c .i’l Repórt~ 
1~ S~hool o rgani~z~i tion ~and i4amage-

ment, Yale Univer sity , 52 pp.

KllncewlcZ , J.G. (1976). The Power~~p .pr9ximation: 
Control_2~~ .~~t*-

_
i tem Inven tory Systems w ith Consta nt Standard-devf~t 1on-tO -medfl
Ratio for D~ma nd. ARO and OW ëh T ë1 Rep o rt 1~~~~~~ V~f
Bisiness Admin lstration and Curriculum in Operations Researc h
and Systems Analysis . Universit y of North Carolina at Chapel Hill ,
47 pp.

Kaufman, R.L. (1977), ~~~ 
Inventory Policies in a Nonstationari

Demand Environment. ARO and ONR Technic~1 Report 11 , Sc hool of
Business Admin istration and Curriculum in Operations Research
and Systems Anal ysis , Univers ity of North Carolina at Chapel Hil l ,
155 pp.

Ehrhardt , R. (1977). OperatIng Characterlstic~~pprOximatiOflS 
for the

Analysis of (s.Sj_ lnv ~ _S~~~ms. ARO and ONR Technical
Report 12. School of Business Administratio n and Curricu lum in
Operations Research and Systems Ana lysis , University of North
Carol ina at Chapel Hil l , 109 pp.

SL P1U1 t~ , C. • R. EPirhardt • and A. MacCo ,iuitk ~, 
lQ ‘ . orecast in~

Q~~ratin,~~Chara cter is t ics  of j s.SJ inventor ) Vstem~, A~0
and ~~~rT ec~~ i ca

V
l ~~port i~, ScViiooiof

V 
6usiness~~~ )ifliStratiOn

and Curr iculum in Operat ion s Researc h and Systems A na l ys i s .
Unive rs it~ ~f ~~ rt~ Carol ina at Chapel Hi l l . ‘ PP

Software Development. Several useful computer programs have been con-
structed to assist in the research. Using the method in Velnott and Wagner
(27), one program calculate s optima l infin ite horizon (s,S) polic ies. The
routine accepts as demand distributions. Poisson. Negat ive Binomial , and
compound Negat ive Binomia l . It not only computes an optimal policy , but
also calculates the associated expected cost , set-up cost, holding cost,
penalty cost , replenishm ent frequency, and stockout frequency. This program
also will calculate these same operating characteristics for an arbitrarily
specified (s,S) poli cy (such as an approximately optimal pol icy).

A second program tha t is available accepts a stream of actual demands.
and computes an optima l (s.S) policy for that stream. The methodology is
analogous to that used in the above routine. This program facilitates look-
ing at situations where the demands need not be identicall y and independently
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~. 5u.mia~y o f R ~sul t s (continued)

distributed . For example , the demands may result from (s,S) repl enishment
policies being used by the organization ’s customers , and the computer program
Includes a subroutine tha t can generate demands in this fashion.

A simulation model was constructed to analyze statistical policies .
The program was ori ginally written to simulate the base-case system and
has since been modified to study nonstationary (cyclic) demand distributions.
Both simulation programs employ variance reduction techniques and sophisticated
statistical anal ysis of output data . Each simulation tabulates point estimates
and standard errors for average period-end inventory. stockout quantity ,
repl enishment frequency, and total cost per period. For the statistical
policies , the simulat ions also calculate forecasts of these quantities at
each policy revision .

Base Case Studies. Each study utilizes mult i-item systems comprised
of 72 items representing for each demand distribution (Poisson, Negative
Binomial with variance-to-mea n ratio 3. Negative Binomial with variance-
to-mean ratio 9) a full factorial desi gn using the parameters specified in
Tabl e I .

TABLE I

System Parameters

Factor Leve ls Number of Leve ls

Demand distribution Poisson , Negative
Binomial
(o 2/~ = 3, 9) 1

Mean demand 2, 4, 8, 16 4

Unit holding cost 1 1

Unit backlog penal ty cost 4, 9, 99 3

Replenishment Setup cost 32, 64 2

Replenishment leadtime 0, 2, 4 3

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .- 
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2. Sus~ij~~~~of Results (continued)

The initial phase of base-cas’ research focused on the Normal
Approximation , an approximately optima l policy depending on onl y the
mean and variance o f demand . A new pol i cy rule , the Power Approxi mation ,
was then derived using asymptotic theory and regression ana l ysis. Table
II summarizes the performance of these po licies in several multi-item
systems . Note that both policy rules are quite close to optimal ity in
these systems . The Power Approximation outperforms the Norma l App roxi mation
quite consistently with the greatest differences occurring in items wi th
either high demand vari~mnce or large unit penalty cost.

