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tr~moirrta~i

This report contains a brief sunmry of research on structural vibrat-

ion sponsored by the United States Air Force Office of Scientific Research

under Grant AR~5R-73-2479. The york has been performed at the School

of Aerospace Engineering , Georgia Institute of Technology during the

period January 1 , 1973 to Dec~rber 31 , 1977. Professor Lawrence W. Rehfield

has been the Pr i nci pal Investi gator . This research progran is unusual in

that a transition fran purel y theoretica l tasks to rrostl y exper imental

ones has taken place in the course of the five-year period . This transition

occurred in a natural fashion as the need for experimental data in a

ntrther of areas becane apparent.

The research began wi th a ~ra1l scale theoretical investigation

of the influence of nonlinear and boundary restraint effects on the vibration

of structural el~ r~’nts. The scope of the nonlinear studies broadened to in-

clude el~ nents of ccrrpos i te rraterials. Al so, it becare apparent that little

exper imental data on nonlinear structural vibration appeared in the open

literature ; an exper imental task was initiated in late 1974 to provide

nonlinear vibration data on beans, therefore. The boundary restraint studies

were focused upon the interact ion between boundary restraint and elenent

curvature; considerable understanding of this conplex issue was gained, but

concise , general conclus ions proved to be elusive .

Q~r ef for ts  were redirected in 1976 in response to a pressing problen

confronting the aerospace canninity. The enviromental effects of noisture/

elevated te perature vere identified as a najor problen for resin rratrix

carposite structures in late 1975. A shift in erpt~asis f ran theory and

analysis to laboratory developrent for basic exper iments related to the
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influence of env i rorrrenta! conditions on dynanic behavior began. The

subsequent vibration data produced is the first of its kind .

The scope of the research activity obviously has varied over wide

l imits during the five-year period. Consequently, a sim~ar y cannot be

written which unifies the work around a thene nore specific that structural

vibration . The work described in the fol lowing should be viewed, therefore,

in the evolutionar y context in which it was perforrred.
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RESEA1-~ H P~~~vVL I Sifv~~ff S

Introductory Renarks

As indicated in the introduction, the research scope covers a range

of activities. For convenience, the work w i l l  be placed into three

categories. Each category wi l l  be treated separately, although there

is overlapping arong the categories. The f i r s t  category is nonlinear

vibration of structures; this activity is carplete in the sense that the

entire spectrun from basic concepts to experimental confirn-ation of theo-

retica l prediction s has been explored . Another category is boundary

restraint effects; this work, although inportant , failed to produce a

unified , consisten t way of conceptualizing general situations . The third

category is hygrotherrral effects on dynanic behavior of resin rnetrix

caxpos ites; only preliminary results are available at this t ine. This

work will continue under a subsequent progran.

Nonlinear Vibration of Structures

As efforts continue to produce mere highly opt imized structures ,

sane effects which have been historically of secondary irrportance in

structural design will tend to assure a pr irrnry role. Often these effects

are associated with nonlinear i ty of the structural response. Consequently,

rruch of the research effort has been devoted to exploring the nature

and irTportance of nonlinearity in structural vibrations .

Nonlinear effects in structural dynanics nay nanifest the’nsel ves in

subtle ways such as by s inple “drif t” of natural frequencies with increasing

aiplitude or by altering the t ine history of transient response. They also

can produce quite draratic effects that cannot be explained or predicted

on the basis of linear theory; arong such effects are j uvp phenarena,

dynanic buckling (oil canning) in the presence of prestress or gearetric

curvature , subhamon ic or superharrronic resonances at frequencies far
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different f ran the exciting frequency, and bounded L imi t cycle response.

Rot~i the subtle and draitatic effects have been observed in actua l structures

and ha ve been treated in an ad hoc renner by analysts and engi neers.

The objective has been to unif y and synthesize the trea~Tent of nonlinear

effects. In large treasure, i t  has been ach ieved.