Tabl e III shows how the policy rules perform when statistical estimates
are used in place of the actual demand means and variances . The figures
displayed in Table 111 are absolute increases or decreases in cost components
over optima l values with percentage differences in parentheses . The best
overall results are obtained with the Power Approximation . For exampl e.
when the Statistical Power Approximation was computed using 26 periods of
data , the average total cost per period for the entire system rises 5.1%
when variance/mean 3, and 11.5~ when variance/mean = 9. If as many as

52 periods of data are used , then the degradation is only 6.3% when
variance/mean 9. Realizing tha t if we were to define “optima l policies ”
for an environment of partial Information about the underly ing demand dis-
tribution , some degradation over optima l (s,S) policies would occur, these
resu l ts are encourag ing. That is , contr olling an inventory system using
approximatel y optima l formula driven by statistical estimates from a limited
history of demand in many cases ought to be satisfactory . A notabl e excep-
tion to this generalization arises when the pena l ty cost is high (that Is ,

the targeted stockout probabi lity is low , of the order .01). For exampl e
when a demand history of 2 periods is utilized , a 18% degradation occurs
when variance/mean 9.

Several studies focused on the situation where the probability of zero
demand occurrino within any time period was si gnificantly large , but the
positive levels of demand were not necessarily small . The performance of’
the Power Approximation and the Norma l Approximation were examined . The
Power Approximation yielded lower expected total costs than the Normal
Approximation under conditions of full information. When statistical in-
formation was used to set (s.S) pol icie s, however.~ the relative performanceof the Power Approximation and the Norma l Approxim ation was observed to be a
function of mean demand: for item s with low demand (14=8,16), the Norma l
Approximation was preferred .

The potential for Improving statisti cally-derived policies was examined
in a study of the use of biased estimates of the demand variance. Significant
savings were found only for inventory items wi th small mean demand (~~2)
and large unit pena l ty cost (pfh=99). For these items , total cost was re-
duced by approxim ately 4% when the varianc e estimator was biased upward .

— 
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TABLE Ill

Avera~e Costs per Period for a 72-Ite~ii ~~attvi~ B[no~ ia1 Syotem:
Co~parli. on of S t a t i s t i c a l  Cont ro l  w i t h  Opt ima l C o n t r o l  C lv c n  }~u l l  1n ~ orr u it u n

VAR 1A:;~~/:~~A . — 9 Vt~~~~~~ CE/~-1i.V~1I = 3
Po .~er Nor r , a l Po .’er

COST CO~- P O ~~2;T A ,ro~~i:~~ ion p r c ’i - ’ . i tj o n  A n p r o:~in’a~ j on f, r C : i ~ ’ ,~ t I t ’a

(c) Revis ton 1nt~ rv’l 13  ~~rt~~ s,
Revisi,n } 4 i s t o r ’ ’~ I ~-n ”~ h 1 3 p~’r ied s

INVE NTORY 121 (6.2) -61 (—3.2) * 17 (1.3)

BAC~~.OG 529 (77.6) 880 (129.0) * 221 (64 .4)

REPLENI SI~ tE NT -3 (-0.4) 44 (7.0) * 16 ( 2 . 2 )

TOTAL - 647 (20.0) 862 (26.6) * 253 (10.8)

(b) Revision Tn te rvn l  26 P~ r iod ,~~
Revi s ion  l t is~ orv L~~.i .z h 2ó Per i ods

INV~~ITOaY 54 (2.6) -116 (-6.1) 22 (1.7) 1 (0.1)

BACIa.oc 311 (45.7) 597 (87.5) 94 (27.6)  116 (33 .2 )

REPL~~ IS~tMENT 8 ( 1.3) 56 (8.9) 6 (0.6) 22 (3.0)

TOTAL 373 ( 1 1 . 5 )  535 (16.5) 120 (5.1) 135 (5.8)

(c) Revi sion !‘~~er-;~ 1 52
Revis ion ) ‘L ~ torv 1e~~’~ ri ~i2

INVP~lTORT 43 (2.2)  
• 

-131 (-6.8) * -5 (-0.4)

BACKLOG 154 (22.6) 398 (58. 4) * 58 (16.8)

REPLENt S~tMENT 7 (1. 2) 57 (9.~~) * 22 (2.9)

TOTAL 204 (6.3)  324 (10.0) * 74 ( 3 . 2 )

V 

N ote: This table shows the absolute Increase or decreas e in th~ cost components
over opt imal value s with perc entage di fferen ces in parenthes es.