P~ general theory for large amplitude , f ree, undarped vibration of

lin ea rly elastic structures appears in Reference I. This pioneering work

establishes the f ranework for all subsequent theoretica l effort in non-

linear v i5 ra t io n . The theory is based upon Hac~i l ton ’s principle and

~ per t I tbI t  ion procedure and is in ruch the sane spirit as the theory

of i n i t i a l  posthuckling c~ avior due to Koiter.2’3 It provides inforr re-

t ori regarding t~ie first order effects of finite disp lacenents upon the

frequency and dynanic stresses arising in f r e e , undarped vibration of

structures. Solution s t~ the governing equations are sought as a power

series in the arplit ’ide of the linear vibration rmde and higher order

effects are systen~tic aIl y generated by successive perturbation equations.

ilic f i r s t  -app lication s were to harogeneous uniform beans aid rectangular

pl~~t~~s. 1

The general theory has been appl ied also to the free vibration of

shallow arches as an initial study of the effect of curvature on nonlinear

vibration behavior .4 It has been learned that as the rise of the arch

increases , the f ree vibration behavior in the fundanental rmde ftrst

exhibits a soften i ng trend due to curvature. This trend i s  reversed

as the r i se  pararet.~r exceeds a critica l value , and a neutral l imi t is

ulti rva tely approached for large val ues of rise .

The theory subsequently was extended to inc lude forced vibrations

of linear ly elast ic structures in References 5 and 6. It has been assured

that the structure is exci ted by a distrubing force which is a harnonic

function pf t ime and is spatially distributed so as to excite only a

L. -- ~~~~~ ~~~~~~~~~~~
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single node. General results are presented 5,6 along with applications

to the vibration of beans and rectangular plates . Other solution methods

have been corrpared with the general theory for the bean and the results

are found to be in co nplete agreerent.

A furthe r extension of the theory was acccirplished to inc lude the

ef fec ts of nonlinear e l as t i c  const i tut ive relation s in both free and

forced v ibration .7 As a f i r s t  approxirration , it was assured that tensi le

and cunpressive behavior of the rruterials are similar and that the stress-

strain relation s can be adequatel y represented as polynomial functions.

The theory was first app lied to the undanped free vibration of a sinp ly

supported bean with irniovable ends. Nu-rerica l results have been presented

for several nater ials , for beans of vary ing slenderness , and for fundamental

and higher vibration irodes to illustrate the nonlinear ruterial effects

(t~JfE’s). The results obtained ind i cate that NL\,E’s are extrenely irrportant

and dominantly influence the behavior for higher nodes and short beans.

They also suggest that the second order theory, in which the f requency

is altered by NL~E’ S but the stress distribution is the sane as for Ilookean

elastic rrat eria ls, is fully adequate for characterizing the elastic vibration

of structures rede of conventiona l harogeneous materials.

In Reference 8, an approx imate rrethod for ana l yzing nonlinear vibration

of e l a s t i c  s t r u c t u r e s  i s  presented . It is based upo n the general theory 1 ’6’7

and permits the engi neer to obtain a rapid asses~rent of nonlinear effects

in the fundanental node of vibration . It represents a logica l extension

of Raylei gh’s method to nonlinear problem . Application s to a nuther

of uniform bean problem8 have been made to illustrate the use of the

method. The results obtained also serve to further erphasize the inportance

of NiNE ’s and boundary restraint effects in structural vibrations.

In ear ly 1976, many aspects of the rmisture/elevated terperature

or hygrothemal problait of resin rratrix ccnposites were not adequately

- ~~~~~~~~ -
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* def i ned. The ca-rt~ined difficulties posed by noisture/teiperature sinulat ion

and the var iety of carposite lay-ups and material systems of interest

resulted in an incarplete , f r a~nented data base . Test methods had been

developed on an ad hoc basis , so comparison and correlation of data was often

not rationally possible. Consequently, the scope and rragnitude of the

effects still lacked sufficient definition. ~ te effect that was documented ,

however, is the degradation of carpressive stiffness. A pioneering paper9

on the effects of nonlinear material behavior on the vibration of resin matrix

composites was presented at the 17th AIA4./AS~E Structures , Structural Dynanics

and ~~teria ls Conference. In this paper , art estimate of the effect of

corrpressive s t i f fness  degradation on the vibration of LOJ lani nated beans is

provided. It is concluded that this ef fect will not produce irrportant conse-

quences for fiber-dani nated flexural vibrations. It is furthe r concluded that

only rratrix-dani nated flexure , such as that experienced during lateral vibrat-

ion of angle ply panel s, can potentially exhibit irrportant nonlinear material

effects.

It was recognized earl y in this nonlinear vibration progran that experi-

mental work is scarce and greatly needed. There are difficulties , however,

in performing exper iments in nonlinear pararetric ranges. For example,

conventional electromagnetic shakers , which are desi gned for resonance

testing, are both stroke and force l imited; consequently, it is not a

strai ght-forward matter to excite bean specimens to amplitudes that are

su f f i c i ent l y large to produce nonl inear ef fec ts over the requ i red range

of frequencies. A nuther of exploratory experimental setups were tried

and found inadequate. The f i rs t  successful exper imental approach i s

described in Reference 10. The unique feature about this approach is

the use of longitud i nal rather than lateral exci tation to produce large

ampl itude notion in beans. The phenamnon produced, paramtric exci tation ,

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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is intrinsicall y nonlinear in character . Consequently, it is not possible

to determine linear theory, ~ral1 amplitude response with this exper imental

• set up. Since linear as well as nonlinear characteristics of the vibration

are needed for a carplete description , an alternative is needed.

A second independent exper imental effort was under taken in early

1977 under the direction of Dr. Giora ~~~~~~ This approach is based

upon the general theory 1 ,6,7 developed previous ’~ . A useful indicator of

the magnitude and nature (hardening or softening) of nonlinear stiffness-

related effects is the f requency-amplitude relation for undarped, free

vibration in a given vibration node. For rrost structures , this relation is

of the form

2
• ~~ = I + Br (c. )

2 

( I )
w or2

W r is the response frequency, w is the natural frequency according

to linear vibration theory, and 
~r 

is the norrmalized amplitude of the

r-th vibration node. Br is the coefficient of nonlinearity for the r-th

node; i t s  si gn and magnitude characterize the nonlinear ef fects.

Attention is directed to vibration of elastic structures that respond

by sinple jump behavior . A typical nonlinear response curve is shown

in Figure 1. ‘~Mtile the response curve for a linear systen is alnost

s~nTmetric about the undaiped natural frequency, this curve is distorted

and “overhangs” (to the righ t (harden ing behavior ) in the case depicted in

Figure 1). Also, nultiva l ued arplitudes exist for the sane value of

frequency. 3urps occur if the frequency is varied; a “jump down” occurs as

the frequency is increased. A “ju mp  up” takes place as the frequency is

decreased. The “backbone curve” ind icated in Figure I corresponds to undarped,

free vibration . It is natheratically described by Equation (I). If the

exciting force magnitude is varied , a fanily of response curves similar to

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -
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the one shown are produced. Each such curve will have a response point corres-

ponding tc where the jump down occurs. If the damping of the systen is sral l

and independent of ampl itude , these points corresponding to “jump down” will ,

for practical exper imental purposes, also correspond to the naxirruii ampl i tude

at a given level of excitation and to the intercept of the response curve wi th

the backbone curve. Consequently, the nax irrun amplitudes achieved in a test

are interpreted as bei ng on the backbone curve and corresponding t~ the “jump

down” frequency. This is the essential basis for the experirrental method.

In order to evaluate this method of experimentally determining nonlinea r

ef fects , a sirip le aRmninun clamped-clarped bean with inirovable ends was chosen

as the structural systail. The bean is excited laterally wi th two ~ra1l exciters

at points close to the clamped ends; these excitation points were selected so

that onl y a 9rall force is needed to excite rather large ampl i tudes. The

exci-ters are attached to the bean specimen through ~rall un i versal joints to

avoid any side loads during flexural rotations . Miniature piezoelectric

load cells sensed excitation levels. Accelerations were measured by a

small accelerometer and f requency by a digital counter. The experimental

setup is shown schematically in Figure 2.

A typica l exper imentally determined response curve is shown in Figure 3.

The ‘open’ s~ntols correspond to a scan wi th i ncreasing f requency , whi le the

corresponding ‘solid’ s~ithols refer to a scan with decreasing frequency.

The jumps are clearly and easily discernible. The pr imary results of interest

are shown in Figure 4. If Equation (1) describes the structural systen, a

plot of frequency squared vs. amplitude squared will be linear . Further-

rrore , the intercept with the frequency squared axis provides the linear

theory natural frequency and the slope gives the coefficient of nonlinearity.

Figure 4 is self explanatory. The natural frequency has been determined also

in a separate 9rall amplitude transient test; the two experiments are in

__“_i ~~~~~~~~~~~~~~~~~ 
-