* : flot available.
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2. Summa ry of Results (continued)

~p~rat ing Cha racte nst ic Ana lVyses.  An in-depth a na lys i~. of the operti t ing
cha racte~iiU~~~of optima l , approxi mately-optima l and s tat is t ica l  polhies
was con ducted. The cha racter is t ics  under consideration we re the per iod-ave riqe
value s of holding cos t , backlog cost , back lo g frequency, replenishme nt cost .ind
total cost. Approximate expre ssion s for the cha racteristics were deri ved analv t-
Ically from theoretical considerations , and from empirical observati ons.
The expressions were genera lized and their parameters fit to a large number
of observed values of the characteristics using least—s quares regression.
The resulting approximations are typically within a few percent of the ob-
served values. Such approximations allow , through interpolation , the cal-
culation of operating characteristics for a wide setting of parameter valu es ,
given a class of probability distributions. They permit a more accurate
determination of parameter snesit ivity (Including the economic parameters .
shape of the demand distribution , and amount of statistical info rmation
available). Further , they can yield answers concerning multi — location
inventory systems--to illustrate , “Wha t happens to total cost and its com-
ponents if an i tem is stocked In a sing le location rather than in several ?”

Nonstationary Demand. A detailed anal ysis of the nature of optima l
policies in a nonstationary environment was undertaken , paying particular
attention to the situation in which demand distributions are independent .
but the mean demand varies in a cyclic manner. The anal ysis resulted in
a successful adaptation of the Power Approximation to noristatlonary envir-
onments where the mean and variance of demand are known for each period in
the cycle.

Throughout the study, a sixteen -item system was examined for each of
five dema nd models. In all five model s, the mean demand was varied in a
cyclic manner while the variance -to-mean ratio was hel d constant at 3.
Mean demands were varied by a factor of 3 in Models I and II , and by a
factor of 5 in Models I I I  and IV. The fifth model was the base-case as-
sumption of lid demands , and was used as a point of comparison .

Results are summarized in Tabl e IV where Power Approximation costs in
a 16-item system are compared with optima l costs for the four cyclic demand
model s and the stationary model . Notice tha t the total cost of the approx-
Imately-optimal pol i cy is typically within a few percent of the optima l value.

Computer simulation was used to examine the situation in which only a
limited number of past demands are known . Each period’ s demand mean and
variance were estimated using regression analysis , and the estimates were
used in place of actual means and variances in the computation of modified
Power Approximation poli cies. Results are summarized in Table V, where costs
under statistical contro l are compared with optima l costs, for the four non-
stationary models and the stationary model .
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2. Summa ry of Results (continued)

TABLE IV

Average Costs Per Period for a Multi-Item System:
Comparison of Optimal and Approximatel y Optimal Control

for Several Cyclic Demand Models

COST COMPONENT STATIONARY MODEL MODEL MODEL MODEL
MODEL I II III IV

INVENTORY 1. ( .1) 12 (2.9) 5 (1.1) 37 ( 8.7) 27 (6.3)

BACKLOG 0 (-.2) -1 (-1.0) 0 (- .2) —7 (—6 .5) -7 (-7.0 )

REPLENISHMENT 1 ( .3) -l (— .5) 1 ( .5) 11 ( 6.0) 0 (— .2)

TOTAL 1 ( .1) 10 (1.4) 6 ( .8) 42 (5.8) 19 (2.6)

Note: Table IV shows the absolute change in the cost components over
optimal values wi th percent changes in parentheses.