~~~~~ 
-

~~~~~ 
_ _ _ _ _ _
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agreement.

The coefficient of nonlinearity determined fran the data presented in

Figure 4 is five percent larger than the theoretical value given in Reference 11 .

Consequently, the data confirrr~ the theory and the phys ical approximations

upon which the exper imental method is based. These results have been

presented as Reference 12.

In addition to the above experimental approach, three methods for

determining the damping coefficient for a nonlinear vibrat i ng structural

systen have been found.13 All three are based upon the fact that the

frequencies and amplitudes of the notion that correspond to jumps are

well-defined, easil y determined points. The methods, therefore , have no

counterparts for linear systems.

It is seen that the nonlinear vibration wnrk reached a state of con-

pleteness and matur i ty for s inpie structural systems with Reference 12.

Issues such as nodal coupling or interaction remain as topics for future

research .

Boundary Restraint Effects

The engineer in seeking to avoid or solve a vibration problen nost

often will alter structural stiffness to achieve the desi red results .

Stiffness of an element is changed by

(I) selecting a new material

(2) selecting another gauge of the sane material

(3) altering and/or introduc ing a favorable prestress
f ie ld in the elenent

(4) n’odifying elenent boundary restraint

(5) altering and/or introduc ing favorable geometric
curvature

(6) redes igning the element

Several of these actions nay be taken in a given s it uati on depending 
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upon the stage in the design process that the problen is discovered ,

governing econanic factors and the particular perfomance requirements

of the system Since unwanted resonance and fati gue are usually the

concern , increased st i f fness is norrrally prescribed.

Stringent weight requirements for fligh t vehicle airframe structure

dictate that opt imal solut ions be found to vibration problems whenever

possible. For this reason, items (4) and (5) and their interaction were

i nvestigated using linear theory. The addition of a ~m 1 l amoun t of

fastener weight , for examp le , to increase boundary restraint may effectively

result in a large increase in natura l frequencies for structural elements

with gearetric curvature. Evidence supporting this contention for curved

panels is provided by results published in Reference 14.

• The analysis of Reference 14 demonstrates beyond doubt the inportance

of boundary restraint and a great sensitivity of the response to seeningly

minor changes in the details of the restraint . In order to harness the

potential benefits for achiev ing desirable results in actual structures ,

additional basic knowledge and an understanding of the governing rnechani ~m

nust be acquired. A step in this direction was taken in 1974 by the

thorough study of the vibration of ring segments reported in Reference 15.

Ci rcular ring segments, in addition to being of practical interest

in connection wi th float ing ring stiffened shell design, are the simplest

structural elements upon which to study the influence of boundary restraint

and curvature . Results are presented in Reference 15 for vibrat ion nodes

wtiich are synuetric and anti-symmetric about the segment se-ni-span, for

l imiting cases of bending and extensional restraint and also for finite

extensional elastic end springs . Definite patterns in the vibrat ion

behavior have been found. It was learned that the phenarena of frequency

reversal among anti-syninetric and s)cnnetric vibrat ion nodes as curvature
is increased (the symmetric node’s corresponding frequency increases
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with curvature to the point wtien it becomes greater than an anti-symmetric

node’s frequency , producing an exchange or reversal of position of the

modes with regard to frequency) very nearly corresponds to a rraximnrn

value of extensional strain energy in the symnetric node. The correspondence

is not an exact one, but so nearly so that it tends to identify the ratio

of extensional to total strain energy as a measure of merit in evaluat i ng

frequency reversal phenomena and for eval uating the beneficial , stiffening

effect of geometric curvature.

The above hypothesis was tested by returning to a further study

of curved panels to see if the ring segment observations have wider appl i-

cability. Unfortunatel y, they do not. Al though the extensional strain

energy ratio is a significant parameter, all efforts to draw general

conclusions beyond those reported in References 14 and 15 were unsuccess-

ful. The i nvesti gation , therefore , was terminated at this point.

Ilygrotherrral t~mfects on the Dynanic Behavior of Resin Matrix Composites

Epoxy resins used as matrix materials in advanced structural composites

experience degradation of mechanical properties due to rroisture absorption

and elevated temperature env i ronments. It is this fact that caused a

redirection of the research effort in 1976. Considerable recent and

current werk has been directed toward doc~rnenting the extent of this

degradation for simple layup configurations and states of stress. Primary

emphas : has been placed upon static perfomance. An exception is the

work pursued ii~der this grant.

As indicated previously, a prelimi nary estimate ot the impact of

hygrothemal effects on vibration of beans is given in Reference 9. This

has been tot I~~~d by the pioneering exper imental study by Ma)cTon, Br1.ey

and Rehfield t6 of the influence of rroisture/terperature effects on

dynamic structural behavior of epoxy matrix composite beams in flexure.
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This study showed the contrast between two limiting reference conditions

-- dry at roan temperature (77°F) and moisture saturat ion at 200°F.

Oianges in fundamental natural frequency, an overal l , practical measure

of st i f fness , and damping were determined exper imentally. The objective

was to establish a data base to inspi re conf idence in the use of graphite/

epoxy compos ites in hostile , dynamic environments.

En addition to providing the f i r s t  data on hygrothemnal effects

on damping, there is another aspect of thi s work that warrants special

u-mention. An effor t was made to approximate the environmental conditions

during the test. The vibration testing technique was dictated by the

need for simplicity, repeatability and preserva t ion of the env i ronmenta l

conditions . Iii order to preserve the environmental state to the rraxirmun

extent , the excitation technique selected for vibrat ion testing was a

trans ient one. The advantage obtained is a short durat ion test. The

beans are mounted in cantilever fashion in a fixture wi th prescr i bed

tip deflection . This setup is shown in Figure 5. The ti p is suddenly

released producing transien t response of the specimen that is daninated

by t he f undamental node of vibraton . Response is sensed by an accelerometer

mounted near the spec imen tip. The data are processed by means of a

minicomputer-based Fourier analyzer which incorporates an analog to digital

converter . The digitized accelerometer output is printed out , and the

fundamental frequency and corresponding damping coefficient determined

by sin-pIe analyses. Frequency is determined sin-pl y by counting the nuiter

of peak values contained in a suitab ly chosen tine interval. Values for

the damping coefficient are obtained by the logarithmic decay method.

Three distinc t composite layups have been considered. The layups

are L O j ’L~
45i’ a n d [0 2, 

~~~~ 
901, -45 1js .  They were each 12-plies thick

and symunetric and wil l  be referred to as type A, B, and C, respectively.
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The material is graphite/epoxy T3001 5208. Types A, and B are l imiting

types of fundamental interest, while C is representative of practical

vehicle skin panels. The A-specimens respond in a fiber controlled mode

of vibration , while the B-specimens respond in a matrix controlled node.

The results ind icate that stiffness is reversibly lowered in matrix controlled

n-odes of defom-ation arid that damping characteristics are altered substantially

in both fibe r and matrix controlled u-modes due to environmental conditioning.

The C-specimens exhibit stiffness characteristics that appear to be fiber

controlled (unchanged); the damping, h~~~ver , is similar in nature to

matrix control led behavior. The hot , wet environment increases damping

for A-type specirrens, while it decreases damping markedly for B- and

C-type ones. The latter is consistent wi th simple logic based upon de-

creasing effective internal viscosity of the epoxy matrix material with

increasing moisture and temperature. The fonrer could be related to

increased relative motion between fibers and iratrix at the interface.

The initial phase of the study of hygrothemal effec ts on dynamic

behavior appears in Reference 16. This work will be continued and broadened

in scope under a new contract.
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