TABLE V

Average Costs Per Period for Multi-Item Systems:
Comparison of Statistical Control Wi th
Optimal Control Given Full Information

(Revision Interval 24 Periods, Rev ision History Length 24 Periods)

COST COMPONENT STATIONARY MODEL MODEL MODEL MODEL
MODEL I II III IV

INVENTORY 24 (5.4) 40 ( 9.2) 31 ( 7.2) 68 (15.8) 58 (13.4)

BACKLOG 28 (25.9) 24 (23.2) 26 (25.0) 27 (26.5) 20 (19.2)

REPLENI SHMENT 2 ( .9) 0 (- .2) 1 ( .7) 12 C 6.2) 1 ( .3)

TOTAL 54 ( 7.1) 64 (8.6) 59 ( 7.9) 106 (14.8) 79 (10.6)

Note: Table V shows the absolute Increases in the cost components over
optimal values with percentage increases shown In parentheses.

_ _ _ _ _ _ _ _ _ _  _ _ _  _ _ _ _ _- 
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TABLE V i

Av erage Retrospective Simulation Forecasts for a 72- Item Negative Binomial
System Controlled with Statistical Information About Demand :

Comparison with Corresponding Estimated Expected Values
(Percentage Underestimates)

VAR IAhCE/l-~LA~l 9 VAR 1ANCE/MEA]~ — 3
Power Norma l Power Normal

COST C0~~ONKNT Approximation Approx ima t ion Approximation Approximation

(a) ~~~~pV~_r i od Revision Interv,~~
13-period Revision ~istc,~~~
13—period Forecast Hi~torv :

DIV~~TORY 2.2 2.8 * 1.5

aAcI~ oc 76.2 82,0 * 66.9

REPLDq ZSH1IENT 1,6 1.8 * 1.1

TOTAL 25,1 32.8 * 15.6

(b) 26~rerfc .d ~~v~ sic ’n !~~~ rsr’.~~j ,
26-period ~‘i~~ion ~5~~t o rv ,
26 — p er iod ~- o r c c~ r c H~~~~r c - r v :

INVENTORY 1.2 1.6 1.1 0.9

L~CKLOC 59.3 64.2 37.7 47.1

RLPL ENISHME I~T 1.2 1.2  0.6 0.6

TOTAL 17.1 22 .7  7.5 9.3 V

(e) 52-period ~~vi~~ic~n Int erv~j,
~2-pcriei d t,~’\’isacn ~ii~ tor~~52-period Forecast History :

INVENTORY 0.7 0.8 * . 0.5

42.1 44.6 * 28.0
RE PL E NIS HX EN F 0.5 0.6 * 0.3
TOTAL 10.7 14 .0 * 5.0

~~~ 

Not av ai lable . 
V~~~~~ .~~~~~~ 
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2. Summa ry of Results (continued )

A pattern of satisfactory performance emerges for the nonstationary
models. The greatest degradation occurs for Models Ii! and IV which are
the two model s with the most extreme variations in demand distributions.

Forecasting Operating Cha racteri stics. A major study was conductcd
to find good methods of forecasting operating characteri stics of statis-
tically-derived policies. Early efforts in thi s area focused on the tech-
nique of r~’tro8pective surl4lat wn. Thi s method produces forecasts at each
policy revision by computing the operating characteristics that have occurre d
if the new policy were used on a recently-realized sequence of demands . The
techn i que is inherently biased because the same demands are used to construct
the policy and to forecast its performance. Computer simulation was used to
estimate the magnitude of the bias for a variety of system parameter settings .

V Results are summarized in Table VI where percentage forecasting underestimates
are gi ven for total cost and its components in several 72-item systems. Not i ce
that Inventory and replenishment costs are forecast quite accurately. For
example , In the variance-to-mean 9 system utilizing the Power Approximation w ith
a 26-period revision interval , both inventory and replenishment cost forecasts
are l.2~ below the actua l values . Thi s accuracy is not exhibi ted by forecas t s o f
backlog quantity and , resulting ly, total cost. In the exampl e discussed
above, the backlog quantity forecast is 59.3% below the actual value and the
total cost forecast is a 17.1% underestimate. The biases are especiall y large
for hi gh penalty cost i tems .

Attempts to improve upon the retrospective simulation method have focused
in two major approaches. The first approach Is to use demand statistics in
previously-developed formulas for the operating characteristics. The second
approach considers several variations of retrospective simulation in which
distribution functions are fi tted to the demand statistics and more sophis-
ticated simulation is perform ed. Results indicate that only modest gains can
be realized by these methods.
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